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Abstract

In this article we discuss the long-time dynamics of the radial solutions to the focus-

ing energy-critical wave equation in 5-dimensional space. We give some details about the

asymptotic behaviour, topological structure and time evolution of the non-radiative solu-

tions to this equation. As an application we prove a quantitative version of soliton resolution

theorem for solutions defined for all time t > 0, which immediately verifies the soliton reso-

lution conjecture in the radial case, without a priori boundedness assumption on the energy

norm of solution as time tends to infinity. The main tool of this work is the radiation theory

of wave equations and the major observation of this work is a correspondence between the

radiation and the soliton collision behaviour of solutions.

1 Introduction

1.1 Background

In this work we consider the long-time behaviour of the radial solutions to the focusing, energy
critical wave equation in 5-dimensional space

{

∂2
t u−∆u = |u|4/3u, (x, t) ∈ R5 × R;

(u, ut)|t=0 = (u0, u1) ∈ Ḣ1 × L2.
(CP1)

For convenience we use the notation F (u) = |u|4/3u in this work. The energy is conserved for
all t in the maximal lifespan (−T−, T+):

E =

∫

R5

(

1

2
|∇u(x, t)|2 + 1

2
|ut(x, t)|2 −

3

10
|u(x, t)|10/3

)

dx.

This equation is invariant under the natural dilation. More precisely, if u is a solution to (CP1),
then

uλ =
1

λ3/2
u

(

x

λ
,
t

λ

)

, λ ∈ R
+

is also a solution to (CP1). This equation is called energy critical since the initial data of u and
uλ share the same Ḣ1 × L2 norm and energy.

Unlike the d-dimensional defocusing energy-critical wave equation ∂2
t u−∆u = −|u| 4

d−2u, in
which all finite-energy solutions are defined for all t ∈ R and scatter in both two time direc-
tions(see, [19, 34, 35, 36, 37], for instance), the long time behaviour of solutions in the focusing
case are quite complicated and subtle. We give a few examples:
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Finite time blow-up If the solution blows up at time T+ ∈ R+, then we must have

‖u‖L7/3L14/3([0,T+)×R3) = +∞.

We may further divide finite time blow-up solutions into two types:

• Type I blow-up solutions satisfy

lim sup
t→T+

‖(u, ut)‖Ḣ1×L2 = +∞.

An explicit example can be given by

u(x, t) =

(

15

4

)3/4

(T+ − t)−3/2.

A smooth cut-off technique and the finite speed of propagation then gives a type I blow-up
solution with initial data in the energy space. It has been proved in Donninger [5] that the
type I blow-up of this example is stable under a small perturbation in the energy space.

• Type II blow-up solution satisfies

lim sup
t→T+

‖(u, ut)‖Ḣ1×L2 < +∞.

This kind of solutions was first constructed in 3-dimensional space by Krieger-Schlag-
Tataru [27], Krieger-Schlag [28] and Donninger-Huang-Krieger-Schlag [6]. Then similar
type II blow-up solutions were given by Hillairet-Raphaël [20] in 4D and Jendrej [21] in
5D.

Global solutions Global solutions are defined for all t ∈ R+. One typical example is the
scattering solution, whose asymptotic behaviour resembles that of a free wave. More precisely, u
scatters in the positive time direction if and only if there exists a linear free wave v+, such that

lim
t→+∞

‖~u(t)− ~v+(t)‖Ḣ1×L2 = 0.

Here the notations ~u = (u, ut) and ~v+ = (v+, v+t ) will be frequently used in this work. In
particular, a solution with small initial data in the energy space must be a scattering solution.
Another important example of global solution is the ground state

W (x) =

(

1 +
|x|2
15

)−3/2

.

This comes with a smallest energy among all non-trivial stationary solutions of (CP1), i.e.
solutions to the elliptic equation−∆u = F (u). In fact, all radial finite-energy stationary solutions
are exactly given by (see Section 4)

{0} ∪
{

±Wλ : λ ∈ R
+
}

.

Here Wλ(x) is the rescaled version of W defined by

Wλ(x) =
1

λ3/2
W
(x

λ

)

.
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Soliton resolution Soliton resolution conjecture predicts that a global solution (or type II
blow-up solution) to (CP1) decomposes to a sum of decoupled solitary waves, a radiation term (a
linear free wave) and a small error term, as the time tends to infinity (or the blow-up time T+).
Radially symmetric assumption guarantees that all possible solitary waves are simply rescaled
ground states ±Wλ and that the decoupled condition is equivalent to scale separation. More
precisely we have

~u(t) =

J
∑

j=1

ζj(Wλj(t), 0) + ~vL(t) + o(1). (1)

Here ζj ∈ {+1,−1}, vL is a free wave, the scale functions λj(t) satisfy

λJ(t) ≪ λJ−1(t) ≪ · · · ≪ λ1(t) ≪ t, t → +∞;

λJ(t) ≪ λJ−1(t) ≪ · · · ≪ λ1(t) ≪ T+ − t, t → T+.

The radial case of soliton resolution conjecture has been verified in the past decade. The 3-
dimensional case was first proved by Duyckaerts-Kenig-Merle [11] via a combination of profile
decomposition and channel of energy method. Duyckaerts-Kenig-Merle [14], Duyckaerts-Kenig-
Martel-Merle [8] and Collot-Duyckaerts-Kenig-Merle [2] then proved the odd higher dimensional,
4-dimensional and 6-dimensional cases, respectively, by following roughly the same idea. Recently
another proof for 4 or higher dimensional case was given by Jendrej-Lawrie [22]. Their proof
is a combination of the sequential soliton resolution result and a “no-return” theory by the
modulation analysis. The soliton resolution conjecture without radially symmetric assumption,
however, is still an open problem, although a weaker version of it, i.e. the soliton resolution
along a sequence of time, has been prove by Duyckaerts-Jia-Kenig [7].

Multi-soliton solutions If the soliton resolution of a solution comes with N solitary waves,
then we usually call it an N -soliton solution or N -bubble solution. Multi-soliton solutions have
been constructed in many papers, for instance, Martel-Merle [32, 33] and Yuan [40]. Martel and
Merle’s work [33] also shows that their 2-soliton solutions scatter in the other time direction,
which indicates the inelasticity nature of soliton collision. Please note that all these results are
in the non-radial case.

1.2 Main idea and result

This work discusses the long-time behaviour of radial global solutions to (CP1). More precisely
we prove a quantitative version of soliton resolution theorem with immediate states for radial
global solution to (CP1). Before we discuss the main idea and result of this work, we first make
a brief review of the conception of radiation part and non-radiative solutions.

Radiation part Usually the first step to prove the soliton resolution conjecture is to separate
the radiation part from a nonlinear solution. If u is a solution to (CP1) defined for all t ≥ 0,
then there exists a linear free wave vL such that (see Lemma 6.3)

lim
t→+∞

∫

|x|>t−A

|∇t,x(u− vL)|2dx = 0, ∀A ∈ R.

We call vL the radiation part of u in the positive time direction. The theory of radiation fields(see
Section 2.2 and 2.3) implies that there exists a function G+ ∈ L2(R), called the radiation profile,
such that the following limit holds for any fixed A ∈ R

lim
t→+∞

∫ ∞

t−A

(

|r2ur(r, t) +G+(r − t)|2 + |r2ut(r, t)−G+(r − t)|2
)

dr = 0. (2)
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Next we apply the finite speed of wave propagation and small data theory to deduce that the
domain of solution u may extend to the region {(x, t) : |x| > |t|+R} for a large radius R. Here
we need to use the conception of exterior solution given in Subsection 2.1. As a result, given
any large time t1 > R, there exists a linear free wave vt1,L asymptotically equivalent to u in the
exterior region {(x, t) : |x| > |t− t1|}, i.e. (see Lemma 7.3)

lim
t→±∞

∫

|x|>|t−t1|

|∇t,x(u − vt1,L)(x, t)|2 dx = 0.

We call this free wave vt1,L the radiation part of u in the exterior region {(x, t) : |x| > |t− t1|}.
If the restriction of vt1,L in this exterior region comes with a small Strichartz norm, then we say
that the radiation of u in this exterior region is weak in term of Strichartz norm.

Non-radiative solutions A solution u to (CP1) defined in the region {(x, t) : |x| > |t|+ R}
is called (R-weakly) non-radiative if and only if

lim
t→+∞

∫

|x|>|t|+R

|∇t,xu(x, t)|2dx = 0.

In other words, non-radiative solutions are exactly those whose radiation part is zero in a suitable
exterior region {(x, t) : |x| > |t| + R}. Non-radiative solutions are one of the most important
topics in the channel of energy theory, which plays an essential role in the discussion of soliton
resolution conjecture. Please refer to Duyckaerts-Kenig-Merle [9] and Kenig-Lawrie-Schlag [24]
for more details on the theory of channel of energy. The asymptotic behaviour of non-radiative
solutions to energy-critical wave equations has been discussed in Duyckaerts-Kenig-Merle [13]
and Collot-Duyckaerts-Kenig-Merle [1].

Goal and main idea The author’s previous work [39] discussed the behaviour of global radial
solutions to the focusing, energy-critical wave equation in the 3-dimensional case. Briefly speak-
ing, it was proved that the approximated soliton resolution holds for all time t > 0 except for
several “relatively short” time interval. In this work we show that roughly the same result holds
for 5-dimensional case as well. The general idea remains the same as in the 3-dimensional case:
if u is a solution with a weak radiation (in term of Strichartz norm) in the main light cone , then
we may decompose it into the radiation part, a non-radiative part and a small error term, at least
outside a suitable light cone |x| = |t|+R. However, the higher dimensional case is much different
from the 3-dimensional case. In 3-dimensional case all radial non-radiative solutions are ground
states, which are stationary solutions, thus the non-radiative part must be a sum of decoupled
ground states. This is exactly the situation of soliton resolution. In the higher-dimensional case,
however, there exist non-stationary radial non-radiative solutions, which are much different from
the ground states. Thus at least theoretically it is possible to find a solution with weak radiation
but its initial data are far away from any soliton resolution situation.

In order to overcome this difficulty, we need to consider the time evolution of the decom-
position mentioned above. First of all, we describe the manner in which a non-stationary non-
radiative solutions evolves. In fact, all non-stationary non-radiative solutions in 5-dimensional
case evolve in the same way, up to a sign, a dilation and a time translation. A typical example
U of these non-radiative solutions is odd in time, approaches the ground state W (x) in one
time direction, and approaches the ground state −W (x) in the other direction, if we ignore a
time-dependent dilation. In particular, ‖Ut(0)‖L2(R5) = +∞. Next we show that if the radiation
profile G+(s) of a global solution u to (CP1) is small in a long time interval [−ℓT,−ℓ−1T ], where
ℓ > 1 is a large constant and T is a large time, then the non-radiative part comes with a much
smaller scale than T and evolves in the same manner as the pure non-radiative solutions around
the time T , possibly besides a few decoupled ground states with significantly larger scales. As a
result, there exists a time t1 near T , such that we may decompose ~u(t1) into the radiation part,
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a rescaled version of ~U(0), a small error term and possibly a few decoupled ground states with
larger scales, unless the non-radiative part in the decomposition at time T is very close to a sum
of decoupled ground states, which is the case we expect. Finally the fact ‖Ut(0)‖L2(R5) = +∞
implies that if the decomposition at t1 comes with a term of ~U(0), then the Ḣ1 × L2 norm has
to blow up near the time t1, which gives a contradiction thus excludes this bad situation.

Main results We may divide the main results of this work into two parts: The first part is a
series of properties about the radial non-radiative solutions to (CP1), such as their asymptotic
behaviour, time evolution, classification and topological structure. Most previous works about
non-radiative solutions discuss the asymptotic behaviours, i.e. the properties of non-radiative
solutions near the infinity; this work gives the first quantitative property near the origin for
a non-radiative solution to (CP1) other than the ground states and the zero solution, both of
which can be defined explicitly. To be more precise, we prove that the odd non-radiative solution
U mentioned above satisfies the inequality

0.05

|x|5/2 < Ut(x, 0) <
1.86

|x|5/2 , |x| ≪ 1.

These results about the non-radiative solutions are given in Section 4 and Section 5.
The second part of our main result is the dynamics of global solutions to (CP1). The main

theorem given below is actually a quantitative version of soliton resolution theorem.

Theorem 1.1. Given any positive constants κ, ε ≪ 1 and E0 > E(W, 0), there exists a small
constant δ = δ(κ, ε, E0) > 0 and two large constants ℓ = ℓ(κ, ε, E0), L = L(κ, ε, E0) > 0 such
that if u is a radial solution to (CP1) satisfying

• u is defined for all time t ≥ 0;

• R is a sufficiently large radius such that ‖~u(0)‖Ḣ1×L2({x:|x|>R}) < δ;

• the energy E of u satisfies E(W, 0) ≤ E < E0;

then there exists a time sequence ℓR ≤ a1 < b1 < a2 < b2 < · · · < am < bm = +∞ such that

(a) (Soliton resolution in stable periods) For any time interval [ak, bk], where k ∈ {1, · · · ,m},
there exists a nonnegative integer Jk, a linear free wave vk,L, a sequence ζk,1, ζk,2, · · · , ζk,Jk

∈
{±1} and a sequence of scale functions λk,1(t) > λk,2(t) > · · · > λk,Jk

(t) satisfying

max

{

λk,1(t)

t
,
λk,2(t)

λk,1(t)
, · · · , λk,Jk

(t)

λk,Jk−1(t)

}

≤ κ, t ∈ [ak, bk];

such that
∥

∥

∥

∥

∥

∥

~u(t)−
Jk
∑

j=1

ζk,j
(

Wλk,j(t), 0
)

− ~vk,L(t)

∥

∥

∥

∥

∥

∥

Ḣ1×L2

≤ ε, t ∈ [ak, bk].

Here t = bm = +∞ is excluded if k = m. In addition, the linear free wave vk,L satisfies

‖vk,L‖L7/3L14/3([ak,+∞)×R5) ≤ ε; ‖∇t,xvk,L(·, t)‖L2({x:|x|<t−ℓ−1ak}) ≤ ε, ∀t ≥ ℓ−1ak.

We call these time periods “stable periods”.

(b) (Radiation concentration in collision periods) For each k ∈ {1, 2, · · · ,m − 1}, the bubble
numbers Jk and Jk+1 satisfy Jk > Jk+1. In addition, the nonlinear radiation profile G+

of u and times bk, ak+1 satisfy (σ4 = 8π2/3 is the area of S4)

‖G+‖L2(−ℓt,−ℓ−1t) ≥ δ, ∀t ∈ [bk, ak+1];
∣

∣

∣σ4‖G+‖2L2([−ak+1,−bk])
− (Jk − Jk+1)E(W, 0)

∣

∣

∣ ≤ ε2;
ak+1

bk
≤ L.
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We call these time periods “collision periods”. In contrast, for each stable period, we have

σ4‖G+‖2L2((−bk,−ak])
≤ ε2.

(c) (Length of preparation period) In addition, we may give an upper bound for the initial time
of the first stable period a1 ≤ LR.

Remark 1.2. From the proof of the main theorem, we see that the radiation profile of vk,L in
the positive time direction can be given by

Gk,+(s) =

{

G+(s), s > −bk;
0, s < −bk.

In particular, the last free wave vm,L is exactly the scattering part vL of u. It is not difficult to
see that the soliton resolution conjecture of global solutions is a direct consequence of Theorem
1.1. Please note that our proof does not depend on the type II assumption

lim sup
t→+∞

‖~u(t)‖Ḣ1×L2 < +∞, (3)

which is typically assumed in the soliton resolution theorem given by previous works(see [14, 22]).
A direct corollary of our main theorem is that any radial solution to (CP1) defined for all t ≥ 0
must satisfy (3).

Remark 1.3. According to Theorem 1.1, we may split the time interval [0,+∞) into a “prepa-
ration period” [0, a1], several “stable periods” [ak, bk], and several “collision periods” [bk, ak+1]
between consecutive stable periods. In each stable period the approximated soliton resolution holds
and the bubbles evolve steadily. In each collision period, in contrast, strong interaction happens
and at least one bubble is eliminated. It is natural to view the radiation waves travelling in the
channel t − t2 < |x| < t − t1, whose strength can be measured by σ4‖G+‖2L2([−t2,−t1])

, as the

emission of the system during the time period [t1, t2]. As a result, Theorem 1.1 shows that after
the preparation period, almost all radiation comes from the collision periods, whose length is
bounded if we apply the logarithm transformation t′ = ln t. In addition, the energy of radiation
in each collision period is roughly equal to the energy of bubbles eliminated in the collision. This
gives a way to understand the long-time dynamics of solutions from their radiation part. In
summary, Long time dynamics in the 5D case is similar to the 3D case: BUBBLE COLLISION
GENERATES RADIATION. Please see figure 1 for an illustration of stable/collision periods
and their corresponding radiation strength.

Remark 1.4. Given a global solution, Theorem 1.1 may help us predict the upper bound of
time at which the solution first reaches an approximated soliton resolution state, simply from the
energy E and scale R of the initial data. Please note that this first soliton resolution state is
not necessarily the final soliton resolution state described in the soliton resolution conjecture. In
fact, it is impossible to predict the time when the solution reaches its final state only from the
assumption on u in Theorem 1.1, as shown by an example constructed in Duyckaerts-Merle [15].
According to Duyskaerts-Merle’s work, there exists a solution v to (CP1), such that

• ~v(t) converges to (W, 0) in Ḣ1 × L2 as t → −∞;

• v scatters in the positive time direction.

By choosing the initial data (u0, u1) = ~v(t1) for a large negative number t1, we may make the
initial data sufficiently closed to (W, 0) in Ḣ1×L2, and make the time when the solution reaches
the final(scattering) state arbitrarily large. This also provides an example of global solutions with
at least two stable periods and one collision period.
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Figure 1: The relationship of stable/collision periods and radiation strength

Structure of this work This work is organized as follows: We introduce notations and give
some preliminary results in Section 2. Then in Section 3 we present two key lemmata, which
help us compare a solution to (CP1) and an approximated solution to (CP1) with the same
radiation part. These two lemmata are major tools of this work. Sections 4 and 5 are devoted
to the discussion of non-radiative solutions to (CP1). In Section 4 we discuss the asymptotic
behaviour, maximal domain, topological structure and time evolution of non-radiative solutions
to (CP1). In section 5 we investigate the behaviour of odd non-radiative solutions near the
origin, which plays an essential role in the subsequent sections. In Section 6 we show that the
minimum value of the energy norm ‖~u(t)‖Ḣ1×L2 in a long time interval is dominated by a linear
function of E, and then extract the radiation part of a global solution to (CP1) as an application.
Finally we combine all the ingredients given above and prove the main theorem in the last two
sections.

2 Preliminary results

2.1 Exterior solutions

For convenience of our discussion, it is helpful to introduce solutions to (CP1) defined only in
an exterior region. Before we discuss the basic conception of exterior solutions, we introduce a
few notations. Given R ≥ 0, we call the following region

ΩR =
{

(x, t) ∈ R
5 × R : |x| > |t|+R

}

an exterior region and use the notation χR for the characteristic function of ΩR. In some
situations we also allow R < 0 and define χR in the same manner. Given a time interval J , we
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use the following notation for the classic Strichartz norm

‖u‖Y (J) = ‖u‖L7/3L14/3(J×R3) =

(

∫

J

(∫

R3

|u(x, t)|14/3dx
)1/2

dt

)3/7

.

Exterior solutions Let u be a function defined in the exterior region

Ω =
{

(x, t) ∈ R
5 × (−T1, T2) : |x| > |t|+R

}

.

Here T1, T2 are either positive real numbers or ∞. We call u an exterior solution to (CP1) in
the region Ω with initial data (u0, u1) ∈ Ḣ1 × L2(R5), if and only if ‖χRu‖Y (J) < +∞ for any
bounded closed time interval J ⊂ (−T1, T2) and the following identity holds:

u = SL(u0, u1) +

∫ t

0

sin(t− t′)
√
−∆√

−∆
[χR(·, t′)F (u(·, t′))]dt′, |x| > R+ |t|, t ∈ (−T1, T2).

Here SL represents the linear wave propagation operator. We multiply u and F (u) by the
characteristic function χR to emphasize that u and F (u) are only defined in the exterior region
Ω. More precisely we understand the product in the following way

χRu =

{

u(x, t), (x, t) ∈ ΩR;
0, (x, t) /∈ ΩR.

χRF (u) =

{

F (u(x, t)), (x, t) ∈ ΩR;
0, (x, t) /∈ ΩR.

Although we define the initial data for all x ∈ R5 in the definition above, finite speed of propaga-
tion implies that the values of initial data in the ball {x : |x| < R} are irrelevant. For convenience
we let H(R) be the Hilbert space consisting of restrictions of radial Ḣ1 × L2 functions on the
exterior region {x : |x| > R}. The norm of H(R) is defined by

‖(u0, u1)‖2H(R) =

∫

|x|>R

(

|∇u0(x)|2 + |u1(x)|2
)

dx.

When we talk about a radial exterior solution defined as above, we may specify its initial data
by (u0, u1) ∈ H(R). Similarly we may define an exterior solution u to the wave equation

{

∂2
t u−∆u = F (x, t), (x, t) ∈ Ω;

(u, ut)|t=0 = (u0, u1).

in the same manner, if F is defined in the exterior region Ω and satisfies ‖χRF‖L1L2(J×R5) < +∞
for any bounded closed interval J ⊂ (−T−, T+).

Local theory The local well-posedness of initial value problem in the exterior region im-
mediately follows from a combination of the Strichartz estimates (see [18] for instance) and a
fixed-point argument. The argument is similar to those in the whole space R5 and somewhat
standard nowadays. More details of these types of argument can be found in [23, 31].

Perturbation theory The continuous dependence of exterior solution on the initial data/error
function immediately follows from the following lemma

Lemma 2.1. Let M > 0 be a constant. Then there exists two positive constants δ = δ(M) and
C = C(M), such that if v is a radial exterior solution to

{

∂2
t v −∆v = F (v) + e(x, t), (x, t) ∈ ΩR;

(v, vt)|t=0 = (v0, v1) ∈ H(R)
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satisfying

‖χRv‖Y (R) < M ; ‖χRe(x, t)‖L1L2(R×R5) < δ;

and (u0, u1) are a pair of radial initial data satisfying ‖(u0, u1) − (v0, v1)‖H(R) < δ, then the
corresponding exterior solution u to (CP1) in the exterior region ΩR with initial data (u0, u1)
can be defined for all t ∈ R with

‖χR(u− v)‖Y (R) + sup
t∈R

‖~u(t)− ~v(t)‖H(R+|t|) ≤ C
(

‖χRe‖L1L2(R×R5) + ‖(u0, u1)− (v0, v1)‖H(R)

)

.

Here R ≥ 0 is an arbitrary constant.

The proof of Lemma 2.1 is similar to the situation when the solution is defined in the whole
space-time. Please see [26, 38], for instance. More details about the exterior solutions and a
similar perturbation theory can be found in Duyskaerts-Kenig-Merle [13].

2.2 Radiation fields of free waves

One of main tools of this work is the radiation field, which has a history of more than 50
years. Please see, Friedlander [16, 17] for instance. Generally speaking, radiation fields discuss
the asymptotic behaviour of linear free waves. The following version of statement comes from
Duyckaerts-Kenig-Merle [12].

