
IPPP/25/86, MCNET-25-28

Towards a Fully Automated Differential NNLOEW Generator for Lepton Colliders

Alan Price1, ∗ and Frank Krauss2, †

1Jagiellonian University, ul. prof. Stanisława Łojasiewicza 11, 30-348 Kraków, Poland
2Institute for Particle Physics Phenomenology, Durham University, Durham DH1 3LE, UK

(Dated: December 5, 2025)

Future proposed lepton collider experiments will reach unprecedented levels of accuracy. To ensure
the success of these experiments, and to fully exploit their wealth of data, the precision of theory
calculations must reach comparable or even better levels. One bottleneck in achieving this precision
target lies in the systematic, process-independent inclusion of higher-order corrections at Next-to-
Next-to-Leading Order in the electroweak coupling (NNLOEW) while ensuring the correct matching
with modern all-orders resummation techniques. Here, we present a solution to this problem, based
on the Yennie-Frautschi-Suura theorem, which employs a local infrared (IR) subtraction to remove
divergences and its matching to an all-order resummation of the soft and soft-collinear logarithms.
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I. INTRODUCTION

The current experiments under consideration for e+e− colliders [1–5] offer an exceptionally promising environment for
future discoveries, by improving our current bounds on new physics by several orders of magnitude. As a result, these
colliders are central to the future of particle physics and feature prominently in strategic planning efforts, including the
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European Strategy for Particle Physics [6] and its ongoing update. Central to this role is their ability to further probe
the properties of the Higgs boson [7–10] and its role as a portal to potential new physics [11–20]; they will also measure
at unprecedented accuracy the electroweak pseudo-observables [21]. Especially for the latter, the accurate modelling of
QED effects will prove hugely influential [22]. This is just one example for how a successful physics program necessitates
a signifiant improvement in theoretical modelling in parallel to the technical and experimental difficulties that need
to be resolved. In particular, general purpose Monte-Carlo (MC) generators [23] will need to undergo significant
improvements [24, 25] in their transition from providing high-quality simulations at the LHC, usually dominated by
QCD effects, to playing a similarly pivotal role at lepton colliders, where typically electroweak corrections are most
significant. In the past years significant progress has been made towards the automation of next-to-leading order
(NLO) calculations for e+e− [26–28], as well as further developments in process specific generators [29–31]. To ensure
our theoretical predictions can match the precision of future experiments we need to push the precision frontier in
which the inclusion of higher-order, at least up to NNLOEW, will become mandatory. However, simply including fixed-
order predictions will not be sufficient without a comparable matching to a resummation schemes that will account
for potentially large logarithms that could spoil their parametric accuracy. In full analogy to similar calculations
for the LHC, this can be achieved in the collinear picture by convoluting the electron parton distribution function
(PDF) [32], known to NLO [33] and recently to NNLO [34, 35], with a short distance partonic cross-section that can
be calculated to higher-orders with standard techniques [36, 37]. Results of such calculations can be combined with
a parton shower [38–41] to achieve fully exclusive predictions [42, 43]. While there has been significant progress in
the inclusive picture [44, 45] the implementation of a fully matched NLOEW/NNLOEW parton shower for arbitrary
processes is so far missing.
An alternative approach to collinear resummation is available through the Yennie-Frautschi-Suura (YFS) theorem [46],
in which the entire perturbative expansion is reordered such that the infrared (IR) divergences, arising from soft
photon emissions, are subtracted order-by-order while the, potentially large, associated logarithms are resummed to
infinite order. This reordering defines an all-order subtraction scheme that can be used to calculate higher-order
corrections. In addition, the YFS theorem can be cast into a MC algorithm [47, 48] that treats the complete photon
phasespace analytically, allowing the MC to create explicit photon kinematics. As a result, once the YFS calculation
is accurate to a given order, the matching of the multi-photon emissions is achieved automatically. In this paper,
we will show how to construct the finite remainders of the YFS theorem to NNLOEW in an automated way. We
have implemented this method in the SHERPA [49, 50] event generator, where the matching is fully automated at
NLOEW (and called YFSNLOEW

in the following). For the matching to NNLOEW, we have implemented the double-
real and real-virtual subtractions in an automated fashion. We have also implemented the subtraction term for the
double-virtual contribution, but due to a lack of a publicly available tool for the automatic calculation of two-loop
EW amplitudes we are restricted to simple 2 → 2 processes where results can be found in the literature, cf. [51, 52].
We stress that it will be a straightforward exercise to promote SHERPA to complete YFSNNLOEW

accuracy once such
an automated tool becomes available.

