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Skew-spectra allow us to extract non-Gaussian information by taking the square of a map and
finding the power spectrum of this new map with the original map. This allows us to use much
of the infrastructure of power spectra and avoid the intricacies of estimating three point statistics.
In this paper we present the first extension of skew-spectra to arbitrary spin-s fields, as a means
to extract non-Gaussian information efficiently from cosmological data sets like cosmic shear or
CMB polarization. We apply the formalism to weak lensing in the context of large scale structure,
and discuss different ways of combining fields to build skew-spectra, all while avoiding the prob-
lems associated with mass-mapping. We provide plots of these new statistics for ACDM and vary

cosmological parameters.

I. INTRODUCTION

The analysis of cosmological data sets is a daunting
task of considerable technical challenge and computa-
tional expense [I]. This is ringing true in the current
era of so-called precision cosmology, where the field has
transitioned from lacking in data to having a wealth
of data, of unprecedented depth and resolution, coming
from a host of surveys such as DESI [2 B], LSST [4],
Euclid [5], Nancy Grace Roman Space Telescope [0} [7],
and SPHEREx [§]. The standard approach, which also
helps to combat the challenges introduced by this shift
in data volume, is to compress the data into ‘summary
statistics’. These are then used in parameter inference
to constrain cosmology [9]. Many surveys focus their ef-
forts on the two-point correlation function or its Fourier
counterpart, the power spectrum, which completely de-
scribes the statistics of a Gaussian field. This fact makes
the power spectrum a highly valuable tool for studying
the cosmic microwave background (CMB), since the early
universe was very smooth [I0HI3]. However, as the uni-
verse evolved under non-linear gravitational forces, the
matter in the universe began to collapse into the struc-
ture that we see today. This highly non-Gaussian struc-
ture contains huge amounts of information regarding the
fundamental physics that drove it to its current topology.

There are a plethora of (higher-order) statistics which
are constructed to extract non-Gaussian information
from data sets. In practice, the statistics we choose to
employ should satisfy certain considerations. Firstly, we
require the statistics to be informative. This means that
measuring them will provide tight constraints on cosmo-
logical parameters of interest and should ideally only be
limited by the fundamental noise in the data, nuisance
parameters, and systematics. Many higher-order statis-
tics are motivated by theoretical and phenomenological
arguments, with no guarantee to optimally extract the
information. Examples include the use of cosmic void
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statistics, which are able to probe the nature of dark
energy and neutrinos [I4] or the four-point correlation
function, which is sensitive to parity violating physics
[I5HI9]. Other statistics are designed to capture the full
non-Gaussian information, such as the k-Nearest Neigh-
bor Cumulative Distribution Functions [20], and con-
volutional neural networks (CNNs). However, many of
these lack interpretability and are difficult to apply to
real data, so work has been done to bridge the gap be-
tween these and traditional statistics using for example
wavelet scattering transforms [21H23]. Despite poten-
tially extracting new information from data sets, complex
statistics present difficulties in theoretical modeling, par-
ticularly in statistics where perturbation theory [24] can-
not be applied or in regimes where it is no longer valid
[25H28]. In such cases, more sophisticated approaches,
including emulators [29431], fitting functions [32], B3],
and simulation-based inference (SBI) [34], are often em-
ployed. These tasks become considerably more challeng-
ing as the statistical measures increase in complexity.
The second characteristic that we would like the statis-
tics to have is that we should be able to implement them
in highly efficient ways, which is of particular importance
given the volume of data [35]. Even optimally calculat-
ing power spectra of real data sets becomes impractical
except on relatively large scales, and methods such as the
Pseudo-Cy [36, [37] and FKP estimators [38], which trade
optimality for efﬁciencyﬂ are often employed. The size of
the data vector under consideration is also critical in this
regard. For example, in traditional analysis pipelines,
which use Markov Chain Monte Carlo (MCMC) tech-
niques, a covariance of the data vector is required. This
often necessitates an abundance of costly N-body simu-
lations, which means that measurement of the statistic
from data itself should be efficient. Even modern anal-

1 For example, the Pseudo-C; measurement complexity scales
as O(£3,.) in contrast to Quadratic Maximimum Likelihood
(QML) estimators [39] which scales as O(¢£8 ,.) (albeit QML es-
timators optimally extract the two-point information of a given
field).
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ysis techniques such as SBI [40, [41], in which machine
learning is drawn upon to learn the likelihood, similarly
rely on large numbers of simulations [42] to train neu-
ral density estimators [43]. This problem is worsened
by introducing more complex data vectors. Much effort
has gone into developing compression techniques to re-
duce the computational load in an attempt to begin to
use higher-order statistics (HOS) on real data [44H46).
Most notable of which is the data compression algorithm
MOPED [35, [47].