Theorem 2.2 (Radiation fields). Assume that d ≥ 3 and let u be a solution to the free wave
equation ∂2

t u −∆u = 0 with initial data (u0, u1) ∈ Ḣ1 × L2(Rd). Then (ur is the derivative in
the radial direction)

lim
t→±∞

∫

Rd

(

|∇u(x, t)|2 − |ur(x, t)|2 +
|u(x, t)|2

|x|2
)

dx = 0

and there exist two functions G± ∈ L2(R× Sd−1) such that

lim
t→±∞

∫ ∞

0

∫

Sd−1

∣

∣

∣
r

d−1
2 ∂tu(rθ, t)−G±(r ∓ t, θ)

∣

∣

∣

2

dθdr = 0;

lim
t→±∞

∫ ∞

0

∫

Sd−1

∣

∣

∣r
d−1
2 ∂ru(rθ, t)±G±(r ∓ t, θ)

∣

∣

∣

2

dθdr = 0.

In addition, the maps (u0, u1) →
√
2G± are bijective isometries from Ḣ1 × L2(Rd) to L2(R ×

Sd−1).

In this work we call G± the radiation profiles of the linear free wave u, or equivalently, of the
corresponding initial data (u0, u1). Clearly the map/symmetry between radiation profiles G±

is an isometry from L2(R × Sd−1) to itself. The symmetry of G± in 5-dimensional case can be
given by (please see [3, 30] for other dimensions, for example)

G+(s, θ) = G−(−s,−θ). (4)

Thus we may uniquely determine a linear free wave by its whole radiation profile in either time
direction, or both two radiation profiles G±(s, θ) ∈ L2(R+ ×S4) but for positive s only. It is not
difficult to see that the free wave is radial if and only if its radiation profiles are independent
of the angle θ. The formula of a free wave in term of its radiation profile can also be given
explicitly, see [30], for example. In this work we focus on the 5D radial case:

u(r, t) =
1

r3

∫ t+r

t−r

(s− t)G−(s)ds. (5)
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A basic calculation gives the initial data in term of the radiation profile

u0(r) =
1

r3

∫ r

−r

sG−(s)ds; u1(r) =
1

r2
[G−(r) +G−(−r)] − 1

r3

∫ r

−r

G−(s)ds. (6)

The following energy formula in the exterior region is useful in further argument.

Lemma 2.3. Let (u0, u1) ∈ Ḣ1 × L2(R5) are radial initial data, whose radiation profile in the
negative time direction is G(s). Then we have

1

σ4
‖(u0, u1)‖2H(R) = 2‖G‖2L2({s:|s|>R}) +

1

R

(

∫ R

−R

G(s)ds

)2

+
3

R3

(

∫ R

−R

sG(s)ds

)2

.

Here σ4 is the area of unit sphere S4. By symmetry the same identity holds if we use the radiation
profile in the positive directions.

Proof. By (6), we may integrate by parts and obtain

∫ ∞

R

(r2∂ru0(r))dr =

∫ ∞

R

[G(r) −G(−r)]2dr +
3

R3

(

∫ R

−R

sG(s)ds

)2

;

∫ ∞

R

(r2u1(r))
2dr =

∫ ∞

R

[G(r) +G(−r)]2dr +
1

R

(

∫ R

−R

G(s)ds

)2

.

A combination of these two identities immediately prove the lemma.

Given a radial linear free, or its initial data, or equivalently its radiation profile G (in the
negative direction), we define the radiation residues ~τ (R) = (τ1(R), τ2(R)) at the radius R by

τ1(R) =
−1

R1/2

∫ R

−R

G(s)ds; τ2(R) =

√
3

R3/2

∫ R

−R

sG(s)ds. (7)

Given R > 0, it follows from the explicit formula 5 and Lemma 2.3 that the map defined by
(u0, u1) → (

√
2G−(s), ~τ (R)) is an isometry from H(R) to L2({s : |s| > R}) × R2. Radiation

residues will be used frequently in this work.

Remark 2.4. A direct consequence of Lemma 2.3 is

σ−1
4 ‖(u0, u1)‖2H(R) ≥ 2‖G−‖2L2({s:|s|>R}), ∀R > 0.

It immediately follows that if 0 ≤ R1 < R2, then

σ−1
4 ‖(u0, u1)‖2H(R1)

≤ σ−1
4 ‖(u0, u1)‖2H(R2)

+ 2‖G−‖2L2({s:R1<|s|<R2})
+ |~τ (R1)|2 .

2.3 Nonlinear radiation profiles

Lemma 2.5 (Radiation fields of inhomogeneous equation). Assume that R ≥ 0. Let u be a
radial exterior solution to the wave equation

{

∂2
t u−∆u = F (t, x); (x, t) ∈ ΩR;

(u, ut)|t=0 = (u0, u1) ∈ Ḣ1 × L2.

If F is a radial function satisfying ‖χRF‖L1L2(R×R5) < +∞, then there exist unique radiation
profiles G± ∈ L2([R,+∞)) such that

lim
t→+∞

∫ ∞

R+t

(

∣

∣G+(r − t)− r2ut(r, t)
∣

∣

2
+
∣

∣G+(r − t) + r2ur(r, t)
∣

∣

2
)

dr = 0; (8)

lim
t→−∞

∫ ∞

R−t

(

∣

∣G−(r + t)− r2ut(r, t)
∣

∣

2
+
∣

∣G−(r + t)− r2ur(r, t)
∣

∣

2
)

dr = 0. (9)
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In addition, the following estimates hold for G± given above and the radiation profiles G0,± of
the initial data (u0, u1):

√
2σ4‖G− −G0,−‖L2([R,+∞)) ≤ ‖χRF‖L1L2((−∞,0]×R5);√
2σ4‖G+ −G0,+‖L2([R,+∞)) ≤ ‖χRF‖L1L2([0,+∞)×R5).

The proof of this lemma is the same as in the 3-dimensional case. Please refer to [39]. In this
work we also need to calculate the radiation profiles explicitly. More precisely we have

Lemma 2.6. The radiation profile of radial initial data (0, u1) ∈ Ḣ1 × L2(R5) can be given by
the formula

G+(s) =
1

2
s2u1(s)−

1

2

∫ ∞

s

ru1(r)dr, s > 0.

In addition, the unique radiation profile G+ defined in Lemma 2.5 can be given by the formula

G+(s)−G0,+(s) =
1

2

∫ ∞

0

(s+ t)2F (t, t+ s)dt− 1

2

∫ ∞

0

∫ ∞

t+s

rF (t, r)drdt, s > R.

Proof. It suffices to prove the first formula, since the second one immediately follows from the
Duhamel’s formula

u(T ) = SL(T )(u0, u1) +

∫ t

0

SL(T − t)(0, F (t))dt.

By Hardy’s inequality, the right hand side is a bounded operator from the space of radial L2(R5)
functions to L2(R+). Thus it suffices to consider smooth and compactly-supported functions
u1. By convention we use the notations u(r, t) and u1(r) for the values of u(x, t) and u1(x) with
|x| = r. By using the explicit formula of solution s to the linear wave equation, we have

u(|x|, t) = 1

4|x|3
∫ |x|+t

|x|−t

r
[

|x|2 + r2 − t2
]

u1(r)dr, |x| > t. (10)

A direct calculation shows that

|x|2ut(|x|, t) =
1

2

[

(|x|+ t)2u1(|x| + t) + (|x| − t)2u1(|x| − t)
]

− 1

2|x|

∫ |x|+t

|x|−t

tru1(r)dr.

Thus

(t+ s)2ut(t+ s, t) =
1

2

[

(2t+ s)2u1(2t+ s) + s2u1(s)
]

− 1

2(t+ s)

∫ 2t+s

s

tru1(r)dr.

Taking a limit, we have

G+(s) = lim
t→+∞

(t+ s)2ut(t+ s, t) =
1

2
s2u1(s)−

1

2

∫ ∞

s

ru1(r)dr,

which finishes the proof.

Corollary 2.7. Let u be a radial non-radiative exterior solution in ΩR. Then u must be C1 in
ΩR whose initial data come with continuous radiation profiles G±(s) for |s| > R.

Proof. By the non-radiative assumption, we have

G+(s) = −1

2

∫ ∞

0

(s+ t)2F (u(t, t+ s))dt+
1

2

∫ ∞

0

∫ ∞

t+s

rF (u(t, r))drdt, s > R. (11)

These integrands decay sufficiently fast and uniformly (see Lemma 2.8) near the infinity by the
point-wise estimate |u(r, t)| . r−3/2. The continuity of G+ for s > R then follows from this
uniform decay and the continuity of u. By time symmetry we may deduce the continuity of
G−(s) for s > R in the same manner. Thus G±(s) are continuous for |s| > R, which implies
that the initial data (u0, u1) are C1 for |x| > R. The C1 of solution u then follows.
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2.4 Asymptotically equivalent solutions

Assume that u, v ∈ C(R; Ḣ1 ×L2). We say that u and v are R-weakly asymptotically equivalent
if

lim
t→±∞

∫

|x|>R+|t|

|∇t,x(u− v)|2dx = 0.

Here R ≥ 0 is a constant. In particular, if R = 0, then we say u and v are asymptotically
equivalent to each other. Since the integral above only involves the values of u, v in the exterior
region, the definition above also applies to exterior solutions. A solution u is called (R-weakly)
non-radiative solution if and only if it is asymptotically equivalent to zero. Non-radiative so-
lutions, which play an essential role in the channel of energy method, have been extensively
studied in recent years. Let us consider two examples. We start by considering an R-weakly
non-radiative radial free wave u. It is equivalent to saying that the radiation profiles G±(s) = 0
for s > R, or G−(s) = 0 for |s| > R. An application of the explicit formula of linear free wave
in term of radiation profile immediately gives

u(r, t) =
1

r3

∫ R

−R

sG−(s)ds−
t

r3

∫ R

−R

G−(s)ds, r > |t|+R.

This implies that all R-weakly non-radiative free waves form a two-dimensional linear space
spanned by 1/r3 and t/r3. The coefficients for these two basis are exactly constant multiples
of radiation resides at the radius R. Next we consider all non-radiative solutions to (CP1).
One specific example of non-radiative solution is exactly the ground state mentioned in the
introduction section

W (x) =

(

1 +
|x|2
15

)−3/2

.

In fact this is the unique stationary solution up to a rescaling/sign symmetry. In other words,
all nonzero radial stationary Ḣ1 solutions can be given by

±Wλ(x); Wλ(x) =
1

λ3/2
W
(x

λ

)

, λ > 0.

Before we conclude this section, we give a sufficient and necessary condition for an exterior
solution to be asymptotically equivalent to some linear free wave.

Lemma 2.8. Let u be a radial exterior solution to (CP1) defined in ΩR, then u is R-weakly
asymptotically equivalent to some finite-energy linear free wave wL if and only if ‖χRu‖Y (R) <
+∞.

Proof. If ‖χRu‖Y (R) < +∞, then we have ‖χRF (u)‖L1L2(R×R5) < +∞. The existence of asymp-
totically equivalent free waves has been given in the proof of Lemma 2.5. Conversely if u is
R-weakly asymptotically equivalent to a free wave wL, then we have

lim
t→+∞

‖~wL(t)− ~u(t)‖H(R+t) = 0.

A combination of this limit with the finite speed of propagation and the fact

lim
t→+∞

‖wL‖Y ([t,+∞)) = 0

yields
lim

t→+∞
‖χR+tSL(~u(t))‖Y (R+) = 0.

The small data theory and the uniqueness of exterior solution then guarantees that

‖χRu‖Y ([t,+∞)) < +∞, ∀t ≫ 1.

This yields the estimate ‖χRu‖Y (R+) < +∞, since the definition of exterior solutions guarantees
that ‖χRu‖Y ([0,t]) < +∞ for all t > 0. The negative time direction can be dealt with in a similar
way.
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3 Comparison of asymptotically equivalent solutions

In this section we introduce a few key observations, which help us compare two asymptotically
equivalent solutions. We shall utilize these lemmata to investigate the properties of solutions
with weak radiation, especially the non-radiative solutions. These lemmata can be proved in the
same manner as in the 3-dimensional case.

Remark 3.1. The results in this section apply to wave equations with a more general nonlin-
ear term. We only need to assume that the nonlinear term F (u) satisfies the energy-critical
assumption

F (0) = 0; |F (u)− F (v)| .1 |u− v|
(

|u|4/3 + |v|4/3
)

.

Lemma 3.2. Let u, S be exterior solutions of (CP1) and (∂2
t −∆)S = F (S) + e(x, t) in ΩR1 ,

respectively, with

‖χR1u‖Y (R), ‖χR1S‖Y (R), ‖χR1e(x, t)‖L1L2(R×R5) < +∞.

Let w = u − S and G, ~τ be the radiation profile and radiation residue of the initial data ~w(0).
There exists an absolute constant C1 ≥ 1 such that the following inequality holds for any R2 >
R1 ≥ 0:

‖χR1w‖Y (R) ≤ C1

(

|~τ (R1)|+ ‖G‖L2({s:R1<|s|<R2}) + ‖~w(0)‖H(R2)

)

+ C1

(

‖χR2 (F (u)− F (S)− e(x, t)))‖L1L2(R×R5) + ‖χR1,R2e(x, t)‖L1L2(R×R5)

)

+ C1

(

‖χR1,R2w‖4/3Y (R) + ‖χR1,R2S‖4/3Y (R)

)

‖χR1,R2w‖Y (R).

Here χR1,R2 is the characteristic function of the region

ΩR1,R2 = {(x, t) ∈ R
5 × R : |t|+R1 < |x| < |t|+R2}.

In addition, the inequality |F (x+ y)− F (y)| ≤ C1|x|(|x|4/3 + |y|4/3) holds for all numbers x, y.

Proof. It is sufficient to prove the first inequality, because the second inequality clearly holds
for a sufficiently large constant C1. First of all, we may apply Strichartz estimates, as well as
Remark 2.4, and obtain

‖χR1wL‖Y (R) .1 ‖(w(0), wt(0))‖H(R1)

.1 |~τ (R1)|+ ‖G‖L2({s:R1<|s|<R2}) + ‖~w(0)‖H(R2).

Here wL is the linear free wave with initial data ~w(0). Since w satisfies the equation (∂2
t −∆)w =

F (u)− F (S)− e(x, t), we have

‖χR1w‖Y (R) .1 ‖χR1wL‖Y (R) + ‖χR1 (F (u)− F (S)− e(x, t))‖L1L2

.1 ‖χR1wL‖Y (R) + ‖χR2 (F (u)− F (S)− e(x, t))‖L1L2

+ ‖χR1,R2 (F (u)− F (S))‖L1L2 + ‖χR1,R2e(x, t)‖L1L2 .

Finally Hölder inequality gives

‖χR1,R2 (F (u)− F (S))‖L1L2 .1

(

‖χR1,R2w‖4/3Y (R) + ‖χR1,R2S‖4/3Y (R)

)

‖χR1,R2w‖Y (R).

A combination of these inequalities finishes the proof.

Lemma 3.3. There exists absolute positive constants ε1, β, η such that if 0 ≤ R1 < R2 and
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• u is an exterior solution to (CP1) and S is an exterior solution to the equation

(∂2
t −∆)S = F (S) + e(x, t),

both in the region ΩR1 , with ‖χR1u‖Y (R), ‖χR1S‖Y (R), ‖χR1e(x, t)‖L1L2 < +∞;

• both u, S are asymptotically equivalent to each other in ΩR1 ;

• u, S, w = u− S and the radiation residue ~τ(r) of ~w(0) satisfy the following inequalities

ε
.
= ‖(w(·, 0), wt(·, 0))‖H(R2) + ‖χR1,R2e(x, t)‖L1L2(R×R5)

+‖χR2 (F (u)− F (S)− e(x, t)) ‖L1L2(R×R5) ≤ ε1;

‖χR1,R2S‖Y (R) ≤ η;

sup
R1≤r≤R2

|~τ (r)| ≤ β;

then we have

‖χR1w‖Y (R) + sup
t∈R

‖~w(t)‖H(R1+|t|) .1 |~τ(R1)|+ ε.

Proof. Let wL andG be the linear free wave and radiation profile with initial data (w(·, 0), wt(·, 0)).
By Lemma 3.2, we obtain for any R ∈ [R1, R2) that

‖χRw‖Y (R) ≤ C1

(

|~τ (R)|+ ‖G‖L2({s:R<|s|<R2}) + ‖χR,R2w‖7/3Y (R) + η4/3‖χR,R2w‖Y (R) + ε
)

.

We choose η to be a sufficiently small number such that C1η
4/3 < 1/(4C1) < 1/2, thus

‖χR,R2w‖Y (R) ≤ 2C1

(

|~τ(R)|+ ‖G‖L2({s:R<|s|<R2}) + ‖χR,R2w‖7/3Y (R) + ε
)

. (12)

We choose small constants ε1 = β such that

2C1(8C1β)
4/3 <

1

4C1
<

1

4
=⇒ 8C1β > 2C1(3β + (8C1β)

7/3).

As a result, if ‖G‖L2({s:R<|s|<R2}) ≤ β, then a continuity argument in R shows that

‖χR,R2w‖Y (R) < 8C1β.

Inserting this to (12) and using the choice of β, we obtain

‖χR,R2w‖Y (R) ≤ 2C1

(

|~τ (R)|+ ‖G‖L2({s:R<|s|<R2}) + ε
)

+
1

4
‖χR,R2w‖Y (R),

which implies

‖χR,R2w‖Y (R) ≤
8

3
C1

(

|~τ(R)|+ ‖G‖L2({s:R<|s|<R2}) + ε
)

.

An application of the nonlinear radiation profile shows (we apply Lemma 2.5 on w and recall
the choice of β, η)

√
2σ4‖G‖L2({s:|s|>R}) ≤ ‖χR(F (u)− e(x, t)− F (S))‖L1L2(R×R3)

≤ ‖χR,R2(F (w + S)− F (S))‖L1L2(R×R3) + ε

≤ C1

(

‖χR,R2w‖7/3Y (R) + ‖χR,R2S‖4/3Y (R)‖χR,R2w‖Y (R)

)

+ ε

≤ C1

(

(8C1β)
4/3 + η4/3

)

‖χR,R2w‖Y (R) + ε

≤ 3

8C1
· 8
3
C1

(

|~τ (R)|+ ‖G‖L2({s:R<|s|<R2}) + ε
)

+ ε

≤ |~τ (R)|+ ‖G‖L2({s:R<|s|<R2}) + 2ε.
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This immediately gives (please note that
√
2σ4 > 5)

‖G‖L2({s:R<|s|<R2}) ≤
1

4
|~τ (R)|+ 1

2
ε ≤ 3

4
β.

A continuity argument in R shows that ‖G‖L2({s:R1<|s|<R2}) ≤ 3β/4. Thus the inequalities
above hold for all R ∈ [R1, R2). A combination of these inequalities, the Strichartz estimates
with Remark 2.4 finishes the proof.

Lemma 3.4. Let η be the constant in Lemma 3.3. There exists an absolute positive constant ε2
such that if 19R2/20 ≤ R1 < R2 and

• u is an exterior solution to (CP1) and S is an exterior solution to the equation

(∂2
t −∆)S = F (S) + e(x, t).

with ‖χR1u‖Y (R), ‖χR1S‖Y (R), ‖χR1e(x, t)‖L1L2 < +∞.

• Solutions u, S are asymptotically equivalent to each other in ΩR1 .

• u, S and w = u− S satisfy the following inequalities

ε
.
= ‖(w(·, 0), wt(·, 0))‖H(R2) + ‖χR1,R2e(x, t)‖L1L2(R×R3)

+‖χR2 (F (u)− F (S)− e(x, t)) ‖L1L2(R×R3) ≤ ε2;

‖χR1,R2S‖Y (R) ≤ η;

Then we have

‖χR1w‖Y (R) + sup
t∈R

‖~w(t)‖H(R1+|t|) .1 ε.

Proof. The proof is similar to Lemma 3.3. Let wL, G and ~τ(R) be the linear free wave, radiation
profile and radiation residue with initial data (w(·, 0), wt(·, 0)). First of all, we assume that
R1 ≥ (19/20)R2 and obtain for R ∈ [R1, R2) that

|τ1(R)| =
∣

∣

∣

∣

∣

R−1/2

∫ R

−R

G(s)ds

∣

∣

∣

∣

∣

≤ R−1/2

∣

∣

∣

∣

∣

∫ R2

−R2

G(s)ds

∣

∣

∣

∣

∣

+R−1/2

∫

R<|s|<R2

|G(s)|ds

≤
(

20

19

)1/2

|τ1(R2)|+
(

2(R2 −R)

R

)1/2

‖G‖L2({s:R<|s|<R2})

≤ C‖~w(0)‖H(R2) + (1/3)‖G‖L2({s:R<|s|<R2}),

and that

|τ2(R)| =
∣

∣

∣

∣

∣

√
3

R3/2

∫ R

−R

sG(s)ds

∣

∣

∣

∣

∣

≤
√
3

R3/2

∣

∣

∣

∣

∣

∫ R2

−R2

sG(s)ds

∣

∣

∣

∣

∣

+

√
3

R3/2

∫

R<|s|<R2

|sG(s)|ds

≤
(

20

19

)3/2

|τ2(R2)|+
(

6(R2 −R)R2
2

R3

)1/2

‖G‖L2({s:R<|s|<R2})

≤ C‖~w(0)‖H(R2) + (2/3)‖G‖L2({s:R<|s|<R2}).
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Here C is an absolute constant. Combining these with Lemma 3.2, we obtain

‖χRw‖Y (R) ≤ C1

(

2‖G‖L2({s:R<|s|<R2}) + ‖χR,R2w‖7/3Y (R) + η4/3‖χR,R2w‖Y (R) + C2ε
)

.

Here C2 > 1 is an absolute constant. By choosing the same constants η, β as in Lemma
3.3 and applying a continuity argument in R, we obtain that if ‖G‖L2({s:R<|s|<R2}) ≤ β and

ε ≤ ε2
.
= C−1

2 β, then

‖χR,R2w‖Y (R) ≤
8

3
C1

(

2‖G‖L2({s:R<|s|<R2}) + C2ε
)

≤ 8C1β.

As in the proof of Lemma 3.3, an application of the nonlinear radiation profile shows

√
2σ4‖G‖L2({s:|s|>R}) ≤ C1

(

‖χR,R2w‖7/3Y (R) + ‖χR,R2S‖4/3Y (R)‖χR,R2w‖Y (R)

)

+ ε

≤ C1

(

(8C1β)
4/3 + η4/3

)

‖χR,R2w‖Y (R) + ε

≤ 3

8C1
· 8
3
C1

(

2‖G‖L2({s:R<|s|<R2}) + C2ε
)

+ ε

≤ 2‖G‖L2({s:R<|s|<R2}) + 2C2ε.

It immediately follows that

‖G‖L2({s:R<|s|<R2}) ≤
2

3
C2ε ≤

2

3
β.

A continuity argument then yields that ‖G‖L2({s:R1<|s|<R2}) ≤ 2β/3. As a result, the estimates
given above hold for R = R1. A combination of these estimates with Remark 2.4 finishes the
proof.

4 Non-radiative solutions

In this section we investigate the properties of all possible non-radiative solutions to (CP1). The
results in this section help us classify all nontrivial non-radiative solutions, up to a rescaling.
The results in the first four subsection holds for radial non-radiative solutions to wave equation
with more general nonlinear terms. In fact we only need to assume the energy-critical/symmetric
conditions on the nonlinear term F , i.e.

F (0) = 0; |F (u)− F (v)| .1 (|u|4/3 + |v|4/3)|u − v|; F (−u) = −F (u).