II. THEORY

The YFS theorem facilitates the resummation, to all orders, of logarithms associated with the emission of multiple, and
in principle infinitely many, soft and soft-collinear photons, emitted by massive particles. The theorem also provides
a complete analytical treatment of the multi-photon phasespace in which the photons are explicitly generated, with
a resolution criterion given by a combined energy and angular cut-off. Reconstructing the full kinematic structure
of scattering events leads to a straightforward implementation of the YFS method as both a cross-section calculator
and an event generator. While both the soft and soft-collinear logarithms are resummed, the remaining collinear
logarithms, of the form αm logn

(
Q2/m2

ℓ

)
, can be introduced in a systematic manner order-by-order in αEW, while

divergences associated with such emissions are regulated by the non-zero fermion masses. With the IR divergences
extracted and resummed to all orders, the differential cross-section can be expressed as,

dσ(∞) =

∞∑

nγ=0

eY (Ω)

nγ !
dΦn

[
nγ∏

i=1

dΦγ
i S̃ (ki) Θ(ki,Ω)

]
β̃0 (Φn) +

nγ∑

j=1

β̃1(Φn+1)

S̃ (kj)
+

nγ∑

j,k=1
j<k

β̃2(Φn+2)

S̃ (kj) S̃ (kk)
+ · · ·


 , (1)

where S̃ (ki) is is the eikonal factor for a given (charged) dipole ij emitting a photon k. It is given by,

S̃ (k) =
∑

lm

S̃lm (k) , S̃lm (k) = (jµl (k) + jµm (k))
2
, jµl (k) = ZlQl

pµl
plk

(2)
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where the sum runs over all dipoles (lm), Ql is the QED charge and Zl = 1(−1) for incoming (outgoing) particles.
Y (Ω) is the YFS form-factor [53–55],

Y (Ω) =
∑

i<j

Re Bij(Φn) + B̃ij(Φn+1) , (3)

where Ω represents the soft photon domain. In the above expression we have suppressed the indexing of unresolved
emissions by introducing the following notation,

β̃nR
=

∞∑

nV =0

β̃nV +nR
nR

, (4)

where nR, nV are the number of resolved and unresolved (i.e. virtual) emissions under consideration. The first term
in eq. (1) that contains the multiple photon phasespace measure can be used to derive an algorithm for the generation
of the complete photon phasespace in an MC generator. It can be implemented in a process-independent manner, see,
e.g. [48]. The remaining terms of eq. (1), within the brackets, represent the higher-order residuals which remain after
the resummation of the IR-divergent terms. These are the expressions that can be used to recursively implement the
systematic matching of higher-order corrections.

When including higher-order corrections it is crucial that all IR singularities are regulated, either through a suitable
subtraction scheme [37, 56–62] or by phase-space slicing methods [63–69]. The YFS theorem can be categorized as the
former, as it facilitates the construction of local subtraction terms that cancel the corresponding IR singularities. A
unique feature of the YFS subtraction scheme is that it does not require the introduction of additional terms to ensure
local IR finiteness. In general, subtraction schemes guarantee overall IR finites by virtue of the KLN theorem [70, 71],
in which the combination of unresolved and resolved contributions ensure that the IR singularities cancel. In practice,
these IR poles appear in separate independent integrals, the former in a n-body phasespace and the latter in a
n + 1-body phasespace. In most cases both must be treated numerically. This typically requires the introduction
of additional subtraction terms within each phasespace, which render each term locally IR finite while leaving the
total contribution unchanged. In the YFS scheme, the IR poles are not cancelled according to the KLN theorem but
rather each individual residue in eq. (1) is by itself IR finite. Essentially, we can take any IR divergent correction of
order O (αnV +nR), where nV = nR is not required, and construct local subtraction terms. The only constraint for
constructing such terms is that all corrections that are of a lower order must be completely constructed as they will
enter the expressions for the local subtraction terms. In practice, it is not possible to construct an all-order matching:
while the structure of the subtraction terms is known to all-orders, we are limited by our ability to calculate the
amplitudes themselves. At the moment, the calculation of amplitudes at NLOEW has essentially been automatised
for arbitrary process at both lepton and hadron colliders, taking advantage in particular of the advent of automatic
tools [72–78] for the evaluation of one-loop diagrams and the implementation of automatic subtraction schemes in the
MC generators [26–28]. As we will show in the next sections we have automatised the complete YFS subtraction at
NLOEW for arbitrary processes at lepton colliders. For NNLOEW, it is the contribution of the two-loop diagrams which
is causing the bottleneck for our automation. While it is possible to get the double-real and real-virtual amplitudes,
as the former is tree-level and the latter is a one-loop contribution, both of which can be calculated using the standard
tools, there is currently no public automatic tool for the evaluation of two-loop amplitudes for NNLOEW.