A further consideration is ensuring that statistical
analyses remain robust to the impact of complex survey
geometry and observational systematics. With forthcom-
ing surveys set to explore ever more distant regions of the
Universe at unprecedented resolution and low noise, ever
tighter control of these systematics will be crucial, as they
are likely to become the dominant limiting factor. This
is particularly important in photometric surveys, which
are generally deep and affected by contamination from
dust extinction, stars, and a plethora of observing condi-
tions [A8H50]. Other problems arise in weak lensing HOS,
where many statistics (eg. peak counts [5IH55], probabil-
ity density functions [56H61], ¢;-norm [62] [63], Minkowski
functionals [64HG7] and Betti numbers [68]) rely on mass-
mapping, where the observed (reduced) shear of galax-
ies are translated into convergence maps. Methods such
as the Kaiser-Squires algorithm [69] are known to pro-
duce spurious signals in the inversion due to mask ef-
fects [0} [71], thereby necessitating inpainting methods
[64, [72]. The choice of mass-mapping can also have large
effects on the final parameter constraints [73].

One of the simplest higher-order statistics is the bis-
pectrum, the Fourier-space analog of the three-point cor-
relation function, with robust results made possible by
theoretical predictions that link them to fundamental
quantities such as the matter overdensity [24]. Further-
more, the large scale structure (LSS) bispectrum may be
used to improve bounds on primordial non-Gaussianity
[(4, [75]. In galaxy surveys the galaxy bispectrum has
been used to break degeneracies between galaxy bias and
the amplitude of dark matter fluctuations [19] [74] [76HS6].
Furthermore, it has helped tighten constraints on cos-
mology and measure independently the baryon acoustic
oscillations (BAO) features in the LSS [87]. There has
also been much work concerned with jointly constrain-
ing Q,, and og [85 6] [88, [89], including through the
use of the weak lensing bispectrum [90H94], which probes
the non-linear regime in a way which is free from the
issues associated with galaxy bias [25]. Other examples
include testing the equivalence principle [95], parity vio-
lation [96], and constraining the sum of neutrino masses
[o7].

Despite its successes, there are large costs associ-
ated with trying to use the bispectrum in realistic data
pipelines with control over systematics. There have been
many approaches to deal with this, and of note are the
proxy statistics for the bispectrum. These are statis-
tics which are simpler to interpret and compute, but

still contain bispectrum information. Many studies fo-
cus for example on the squeezed configurations (and re-
lated ‘integrated bispectra’) which contain a large frac-
tion of the non-Gaussian information of the field [98-
102]. A comparison of these can be found in Ref. [103].
Another often used proxy bispectrum estimator is the
skew-spectrum, constructed by taking the square of a
given field and estimating its cross-power spectrum with
the original field. This has been applied to the 3D bis-
pectrum [I04HIO7], but also to the angular bispectrum
of the CMB in Ref. [91] and to the galaxy-galaxy-CMB
lensing bispectrum in Ref. [85 [T08]. Recently, a new
skew-spectrum for scalar fields involving an additional
filtering step has been developed in Ref. [109] and ap-
plied to the cross-correlation of CMB lensing and galaxy
clustering in Refs. [85] and [86]. These statistics have
a key advantage: the large infrastructure built around
the efficient estimation of power spectra and their uncer-
tainties in the presence of complex survey geometry and
systematics can be brought to bear to achieve a fast, ac-
curate, and reliable estimator of the bispectrum and its
covariance matrix [109].

The goal of this paper is to explore what we can do
to extend skew-spectra to spin-s fields. We describe the
mathematics of spin-s fields in Sec. [l We develop the
skew-spectra statistics in a general form, considering
arbitrary cross correlations of spin-s fields in Sec/IT]|
(enabling its potential application to any cosmological
problem involving spin-s fields). We discuss how these
statistics are formed by various linear combinations of
bispectrum types. We then apply our formalism to weak
lensing in Sec. [[V] describing its relation to the angular
bispectrum, as well as the cosmology dependence.
We highlight that one of the main advantages of this
process is that we work directly with the shear field, in
contrast to many of the weak lensing HOS, which rely
on mass-mapping methods. In addition, our formalism
leans on the highly-developed infrastructure of power
spectra and in particular the Pseudo-Cy [37] approach
of correcting for the effects of masks and systematics,
thereby incorporating many of the important features
of HOS (informative, efficient to measure and predict,
robust to masks, etc). We conclude in Sec.