4.1 Extension and maximal domain

We first show that the non-radiative extension of a given non-radiative solution is unique and
describe the possible behaviour of the extension with a maximal domain.

Lemma 4.1. Let u and ũ be two non-radiative exterior solutions defined in Ωr and Ωr̃ respec-
tively. If there exists a radius R > max{r, r̃} such that u ≡ ũ in the exterior region ΩR. Then
we must have

u(x, t) = ũ(x, t), |x| > |t|+max{r, r̃}.

Proof. It is a direct consequence of Lemma 3.4. Please note that Lemma 2.8 guarantees that
‖χru‖Y (R) < +∞ and ‖χr̃ũ‖Y (R) < +∞.

Lemma 4.2. Let u be a non-radiative exterior solution in ΩR to (CP1) with R > 0. Then we
may extend it to a non-radiative exterior solution defined in Ωr with r < R.
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Proof. We first extend the domain u to a slightly large domain Ωr1 , which is not necessarily a
non-radiative solution. Let ũ be the solution to the linear wave equation

{

∂2
t ũ−∆ũ = χRF (u), (x, t) ∈ R5 × R;

(u, ut)|t=0 = (u0, u1).

Here (u0, u1) ∈ Ḣ1 × L2 matches the initial data of u in the exterior region {x : |x| > R}.
The finite of propagation implies that u ≡ ũ in ΩR. By the Strichartz estimate we also have
‖ũ‖Y (R) < +∞. Thus if r1 is slightly smaller than R, than ũ solves the approximated equation

∂2
t ũ−∆ũ = F (ũ)− χr1,RF (ũ)

in the exterior region Ωr1 with ‖χr1,RF (ũ)‖L1L2 ≤ ‖χr1,Rũ‖7/3Y (R) ≪ 1. By the perturbation

theory, the exterior solution to (CP1) with initial data (u0, u1) in Ωr1 exists for all t ∈ R. It
coincides with u in ΩR by finite speed of propagation. We still call it u. It clearly satisfies
‖χr1u‖Y (R) < +∞. Let its nonlinear radiation profiles be Gu

± ∈ L2([r1,+∞)). Denote M =
‖χRu‖Y (R) and let ε = ε(M) be a small positive constant to be determined later. We choose
r ∈ [max{r1, R/2}, R) to be a radius slightly smaller than R such that

‖Gu
±‖L2([r,R]) ≤ ε; ‖χr,Ru‖Y (R) ≤ ε;

and let X = {G ∈ L2({s : r < |s| < R} : ‖G‖L2 ≤ 4ε) to a complete metric space. Given any
G ∈ X , we extend it to a function in L2(R) by defining G(s) = 0 for s > R and defining G(s)
for |s| < r in a way such that

∫ R

−R

G(s)ds = 0;

∫ R

−R

sG(s)ds = 0; ‖G‖L2(R) .1 ‖G‖X .1 ε.

Let (v0, v1) ∈ Ḣ1 × L2 be initial data such that the radiation profile of (v0, v1) − (u0, u1) is
exactly G. Clearly (u0, u1) coincide with (v0, v1) in the exterior region {x : |x| > R}. By the
perturbation theory, if ε is sufficiently small, then the corresponding exterior solution v of (CP1)
in Ωr with initial data (v0, v1) is defined for all t ∈ R and satisfies

‖χr(u − v)‖Y (R) .M ε.

Let G̃± be the nonlinear radiation profile of the solution to the inhomogeneous wave equation
(∂2

t −∆)w = F (v)− F (u) in the exterior region Ωr with zero initial data. Then we have

‖G̃±‖L2([r,+∞)) .1 ‖χr(F (v)− F (u))‖L1L2 .

By finite speed of wave propagation, u and v coincide in the region ΩR. Thus

‖G̃±‖L2([r,+∞)) .1 ‖χr,R(F (u)− F (v))‖L1L2 .M ε7/3.

By linearity the nonlinear radiation profile G± of v is given by

{

G+(s) = Gu
+(s) +G(−s) + G̃+(s), s > r;

G−(s) = Gu
−(s) +G(s) + G̃−(s), s > r.

Our assumptions and finite speed of propagation implies that all the radiation profiles are zero
for r > R. Thus v is a non-radiative solution if and only if G(s) is a fixed point of the map
T : X → L2({s : r < |s| < R}) defined by

TG =

{

−Gu
−(s)− G̃−(s), r < s < R;

−Gu
+(−s)− G̃+(−s), −R < s < −r.
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Thus in order to complete the proof, its suffices to verify that T is a contraction map from X
to itself if ε is sufficiently small. Indeed we have

‖TG‖L2({s:r<|s|<R}) ≤
∑

±

(

‖Gu
±‖L2([r,R]) + ‖G̃±‖L2([r,R])

)

≤ 2ε+ C(M)ε7/3 < 4ε,

as long as ε is sufficiently small. Thus TX ⊂ X . In addition, if G1, G2 ∈ X and vj , G̃j
± are

their corresponding solutions/nonlinear radiation profiles as defined above, then

‖T(G1 −G2)‖L2({s:r<|s|<R}) ≤
∑

±

‖G̃1
± − G̃2

±‖L2([r,R])

.1 ‖χr(F (v1)− F (v2))‖L1L2(R×R5)

.1 ‖χr,R(F (v1)− F (v2))‖L1L2(R×R5)

.M ε4/3‖χr,R(v
1 − v2)‖Y (R).

By the Strichartz estimates, we also have

‖χr,R(v
1 − v2)‖Y (R) ≤ ‖χr(v

1
L − v2L)‖Y (R) + C1‖χr(F (v1)− F (v2))‖L1L2(R×R5)

≤ C2‖G1 −G2‖L2({s:r<|s|<R}) + C3(M)ε4/3‖χr,R(v
1 − v2)‖Y (R).

Here C1, C2 are absolute constants and C3(M) is a constant determined by M ; vjL’s are the
linear free wave with the same initial data as vj . Therefore if ε is sufficiently small, then

‖χr,R(v
1 − v2)‖Y (R) .1 ‖G1 −G2‖L2({s:r<|s|<R}).

In summary we have

‖T(G1 −G2)‖L2({s:r<|s|<R}) .M ε4/3‖G1 −G2‖L2([r,R]) <
1

2
‖G1 −G2‖L2({s:r<|s|<R}),

as long as ε is small enough, and finish the proof.

Proposition 4.3 (Maximal domain). Let u be a radial non-radiative exterior solution defined
in ΩR (with initial data in H(R)). Then we may extend the domain of u to Ωr such that either
of the following holds

• r = 0 and u becomes a non-radiative exterior solution defined in Ω0 with ‖χ0u‖Y (R) < +∞.
We call it a scattering non-radiative solution;

• u satisfies ‖χru‖Y (R) = +∞; in addition, u is a non-radiative exterior solution in Ωr1 for
any r1 > r. We call it a blow-up non-radiative solution. In this case the initial data of u
are not necessary contained in H(r) but are contained in H(r1) for any r1 > r.

Proof. We consider all possible extensions (ũ,Ωr̃) of u such that ũ is still a radial non-radiative
exterior solution. Lemma 4.1 implies that any two such extensions coincide with each other in
the overlapping region of their domains. As a result, we may naturally extend the domain of
u to Ωr, where r is the greatest lower bound of all such radii r̃. It remains to show that if
‖χru‖Y (R) < +∞, then

(I) r must be zero;

(II) u is a non-radiative exterior solution in Ω0 with initial data in Ḣ1 × L2.

We first show that if ‖χru‖Y (R) < +∞, then u is a non-radiative exterior solution in Ωr. Our
assumption guarantees that there exists a sequence rk → r+, such that u is a non-radiative
exterior solution in Ωrk . The initial data of the restriction to Ωrk are uniquely determined in
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the space H(rk). In other words, both the radiation profile G(s) for |s| > rk and the radiation
residue ~τ (rk) are uniquely determined. In addition, these data for different radii rk must match
each other. More precisely, G(s) can be consistently defined for |s| > r and

r
1/2
k τ1(rk)− r

1/2
j τ1(rj) = −

∫

rj<|s|<rk

G(s)ds, rj < rk;

r
3/2
k τ2(rk)− r

3/2
j τ2(rj) =

√
3

∫

rj<|s|<rk

sG(s)ds, rj < rk.

An application of Lemma 2.5 shows that ‖G‖L2({s:|s|>r}) < +∞. This also implies that r
1/2
k τ1(rk)

and r
3/2
k τ2(rk) converge as k → +∞, which guarantees that the initial data are contained in

H(r) as long as r > 0. On the other hand, we claim that if r = 0, then

lim
j→+∞

~τ (rj) = 0;

This implies that the initial data are exactly the element in Ḣ1 × L2 with radiation profile
G(s). Now let us verify the claim. First of all, the Strichartz estimates and our assumption
‖χ0u‖Y (R) < +∞ implies that the free wave uL with the same initial data as u satisfies

lim sup
j→+∞

‖χrjuL‖Y ([−rj,rj ]) = 0.

On the other hand, if we let ũL be the free wave with radiation profile G(s) ∈ L2(R), then we
may recall (5) and rewrite wL in the following form, as long as r > |t|+ rj

uL(r, t) = ũL(r, t) +
1

r3

[

r
3/2
j τ2(rj)√

3
−
∫ rj

−rj

sG(s)ds

]

+
t

r3

[

r
1/2
j τ1(rj) +

∫ rj

−rj

G(s)ds

]

.

The decay of Y norm implies that

lim
j→+∞

[

1√
3
τ2(rj)− r

−3/2
j

∫ rj

−rj

sG(s)ds

]

= 0 =⇒ lim
j→+∞

τ2(rj) = 0;

lim
j→+∞

[

τ1(rj) + r
−1/2
j

∫ rj

−rj

G(s)ds

]

= 0 =⇒ lim
j→+∞

τ1(rj) = 0.

In summary, the initial data are always contained in the space H(r). Finite speed of propagation
then verifies that u is exactly the exterior solution to (CP1) with these pair of initial data. Our
assumption ‖χru‖Y (R) < +∞ implies that u scatters to some linear free wave in the exterior
region Ωr, which implies that u is non-radiative. Finally Lemma 4.2 implies that r = 0, otherwise
we may extend the domain to a larger exterior region, which contradicts with the fact that r is
the greatest lower bound. This eventually finishes the proof.

Remark 4.4. A similar result to Proposition 4.3 for more general energy-critical wave equations
was proved in Collot-Duyckaerts-Kenig-Merle [1]. They proved that a blow-up non-radiative
solution defined in a maximal domain ΩR satisfies at least one of the followings: I. the Strichartz
norm blows up in ΩR; II. the H(R) norm of the initial data blows up. In this particular case of
classic focusing wave equation in 5D, Proposition 4.3 implies that the blow-up of non-radiative
solutions always comes from the blow-up of the Strichartz norm.

4.2 Radiation residues

In this subsection we discuss the radiation residues of initial data for non-radiative solutions.
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Lemma 4.5. Let u be a radial non-radiative solution to (CP1) and ~τ(r) be the radiation residue
of its initial data. If |~τ (r)| < β for all r ≥ R, where β is the positive constant in Lemma 3.3,
then

‖~u(0)‖H(R) + ‖χRu‖Y (R) .1 |~τ(R)| .

Proof. Let us compare the non-radiative solution u with the zero solution S ≡ 0. For large
radius R2, we have

lim
R2→+∞

(

∥

∥

∥~u(0)− ~S(0)
∥

∥

∥

H(R2)
+ ‖χR2(F (u)− F (S))‖L1L2(R×R5)

)

= 0.

Thus we may apply Lemma 3.3 in the exterior region ΩR, make R2 → +∞ and finish the
proof.

Lemma 4.6. Let u be a radial non-radiative solution of (CP1) with a maximal domain ΩR0 and
~τ (R) be the radiation residues of its initial data. If |~τ (R)| < β for all R > R0, where β is the
positive constant in Lemma 3.3, then u ≡ 0.

Proof. We start by applying Lemma 4.5 and deduce

‖~u(0)‖H(R) + ‖χRu‖Y (R) .1 |~τ(R)| , ∀R > R0. (13)

The uniform boundedness of ‖χRu‖Y (R) then implies that u must be a scattering non-radiative
solution. Thus we must have that R0 = 0 and that |~τ (R)| → 0 as R → 0+. Inserting this into
(13), we immediately conclude that u ≡ 0.

Remark 4.7. The same argument shows that if R1 > R0 and

~τ (R1) = 0; ~τ(r) < β, ∀r ∈ (R1,+∞);

then u must be zero as well.

Lemma 4.8. Let u, u∗ be two radial non-radiative solution of (CP1) and ~τ (r), ~τ∗(r) be the
radiation residues of their initial data. There exists a constant ρ2 > 0, such that if ~τ , ~τ∗ and a
radius R > 0 satisfies

~τ (R) = ~τ∗(R); |~τ (r)|, |~τ∗(r)| < ρ2, ∀r ≥ R;

then u = u∗.

Proof. By Lemma 4.5, we have ‖χRu‖Y (R) .1 |~τ (R)| ≪ 1 when ρ2 is sufficiently small. An
application of Lemma 3.3 on u∗ and u then completes the proof.

Lemma 4.9. Let u be a non-trivial radial non-radiative solution to (CP1) and ~τ (r) be the
radiation residue of its initial data. There exists a small constant ρ0 > 0, such that if |~τ (r)| < ρ0
for all r ∈ [R,+∞), then |~τ (r)| must be a strictly decreasing function of r in the interval [R,+∞).

Proof. Let ρ0 < β be a small constant to be determined later. Lemma 4.5 immediately gives

‖~u(0)‖H(r0) + ‖χr0u‖Y (R) .1 |~τ (r0)|, r0 ≥ R.

Since u is non-trivial, by Lemma 4.6 we must have that R > 0. The uniform boundedness of
‖χr0u‖Y (R) also implies that the maximal domain of u is larger than ΩR. A combination of the

small data theory and the point-wise estimate |v(r)| .1 r−3/2‖v‖Ḣ1 for radial Ḣ1(R5) functions
then yields

|u(r, t)| .1 r−3/2‖u(·, t)‖H(|t|+r0) .1 r−3/2|~τ(r0)|, r ≥ r0 + |t|. (14)
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Corollary 2.7 and the formula (11) then gives the continuity of the radiation profile G±(s) of
~u(0) for |s| ≥ R and the following upper bound

|G±(s)| .1 s−1/2|~τ (r0)|7/3, ∀s ≥ r0 ≥ R. (15)

Now we consider the derivatives

τ ′1(r) =
d

dr

( −1

r1/2

∫ r

−r

G−(s)ds

)

= − 1

2r
τ1(r) −

1

r1/2
[G−(r) +G+(r)] ;

τ ′2(r) =
d

dr

( √
3

r3/2

∫ r

−r

sG−(s)ds

)

= − 3

2r
τ2(r) +

√
3

r1/2
[G−(r) −G+(r)] .

It immediately follows that

d

dr
|~τ (r)|2 = 2~τ(r) · d

dr
~τ (r) ≤ 1

r

[

−τ21 (r)− 3τ22 (r) + C|~τ (r)|10/3
]

, r ≥ R. (16)

Here C is an absolute constant. The derivative is clearly negative as long as |~τ (r)| < ρ0 is
sufficiently small. Please note that ~τ (r) must be nonzero for r ≥ R, according to Remark
4.7.

Next we further discuss the asymptotic behaviour of the radiation residue ~τ(r) by using the
symmetric property F (u) = −F (−u).

Lemma 4.10. Let u be a non-trivial radial non-radiative solution to (CP1) and G, ~τ (r) be
the radiation profile and residue of its initial data, respectively. There exists a small constant
ρ0 > 0, such that if |~τ (r)| < ρ0 for all r ∈ [R,+∞), then |τj(r)| must be either identically zero
or a strictly decreasing function of r in the interval [R,+∞). In addition, both

∫ r

−r
G(s)ds and

∫ r

−r
sG(s)ds converge as r → +∞ with

∫ r

−r

G(s)ds ≃1

∫ R

−R

G(s)ds;

∫ r

−r

sG(s)ds ≃1

∫ R

−R

sG(s)ds. (17)

Proof. We first recall (16) and deduce that if ρ0 is sufficiently small, then

d

dr
|~τ(r)|2 ≤ − 9

10r
|~τ (r)|2, r ≥ R.

It follows that |~τ (r)|2 ≤ (r/R)−9/10|~τ (R)|2. Combining this with (16), we obtain

d

dr

(

r|~τ (r)|2
)

.1 |~τ (r)|10/3 .1 (r/R)−3/2|~τ (R)|10/3, r ≥ R.

Thus we have

r|~τ (r)|2 .1 R|~τ(R)|2 =⇒ |~τ(r)| .1 (r/R)−1/2|~τ(R)|.

A combination of this with (14) yields that

|u(r, t)| .1 r−3/2(r − |t|)−1/2R1/2|~τ (R)|, r ≥ R+ |t|. (18)

Now let us use the notations

ū(x, t) = u(x,−t); ue =
u+ ū

2
; uo =

u− ū

2
.

There are all non-radiative solutions and solve the following wave equation, respectively.

�ū = F (ū); �ue =
F (u) + F (ū)

2
; �uo =

F (u)− F (ū)

2
.
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For convenience we use the notation � = ∂2
t −∆. The corresponding radiation profiles of initial

data of ue and uo, i.e. (u0, 0) and (0, u1), are given by

Ge(s) =
G(s)−G(−s)

2
; Go(s) =

G(s) +G(−s)

2
.

Please note that Ge, Go are odd and even functions of s, respectively. These are inconsistent
with their subscripts. The corresponding radiation residues are given by

~τe(r) = (0, τ2(r)); ~τo(r) = (τ1(r), 0).

As a result, we have

σ−1
4 ‖~ue(0)‖2H(r) = 4

∫ ∞

r

|Ge(s)|2ds+ |τ2(r)|2;

σ−1
4 ‖~uo(0)‖2H(r) = 4

∫ ∞

r

|Go(s)|2ds+ |τ1(r)|2.

Next let us consider

M(r)
.
= sup

t∈R

‖~ue(t)‖H(|t|+r) + ‖χrue‖Y (R), r ≥ R;

which must be finite, because u is a small solution in ΩR. It then follows from the Strichartz
estimate and Lemma 2.3 that

M(r) .1 ‖~ue(0)‖H(r) +
1

2
‖χr(F (u) + F (ū))‖L1L2(R×R5)

.1 ‖Ge‖L2([r,+∞)) + |τ2(r)| + ‖χrue(|u|4/3 + |ū|4/3)‖L1L2(R×R5)

.1 ‖Ge‖L2([r,+∞)) + |τ2(r)| +M(r)‖χru‖4/3Y (R)

.1 ‖Ge‖L2([r,+∞)) + |τ2(r)| +M(r)|~τ (r)|4/3.

When ρ0 is sufficiently small, the last term in the right hand side can be absorbed by the left
hand side. Thus

M(r) = sup
t∈R

‖~ue(t)‖H(|t|+r) + ‖χrue‖Y (R) .1 ‖Ge‖L2([r,+∞)) + |τ2(r)|.

We then recall that ue is a non-radiative solution and apply Lemma 2.5 to deduce

‖Ge‖L2[r,+∞) .1 ‖χR(F (u) + F (ū))‖L1L2((−∞,0]×R5) .1 M(r)|~τ (r)|4/3

.1

(

‖Ge‖L2([r,+∞)) + |τ2(r)|
)

|~τ(r)|4/3.

When ρ0 is sufficiently small, we obtain ‖Ge‖L2[r,+∞) .1 |τ2(r)||~τ (r)|4/3. Therefore

‖Ge‖L2[r,+∞) + sup
t∈R

‖~ue(t)‖H(|t|+r) + ‖χrue‖Y (R) .1 |τ2(r)|, r ≥ R. (19)

A similar argument shows that

‖Go‖L2[r,+∞) + sup
t∈R

‖~uo(t)‖H(|t|+r) + ‖χruo‖Y (R) .1 |τ1(r)|, r ≥ R. (20)

Now we are ready to give a point-wise estimate of Ge and Go. We recall that ue is a non-radiative
solution, utilize the symmetry of radiation profiles and apply Lemma 2.6 to deduce

|Ge(s)| ≤
1

4

∫ ∞

0

(s+ t)2 |F (u(s+ t, t)) + F (u(s+ t,−t))| dt+ 1

4

∫ ∞

0

∫ ∞

t+s

r |F (u) + F (ū)| drdt.
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We utilize the point-wise estimate of radial Ḣ1 functions and (18), (19) to give an point-wise
upper bound (r ≥ |t|+ s, s ≥ R)

|F (u(r, t)) + F (u(r,−t))| .1 |ue|
(

|u|4/3 + |ū|4/3
)

.1 r−3/2‖ue(t)‖H(|t|+s) · r−2(r − |t|)−2/3R2/3|~τ (R)|4/3

.1 r−7/2(r − |t|)−2/3|τ2(s)|R2/3|~τ (R)|4/3.

Inserting this upper bound, we obtain

|Ge(s)| .1 R2/3s−7/6|τ2(s)||~τ (R)|4/3, s ≥ R. (21)

Similarly we have
|Go(s)| .1 R2/3s−7/6|τ1(s)||~τ (R)|4/3, s ≥ R. (22)

A direct calculation shows that

d

dr
|τ2(r)|2 = −3

r
|τ2(r)|2 +

4
√
3

r1/2
Ge(r)τ2(r) = −3

r
|τ2(r)|2

[

1 +O

(

R2/3

r2/3
|~τ (R)|4/3

)]

≤ 0;

d

dr
|τ1(r)|2 = −1

r
|τ1(r)|2 −

4

r1/2
Go(r)τ1(r) = −1

r
|τ1(r)|2

[

1 +O

(

R2/3

r2/3
|~τ (R)|4/3

)]

≤ 0.

As a result, τj(r) satisfies either of the following

• τj(r) never change its sign and |τj(r)| is strictly decreasing.

• τj(r) ≡ 0 for r ≥ 1.

Now we prove the equivalence relationship (17). It suffices to consider the case τj(r) 6= 0. By
(22) we have

∣

∣

∣

∣

d

dr

∫ r

−r

G(s)ds

∣

∣

∣

∣

= 2 |Go(r)| .1 |~τ(R)|4/3R2/3r−5/3

∣

∣

∣

∣

∫ r

−r

G(s)ds

∣

∣

∣

∣

.

It immediately follows that
∣

∣

∣

∣

ln

∣

∣

∣

∣

∫ r2

−r2

G(s)ds

∣

∣

∣

∣

− ln

∣

∣

∣

∣

∫ r1

−r1

G(s)ds

∣

∣

∣

∣

∣

∣

∣

∣

.1 |~τ (R)|4/3R2/3

∫ r2

r1

r−5/3dr, r2 > r1 ≥ R.

This implies that ln
∣

∣

∣

∫ r

−r G(s)ds
∣

∣

∣, thus
∫ r

−r G(s)ds converges as r → +∞. In addition we may

choose r2 = r, r1 = R and obtain
∣

∣

∣

∣

∣

ln

∣

∣

∣

∣

∫ r

−r

G(s)ds

∣

∣

∣

∣

− ln

∣

∣

∣

∣

∣

∫ R

−R

G(s)ds

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.1 |~τ (R)|4/3 ⇒
∣

∣

∣

∣

∫ r

−r

G(s)ds

∣

∣

∣

∣

≃1

∣

∣

∣

∣

∣

∫ R

−R

G(s)ds

∣

∣

∣

∣

∣

.

