Partial section II: classification
for general flows

Théo Marty

Abstract

This is the second article in a series that aims at classifying partial
sections of flows, that is a general family of transverse surfaces. In
this part, we classify partial cross-sections for all continuous flows, in
the spirit of Schwartzman-Fried-Sullivan theory.

We give a dynamical criterion for the existence of partial cross-
sections, which is a direct consequence of part I of the series. Then
we describe all partial cross-sections using a cohomological criterion,
resembling Fried’s criterion. We also characterize the cardinality of
the set of partial cross-sections in a given cohomology class.

Introduction

This is the second paper in a series that aims at giving a global picture on
the existence of partial cross-sections, the first being [Mar25].

Surfaces transverse to flows received renewed attention in recent years, to
help characterize dynamical and topological properties of flows. Transverse
surfaces exist with several flavors, the most well-understood are the global
cross-sections: a compact hypersurface transverse to the flow that intersects
every flow line. Fried' [Fri82] classified the set of global cross-sections, up to
isotopy along the flow, using a cohomological criterion. When we allow the
surface to not necessarily intersect every flow line, partial results have been
shown in restricted contexts, mostly for Anosov and pseudo-Anosov flows
(see for instance [Mos89, Mos90, LMT24]).

1Schwartzman [Sch57] and Sullivan [Sul76] contributed to the classification too.
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Let M be a compact manifold and ¢ be a continuous flow on M. A partial
cross-section is a compact hypersurface S C M with S C OM which is trans-
verse to the flow. Every partial cross-section admits a cohomology class «
in H(M,Z). For global cross-sections, Fried defined a set D, C H;(M,R),
called the set of asymptotic directions, that satisfies the following. A class «
represents a global cross-section if and only if it satisfies the homological cri-
terion a(D,,) > 0. Additionally, two global cross-sections are cohomologous if
and only if they are isotopic along the flow. The case of partial cross-sections
is more delicate. We are interested in the two following question.

Question 1. How can we characterize the set of partial cross-sections coho-
mologous to «, up to isotopy along the flow?

In the present paper, we completely answer the question. Note that the
case a = 0 need a specific treatment. Our results often distinguish when «
is zero or not. For instance, in the case o = 0, the existence of partial cross-
sections is a direct application of Conley’s theory. When « is not zero, we
developed the adapted theory in the first paper [Mar25] of the series. Say
that « is quasi-Lyapunov if, roughly speaking, no pseudo-orbit v with small
enough jump satisfies a([v]) < 0.

Theorem A. Let M be a compact connected manifold, ¢ be a continuous
flow on M and o be in H'(M,Z). There exists a partial cross-section coho-
mologous to a if and only if either we have o # 0 and —« is quasi-Lyapunov,
or if we have a = 0 and ¢ is not chain-recurrent.

When the condition in the theorem is satisfied, we have a(D,) > 0, which
is similar to Fried’s criterion. Recall from the first paper that in general,
a(D,) > 0 does not imply that —« is quasi-Lyapunov.

Let a be as in the theorem. The partial cross-sections cohomologous to «
are in correspondence with a set of homology class relative to a recurrent-like
set. Denote by R, the a-recurrent set introduced in the first paper. For now,
it can be though of as: R, is the set of points that is contained in no partial
cross-section cohomologous to a.

A partial cross-section cohomologous to « is disjoint from R, so it in-
duces a cohomologous class in H'(M,R,,Z). Note that this cohomology
module behaves quite poorly since R, can be any compact subset of M.
We consider a slightly different cohomology module, which we denote by
HY(M,9(R,),Z), called the cohomology relative to the germ of Ry. It is de-
fined as a direct limit of cohomology modules, and as such, it has a natural
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topology. Note that there is a natural map H'(M, g(Ra),Z) —% HY(M,Z).
We introduce similarly its continuous dual Hy(M, g(R.), R).

Theorem B. Under the conditions in Theorem A, there exists a subset D, ,

of HI(M,9(Rs),Z) that satisfies:

e any partial cross-section cohomologous to o admits a cohomology class

in H (M, 9(Ra),7Z),

e a non-zero element 3 in HY(M, g(Ra),Z) represents a partial cross-
section if and only if m4() = o and S(Dy.a) > 0 hold true,

e two partial cross-sections cohomologous in H'(M,g(R.),Z) are iso-
topic along the flow.

We will restate the theorem as Theorem 6.9. Denote by PS,(a) the set
of partial cross-section cohomologous to a;, up to isotopy along the flow. In
order to prove Theorem B, we give two intermediate descriptions of PS,(«)
in Theorems 3.6 and 3.8. They are more combinatorial in nature, and they
allow us to characterize the cardinality of PS, (). Let us informally state
our results.

Theorem C (Concatenation of Theorems 4.1, 4.3 and 4.7). Let « be in
Hy(M,Z) so that PS,(a) is not empty. The set PS,(a) is at most countable.
In the case o =0, PS,(0) is countable (infinite).

Assume o # 0. Then PS, () is finite if and only if some oriented
graph, built from the connected components of R, is finite and transitive.
Additionally, PS, () is a singleton if and only if R, is either empty or
connected.

The article is organized as follows. In Section 1, we show some elemen-
tary properties of partial cross-sections, and recall Fried’s classification. In
Section 2, we recall some notation and results from the first paper in the
series. All the dynamical objects are presented there.

In Section 3, we characterize the set of partial cross-sections. We first
prove Theorem A using the following ideas. Given a quasi-Lyapunov class a
in Hy(M,Z)\{0}, it admits an a-equivariant and Lyapunov map f: M, — R.
When a level set f~!({t}) is disjoint from the recurrent set, it projects onto
M into a partial cross-section cohomologous to —a. Conversely, when S is a
partial cross-section cohomologous to —a, it can be used to build a function
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f as above. We establish a deeper relation between partial cross-sections and
equivariant Lyapunov maps, in Sections 3.2 and 3.3.

In Section 4 we characterize the cardinality of PS,(a) and prove The-
orem C. In particular, we characterize when PS,(«) has cardinality one.
More generally, characterizing when PS,(«) has a given finite cardinality is
possible, but it goes beyond the scope of this article. However, we give the
sufficient tools for this characterization.

In Section 5, we introduce the homology relative to the germ of a compact
subset. This construction is quite general and not specific to the a-recurrent
set. It may already be known to some degree by some experts. But we could
not find it in the bibliography.

In Section 6, we build the set D, in H;(M, 9(Ra),R) and prove The-
orem B. We end with a discussion about the necessity of one hypothesis in
that theorem.

We end our paper with three appendixes. In Appendix A, we discuss the
difference between continuous and smooth partial cross-sections. We give a
quite weak hypothesis on the regularity of the low under which every partial
cross-section can be smoothed.

In Appendix B, we briefly discuss the relation with Theorem B and the
so called Fried desingularization.

In many applications, the germ of R, is simpler than in the general case.
For instance, when the flow has enough hyperbolicity, R, should have finitely
many connected components. We give in Appendix C a practical theorem to
compute the homology and cohomology relative to the germ of R, when R,,
has finitely many connected components.

Let us illustrate the two main theorems with two examples. In Figure 1,
we present two flows on the torus, ¢, on the left and ¢y on the right. We
consider the two classes a = dxr and o = —dz.

The difference between a(D,) > 0 and —a being quasi-Lyapunov is illus-
trated here. For the two flows, we have D, = {(0,1)}. So both dz and —dx
satisfy a(D,,) > 0. Furthermore, —dz is quasi-Lyapunov for the two flows,
but dz is quasi-Lyapunov only for the flow 1. As a consequence, PS,, (dz),
PS,,(dz) and PS,, (—dx) are not empty, but PS,,(—dx) is empty.

We end the introduction with Figure 2 which illustrates the classification
of partial cross-sections. Take some « in H'(M,Z) so that —« is quasi-

o~

Lyapunov. From the first paper, there exists a map f: M — R/z, cohomol-
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Figure 1: Existence of partial cross-sections, in green and blue, cohomologous
to dr and —dz.
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ogous to «, so that — f satisfies a Lyapunov property. That is, f is constant
on each connected component of R, (in red), and it is cyclically increasing
along the flow outside R,.

="
repeller( ()

S S Sy S

O attractor

| y .
D Snd-an an—)- 6D an)-an 6o

-
|

Y

Figure 2: Classification of partial cross-sections.

Consider a level set of f that is disjoint from R,. By definition, it is
transverse to the flow. So it is a partial cross-section cohomologous to a.
Four partial cross-sections obtained that way are represented in yellow. Note
that they are separated by the a-recurrent set. So they are not isotopic
to each other along the flow, even if they may be isotopic through regular
embedded surfaces. The partial cross-sections cohomologous to o need not
all have the same topology. For instance S; is connected but Sy is not.

Every partial cross-section cohomologous to « is obtained as a level set,
for possibly a different function than f. For instance S3 is not isotopic along



Section 0.0

Table of Contents

the flow to a level set of f, so one needs to change f to express S3 as a level
set. In particular, here, it is not possible to obtain all partial cross-sections
cohomologous to « as the level sets of a single function f.
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1 Preliminary: the topology part

In the article, M is a topological manifold, connected, compact, possibly with
boundary, and equipped with a compatible metric. Most of our arguments
are valid without assuming much regularity on M nor .

We fix a continuous flow ¢;: M — M. All flows are assumed complete,
that is defined at all time. In particular, ¢ preserves M. We allow M to
have a non-empty boundary, so that the theory can be applied to manifolds
obtained after blowing-up finitely many closed curves.

Since this is the second paper in a series, we introduce some terminology
with less details, and refer to the first paper [Mar25] for more details on the
preliminary.

1.1 Z-covering

Fried [Fri83] showed the strong connection between global cross-sections,
cohomology classes (of rank 1) and Z-covers.

Descripiton of the rank 1 cohomology. The cohomology set H*(M,Z)
plays a central role in this article.

Let us describe that class in general. It is well-known that H'(M,Z) is
isomorphic (as a group) to the set [M, R /7] of homotopy classes of continuous
maps from M to R/z. For instance, when f: M — R/7z is smooth, its
differential df = f*dt is a closed 1-form on M, so it induces a cohomology
class in HY(M,Z). Tt has integer coefficients since df(v) lies in Z for any

7
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oriented closed curve . We call the cohomology class of f: M — R/z the
element in H'(M,Z) that corresponds to the homotopy class of f.

Let S C M be a compact, co-oriented hypersurface of M, with S C OM.
Similarly to above, S induces a cohomology class [S] in H'(M,Z) defined as
follows. By assumption, there exists a continuous map f: M — R/7 with

“1({0}) = S, and so that the co-orientation on S goes from f~!(]e,0])
to f71([0,¢[). Then the cohomology class [S] in H'(M,Z) is equal to the
cohomology class of f. Any other possible choice of function f is homotopic
to f, so its cohomology class depends only on S.

Remark 1.1. When M is orientable and d = dim(M), the module H'(M,7Z)
is naturally isomorphic to Hy_1(M,0M,7Z), from a Poincaré duality. Given a
compact and co-oriented hypersurface S of M, with S C OM, it may be nat-
ural to consider its homology class in Hy_1(M,0M,Z) instead of H*(M,Z).
But fundamentally, Hy_1(M,0M,Z) represents oriented hypersurfaces, and
H'(M,Z) represents co-oriented hypersurfaces, which is the case of S. In

particular, when M is not orientable, S may be not representable by an ele-
ment in Hq_1(M,0M,Z).

Z-covering Take a continuous map f: M — R/7, assumed to be not null-
cohomologous. We denote temporally by M; the connected manifold:

My = {(z,t) € M xR, f(z) = t (mod1)},

equip with the covering map : M, ; — M given by m(x,t) = x. We also
denote by ]/t\ ]\7f — M the map ]/C\(LC t) = t. Take another map g: M — R/z
homotopic to f. Then there exists a map h: M — R which satisfies h =
f —¢g(modl). And the map H: M — Mf defined by H(z,t) = (1‘ t+h(t))
is an isomorphism of covering over M. So up to isomorphism, M ¢ depends
only on the cohomology class of f.

Notice that f is connected if and only if its cohomology class is primitive
(not the multiple of another element). When it is the case, then My — M is
a Z-covering map.

Take a non-zero class a in H'(M,Z). We chose an arbitrary continuous
map f: M — R/7 cohomologous to o. Then we denote by A/i\a one connected
component of M ¢, and we denote by m,: ]\//_TQ — M the Z-covering map
discuss above. A less explicit but more general description of ]\/4\@ is as the
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covering space over M given by the kernel of the following composition of

morphisms:

d—a(d)
E—

m (M) — Hi(M,Z) 7.

We used this definition in the first paper of the article, since we had to use
more general Abelian covering. -

Note that ¢ lifts to a flow on M,. From now on, we implicitly speak
about the lifted flow when considering M,.

Equivariance. We denote by k - x, for z in ]\ZQ and k in Z, the image of x
under the Z-action of n. A continuous map f: M, — R is said Z-equivariant
if for any = and k as above, we have f(k-x) = f(x)+ k. It is actually not
the equivalence property that we are interested in, since it does not take in
account a.

When « is not primitive, it can be uniquely written a = n,f3_for some
ne > 1 and some primitive class 8 in H'(M,Z). We say that f: M, — R is
a-equivariant if % f is Z-equivariant, or equivalently, f(k - x) = f(z) + knq
holds for any x,k as above. Note that an a-equivariant map f induces a
continuous map g: M — R/7z cohomologous to «, and with f = gom, (mod1)
for any x in M\a. Conversely, any continuous map g: M — R/7 cohomologous
to «a lifts to a continuous and a-equivariant map f: ]\/Za — R that satisfies
f = gom, (modl).