Originally, the YFS corrections employed within SHERPA were limited to the leptonic decays of bosons [55], including
exact NLOQED correction for certain decay channels, in particular τ → ℓνℓντ and some hadronic decays [79, 80]. It
was further extended in [81] to include NLOQED + NLOEW and NNLOQED + NLOEW corrections for h → ℓℓ and
Z → ℓℓ, while for the decay of charged bosons, W → ℓν, the precision is limited to NLOEW as the purely QED
corrections cannot be defined in a gauge-invariant manner. This soft-limit based treatment of FSR has been further
augmented by universal corrections due to the emission of a hard collinear photon in [82]. The YFS treatment in
SHERPA was further extended to include emissions from both the initial and final states in process-independent manner
in [48]. While the resummation has been automated, only process-specific perturbative corrections for some relatively
simple processes were included, and they were limited to QED corrections only. In the next sections we will show how
this initial treatment can be extended to a process-independent calculational setup, thereby increasing the theoretical
and practical reach of our event generator.
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A. NLOEW Matching

1. Virtual terms

To see explicitly how the subtraction scheme works at NLOEW, let us isolate the IR finite residual for the unresolved
emissions in eq. (1). It is given by,

β̃1
0 (Φn) = V(Φn)−

∑

ij

Dij (Φij ⊗ Φn) . (5)

In eq. (5), the first term represents the full one-loop electroweak correction to an arbitrary process at leading order
(Born level, LO), which will typically contain IR divergences, and the second represents the corresponding YFS
subtraction term. The one-loop contribution, V(Φn), can be computed using standard tools such as OPENLOOPS [73]
or RECOLA [72, 83] which have been interfaced to SHERPA [84]. They automatically provide loop-level amplitudes
for arbitrary SM processes. The subtraction term is constructed, for a given phasespace point, as a sum over all
contributing charged dipoles, ij, and for each dipole we apply the YFS resummation algorithm. Carefully avoiding
double counting allows us to construct the subtraction term from the Born contribution and the virtual form-factor,

Dij (Φij ⊗ Φn) = β̃0
0 (Φn)Re Bij(Φn). (6)

The IR structure of both these terms can be extracted either by using dimensional regularization [85] (DR), in which
both terms are evaluated in d = 4 − 2ϵ dimensions, or by introducing a fictitious photon mass Mγ with which we
regularize the IR divergence. With massive regularization, the IR divergences manifest as logarithms of Mγ while in
DR they will be represented by poles of the form ϵ−1. Both approaches have been implemented in SHERPA allowing
us to perform dedicated cross-checks between the two schemes. At NLOEW we can directly convert between the two
by identifying,

ln
(
M2

γ

)
=

(4πµ2)ϵ

ϵΓ(1− ϵ)
+O (ϵ) = −1

ϵ
+ log

(
4πµ2

∆2

)
+O (ϵ) (7)

where µ is the scale of DR and ∆2 is a scheme-dependent parameter which in the MS scheme is simply 4π.
In fig. 1, we show both the complete IR finite result, eq. (5), as well as the individual components which we evaluate
using a wide range of values for Mγ . We see in both the virtual and subtraction terms the expected logarithmic
dependence on Mγ , while the sum of both terms does not depend on our choice. The green line, which represents the
non-zero complete IR-finite residual, will be included in eq. (1).
When implementing the subtraction in dimensional regularization one key requirement is the cancellation of the ϵ−1

poles between the virtual and the subtraction terms for each phasespace point. This check is performed internally
within SHERPA, where we compare our coefficient arising from the subtraction term with that of the one-loop providers.
We summarize the agreement in fig. 2, where we exhibit the number of digits to which the two numbers agree. We find
that in the majority of events, the two agree to 13-18 digits depending on the process in question, with the majority
cancelling to at least 18 digits. This is within a satisfactory range of agreement within SHERPA which currently does
not support quad-level precision, which would allow us to probe the agreement with even higher accuracy. In addition
in the YFS scheme we must keep all masses, and in particular the electron mass explicitly different from zero; this
may lead to some smaller numerical instabilities impacting on the distribution of correct digits. In both analyses we
have considered four separate final states for each method to highlight the automatic nature of the subtraction.