This finishes the proof. The case j = 2 is similar, since we have
∣

∣

∣

∣

d

dr

∫ r

−r

sG(s)ds

∣

∣

∣

∣

= 2r |Ge(r)| .1 |~τ (R)|4/3R2/3r−5/3

∣

∣

∣

∣

∫ r

−r

sG(s)ds

∣

∣

∣

∣

.

Remark 4.11. Let u be as in Lemma 4.10. The conclusion of Lemma 4.10 implies that (r ≥ R)

|τ1(r)| ≃1 (r/R)−1/2|τ1(R)| |τ2(r)| ≃1 (r/R)−3/2|τ2(R)|.

Combining these with (21) and (22), we obtain (s ≥ R)

|Ge(s)| .1 R13/6s−8/3|~τ(R)|7/3; |Go(s)| .1 R7/6s−5/3|~τ (R)|7/3.
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Corollary 4.12. Under the same assumption of Lemma 4.10, we have

‖(u0, u1)‖H(r) ≃1 (r/R)−1/2|τ1(R)|+ (r/R)−3/2|τ2(R)|, ∀r ≥ R.

Proof. By Lemma 2.3 and the estimate given in the proof of Lemma 4.10, we have

‖(u0, u1)‖H(r) ≃1 |τ1(r)| + |τ2(r)|+ ‖G‖L2({s:|s|>r})

≃1 |τ1(r)| + |τ2(r)|+ ‖Go‖L2([r,+∞)) + ‖Ge‖L2([r,+∞))

≃1 |τ1(r)| + |τ2(r)|
≃1 (r/R)−1/2|τ1(R)|+ (r/R)−3/2|τ2(R)|.

Lemma 4.13. There exists a small constant ρ1 > 0, such that if ρ ∈ (0, ρ1) and ω ∈ S
1 ⊂ R

2,
then there exists a radial non-radiative solution u to (CP1) whose initial data comes with a
radiation residue ~τ(r) satisfying ~τ(1) = ρω and |~τ(r)| < ρ for all r > 1.

Proof. Let us consider the complete metric space (with distance given by the L2 norm of differ-
ence)

X =
{

G ∈ L2({s : |s| > 1}) : ‖G‖L2({s:|s|>1}) ≤ cρ7/3
}

.

Here c is a large constant to be determined later. We choose ρ1 = c−3/4 ≪ 1. Given any G ∈ X ,
we extend its domain to the whole real line by setting

(

−
∫ 1

−1

G(s)ds,
√
3

∫ 1

−1

sG(s)ds

)

= ρω.

Let (u0, u1) be initial data with radiation profile G (in the negative time direction). Then our
assumption above guarantees that

‖(u0, u1)‖H(1) .1 cρ7/3 + ρ .1 ρ ≪ 1.

Small data theory then gives an exterior solution u defined in the whole exterior region Ω1 with

‖χ1u‖Y ((R) .1 ρ.

Next we let G± be the nonlinear radiation profile of the exterior solution to the wave equation
{

∂2
tw −∆w = F (u), (x, t) ∈ Ω1;
~w(0) = 0.

It immediately follows from Lemma 2.5 that

‖G±‖L2([1,+∞)) .1 ρ
7/3.

We define a map T : X → X by

(TG)(s) =

{

−G−(s), s > 1;
−G+(−s), s < −1.

A large value of c guarantees that TX ⊂ X . It is not difficult to see that u is a non-radiative
solution in Ω1 if and only if TG = G. Next we show that a fixed-point of T exists, which follows
from the contraction map theorem. Indeed, given two G,G∗ ∈ X , we recall Lemma 2.5 and
apply the perturbation theory of small solution to deduce

‖TG−TG∗‖L2({s:|s|>1}) .1 ‖χ1(F (u)− F (u∗))‖L1L2(R×R5)

.1 ρ4/3‖χ1(u− u∗)‖Y (R)

.1 ρ4/3‖~u(0)− ~u∗(0)‖H(1)

.1 ρ4/3‖G−G∗‖L2({s:|s|>1}).
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Here u∗ is the corresponding exterior solution for G∗. When c is sufficiently large, or equivalently
speaking, ρ1 is sufficiently small, T becomes a contraction map. The way we constructed G
implies that the corresponding radiation residue ~τ (1) of the non-radiative solution u is exactly
ρω. Finally we show that |~τ (r)| < ρ as long as ρ < ρ1 is sufficiently small. Indeed, we have

|~τ (r)| .1 ‖(u0, u1)‖H(r) .1 ρ, ∀r ≥ 1.

Thus we may apply Lemma 4.9 and finish the proof if ρ1 is sufficiently small.

4.3 Two classifications of non-radiative solutions

Characteristic angle If we fix a small positive constant ρ, then Lemma 4.13 gives a radial
non-radiative solution Nω for each ω ∈ S1, such that its corresponding radiation residue ~τ
satisfies

~τ (1) = ρω; |~τ (r)| < ρ, ∀r > 1.

The scaling invariance of radiation residue implies that any two different non-radiative solutions
Nω1 and Nω2 can never coincide with each other even if a dilation can be applied. In addition,
any non-trivial non-radiative solution must be one of these Nω’s, up to a dilation, thanks to
Lemma 4.6 and Lemma 4.8. Therefore we may define Nω (called non-radiative class) to be the
set containing all dilations of Nω and write the set of all non-radiative solutions in the form

N = {0} ∪
(

⋃

ω∈S1

Nω

)

.

By applying Lemma 3.3 and Lemma 3.4, we may compare two near-by non-radiative solutions
and obtain the following continuity

Lemma 4.14. Let Nω0 be a non-radiative solution defined above and R > 0 be a radius such
that ‖χRNω0‖Y (R) < +∞. Then

lim
ω→ω0

(

∥

∥

∥

~Nω(0)− ~Nω0(0)
∥

∥

∥

H(R)
+ ‖χR(Nω −Nω0)‖Y (R)

)

= 0.

For convenience we also use the notations Nθ and Nθ for the corresponding non-radiative
solution and class for ω = (cos θ, sin θ) ∈ S

1. We call θ (or ω) the characteristic angle of a
non-radiative solution. Please note that the non-radiative class Nθ depends on the choice of ρ,
except for four special cases, i.e. θ = 0, π/2, π,−π/2. In the rest of this work we shall fix a
sufficiently small ρ and utilize the non-radiative classes associated to it. More details about the
four special classes θ = 0, π/2, π,−π/2 will be discussed later in this section.

Asymptotic numbers Given any non-radiative solution u, the limits

α1
.
= − lim

r→+∞

∫ r

−r

G(s)ds = −
∫ ∞

−∞

Go(s)ds; α2
.
= lim

r→+∞

∫ r

−r

sG(s)ds =

∫ ∞

−∞

sGe(s)ds

are both well-defined, according to Lemma 4.10. Please note that the decay of Go and Ge given
in Remark 4.11 guarantees that the improper integrals of them converge absolutely. We call
α1, α2 the first and second asymptotic number, respectively. Please note that the zero solution
also comes with asymptotic numbers (0, 0). All other non-radiative solutions come with at least
one nonzero asymptotic number. The asymptotic numbers can also be determined by observing
the asymptotic behaviour of initial data, as the name indicates. Let us use the notations in the
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proof of Lemma 4.10. Consider the initial data (α2|x|−3, 0) in the exterior region {x : |x| > r},
whose radiation profile G∗ satisfies

G∗(s) = 0, |s| > r;

∫ r

−r

G∗(s)ds = 0;

∫ r

−r

sG∗(s)ds = α2.

By Lemma 2.3 and Remark 4.11, we have for large r that

∥

∥(u0, 0)− (α2|x|−3, 0)
∥

∥

H(r)
.1 ‖Ge‖L2({s:|s|>r}) +

1

r3/2

∣

∣

∣

∣

α2 −
∫ r

−r

sGe(s)ds

∣

∣

∣

∣

.1 ‖Ge‖L2([r,+∞)) +
1

r3/2

∣

∣

∣

∣

∫ ∞

r

sGe(s)ds

∣

∣

∣

∣

. r−13/6.

The implicit constant above is independent of sufficiently large radius r, but may depend on the
specific non-radiative solution. In other words, we have

∥

∥u0 − α2|x|−3
∥

∥

Ḣ1({x:|x|>r})
. r−13/6.

Similarly we have

∥

∥u1 − α1|x|−3
∥

∥

L2({x:|x|>r})
.1 ‖Go‖L2([r,+∞)) +

1

r1/2

∣

∣

∣

∣

∫ ∞

r

Go(s)ds

∣

∣

∣

∣

. r−7/6.

Since ‖|x|−3‖Ḣ1({x:|x|>r}) ≃ r−3/2 and ‖|x|−3‖L2({x:|x|>r}) ≃ r−1/2, the asymptotic behaviour
given above uniquely determines the values of α1 and α2. Next we prove that the asymptotic
numbers uniquely determine a non-radiative solution.

Lemma 4.15. Let u and u∗ be two radial radiative solutions of (CP1) with the same first and
second asymptotic numbers. Then u ≡ u∗.

Proof. It suffices to show u = u∗ in the exterior region ΩR for a very large number R. Let G,
G∗ be the corresponding radiation profiles of their initial data. We use the same notations τj ,
τ∗j , Ge, G

∗
e, Go, G

∗
o as given in the proof of Lemma 4.10. We choose a sufficiently large number

R ≫ 1 such that

‖Ge‖L2([r,+∞)), ‖G∗
e‖L2([r,+∞)) ≤ r−2, r ≥ R;

‖Go‖L2([r,+∞)), ‖G∗
o‖L2([r,+∞)) ≤ r−1, r ≥ R;

‖χru‖Y (R), ‖χru
∗‖Y (R) ≤ cr−3/8. r ≥ R.

Here c is a small absolute constant to be determined later. The first two lines hold for sufficiently
large R because higher decay rates (13/6 and 7/6) can be verified by Remark 4.11. The last
line holds for sufficiently large R by Corollary 4.12 and the small data theory. We will apply an
induction argument. We assume that the following inequalities hold for some positive number
κ ≥ 1/2.

‖Ge −G∗
e‖L2([r,+∞)) ≤ 2r−max{1/2+κ,2}, r ≥ R;

‖Go −G∗
o‖L2([r,+∞)) ≤ 2r−1/2−κ, r ≥ R.

Clearly this holds for κ = 1/2. By our assumption on the asymptotic numbers, we have

|τ1(r) − τ∗1 (r)| .1
1

r1/2

∫ ∞

r

|Go(s)−G∗
o(s)|ds .1 r−1/2−κ, r ≥ R;

|τ2(r) − τ∗2 (r)| .1
1

r3/2

∫ ∞

r

|sGe(s)− sG∗
e(s)|ds .1 r−max{1/2+κ,2}, r ≥ R
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It follows that ‖~u(0)−~u∗(0)‖H(r) .1 r−1/2−κ. By the Lipchitz continuity of small data solution,
we obtain

‖χr(u − u∗)‖Y (R) .1 r−1/2−κ.

Applying Lemma 2.5, we obtain

‖G−G∗‖L2({s:|s|>r}) .1 ‖χr(F (u)− F (u∗))‖L1L2(R×R5)

.1 ‖χr(u− u∗)‖Y (R)

(

‖χru‖4/3Y (R) + ‖χru
∗‖4/3Y (R)

)

.1 c4/3r−1−κ.

As a result, we have

‖Ge −G∗
e‖L2([r,+∞)) + ‖Go −G∗

o‖L2([r,+∞)) .1 c
4/3r−1−κ.

When c is a sufficiently small, we immediately obtain

‖Ge −G∗
e‖L2([r,+∞)) ≤ 2r−max{1+κ,2}, r ≥ R;

‖Go −G∗
o‖L2([r,+∞)) ≤ 2r−1−κ, r ≥ R.

The argument above makes the decay rate κ increase by 1/2. Repeating this process, we obtain
that the inequality ‖χR(u− u∗)‖Y (R) .1 R−1/2−κ holds for all sufficiently large κ. This implies
that the norm must be zero thus u = u∗ in the exterior region ΩR.

Special non-radiative classes Now let us consider two special non-radiative solutions, i.e.
the ground states ±W (x). By time symmetry, the radiation profile G− of (W, 0) is an odd
function of s, thus the characteristic profile τ1(r) = 0 for all r > 0. In addition, we recall the
explicit formula

τ2(r) =

√
3

r3/2

∫ r

−r

sG−(s)ds =
√
3r3/2W (r) > 0, r > 0;

and obtain that W ∈ Nπ/2. Similarly −W (x) ∈ N−π/2. Next we consider another special case
N0. This one can not be given by an explicit formula but we may analyze its property. Since
~τ (1) = (ρ, 0) for N0, the second radiation residue has to remain zero for all r > 1. It follows
that the initial value (u0, u1) satisfy u0(r) = 0 for all r ≥ 1. Thus N0 must be an odd function
of t in the exterior Ω1, i.e. N0(r,−t) = −N0(r, t) for r > |t| + 1. Because both N0(r,−t) and
−N0(r, t) are non-radiative solutions with the same domain of N0, they must be the same in the
whole domain. In other words, N0 must be an odd function of time t in its whole domain. In
addition, the first asymptotic number of N0 must be a positive number, according to Lemma
4.10. Conversely, if u is an odd non-radiative solution with a positive first asymptotic number,
then its second radiation residue must be zero and its first radiation residue must be positive near
infinity, which guarantees that u ∈ N0. It is not difficult to see Nπ = −N0. Please note that
the non-radiative classes Nπ/2,N−π/2,N0,Nπ are independent of the choice of small positive
constant ρ. More behaviour of the non-radiative class N0 will be discussed in later sections,
which plays an important role in the radiation theory of global solutions to (CP1).

4.4 Time evolution of non-radiative solutions

Time translation relationship Let us consider a non-radiative solution u defined in ΩR with
the asymptotic numbers αj . By the asymptotic behaviour its initial data (u0, u1) satisfy

∥

∥u0 − α2|x|−1
∥

∥

Ḣ1({x:|x|>r})
. r−13/6;

∥

∥u1 − α1|x|−1
∥

∥

L2({x:|x|>r})
. r−7/6.
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Clearly vt0 = u(·, · + t0) is also a non-radiative solution defined in the region ΩR+|t0|. Now let
us consider the asymptotic numbers of vt0 . By perturbation theory, we may compare u with the
approximated solution α2|x|−3 + α1t|x|−3 to deduce

sup
t∈R

∥

∥~u(t)−
(

(α2 + tα1)|x|−3, α1|x|−3
)∥

∥

H(r+|t|)
. r−7/6, r ≫ 1.

By integrating in t, we also have for a fixed t0 that

∥

∥u(·, t0)− (α2 + t0α1)|x|−3
∥

∥

L2(x:|x|>|t0|+r)

≤
∥

∥u(·, 0)− α2|x|−3
∥

∥

L2(x:|x|>|t0|+r)
+ |t0| sup

t∈[0,t0]

∥

∥ut(·, t)− α1|x|−3
∥

∥

L2({x:|x|>|t0|+r})

.

∞
∑

k=0

2k(|t0|+ r)

∥

∥

∥

∥

u(·, 0)− α2|x|−3

|x|

∥

∥

∥

∥

L2({x:|x|>2k(|t0|+r)})

+ r−7/6

.

∞
∑

k=0

2k(|t0|+ r)
∥

∥u(·, 0)− α2|x|−3
∥

∥

Ḣ1({x:|x|>2k(|t0|+r)})
+ r−7/6

.

∞
∑

k=0

(

2k(|t0|+ r)
)1−13/6

+ r−7/6

. r−7/6.

Here the implicit constant is independent of r ≫ 1. On the other hand, if (α1(t0), α2(t0)) are
the asymptotic numbers of vt0 , then its initial data ~vt0(0) = ~u(t0) satisfy

∥

∥~u(t0)− (α2(t0)|x|−3, α1(t0)|x|−3)
∥

∥

L2({x:|x|>r})
. r−7/6.

Again we apply dyadic decomposition and Hardy’s inequality here to deduce the L2 estimate of
u(·, t0) by the Ḣ1 estimate. Since ‖|x|−3‖L2(x:|x|>r) ≃ r−1/2, we may compare the asymptotic
behaviours given above and obtain

α1(t0) = α1; α2(t0) = α2 + α1t0.

Completeness of asymptotic numbers Since we have already shown that the ground states
are the non-radiative solutions with zero first asymptotic number and nonzero second asymptotic
number; and the odd non-radiative solutions in N0 come with nonzero first asymptotic number
and zero second asymptotic number. The time-translation relationship actually means that there
exists a non-radiative solution with any given pair of asymptotic numbers (α1, α2) ∈ R2.

Time evolution of non-radiative classes If u is a ground state, then clearly vt0 defined
above are the same ground state for all time t. Now let us consider other situations. By a
time translation/sign change and dilation it suffices to consider the case u ∈ N0 with a first
characteristic number α1 = 1. Thus the characteristic numbers are given by (α1(t), α2(t)) =
(1, t). The asymptotic numbers of time-translated solutions also imply that ~u(r, t + t1) and
~u(r, t + t2) can never be dilation of each other unless t1 = t2. In other words, u(·, · + t) falls
in different non-radiative classes for different times t. In addition, the positive first asymptotic
number implies that u(·, · + t) always falls in a non-radiative class Nθ with θ ∈ (−π/2, π/2).
Now let us estimate the characteristic angles θ(t′) and the scale R(t′) of vt′ . Here the scale is
the radius R such that ~τ (R) = ρ(cos θ, sin θ). An application of Lemma 4.10 yields

R(t)1/2ρ cos θ(t) ≃1 α1(t) = 1;

R(t)3/2ρ sin θ(t) ≃1 α2(t) = t.
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When t > 0 is sufficiently large, we obtain that θ is roughly π/2 with

R(t) ≃ t2/3;
π

2
− θ ≃ t−1/3.

Similarly when t < 0 is a large negative number, θ is roughly −π/2 with

R(t) ≃ t2/3;
π

2
+ θ ≃ |t|−1/3.

Next we fix a time t0, recall Lemma 4.9 and deduce that there exists a radius R < R(t0), such
that the norm of radiation residue ~τ (r) of ~u(t0) is strictly decreasing in [R,+∞). By the uniform
boundedness

sup
r≥R

|~τ (r)| .1 ‖~u‖H(R),

we deduce that both R(t) and θ(t) ∈ S1 are continuous functions of t. We summarize all of the
above and conclude that the map from the time t to the non-radiative classes is a homeomorphism
from R to the right half of the circle S1. Or equivalently speaking, the map from t ∈ R to θ(t)
is a strictly increasing homeomorphism form R to (−π/2, π/2).

Remark 4.16. The argument above shows that the non-radiative class always approaches the
classes of ground states as the time tends to infinity, which indicates that the soliton resolution
contains ground states only.

Remark 4.17. Let u be the odd non-radiative solution above and t ∈ (0, 1) be a small time. We
use the notation G and ~τ for the radiation profile and residue of ~u(t). Please note that the scale
R(t) is uniformly bounded for all t ∈ [0, 1]. For a large radius r > sup

t∈(0,1)

R(t) we have

u(r, t) =
1

r3

∫ r

−r

sG(s)ds =
1

r3

[

t− 2

∫ ∞

r

sGe(s)ds

]

=
t

r3

[

1 +O(ρ4/3R(t)2/3r−2/3)
]

.

Here we utilize notation Ge and the estimate (21) given in the proof of Lemma 4.10, as well
as the conclusion of Lemma 4.10; the implicit constant for O(ρ4/3R(t)2/3r−2/3) is an absolute
constant. A point-wise estimate ut(x, 0) = |x|−3(1+O(|x|−2/3)) immediately follows for large x.

Corollary 4.18. Let v be a radial non-radiative solution to (CP1) with a maximal domain ΩR0 .
Then v may extend to a C1 function in a small neighbourhood of any given point (x, t) on the
boundary point of ΩR0 , as long as |t| is sufficiently large. In addition, we have

‖~v(t)‖H(|t|+R0) . |t|−1/6.

Proof. This is clear true for any ground state or the zero solution. By a dilation/sign symmetry,
we may let v = vt0 be the non-radiative solution defined above for some time t0. Given a time
t1, we have ~v(t1) = ~u(t0+ t1). Recalling the scale function R(t) introduce above, we may extend
the domain of v (without loss of non-radiative property) to

{(x, t) : |x| > R(t0 + t1) + |t− t1|},

which contains all the boundary points {(x, t1) : |x| = |t1| + R0} ⊂ ∂ΩR0 , as long as |t1| is
sufficiently large, by the asymptotic behaviour R(t) ≃ t2/3 for large time. The C1 continuity
of non-radiative solutions then finishes the proof of continuous extension. Finally we recall
Corollary 4.12 and deduce

‖~v(t1)‖H(|t1|+R0) .

( |t1|+R0

R(t0 + t1)

)−1/2

. |t1|−1/6, |t1| ≫ 1.

The implicit constant in the inequality above does not depend on t1.
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4.5 Global existence and universal cover

In this subsection we show that all the radial non-radiative solutions can are defined in the region
Ω0, although some of them may be blow-up solutions. Let u be a radial non-radiative solution
with a maximal region ΩR. If u is s stationary solution, then u is either zero or a ground state,
thus a scattering solution defined in Ω0. Thus it suffice to consider non-stationary solutions. We
rewrite the equation (CP1) in the form of

urr − utt + |u|4/3u = −4

r
ur.

Given any R1 > R, let us define

IR1(r) =

∫ r−R1

−r+R1

(

1

2
|ur(r, t)|2 +

1

2
|ut(r, t)|2 +

3

10
|u(r, t)|10/3

)

dt, r > R1.

It follows that (r > R1 > R)

d

dr
IR1 = −4

r

∫ r−R1

−r+R1

|ur(r, t)|2dt+
(

1

2
|(ut + ur)(r, r −R1)|2 +

3

10
|u(r, r −R1)|10/3

)

+

(

1

2
|(ut − ur)(r, R1 − r)|2 + 3

10
|u(r, R1 − r)|10/3

)

≥ −8

r
IR1(r).

Here we apply smooth approximation techniques and utilize the fact u ∈ C1. It follows from the
backward Gronwall’s inequality that

IR1(r) ≤ (r/R′)
−8

IR1(R
′), R1 < r < R′. (23)

According to Corollary 4.18 and the small data theory, we may fix a large radius R′ ≫ R + 1,
such that IR1(R

′) is uniformly bounded with respect to R1 ∈ (R,R′) and that

‖χRu‖Y ({t:|t|>R′−R−1}) < +∞.

If R were not zero, then (23) implies that IR1(r) would be uniformly bounded for all (R1, r)
with R < R1 < r < R′. By the expression of derivative given above, we also conclude that the
integrals

∫ R′

R1

(

1

2
|(ut + ur)(r, r −R1)|2 +

3

10
|u(r, r −R1)|10/3

)

dr;

∫ R′

R1

(

1

2
|(ut − ur)(r, R1 − r)|2 + 3

10
|u(r, R1 − r)|10/3

)

dr

are also uniformly bounded for all R1 ∈ (R,R′). Please note that (ut + ur)(r, r − R1) is the
derivative of u(r, r − R1) with respect to r and that (−ut + ur)(r, R1 − r) is the derivative of
u(r, R1 − r) with respect to r. It immediately follows that u(r, t) are uniformly bounded in the
region (please see figure 2)

Ω = {(r, t) : R− r < t < r −R,R < r < R′} .
This implies that

‖χRu‖Y (R) ≤ ‖χR+1u‖Y (R) + ‖χΩu‖Y (R) + ‖χRu‖Y ({t:|t|>R′−R+1}) < +∞.