Choice of metric. The soon introduced notion of e-pseudo-orbit depends
on a choice of metric.

Let N be a topological space, and d,d" be two metrics on N compatible
with its equipped topology. We say that d and d' are comparable at small
scale if for all € > 0, there exists ¢ > 0 so that every €-ball for one metric
is included in an e-ball for the other metric. When N is compact, any two
compatible metrics are comparable at small scale.

For the compact manifold M, choose any metric compatible with the
topology, denoted here by dj;. Given a non-zero o in H'(M,Z), When N is
given by a covering space N = M, we lift the metric from M to N as follows.
We call the radius of injectivity of M, denote by diam(M), the supremum
of the n > 0 that satisfies that all balls of radius n belong in a contractible
open subset of M. We choose a metric dy on N which is invariant by the
deck transformation of 7, and so that for any ball B C N of radius less than
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rad(M), the projection B =+ M is an isometry onto its image. Such a metric
can be build for instance by taking chains of points in N, at distance less
than rad(M ), and summing the distance between successive points. Any two
such metrics are comparable at small scale.

1.2 Partial cross-section

Let S be a topologically sub-manifold S C M of co-dimension one. We say
that S is topologically transverse to ¢ if for all x in S, there exist t > 0 and
a neighborhood U of x in S, so that for all y in U and s in [—t,¢], if ©s(y)
belongs to U then s = 0 holds.

A partial cross-section of ¢ is a (non-empty) topologically sub-manifold S
inside M, of co-dimension one, compact, topologically transverse to ¢, and
with 0S5 C OM. A global cross-section is a partial cross-section which inter-
sects every flow lines of ¢. We warn the reader that these notions have many
names in the literature (Poincaré section, Birkhoff section, global section).

Lemma 1.2. Any partial cross-section is locally flat.

Proof. Let S be a partial cross-section of ¢. By compactness, there exists
t > 0 which satisfies that for all z in M, there exists at most one s in | — ¢, ¢|
for which ¢4(x) belongs to S. Denote by f: Sx|—t,t[— M the map defined
by f(x,s) = @s(x). It is continuous, injective, and between two manifolds of
the same dimension, so it is open. It implies that im(f) is a neighborhood
of S, and that f is an embedding. Thus, S is locally flat. |

Given a partial cross-section S and a homotopy 6;: S — R, for ¢ in [0, 1]
and with 6y = 0, denote by Sy, the set of pg,(y)(x) where x varies in S. We
view Sy, as a homotopy of S. When 5j, is embedded for all ¢, Sy, is said to
be an isotopy along the flow.

Lemma 1.3. Any isotopy among partial cross-sections can be parametrized
as an isotopy along the flow.

Note that two partial cross-sections can be isotopic through embedded
sub-manifolds, with 05 C M, without being isotopic through partial cross-
sections. For instance a usual isotopy can cross a fixed point of the flow,
which an isotopy along the flow cannot. So we keep using the term “isotopy
along the flow” to lift any ambiguity.

10
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Proof. Let S be a partial cross-section of M, and h: [0,1] x S — M be an
isotopy of S. We first assume that 95 = () holds. We prove that for some s
in ]0, 1], the isotopy h; for t in [0, s] is an isotopy along the flow. The result
follows from compactness.

Similarly to the proof of Lemma 1.2, take d > 0 and f: Sx]—d,d[— M a
parametrization of a neighborhood of S. Denote by U = im(f) and7: U — S
the map that satisfies m o f(x,t) = « for all x in M and |t| < d. When ¢ is
small enough, S; remains inside U, so m o h; induces a map from S to itself.
When t is small enough, 7 o h; is additionally close to the identity map.

We prove that m o h;: S — S is surjective. Cover S with finitely many
small open balls By ---B,, and for all 7, take a disc D; that contains the
closure of B; in its interior. Given x in S, take an index i, so that x belongs
to B;,. When t is small enough, 7 o h,(D;,) still contains z in its interior,
since its boundary loop once around x. By compactness of S, for every small
enough ¢ and every x in S, x lies in m o hy(D;,). So o hy is surjective.

Since h(S) is topologically transverse to the flow, moh; is locally injective.
Therefore, m o h; is a cover from S to itself. Note that the induced group
morphism on 7 (.S) is constant in ¢, so it is the identity. Hence, m o h; is a
cover of degree one, and Hence, a homeomorphism.

For any small ¢t and x in S, we write h(z) = f(y,0(t,x)) for a unique
0(t,z) in | —d,d] and some y in S. It follows from above that ¢ is a homotopy,
and that Sy, is an isotopy along the flow that parametrize the isotopy S;.

When 0S5 is not empty, we glue two copies M x {0} and M x {1} of M
along their boundary, using the map OM x {0} — 9M x {1}, that sends (z, 0)

o (z,1). The flow ¢ lifts to a flow on the doubling of M. Then S x {0,1}
is a partial cross-section on the new manifold, on which we can apply the
previous case. The isotopy along the flow of the doubling of S, in restriction
to one copy of M, yields an isotopy along the flow of S. [ ]

Given a partial cross-section S, we denote by [S] its cohomology class in
H'(M,Z) (see Section 1.1 for the definition of [S]). Given « in H*(M,Z), we
denote by PS,(a) the set of isotopy classes along the flow of partial cross-
sections S with [S] = a. Fried classified the set of global cross-sections using
its cohomology class.

Theorem 1.4 (Fried [Fri82, Thm. C and D]). Recall M compact. The map
S+ [S] yields a bijection between the set of global cross-sections S up to
isotopy along the flow, and the set of cohomology class o in H (M, Z) which
satisfies a(Dy) > 0.

11
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A consequence is that when a(D,) > 0 holds, any partial cross-section
cohomologous to « is actually a global cross-section.

Fried stated his theorems with additional assumptions, knowing that his
proofs work fine in a more general setting. For completeness, we will sketch
a proof at the end of Section 3.1.

2 Preliminary: the dynamic part

This section is a recall of the notation and of some results from the first
paper in the series [Mar25].
2.1 Conley’s theory

In this section, N is either M or M, for some non-zero class o in H YM,Z).
Fix some T" > 0. An (¢,T)-pseudo-orbit is a curve v: [0,I[— N, for some
[ > 0, that satisfies the following:

e 7 is right-continuous,

e 7 is continuous outside a finite set A that is disjoint from [0, T,

the points in A are distant by at least T,

for any ¢, s for which - is continuous on [t, s], we have v(s) = @s_¢0(t),

for any t in A, the distance between 7(t) and lim, ;- y(s) is smaller
than e.

A periodic e-pseudo-orbit is similarly a function v: R/jz — M, with [ > 0,
that satisfies the same four conditions. Note that any orbit arc, of positive
length, is an e-pseudo-orbit. Similarly, any periodic orbit is a periodic e-
pseudo-orbit. From now on, we write y(u~) = lim;_,,- (). At a disconti-
nuity time « in A, we say that v jumps from v(u") to v(u). The scalar [ is
called the length of the pseudo-orbit, later denoted by len(y). Additionally,
we say that v goes from the point 7(0) to the point vy(len(y)™).

Definition 2.1. Let z,y be two points in N. We write x ~» y if for all € > 0,
there exists an e-pseudo-orbit from x to y. It does not depend on the value
of T > 0 (once fixed).

12
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A point = in N is said recurrent when we have x ~» x. The set of
recurrent point is called the recurrent set. We denote by R the recurrent set
on the manifold M. Given « in H*(M,R), we denote by R, the recurrent set
on M\a. The relation x «~ y, given by x ~» y and y ~» x, is an equivalence
relation. Its equivalence classes are called recurrence chain. Similarly, for
two recurrence chains R, R, we denote by R ~» R’ if we have = ~» y for
some/all x in R and y in R'.

We will denote by ﬁa the recurrent set of the lifted flow on ]/\/[\a. It is
well-known that the recurrence chains satisfy:

Lemma 2.2 (See [Mar25] Corollary 1.6 for instance). The set of recurrence
chains in M,, with the quotient topology, s totally disconnected.

A continuous map f: N — R is Lyapunov if the three following properties
are satisfied: f is constant on each recurrence chain, two distinct recurrence
chains have distinct values, and f is decreasing along the flow outside the
recurrent set.

Theorem 2.3 ([Con78]). Let M be a compact manifold. Any continuous
flow on M admits a Lyapunov function.

We consider a weaker version of the Lyapunov function, useful to control
partial cross-sections. A continuous map f: N — R is called pre-Lyapunov
if for any z,y in N, x ~» y implies f(x) > f(y). It implies that f is constant
on each recurrence chain.

2.2 Asymptotic pseudo-directions

Assume € > 0 smaller than half the injectivity radius of M. For short, we
will simply say that € is small. Take an (e, T')-pseudo-orbit 7. We denote by
[v] the homology class in H'(M, Z) of the oriented curve obtained from + by
connecting any jumps in v by curves that each remains in a ball of radius e.
Since € is small, the cohomology class of 7 does not depend on the choice of
curves used to close 7. We define the set

D1 = clos ({m[’y] € H{(M,R),~ a periodic e—pseudo—orbit})

to be the closure of the set of elements m[ﬂ Note that m[ﬂ remains
in a bounded region of Hy(M,R), so D, . is compact.

13
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Definition 2.4. We define D, = (.., Dy, which we call the set of asymp-
totic pseudo-directions of .

Notice that D, does not depend on 7". The definition differ from the set
of asymptotic directions given by Fried [Fri82]. These two sets span the same
convex set [Mar25, Appendix A]. Our main results depend on the convex hull
of D, only, so we may switch D, and Fried’s set in them.

2.3 Quasi-Lyapunov class

Let « be in H'(M,R)\ {0} and f: M, — R be an a-equivariant and contin-
uous map. Given € > 0 small and an e-pseudo-orbit v in M, we denote by
f7 df the following quantity. Lift v to an e-pseudo-orbit 4 in M, that goes
from a point x to a point y, and set f7 df = f(y) — f(x). Note that df is an
abuse of notation, we do not assume f differentiable.

We say that f is C'-quasi-Lyapunov if there exists € > 0 so that for any
e-pseudo-orbit v in M, we have f7 df < C. We say that f is quasi-Lyapunov
if it is C-quasi-Lyapunov for some C. A cohomology class « in H*(M,R) is
said quasi-Lyapunov if any a-equivariant and continuous map f: M —Ris
quasi-Lyapunov. Note that o = 0 is always quasi-Lyapunov.

Lemma 2.5 ([Mar25] Lemma 3.6). A class « in H' (M, Z) is quasi-Lyapunov,
if and only if we have a(Dy 1)) < 0 for some/any € > 0 small enough. In
particular, it implies a(D,) < 0.

One of the main results from the part I is the existence of equivariant
Lyapunov functions.

Theorem 2.6 ([Mar25] Theorem 4.1). Assume M compact and let o in
HY(M,Z) be non-zero. Then « is quasi-Lyapunov if and only if there erists
an a-equivariant and Lyapunov map f: M, — R.

2.4 The a-recurrent set

Fix a non-zero cohomology class o in H*(M,R). We say that a point x in M
is a-recurrent if for every € > 0 small and every T' > 0, there exist a periodic
e-pseudo-orbit v that passes through x and that satisfy a([y]) = 0. We denote
by R, the set of a-recurrent point, called a-recurrent set. Two a-reccurent
points x,y in M are said to be a-equivalent if for all €,7" > 0 there exists a
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periodic e-pseudo-orbit 7 that passes through = and y and with a([y]) = 0.
The a-equivalence relation is an equivalence relation. We call a-recurrence
chains the a-equivalence classes. Note that the a-equivariance chains are
invariant by the flow.

The relation between Fried’s work and the a-recurrent set is given by:

Proposition 2.7 ([Mar25] Proposition 3.11). We have a(D,) > 0 if and
only —a is quasi-Lyapunov and R, is empty.

3 Characterization of partial cross-sections

The classification of global-cross-sections is given by a simple homological
criterion. The classification of partial cross-sections is more complicated
than the one of global cross-sections. The existence and uniqueness do not
hold true in general. We give here some elements for both directions.

3.1 Existence of partial cross-section

In this section, we focus on the existence and prove the three following the-
orems. The criterion is not the same for a« = 0 and a # 0.

Theorem 3.1. Assume M compact and connected. For any non-zero class «
in H*(M,Z), we have PS,(a) # 0 if and only if —« is quasi-Lyapunov.

The case a = 0 is different, and already known by experts. The flow ¢ is
said chain recurrent if the recurrence set of ¢ is equal to M.

Theorem 3.2. Assume M compact and connected. We have PS,(0) # 0 if
and only if the restriction of ¢ is not chain recurrent.

We will also prove the following. Notice that for o = 0, the a-recurrent
set is simply the recurrent set of .

Theorem 3.3. Assume M compact and connected. Let o be in H'(M,Z)
with PSy,(a) # 0. Then the a-recurrent set R, is exactly the set of points
i M that lie on no partial cross-section cohomologous to c.

We first build partial a cross-section cohomologous to . Then we clar-
ify the relation with the a-recurrent set. In the case a = 0, we take the
convention M = M and any function f: M — R is a-equivariant.