2. Real terms

For corrections arising from resolved emissions of photons we can also define an IR subtraction term within the YFS
framework as,

β̃1
1 (Φn+1) = R (Φn+1)−

∑

ij

D̃ij (Φij+1 ⊗ Φn) , (8)

R (Φn+1) =
1

2(2π)3

∣∣∣M
1
2
1 (Φn+1)

∣∣∣
2

(9)
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FIG. 1. Explicit cancellation of infrared (IR) divergences, as described in eq. (5), using massive regularisation. The plot
includes the finite sum (green), as well as the individual contributions from the virtual term (blue) and the subtraction term
(red). The y-axes have been rescaled to improve readability.

where M
1
2
1 (Φn+1) is the complete O(α) real correction. This amplitude, while containing potentially divergent terms,

is a pure tree-level amplitude which can be calculated automatically using modern amplitude methods and tools [86–
90]. 1 The second term in eq. (8) represents the YFS dipole subtraction term which, similarly to the virtual case, is
constructed automatically within SHERPA. It can be directly taken from the YFS form factor in analytical form [91]
for a given charged dipole as,

D̃ij (Φij+1 ⊗ Φn) = S̃ij (k) β̃
0
0 (Φn) (10)

where β̃0
0 is the LO squared amplitude and S̃ij (k) is the eikonal term, as defined in eq. (2).

When evaluating eq. (8) we face the fact that we are calculating an amplitude in Φn+1 phasespace, which corresponds
to the underlying Born process plus one photon. However, since we are completely differential in the multi-photon
phasespace we have to ensure that we have a proper mapping from the Φn+nR

to the Φn+1 phasespace. This is achieved
by realizing that eq. (8) is derived exactly in the limit where all other photon momenta vanish. It is then sufficient to
proceed with the original YFS phasespace mappings as if there was only one photon emission. This argument holds
to all orders for any given nR real emissions and can equally be applied to corrections involving additional virtual
emissions. We shall discuss the explicit details of the mappings in section IIC.
Taking a closer look at the subtraction term for eq. (8), it is clear that in the extreme soft limit purely fixed-ordered
predictions without any resummation will suffer from numerical instabilities since R (Φn+1) will grow with inverse
powers of the photon energy. In the same limit, in the YFS approach eq. (8) becomes vanishingly small, a reflection

1 In SHERPA, there are two independent automated matrix-element generators (MEGs), namely AMEGIC [86] and COMIX [87], which have
already been used in the automated calculation of the β̃0

0 (Φn) terms in SHERPA’s original implementation of the YFS scheme.
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FIG. 2. Cancellation of the IR poles according to eq. (5) using dimensional regularization. The bins correspond to the number
of decimal places at which the cancellation was achieved, typically at the level of machine (double floating point) precision.
Note that for processes which contain, e.g., 4 charged fermions in the final state in addition to the two incoming charged
leptons, we are left with a total of 15 unique dipoles entering the subtraction.

of the fact that the IR behaviour of the real amplitude behaves as,

lim
k→0

R (Φn+1) → 2(2π)3
∑

ij

S̃ij (k) β̃
0
0 (Φn) , (11)

reproducing the subtraction term increasingly precisely. While the subtracted term therefore vanishes in this limit
we stress that the physical effects of soft photons have already been resummed into the YFS form factor and are
accounted for. In fig. 3, we explore this limit for our example processes. For this test, we choose a phasespace point
that contains at least one sufficiently hard photon and we evaluate eq. (8). We then artificially reduce the photon’s
energy, reapply the YFS phasespace mapping and again evaluate eq. (8) 2 We use OPENLOOPS to evaluate the real
emission amplitudes as its internal numerical routines are highly stable in the ultra-soft region. We recognise the same
limiting behaviour, namely that the subtracted real contribution of eq. (8) becomes vanishingly small in the soft limit,
as expected from the YFS theorem. From these plots we deduce that the subtraction is stable for energies down to
10−9GeV. The combination of these two corrections, eqs. (5) and (8), and the process independent implementation
in SHERPA allows the matching of our YFS resummation to the complete NLOEW corrections. The results of this
procedure will be dubbed YFSNLOEW

in the following.

2 We continue this reduction procedure down until we reach the technical IR cut-off, the value of which we are completely free to chose,
as below this cut-off the algorithm will fail and we can no longer guarantee IR finiteness.
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FIG. 3. Magnitude of the subtracted real correction, normalized to the Born-level baseline, in the IR limit of vanishing photon
momentum.

B. NNLOEW Matching

1. Real-Virtual Correction

The first NNLOEW corrections that we will consider are the real-virtual emissions, essentially the one-loop corrections
to the LO process plus an additional resolved photon emission. From the YFS theorem, we can extract these IR finite
contributions as,

β̃2
1 (Φn+1) = RV(Φn+1)−

∑

ij

D(1)
ij (Φij+1 ⊗ Φn) , (12)

RV(Φn+1) =
1

2(2π)3

∣∣∣M
3
2
1 (Φn+1)

∣∣∣
2

, (13)

where
∣∣∣M

3
2
1 (Φn+1)

∣∣∣
2

is the full real-virtual squared amplitude, constructed by combining tree-level and one-loop am-
plitudes as before. The dipole subtraction term can be constructed similarly to the real emission case, by multiplying
the IR-finite virtual correction, eq. (5), with the eikonal factor, eq. (2), yielding,