This is a contradiction. Thus we must have R = 0.

Remark 4.19. A similar argument (as well as Corollary 4.18 and radial Sobolev embedding)
shows that any radial non-radiative solution u must satisfies

sup
|x|>max{|t|,r}

|u(x, t)| < +∞, ∀r > 0.
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Universal cover Let us fix a non-radiative solution u ∈ N0. Without loss of generality, we
may apply a dilation and assume that u and its radiation residue ~τ (r) satisfy

sup
t∈R

(

‖~u(t)‖H(1+|t|) + ‖u(·, t)‖L10/3({x:|x|>1+|t|}) + ‖|x|−1u(x, t)‖L2({x:|x|>1+|t|})

)

≪ 1.

The Sobolev embedding and the continuity then implies

inf
t∈[−1/10,1/10]

∫

|x|>3

(

1

2
|∇U(x, t)|2 + 1

2
|Ut(x, t)|2 −

3

10
|U(x, t)| 103

)

dx > 0. (24)

Here ρ is the small constant in the classification of non-radiative solutions. Given t0 ∈ R, we may
extend the domain of the non-radiative solution u(x, t+ t0) to Ω0 by the global existence result
given above. In other words, we may extend the domain of u to {(x, t) : |x| > |t − t0|}. This
process can be done for each t0 ∈ R and defines a solution U(x, t) in (R5 \ {0})×R. We say U is
a solution to (CP1) in the following sense: Given any t0 ∈ R+×R, U(x, t+ t0) is a non-radiative
solution to (CP1) with a maximal domain Ω0. Please note that although the values of U(x, t)
may be defined for multiple times, finite speed propagation guarantees that these definitions are
consistent with each other. Given any non-stationary non-radiative exterior solution v to (CP1),
there exists a sign ζ ∈ {+1,−1}, a scale λ > 0 and a time t0 ∈ R, such that

v(x, t) = ζ
1

λ3/2
U

(

x

λ
,
t+ t0
λ

)

, |x| > |t|.

In addition, given a small neighbourhood of {±π/2}, there exists a constant T0, such that if
the characteristic angle of a non-radiative solution v is not contained in the neighbourhood
mentioned above, then the corresponding (ζ, λ, t0) satisfies |t0|/λ ≤ T0.

5 Odd non-radiative solutions

In this section we investigate the global behaviour of the non-radiative solutions in the non-
radiative class N0.

Self-similar solutions We first make a brief review on the self-similar solutions of (CP1). Let
us consider the exterior solutions in the form of

u(x, t) = |x|−3/2ϕ(t/|x|), (x, t) ∈ Ω0.
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A direct calculation shows that u is a solution to (CP1) if and only if the function ϕ solves the
following ordinary differential equation

(1− y2)ϕ′′(y)− yϕ′(y) +
9

4
ϕ− |ϕ|4/3ϕ = 0, y ∈ (−1, 1).

We are particularly interested in the odd solutions ϕ with initial data

ϕ(0) = 0; ϕ′(0) = ν > 0.

The following quantity is conserved for all y in the interval of existence

1

2
(1− y2)|ϕ′(y)|2 + 9

8
|ϕ(y)|2 − 3

10
|ϕ(y)|10/3 =

1

2
ν2.

A careful analysis and the classic theory of ordinary differential equations indicates that the fate
of solution falls in the following two categories

(i) The solution blows up at y+ ∈ (0, 1] with |ϕ| → +∞;

(ii) The solution is defined for all t ∈ (0, 1) and both (1 − y2)|ϕ′(y)|2 and ϕ(y) converge as
y → 1−;

In addition, the solution is strictly increasing for large values of ν > 1.8. We conduct a numerical
simulation for small values ν ∈ (0, 2]. It turns that the solution ϕν satisfies

(a) The solution ϕν is in category (ii);

(b) The solution is aways positive and satisfies that ϕν(y) < νy for y ∈ (0, 1/2].

Please note that the corresponding solution u = |x|−3/2ϕν(t/|x|) is always a C2 (classic) solution
to (CP1) in the region Ω0 but u is NOT contained in the Strichartz space L7/3L14/3.

Main result Our main result of this section is

Proposition 5.1. Let N(x, t) ∈ N0 be an odd non-radiative solution and ν0 = 1.86, ν1 = 0.05.
Then N and its initial velocity satisfy the inequality

0 < N(x, t) < |x|−3/2ϕν0 (t/|x|), |x| > t > 0;

0 < Nt(x, 0) < ν0|x|−5/2, x ∈ R
5 \ {0}.

In addition, there exists a radius R, such that

N(x, t) ≥ |x|−3/2ϕν1(t/|x|), R > |x| > t > 0;

Nt(x, 0) ≥ ν1|x|−5/2, 0 < |x| < R.

Please note that the radius R depends on the scaling of N ∈ N0.

The major part of this section will be devoted to the proof of this proposition. One of the
most important observation is that the radial linear propagation operator u = SL(0, u1) (as
given in (10)) is a positive operator of u1 in the exterior region Ω0, i.e. u is nonnegative as long
as u1 is. In addition, if u1 is positive, then u is also positive in the affected region.

Remark 5.2. In this section we will frequently utilize numerical simulation. All the related
codes and data are available upon request. Please contact the author by Email.
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Remark 5.3. We conjecture that when r → 0+, any odd non-radiative solution N ∈ N0 satisfies
the following asymptotic behaviour in the exterior region Ω0:

r5/2Nt(r, 0) → ν2;
N(r, t)

r−3/2ϕν2(t/r)
→ 1.

Here ν2 ≈ 1.575 is the constant making (1 − y2)|ϕ′
ν2(y)|2 → 0 as y → 1−. This is equivalent to

saying that

r2∂t

(

r−3/2ϕν2(t/r)
)

= r−1/2ϕ′
ν2(t/r) = (r − t)−1/2 ·

(

1− t

r

)1/2

ϕ′
ν2

(

t

r

)

converges to zero along a line r = t+Const, i.e. the self-similar solution r−3/2ϕν2(t/r) becomes
a “non-radiative” solution. This is also consistent with a rough numerical simulation conducted
by the author. The strict proof of this asymptotic behaviour seems to be more difficult. But
Proposition 5.1 is sufficient for our application.

5.1 Proof of the first part

The asymptotic behaviour of odd non-radiative solutions have been discussed in the previous
sections. According to Remark 4.17, we have the point-wise estimate

Nt(x, 0) ≃ |x|−3, |x| ≫ 1.

Thus the inequality 0 < Nt(x, 0) < ν0|x|−5/2 always holds near infinity, more precisely, in the
exterior region {x : |x| > R} for some large radius R. It immediately follows from the positive
property of SL(0, u1) that

0 < N(x, t) < |x|−3/2ϕν0(t/|x|), |x| ≥ t+R, t > 0; (25)

where the latter is exactly the solution to (CP1) with initial data (0, ν0|x|−5/2). Now let us push
R to zero and prove by a continuity argument. According to Lemma 2.7, Nt(x, 0) must be a
continuous function of x for x 6= 0. By continuity, if the inequality 0 < Nt(x, 0) < ν0|x|−5/2

failed for some x 6= 0, then there would exist a radius R, such that the inequality still holds for
|x| > R but either Nt(x, 0) = 0 or Nt(x, 0) = ν0|x|−5/2 for |x| = R. Again the positive property
of SL(0, u1) implies that (25) still holds for this radius R. By dilation we may assume R = 1,
without loss of generality. Now we recall that N(r, t) satisfies the equation

(∂2
t − ∂2

r )(r
2N(r, t)) = r2|N(r, t)|4/3N(r, t)− 2N(r, t).

We integrate along the line r = t+ 1 and utilize the non-radiative assumption to deduce that

Nt(1, 0) =

∫ ∞

1

[

2N(r, r − 1)− r2|N(r, r − 1)|4/3N(r, r − 1)
]

dr.

Now let us consider the function g(z) = 2z − |z|4/3z and rewrite the identity above in the form
of

Nt(1, 0) =

∫ ∞

1

r−3/2g(r3/2N(r, r − 1))dr. (26)

We observe that g(z) satisfies the following properties

• g(z) > 0 for z ∈ (0, z0) and g(z) < 0 for z > z0. Here the zero point z0 = 23/4 ≈ 1.681793.

• g(z) increases in the interval [0, zmax] and decreases in the interval [zmax,+∞). Here
the maximum point is zmax = (6/7)3/4 ≈ 0.890820 and the maximal value is gmax =
(8/7)zmax ≈ 1.018080.
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By (25), we have
0 < r3/2N(r, r − 1) < ϕν0(1− 1/r), r > 1. (27)

We first show that Nt(1, 0) < ν0. It suffices to give a suitable upper bound of the right hand of
(26). A combination of the monotonicity of g and (27) yields

Nt(1, 0) ≤
∫ ∞

1

r−3/2g (min{ϕν0(1 − 1/r), zmax}) dr.

A change of variable gives

Nt(1, 0) ≤
∫ 1

0

g (min{ϕν0(y), zmax}) (1− y)−1/2dy.

A numerical simulation shows that the integral in the right hand is roughly 1.85024 < ν0. We
still need to show Nt(1, 0) > 0. According to (26), this is true if r3/2N(r, r − 1) < z0 holds for
all r > 1. We still need to deal with the case when there exists r > 1 such that N(r, r− 1) ≥ z0.
We will show that in this case the integral in the right hand side of (26) is still positive. We first
give a lemma.

Lemma 5.4. Let y0 ∈ (0, 1) satisfy ϕν0(y0) = z0, κ0 = (1− y0)/(1+ y0) and g− = −g(supϕν0 ).
Then

d

dr
(r2N(r, r − 1)) ≤ (2r − 1)−1/2ν0 + (κ0g−)r

−1/2, r > 1.

Proof. Let w(r, t) = r2N(r, t). It satisfies (∂2
t − ∂2

r )w = r2|N(r, t)|4/3N(r, t) − 2N(r, t). An
integration along the line r + t = 2r0 − 1 gives

d

dr
(r2N(r, r − 1))|r=r0 = wt(r0, r0 − 1) + wr(r0, r0 − 1)

= wt(2r0 − 1, 0) + wr(2r0 − 1, 0)

+

∫ 2r0−1

r0

[

r2N(r, 2r0 − 1− r)7/3 − 2N(r, 2r0 − 1− r)
]

dr

≤ (2r0 − 1)−1/2ν0 −
∫ 2r0−1

r0

r−3/2g
(

r3/2N(r, 2r0 − 1− r)
)

dr.

Since we have 0 < r3/2N(r, 2r0 − 1− r) < ϕν0((2r0 − 1− r)/r) ≤ supϕν0 , the inequality

g
(

r3/2N(r, 2r0 − 1− r)
)

≥ −g−

always holds. There are two cases. If r0 + κ0r0 ≥ 2r0 − 1, then we have

d

dr
(r2N(r, r − 1))|r=r0 ≤ (2r0 − 1)−1/2ν0 +

∫ 2r0−1

r0

r−3/2g−dr

≤ (2r0 − 1)−1/2ν0 + g−r
−3/2
0 (r0 − 1)

≤ (2r0 − 1)−1/2ν0 + (k0g−)r
−1/2
0 .

On the other hand, if r0 + κ0r0 < 2r0 − 1, then we observe that r > r0 + κ0r0 implies

2r0 − 1− r

r
<

2r0 − r

r
<

1− κ0

1 + κ0
= y0.

It follows for these r’s that

0 < r3/2N(r, 2r0 − 1− r) ≤ ϕν0

(

2r0 − 1− r

r

)

< ϕν0(y0) = z0.
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Namely, the value of g
(

r3/2N(r, 2r0 − 1− r)
)

is positive for these r. Thus

d

dr
(r2N(r, r − 1))|r=r0 ≤ (2r0 − 1)−1/2ν0 −

∫ r0+κ0r0

r0

r−3/2g
(

r3/2N(r, 2r0 − 1− r)
)

dr

≤ (2r0 − 1)−1/2ν0 +

∫ r0+κ0r0

r0

r−3/2g−dr

≤ (2r0 − 1)−1/2ν0 + (k0g−)r
−1/2
0 .

This finishes the proof.

Now we come back to the integral in (26). We consider a decreasing sequence of values:

z0 ≈ 1.681793, z1 = 1.6, z2 = 1.5, z3 = 1.4, · · · , z16 = 0.1

where z0 is the zero point of g(z), and a corresponding sequence of intervals Jk defined in the
following way: J0 = (a0,+∞) with

a0 = min{r ≥ 1 : r3/2N(r, r − 1) = z0}.

For 1 ≤ k ≤ 16, we let Jk = (ak, bk) with

bk = min{r ≥ 1 : r3/2N(r, r − 1) = zk−1}; ak = max{r ∈ [1, bk) : r
3/2N(r, r − 1) = zk}.

The definition implies that bk ≤ ak−1 and

zk < r3/2N(r, r − 1) < zk−1, r ∈ Jk, k ≥ 1;

r3/2N(r, r − 1) < z0, 1 ≤ r < a0.

Next we give an upper bound estimate on the ratio ak/bk by the lemma above. For any r ∈ Jk,
we have

zk < r3/2N(r, r − 1) ≤ ϕν0(1− 1/r)

Let yk = ϕ−1
ν0 (zk). It follows that yk < 1− 1/r and that

(2r − 1)−1/2 = r−1/2(2− 1/r)−1/2 < r−1/2(1 + yk)
−1/2.

A combination of this with Lemma 5.4 yields

d

dr
(r2N(r, r − 1)) ≤

[

(1 + yk)
−1/2ν0 + (κ0g−)

]

r−1/2, r ∈ Jk.

For convenience we let λk = (1 + yk)
−1/2ν0 + (κ0g−) > 1 be the absolute constants. Integrating

from ak to bk, we deduce from the inequality above that

b
1/2
k zk−1 − a

1/2
k zk ≤ 2λkb

1/2
k − 2λka

1/2
k ⇒ ak

bk
≤ γk

.
=

(

2λk − zk−1

2λk − zk

)2

< 1.

Please note that γk are also absolute constants. Now we are able to give a lower bound of the
integral in (26)

Nt(1, 0) =

∫ ∞

1

r−3/2g(r3/2N(r, r − 1))dr

≥
16
∑

k=1

∫ bk

ak

r−3/2g(r3/2N(r, r − 1))dr +

∫ ∞

a0

r−3/2g(r3/2N(r, r − 1))dr.
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Here we recall the facts that Jk’s are disjoint and that the integrand is positive for all r < a0.
Next we let

mk = min{g(z) : zk ≤ z ≤ zk−1} = min{g(zk−1), g(zk)}, 1 ≤ k ≤ 16.

It follows from the range of r3/2N(r, r − 1) in each interval Jk and the inequality ak/bk ≤ γk
that

Nt(1, 0) ≥
16
∑

k=1

∫ bk

ak

r−3/2mkdr −
∫ ∞

a0

r−3/2g−dr

≥
16
∑

k=1

[

2mk(a
−1/2
k − b

−1/2
k )

]

− 2a
−1/2
0 g−

≥
16
∑

k=1

[

2mkb
−1/2
k (γ

−1/2
k − 1)

]

− 2a
−1/2
0 g−.

By the fact that bk ≤ ak−1 we also have

bk ≤ ak−1 ≤ γk−1bk−1 ≤ · · · ≤ a0

k−1
∏

j=1

γj .

Inserting this upper bound, we obtain

Nt(1, 0) ≥
16
∑

k=1



2mka
−1/2
0





k
∏

j=1

γ
−1/2
j −

k−1
∏

j=1

γ
−1/2
j







− 2a
−1/2
0 g−

=
16
∑

k=1



2mka
−1/2
0





k
∏

j=1

2λj − zj
2λj − zj−1

−
k−1
∏

j=1

2λj − zj
2λj − zj−1







− 2a
−1/2
0 g−.

In order to show Nt(1, 0) > 0, we only need to verify the following inequality

16
∑

k=1



mk





k
∏

j=1

2λj − zj
2λj − zj−1

−
k−1
∏

j=1

2λj − zj
2λj − zj−1







 > g−.

Both sides are absolute constants. The author conducts a numerical simulation and verifies this
inequality. The summary of data is displayed in the table 1.

In summary, we always have 0 < r5/2Nt(r, 0) < ν0. The inequality 0 < r3/2N(r, t) < ϕν0(t/r)
then follows from the monotonicity.

5.2 Proof of part two

Now we show that r5/2Nt(r, 0) is bounded from the below by ν1 when r is small. The inequality
r3/2N(r, t) ≤ ϕν1 (t/r) for small numbers t < r then follows from the monotonicity and finite
speed of propagation. We start by a lemma

Lemma 5.5. Let N ∈ N0. Then either (I) or (II) of the following holds

(I) The inequality r3/2N(r, r − 1) ≤ 0.6 holds for all r > 1;

(II) There exists a radius R0 > 1, such that the inequality r3/2N(r, r − 1) ≤ 0.6 holds for
r ∈ (1, R0] and

∫ ∞

R0

r−3/2g(r3/2N(r, r − 1))dr ≥ 0; Nt(1, 0) ≥ C1R
−1/2
0 .

Here C1 ≈ 0.184221 is an absolute constant.
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Table 1: Summary of Data

k range yk = ϕ−1
ν0 (zk) λk min g

k
∏

j=1

2λj−zj
2λj−zj−1

Contribution

1 1.6− z0 0.928249 1.349242 0.000000 1.080450 0.000000
2 1.5− 1.6 0.874605 1.368272 0.205806 1.175515 0.019565
3 1.4− 1.5 0.814979 1.390407 0.424393 1.267293 0.038950
4 1.3− 1.4 0.752686 1.414727 0.607370 1.355949 0.053847
5 1.2− 1.3 0.689656 1.440692 0.755546 1.441694 0.064784
6 1.1− 1.2 0.626943 1.468010 0.869772 1.524739 0.072231
7 1.0− 1.1 0.565085 1.496548 0.950941 1.605282 0.076591
8 0.9− 1.0 0.504328 1.526275 1.000000 1.683491 0.078209
9 0.8− 0.9 0.444745 1.557229 1.005877 1.759513 0.076469
10 0.7− 0.8 0.386316 1.589504 0.964927 1.833473 0.071366
11 0.6− 0.7 0.328960 1.623233 0.896364 1.905474 0.064539
12 0.5− 0.6 0.272566 1.658595 0.801575 1.975601 0.056212
13 0.4− 0.5 0.217003 1.695814 0.682111 2.043922 0.046603
14 0.3− 0.4 0.162126 1.735163 0.539751 2.110492 0.035931
15 0.2− 0.3 0.107779 1.776980 0.376608 2.175352 0.024426
16 0.1− 0.2 0.053795 1.821679 0.195358 2.238527 0.012342

Total 0.1− z0 - - - - 0.792065
supϕν0 ≈ 1.860262 y0 ≈ 0.964141 κ0 ≈ 0.018257 g− ≈ 0.535522

Proof. We consider the number

M = sup
r>1

(

r3/2N(r, r − 1)
)

and divide the proof into three cases. The first case M > z0 is the most complicated one. Since
we have already proved 0 < r5/2Nt(r, 0) < ν0, the argument in the last subsection still works.
We may choose intervals Jk = (ak, bk) as usual and obtain ak/bk ≤ γk. We have

∫ ∞

b12

r−3/2g(r3/2N(r, r − 1))dr ≥
11
∑

k=1

∫ bk

ak

r−3/2g(r3/2N(r, r − 1))dr −
∫ ∞

a0

g−r
−3/2dr

≥
11
∑

k=1



2mka
− 1

2
0





k
∏

j=1

2λj − zj
2λj − zj−1

−
k−1
∏

j=1

2λj − zj
2λj − zj−1







− 2a
− 1

2
0 g−

≥ 0.

Please note that our numerical simulation shows that the first eleven terms are already big
enough to neutralize the negative term, thus we may still reserve the last five terms. It follows
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that

Nt(1, 0) ≥
∫ b12

1

r−3/2g(r3/2N(r, r − 1))dr

≥
16
∑

k=12

∫ bk

ak

mkr
−3/2dr

≥
16
∑

k=12



2mkb
−1/2
12





k
∏

j=12

2λj − zj
2λj − zj−1

−
k−1
∏

j=12

2λj − zj
2λj − zj−1









≈ 0.184221b
−1/2
12 .

Our way to choose b12 guarantees that r3/2N(r, r − 1) < 0.6 for all r < b12. This verifies (II)
for R0 = b12. The second case is 0.6 < M ≤ z0. We may still choose Jk for 12 ≤ k ≤ 16 as
usual and follow the same argument as above to verifies (II). Finally if M ≤ 0.6, then (I) clearly
holds.

The following lemma is the key tool of this subsection.

Lemma 5.6. Let N ∈ N0, R > 0 and c ≤ ν1 = 0.05 be a small positive constant. If
r5/2Nt(r, 0) ≥ c holds for r ∈ [R, 17R], then R5/2Nt(R, 0) > 11c/10.

Proof. By dilation it suffices to consider the case R = 1. Now we apply Lemma 5.5. If (II) holds
with R0 ≤ 9, then we have

Nt(1, 0) ≥ C1 · 9−1/2 > 11ν1/10 ≥ 11c/10.

Thus it suffices to consider case (I) and case (II) with R0 > 9. In either case, we have

0 ≤ r3/2N(r, r − 1) ≤ 0.6, 1 ≤ r ≤ 9;

∫ ∞

9

r−3/2g(r3/2N(r, r − 1))dr ≥ 0.

Thus we have

Nt(1, 0) ≥
∫ 9

1

r−3/2g(r3/2N(r, r − 1))dr.

By finite speed of propagation, our assumption on the initial data implies that r3/2N(r, r− 1) ≥
ϕc(1 − 1/r) for r ∈ (1, 9). For convenience we consider the solution ϕ∗ to the linear ordinary
differential equation







(1− y2)ϕ′′(y)− yϕ′(y) + 9
4y = 0, y ∈ (−1, 1);

y(0) = 0;
y′(0) = 1.

The classic Wronskian techniques show that ϕ′
c(y)ϕ∗(y) > ϕ′

∗(y)ϕc(y) for all y ∈ (0, 1), which
implies that ϕc(y)/ϕ∗(y) is an increasing function of t. As a result, we have ϕc(y) > cϕ∗(y) > 0
for all y ∈ (0, 1). It follows that

0 < cϕ∗(1− 1/r) < r3/2N(r, r − 1) ≤ 0.6, r ∈ (1, 9).

By the monotonicity of g in [0, 0.6] we have

Nt(1, 0) ≥
∫ 9

1

r−3/2g(cϕ∗(1− 1/r))dr

By the conserved quantity

1

2
(1 − y2)|ϕ′

∗(y)|2 +
9

8
|ϕ∗(y)|2 =

1

2
,
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we have ϕ∗(y) ≤ 2/3. Thus

g(cϕ∗(y)) = 2cϕ∗(y)
(

1− c4/3|ϕ∗(y)|4/3/2
)

≥ 99

50
cϕ∗(y), y ∈ (0, 1).

Therefore we have

Nt(1, 0) ≥
99c

50

∫ 9

1

r−3/2ϕ∗(1 − 1/r)dr =
99c

50

∫ 8/9

0

(1 − y)−1/2ϕ∗(y)dy.

Finally a numerical method shows that the value of the integral is roughly 0.604556 thus
Nt(1, 0) > 1.1c.

Finally we are able to prove the second part of Proposition 5.1. According to the first part,
we may find a positive number c0, such that

r5/2Nt(r, 0) > c0, r ∈ [1, 17].