15
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Lemma 3.4. Let a be as in Theorem 3.5, f: M — R be a-equivariant,
in f( a) and S = {1 ({t}). If —f is Lyapunov and t is not in f(Ra), then
the image of S in M is a partial cross-section cohomologous to a.

If f is only assumed to be decreasing along the flow on a neighborhood
of S, the same conclusion holds true.

Proof. First note that when — f is Lyapunov and ¢ is not in f (ﬁa), then S
lies outside the recurrent set of the flow on ]\/ZQ. Since S and ﬁa are compact,
M, \ R, is a neighborhood of S, and f is decreasing along the flow on that
set. Thus, it is enough to prove the lemma under the second assumption.

Since f is increasing along the flow on a neighborhood of S, S is a topo-
logical sub-manifold of codimension 1, and it is topologically transverse to
the flow. Tt is non-empty by construction, compact by co-compactness of
Ma, and satisfies 95 C 8M

Since f is a-equivariant, it induces an embedding from S to M. Indeed,
if m,(z) = 74 (y) holds for some points z,y in S, then there exists n in Z with
y =n-x. The a-equivariance and f(z) =t = f(y) imply n =0 and y = v.

Thus, the image of S in M is a partial cross-section. It is cohomologous
to a by construction. [ ]

Let S be a partial cross-section and a = [S]. We build a function from
M to R/z cohomologous to «. Since S is compact and transverse to the flow
¢, there exists € > 0 so that the flow box ¢_.q(S) is embedded. Define the
map
Fo: M — R/Z

by Fs(e(t,x)) = =< for any ¢ in [—¢,¢] and « in S, and Fs = 0 outside
©1—e.q(S). It is continuous, non-decreasing along the flow, and constant on
the recurrent set. By construction, we have S = Fg'(1), so S and Fy are
cohomologous.

It will be convenient to consider pre-Lapunov map from M to the circle.
A map f: M — R/z is called pre-Lyapunov if given « = [f] in H*(M,Z) its
cohomology class, any continuous lift f: ]/\4\CY — R of f is pre-Lyapunov.

It follows from Fg(R,) C Z and [Mar25, Lemma 1.7] that:

Lemma 3.5. Let S be a partial cross-section. The map —Fls is pre-Lyapunov.
Thus, using a = [S], —« is quasi-Lyapunov and Fs(R,) = {0} hold true.

We now prove the three theorems stated earlier. First the existence of
partial cross-sections in the case a # 0.

16
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Proof of Theorem 3.1. Take a non-zero class o in H'(M,Z).

Assume that —a is quasi-Lyapunov. Then there exists an —a-equivariant
Lyapunov map g: M, — R (see Theorem 2.6). It follows from Lemma 2.2
that g(ﬁa) has an empty interior. Note that g is surjective, since it is con-
tinuous and a-equivariant on a connected set. So there exists s in its image
which does not lie in g(R,). Hence, by Lemma 3.4, the image in M of
g ' ({s}) is a partial cross-section cohomologous to a.

Assume now that there exists a partial cross-section S cohomologous to .
Denote by FS M — R a lift of the map Fjg constructed above. It follows
from above that —Fg is pre-Lyapunov. The map FS is —a-equivariant, so
—a is quasi-Lyapunov (see Theorem 2.6). |

Secondly we prove the existence of partial cross-sections in the case a = 0.

Proof of Theorem 3.2. Assume that ¢ is not chain recurrent. Then it has at
least two recurrence chains. It follows from Theorem 2.3 that there exists a
Lyapunov map f: M — R for ¢. By assumption, f admits distinct values
on distinct recurrence chains, so f is not constant. Since it is continuous on
a connected set, f(M) is a closed and non-trivial interval. It follows from
Lemma 2.2 that f(R¢) has empty interior inside R, so there exists a value
t in f(M) outside f(Rg). It follows from Lemma 3.4 that f~'({t}) is a
null-cohomologous partial cross-section.

Conversely, assume that there exists a null-cohomologous partial cross-
section S. It follows from Lemma 3.5 that S is disjoint from Ry. Thus, ¢ is
not chain recurrent. |

End now prove that the a-recurrent set is the complementary of the
partial cross-section cohomologous to a.

Proof of Theorem 3.3. Let a be in H(M,Z) with PS,(a) # 0. According
to Theorem 2.6 in the case a # 0, and to Theorem 2.3 in the case @ = 0,
there exists an a-equivariant map f: M, — R so that —f is Lyapunov. It
follows from Lemma 2.2 that f(R R «) has an empty interior.

Take a point p in M that is not a-recurrent, and p a lift of p in M
Denote by @ the lifted flow on M Since f is increasing along the flow
on the orbit of p, there exists s in R for which ¢t = f o »%(p) does not lie
in f(R Oé). The image of f~1(¢) in M is a partial cross-section cohomologous
to «, according to Lemma 3.4. Denote it by S. Then ¢_4(.5) is also a partial
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cross-section cohomologous to «, and it contains p. So any point outside R,
is contained in a partial cross-section cohomologous to .

We now prove the converse. Let S be a partial cross-section cohomologous
to «, and Fg: M — R/7 the map defined above. It follows from Lemma 3.5
that Fs(Ra) = {0}. So Fg(S) = + implies that S is disjoint from R,. |

Let us now sketch a proof of Fried’s classification, in the general setting.

Sketch of proof of Theorem 1.4 in the general settings. Take o # 0 and as-
sume that o(D,) > 0 holds. From Proposition 2.7, —a is quasi-Lyapunov
and R, is empty. By Theorem 2.6, there exists an a-equivariant map
f: M, — R so that —f is Lyapunov. In particular f is everywhere in-
creasing along the flow. Lemma 3.4 implies that any level set S of f is a
partial cross-section cohomologous to a. And since f is increasing along the
flow, any orbit of the flow in M, intersects S in exactly one point. So S is a
global cross-section.

Each step above has a converse. So if there exists a global cross-section
cohomologous to a, then «(D,,) > 0.

Let a and f be as above, and take Si, Ss be two global cross-sections
cohomologous to «, and S; a liftt of S; in M,. As said Qbove,/\ any orbit in
M,, intersects exactly once S;. Following the flow from 57 to Sz induces an
isotopy along the flow from Sy to S3. And its image in M is an isotopy along
the flow from S to Ss. [ |

3.2 Equivalence with pre-Lyapunov maps

We give a bijection between PS, () and a set of homotopy classes of pre-
Lyapunov maps.

Denote by [(M,Rs):(R/z,0)], the set of maps f: M — R/z, cohomol-
ogous to «, which satisfy f(R,) = 0 and so that —f is pre-Lyapunov. We
consider maps in [(M,R,):(R/z,0)], up to homotopy through that set.

In the case @ = 0, we denote by 0 the homotopy class of functions in
[(M,Ra):(R/7,0)], that contains the constant map 0. The set of non-zero
homotopy classes inside [(M,R4):(R/z,0)], is denoted by pL(«). As dis-
cussed below, every element in pL(«a) corresponds to a partial cross-section
cohomologous to a. In the case a = 0, we remove the zero map since it cor-
responds to the empty set, which by convention is not a partial cross-section.

Note that given a partial cross-section S cohomologous to «, the function
Fs (defined previously) lies in [(M,R,):(R/7,0)],, which is not homotopic
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to a constant. The image of Fg in pL(«) does not depend on the choices
made to build Fg, and it is invariant by isotopy along the flow on S. So the
map S — Fg induces a map from PS,(«) = pL(a). We denote that map
by [F].

Theorem 3.6. Assume M compact and connected. For any o in H'(M,7Z),
the map PS,(a) 1, pL(«a) is a bijection.

Proof. Let us first prove that [F] is surjective. Take g in [(M, R,):(R/7,0)]a,
a scalar ¢ in R/7 and some € > 0. Up to replacing g with a convolution along
the flow between g and a Gaussian map, we may assume that ¢ is increasing
along the flow on ¢~ *((R/z)\ {0}). We claim that g is surjective. In the case
a # 0, it follows from the fact that g is not null-cohomologous. In the case
a = 0, it follows from the fact that g is not constant.

It follows from Lemma 3.4 that S = g~'(3) is a partial cross-section
cohomologous to . The maps Fg and g are cohomologous, and they coincide
on R,US. So a linear interpolation between Fg and ¢ (fixing R, US), yields
a homotopy inside [(M,R,):(R/Z,0)],. Therefore, the image of g and Fs in
pL(«a) are equal, and [F] is surjective.

We now prove that [F] is injective. Let Sy, S1 be two partial cross-sections
cohomologous to «, and which satisfy that Fg, and Fs, are homotopic inside
the set [(M,Ra):(R/7,0)],. We write g; = Fs,, and we take a homotopy
g for t in [0,1] from Fg, to Fs,. Take a Gaussian map h,(t) = %e_“tQ.
Consider the homotopy gy *, h, with a that goes from +oo to 1. That
homotopy goes from gy to go *, h1. We concatenate to it the homotopies
g, hy for tin [0, 1] and g; %, h, for a in [1, +o00[. It yields a homotopy inside
(M, Ra): (R/2,0)]. from go to g1

We denote by f;, with ¢ in [0, 1], a reparametrization of the homotopy
described above. Note that for any 0 < ¢ < 1, f; is increasing along the
flow inside f;'(R/z \ {0}). It follows from Lemma 3.4 that S, = f'(3) is
a partial cross-section cohomologous to a. Hence, .S; is an isotopy of partial
cross-sections from Sy and Sy, and is Thus, an isotopy along the flow. |

3.3 Equivalence with Conley’s order

We give another bijection from PS,(a), to a more combinatorial set.

Denote by ©* flow on M, obtained by lifting ¢, and 7%;; the set of re-
currence chains of @*, equipped with the quotient topology given by the
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projection 7/?\,06 — 7%’; It is equipped with a (partial) order ~~ defined by:
Ry ~» Ry holds if we have x; ~» x for some/any z; in R; and z3 in Rs.
Note that the order is invariant under the action of Z over ]\/JQ. The order
(Rf,~>) is sometimes called Conley’s order.

Definition 3.7. We define fa(ﬁZ,Z) to be the set of a-equivariant, non-
constant, non-decreasing and continuous (equivalently locally constant) maps
from (R, ~) to (Z,<).

We also define Ia(ﬁ(’;, 7Z) to be the set of equivalence classes of functions
in fa(ﬁz, Z) up to an additive constant. That is f ~ g if f — ¢ is a constant.

Note that when 7%(’; is empty, by convention, fa(ﬁz,Z) is equal to the
singleton with the unique function from @) to Z, and Ia('ﬁz, Z) is a singleton
too.

Take a map f in [(M,R,):(R/z,0)]. It lifts to an a-equivariant map
from ]\/4\a to R, whose opposite is pre-Lyapunov. It then restricts to a con-
tinuous map f* 7/@* — Z. The map f* is non-decreasing since —f is pre-
Lyapunov. Thus, 7 belongs to I.(R:,Z). We denote by [f*] the equivalence
class of f* inside I, (R:, 7).

Let f,, for s in [0,1], be a homotopy of maps in [(M,R,):(R/z,0)],.
We choose lifts J/C;: ]/W\a — R of the maps f,, continuously in s. Then by
continuity, the restrictions ]?s*: ﬁj; — Z are all equal. Thus, [f*] depends

I
B, 1(Rx,z)

only on the homotopy class of f in pL(a). Denote by pL(«a) [
the corresponding map.

Theorem 3.8. Assume M compact and connected Let o be in H' (M, Z) so
that PS,(c) is not empty. Then the map pL(«a) o, I(R,7) is a bijection.

In this theorem, it is necessary to assume PS,(c) # 0. The set 1.(R:,Z)
does not contain enough information to determine whether PS,(«) is empty
or not.

Proof. Assume first that 7%(’; is empty. Then « is not zero, since the recurrent
set on M is not empty. Thus, —« is quasi-Lyapunov from Theorem 3.1. By
Proposition 2.7, we have a(D,) > 0. It follows from Theorem 1.4, that

PS,(a) is a singleton, and so is [.(R%,Z). Thus, [%] is bijective.
We now assume R # 0. We first show the injectivity of the map [¥].
Take two functions f,g in [(M,R,):(R/z,0)], and assume that [f*] = [g*]
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holds. From the equality, we may choose two lifts ]/”\, g: M\a — R of f and g,
so that they coincide on the subset Rea.

Define h; = tf + (1 = t)g, for ¢ in [0,1]. It provides a homotopy from
f to g. The map ht projects to a map h;: M — R/7 which lies inside
(M, R.):(R/7,0)],. We have hy = g and hy = f, so the image of f and g
inside pL(«) are equal.

The surjectivity is a direct consequence of [Mar25, Theorem 4.11]. |

4 Cardinality of PS,(«)

In this section, we characterize when PS,(«) is finite and when it is a sin-
gleton.

Theorem 4.1. For any « in H'(M,Z) \ {0}, the set PS,(a) is at most
countable.

Proof. Denote by C C [0, 1] the standard Cantor (compact) set. Let K C M,
be a compact subset for which the projection K — M is surjective. Then
KN Ra is compact, so there exists a continuous surjection f C—-Kn R
Given any map ¢ in 1, (R* Z), its value is completely determined by the
images g(R) for the set of the recurrent chains R that intersects /. Therefore,
the continuous map go f: C' — 7Z determines completely g. Thus, it is enough
to prove that there are only countably many continuous maps from C' to Z.