D(1)
ij (Φij+1 ⊗ Φn) = S̃ij (k) β̃

1
0 (Φn) . (14)

Again, the summation runs over all possible combinations of charged particles; the added index reflects that this
subtraction involves an unresolved emission. In eq. (14), we see for the first time how the recurrence nature of the
YFS subtraction manifests itself at NNLO, as this subtraction term includes the previously calculated NLOEW-finite
contribution β̃1

0 (Φn). The n+ 1 loop amplitude can contain two types of IR singularities. The first one will manifest
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FIG. 4. Cancellation of the IR poles according to eq. (12) using dimensional regularization. The bins correspond to the number
of decimal places at which the cancellation was achieved.

itself as ϵ poles in the one-loop amplitude, and the second type will arise when the resolved photon becomes soft.
Both of these divergences can be removed by the local subtraction term in eq. (14). As this correction involves the
emission of a resolved photon, we must also ensure that we correctly map the phasespace Φn+nk

→ Φn+1 as we did
for the real emission case and ensure that we evaluate both terms in eq. (12) within this reduced phasespace. In
particular, when constructing the subtraction term, the eikonal is calculated using the local Φn+1 phasespace point.
In fig. 4, we demonstrate how the IR poles cancel according to eq. (12) for our example processes. Once again,
we observe that the IR poles agree to at least 14 digits, while in most cases, they cancel to 16 digits or better.
Unsurprisingly due to the increased complexity, these results are slightly less stable than the ones in the one-loop
case, but the cancellation is still well within the precision we can expect from double-precision machinery. Although
the RV(Φn+1) term is essentially a one-loop contribution, the presence of the additional real photon emission renders
its numerical evaluation more challenging. For example, in the case of a four-particle born final state configuration,
the real-virtual corrections consist of loop diagrams with seven external partons. Especially when including masses
throughout the potentially large scale ratios pose a noticeable numerical precision challenge.

2. Double Real Correction

The IR-finite contribution arising from the emission of two resolved photons can be written as,

β̃2
2 (Φn+2) = RR (Φn+2)− S̃ (k1) β̃

1
1 (Φn+1; k2)− S̃ (k2) β̃

1
1 (Φn+1; k1)− S̃ (k1) S̃ (k2) β̃

0
0 (Φn) , (15)

RR (Φn+2) =

(
1

2(2π)3

)2 ∣∣M1
2 (Φn+2)

∣∣2 . (16)
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∣∣M1
2 (Φn+2)

∣∣2 marks the complete n+2 tree-level correction to the underlying born process, which can be calculated
with standard automated tools. The remaining part of eq. (15) represents the subtraction term for two photons, k1
and k2, with the dependence on the photon momentum made explicit. The first two terms in the subtraction consist
of the IR-finite contribution from one photon, evaluated using eq. (8), multiplied by a local eikonal factor of the other
photon. The final term is simply the product of both eikonals with the Born term. Equation (15) will have three
kinematic regions in which we can expect the emergence of IR divergences: two of them where one photon becomes
soft while the other remains hard, and one where both photons become soft. In the first two cases, where either k1
or k2 becomes soft and the remaining photon is fixed, the corresponding subtraction term will remove the singular
behaviour from RR (Φn+2), while the remaining subtraction term for the hard photon will simply leave us with a
constant term plus a non-singular term from the squared amplitude. In the limit where both photons become soft,
following the arguments presented in section II A 2, the contribution from β̃2

2 (Φn+2) becomes vanishingly small. We
can test the first two limits by taking a phasespace point in which both photons are non-soft, keeping one photon
constant while lowering the energy of the other and then evaluating eq. (15) for each of these new phasespace points.
To test the limit where both photons become soft, we apply this reduction procedure to both photons simultaneously.
We show the results of this in fig. 5. In the single-photon IR-subtraction regions, the contribution quickly reaches
a constant, which is dominated by the hard contribution. For the case where both photons are taken to the soft
limit, the contribution becomes vanishingly small, again reflecting the fact that the contributions in this region of
phasespace have already been resummed.
We find that our implementation of YFS subtraction is extremely stable for ultra-soft double photon emissions across
a wide indicative range of processes. It is also worth noting that the double-real emission represents the first non-
trivial dipole structure for our subtraction as we have to consider photon emissions that can be both from the initial
or final state as well as one emission from the initial and the other from the final state. The fact that our subtraction
successfully removes all IR divergences for such emissions, for arbitrary processes, implies that our approach can
be extended even beyond NNLOEW accuracy as the subtraction terms for the extra resolved emissions will still
only involve three types of dipoles, namely initial, final, and initial-final. Given that our momentum mappings are
stable for each dipole and that the addition of more resolved emissions will not affect our algorithm, as we will show
in Section II C, we expect that the tree-level corrections beyond NNLOEW will not be a limiting factor for us.