Without loss of generality, we may assume that c0 < ν1. An application of Lemma 5.6 yields
that Nt(1, 0) > c1

.
= (11/10)c0. A continuity argument, as well as Lemma 5.6, then shows that

r5/2Nt(r, 0) > c1 holds for all r ∈ (0, 1]. Repeating this process, we may show that

r5/2Nt(r, 0) >

(

11

10

)k

c0, ∀r ≤ 171−k;

as long as (11/10)k−1c0 ≤ ν1. Finally we let k0 be the minimal positive integer such that
(11/10)kc0 > ν1 and conclude

r5/2Nt(r, 0) >

(

11

10

)k0

c0 > ν1, ∀r < 171−k0 .

Finite speed of propagation and monotonicity then shows that

r3/2N(r, t) > ϕν1(t/r), 0 < t < r < 171−k0/2.

6 Energy norm and radiation of global solutions

In this section we discuss the energy norms and radiation part of a global solution to (CP1).

6.1 Energy norm estimate

In this subsection we discuss the upper bound of the least energy norm in a long time interval.
The main result of this section is

Lemma 6.1. Let L > 1 be a constant. There exists a small absolute constant ε0 > 0 and a large
constant K0 = K0(L) ≫ 1, such that if

• u is a radial solution to (CP1) defined in a maximal time interval (−T−, T+) with an energy
E ≥ 0;

• The initial data (u0, u1) satisfy ‖(u0, u1)‖H(R) < ε0;

then for any time T ∈ [R, T+/L), there exists a time t ∈ [T, LT ] satisfying

‖~u(·, t)‖2
Ḣ1×L2 ≤ 20E +K0.
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Remark 6.2. The proof is based on the virial identity. This argument dates back to Levine [29].
Levine showed that any solution with a negative energy must blow up in finite time. It has been
proved by a similar argument that if T+ = +∞, then

lim inf
t→+∞

‖~u(t)‖2
Ḣ1×L2 ≤ 5E.

The upper bound given in Lemma 6.1 is larger but applies to a finite (but long) time interval.
Please note that this argument does not depend on the radial assumption. Since the proof in 5D
is similar to the 3D case, we skip some details.

Proof. We assume that ‖~u(t)‖2
Ḣ1×L2 > 20E +K0 for all t ∈ [T, LT ] and deduce a contradiction,

as long as K0 is sufficiently large. Let ϕ : R → [0, 1] be a smooth cut-off function satisfying

ϕ(s) =

{

1, s ≤ 2
0, s ≥ 3.

and φ(s) = ϕ2(s). We then define

J(t) =

∫

R5

|u(x, t)|2φ(|x|/t)dx.

A straight-forward calculation yields

J ′(t) = 2

∫

R5

uutφ(|x|/t)dx −
∫

R5

|u|2φ′(|x|/t) |x|
t2

dx;

and

J ′′(t) = 2

∫

R5

|ut|2φ(|x|/t)dx + 2

∫

R5

uuttφ(|x|/t)dx − 4

∫

R5

uutφ
′(|x|/t) |x|

t2
dx

+

∫

R5

|u|2φ′′(|x|/t) |x|
2

t4
dx+ 2

∫

R5

|u|2φ′(|x|/t) |x|
t3

dx.

Inserting the equation utt = ∆u + |u|4/3u and integrating by parts, we obtain

J ′′(t) = 2

∫

R5

(|ut|2 − |∇u|2 + |u|10/3)φ(|x|/t)dx − 2

∫

R5

φ′(|x|/t)u∇u · x

|x|tdx

− 4

∫

R5

uutφ
′(|x|/t) |x|

t2
dx+

∫

R5

|u|2φ′′(|x|/t) |x|
2

t4
dx+ 2

∫

R5

|u|2φ′(|x|/t) |x|
t3

dx.

By the finite speed of propagation, the small data theory, Hardy’s inequality, we have

∫

|x|>|t|+R

(

|∇u(x, t)|2 + |ut(x, t)|2 +
|u(x, t)|2

|x|2 + |u(x, t)|10/3
)

dx .1 ε20. (28)

Combining this with the facts

• φ(|x|/t)− 1 is nonzero only for |x| > 2t ≥ t+R;

• φ′(|x|/t) and φ′′(|x|/t) are nonzero only for t+R ≤ 2t < |x| < 3t;

we may write

J ′′(t) =

∫

R5

(

2|ut|2 − 2|∇u|2 + 2|u|10/3
)

dx+O(ε20)

=

∫

R5

(

5|ut|2 + |∇u|2
)

dx+
1

3
‖~u(t)‖2

Ḣ1×L2 −
20

3
E +O(ε20) > 0.

40



Here the error term O(ε20) satisfies |O(ε20)| .1 ε20. As a result, if ε0 is sufficiently small, we have

|J ′(t)|2 ≤ 9

2

(∫

R5

uutφ(|x|/t)dx
)2

+ 9

(∫

R5

|u|2φ′(|x|/t) |x|
t2

dx

)2

≤ 9

2

(∫

R5

|ut|2dx
)(∫

R5

|u|2φ2(|x|/t)dx
)

+

(∫

R5

|u|2φ(|x|/t)dx
)

O(ε20)

≤ 9

10
J ′′(t)J(t). (29)

It is not difficult to see that J(t) ∈ C2([T, LT ]). Now we assume that J ′′(t) takes its minimum
value M0 at time t0 in the time interval [ 7L+8

15 T, 8L+7
15 T ]. By the expression of J ′′(t), we have

M0 ≥
∫

R5

(

5|ut(x, t0)|2 + |∇u(x, t0)|2
)

dx ≥ ‖~u(t0)‖2Ḣ1×L2 ≥ 20E +K0.

By the energy conservation law and the assumption E ≥ 0, we also have

∫

R5

|u(x, t0)|10/3dx ≤ 5

3
‖~u(t0)‖2Ḣ1×L2 ≤ 5M0/3.

By Hölder inequality and |J ′(t)|2 ≤ J ′′(t)J(t) we have

J(t0) ≤
∫

|x|<3t0

|u(x, t0)|2dx .L T 2M
3/5
0 ; =⇒ |J ′(t0)| .L TM

4/5
0 .

There are two cases, i.e. t0 ≤ L+1
2 T and t0 > L+1

2 T . Let us consider the first case. The second
case can be dealt with in the same manner. The only difference is that we need to consider the
blow up in the negative time direction instead. Let t1 = t0 +

L−1
30 T .

J ′(t1) = J ′(t0) +

∫ t1

t0

J ′′(t)dt;

J(t1) = J(t0) +
L− 1

30
TJ ′(t0) +

∫ t1

t0

(t1 − t)J ′′(t)dt.

Since J ′′(t) ≥ M0 > 0 for t ∈ [t0, t1] ⊂ [ 7L+8
15 T, 8L+7

15 T ], the following inequalities hold:

∫ t1

t0

J ′′(t)dt &L TM0;

∫ t1

t0

(t1 − t)J ′′(t)dt &L T 2M0.

This implies that if K0 ≥ K0(L) is sufficiently large (thus M0 is sufficiently large), then the
integral part is the dominating term in the expression of J(t1) and J ′(t1). Thus J(t1), J

′(t1) > 0.
In addition, it is clear that

∫ t1

t0

J ′′(t)dt ≥ 30

(L − 1)T

∫ t1

t0

(t1 − t)J ′′(t)dt.

Therefore the following inequality holds as long as the constant K0 > K0(T ) is sufficiently large:

J ′(t1)

J(t)
≥ 20

(L − 1)T
; J(t1), J

′(t1) > 0. (30)
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We define Q(t) = J ′(t)/J(t) for t ≥ t1. By (29) and (30) we have

Q′(t) =
J ′′(t)J(t)− [J ′(t)]2

J(t)2
≥ 1

9
Q(t)2; Q(t1) ≥

20

(L− 1)T
.

An integration shows that

(L − 1)T

20
>

1

Q(t1)
− 1

Q(t)
≥ 1

9
(t− t1), t1 ≤ t < LT.

This gives a contradiction since t1 ≤ 8L+7
15 T .

6.2 Extraction of the radiation part

In this subsection we extract the radiation part of a global solution to (CP1). A similar result
has been proved in various dimensions, even in non-radial case. Please see Duyckaerts-Kenig-
Merle[10, 12] and Côte-Kenig-Lawrie-Schlag[4], for instance. But most of the proof for d > 3
given in the literature above assumes that the solution is of type II, i.e.

lim sup
t→+∞

‖~u(t)‖Ḣ1×L2 < +∞.

For reason of completeness, we give a short proof in the radial setting without this assumption.
The same proof applies to all dimensions 3 ≤ d ≤ 6, with the following Y norm

‖u‖Y (J) = ‖u‖
L

d+2
d−2 L

2(d+2)
d−2 (J×Rd)

.

Lemma 6.3. Let u be a radial solution to (CP1) defined for all t ≥ 0. There exists a radial free
wave vL with a finite energy, such that

lim
t→+∞

∫

|x|>t−A

|∇t,x(u− vL)(x, t)|2dx = 0, ∀A ∈ R.

Proof. First of all, the energy E must be nonnegative, otherwise the solution would blow up in
finite time, according to Levine [29]. Let ε ∈ (0, ε0) be a small constant to be determined later.
Here ε0 is the absolute constant in Lemma 6.1. Given a solution to (CP1) defined for all time
t ≥ 0, it is clear that the following inequality holds for any sufficiently large R > 0:

‖~u(0)‖H(R) < ε.

By the small data theory and finite speed of propagation, it immediately follows that

‖~u(t)‖H(R+t) < 2ε, ∀t > 0.

According to Lemma 6.1, there exists a time t1 ∈ [Rε−14/3, 3Rε−14/3], such that

‖~u(t1)‖Ḣ1×L2 ≤ C(E).

Here C(E) is a constant depending on E only. Now let us consider the linear free wave uL =
SL(t− t1)~u(t1). By the Strichartz estimates and finite speed of propagation, we have

‖χRuL‖Y ([t1,+∞)) .1 ‖~u(t1)‖H(t1+R) .1 ε.

In addition, if (x, t) ∈ Ω
.
= {(x, t) : t − R < |x| < t + R, t > t1}, then the following point-wise

estimate holds

|uL(x, t)| .1 |x|−3/2‖uL(t)‖Ḣ1(R5) .1 C(E)|x|−3/2.
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A direct calculation shows that

‖χΩuL‖Y ([t1,+∞)) =





∫ ∞

t1

(

∫

t−R<|x|<t+R

|uL(x, t)|14/3dx
)1/2

dt





3/7

.1 C(E)

(∫ ∞

t1

(

Rt−3
)1/2

dt

)3/7

.1 C(E)ε.

In summary, we have ‖χ−RuL‖Y ([t1,+∞)) .E ε. Therefore as long as ε < ε(E) is sufficiently
small, we may apply the small data theory and the finite speed of propagation to conclude that

‖χ−Ru‖Y ([t1,+∞)) .E ε, ‖χ−RF (u)‖L1L2([t1,+∞)×R5) .E ε7/3;

which implies that u scatters to some linear free wave in the exterior region {x : |x| > t−R} as
time tends to positive infinity.

Since the argument above works for any sufficiently large R > 0, we may find a sequence
Ak → ∞ and a sequence of free waves vk, such that

lim
t→+∞

∫

|x|>t−Ak

|∇t,x(u − vk)(x, t)|2dx = 0.

By the theory of radiation profiles, there exists a sequence of Gk ∈ L2([−Ak,+∞)), such that

lim
t→+∞

∫ ∞

t−Ak

(

|r2ur(r, t) +Gk(r − t)|2 + |r2ut(r, t)−Gk(r − t)|2
)

dr = 0.

It is not difficult to see Gj(s) = Gk(s) holds almost everywhere for s > −min{Aj , Ak}. In
addition, we also have

sup
k

‖Gk‖L2([−Ak,+∞)) < +∞,

thanks to Lemma 6.1. Thus we may define G ∈ L2(R) such that the restriction of G on
[−Ak,+∞) is exactly Gk for all k. It is clear that

lim
t→+∞

∫ ∞

t−A

(

|r2ur(r, t) +Gk(r − t)|2 + |r2ut(r, t)−Gk(r − t)|2
)

dr = 0, ∀A ∈ R.

Finally we let vL be the linear free wave with radiation profile G (in the positive time direction)
and the final conclusion follows from the limit above and the basic properties of radiation fields.

Remark 6.4. According to Lemma 6.1, the energy E(vL) of the linear free wave vL and the
norm of the radiation profile G can be dominated by the energy E of the global solution u:

E(vL) ≃1 ‖G‖2L2(R) .1 E + 1.

7 Soliton resolution of almost non-radiative solutions

In this section, we prove that the approximated soliton resolution holds at a large time t1 as long
as the radiation in the exterior region {(x, t) : |x| > |t − t2|} is very weak in term of Strichartz
norm for any time t2 in a long interval [ℓ−1t1, ℓt1]. Here ℓ ≫ 1 is a large constant. This is a
major step toward the proof of the main theorem.
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Definition 7.1. Let u be a radial solution to (CP1) defined for all t > 0. Given two constants
ℓ ≫ 1, δ ≪ 1, we say that t satisfies the local weak radiation condition L(ℓ, δ) if and only if
the nonlinear radiation profile G+ introduced in (2) and the initial data (u0, u1) of u satisfy the
following conditions:

‖G+‖L2([−ℓt,−ℓ−1t]) ≤ δ; ‖(u0, u1)‖H(ℓ−1t) < δ.

Remark 7.2. If u and t0 satisfy the definition above, then the small data theory implies that u
can also be defined in the exterior region Ωℓ−1t0 . As a result, u is a well-defined exterior solution
in any exterior region {x : |x| > |t− t1|} for t1 ≥ ℓ−1t0.

Lemma 7.3. Let E > E(W, 0). If u is a radial solution to (CP1) defined for all t > 0 with an
energy smaller than E and t0 is a time satisfying L(ℓ, δ), then there exists a linear free wave
vt1,L for each t1 ∈ [t0/2, 3t0/2], such that

• lim
t→±∞

∫

|x|>|t−t1|

|∇t,x(u− vt1,L)(x, t)|2 dx = 0;

• ‖χ|x|>|t−t1|vt1,L‖Y (R) + ‖vt1,L‖Y ([t1,+∞)) .1 δ + ℓ−1/2E1/2;

• ‖vt1,L(·, t1)‖L10/3(R5) .1 δ + ℓ−1/2E1/2.

•

∫

|x|<t−ℓ−1t0

(

|∇t,xvt1,L(x, t)|2 +
|vt1,L(x, t)|2

|x|2
)

dx .1 δ2 holds for all t ≥ t1;

•

∫

|x|>t1+ℓ−1t0

|∇t,xvt1,L(x, t1)|2dx .1 δ2 + ℓ−1E.

Proof. Let G± be the radiation profiles of the nonlinear solution u. Our assumption on the
initial data implies that

‖G±‖L2([ℓ−1t0,+∞) .1 δ.

Now we choose vt1,L to be the radial free wave with radiation profile (in the negative time
direction)

Gt1(s) =

{

G−(s), s > t1;
G+(−s), s < t1.

Clearly vt1,L satisfies the asymptotic equivalence condition above. We only need to verify the
inequalities. For this purpose we split the radiation profile into two parts: Gt1 = G1

t1 + G2
t1 ,

where Gj
t1 are the restriction of Gt1 on {s : |s| > ℓ−1t0} and (−ℓ−1t0, ℓ

−1t0) respectively. We
then split vt1,L into two parts accordingly. Our assumption guarantees that ‖G1

t1‖L2(R) .1 δ.
The estimates of this part then follows from the Sobolev, Strichartz and energy estimates. Now
let us consider the second part v2t1,L, which can be given by the explicit formula

v2t1,L(r, t) =
1

r3

∫ t+r

t−r

(s− t)G2
t1(s)ds.

It immediately follows that if r < t − ℓ−1t0, then v2t1,L(r, t) = 0. This immediately gives the
energy estimate in the interior region. In addition, an application of Cauchy-Schwarz shows that

|v2t1,L(r, t)| ≤
1

r3

∫ t+r

t−r

r
∣

∣G2
t1(s)

∣

∣ ds .1
ℓ−1/2t

1/2
0

r2
‖G2

t1‖L2 .1
ℓ−1/2(t0E)1/2

r2
.

Here we utilize the upper bound given in Remark 6.4. The upper bounds of Strichartz norms and
L10/3 norm then follow from the support and upper bound given above. Finally if r > t+ ℓ−1t0
and t > 0 then we have

v2t1,L(r, t) =
1

r3

∫ ℓ−1t0

−ℓ−1t0

(s− t)G2
t1(s)ds.
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Thus
~v2t1,L(r, t1) =

(

Ar−3, Br−3
)

, r > t1 + ℓ−1t0;

where the constants A and B satisfy

|A| =
∣

∣

∣

∣

∣

∫ ℓ−1t0

−ℓ−1t0

(s− t1)G
2
t1 (s)ds

∣

∣

∣

∣

∣

.1 ℓ−1/2t
3/2
0 E1/2;

|B| =
∣

∣

∣

∣

∣

−
∫ ℓ−1t0

−ℓ−1t0

G2
t1(s)ds

∣

∣

∣

∣

∣

.1 ℓ−1/2t
1/2
0 E1/2.

The energy estimate in the exterior region then follows a direct calculation.

Remark 7.4. A similar argument to the proof of Lemma 7.3 shows that any radial free wave v
satsifes

‖χ|x|>|t−t0|v‖Y (R) + ‖v‖Y ([t0,+∞)) .1 ℓ−1/2‖G−‖L2({s:|s|<ℓ−1t0}) + ‖G−‖L2({s:|s|>ℓ−1t0}).

Here G− is the radiation profile of v in the negative time direction. By the symmetry of radiation
profiles G±, we may also substitute G− by G+ in the inequality above.

The following proposition is the main result of this section. It separates each bubble one-by-
one as long as the radiation is sufficiently weak in the corresponding light cone.

Proposition 7.5. Let n be a positive integer and E > E(W, 0). Then (I) there exists a large
constant ℓ0 = ℓ0(n,E), a small constant δ0 = δ0(n,E) and an absolute constant c2 ≫ 1, such
that if u is a radial solution to (CP1) defined for all t > 0 with an energy E(u) ∈ [E(W, 0), E)
and t0 is a time satisfying L(ℓ, δ) for some constants ℓ > ℓ0, δ < δ0, then either of the following
holds

(a) There exists a sequence {(λj , ζj)}j=1,2,··· ,J with 0 ≤ J ≤ n − 1, ζj ∈ {+1,−1} and 0 <
λJ < λJ−1 < · · · < λ1 < t0 such that

max

{

λ1

t0
,
λ2

λ1
, · · · , λJ

λJ−1

}

≤ κn,E(ℓ, δ);

∥

∥

∥

∥

∥

∥

~u(t0)−
J
∑

j=1

(ζjWλj , 0)− ~vt0,L(t0)

∥

∥

∥

∥

∥

∥

Ḣ1×L2

≤ εn,E(ℓ, δ);

∥

∥

∥

∥

∥

∥

χ|x|>|t−t0|



u−
J
∑

j=1

ζjWλj





∥

∥

∥

∥

∥

∥

Y (R)

≤ εn,E(ℓ, δ).

(b) There exists a sequence {(λj , ζj)}j=1,2,··· ,n with ζj ∈ {+1,−1} and 0 < λn < λn−1 < · · · <
λ1 such that

max

{

λ1

t0
,
λ2

λ1
, · · · , λn

λn−1

}

≤ κn,E(ℓ, δ);

∥

∥

∥

∥

∥

∥

~u(t0)−
n
∑

j=1

(ζjWλj , 0)− ~vt0,L(t0)

∥

∥

∥

∥

∥

∥

H(c2λn)

≤ εn,E(ℓ, δ);

∥

∥

∥

∥

∥

∥

χ|x|>|t−t0|+c2λn



u−
n
∑

j=1

ζjWλj





∥

∥

∥

∥

∥

∥

Y (R)

≤ εn,E(ℓ, δ).
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Here vt0,L is the linear free wave given in Lemma 7.3. εn,E(ℓ, δ) and κn,E(ℓ, δ) are positive
functions of ℓ and δ satisfying (these functions depend solely on n and E)

lim
ℓ→+∞,δ→0+

εn,E(ℓ, δ) = 0; lim
ℓ→+∞,δ→0+

κn,E(ℓ, δ) = 0.

(II) Furthermore, given any positive constant c ≤ c2, there exist two constants ℓ0(n,E, c),
δ0(n,E, c) and a function εn,E,c(ℓ, δ) satisfying

lim
ℓ→+∞,δ→0+

εn,E,c(ℓ, δ) = 0,

such that if (u, t0) is a pair of solution/time discussed above in case (b) with ℓ > ℓ0(n,E, c) and
δ < δ0(n,E, c), then

∥

∥

∥

∥

∥

∥

~u(t0)−
n
∑

j=1

(ζjWλj , 0)− ~vt0,L(t0)

∥

∥

∥

∥

∥

∥

H(cλn)

+

∥

∥

∥

∥

∥

∥

χ|x|>|t−t0|+cλn



u−
N
∑

j=1

ζjWλj





∥

∥

∥

∥

∥

∥

Y (R)

≤ εn,E,c(ℓ, δ).

Here (ζj , λj) are still the parameters given in case (b) of part (I).

Remark 7.6. A direct calculation of nonlinear estimate shows that if ℓ > ℓ0(n,E) is sufficiently
large and δ < δ0(n,E) is sufficiently small, then a solution u in case (a) satisfies

∥

∥

∥

∥

∥

∥

χ|x|>|t−t0|



F (u)−
n
∑

j=1

F (ζjWλj )





∥

∥

∥

∥

∥

∥

L1L2(R×R5)

≤ εn,E(ℓ, δ).

Similarly, if c < c2, ℓ > ℓ0(n,E, c) and δ < δ0(n,E, c), then a solution in case (b) satisfies

∥

∥

∥

∥

∥

∥

χ|x|>|t−t0|+cλn



F (u)−
n
∑

j=1

F (ζjWλj )





∥

∥

∥

∥

∥

∥

L1L2(R×R5)

≤ εn,E,c(ℓ, δ).

Please note that the functions εn,E(ℓ, δ) and εn,,E,c(ℓ, δ) here may be different from those in
the proposition but still satisfy the same limit conditions. For convenience in this section the
notation εn,E(ℓ, δ) represent a positive function of n, E, ℓ and δ, which satisfies

lim
ℓ→+∞,δ→δ+

εn,E(ℓ, δ) = 0

for any given positive integer n and E > E(W, 0). It may represent different functions at
different places. The notations εn,E,c(ℓ, δ) can be understood in the same way. Similarly δ0(n,E),
δ0(n,E, c) or similar notations represent positive constants depending on n and E (or n , E and
c). Again they may represent different constants at different places.

The rest of this section is devoted to the proof of Proposition 7.5. We will apply an induction
in the positive integer n. More precisely we split the proposition into part I and II, as marked
in the proposition. We prove via a bootstrap argument that

(a) Part I holds for n = 1;

(b) Part II holds if Part I holds, for any given n ≥ 1;

(c) Part I holds for n+ 1 as long as the whole proposition holds for n.
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The step (b) is simply an application of Lemma 3.4. More details can be found in [39]. Here we
only give the details of step (a) and (c). The proof of these two steps is roughly the same and
differs only in the beginning part. We first choose a few constants. Let ρ be the small constant
in classification of non-radiative solutions. Without loss of generality, we may assume ρ < β/2,
where β is the constant in Lemma 3.3, and let c2 be the large radius such that the radiation
residues τj of W satisfy

τ1(r) = 0; τ2(c2) = ρ; 0 < τ2(r) < ρ, r > c2.