Let h: C — Z be a continuous map. Note that it is locally constant, so
we can find a partition of C' by finitely many open sets U; - - - U, so that h
is constant of each Ug. Up to splitting each Uy in finitely many disjoint open
subsets, we may assume that Uy can be written as Uy = C' N I, where [}, is
an interval in R whose ends are rational and outside C'.

Note that there are only countably many intervals I with 0I C Q. Thus,
h is determined by the countable choices of a finite partition of C' by sets
of the form C' N I, and by the countable possible images of h on C' N Uy.
Hence, there are no more than countably many continuous functions from C'
to Z. |

Denote by @%a the oriented graph whose set of vertices is 73,2 and with
an edgg\ from R; to Rs 1/{ Ry ~~ Ry holds. We also denote by ~~ the edges
inside G, . The graph G, , admits a natural Z-action.
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Definition 4.2. We denote by G, , the oriented graph obtained as the quo-
tient of G, by Z. Its vertices are the a-recurrence chains of ¢.

The graph G, is transitive if there exist an oriented path between any
two a-recurrence chains. Notice that, any path Ry ~» --- ~» R, can be
concatenated in a single arrow R; ~ R, so G, is transitive if and only if
it is a complete oriented graph. By convenient, we take the convention that
the empty graph is transitive.

Theorem 4.3. Let « be a non-zero class in H'(M,7Z) so that —« is quasi-
Lyapunov. Then PS,(a) is finite if and only if the oriented graph G . is
finite and transitive.

The set PS,(0) is either empty or (infinitely) countable.

We warn the reader of the following. The two properties of “G, , being
transitive” and “p being chain recurrent” seem to be very similar. However,
none of them implies the other one. Let us describe two counter-examples
on the torus.

Example 4.4. Take M = R*/72 and let ¢ be the following flow on M. It
admits two periodic orbits 6, = {0} x R/z and 6y = {5} x R/z. Every
other orbit converges toward &g in the past and 01 in the future. Also all
its orbits are transverse to the curve v = R/z x {0}. Then, v is a global
cross-section, cohomologous to o« = [dy]. Thus, ¢ admits a unique partial
cross-section cohomologous to [dy], and G, is finite and transitive. But ¢
s not recurrent, as its recurrent set is oy U 9 # M.

Example 4.5. Take M = R*/72 and let ¢ be the flow on M obtained by
taking the linear flow directed by Oy, and slowing it down so that it admits
exactly two fized points p = (0,0) and ¢ = (%, 0). We let the reader check that
@ is chain recurrent. We set o = [dy]. The graph G, . has two vertices, that
correspond to p and q, and its only edges are loops from a vertex to itself.
Thus, it is not transitive, but ¢ is chain recurrent.

Proof of Theorem /4.3, in the case o« = 0. When ¢ is chain recurrent, it
follows from Theorem 3.2 that PS,(0) is empty.

We now assume that ¢ is not chain recurrent. Then PS,(0) is in bijection
with I,(R:,Z). For any g in I(R?,Z), it admits a unique representative §
in 1,(R%,7Z), which is not constant, and satisfies min(g) = 0. Then for any
integer k£ > 1, kg also belongs to fa(ﬁz, Z). And for any distinct 4,7 > 1, ig
and jg are not equivalent up to a constant. Thus, Ia(ﬁj;, Z) is infinite. W
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Before proving the theorem in the case a # 0, we build some explicit
element in PS,(a). Choose o # 0 so that —a is quasi-Lyapunov. The case
a(D,) > 0 1is a consequence of Fried’s work Theorem 1.4. So we may assume
a(D,) # 0 here, and so R, # 0 holds according to Proposition 2.7.

By Theorem 2.6, there exists an a-equivariant function ]?: ]\/4\a — R so
that — f is Lyapunov. Denote by f: M — R/7 the quotient map. Recall that
f(R4) is non-empty, compact its interior is empty (see Lemma 2.2). So it
admits a complementary component, which is an open interval in R/7. Take
I C R/7 a complementary component of f(R,). We define n;: R/7 — R/7
the map that consists in retracting the R/7 \ I in one point. That is 7 is
affine on I, constant outside I, and is of degree 1. We additionally assume
that the complementary of I is sent onto the point 0. Then —n; o f is pre-
Lyapunov, cohomologous to f and sends R,, into {0}. That is —m o f belongs

o [(M,Ra): (R/2,{0})]a-

Lemma 4.6. Let I,J be two distinct complementary components of f(Rq).
Then —mro f and —my o f are not homotopic inside [(M,Rq): (R/7,{0})]a-

Proof. By definition, I is bounded by two points in f(R,). Denote by Ry, Ry
two a-recurrence chains so that f(R;) and f(R2) bound I. Let v C M be a
curve that starts on R; and end on Ry. We consider the image curve f o~ in
R/7. Note that f o~ is homologous, relative to dI, to I plus finitely many
copies of R/7.

Take a third complementary interval K of f(R,). The curve —mx o fory
in R/7 is a closed curve, since the two ends of v are sent onto 0. Notice that
the degree of —7m o f o~ is equal to the algebraic intersection between — f o~y
with any point inside K. It follows from above that when taking K = [
or K = J, these algebraic intersections differ by 1. Thus, the degrees of
—mro forvyand —m;y o f oy are different.

For maps ¢ in [(M,R,):(R/z,{0})]a, the degree of g o 7 is an invariant
of homotopy inside that set. Thus, —m; o f and —7; o f are not homotopic
in that set. |

Denote by R the set of a-recurrence chains, equipped with the quotient
topology using the projection R, — R,

Proof of Theorem 4.3, in the case a # (0. Take a non-zero class a so that —«
is quasi-Lyapunov. When R, is empty, G, is finite and transitive by con-
vention. And PS,(«) is a singleton from Proposition 2.7 and Theorem 1.4.
So the conclusion holds in that case.
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We now assume that R, is not empty. The set PS,(a) is in bijection
with I,(R%,Z), so it is enough to determine the cardinality of the later set.
Let n, > 1 be so that a = n,f for some primitive class 3 in H'(M,Z).

We suppose that G, is finite and transitive, and prove that PS,(a) is
ﬁniEg. Denote by R; - -+ R, the a-recurrence chains on M, and a lift ]:?Z of R;
in M,. By transitivity of G, ,, for every ¢ # j, there exists a;; in Z that
satisfies R ~ Qe ]5;3».

Take an element in I,(RY,Z), and its unique lift g in I,(R},Z) which
satisfies g(R;) = 0. From above, we have g(R;) > g(R;) + nqa;; for any
i # j. So g(R;) lies in [—nqa14,n0a;1]. Thus, g is determined by a finite
data. It follows that I,(R,Z) is finite.

We now prove the converse implication by contraposition. Fix an a-
equivariant map f: M, — R so that —f is Lyapunov (see Theorem 2.6),
which project down to a map f: M — R/z. Assume first that G, is
infinite. Then R} ~ f(R,) is infinite and totally disconnected. So there are
infinitely many complementary intervals of f(R,) in R/z. It follows from
Lemma 4.6 that Ia(ﬁ(’;, Z) is infinite.

Assume now that the quotient graph G, , is not transitive. We may also
choose it finite for convenience. Since the graph is not transitive, there exists
a partition {A, B} of the set of vertices of G, , so that there is no arrow from
B to A. Denote by A and B the preimages of A and B inside éw.

Since PS,(a) is not empty (see Theorem 3.2), there exists a map h in
I.(R:,Z). For all k in N, we define the map hy: R, — Z that coincide
with h on A and with i + k on B. It is clear that Ay, is non-creasing and
continuous (by finiteness of R), so it belongs to Io(Ry, Z). Observes that for
any distinct indexes 4, 7, the functions h; and h; do not differ by a constant, so
their images in I,(R?, Z) are distinct. It follows that I (R?,Z) is infinite. M

Using the same technique, we can determine when there is a unique partial
cross-section up to isotopy.

Theorem 4.7. Let a be in H'(M,Z). The set PS,(«) is a singleton if
and only if o is non-zero, —a is quasi-Lyapunov and if there exists at most
one a-recurrence chain.

Proof. Assume a # 0 and quasi-Lyapunov, otherwise it follows from above
that PS,(«) is not a singleton. Let f: M — R/z be a continuous map,

~

cohomology to «, and f: M, — R a lift of f, so that —f is Lyapunov.

24



Section 5.1 Table of Contents

Assume that there exists at least two a-recurrence chains. Then the space
f(Ra) ~ R has at least two complementary components. It follows from
Lemma 4.6 that PS,(«) has at least two elements. Thus, if PS,(a) is a
singleton, ¢ has at most one a-recurrence chain. R

Conversely, if there is at most one a-recurrence chain, then I,(R},7Z)
is either empty (when R, is empty) or equal to a single Z-orbit. Thus,
Ia(ﬁ’;, Z) is a singleton, and so is PS,(«). [

5 Germs in homology

We will discuss a homology construction. It is certainly well-known by some
expert, but we could not find it in the bibliography. And it is not a bad
idea to reintroduce it here anyway. In this section, we develop a general
theory independent on the flow. We come back to the subject of partial
cross-sections in Section 6.

Given a compact subset K in M, we build a homology module relative
to the germ of neighborhoods of K, as a projective limit of some singular
homology modules. It can be though of the singular homology relative to a
compact subset K, modulo arbitrarily small neighborhoods of K.

5.1 Homology relative to a germ

Let us fix some notations. We take A to be one of the ring Z or R. We
consider the singular homology and cohomology with coefficients in A. Given
two sets Y C X, we sometimes write H;(X) and H;(X,Y) the modules
Hy (X, A) and H,(X,Y,.A), when the chosen ring is clear from the context.
Take four sets A, B, X,Y that satisfy Y € X, AC B,AC X and BCY.
The inclusion (A4, B) — (X,Y) induces a morphism H,(A, B) — H(X,Y).
Given an element ¢ in H;(A, B), we will denote by 6 mod(X,Y) its image in
Hi(X,Y). Orsimply write d mod(X) when B =Y holds, and § mod(Y) when
A = X holds. We use a similar notation for the map H'(X,Y) — H'(A, B).

We will discuss a projective limit of some modules. For more on the
matter, we refer to [Stal8, Tag 0031] for directed inverse systems, and to
[Stal8, Tag 002U] for projective limits.

Fix a compact subset K of M, potentially empty. The set of neighbor-
hoods of K is a directed inverse system for the partial order D. That is,
for any two neighborhood U, V| there exists a neighborhood W, for instance
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W = U NV, that satisfies U D W and V' D W. It is a necessary condition
to define a projective limit.
Consider the following diagram of .A-modules. The objects are the mod-

ules Hy(M, U, A) where U varies over the neighborhoods of K. The diagram

mod

contains the maps Hy(M,V, A) — H{(M,U, A), where U D V are any two
neighborhoods of K. We use the notation g(K) for the germ of neighbor-
hoods of K.

Definition 5.1. We denote by:

Hl(M79(K)7'A> = I&H Hl(Mv U7A>

UDK
the projective limit, equipped with the maps

mod

Hy(M, g(K), A) — Hi(M,U, A)
for any neighborhood U of K.

By definition, the projective limit is equal to:

lim H,(M,U, A) = {5 € H Hy(M,U, A), YU CV, oy mod(V) = 5v}

UDK UOK

Given a subset X of M, we denote by V.(X) the set of points at distance
less than € of X. Since K is compact, any neighborhood of K some V(K)
with a small € > 0. So for convenience, one may replace U by V.(K) in the
projective limit.

The projective limit satisfies a universal property. So the inclusion maps
H,(M,K) — H{(M,U) induce a natural map Hy(M,K) — Hy(M,g(K)).
We will discuss more about this map further down.

An open set U D K is said to be K-connected if any path-connected
component of U intersects K, or alternatively Hy(U, K) = {0} holds. Note
that V.(K) is K-connected.

mod

Lemma 5.2. The map Hi(M,9(K)) — Hy(M,U) is surjective for any
K -connected neighborhood U of K.

Proof. The long exact sequence in homology contains the maps

H(M,K)— H,(M,U) = Hy(U,K) =0.
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So the left map is surjective. Since it can be factorized as
H{(M,K)— H\(M,g(K)) — Hi(M,U),
the second map is surjective. [ |

Remark 5.3. The map H{(M,K) — Hy(M, g(K)) is neither injective nor
surjective in general, as illustrated in Examples 5.4 and 5.5. We will char-
acterize its image in Proposition 5.11.

Let us denote temporally by 7,: H;(M, K) — Hy(M, g(K)) this map.
Example 5.4. Consider M = [0,1] and K = {0} U{

formal infinite 1-chain:
1
o= |05t

neN

n € N}. The

1
n+1’

induces an element in Hi(M, g(K)), since only finitely many terms appear
modulo any giwen neighborhood of K. Clearly, 6, is not in the image of m,.
So the map 7, is not surjective.

Example 5.5. Take M = (R/7) x R and the compact subset

K= {(t sin(%)), t €0, 1]}u({o} % [~1, 1])

of M. Consider the curve by that goes from [0, 5=] x {0}. It is not null
homologous in Hy(M, K). But dy is null-homologous in Hy(M, g(K)), since
for any neighborhood U of K, d5 is homotopic (relatively to K) to a curve

that remains inside U. So the map m, is not injective.

Replacing K with R, the second example corresponds to a curve that
has ‘zero contribution to the dynamic’. It is actually to remove these curves
that we consider the module H(M, ¢g(K)) in the first place.