3. Double-Virtual Correction

The final ingredient to complete our NNLOEW corrections are the two-loop contributions, which are among the most
complicated contributions that have to be calculated for the matching of the full NNLOEW corrections. While there
has been significant progress in the calculation of two-loop amplitudes for e+e− [52, 92–106] process, there is currently
no tool publicly available for the automated calculation of two-loop amplitudes.

The subtraction term for two-loop contribution is given by,

β̃2
0 (Φn) = VV(Φn)−

∑

ij

Dij (Φij ⊗ Φn) β̃
1
0 (Φn)−

1

2


∑

ij

Dij (Φij ⊗ Φn)




2

β̃0
0 (Φn) . (17)

where VV(Φn) is the complete two-loop correction. The remaining terms represent the YFS subtraction term, which
will contain both single and double poles in ϵ. This will be the first appearance of double poles in our calculation, as we
have regulated the collinear divergences with our non-zero fermion masses such terms have not appeared before now.
The second term is similar to the one-loop subtraction term, however the Born contribution β̃0

0 has been promoted
to the IR-finite one-loop correction eq. (5). The final term is the squared subtraction term, where the double poles
will appear as well as additional singular contributions.
The subtraction works for the final state, as already discussed in [81]; we checked our reimplementation by considering
the two-loop QED corrections to νµν̄µ → e+e−. To test our implementation of YFS subtraction for initial state dipoles
we have implemented the two-loop ISR QED corrections [44, 51] to neutrino production in dimensional regularization;
in fig. 6 we show both the single and double pole cancellation. Remaining corrections, in particular the IR-finite weak
corrections, can be easily included as and when they become available in a format suitable for YFS.
One set of two-loop amplitudes that we have at our disposal are those that are provided by the GRIFFIN package [52],
which we have interfaced directly to SHERPA. While not only providing our missing NNLOEW contributions at
the Z-Pole, GRIFFIN also includes additional higher-order corrections, including the complete O (ααs) and O

(
αα2

s

)

corrections to the EW form factors as well as the leading higher-order contributions extracted from an expansion in
the top mass. GRIFFIN also removes the IR singularities with a YFS inspired subtraction, which means that in our
interface we do not have to supply the corresponding subtraction terms. As a consequence, we carefully checked our
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FIG. 5. The scaling behaviour for our double real correction, eq. (15), normalized to the Born contribution, for the various
processes. In the case where both photons become soft, we plot the results against the energy of the hardest photon on the
x-axis.

interface to ensure that we correctly account for all IR-finite contributions, resolving subtle mismatches between our
respective subtraction schemes. This was achieved by comparing the GRIFFIN results to our IR-subtracted results from
tools such as OPENLOOPS and RECOLA, with the remaining IR-finite QED contributions that have been previously
implemented in SHERPA [48, 53].

C. Momentum Mappings

In this section, we will detail the momentum mappings that are crucial in constructing our higher-order corrections.
It is important to note that the momentum mappings are used to construct higher-order corrections only and that
they will only be included in the event record in cases where both the local and global phasespaces coincide. For
example, in cases where there is exactly one photon emission, the real-correction phasespace will correspond exactly
with the full event. Essentially, we reapply the traditional YFS phasespace mappings but we will only include the
momenta of the photon we wish to match our real emission corrections to.
First, we need a mapping that takes the complete phasespace Φn+nk

and maps it to phasespaces of equal or less
dimension Φn+nR

. As before, nR is the number of resolved photons we are correcting for. The second set of mappings
projects the dipole phasespaces, Φĩj̃ , onto the phasespace where all photon momenta vanish except for the one we are
matching to. Crucially, the dipoles appearing in the subtraction terms are mapped from the global phasespace to the
corresponding local one, where the subtraction occurs. Since QED is silent on the ordering of photon emissions for a
given dipole, we treat the emissions in a completely democratic fashion: we do not identify individual emitters and
spectators, but instead allow the combination of all particles to absorb the recoil of the emission.
Let us first consider the emission of an arbitrary number of photons from the initial state dipole. We first construct
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FIG. 6. Cancellation of the IR poles according to eq. (17) using dimensional regularization for both the single(left) and
double(right) poles. The bins correspond to the number of decimal places at which the cancellation was achieved.

a boost frame, P,

P = pi + pj +K . (18)

Here, the beam momenta pi,j are the momenta of the initial dipole after ISR defined through,

p̃i + p̃j → pi + pj +K, (19)

and K is the sum of matched photon momenta. In the case of eq. (8), K = k1, while for eq. (15) K = k1 + k2 and so
on. While it is not required that K =