II. SPIN-S FIELDS

In cosmology we are often concerned with tensor fields
(eg. weak lensing or polarization in the CMB) projected
onto the celestial sphere. These fields are typically as-
sumed to be isotropic and therefore invariant under two-
dimensional rotations, i.e. SO(2). As such it is physically
insightful to decompose these tensor objects into their ir-
reducible representations under SO(2), and study these
individual components. Due to the isomorphism between
SO(2) and U(1) it is simpler to work with complex fields,
rather than two dimensional real fields. This leads us to



define the concept of a spin-s field [T10] [1T1].
A spin-s field, a, with spin s,, is a complex field defined
through its transformation under rotations around 7, as

a(h) — a(f) eisa? (1)

where the rotation is by the angle 1. The harmonic de-
composition is

(l(’ﬁ,) = Z Sq Xlm s,,,)/lm(ﬁ/),

m
(2)
i = [ A (@) L Y (),
where Yy, = (£ —s)/(¢ + 8)!0°Yyy, are the spin-

weighted spherical harmonics (SWSH), Yy, are the stan-
dard spherical harmonics and

0a=—sin*6 (89 + z%) sin™ % 0 a, (3)
sin §

da=—sin"% 0 ((99 —1 _84)9) sin®e 0 a, (4)

S

are the spin-raising and spin-lowering operators respec-
tively acting on a spin-s, field, a. As their names suggest,
the application of & (9) on a given field raises (lowers) its
spin by 1. These are written in the standard orthonormal
spherical coordinates. We work instead with the E and

B modes [112] 113] of the a field

1
Egm = _5 (Saaem + (_l)safsaafm) 5 (5)
a 1 S
By, = 9 (s0@m — (=1)% _5,aem) (6)

which form the harmonic coefficients of the scalar and
pseudo-scalar quantities

E(@) = 3 By Yim(#), (7)
m

B (@) =) BfYem(R). (8)
m

They transform as even-parity and odd-parity functions
respectively

EY(—n) = E*(R), B“(—h)=-B%n), (9)
which implies that the coefficients transform as

P(Egm) = (71)€Egm5 ]P)(BZn) = (71)Z+1Bgm7 (10)

where P is the parity operator (° — —#). This result
may be shown straightforwardly using the parity proper-
ties of the spherical harmonics Yo, (=) = (—=1)* Yy, (7).
Due to their construction, by taking an integral over the

full sky in Eq. , the E- and B-mode fields are inher-
ently non-local quantities.

To make the physical degrees of freedom evident, while
compressing the information content of fields, we impose
statistical isotropy, thereby making the harmonic space
correlations invariant under rotations [I14]. We can con-
sider the power spectrum between two fields, a and b,
with spins s, and s; respectively

<saaém(sbb£’m’)*> = 555’5mm’cgb' (11)

<sa aém(—sb bé’m’)*> = 6%’5mm’égb (12)

Alternatively, we can separate the quantities into power
spectra for £ and B modes

(F (G )*) = 600 8mmi CE (13)

where F' and G represent either the E or B modes. We
use this notation throughout. We can clearly see, using
Eq. , which statistics are parity even and odd

P (Ce aGb) = PraC"e", (14)

WherePEE:PBleandPB:PBE:—l.Wecan
also prove using Eqs. and (6), that E(¢7) = (—1)% E°
and B(®") = (—1)%*+1 B This implies that we need not
consider the complex conjugate of the fields we use to
construct the E and B modes, since the statistics formed
from these are proportional to one another. We can relate
the two types of power spectra, using Egs. , @, as

Cit = CE'E 1 CF'F i (CF'P — CF'P"), (1)

Ogb = (1) (Og Ot i (CFP o) >

(16)
We can see that the imaginary part contains the parity-
odd contribution and the real part contains the parity-
even contribution.