Remark 5.6. One can define similarly the homology modules H,(g(K),.A)
and H,(9(K), K, A). One difficulty is that the long exact sequence in homol-
oqy are more complicated when using the germs. In particular the expected
two sequences

o= Hy(K)— H,(9(K)) > H,(M) = H, 1(K) — -
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and
- = Ho(9(K), K) = Ho(M, K) = Ho(M, 9(K)) = Hpa(9(K), K) — -+

are not exact in general. The reason is that the directed inverse systems given
by the modules H,,(U) and H,(U, K) are not Mittag-Leffler. This goes beyond
the scope of this paper, so we refer to [Stal8, Tag 0595] for the Mittag-Leffler
criterion, and [Stal8, Tag 0H31] for an exact sequences that one can hope to
obtain.

5.2 Torsion and extension of coefficients

We consider A = R and Z for different reasons. It is easier to work with R
since it is a field with a good topology. But the natural ring to express the
classification of partial cross-sections is Z. Let us explain how they relate to
each other.

Given a Z-module H, denote by tors(H ) the torsion part of H, and H /tors
the quotient of H by tors(H).

Lemma 5.7. Let U be a neighborhood of K. The two maps
tors(Hy (M, U, Z)) 22 tors(Hy (M, g(K), Z)) 22 tors(H,(M, U, Z))

are surjective. When U s a small enough neighborhood of K, the right map
s an isomorphism.

Proof. Here, all homology modules are with coefficients in Z. The long exact
sequence in homology for (U, M) contains the maps:

mod

H(M) 225 H (M, U) S Hy(U).

Since Hy(U) is a free Abelian group, the torsion part tors(H;(M,U)) lies
inside ker(0) = im(mod). So the map tors(H(M)) — tors(H,(M,U)) is
surjective. Note that the cardinality of the image is non-increasing in U, and
bounded by the cardinality of tors(H;(M)), which is finite. So the cardinality
of the image is constant when U is small enough. So given two neighbor-
hoods V' C U of K, assumed small enough, the map tors(H,(M,V)) —
tors(H1(M,U)) is an isomorphism. It follows that tors(Hy(M, g(K),Z)) —
tors(Hy(M,U,7Z)) is also an isomorphism. |
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Corollary 5.8. The quotient Hi(M,g(K),Z)/tors is naturally isomorphic to
the projective limit:
Hl(Mvg(K)7Z)/tOI"S =~ I&H (Hl(M’ U»Z)/tors) .
UDK

Proof. From above, we consider the directed inverse system of exact se-
quences:

1+ tors(Hy(M,U)) — H{(M,U) — Hi(M,U) /tors — 1,

where U varies over the neighborhoods of K. By Lemma 5.7, the first term
is constant when U is small enough. Consider the projective limit of these
sequences. Note that the projective limit functor is left exact, but not exact
in general. But since the left term is eventually constant, it follows from
[Stal8, Tag 0H31] and [Stal8, Tag 07TKW, item 3.] that the short sequence
1 — tors(H1(M, g(K))) — Hi(M,g(K)) — lim Hi(M,U) /tors — 1
UDK
is exact. The conclusion follows. |
Remark 5.9. We later introduce the cohomology module H' (M, g(K),Z),
which is the continuous dual of Hi(M,g(K),7Z). As such, it does not see the
torsion part of Hi(M, g(K),Z). Thus, one could replace H(M, g(K),Z) by
H\(M,9(K),Z)[tors in many of our results. In order to remain general, we
will not make this choice.

Lemma 5.10. The coefficient extension maps Hy(M,U,Z) — Hy(M,U,R)
mduces a map:

(M, 9(K),Z) — Hi(M, g(K),R)
which is Z-linear, continuous, and its kernel is tors(Hy (M, 9(K),Z)).
Proof. Notice the composition of maps

H(M,g9(K),Z) — H{(M,U,Z) — Hi(M,U,R).

Since Hi(M, U, R) satisfies a universal property in the set of Z-module, this
maps induce a limiting map

Hy(M,9(K),Z) — Hi(M, g(K),R).
It follows from the definitions that it is Z-linear and continuous. Take x in its
kernel. For any neighborhood U of K, the image of z in Hy(M, U, R) is equal
to zero, so the image of x modulo U belongs to tors(Hy (M, U,Z)). Taking U

small enough, it follows from Lemma 5.7 that x belongs to the torsion part

tors(Hy(M, g(K),Z)). [
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5.3 Simplicial norm

In this section, we determine the image of H,(M, K, A) in Hy(M, g(K), A),
using the simplicial norm. Given a subset X C M, we denote by (% the
simplicial norm on Hy(M, X), or simply ¢° when X is clear from the context.
That is, given some ¢ in Hy(M, X), £% () the minimum n for which we can

represent 0 as a sum:
n
0= E aiél-
i=1

of n curves 9;, with a; in A. Given two subsets X C Y of M, notice that
the simplicial norm satisfy €3 (§ mod(Y)) < ¢%(d) for any 6 in Hy(M, X). We
define the function £° = €) ;o : Hi(M, g(K)) — [0, +00], called the simplicial
norm, by:

lore)(0) = sup (%,(6 mod(U))
where U varies over the neighborhoods of K.

Note that the curve §; in Example 5.4 satisfies 52(1()(51) = +o00. So it
is necessary to include the value +oo. For any ¢ in Hy(M, K), similarly to
above, we have £ (6 mod(g(K))) < £%(d). Note that the equality is strict
for the element &, in Example 5.5, Since d, mod(g(K)) = 0 holds.

Proposition 5.11. Recall A =R or Z. The image of H,(M, K, A) modulo
9(K) is the set

Hl(Mv K’ A)m_Od—(g(K)) = (KS(K))_I([()? +OOD

of elements that have finite simplicial norms. Additionally, for any class ¢
in Hi(M, g(K), A) with () (d) < +00, there exists v in H(M, K, A) that
satisfies (5 () = £) 4 (6) and v mod(g(K)) = 4.

The conclusion is trivial when K is empty, as Hy(M, K) — H(M, g(K))
is an isomorphism in that case. So let us assume K non-empty from now on.

The proof is technical, so let use summarize it first. We take a decreasing
sequence U, of open neighborhoods of K. Take § in Hy(M, g(K)) that has
a finite simplicial norm, and search a preimage in Hy(M, K). One may want
to consider d mod(U,), which is a brave homology class representable by a
1-chain ~,, with 0y, € 9U,. Then one may want to define the element =,
by extending 7, inside U, \ U,4+1. The finite simplicial norm ensure that it
can be done with a bounded number of curves.
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One difficulty is that the limit object can be a combination of curves
that have infinite lengths. A second difficulty is that we need to control the
coefficients in ,. So instead, we first prove that, up to an extraction, the
boundary of ~, converges. Then we kind of apply the idea above.

Lemma 5.12. Let § in Hi(M,g(K),A) satisfy (°(0) < +oo. Then there
exists p in Ho(K, A) which satisfies the following. For any neighborhood U
of K, there exists v in Hi(M, K,Z) that satisfies (°(y) < €°(5), v = p, and
with vy mod(U) = ¢ mod(U).

Proof. We choose a decreasing sequence U, of neighborhoods of K that sat-
isfy the following. First we assume (7, (6 mod(U,,)) = ¢°(), which holds true
whenever U, is small enough. Secondly, we assume that U, is contained in
Vi (K), so that the sequence of values of 6 mod(U,,) determines the value of

5. Denote by 7, a l-chain that represent d mod(U,,), and that can be written

as
0(3)
Yn = E ApiCnyi
=1

with a,; in A, and where ¢, ; is a curve with boundary in U,,. Up to an
extraction, we may assume that the points in dc,; accumulates on finitely
many connected components R, --- IR, of K.

Since K is compact, any connected component of K is also compact.
Consider the set of connected components of K, with the quotient topology.
It is metrizable (using the Hausdorff distance) and totally disconnected. So
each pairs of distinct connected components of K are separable by open
sets. Thus, when € > 0 is small enough, each two distinct R; lie in distinct
connected components of V,(K).

By removing finitely many U,,, we may assume that the R; lie in distinct
connected components of U,. Up to replacing v, by a <, for some large
k, > n, we may assume that the boundary points of ~, lie in the connected
components of U,, that contain the R;.

Pick a point z; in each ;. Then, for any endpoints g of v, there exists a
unique z; in the same connected component of U,, than ¢. Define an element
pn in Ho(K) by replacing any point ¢ in 07, with the corresponding x;. Then
pr 1s supported by the point z;, and it satisfies:

P 0A(U,,) = 9y, T0d(U,) = 9(6 mod(U,,)).
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For any m > n, we have p, — p,, mod(U,)) = 0. The difference p,, — p,, is
supported on the z;, and each two x; lie in two distinct connected components
of U,. So we actually have p, = p,,. Denote by p the common value of the
Dn. By construction, we may extend the curves in 7, inside U, so that that
its boundary lies on the z;, and so that 0v, = p holds. In particular the
boundary of 7, lies in K, so 7, induces a homology class in Hy(M, K,Z).

For any neighborhood V' of K, there exists a neighborhood U,, included
in V. Then the homology class of v, in H;(M, K, 7Z) satisfies the conclusion
of the lemma. |

A neighborhood U of K is said K -thin if for any other neighborhood
V Cc U of K, we have:

Hy(U,R) mod(M) = Hy(V,R) mod(M)

as subsets of Hy(M,R). Since H;(U,R) mod(M) is non-decreasing in U,
and it lies in a finite dimensional vector space, it stabilizes when U is small
enough. Note that K-thin is a property of the homology with real coefficients
only.

Proof of Proposition 5.11. We may assume ¢ # 0 since this the case ¢ = 0
is trivial. Choose a sequence U,, of K-thin neighborhoods of K, included in
Vi (K). From Lemma 5.12, there exists p in Hy(K) and for any n, an element
Y in Hi(M, K, A) that satisfies dv, = p, £°(7) < £°(6) and v, mod(U,) =
d m_Od(Un)

We first consider the case A = R. We claim that for any m > n, we have
(Yn — Ym) mod(U,,,) = 0. The claim implies 7o mod(U,) = d mod(U,,) for all n,
and then o mod(g(K')) = d by construction of the projective limit. We have
9(70) < £°(8) by definition, and the equality holds since the map mod(g(K))
does not increase the simplicial norm. It implies the conclusion of the lemma
in the case A = R.

Let us prove the claim. We consider the following commutative diagram,
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where the two horizontal lines are exacts:

H{(M,R) —— H,(M,K,R) —2— Hy(K,R)

;

H,(U,,R)

|

H(U,,Un,R) —— H;(M,U,,,R) —— H,(M,U,,R)

H(Un,R)

Fix some m > n. By definition of ~,, we have (v, — 7,) mod(U,) = 0.
The lower exact sequence in the diagram implies that there exists some x
in H,(U,,U,,R) that satisfies (7, — 7») mod(U,,) = = mod(M). We have
OV = p = 0Vm, 50 O(Vn — ¥m) = 0 holds. Thus, the upper sequence implies
that there exists y in H;(M,R), that satisfies v, — v, = ymod(K). The
relative Mayer-Vietoris sequence applied to the sequence:

(U, 0) = (Up, Up) ® (M, 0) — (M, U,,)

yields that the sequence:

S Hy (U, R) 2P (U U RYBHL (M, R) — Hy (M, Uy, R) — - --

is exact. Note that (z, —y) lies in the kernel of the second map. So there
exists z in Hy(U,,R) which z mod(M) = y and zmod(U,,) = x. Since U,
is K-thin, and since we consider real coefficients, there exists w in Hy (U, R)
with w mod(M) = z mod(M) = y. The diagram commutes, so we have:

(Ym — Yn) mod(U,,) = y mod(U,,,) = w mod(M,U,,) =0

since w is supported by U,,. The claim follows.

We now consider the case A = Z. We first work modulo the torsion.
Denote by 4, the image of § in Hi(M,g(K),Z)/tors. Then the images of -,
and d; in Hi(M,U,,Z) /tors are equal. Using the first case, we know that for
any n > 0, the image of vy — v, in Hy(M, U,,R) is zero. So by Lemma 5.10,
the image of vo — 7, in Hi(M,U,,Z) /tors is also zero. It follows that the
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image of vy in Hi(M,9(K),Z)/tors is equal to ;. So vymod(g(K)) — o lies
in tors(H,(M, g(K),7Z)). From Lemma 5.7, there exists ¢ in tors(H,(M,Z))
with (70 +t) mod(g(K)) = 4. It follows that J is the image of vy + ¢t mod(K).

We show that °(yy + t mod(K)) = () < ¢°(6) holds, which implies
(o) = €°(8) as above. Note that v, is not zero since ¢ is taken non-zero.
So take a representation ¢y of vy as a combination of £°(yy) > 0. Since M is
connected and since ¢ is closed, t can be represented using only one curve c;.
Take a point py in ¢y, a point p; in ¢, a curve d from py to pr, and d the
curve d with the opposite orientation. We cut ¢y at py, and concatenate to it
the curve doc; od. It yields a 1-chain with £°(~) curves, and homologous to
Yo +t. It follows £°(vo + ¢t mod(K)) = £°(~), which ends the case A =7Z. R

5.4 The projective limit topology
We equip H;(M, g(K)) with a topology, which is non-trivial even for A = Z.

Lemma 5.13. Recall A = Z or R. For any K-connected neighborhood U
of K, the modules Hyo(U, A) and Hi(M,U, A) are finitely generated.