∑
l kl, this can arise, for example, when constructing the β̃1

1 correction to an
event with only one resolved photon emission. We then boost and rotate the four-momenta of the final state particles
to this frame and introduce a parametrization of the initial state dipole momentum as,

pi,j = (Ei,j , 0, 0,±pZ), Ei,j =
√

m2
i,j + (pZ)2, pZ =

1

2

√
λ(sP ,m2

i ,m
2
j )

sQ
, (20)

where λ is the Källén function and

sQ = (pi + pj +K)2. (21)

After this, we boost all final state momenta back to the lab frame defined by sQ. This final transformation will leave
us with the phasespace point that will enter the amplitude calculation. Since we will only ever have one dipole from
the initial state the mapping for the dipole term, in particular the dipole entering the eikonal factors, will be the pi/j
as defined above. This method can be applied to any number of initial state photons, and the inclusion of virtual
emissions, as in eq. (14), does not require us to adapt the mappings.
For emissions from final state dipoles, the situation is more complicated because there could be more than one unique
dipole. While we still need to ensure we are providing the amplitude with the correctly mapped phasespace point,
we must consistently transform each dipole to guarantee that we remove the IR singularities. The first step is to
construct all possible final state dipoles from charged particles only. The initial momenta in these dipoles are taken
to be the Born-level momenta, i.e. the momenta before any FSR emissions. Thus, the dipole momenta are initially
defined through q̃i,j as,

q̃i + q̃j → qi + qj +
∑

m

km. (22)

We first boost the momenta to the rest frame of the dipole,

Q = (s′Q, 0, 0, 0), s′Q =
sq

1 + 2K0
√
sq

, sq = (q̃i + q̃j)
2 . (23)
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FIG. 7. Total calculated cross-section for muon pair production at energies around the Z-pole. Both the YFSNLOEW (blue)
and the YFSNNLOEW (red) results are presented along with their associated perturbative uncertainties.

In this frame, the dipole momenta are,

qi,j = (Ei,j , 0, 0,±pZ), Ei,j =
√
m2

i,j + (pZ)
2
, pZ =

1

2

√
λ(s′Q,m

2
i ,m

2
j )

sQ
. (24)

Next, we boost the momenta to a new "after-emission" frame, QK = Q+K. Then we boost the new dipole momenta
and photons back to the original lab frame. This mapping is performed separately for each dipole entering the
subtraction, such that each eikonal term is constructed from local dipole momenta, which will differ from the global
momenta which enter in explicit eikonals in eq. (1). Once all the final state dipoles are in this frame we perform one
last mapping on the initial state dipole, identical to eq. (20), where SQ is taken as the sum of all final state momenta.

For any number of initial or final state photon emissions the mappings can proceed as described above. This leaves
us with the most intricate case where we have both an initial and final state particle emitting photons. In such
cases we first apply the final state mappings, then by incorporating the final state momenta, including all final state
photons, we perform the initial state mappings. One final phasespace correction needs to be constructed, which in
essence is a pseduo-flux factor [53]. Depending on the dipole type, we correct them with,

F (k1, · · · , kn) =
(Q− k1 + · · ·+ kn)

2

Q2
(25)

where Q is the sum of the dipole momenta, and we take into account only the n real photons that we are matching.
Note that such a kinematical factor is already present in both the fixed-order and leading-log approximations, as well
as in the underlying crude YFS distribution [47]. The inclusion of this factor in the real corrections, such as eqs. (8)
and (15), order by order improves the overall stability of our calculations, while leaving the resummation untouched.
As in the soft limit of vanishing photon momenta eq. (3) is simply unity and has no effect.

III. RESULTS

We turn to present results up to NNLOEW accuracy for e+e− → ff̄ where f ̸= e. As a first example, we consider the
production of a muon pair. In fig. 7, we show the total cross-section for this process over an energy scan of the Z-pole,
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FIG. 8. Differential muon pair invariant mass distributions at 91.2GeV (left) and 161GeV (right). Both the YFSNLOEW (blue)
and the YFSNNLOEW (red) are presented along with their associated perturbative uncertainties.

both for YFSNLOEW
and YFSNNLOEW

. The former only includes corrections O (αEW), while the latter also includes
the complete O