We now turn to three point statistics. Imposing
isotropy [114], [IT5], the three-point harmonic-space cor-
relation function of three scalar fields can be written as

a ¢ b b L
<IQ17n1(;22ﬂn213237n3> = ( ! > 3 > l;

Feqb e (17)
mip ™Mo Ms

014203

Again F, G and H represent either the F or B modes.
The three-point information of the fields is contained in
the angular bispectrum, BZ ZSZH °. The ‘matrices’ in the
expression above represent the Wigner-3;5 symbols, and
express the rotation invariance of the statistics and al-
low us to extract the physical content of the fields un-
der this assumption. They satisfy among other things
the triangular condition [¢; — €3] < f3 < ¢1 + {5, and
mi+me+msz = 0. An important property of the Wigner-
3j is that if m; = mg = mg = 0 it is only non-zero



if 1 4+ ¢35 + ¢35 = even. Other useful properties of the
Wigner-3j symbols are included in Appendix [A] For a
given bispectrum (eg. EFEE), there are even and odd
parity configurations in ¢-space [116]. Consider how the
bispectrum changes under parity, using Eq. , as

B (BEH) = Pron(-)f 0BEST (18

where Prgy = 1 for an even number of B modes and
Prau = —1 otherwise. For an even number of B modes
we have an even parity bispectrum if £1 + fs + 3 is even
and an odd bispectrum if ¢ 4+ ¢ 4+ 3 is odd. Similarly,
for an odd number of B modes we have an even parity
bispectrum if ¢; 4+ ¢5 4+ /3 is odd and an odd bispectrum
if £1 + 05 + 03 is even.

In the literature the bispectrum is usually restricted
to even ¢ + ¢o + ¢35 [96]. In this case, the bispectrum
is better expressed as a ‘reduced bispectrum’, bZ ZZH °
defined as

& < miMmoms acbpre
<F51m1G22m2H33m3> = gfﬂﬂi SbZZigH , (]_9)
where the Gaunt factor is given by
mimamsg (201 + 1)(265 + 1)(2¢5 4+ 1)
gélézfg = dn X
(20)

% El 62 fg €1 82 gd
0 0 O my1 ™Mo M3 )

The first Wigner-3j symbol enforces the condition that
Uy + U5 + 3 = even. However, it is well known that the
configurations ¢; + ¢5 4+ ¢3 = odd could also be sourced

J

(a-b)(h) = Z Z saOtimy s,00ms 5o Ytimy sy Yeams

flml €2m2

lim1loms Im

b by L

m+Sq+Sp
sq Wlymy Sbb@mz(_l) <m1 me —m

6 by \/(2z1+1)(242+1)(2z+1)
—Sq —Sb Sa T Sb 47

for example by tensor perturbations in the case of the
CMB temperature bispectrum [96].

III. FORMALISM FOR GENERALIZED

SKEW-SPECTRA

In this section, we assume only homogeneity and
isotropy as fundamental principles, and present the
mathematical structure that extends the notion of skew-
spectra to spin-s fields in a probe-agnostic way. For ex-
ample, we do not assume ¢1 + {5 + £3 = even or negligible
B-modes. We consider the product of spin-s fields, a - b,
where a and b are two spin-s fields with spins s, and s
respectively. The composed field has spin s, + s. We
can then calculate the F and B modes of the new field
and calculate various power spectra. As is possible with
skew-spectra of the density field [I09], we are therefore
able to access bispectrum information quickly whilst us-
ing the significant machinery that has been developed for
calculating power spectra. We explore this idea further
for weak lensing in Sec. [[V] using the results derived in
this section.

We want to calculate and make theoretical predictions
for the cross-power spectrum of a map with the new ‘spin-
squared’ maps in terms of the F¥ and B modes

(F g (GHE)*) = 000 Ormums CF " (21)
where the labels, a, b, ¢, denote the arbitrary spin-s fields
we are considering, with spins s,, s and s, respectively.
F and G represent either £ or B modes. To this end, we
are interested in how these power spectra can be written
in terms of the angular bispectrum, By, ¢,. We demon-
strate how this is done in general for the spin-squared
maps. Consider expanding (a - b)(72) into SWSHs

(22)

where we used Eq. to describe the product of SWSHs in terms of one SWSH. The second Wigner-3;j can be
seen as enforcing the condition of conserving the spin of the product of the fields (s, + sp is the spin of the new field
a-b). We are then able to directly identify , 1, (a-b)en using Eq. (2). Repeating the steps taken to expand (a-b)(R)
for (a-b)*(7), we also find _(5,4,)(a - b)sm. Moreover, we know how +,,as,,, are related to their £/ and B modes
through Egs. and @ and are therefore able to relate the F and B modes of the spin-squared fields to the E and
B modes of the original fields used to build the spin-squared maps. We find