Proof. Since K is compact, the set of path-connected components of U is
finite. So Hy(U) is finitely generated. The long exact sequence in homology,
for U < M, contains the maps:

Hi(M)— Hy(M,U) — Hy(U).

The left and right terms are finitely generated, and A is Noetherian. It
implies that middle term is also finitely generated. [ |

As a consequence, when U is K-connected, H,(M,U) is equipped with
a canonical topology, defined by any norm. When A = Z holds, the topol-
ogy on Hy(M,U) is trivial, but it is still useful to define a topology on
Hl(Mag(K)vz)‘

Definition 5.14. We equip H, (M, g(K), A) with the coarsest topology that

mod

makes all the maps H;(M, g(K), A) — Hy(M,U, A) continuous, for the
K-connected neighborhoods U of K. It is called the projective limit topology.

Given a K-connected neighborhood U of K and V C Hy(M, U, .A) open,
the pre-image of V in Hy(M, g(K),.A) is open. For A = Z, we can even take
V to be a singleton. The collection of these sets form a basis of the projective
limit topology. It follows immediately:
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Lemma 5.15. The set Hy(M, K, A) mod(9(K)) is dense in H (M, g(K), A).

Proof. Take § in Hy(M, g(K)), and an open neighborhood V of §. Then there
exists an open neighborhood U of K so and a neighborhood V' of é mod(U)
in H;(M,U), so that the preimage of V' in H;(M, g(K)) contains 9.

Up to taking U smaller, we may assume it K-connected. Then the map
H{(M,K) — hy(M,U) is surjective, so there exists v in Hy(M, g(K)) with
ymod(U) = d mod(U). It follows that v mod(g(K)) lies in V. |

We give below some elementary properties of the projective limit topology.
For any n > 1, fix a distance d,, on Hy(M,V1(K), A), and denote by d’ the
push back of d,, on H{(M,g(K),A). We denote by df the distance on
Hi(M,g(K),A) defined by

* - 1 da(6,7)
A (6,7) =) 21+ d(6,7)

n>1

We let the reader verify that it is indeed a distance, and that the following
holds:

Lemma 5.16. d7 is a distance compatible with the projective limit topology.

Remark 5.17. Going back to Example 5.5, the set Hy(M, g(K),A) has no
compatible norm. Indeed, if it had a norm, there would be a sequence a,, in
N, that goes to +00 fast enough, so that the series ) a,[0 mduces an
element in Hi(M, g(K), A) with an infinite norm.

1
7n_+1]

A subset X of Hyi(M,g(K),A) is said bounded if for any K-connected
open neighborhood U of K, the image of X in H;(M, U, .A) is bounded, or
alternatively, X mod(U) is pre-compact.

Lemma 5.18. Recall A =7 or R. Any bounded subset of Hy(M, g(K),.A)
18 pre-compact.

It has the immediate consequence:
Corollary 5.19. H{(M, g(K),.A) is complete.

In particular, H,(M, g(K),.A) can be seen as the completion of the quo-
tient H1(M, K, A) /ker(mod(g(K))) for the projective limit topology.
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Proof. Let X be a bounded subset of Hy (M, g(K), A). Since H;(M, g(K), A)
is metrizable, it is enough to prove that any bounded subset is sequentially
pre-compact. So let z, be a sequence in X. Up to an extraction, we may
assume that for all £ > 1, the image =, m_od(V%(K )) converges in n toward
some Jg in Hy (M, V%(K)).

For any integers k < [, we have J m_od(V%(K)) = 0. Thus, the projec-
tive limit of the sets {4, } is a singleton {0}, which lies in H;(M, g(K), A).
Additionally,  mod(V1 (K)) = 0y holds for all k. It follows that z,, converges
toward ¢. Therefore, X is pre-compact. [

Lemma 5.20. The simplicial norm ES(K) 18 lower semi-continuous.

Proof. Take some ¢ in [0,400] and a neighborhood U of K. The simplicial
norm £Y; is lower semi-continuous, so (£%)71(]0,¢]) is a closed set. By defini-
tion, (62( K))_l([O, t]) is equal to the intersection of the preimages of the sets
(02)71(]0,¢]), for U as above. Thus, (ég(K))*l([O,t]) is close. |

5.5 Cohomology relative to a germ

We discuss a cohomological construction similar to the homological construc-
tion given above. Given two neighborhoods U C V of K, the inclusion
U — V induces a map:

mod

HY(M,V) =— HY(M,U).
Definition 5.21. We define the set:

H' (M, g(K)) = limg H'(M.U)

UDK

as a directed limit, where U varies over the neighborhoods of K, and the

maps:
mod

H' (M, V) = H'(M,g(K))

for any neighborhoods V' of K.

The universal property implies:

JH (M, Vi(K)) mod(g(K))) = H' (M, g(K)).

>0
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So an element in H'(M, g(K),R) can be represented has a closed 1-form
w on M, which is null on some neighborhood of K. Similarly, an element
in H'(M,g(K),Z) can be represented has a continuous map f: M — R/z
which is equal to zero on some neighborhood of K.

Proposition 5.22. Recall A =R or Z. There is a natural isomorphism of
A-modules from H'(M, g(K), A) to the continuous dual of Hi(M, g(K), A),
that is the set of A-linear forms on Hy(M,g(K), A) which are continuous
for the projective limit topology.

To prove the proposition, we use the following lemma.

Lemma 5.23. Let U be a K-connected neighborhood of K. Then the map

mod

HY(M,U) — H'(M, g(K)) is injective.

The proof is similar to the one of Lemma 5.2.

Proof of Proposition 5.22. We first argue that any 8 in H'(M, g(K)) induces
a continuous form on Hi(M, g(K)). From above follows that we can write
S = amod(g(K)) for some neighborhood U D K and some « in H'(M,U).
Up to choosing U smaller, we may assume it K-connected. Then « induces a
continuous form H;(M,U) < A. We consider the map Fy: H, (M, g(K)) —
A obtained as Fj(9) = a(d mod(U)) for any ¢ in Hy(M, g(K)). It is contin-
uous by definition.

We claim that Fj does not depend on the choices of U and «. Indeed,
take a second K-neighborhood U’ of K, and some o’ in H'(M,U’) which
satisfy 8 = o/ mod(g9(K)). Choose a K-connected neighborhood V-C UNU".
By construction, we have:

amod(g9(K)) = f = o/ mod(g(K)).

It follows from Lemma 5.23 that that map Hy(M,V) — H;(M,g(K)) is
injective, so amod(V) = o/ mod(V) holds. Then for any ¢ in Hy(M, g(K)),
we have:

(3 mod(1) = (o mod(V))(3 mod(V)
= (o' mod(V))(d mod(V))
= a/(0 mod(U"))

It follows that Fj is well-defined. With a similar argument, one easily sees
that 8 — Fj is A-linear.
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Let us prove the injectivity. Take 8 with Fg = 0. As above, we take
a K-connected neighborhood U of K, so that f = amod(g(K)) holds for
some « in H'(M,U). Then Fs = 0 implies that for any ¢ in H;(M, g(K)),

mod

we have a(d mod(U)) = 0. It follows from Lemma 5.2 that Hy (M, g(K)) —
Hy(M,U) is surjective, so « is null. Thus, 8 = 0 holds.

We now prove the surjectivity. Let f: H(M,g(K)) — A be a continu-
ous linear form. By definition of the topology, there exists a K-connected
neighborhood U of K, some C' > 0 and a norm || - || on Hy(M,U) so that
|£(6)] < Cl|[d mod(U)|| holds for any § in Hy(M, g(F')). So f can be factorized
as f(6) = fu(dmod(U)) for some linear form fiy on Hy(M,U). Interpreting
fv as an element in H'(M,U) implies f = F,,. The surjectivity follows. W

6 Homological criterion

In this section, we prove the classification of partial cross-sections using the
relative homology. We first introduce the required notions.

We express a criterion using the module Hy(M, g(R,),Z). When R, is
empty Hy(M,g(Ra),Z) is isomorphic to Hy(M,Z). So some parts of this
section are relevant only when R, is not empty.

6.1 Relative asymptotic pseudo-directions

We define a set of relative asymptotic pseudo-directions which captures some
information of the flow that are not captured by the set of asymptotic pseudo-
directions. Here we do not require —a to be quasi-Lyapunov.

Take a small € > 0. Given an e-pseudo-orbit v that starts and ends
on R,, it has a homology class [7] in Hy(M,R,Z). Denote by D, .. the
subset of Hy(M,9(Ra.),Z) made of the classes [y] mod(g(R,)) for these e-
pseudo-orbits . Also denote by D, its closure.

Definition 6.1. We call the set of a-relative asymptotic pseudo-directions
the set D, , defined as

Dga,a = ﬂ Dtp,a,e C Hl(Mvg(Roc)7Z)>

>0

which does not depend on 7.
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Contrary to D, the set D, , is not necessarily bounded and Thus, not
necessarily compact.

Lemma 6.2. D, lies in (Kg(Ra))*l({O, 1}).
Together wise Proposition 5.11, it has the consequence:
Corollary 6.3. D, lies in Hi(M, R, Z) mod(g9(R,)).

So any a-relative asymptotic directions is representable by a brave curve
with boundary in R,.

Proof of Lemma 6.2. From definition, D, lies in (ES(RQ))*l({O,l}). It
follows from the lower semi-continuity of ES(RQ) (see Lemma 5.20) that D, o
lies in (€))7 ({0,1})), and so does D, |

Contrary to asymptotic pseudo-directions, we can not use a compactness
argument to generate asymptotic pseudo-directions. Instead, we rely on the
next result.

Let f: M, — R be an a-equivariant continuous map. Call a C'-thick slice
(for f) the pre-image f~!(I) of any interval I C R of length C. Take € > 0
small. An e-pseudo-orbit v in M is said to remain in a C-thick slice if, given
any e-pseudo-orbit 74 that lifts v in M,, 7 remains in a C-thick slice.

Proposition 6.4. Fiz a in HY(M,Z) and an a-equivariant map f: ]/\J\Q — R.
For any C' > 0 and any a-recurrence chains Ry, and Ry, there exists ¢ > 0
which satisfies the following. For any e-pseudo-orbit v from Ry to Ry, which
remains in a C-thick slice, the homology class [y] mod(g(R.)) lies in Dy 4.

Note that we do not require —a to be quasi-Lyapunov. But when —a
is quasi-Lyapunov, the condition that + remains in a C-thick slice can be
replaced by f7 df < ', maybe for a different value of C.

To prove the proposition, we first control the behavior of + outside a

small neighborhood of R, then prove the proposition modulo a small open
neighborhood of R,,.

Lemma 6.5. Take C' > 0 and a neighborhood U of R.. There exists n
and € > 0 which satisfies the following. For any e-pseudo-orbit v in M that
remains in a C-thick slice of M, there exists a union of n arcs of vy, each of
length T', so that v remains inside U outside these arcs.
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Corollary 6.6. In Lemma 6.5, when € goes to zero and len(7y) goes to +oo,
some point in vy accumulates on R.

Proof. Choose a smaller neighborhood V' C U of R, so that ¢_sr 27 (V) C U
holds. Take € > 0 very small and an e-pseudo-orbit v that remains in a C-
thick slice.

We reason by contradiction. Take some n large and assume that v has
at least n times t;---t,, with tx.; > tx + 27, so that v is continuous on
[tr, tx + T[, and so that ~y([tg, tx + T']) intersects M \ U. Note that the arc
v([tkt,x +T']) remains outside V. So if n is large enough, there exist two
indexes 1 < k < k' < n that satisfy the following. Firstly, v(¢x) and ~y(t)
are e-close. Secondly, the restriction 7([tg, tx/]) induces a periodic e-pseudo-
orbit which satisfies a([y([tk, tx])]) = 0. This is made possible by lifting ~y
to ]\/4\(17 and considering the accumulation points at the times ¢ inside a given
C-thick slice.

So take k, k' as above. When € goes to zero, y(tx) accumulates on the
set R,. Thus, when € is small enough, () lies in V', which contradicts the
assumption above. [ |

Lemma 6.7. Assume a(D,) > 0. For any C > 0 and any open neigh-
borhood U of R, there exists € > 0 which satisfies the following. For any
e-pseudo-orbit v in M that remains in a C-thick slice, and with ends on R,
the homology class of [y]| mod(U) in Hy(M,U,Z) lies in D, , mod(U).

Stated differently, the cohomology classes [7] mod(g(R,)) accumulates on
D, o when € goes to zero, under the constraints 0y C R, and that v remains
in a C-thick slice.

Proof. Let f, C"> 0 and U be as in the lemma. Up to making it smaller, we
may assume that U is R,-connected.

Take € > 0 and let v be an e-pseudo-orbit in M, that remains in a C-thick
slice. From Lemma 6.5, v spends a bounded above time outside U. So the
homology classes [y]mod(U) in Hy(M,U,Z) belongs to a bounded set, that
depends on € but not ~.