(
α2

EW
)

contributions. The uncertainty bands refer to our estimate of missing higher-order corrections
and are constructed by considering the difference of the nominal value with the next lowest order prediction along the
procedure outlined in [53, 107]. We also note that this is the first time the complete YFSNNLOEW

has been calculated
for this process: we have included the missing contributions, notably the IR finite contributions, arising from the
real-virtual corrections, which so far have been absent from the KKMC program [29]. We see that the uncertainty
of the YFSNLOEW

corrections remains quite stable at ≈ 2.5% while for the YFSNNLOEW
we see a reduction of the

uncertainty to levels of ≈ 0.1%. The large size of the YFSNLOEW
error band reflects the fact that the YFSLO contains

no higher-order corrections; in particular it lacks any corrections due to collinear logarithms. This reduction highlights
the stability of our perturbative expansion, while the full theoretical uncertainty will require further exploration of
parametric effects. To assess them we need to compute the amplitudes with different electroweak parameters. In fig. 8
we show the differential distribution for the invariant mass of the final state at two different energies, the Z-pole
and WW threshold. In the first case, we see that near the Z-pole the uncertainty associated with YFSNLOEW

is
negligible, reflecting the fact that most of the effects have been accounted for in the resummation. In contrast, as
we move away from the Z-pole to regions where we have a hard photon emissions the uncertainty estimate begins to
increase, reflecting the fact that the YFSLO predictions fail to correct for such emissions. Going to YFSNNLOEW

we
see the difference drop satisfyingly to the per-mil level when compared to YFSNLOEW

as reflected in the uncertainty
bars. At the WW threshold, we see considerably larger uncertainties for the YFSNLOEW

case; again, this reflects
that we have a large radiative return to the Z-pole that must be accounted for. Here the YFSNNLOEW

is in good
agreement while above the Z-pole the error increases somewhat, indicating potentially large initial-final interference
effects in the O

(
α2

EW
)

corrections.
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FIG. 9. Left: Pole cancellation for the one-loop correction to e+e− → π+π− in scalar QED. Right: Scaling behaviour for the
real correction to π+π− production. Bottom: Sherpa’s prediction for the π+π− cross-section compared with BESIII data.

In the previous section we presented results that focus on future high-energy experiments, such as the FCC-ee, however
we are not limited to such experiments. Indeed, due to the general purpose nature of SHERPA we are able to apply
our corrections to a wide variety of lepton experiments. Here we present a short list of applications, some of which
will appear in separate studies.

• Low Energy e+e− Experiments: Our results can be immediately applied to past and current low energy
experiments [108–119], both for energy scan and radiative return experiments, for the relevant SM processes,
such as Bhabha scattering and difermion production, and they can be extended to include other processes of
interest such as π+π− production. Indeed, the YFS approach is particularly useful here as soft photons are
blind to spin, meaning that for the production of scalars, like π+π−, we do not have to modify our resummation.
Of course, while the resummation remains untouched the finite β̃ will need to include the correct amplitudes.
We show in fig. 9 how our subtraction schemes successfully removes the IR poles for pion production, enabling
SHERPA to produce YFSNLOEW

predictions [120–122]. This combined with SHERPA’s native UFO [123, 124]
interface will allow for more accurate for BSM modelling at e+e− experiments. In addition to the perturbative
improvements we have included an interface to the alphaQED [125–127] package which can used to provide the
hadronic contribution to the vacuum polarisation (HVP). Furthermore, we implemented a model of the pion-
form factor based on the vector meson dominance model [128], and our default parametrization is chosen to
agree with the RadioMonteCarLow study [122]. In the bottom plot of fig. 9 we compare this parametrization
with BESIII data [115].

• Fixed Target Experiments: SHERPA can also be used for fixed target experiments, like MUONE [31, 129–133]
and MOLLER [134]. The former aims to extract HVP from scattering muons on a fixed target to produce µ±e− →
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µ±e−, which SHERPA can be modelled within the YFS approach [135]. The latter will scatter longitudinal
polarized electrons on a fixed target to induce Møller scattering, with the aim to measure the weak mixing
angle, which can be modelled with SHERPA, including the polarization of the incoming electron beam.

IV. CONCLUSION

In this work we have presented the first fully automated matching based on the YFS theorem for lepton colliders,
with complete control over the NLOEW terms and automated double-real and real-virtual corrections which arise
in the NNLOEW predications. We emphasize that the inclusion of double-virtual corrections is possible when such
calculations become more automated and we stress that we have provided the framework in which the IR subtraction of
such amplitudes can be performed automatically. These corrections have been implemented in the SHERPA generator,
allowing us to provide highly accurate predictions for phenomenological studies at lepton colliders. We have shown
that our automated subtraction scheme works across a variety of processes with different final state multiplicities, by
including example results from our interface to the GRIFFIN package.
We also showed that our subtraction method preserves the resonance structure of the process in question at the level
of the amplitude squared, without the need to resort to the CEEX approach of an amplitude-level subtraction. While
we find good agreement with the CSNLOEW

subtraction, the YFSNLOEW
approach significantly reduces the number

of negative weights we have in the event record. This reduction combined with other high-performance improvements
in SHERPA [136–141] allows to tentatively assume that there will not be a computational bottleneck for SHERPA at
future lepton colliders for high precision simulations.
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