)

€1Z2m1m2

by +Llo+4 a b a b - a b - Da b m+sq+sp
+ (71) (EélmlEZsz - B£1m1 BEgmg - ZEélm,l Bézmz - ZBélmlEﬁgmg) > (71) X

a b a b - 1a b - Ha b
((Eflm1E€2m2 - B€1m1B52m2 + ZE€1"llB€2m2 + ZBflmlEme)

(23)

(201 + 1)(20, + 1)(20 + 1)

(bt 0 by 0 \/
—8Sq —Sb Sq + Sp mi Mg —m

Am ’

sa+sb)/€m7



D)

£1lamima

b1+la+2 a b a b - a b - Da b m+sq+s
- (_1) ! 2 (EﬁlmlEZng - Belmleng - ZEllmlBZQ’n’LQ - ZBélmlEZng) > (_1) b X

a b a b - a b - a b
<(E51M1Ef2m2 - BflmlemQ + ZEflmlBﬁfzmz + ZB@lmlEbmz)

(24)

(201 + 1)(202 + 1) (20 + 1)

(zl ls e)(zl ls e)\/
X
—Sq —Sb Sq + Sp mi Mg —Mm

47 ’

where we have used the time reversal property of the Wigner 3;5 of Eq. li Note that the B%j modes of the
spin-squared map are not generally zero when Bg = B. = 0. Now we calculate explicitly the various skew-spectra

a -c 1 a e
Cg B® = _5(_1)sb+5c Z [BZEEJE; + (_1)€1+22+f (B

0142

apgbe 1
(:} [3b = —

1282

a e 1 a c
cp'E’ —2(1)5b+562[35€1£b + (—1)fteett (Bﬁ

l1€o

1 apgbec
_27:(_1)Sb+scz|:BZBZIZB; _

0182

al3b~c _
Cy =

where we have defined

l;alfb'c _ lzalgb-c _
855152 = Béélég =

lgalzb‘c _ 13a13b»c _
BEIKQZ = Bélézf =

We have used the definition of the isotropic angular
bispectra Eq. , the orthogonality of the Wigner-
3j Eq. , and finally the definition of the angu-
lar skew-spectra Eq. . We note that we must im-
pose a scale cut by taking the domain of the sum to be
0 < fpin < gy < pax () < i < gy < 0P o avoid
summing over (arbitrarily) small scales which are not ac-
curately modeled. This is done in practice by filtering
the fields present in the composed quantity in harmonic
space before forming the composed quantity to remove
these scales in the summation. See Ref. [I09] for a de-
tailed description of this process and the practical im-
pacts on it of a complex survey geometry. In principle
we could consider various filters built to specifically select
certain bispectrum configurations. We do not explore in
detail this possibility, but note that it could be of interest
for future work.

One interesting feature of these statistics is the way
the angular bispectra are combined to form the angular
power spectra. We highlight that there is a complex sum

(2582

s Se apb-c
Z(_l) ot Z [8512 — (—1)ftett (Bzz1z2

1é2
(_1)z1+42+e (BzBe

E*EYE° E*B®B® . E*E’B® E*BYE®
(Bze122 — B, ) +e (Bzmz + B, o, )

B*EYE° B*BYB° . B*E’B® B*BYE®
(Beelez — B, ) +1 (BZMQ + B, o, .

EEb>} \/(261 +1)(205 + 1) ( 6ot

47‘(’(264— 1) —Sp —S¢ (sb + Sc)) y (25)

4m(20+1)

EBb>} \/(251 +1)(26 +1) ( P

—Sp —Se (Sb—l—sc))’ (26)

aEb.C)*]\/(zelﬂ)(zeQH) <£1 l ¢

471'(2(—}— 1) —Sp —S¢ (Sb + SC)) s (27)

2N (G S W) @

(

of types of bispectra which enter into the power spec-
tra. We note that the C’faEb'C statistics have contribu-
tions from even parity bispectra only (see Eq. for
the definition of parity even and odd bispectra), since for
{1 + £y + £ = even, only the real part of Eq. con-
tributes (which has bispectra with an even number of B
modes), and for ¢; + ¢ + ¢ = odd, only the imaginary
part of Eq. contributes (which consists of bispectra
with an odd number of B modes). The opposite is true
of CF'B " which only has contributions from odd parity
bispectra. Similarly, C’qub'c and C’f“Bb'c receive contri-
butions from the odd parity and even parity bispectra
respectively. These results can be seen quickly by noting
that we have constructed power spectra which retain the
parity structure

P(Cf") = PraCl"e (31)

where P = Pgp =1 and Pgp = Pgp = —1 (compare

to Eq. (14)).