Denote by X, the closure in Hy(M, g(R.),Z) of the set of [y] mod(9(Ra))
where v varies among the e-pseudo-orbits considered above. It follows from
above that for any neighborhood V' of R,, the image X mod(V) is finite.
So X, is bounded and closed. By Lemma 5.18, the set X, is compact. Denote
by X the monotonous intersection of the compact X,, necessarily compact
and non-empty. Note that X, lies in Dy o, so X lies inside D, .
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For any R,-connected neighborhood U of R,, the image X, mod(U) in
H,(M,U,7Z) is finite and non-increasing when e decreases. So it stabilizes,
and it is equal to X mod(U) when e is small enough. Then, taking ¢ small
enough, when - is an e-pseudo-orbit as above, its cohomology class [y] mod(U)
lies in X, mod(U) = X mod(U) C D, o mod(U). [ |

Proof of Proposition 6.4. Let f: ]/\/[\a — R be continuous and a-equivariant,
Ry and R; be two a-recurrence chains, and take some C' > 0. Let ¢, > 0 be
a sequence converging toward zero, and 7, be a (¢,, T')-pseudo-orbit from Ry
to Ry, and that remains in a C-thick slice. We claim that [v,,| mod(g(R.,)) is
constant for large enough n, and that it lies in D, ,. The conclusion follows.

From Lemma 6.7, the classes [v,| mod(g(R,)) converges toward some §
in H(M,9(R.),Z). By assumption, the boundary of [y,] — [y,] is null. So
there exists some x,, ,, in Hy (M, Z) with x mod(R.) = [Vn] — [1m]. We have:

Tnm M0d(9(Ra)) = ([Va] — [Ym]) mod(g(Ra)) (1)

so when n and m converge toward +00, ;, , mod(g(R,)) converges toward
zero. The submodule Hy(M,Z)mod(9(R.)) of Hi(M,9(Ra.),Z) is finitely
generated, so it is discrete. Hence, when n and m are large enough, the image
Tnmmod(g(R,)) is equal to zero. The claim follows from Equation 1. [

6.2 Classification in relative homology

Let a be in H'(M,Z), so that —a is quasi-Lyapunov, and let S be a partial
cross-section cohomologous to a. We justify that S induces a relative coho-
mology class [S] inside H*(M, g(R.),Z). Consider the map Fs: M — R/z
defined in Section 1.2. Recall —Fg that it is pre-Lyapunov, and it is equal
to 0 on a neighborhood R,. Hence, there is an open neighborhood U of R,
which satisfies Fg(U) = 0. So Fs has a cohomology class in H'(M,U,Z),
which has an image in H' (M, 9(R,),Z).

Definition 6.8. We denote by [S], = [Fs|, the relative cohomology class of
Fsin H' (M, g(R.),Z).

mod(f)
5

Consider the natural map H'(M, g(R.),Z) HY(M,7Z).
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Theorem 6.9 (Restatement of Theorem B). Assume M compact and con-
nected. Let a be in HY(M,Z). If —« is quasi-Lyapunov, then the map

PSe(a) —— HY(M,9(Ra),Z) \ {0}
S > [S],

induces a bijection onto the set of non-zero classes § in H'(M,9(Ra),Z)
which satisfies fmod () = a and $(Dy.o) > 0.

When « is not zero and 8 mod(f)) = « holds, we automatically have 8 # 0.
The condition 5 # 0 is present for the case a = 0, where § = 0 does not
represent any null-cohomologous partial cross-section.

Note that —« is automatically quasi-Lyapunov in the case « = 0. When «
is not zero, one may want to replace the quasi-Lyapunov assumption with a
weaker hypothesis, for instance o(D,,) > 0. We put the emphasis on the fact
that it is not possible in general. The sets D, and D, , do not contain enough
information to guarantee the quasi-Lyapunov property. In Section 6.3, we
give two counter-examples.

Proof. We first prove that [S], satisfies the same properties as J in the con-
clusion of the theorem. The class [S], is invariant by isotopy along the flow
of S, so it depends only on the image of S inside PS o).

Denote by 7, : M — M the covering map, and by FS M — R an
a-equivariant lift of Fg. For any recurrence chains R; and Rj in Ma, observe
the equality Fs(Rs) — Fs(R1) = [S]y([7a(0)] mod(9(R4))), where § is any
curve that starts in R, and ends on R,

Since —Fy is pre-Lyapunov, it follows [S],(Dy,) > 0 from the remark
above. By construction, [S], is the image of the class of Fg in H'(M,U,Z)
for some open neighborhood U of R,. The image of that class in H'(M,Z)
is a by construction of Fg, so [S]s mod(() is equal to a.

We prove here the injectivity. Let 51, Sz be two partial cross-sections co-
homologous to «, with [S1], = [S2],. Denote by Fsl, Fg,: M, — R the maps
they induce. For any Tecurrence Achams Ry, Ry in Ma, and any curve 0 from Ry
to Ry, the quantity Fs,(Ry) — Fs,(Ry) is equal to [Si],([ma(6)] mod(9(Ra)))-
So Fg, (RQ) 135 (R1) is independent on . It follows that the quantity
F, 5 (R)— F, s,(R) is constant when R varies over the recurrence chains in M,.
Thus, the images of F, s, and F, 5, in 1, (R* Z) are equal. By Theorem 3.8, S
and S, are isotopic along the flow.
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Let us prove that PS,(«) is not empty. Assume a = 0. If there exists
in H'(M,9(R.),Z) that is not zero, then H'(M, g(R.),Z) is not trivial
and R, is strictly smaller than M. It follows that ¢ is not chain recurrent,
and from Theorem 3.2, PS, () is not empty. In the case o # 0, Theorem 3.1
also implies that PS,(¢) is not empty.

We now prove the surjectivity. Take g in H 1(M g(R ) Z) which satisfies
B(Dyo) > 0 and ﬁmod( ) = «. We define a map f in I (R?,Z) from 8. Fix
a based point z( in R C M and define f (acg) = 0. Given any recurrent point
y in R, take a path ¢ from o to y, and set f(y) = B([ra(c)] mod(g(Ra))),
where [m,(c)] is the homology class of m,(c) in Hy (M, Ra, Z).

The hypothesis Smod(@) = « implies that S([ma(c)] mod(g(R.))) does
not depend on the choice of path c¢. Indeed, if ¢ is another path from xg
to y, one has

Bllma(c’ — ¢ mod(9(Ra))) = a([Fald — )] mod(g(Ra))) = 0,

since ¢’ — ¢ is a closed curve inside ]\7&. So f is well-defined. A similar
argument shows that f is a-equivariant. The assumption 8 # 0 implies that
f is not constant. R

We now show that —f is pre-Lyapunov. Take two recurrent points x,y
with z ~ y, some € > 0 small and an e-pseudo-orbit v from z to y. Let use
choose an a-equivariant and quasi-Lyapunov map ¢g: M, — R. Since the
endpoints of v are fixed, v remains in a C-thick slice of g, for some C' that
depend on z, y and ¢ only.

By Proposition 6.4, when € is small enough, the relative homology class
of mo(7) lies inside Dy o. Thus, f(y) — f(z) = B([ma(y)] mod(9(Ra))) > 0
holds. Tt follows f(y) > f(z). When z and y are additionally on the same
recurrence chain, then f( ) = f( ) holds. So —fis pre-Lyapunov.

The class 8 has integer coefficients, so the image of f lies inside Z. There-
fore, f induces a map f * R* — Z. It is continuous by continuity of 3. More
precisely, there exists a neighborhood U of R, so that  lies in the image of
HY(M,U,Z). Then any two recurrence chains that are close enough lies in

the same path-connected component of U, and so have the same value by f*

It follows from above that f* is a-equivariant and non-decreasing. Using
Theorem 3.8, f* represents a partial cross-section S. By construction, we
have [S], = /3, which concludes the proof. [ |

Note in the last part of the proof that it is required to know that PS, ()
is not empty, otherwise we can not apply Theorem 3.8.
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6.3 Necessity of one hypothesis

In this section, we discuss the necessity of assuming —a quasi-Lyapunov in
Theorem 6.9. One could hope replacing it with simply a(D,) > 0, but this
is not a sufficient condition. More precisely, there exist examples of where
a(D,) > 0 holds, where there exists 3 in Hy (M, g(Rq), Z) with S mod(®) = «
and B(Dyqo) > 0, but where —a is not quasi-Lyapunov. We give a first
example where D, and D, , are equal to {0}, and a second example where
it is not the case.

Fix a vector (a,b) in R2. Take T? = R?/72 and let ¢; be the flow on T?
generated by the vector field (a, b))\, for some continuous function \: T? —
0, 1] that is equal to zero on exactly one point py.

Lemma 6.10. If (a,b) has an irrational slope and if A converges fast enough
to zero on py, then Dy, = {0} holds.

Given a pseudo-orbit, we call the physical length of -, integral of ||7/]|.
That is the length of the corresponding curve and not the length of the
parametrization as a pseudo-orbit.

Proof. Assume that (a,b) has an irrational slope. Denote by B, the ball of
radius r around pg. Take € > 0 and a periodic e-pseudo-orbit v with [y] # 0.

Denote by L the physical length of v, and by L, the physical length of
YN B,.. Assume that v has a minimal amount of jumps among the e-e-pseudo-
orbit with that homology class. So that, since 1, has an irrational slope, the
image of ~ fills the torus in an almost uniform manner.

When ¢ is small enough, the homology class [y] is comparable to (a,b)L.
More precisely %M converges toward (a,b) when € goes to zero. Similarly,
L, is comparable to L times the Lebesgue measure Leb(B,) of B,, that is %
converges toward Leb(B,).

Denote by A, = sup A\(B,), it follows from above that when e is small
enough, the length len(y) of v is bounded below by

L. Leb(B.)L  Leb(B:) [l

| > ~ ~
en(y) > N, 2N, 2\ |l(a,b)||

Thus, the quotient mh] has a norm that is bounded above by a constant
A

times LB It follows that if m goes to zero when r goes to zero, then

m[v] goes to zero when e goes to zero. Then, Dy, is equal to {0}. |
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We now assume Dy, = {0}. Take a < 0 and consider the class a = du,
which satisfies «(Dy,) > 0. Clearly, —« is not Lyapunov, and PS,(a) is
empty. Note that the a-recurrent set is R, = {po}, so we may identify
H\(T? g(R.),Z) with H,(T?, py,Z).

We identify ﬁ% with R x (R/z). Fix an a-equivariant map f: '/IE — R,
defined by f(z,y) = =. Note that the map that sends ¢ in H,(T?, g(R.),Z)
to [;df is well-defined and induces an element 3 in H'(T?, g(R,),Z), which

satisfies B mod()) = a.
Lemma 6.11. If (a,b) has an irrational slope, then Dy, o = {0} holds.
It has the immediate consequence.

Corollary 6.12. Assume that (a,b) has an irrational slope, that A converges
fast enough to zero in py, and a < 0. Then for a = dx, we have a(Dy,) > 0,
and there exists 3 in Hi(T?, g(Ra), Z), with mod()) = o and 3(Dy, o) > 0,
that does not represent any partial cross-section.

Proof. Assume that there exists a non-zero element § in D,,. It can be
approximated by the homology class of an e-pseudo-orbit ~ from pg to itself.
When ¢ is small enough, v must be very close to a curve of slope (a,b). And
since the flow has irrational slope, and since [y] is not zero, the physical
length of v must be very large. Then fy df is close to the physical length of
7y times 937, so it is larger than B(d) in absolute value. It contradicts that

B(6) = [, df is finite. |

It may seem like the counter-example rely on the fact that Dy, D, , are
zero. We give a second example, where the two sets above are not trivial.

Take T3 = R®/73. Let us build a flow 1, by pieces. We equip T? x {0}
with a copy of the flow 1; using a < 0, (a,b) with an irrational slope, and A
going fast enough to zero on py. We equip T? x {%} with another copy of ¢y,
with (a,b) = (1,0). We equip T? x {1,3} by linear flows directed by (1,0).
Then we extend the flow outside T? x {0, %, 3, %} by orbits that accumulates
on T? x {0, 3} in the past and on T? x {1, 3} in the future.

As above, we take a = dz, f(z,y,2) = x and B in H (T3, g(Ra),Z) that
represent [ df.

o

Lemma 6.13. We have a(Dy,) > 0 and B(Dy,..) = 0.

It immediately follows:
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Corollary 6.14. We have a(Dy,) > 0, and there exists 8 in H (T?, 9(Ra), Z)
with fmod (@) = a and B(Dy, ) > 0, and that does not represent a partial
cross-section.

Proof. Take € very small. Any periodic e-pseudo-orbit remains very close to
a torus T? x {¢} for t in {0, 1,1, 3}

By Lemma 6.10, the contribution of T? x {0} to Dy, is {0}. The con-
tributions of T? x {t} to Dy,, for t in {1, 3, 2}, clearly do not have negative
values by . Thus, we have a(D,,) > 0.

We write § = R/7x (0, 1). Notice that 4 is a periodic orbit of s, of period
one. So Dy, contains [d], which satisfies a([0]) = 1. It follows a(Dy,) > 0.

We now prove the similar identity for 5. Denote by py = (x¢, 40, 0) and
p1 = (21,91, %) the two fixed points of ¥,. There is no periodic e-pseudo-orbit
7 that satisfies a(y) = 0 and that get out of a small neighborhood of {po, p1}.
It follows R, = {po, p1}-

Take a periodic e-pseudo-orbit v that starts and ends on R,. Note that
T2 x {i, %} is attracting, so it can not be crossed by e-pseudo-orbit that goes
from R, to itself.

Assume that ~ starts on pg. From above, v also ends on pg, and it remains
very close to the torus T2 x {0}. Thus, it is shadowed by an e-pseudo-orbit
that remains inside that torus. It follows from Lemma 6.11 that v does not
lie in Dy, \ {0}. So the contribution of T? x {0} to Dy, is {0}.