By Lemma 4.5, without loss of generality, we may further reduce the value of ρ such that any
radial non-radiative solution v to (CP1) with radiation residues ~τ satisfying

|~τ(R)| = ρ, |~τ (r)| < ρ, r > R

must satisfy
‖χRv‖Y (R) < η/3,

where η is the constant in Lemma 3.3. Next we introduce a few notations. Let vt0,L be the linear
free wave given in Lemma 7.3. Given n ≥ 0 and (ζj , λj) ∈ {+1,−1}×R+ for j = 1, 2, · · · , n, we
define

Sn(x, t) = vt0,L +

n
∑

j=1

ζjWλj ; en(x, t) =

n
∑

j=1

ζjF (Wλj )− F (Sn).

In particular, S0 = vt0,L. The approximated solution Sn solves the following wave equation

(∂2
t −∆)Sn = F (Sn) + en(x, t).

We also define wn = u− Sn, which solves the wave equation

(∂2
t −∆)wn = F (u)− F (Sn)− en(x, t).

We use the notation ~τn(r) for the radiation residue of ~wn(t0) and τj,n(r) for its components(j =
1, 2). For convenience we also define χ(r,t1) to be the characteristic function of the region

{(x, t) : |x| > r + |t− t1|};

and χ(r1,r2,t1) to be the characteristic function of the region

{(x, t) : r1 + |t− t1| < |x| < r2 + |t− t1|}.

7.1 Beginning of step (a)

In this subsection we give the beginning part of Step (a), i.e. Part (I) of Proposition 7.5 for
n = 1. We let S0 = vt0,L and w0 = u− S0. Please note this case e0(x, t) = −F (vt0,L). Thus

‖χ(0,t0)e0(x, t)‖L1L2(R×R5) ≤ εE(ℓ, δ); ‖χ(0,t0)S0‖Y (R) ≤ εE(ℓ, δ).

In addition, A combination of finite speed of propagation, small data theory and Lemma 7.3
gives

‖~w0(t0)‖H(ℓ−1t0+t0) + ‖χ(ℓ−1t0+t0,t0)(F (u)− F (S0)− e0)‖L1L2(R×R5) ≤ εE(ℓ, δ). (31)

As a result, given any constant c ∈ (0, 1), we may apply Lemma 3.4 repeatedly to deduce that

‖~w0(t0)‖H(c(ℓ−1t0+t0)) ≤ εE,c(ℓ, δ), (32)

as long as ℓ is sufficiently large and δ is sufficiently small. Now let us consider the global
behaviour of the radiation residue ~τ0(r) of ~w0(t0). The radiation residue ~τ0(r) is very small for
r ≥ ℓ−1t0 + t0 by (31). There are two cases for the behaviour of ~τ(r) for smaller r’s:
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Case one In this case we assume

sup
r>0

|~τ0(r)| ≤ ρ < β/2.

An application of Lemma 3.3 with R1 = 0, R2 = ℓ−1t0 + t0 then yields

‖~w0(t0)‖Ḣ1×L2 + ‖χ0,t0wn‖Y (R) ≤ εE(ℓ, δ).

This verifies (a) with J = 0.

Case two In this case we have
sup
r>0

|~τ0(r)| > ρ.

Let R be the radius satisfies

|~τ0(R)| = ρ; |~τ0(r)| < ρ, r > R.

By (32), the radius R satisfies R/t0 → 0+ as ℓ → +∞ and δ → 0+, namely

R

t0
≤ εE(ℓ, δ).

We temporarily stop here and consider the beginning part of Step (c), and then deal with the
remaining part of Step (a) and (c) in a unified way.

7.2 Beginning of step (c)

Let us assume that the proposition holds for a positive integer n. We first choose a constant
c1 = c1(n) such that

‖χ0,c1W‖Y (R) <
η

3n
.

It is not difficult to see that we only need to consider solutions u and time t0 satisfying case
(b) of the proposition for the positive integer n. In fact, if u satisfies case (a) for the positive
integer n, then it also satisfies case (a) for the positive integer n + 1, with the same choice of
J and (ζj , λj)’s. By the induction hypothesis, a solution u in case (b) for n and associated
solutions/functions wn, Sn and en(x, t) defined at the beginning of this section satisfy

‖~wn(t0)‖H(c1λn)
+ ‖χ(c1λn,t0) (F (u)− F (Sn)− en) ‖L1L2(R×R5) ≤ εn,E(ℓ, δ);

‖χ(0,t0)en(x, t)‖L1L2(R×R5) ≤ εn,E(ℓ, δ);

‖χc1λnwn‖Y (R) ≤ εn,E(ℓ, δ);

‖χ(0,c1λn,t0)Sn‖Y (R) ≤ η/3 + εE(ℓ, δ).

In addition, given any positive constant c < c1, the following estimate holds for sufficiently large
ℓ and sufficient small δ:

‖~wn(t0)‖H(cλn)
+ ‖χ(cλn,t0)wn‖Y (R) ≤ εn,E,c(ℓ, δ). (33)

Again we consider the behaviour of the radiation residue ~τn(r) of ~wn(t0). There are two cases:

Case one In this case we assume

sup
r>0

|~τn(t0)| ≤ ρ < β/2.

An application of Lemma 3.3 with R1 = 0, R2 = c1λn then gives

‖~wn(t0)‖Ḣ1×L2 + ‖χ(0,t0)wn‖Y (R) ≤ εn,E(ℓ, δ).

This verifies (a) with J = n.
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Case two In this case we have
sup
r>0

|~τn(t0)| > ρ.

Again we let R be the radius satisfying

|~τn(R)| = ρ; |~τn(r)| < ρ, r > R.

By (33), the radius satisfies
R

λn
≤ εn,E(ℓ, δ).

Now we may complete Step (c) and Step (a) in a unified way. The latter case corresponds to
n = 0. Please note that we have excluded some solutions u, which satisfy case (a) and whose
corresponding radiation residues ~τn(r) are very small for all radii.

7.3 Decay of τ1 and completion of proof

In this subsection we prove that the first radiation residue τ1,n(R) must be very small as long as
ℓ is very large and δ is very small, in the setting of the last two subsections, which finishes the
proof of Proposition 7.5. More precisely we show that

|τ1,n(R)| ≤ εn,E(ℓ, δ). (34)

Here ~τn(r) = (τ1,n(r), τ2,n(r)) is the radiation residue of ~wn(t0) and R is the radius determined
in the last two subsections. We temporarily assume (34) and explain why this implies part (b)
holds. We let ζn+1 = τ2(R)/|τ2(R)|, λn+1 = R/c2 and define

Sn+1 =
n+1
∑

j=1

ζjWλj + vt0,L,

which solves the approximated equation

(∂2
t u−∆u)Sn+1 = F (Sn+1) + en+1, en+1 =

n+1
∑

j=1

F (ζjWλj )− F (Sn+1).

Let wn+1 = u−Sn+1 and ~τn+1 be the radiation residue of ~wn+1(t0). Combing the ratio inequality

max

{

λ1

t0
,
λ2

λ1
, · · · , λn+1

λn

}

≤ κn,E(ℓ, δ),

with the corresponding estimates for ~wn, we have

‖~wn+1(t0)‖H(c1λn)
+ ‖χ(c1λn,t0) (F (u)− F (Sn+1)− en+1) ‖L1L2(R×R5) ≤ εn,E(ℓ, δ);

‖χ(0,t0)en+1(x, t)‖L1L2(R×R5) ≤ εn,E(ℓ, δ);

sup
R≤r≤c1λn

|~τn+1(r)| ≤ 2ρ < β;

‖χ(R,c1λn,t0)Sn+1‖ ≤ 2

3
η + εn,E(ℓ, δ).

Here we need to substitute the radius c1λn by t0+ℓ−1t0 if n = 0. When ℓ > ℓ(n,E) is sufficiently
large and δ < δ(n,E) is sufficiently small, we may apply Lemma 3.3 with R1 = R = c2λn+1 and
R2 = c1λn (or t0 + ℓ−1t0 if n = 0) to conclude

‖~wn+1(t0)‖H(c2λn+1)
+ ‖χ(c2λn+1,t0)wn+1‖Y (R) .1 |~τn(R)− ζn+1(0, ρ)|+ εn,E(ℓ, δ)

.1 εn,E(ℓ, δ).
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Here we utilize (34) and verifies (b) in the proposition.
The remaining task is to prove (34). This is the most difficult part of the proof, which

involves the time evolution and depends on the global behaviour of non-radiative solutions. In
the 3-dimensional case, however, this part of argument is not necessary because all non-radiative
solutions are ground states, up to the dilation/sign symmetry. By the classification given in
the previous sections, it suffices to show that given any constant T > 0, the non-radiative class
determined by the radiation residue ~τn(R) does not match any non-radiative class of ~U(t) or

−~U(t) for t ∈ [−T, T ], as long as ℓ > ℓ1(n,E, T ) is sufficiently large and δ < δ1(n,E, T ) is
sufficiently small. Here U is the universal cover of non-stationary non-radiative solutions. We
prove this by a contradiction argument. Let us assume that ~τn(R) matches that of ~U(T1),
without loss of generality, where T1 ∈ [−T, T ]. Now let us define

S+
n = Sn +

1

(R/R1)3/2
U

(

x

R/R1
,
t− t0
R/R1

+ T1

)

, |x| > |t− t0|.

Here R1 is the scale of U(T1), i.e. the radius at which the radiation residue comes with a length
ρ, which is uniformly bounded from both the above and the below for all T1 ∈ [−T, T ]. For
convenience we let λ = R/R1. Clearly we have

λ

λn
≤ εn,E,T (ℓ, δ), n ≥ 1;

λ

t0
≤ εE,T (ℓ, δ), n = 0.

The approximated solution S+
n solves the wave equation

(∂2
t −∆)S+

n = F (S+
n ) + e+n .

Here the error term e+n is defined by

e+n = F (Sn) + F (Uλ)− F (S+
n ) + en(x, t); Uλ =

1

λ3/2
U

(

x

λ
,
t− t0
λ

+ T1

)

.

We recall the Strichartz estimates and Corollary 4.12 to deduce that (n ≥ 1)

‖χ(R,t0)e
+
n ‖L1L2 ≤

∥

∥

∥

∥

χ
(R,R

1
2 λ

1
2
n ,t0)

(e+n − en)

∥

∥

∥

∥

L1L2

+

∥

∥

∥

∥

χ
(R

1
2 λ

1
2
n ,t0)

(e+n − en)

∥

∥

∥

∥

L1L2

+ ‖χ(R,t0)en‖L1L2

.1

∥

∥

∥

∥

χ
(R,R

1
2 λ

1
2
n ,t0)

SnUλ

∥

∥

∥

∥

L
7
6 L

7
3

(

∥

∥

∥

∥

χ
(R,R

1
2 λ

1
2
n ,t0)

Sn

∥

∥

∥

∥

1/3

Y (R)

+

∥

∥

∥

∥

χ
(R,R

1
2 λ

1
2
n ,t0)

Uλ

∥

∥

∥

∥

1/3

Y (R)

)

+

∥

∥

∥

∥

χ
(R

1
2 λ

1
2
n ,t0)

SnUλ

∥

∥

∥

∥

L
7
6 L

7
3

(

∥

∥

∥

∥

χ
(R

1
2 λ

1
2
n ,t0)

Sn

∥

∥

∥

∥

1/3

Y (R)

+

∥

∥

∥

∥

χ
(R

1
2 λ

1
2
n ,t0)

Uλ

∥

∥

∥

∥

1/3

Y (R)

)

+ εn,E(ℓ, δ)

.n,E

∥

∥

∥

∥

χ
(R,R

1
2 λ

1
2
n ,t0)

Sn

∥

∥

∥

∥

Y (R)

+

∥

∥

∥

∥

χ
(R

1
2 λ

1
2
n ,t0)

Uλ

∥

∥

∥

∥

Y (R)

+ εn,E(ℓ, δ)

≤ εn,E(ℓ, δ).

If n = 0, then we also have

‖χ(R,t0)e
+
0 ‖L1L2 =

∥

∥χ(R,t0)

(

F (Uλ)− F (S+
0 )
)∥

∥

L1L2

.1 ‖χ(R,t0)vt0,L‖Y (R)

(

‖χ(R,t0)vt0,L‖
4/3
Y (R) + ‖χ(R,t0)Uλ‖4/3Y (R)

)

≤ εE(ℓ, δ).

In addition, the way we choose ρ and c1 implies that

‖χ(R,c1λn,t0)S
+
n ‖Y (R) ≤ n‖χ0,c1W‖Y (R) + ‖χ(R1,T1)U‖Y (R) + ‖χ0vt0,L‖Y (R) ≤

2

3
η + εE(ℓ, δ),
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for n ≥ 1; or

‖χ(R,t0+ℓ−1t0,t0)S
+
0 ‖Y (R) ≤ ‖χ(R1,T1)U‖Y (R) + ‖χ0vt0,L‖Y (R) ≤

1

3
η + εE(ℓ, δ),

for n = 0. In addition, if we define w+
n = u − S+

n = wn − Uλ, then our choice of T1 guarantees
that the radiation residue ~τ+n (r) of ~w+

n satisfies

~τ+n (R) = 0; |~τ+n (r)| ≤ 2ρ < β, r ∈ (R, c1λn] (or r ∈ (R, t0 + ℓ−1t0] if n = 0);

as long as ℓ is sufficiently large and δ is sufficiently small. Finally by induction hypothesis and
the decay of non-radiative solution Uλ, we also have

‖χ(c1λn,t0)w
+
n ‖Y (R) + ‖χ(c1λn,t0)(F (u)− F (S+

n )− e+n )‖L1L2 ≤ εn,E(ℓ, δ), n ≥ 1;

‖χ(t0+ℓ−1t0,t0)w
+
0 ‖Y (R) + ‖χ(t0+ℓ−1t0,t0)(F (u)− F (S+

0 )− e+0 )‖L1L2 ≤ εE(ℓ, δ).

Putting all these together, we are able to apply Lemma 3.3 and deduce that

sup
t∈R

‖~w+
n (t)‖H(R+|t−t0|) + ‖χ(R,t0)w

+
n ‖Y (R) ≤ εn,E(ℓ, δ). (35)

It immediately follows that

‖χ(R,t0)(F (u)− F (S+
n )− e+n )‖L1L2(R×R5) ≤ εn,E(ℓ, δ). (36)

Next we give an improved estimate for time near t0. For each

t1 ∈ I
.
= [−λ(T + T1) + t0, λ(T − T1) + t0],

we define

S+
n,t1(x, t) = Uλ(x, t) +

n
∑

j=1

ζjWλj (x) + vt1,L(x, t), |x| > |t− t1|;

and e+n,t1 , w
+
n,t1 accordingly. Please note that when ℓ is sufficiently large and δ is sufficiently

small, each time t1 ∈ I satisfies

|t1 − t0| ≤ 2Tλ .T R ≪ t0 ⇒ t1 ∈ [t0/2, 3t0/2].

By comparing the radiation profiles, we immediately obtain ‖~vt1,L−~vt0,L‖Ḣ1×L2 .1 δ. Combin-
ing this with (35) and (36), we obtain

sup
t1∈I

(

∥

∥~w+
n,t1(t1)

∥

∥

H(|t1−t0|+R)
+
(

‖χ(R+|t1−t0|,t1)(F (u)− F (S+
n,t1)− e+n,t1)

∥

∥

L1L2

)

≤ εn,E(ℓ, δ).

Now we recall the following property of odd non-radiative solutions given in the previous section

‖Ut(·, 0)‖L2({x:|x|<2}) = +∞; |U(x, t)| ≤ |x|−3/2ϕν0 (|t|/|x|) .1 |t|/|x|5/2, |x| > |t|.

By continuity, we may find a constant γ = γ(E) ≪ 1/10, such that
∫

γ<|x|<2

|Ut(x, t)|2dx > 20E + 1015, ∀t ∈ [−γ, γ]. (37)

Since ‖χ(γ2,t)U‖Y (R) and the scale of ~U(t) are uniformly bounded for all t ∈ [−T, T ], we may
follow a similar argument to the one given above and deduce that the following estimates hold
for sufficiently large ℓ and sufficiently small δ:

sup
t1∈I

∥

∥χ(γ2λ,t1)S
+
n,t1

∥

∥

Y (R)
.n,E,T 1;

sup
t1∈I

∥

∥χ(γ2λ,t1)e
+
n,t1

∥

∥

L1L2(R×R5)
≤ εn,E,T (ℓ, δ).
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In addition, we have

R+ |t1 − t0|
γ2λ

≤ R1λ+ 2Tλ

γ2λ
=

R1 + 2T

γ2
.E,T 1.

All these estimates enable us to apply Lemma 3.4 repeatedly and obtain

sup
t1∈I

(

∥

∥~w+
n,t1(t1)

∥

∥

H(γ2λ)
+
∥

∥χ(γ2λ,t1)w
+
n,t1

∥

∥

Y (R)

)

≤ εn,E,T (ℓ, δ), (38)

as long as ℓ > ℓ(n,E, T ) is sufficiently large and δ < δ(n,E, T ) is sufficiently small. Now let
us show that ‖~u(t)‖Ḣ1×L2 is NOT bounded near the time t∗1 = −λT1 + t0 ∈ I, which gives a
contradiction. We shall show this by the virial identity. Let us choose a smooth cut-off function
ϕ satisfying

ϕ(s) =

{

1, s ≤ 2
0, s ≥ 3;

|ϕ′(s)| ≤ 2, s ∈ R;

and let φ(s) = ϕ2(s). We then define

J(t) =

∫

R5

|u(x, t)|2φ(|x|/λ)dx, t ∈ I1
.
= [t∗1 − λγ, t∗1 + λγ] ⊂ I.

A direction calculation shows that

J ′(t) = 2

∫

R5

u(x, t)ut(x, t)φ(|x|/λ)dx;

J ′′(t) = 2

∫

R5

(

|ut(x, t)|2 + u(x, t)utt(x, t)
)

φ(|x|/λ)dx

=

∫

R5

(

2|ut(x, t)|2 − 2|∇u(x, t)|2 + 2|u(x, t)|10/3
)

φ(|x|/λ)dx

−
∫

R5

2uφ′(|x|/λ)∇u · x

λ|x|dx

By our choice of the universal cover U , Lemma 7.3, the estimate (38) and the ratio inequality
λ/λn ≤ εn,E,T (ℓ, δ), or λ/t0 ≤ εE,T (ℓ, δ) if n = 0, we have

sup
t∈I1

∫

2λ<|x|<3λ

(

|∇u(x, t)|2 + |ut(x, t)|2 +
|u(x, t)|2

|x|2 + |u(x, t)|10/3
)

dx <
1

6
. (39)

as long as ℓ > ℓ(n,E, T ) is sufficiently large and δ < δ(n,E, T ) is sufficiently small. Similarly we
have the following almost orthogonality properties in the exterior regions

sup
t∈I1

∣

∣

∣‖~u(t)‖2H(3λ) − n‖W‖2
Ḣ1(R5)

− ‖~Uλ(t)‖2H(3λ) − ‖~vt,L‖2Ḣ1×L2

∣

∣

∣ ≤ εn,E,T (ℓ, δ);

sup
t∈I1

∣

∣

∣

∣

∣

∫

|x|>3λ

|u(x, t)| 103 dx− n‖W‖
10
3

L
10
3 (R5)

−
∫

|x|>3λ

|Uλ(x, t)|
10
3 dx

∣

∣

∣

∣

∣

≤ εn,E,T (ℓ, δ).

It immediately follows from the almost orthogonality and (24) that the following inequality holds
for sufficiently large ℓ and sufficiently small δ:

∫

|x|>3λ

(

1

2
|∇u(x, t)|2 + 1

2
|ut(x, t)|2 −

3

10
|u(x, t)| 103

)

dx > 0, ∀t ∈ I1.

A combination of this with (39) and the energy conservation law gives

E∗(t) =

∫

R5

(

1

2
|∇u(x, t)|2 + 1

2
|ut(x, t)|2 −

3

10
|u(x, t)| 103

)

φ(|x|/λ)dx < E + 1, t ∈ I1. (40)
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Using this and (39), we may rewrite

J ′′(t) ≥
∫

R5

(

4|ut(x, t)|2 +
4

5
|u(x, t)| 103

)

φ

( |x|
λ

)

dx− 4E∗(t)− 1; (41)

and

J ′′(t) ≥
∫

R5

(

16

3
|ut(x, t)|2 +

4

3
|∇u(x, t)|2

)

φ

( |x|
λ

)

dx− 20

3
E∗(t)− 1. (42)

By (37), (38) and Lemma 7.3, we also have

inf
t∈I1

∫

γλ<|x|<2λ

|ut(x, t)|2dx ≥ 20E + 1015 − 1 (43)

for sufficiently large ℓ and small δ. Therefore by (42) we have (t ∈ I1)

J ′′(t) ≥ 5

∫

R5

|ut(x, t)|2φ(|x|/λ)dx > 100E + 1015; =⇒ J ′′(t)J(t) ≥ 5

4
|J ′(t)|2.

Next we prove

Lemma 7.7. Let J(t), γ, λ be defined as above and M > 0, γ1 ∈ (0, γλ/5] be constants. If
J ′′(t) ≥ M holds for all t ∈ [t∗1−γ1, t

∗
1+γ1], then |J(t)| ≥ γ2

1M/8 for all t ∈ [t∗1−γ1/2, t
∗
1+γ1/2].

Proof. We prove this lemma by contradiction. If there existed a time t∗2 ∈ [t∗1 − γ1/2, t
∗
1 + γ1/2]

such that |J(t∗2)| < γ2
1M/8, then we would have

J ′(t∗2 + γ1/2) = J ′(t∗2) +

∫ t∗2+γ1/2

t∗2

J ′′(t)dt;

J(t∗2 + γ1/2) = J(t∗2) + (γ1/2)J
′(t∗2) +

∫ t∗2+γ1/2

t∗2

(t∗2 + γ1/2− t)J ′′(t)dt.

Here we assume J ′(t∗2) ≥ 0, without loss of generality, otherwise we consider the negative time
direction instead. The lower bound of J ′′(t) and the upper bound of J(t∗2) implies that

|J(t∗2)| <
∫ t∗2+γ1/2

t∗2

(t∗2 + γ1/2− t)J ′′(t)dt.

This implies that J ′(t∗2 + γ1/2) > γ−1
1 J(t∗2 + γ1/2) > 0. Thus Q(t) = J ′(t)/J(t) is well-defined

for all t ∈ [t∗2 + γ1/2, t
∗
1 + γλ] and satisfies Q(t∗2 + γ1/2) > γ−1

1 . In addition, Q(t) satisfies

Q′(t) =
J ′′(t)J(t)− (J ′(t))2

J(t)2
≥ (J ′(t))2

4J(t)2
=

1

4
Q2(t) > 0.

Thus

γ1 >
1

Q(t∗2 + γ1/2)
− 1

Q(t)
≥ 1

4
(t− t∗2 − γ1/2), ∀t ∈ [t∗2 + γ1/2, t

∗
1 + γλ].

This is a contradiction when t = t∗1 + γλ ≥ t∗1 + 5γ1.