It is tempting to think that there might be a general
way to linearly combine the four statistics for three dif-
ferent fields to extract the contribution from one type
of bispectrum for general filters. We see that in general

(i.e. for three dlfferent fields and arbitrary filters) Eqgs.
., . 27) and (28)) alone are not able to be linearly
combined to isolate the individual contributions. This is
because each type of bispectrum appears in a sum with
one other type. We could consider finding all the power
spectra of the form F® x G* ¢ (i.e. EE, EB, BE and
BB), which will yield new statistics with new linear com-
binations of the bispectra, but the Wigner-35 involved in
the summation being different (s, — —s;) means that
it is not possible in general to isolate the individual bis-
pectrum types via linear combinationsﬂ We describe an-
other approach to deal with this issue in Appendix

We can also consider statistics where two of the three
fields are the same. For F® x G%® (or F* x G* )
we find that there are 4 independent equations with
6 types of bispectra for a given ¢ space configuration
(even or odd). We have more freedom than previously,
meaning we can form statistics with new linear com-
binations of bispectra. For example, we can construct
statistics dependent on linear combinations such as
BE'E"E" 4 BEBF and BE'BB" 4+ BEEP'. For
F@ x G we are able to construct two statistics which

depend only on one type of bispectrum, B”jeEz "B" and

Mlegb ! respectively. We also note that the F@ x G*™?
statistics have the special property that the imaginary
parts of Eqs. and are zero. For the statistics
constructzed from the same three fields of the form
F* x G, it is possible to construct statistics where
only one type of bispectrum contributes. We see for
example that in Eq. the imaginary part reduces
to Bﬁ:galga + Bﬁ:g{IE' = QBﬁjgaBa. We are able to
do a Gaussian elimination to fully identify each of the
contributions. We note that this is not achievable for
F® x G*®. We emphasize that specific filters which
select only one bispectrum configuration will circumvent
the problems discussed here, but will no longer include
a sum over bispectra.

IV. APPLICATION TO WEAK LENSING
A. Theory

In this section we apply the formalism developed in
Sec [IT]] to weak lensing, i.e. the distortion of light by

2 One might think to try finding all the power spectra of F(a") x
GY¢ for example, but as pointed out in Sec. this is propor-
tional to the previous statistics (this makes sense since the infor-
mation contained in a should be the same as a*).

the large scale structure of the universe, and its cross-
correlation with projected galaxy clustering. Weak lens-
ing is quantified by the linear mapping of the image plane
to the celestial sphere described by the 2 x 2 distortion
matrix, H(7). We can separate out the physical effects
contributing to the distortion of the image by decompos-
ing this tensor under U(1). We define the basis connect-
ing the 2D real quantity (tensor field) to the 1D complex
quantity (spin-s field) as follows

er =e; Tiey, (32)
where the unit vectors

e; = (cosf cos ¢, cos 0sin ¢, —sin 6),

e; = (—sing, cos ¢,0), (33)

are spherical polar coordinates. The irreducible parts of
the distortion tensor can then be found to be
v ()

= Hije+7ie+7j — 7_[11 77_[22 4 (HIQ 4 HQI) , (34)

() =

where v = 41 + 172 is the spin-2 object describing the
shear of the image, and ( = Kk + iw is the spin-0 ob-
ject formed by x and w, which describe, respectively, the
convergence and rotation of the image. Consider forming
the tensor product of the distortion tensor with itself to
construct the four-indexed object

Hieye_j=H"+H?+i (M — 1Y), (35)

E(n) =H(n) @ H(n), (36)

where the components are
g () = HY () HY (7). (37)

We decompose this rank-4 tensor into its irreducible parts
under U(1) to find the physical quantities of interest. We
have 1 spin-4 field (which comes with an associated spin-
(—4) field), with two real degrees of freedom:

P =EMey ey jey ke =97 =75 +2imre. (38)

We have two spin-2 fields (each with associated spin-(—2)
fields) which are

V¢ = fm — w2 +i(wy +726), (39)
and

V¢ = m +wye + (726 — Nw). (40)
Finally, we find that we have 3 spin-0 terms

¢? = k% — w? + 2ikw, (41)

(¢F =K+ w?, (42)



V=9 + 95 (43)

In effect, we have constructed all the possible indepen-
dent quadratic combinations of the irreducible compo-
nents of the distortion tensor, which is exactly equiva-
lent to considering all the independent products of the
spin fields, as described in Sec. [[TTl We have omitted the
redshift bin indices for simplicity.