Similarly, if v starts on py, it ends on p; and S(v) = a(y) > 0 holds (as
long as € is small enough). So the contribution of T? x {3} to Dy, has
non-negative values of 3. Therefore, 3(Dy, ) > 0 holds.

We take ' =R /7 x (y1, %) We can interpret ¢’ \ {p; } as an e-pseudo-orbit
(for any € > 0) that starts and ends on p;. So its homology class belongs
to Dy, o. We have 3(0") = 1. So 5(Dy,.) > 0 holds. |

Remark 6.15. These flows can be made non-singular, that is non-zero ev-
erywhere, by taking their products with a non-singular flow on R/z. So we
can not hope for a better assumption for non-singular flows.

A Smoothing a partial cross-section

In this paper, we describe partial cross-sections without any regularity as-
sumption, so that the set of partial cross-sections is invariant under contin-
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uous conjugation. Let us describe a reason to consider the partial cross-
sections that are only continuous.

Remark A.1. Given a C' flows, and a periodic orbit v, one may want to
consider the blown up manifold M, at . The lifted flow on M., is a priori
only continuous. Then, one may want to blow down M., in a Dehn-surgery
manner, obtaining again a flow that is a priori only continuous. In both case,
our theorems remain valid for these flows.

Since it is more common to work with smooth partial cross-sections, we
need an approximation result.

Lemma A.2. Assume M smooth. Let S be a partial cross-section and as-
sume that, on a neighborhood of S, ¢ is obtained by integrating a continuous
and uniquely integrable vector field X. Then for any € > 0, there exist a
smooth partial cross-section S’, transverse to X, and an isotopy along the
flow from S to S’, that remains in the e-neighborhood of S.

As discuss below, there exists wild continuous flows for which some partial
cross-sections are not approximable by smooth partial cross-sections.

Proof. Similarly to the proof of Lemma 1.2, take d > 0 and f: S x [—d,d] —
M a parametrization of a neighborhood of S. Denote by a the cohomology
class of S. Note that S splits M, in two regions, U, in the positive side of S
(for the flow) and U_ in the negative side. That is every point z in UL is in
the same connected component of M, \ S than some point f(y, +d).

We define the function h: M, — R by ho f(z,t) =—t, h(UT) = —1 and
h(U~) = 1. It is non-decreasing along the flow. So from [FP19, Theorem 2.1],
we can approximate h with a smooth function g, which satisfies dg(X) < 0
outside Uy UU_. We set S” = ¢g~1(0). Assume that g is close enough to h, so
that S’ is disjoint from U, UU_. Then S’ is a smooth, compact, hypersurface
transverse to X. In particular S’ is a partial cross-section of .

Consider the homotopy of maps g, = tg+ (1 —t)h, from gy = h to g1 = ¢,
and S; = g; '({0}). It is clear that g; is increasing along the flow close to
Si. So Sy is an isotopy of partial cross-sections between Sy = S and S; = 5.
From above, it is an isotopy along the flow. When ¢ is very close to h, S;
remains in the e-neighborhood of S. |

We give an example of a continuous flow ¢ on M = [—1,1] x R which
admits a partial cross-section that is not approximable by C! partial-sections,
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even only topologically transverse. Consider first the strip N = [0,1] x R
equip with a C! flow v that satisfies the following:

e 1) is equivariant by the action of Z on N by vertical translation,
e ¢i(z,y) = (x,y+1) for z in {0,1}, and any y,t in R,

e ¢ is parametrized to go asymptotically upward at speed one, that is
there exists ¢ so that for all z,y,t,2,y, with ¢(z,y) = (2/,v), we
have v/ > y+t—c,

e there exists an orbit v, that, for all n in Z, passes through (%, n), then
(3,n + 3), then through (2,7 + 1) and so on.

The last item ensures that for any C! curve § so that %it) is close enough
to (1,b), for some b > 0, d intersects v, transversally in at least two points,
with the two possible co-orientations. In particular ¢ is not topologically
transverse to .

We place in M infinitely many copies of N. For n > 1 and o in {4, —},

consider the map f7 given by:

N —— (0]z5,5:7)) x RC M

(z,y) CE )

Note that their images cover M minus {0} x R.

We define the flow ¢ on M as follows. On the image of f7, ¢ coincides
with the push-forward of v, reparametrization by a speed factor 2" to go
asymptotically upward at speed one. We also define ¢ on {0} x R to go
upward at constant speed one. We let the reader verify:

Lemma A.3. The flow ¢ is well-defined on M and continuous. Additionally,
% 15 well-defined and continuous in restriction to any flow lines, but not

continuous globally.

As we prove below, ¢ admits a (continuous only) partial cross-section.
But it admits no partial cross-section of class C!, even only topologically
transverse to the flow.

Lemma A.4. The flow p admits a partial cross-section that contains (0,0).
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Proof. We build partial cross-section S as follows. Take a partial cross-
section Sy of N that goes from (0,0) to (1,0). Then define S to be the
union of (0,0) with the sets f7(Sy) for all n and o. Since f? contracts
the y-coordinates by a factor that goes to zero in n, S is indeed a partial
cross-section of . |

Lemma A.5. There is no C' embedded curve topologically transverse to
whose interior intersects {0} x R.

Proof. Take a C! curve §: [—1,1] — M with §(0) = (0,y) for some y, and
so that %(tt)m is equal to a non-zero vector (a,b). Since § is topologically
transverse to ¢, it intersects the two connected components of M \ {0} x R.

So for all large enough n, d intersects im(f7). Then the derivative of
(f3)7(9) is very close to (o232, 2"b).

Assume first that a # 0 holds. The derivative is very close to being
horizontal, so when n is large enough (f2)7!(d) intersects o with the two
possible co-orientations. So § it is not topologically transverse to .

Assume now a = 0, and so b # 0. If b is positive, then similarly, (f;7)~1(0)
has a slope very large. So it intersects 7y with both signs. If b is negative,
the same holds for (f;)7!(8). Therefore, in every case, 4 is not topologically

transverse to . [ |

B Fried desingularization

Take two partial cross-sections S, S53. When there are disjoint, S7 U S5 is
a partial cross-section. When there are not, Fried [Fri83] described a way
to produce a partial cross-section corresponding to S; U .Ss. The procedure
goes as follows. Put S; and S5 in general position, so that they intersect
topologically transversally. Cut them at their common intersection, and glue
them back transversally to the flow. After a small perturbation, it yields
a new partial cross-section close to S7; U S;. This has a nice interpretation
using Theorem 6.9.

Given two classes aj,as so that PS,(az) and PS,(ay) are not empty,
the set Ra,ta, lies inside R, N Ra, (see [Mar25, Lemma 5.18]). A first
consequence is that Dy, o, 1a, mod(g(R,,)) lies inside Dy ,, for ¢ = 1,2. If
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follows a commutative diagram:

PS, (o) X PS,(az) > PS,(on + )

! !

Hl(M79(R041>7Z) X Hl(M’g(RM)vZ) — Hl(Mvg<Ra1+a2>7Z)’

where the top arrow is the Fried desingularization and the bottom arrow
is the sum of the natural restriction maps. The bottom arrow sends the
pairs (S, 52) with 5;(Dyq,) > 0 onto the pairs f with 5(Dyay4a,) > 0,
as required by Theorem 6.9. Note that the top and bottom maps are not
necessarily injective nor surjective in general.

For the non-injectivity, take oy = 0, assuming the flow non-chain recur-
rent, and as(D,) > 0. The top map goes from an infinite set to a singleton,
so it is not injective. For the non-surjectivity, Example 5.19 in [Mar25] gives
an example where the inclusion Ry, 14, C Ra, MR, is strict. So any point in
(Ray NRas) \ Ray+a, lies on a partial cross-section cohomologous to oy + au,
but it lies on no partial cross-section cohomologous to either oy or as (see
Theorem 3.3).

Question 2. When is the map PS,(a1) X PS,(an) = PS, (a1 +az) injective?
and surjective?

Note that for this question, it would be fair to consider the empty set as
a null-homologous partial cross-section, otherwise the surjectivity in the case
a1 = 0 will fail quite frequently.

C Practical application to
simple a-recurrence sets

We give two homological results as practical tools. In the homological clas-
sification of partial cross-sections, we utilize the homology relative to the
germ of the a-recurrent set K = R, where —« is quasi-Lyapunov. In many
application cases, the compact set R, has finitely many connected compo-
nents. Under that hypothesis, we prove that the homology module is finitely
generated.

A neighborhood U of K is said to be exactly K-connected if any path-
connected component of U contains exactly one connected component of K.
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Lemma C.1. Assume that K has finitely many connected components. Take
two neighborhoods U and V' of K, assumed K -thin and exactly K -connected.
Then we have H,(U, K,R) mod(M) = Hy(V, K,R) mod(M).

When K has finitely many connected components, and € > 0 is small
enough, V.(K) is K-thin and exactly K-connected. So one can apply the
lemma above to V. (K).

Proof. Here, all coefficients are in R. It is enough to prove the conclusion
when V' C U holds. Under that assumption, it is clear that H, (V, K') mod (M)
lies inside H;(U, K) mod(M). We prove the other inclusion. Consider the
following commutative diagram:

H\(V) —— H,\(U) & H\(V,K) —— H,(U,K) —2— Hy(V)

\l > b

M)® H,(V,K) —— Hi(M, K) Ho(U)

The upper line is obtained from a relative Mayer-Vietoris sequence. The
map Hy(V) — Hy(U) is an isomorphism since U and V' are both exactly
K-connected. Take an element ¢ in H; (U, K). Its boundary Hy(U) is zero.
So from the discussion above, its image in Hy(V) is also zero. Hence, there
exists an element (z,y) in Hy(U) @ H,(V, K) in the preimage of §. That is
rmod(K) +y mod(U) = 6 holds. Since U is K-thin, there exists z in Hy (V)
which satisfies z mod(M) = = mod(M). Then we have

0 mod(M) = z mod(M, K) +y mod(M, K) = (zmod(K) + y) mod(M),
where the class z mod(K) + y lies in H,(V, K). It follows that 6 mod(M) lies
in H,(V, K) mod(M). ]

It has the following consequences.

Proposition C.2. Assume that K has finitely many connected components.
Let U be a K-thin and exactly K-connected neighborhood of K. Then the

maps
mod

Hi(M,g(K),R) — H;(M,U,R)

and
mod

HY(M,U,R) =5 H'(M, g(K),R)

are isomorphisms.
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Proposition C.3. Assume that K has finitely many connected components.
Let U be a K-thin and exactly K-connected neighborhood of K. Then the
maps

tors(Hy (M, g(K), Z)) 22 tors(H,(M, U, Z))

and
mod

HYM,U,Z) — H'(M, 9(K),Z)

are isomorphisms. If additionally U is a small enough neighborhood of K,
then the map

mod

Hl(Mag(K)JZ> 7 HI(M7U7Z)
18 an isomorphism.
It immediately implies:

Corollary C.4. Assume that K has finitely many connected components.
Then for A =R or Z, the modules Hy(M, g(K), A) and H' (M, g(K), A) are
finitely generated.

Proof of Proposition C.2. Take two neighborhoods V' C U of K, assumed
exactly K-connected and K-thin. We consider the following diagram.

H(V, K,R) —Y , (U, K,R)

fiod (M) o (M)

~ v

H{(M,K,R) —%— H(M, K,R)
mod(V) mod(U)

¥ ¥

H (M, V,R) 229 7 (M, UR) —2— Hy(U,V,R) =0

0 0

-

Ho(V,K,R) =0 Ho(U, K,R) =0

The two vertical lines are exact. They end on Hy(V, K,R) and Hy(U, K,R),
which are both equal to zero by exact K-connectedness. Thus, the two middle
vertical maps are surjective. A similar argument yields that the map mod(U),
on the third horizontal line, is surjective.
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Let us show that this map H;(M,V,R) mod®), H,(M,U,R) is injective.

Take x in the kernel of that map. From the discussion above, there exists
y in Hy(M, K,R) with ymod(V) = z. We have ymod(U) = zmod(U) = 0.
So by exactness of the right vertical sequence, there exists z in Hy (U, K, R)
with z mod(M) = y. From Lemma C.1, there exists 2’ in H,(V, K,R) which
satisfies 2’ mod(M) = y. It follows z = 2’ mod(M,V) = 0 from the left
vertical sequence. Therefore, f is a bijection.

Recall that when € > 0 is small enough, the e-neighborhood V.(K) of K
is exactly K-connected and K-thin. Additionally, by compactness of K, any
neighborhood of K contains some neighborhood V,(K). It follows from the

definition of limits that Hy(M, g(K),R) ed©), H,(M,U,R) is an isomor-
phism when U is K-thin and exactly K-connected.

The isomorphism between the cohomology modules follows by duality
(see Proposition 5.22). |

Proof of Proposition C.5. Let U be a neighborhood of K, assumed exactly
K-connected and K-thin. Consider the following diagram:

mod
Hy(M, g(K), Z) Jtors —222D s Hy(M, U, Z) /tors

[ [

HI(M79(K)7R) — Hl(Ma U>R)

By Lemma 5.2, the map mod(U) is surjective. It follows Lemma 5.10 that
the two vertical maps are injective. And from Proposition C.2, the bottom
map is an isomorphism. It follows that mod(U) is an isomorphism.

The isomorphism between the cohomology modules follows from Proposi-
tion 5.22. When U is small enough, the isomorphism between the homology
modules, before the quotient by the torsion, follows from Lemma 5.7. [ |
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