An application of this lemma with M = M0 = 100E+1015 and γ1 = γλ/5 immediately gives

J(t) ≥ γ2λ2M0

200
, t ∈ [t∗1 − γλ/10, t∗1 + γλ/10]. (44)

On the other hand, if |x| > |t− t∗1|, then Uλ(x, t) satisfies

|Uλ(x, t)| =
1

λ3/2

∣

∣

∣

∣

U

(

x

λ
,
t− t∗1
λ

)∣

∣

∣

∣

≤ |x|−3/2ϕν0

( |t− t∗1|
|x|

)

≤ 2|t− t∗1|
|x|5/2 .
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This immediately gives for t ∈ [t∗1 − γ2λ, t∗1 + γ2λ] that
∫

γ2λ<|x|<3λ

|Uλ(x, t)|2dx ≤ 4σ4|t− t∗1|2 ln
3

γ2
≤ 4σ4γ

3λ2.

We combine this with (38), the scale separation, Lemma 7.3 and the Hardy inequality to deduce
for sufficiently large ℓ and sufficiently small δ that

∫

γ2λ<|x|<3λ

|u(x, t)|2dx ≤ 5σ4γ
3λ2, t ∈ [t∗1 − γ2λ, t∗1 + γ2λ]. (45)

Combining this with (44), we obtain

∫

|x|<γ2λ

|u(x, t)|2dx >
γ2λ2M0

250
, t ∈ [t∗1 − γ2λ, t∗1 + γ2λ].

Thus

∫

|x|<γ2λ

|u(x, t)| 103 dx ≥ |B(0, γ2λ)|−2/3

(

∫

|x|<γ2λ

|u(x, t)|2dx
)

5
3

≥ γ− 10
3 M

4/3
0 .

Next we prove for k ∈ {0} ∪ N that
∫

|x|<γ2λ

|u(x, t)| 103 dx ≥ γ−2( 5
3 )

k+1

M
( 4
3 )

k+1

0 , t ∈ [t∗1 − 2−kγ2λ, t∗1 + 2−kγ2λ]. (46)

This follows an induction. The case k = 0 has been proved above. Now we assume that (46)
holds for k. We combine it with (40), (41), (43) and obtain a stronger lower bound estimate of
J ′′(t)

J ′′(t) ≥ 4

5
γ−2( 5

3 )
k+1

M
( 4
3 )

k+1

0 , t ∈ [t∗1 − 2−kγ2λ, t∗1 + 2−kγ2λ].

We apply Lemma 7.7 and obtain

J(t) ≥ 2−2k

10
γ4−2( 5

3 )
k+1

λ2M
( 4
3 )

k+1

0 , t ∈ [t∗1 − 2−k−1γ2λ, t∗1 + 2−k−1γ2λ].

We compare it with (45) and deduce

∫

|x|<γ2λ

|u(x, t)|2dx ≥ 2−2k

20
γ4−2( 5

3 )
k+1

λ2M
( 4
3 )

k+1

0 , t ∈ [t∗1 − 2−k−1γ2λ, t∗1 + 2−k−1γ2λ].

Again for these time t’s we have

∫

|x|<γ2λ

|u(x, t)| 103 dx ≥ |B(0, γ2λ)|−2/3

(

∫

|x|<γ2λ

|u(x, t)|2dx
)

5
3

≥ 2−
10
3 k

205/3|B(0, 1)|2/3 γ
−2( 5

3 )
k+2

M
5
3 (

4
3 )

k+1

0

≥ γ−2( 5
3 )

k+2

M
( 4
3 )

k+2

0 .

This verifies (46), which gives a contradiction, because the Ḣ1 norm, thus L10/3 norm of u must
be uniformly bounded in the compact time interval I1.

Remark 7.8. Given a positive integer n, the values of parameters J and (ζ1, λ1), · · · , (ζJ , λJ ) are
uniquely determined by a pair (u, t0) if t0 satisfies L(ℓ, δ) for sufficiently large ℓ and sufficiently
small δ, via the procedure given above. Please note that a small perturbation of λj’s may still
satisfy the conditions given in Proposition 7.5.
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8 Proof of main theorem

In this section we prove Theorem 1.1. We first give a quantitative result of soliton resolution for
a single time

Lemma 8.1. Let E > E(W, 0), κ and ε be positive constants. Then exists two small positive
constants ℓ1 = ℓ1(E, κ, ε) > E/ε2 and δ1 = δ1(E, κ, ε) ≤ ε such that if

• u is a solution to (CP1) defined for all t ≥ 0 with an energy E(u) ∈ [E(W, 0), E);

• t0 is a time satisfying the condition L(ℓ1, δ1);
then there exists a sequence (ζj , λj) ∈ {+1,−1}× R+ for j = 1, 2, · · · , J with J ≥ 0 and

max

{

λ1

t0
,
λ2

λ1
, · · · , λJ

λJ−1

}

< κ,

such that (vt0,L is defined in Lemma 7.3)
∥

∥

∥

∥

∥

∥

~u(·, t0)−
J
∑

j=1

ζj(Wλj , 0)− ~vt0,L(·, t0)

∥

∥

∥

∥

∥

∥

Ḣ1×L2

≤ ε;

∣

∣

∣‖~u(t0)‖2Ḣ1×L2 − J‖W‖2
Ḣ1 − 2σ4‖G+‖2L2([−t0,+∞))

∣

∣

∣ ≤ ε2;
∣

∣

∣E(u)− JE(W, 0)− σ4‖G+‖2L2([−t0,+∞))

∣

∣

∣ ≤ ε2.

Proof. Without loss of generality we assume that κ, ε ≪ 1. We start by choosing a positive
integer n = n(E) such that

(n− 1)‖W‖2
Ḣ1(R5)

> 20E +K0 + 1.

Here K0 = K0(3) is the constant in Lemma 6.1 with L = 3. We then apply Proposition 7.5 and
obtain that if (u, t) satisfies L(ℓ, δ) for a large constant ℓ ≥ ℓ2(E) and δ ≤ δ2(E), then either of
the following holds

• There exists a sequence (ζj , λj) ∈ {+1,−1}× R+ for j = 1, 2, · · · , J with 0 ≤ J < n and

max

{

λ1

t
,
λ2

λ1
, · · · , λJ

λJ−1

}

< κE(ℓ, δ),

such that
∥

∥

∥

∥

∥

∥

~u(·, t)−
J
∑

j=1

ζj(Wλj , 0)− ~vt,L(·, t)

∥

∥

∥

∥

∥

∥

Ḣ1×L2

≤ εE(ℓ, δ);

∣

∣

∣‖~u(t)‖2Ḣ1×L2 − J‖W‖2
Ḣ1 − 2σ4‖G+‖2L2([−t,+∞))

∣

∣

∣ ≤ εE(ℓ, δ);
∣

∣

∣
E(u)− JE(W, 0)− σ4‖G+‖2L2([−t,+∞))

∣

∣

∣
≤ εE(ℓ, δ).

• There exists a sequence (ζj , λj) ∈ {+1,−1}× R+ for j = 1, 2, · · · , n and

max

{

λ1

t
,
λ2

λ1
, · · · , λn

λn−1

}

< κE(ℓ, δ),

such that
∥

∥

∥

∥

∥

∥

~u(·, t)−
n
∑

j=1

ζj(Wλj , 0)− ~vt,L(·, t)

∥

∥

∥

∥

∥

∥

H(c2λn)

≤ εE(ℓ, δ);

∣

∣

∣‖~u(t)‖2H(c2λn)
− (n− 1)‖W‖2

Ḣ1 − ‖(W, 0)‖2H(c2)
− 2σ4‖G+‖2L2([−t,+∞))

∣

∣

∣ ≤ εE(ℓ, δ).
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Here the estimates on the energy norm or energy of u is a direct consequence of the soliton
approximated resolution and the almost orthogonality, as well as the energy estimate on vt,L
given in Lemma 7.3. The calculation is similar to the 3-dimensional case. More details can be
found in [39]. Please note that

‖vt,L‖Ḣ1×L2 = 2σ4

(

‖G+‖2L2([−t,+∞)) + ‖G−‖2L2([t,+∞))

)

= 2σ4‖G+‖2L2([−t,+∞)) +O(δ2).

It follows that if (u, t) satisfies L(ℓ3, δ3) for a sufficiently large constant ℓ3 = ℓ3(E, κ, ε) and a
sufficiently small δ3 = δ3(E, κ, ε) < δ0, then either of the following holds

(a) The conclusion of Lemma 8.1 holds for the time t; In this case a comparison of the Ḣ1×L2

norm and the energy estimates gives

‖~u(t)‖2
Ḣ1×L2 ≤ 5E(u) + 6ε2.

(b) The soliton resolution holds in the exterior region {x : |x| > c2λn}. The norm of ~u(t)
satisfies

‖~u(t)‖2
Ḣ1×L2 > (n− 1)‖W‖2

Ḣ1 .

To make sure that case (a) happens at time t0, we choose a large constant ℓ1 = ℓ1(E, κ, ε) and a
smaller constant δ1 = δ1(E, κ, ε) < min{ε0, ε}, where ε0 is the small constant in Lemma 6.1, such
that if (u, t0) satisfies L(ℓ1, δ1), then (u, t) satisfies L(ℓ3, δ3) for all t ∈ [t0/2, 3t0/2]. Without loss
of generality we may choose ℓ1 > E/ε2. By the discussion above, either case (a) or (b) holds for
each given time t ∈ [t0/2, 3t0/2]. According to Lemma 6.1, case (a) holds for at least one time
t ∈ [t0/2, 3t0/2], since

(n− 1)‖W‖2
Ḣ1 > 20E +K0 + 1 > 20E(u) +K0.

By the continuity of ‖~u(t)‖Ḣ1×L2 and the inequality

5E(u) + 6ε2 < (n− 1)‖W‖2
Ḣ1 ,

Case (a) happens for all time t ∈ [t0/2, 3t0/2], which finishes the proof.

Proof of Theorem 1.1 Finally we are able to prove Theorem 1.1. We let ℓ∗ = ℓ1(E0, κ, ε)
and δ∗ = δ1(E0, κ, ε) ≤ ε be the constants given by Lemma 8.1. Next we choose a new parameter
ε̃ = min{δ∗/4, ε0}, where ε0 is the constant given in Lemma 6.1. and let ℓ = ℓ1(E0, κ, ε̃) and
δ = δ1(E0, κ, ε̃) ≤ ε̃ be the corresponding constants given by Lemma 8.1. Without loss of
generality we assume ℓ > ℓ∗, otherwise we may slightly enlarge the value of ℓ. It is not difficult
to see that δ∗, δ, ℓ depend on E0, ε and κ only. Now let u be a solution as in the main theorem
and R be a large radius such that

‖~u(0)‖H(R) < δ.

Since δ is a small constant, by small data theory the exterior solution with initial data ~u(0)
exists in the region ΩR. By finite speed of propagation this exterior solution coincides with
u in the overlapping region of their domains. As a result, we may extend the domain of the
solution u to ΩR ∪ (R5 × R+). Let G− ∈ L2([R,+∞)) be its nonlinear radiation profile in the
negative direction, as given in Lemma 2.5; and G+ ∈ L2(R) be the nonlinear radiation profile in
the positive time direction, whose existence follows from Lemma 6.3. By small data theory and
finite speed of propagation we have

sup
t∈R

‖~u(t)‖H(R+|t|) ≤ 2δ.

Thus

2σ4‖G±‖2L2([R,+∞)) = lim
t→±∞

∫

|x|>|t|+R

|∇t,xu(x, t)|2dx ≤ 4δ2 ⇒ ‖G±‖L2([R,+∞)) < δ/2.
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Radiation strength We start by considering the local radiation strength function defined by

ϕℓ(t)
.
= ‖G+‖L2([−ℓt,−ℓ−1t]), t ≥ ℓR.

We define the set of time with weak local radiation strength:

Q = {t > ℓR : ϕℓ(t) < δ∗}.

By the continuity of ϕℓ and the finiteness ‖G+‖L2(R) < +∞, the set Q is an open set containing
a neighbourhood of +∞. For each t ∈ Q̄, i.e. the closure of Q, the pair (u, t) satisfies the
condition L(ℓ∗, δ∗). As a result, we may apply Proposition 8.1 and obtain that there exists a
sequence {(ζj(t), λj(t))}j=1,2,··· ,J(t) satisfying

max

{

λ1(t)

t
,
λ2(t)

λ1(t)
, · · · , λJ(t)(t)

λJ(t)−1(t)

}

< κ; ζj(t) ∈ {+1,−1};

such that
∥

∥

∥

∥

∥

∥

~u(·, t)−
J(t)
∑

j=1

ζj(t)(Wλj(t), 0)− ~vt,L(·, t)

∥

∥

∥

∥

∥

∥

Ḣ1×L2

≤ ε. (47)

In addition, the energy E of u satisfies

∣

∣

∣E − J(t)E(W, 0)− σ4‖G+‖2L2([−t,+∞))

∣

∣

∣ ≤ ε2. (48)

This energy estimate implies that J(t) is a non-increasing function of t ∈ Q̄ and

J(t) ≤
⌊

ε2 + E

E(W, 0)

⌋

.

Determination of stable time periods Let J1 > J2 > · · · > Jm be all possible values of
J(t) for t ∈ Q. We may split Q into a few parts

Q =
m
⋃

k=1

Qk; Qk = {t ∈ Q : J(t) = Jk}.

By the non-increasing property of J(t), the inequality t1 < t2 holds if t1 ∈ Qk1 , t2 ∈ Qk2 and
k1 < k2. By continuity and (48), Qk are all nonempty open sets. Thus each Qk is a union of
disjoint open intervals, each of which is exactly a connected component of Qk. We write

Qk =
⋃

i≥1

Ik,i.

Next we define the set of time with very weak local radiation

P = {t > ℓR : ϕℓ(t) ≤ δ} ⊂ Q.

We claim that given k ∈ {1, 2, · · · ,m}, there is at most one open interval Ik,i, such that Ik,i∩P 6=
∅. Indeed, if t ∈ P∩Qk, then (u, t) satisfies the condition L(ℓ, δ). Thus we may apply Proposition
8.1 and obtain ∣

∣

∣
E − JkE(W, 0)− σ4‖G+‖2L2([−t,+∞))

∣

∣

∣
≤ ε̃2 ≤ δ2∗/16.

Thus if t1, t2 ∈ Qk ∩ P and t1 < t2, then

σ4‖G+‖2L2([−t2,−t1])
≤ δ2∗/8 ⇒ ‖G+‖L2([−t2,−t1]) < δ∗/8.
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It follows that

ϕℓ(t) ≤ ϕℓ(t1) + ‖G+‖L2([−t2,−t1]) + ϕℓ(t2) < 2δ + δ∗/8 < δ∗, t ∈ [t1, t2].

Thus [t1, t2] ⊂ Q. By the non-increasing property of J(t), we have [t1, t2] ⊂ Qk. This means
that all times in Qk ∩ P , if there are any, are all contained in the same connected component of
Qk, which verifies our claim. Now we pick up an open interval Ik,i for each k and choose the
corresponding stable interval [ak, bk] to be its closure. There are two cases:

• If there exists an open interval Ik,i = (ak, bk) such that Ik,i∩P 6= ∅, then we choose [ak, bk]
to be the k’s stable time period.

• If such open interval does not exist, i.e. Qk ∩P = ∅, then we pick up an arbitrary interval
Ik,i = (ak, bk) and choose [ak, bk] to be the k’s stable time period.

Please note that G+ ∈ L2(R) implies that the last stable time period must be [am,+∞), namely
bm = +∞.

Soliton resolution in stable periods Now we are able to verify the soliton resolution in
each stable time period. Since [ak, bk] ⊂ Q̄, the approximated soliton resolution (47) holds for
each t ∈ [ak, bk]. Here (and in the argument below) we need to substitute [ak, bk] by [am,+∞)
for the last stable period. A combination of (48) and the continuity of ‖G+‖L2([−t,+∞)) shows
that J(ak) = J(bk) = Jk holds for the endpoints as well. Therefore J(t) = Jk is a constant for
all t ∈ [ak, bk]. This also gives the estimate

σ4‖G+‖2L2((−bk,−ak])
≤ 2ε2.

Next we may use the continuity of ~u(t) and ~vt,L(t) to deduce that ζj(t) never changes in the
time interval [ak, bk] for each 1 ≤ j ≤ Jk. Thus for each k and 1 ≤ j ≤ Jk, we may choose

ζk,j = ζj(t), t ∈ [ak, bk]. (49)

We still need to substitute ~vt,L by a linear free wave independent of t for each stable time
period. We let vk,L be the linear free wave with the following radiation profile in the positive
time direction:

Gk,+(s) =

{

G+(s), s > −bk;
0, s < −bk.

By comparing the radiation profiles we have (t ∈ [ak, bk])

‖~vt,L(·, t)− ~vk,L(·, t)‖2Ḣ1×L2 = 2σ4

∫ −bk

−∞

|G−(−s)|2ds+ 2σ4

∫ −t

−bk

|G−(−s)−G+(s)|2ds

.1 ‖G+‖2L2((−bk,−t]) + ‖G−‖2L2([t,+∞)) .1 ε2 + δ2 .1 ε2.

Thus we have
∥

∥

∥

∥

∥

∥

~u(·, t)−
Jk
∑

j=1

ζk,j(Wλk,j(t), 0)− ~vk,L(·, t)

∥

∥

∥

∥

∥

∥

Ḣ1×L2

.1 ε, t ∈ [ak, bk]. (50)

In addition, we may recall Remark 7.4, as well as the facts 2σ4‖G+‖2L2 ≤ 20E0 +K0(3) .1 E0

and ℓ > E0/ε
2, to deduce

‖χ|x|>|t−ak|vk,L‖Y (R) + ‖vk,L‖Y ([ak,+∞)) .1 ℓ−1/2‖G+‖L2({s:|s|<ℓ−1ak}) + ‖G+‖L2(−bk,−ak)

+ ‖G+‖L2(−ak,−ℓ−1ak) + ‖G+‖L2([ℓ−1ak,+∞))

.1 (E0/ε
2)−1/2E

1/2
0 + ε+ ϕℓ(ak) + δ .1 ε.
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Furthermore, the basic theory of radiation fields gives that

lim
t→+∞

∫

|x|<t−ℓ−1ak

|∇t,xvk,L(x, t)|2dx = 2σ4‖Gk,+‖2L2(−∞,−ℓ−1ak)
.1 ε

2.

The finite speed of energy propagation then gives

∫

|x|<t−ℓ−1ak

|∇t,xvk,L(x, t)|2dx .1 ε2, t > ℓ−1ak.

Property of collision periods Now let us consider the collision time periods [bk, ak+1]. By
the choice of ak, bk and the continuity of ϕℓ, we must have

ϕℓ(bk) = ϕℓ(ak+1) = δ∗, k = 1, 2, · · · ,m− 1.

The way we choose [ak, bk] guarantees that P ∩ [bk, ak+1] = ∅. Therefore we have

ϕℓ(t) > δ, t ∈ [bk, ak+1].

Now let us give an upper bound of the ratio ak+1/bk. First of all, (48) gives

pkE(W, 0)− 2ε2 ≤ σ4

∫ −bk

−ak+1

|G+(s)|2ds ≤ pkE(W, 0) + 2ε2; pk = Jk − Jk+1 ∈ N.

We may combine this upper bound with the lower bound ϕℓ(t) > δ to deduce

δ2
⌊

logℓ2
ak+1

bk

⌋

≤
∫ −bk

−ak+1

|G+(s)|2ds ≤
pkE(W, 0) + 2ε2

σ4
.

As a result, there exists a large constant L = L(E0, ε, κ), such that ak+1/bk ≤ L. Similarly we
may give the upper bound of the ratio a1/R. In fact, if a1 > ℓR, then the way we choose [ak, bk]
guarantees P ∩ (ℓR, a1] = ∅. This implies

ϕℓ(t) ≥ δ, t ∈ [ℓR, a1].

We may combine this with (48) to deduce

δ2
⌊

logℓ2
a1
R

⌋

≤
∫ −R

−a1

|G+(s)|2ds ≤
∫ ∞

−a1

|G+(s)|2ds ≤
E − J1E(W, 0) + ε2

σ4

This gives
a1/R ≤ L = L(E0, ε, κ).

Completion of proof Finally we combine the properties of stable/collision/preparation peri-
ods given above and complete the proof, except that the upper bounds we obtain are Cε instead
of ε, where C is an absolute constant(or a constant multiple of ε2 instead of ε2). A substitution
of ε by C−1ε finishes the proof.
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[4] R. Côte, C. E. Kenig, A. Lawrie and W. Schlag. “Profiles for the radial focusing 4d energy-
critical wave equation.” Communications in Mathematical Physics 357(2018), no. 3: 943-
1008.

[5] R. Donninger. “Strichartz estimates in similarity coordinates and stable blowup for the
critical wave equation.” Duke Mathematical Journal 166(2017), no. 9: 1627-1683.

[6] R. Donninger, M. Huang, J. Krieger and W. Schlag. “Exotic blowup solutions for the u5

focusing wave equation in R3.” Michigan Mathematical Journal 63(2014), no. 3: 451-501.

[7] T. Duyckaerts, H. Jia and C.E.Kenig “Soliton resolution along a sequence of times for
the focusing energy critical wave equation”, Geometric and Functional Analysis 27(2017):
798-862.

[8] T. Duyckaerts, C.E. Kenig, Y. Martel and F. Merle. “Soliton resolution for critical co-
rotational wave maps and radial cubic wave equation.” Communications in Mathematical
Physics 391(2022), no. 2: 779-871.

[9] T. Duyckaerts, C.E. Kenig, and F. Merle. “Universality of blow-up profile for small radial
type II blow-up solutions of the energy-critical wave equation.” The Journal of the European
Mathematical Society 13, Issue 3(2011): 533-599.

[10] T. Duyckaerts, C.E. Kenig and F. Merle. “Profiles of bounded radial solutions of the focus-
ing, energy-critical wave equation”, Geometric and Functional Analysis 22(2012): 639-698.

[11] T. Duyckaerts, C.E. Kenig, and F. Merle. “Classification of radial solutions of the focusing,
energy-critical wave equation.” Cambridge Journal of Mathematics 1(2013): 75-144.

[12] T. Duyckaerts, C.E. Kenig, and F. Merle. “Scattering profile for global solutions of the
energy-critical wave equation.” Journal of European Mathematical Society 21 (2019): 2117-
2162.

[13] T. Duyckaerts, C. E. Kenig, and F. Merle. “Decay estimates for nonradiative solutions of
the energy-critical focusing wave equation.” Journal of Geometric Analysis 31(2021), no. 3:
7036-7074.

[14] T. Duyckaerts, C. E. Kenig, and F. Merle. “Soliton resolution for the critical wave equation
with radial data in odd space dimensions.” Acta Mathematica 230(2023), no. 1: 1-92.

[15] T. Duyckaerts and F. Merle. “Dynamic on threshold solutions for energy-critical wave equa-
tion.” International Mathematics Research Papers 2007, no.4: Article ID. rpn002.

[16] F. G. Friedlander. “On the radiation field of pulse solutions of the wave equation.” Proceeding
of the Royal Society Series A 269 (1962): 53-65.

60



[17] F. G. Friedlander. “Radiation fields and hyperbolic scattering theory.” Mathematical Pro-
ceedings of Cambridge Philosophical Society 88(1980): 483-515.

[18] J. Ginibre, and G. Velo. “Generalized Strichartz inequality for the wave equation.” Journal
of Functional Analysis 133(1995): 50-68.

[19] M. Grillakis. “Regularity and asymptotic behaviour of the wave equation with critical non-
linearity.” Annals of Mathematics 132(1990): 485-509.
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