We can also consider forming cross-correlations with
galaxy clustering in 2D, which is related to the 3D quan-
tity as

5i () = / dz pi(2)8y(x(2)7. 2) (44)

where p;(z) is the redshift distribution of galaxies in a
given redshift bin 7. We then form

H'(R) = §,H(R), (45)
which decomposes into the spin-2 object

dg7 = 0gm1 + 1472, (46)
and the spin-0 quantity

0g¢ = gk + i0gw. (47)

We have kept the formalism relatively general up to
now. In practice we write down expressions for the
weak lensing quantities at linear order (see Refs.[T17, T18]
for derivations) using the scalar perturbed Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric and the
Born approximation to find

) 1
¢t = / dz p;(2)00®, (49)
where
Xe Xs — X
(I)L(ﬁOaXs) = 2/ dX \\
0 XsX
Xs 3 2=
Xs — X d°k 4nGa®p KB
=2 d Sk ixk-A
[ ([ G T e e,
(50)

is the lensing potential, constructed from the Weyl po-
tential ¥, which we relate to the matter overdensity,
d = p/p — 1, using Poisson’s equation in the second line,
where a is the scale factor. We have assumed photon
propagation in a flat space-time described by General
Relativity. We note that at linear order we do not have
a rotation component coming from w, and the B-modes
of v are zero. We will assume this from now on.

In the context of studying the large scale structure, we
are currently only able to measure the so-called reduced
shear

T o
T~y + O(y). (51)

We consider weak lensing, where x < 1, and focus on
~. We highlight that this does not involve any mass-
mapping process such as the Kaiser-Squires algorithm.
We do not take into account corrections to the reduced
shear, intrinsic alignments, or magnification bias. We
shall concentrate on making theoretical predictions for
the statistics of the shear and the correlations with 2D
galaxy clustering in this simplified scenario. In particu-
lar, we focus on the quadratic quantities: 2, v*, dg7y
and 4.

The angular statistics can be shown to be related to
their 3D counterparts. We define the 3D power spectrum
as

(r(k1)s(ka)) = (2m)°6') (k1 — ko) P"* (K1), (52)
and the bispectrum

(r(ky)s(k2)t(ks)) =
(2m)36®) (k1 + ko + k3) B" (ky1, ko, k3),  (53)
where 7, s,t represent arbitrary 3D homogeneous cosmo-

logical fields. We further define the Fourier transform
as

r(k) = /d?’x r(x)e* ™. (54)

Using these definitions, we find in the Limber approxi-
mation (valid for large E)EL

ab,ij d a 1€+1 2
e = [ X 0r” <k _ /,z<x>) ,

and

y d
be,ijk X
byrtats = / " @ () () a5 (x) %

1/2 1/2 1/2
><B‘566<£1+ /2 la+1/2 L3541/ 7Z(X)>’

x x| x
(56)

where the cosmological fields a, b, ¢ are associated with
multipoles ¢1, 5, ¢35 and redshift bins i, j, k respectively.
We consider here two types of fields: galaxy clustering
d4(7) and the E-mode of the shear, E7(72). We can show
using Eqs. [#4] and [48] that these are associated with the
kernels

4 (x) = H(x)pi(x) (57)

3 The Limber approximation [TT9HI21] makes use of the fact that
the projection kernel is smooth and wide on small angular scales
compared to the 3D quantity that is being projected onto the
celestial sphere. This amounts to the replacement of j,(kx) —
V7 /(2 +1)6P (kx — £ — 1/2) inside the integrals, where j, is a

Bessel function.
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3HgQM > / / ( X )
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g/ (x) =G
respectively where

Je+2r 1
Ge= (=2 (t+1/2)% (59)

Note that G, is associated with the multipole, ¢, of the
~ field and is negligibly close to 1 for ¢ > 10. We often
denote the d,(71) field as g for ease of notation. We have
used the definition of the reduced bispectrum of Eq.
in Eq. since only the parity-even angular bispectra
are non-zero in this approximation. Using the results
from Sec. [[TT] the quantities we consider in this paper,
which could be of interest for future analyses, are the
following:

EYxE" (20 + 1) (202 + 1) [0y by £
Ce == I 000"

0142

,€1 ,€2 »6 EYEYEY
x (_2 9 4) ey,

(60)
E'xEVT (2£1+1)(2€2+1) {1 4y 4
Ce =2 4 000
Y292
0 by O\ v
(L5 o)
(61)
g><E72 _ (2£1+1)(2€2+1) by by ¢
Ce =2 A 000)"
;Mzé ¢ (62)
EYEY
(& 5 f)was
gx BV _ (2£1+1)(2£2+1) 01 by ¢
Ci =2 s 000)"
fte (63)

by by ¥ EYEY
X (_2 ) 0> bieey

OB <9’ _ Z (201 +1)(202 + 1) <£1 Lo €>2bE7gg

V4 471_ O 0 0 0l Lo
282
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gxEY9 (241 + 1)(2@2 + 1) 0y by ¢
G - § : A 000)%
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b by 0N B
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47‘( 0 0 0 0l1450

cyxs’
51(2
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where we have suppressed the redshift bins for simplic-
ity. Note that the parity-even condition, in addition to
approximating the B-modes to be zero (in practice this
might produce a small correction to the signal), means
that the C’faBb'C power spectra in Eq. vanish. As
expected, we see that the quantities differ by a Wigner-3j
symbol and sometimes a minus sign (coming from con-
sidering ¢ instead of F9 = —g). We emphasize again
that in practice the fields must be filtered before forming
quadratic quantities to avoid contributions from arbitrar-
ily small scales.

B. Predictions for ACDM

We will now explore the form of these various statistics
in ACDM. We choose the fiducial cosmology to match the
Planck 2018 results [122], i.e. {>_ my, Qp, Qe, hyng, 08} =
{0.06,0.0493, 0.264, 0.6766,0.9665, 0.8102}, where > m,,
is the sum of the neutrino masses, €, and (. are the
baryon and cold dark matter energy density fractions re-
spectively, h is the Hubble constant in 100 km s~ Mpc™*,
ns is the tilt of the primordial power spectrum and og de-
scribes the root mean square of the amplitude of matter
perturbations on scales of 8 'Mpc. First consider the
angular bispectrum, from which the statistics are con-
structed. We make theoretical predictions for the 3D
matter bispectrum using the fitting function BiHalofit
[33], able to describe small, non-linear scales. The model
recovers the 3D bispectrum from N-body simulations to
an accuracy of 20% for wCDM models, where w refers
to a constant dark energy equation of state, on scales
of k < 3 h Mpc™! in the redshift range of z = 0 to
z = 1.5. The authors find that the convergence bispectra
were similarly accurate at £ < 4000 for a source redshift
of z=1.

We compute the kernels of Egs. and using the
Core Cosmology Library (CCL) [123]. We consider two
Gaussian distributed redshift bins for simplicity. One for
the shear lensing of z, ~ N(z = 0.5,0, = 0.05) and a
nearer redshift bin for the galaxy kernel z;, ~ N (z =
0.25,0, = 0.05). We note that it is possible to form
statistics with up to three different redshift bins. We
also choose a linear galaxy bias of 1, i.e. 65 ~ bd = 6
[24].

The angular bispectra we consider here exhibit a strong
dependence on triangle configuration [94]. In particu-
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FIG. 1: The compression factors present in Eqgs. —@ (these are the factors multiplied by the angular
bispectrum at a given (¢, ¢1,¢3) configuration before summing over ¢; and {2, where we only consider
l1 4 €5 + ¢ = even contributions) plotted for ¢; /¢ against ¢5 /¢, all shown at a slice of £ = 30. The top left %ght) plot
(62

corresponds to the compression factors related to v*y (v?) shown in Egs. and gqs. (60) and
(65

bottom left (right) plot shows the compression factors related to vg (g2) shown in Egs.

)). The
5) and (66) (Eqgs. (64) and

(67)). The squeezed (¢1/¢ < £3/¢) and folded (¢1/¢ = {5/ = 1/2) configurations are illustrated in the top left plot

at (0,1) and (0.5,0.5) respectively. We show on the plots a choice of £1"®* = 40 and ¢5*** = 40 to demonstrate the

effect of filtering the domain of ¢, {5, as the regions below and to the left of these lines contribute to the angular
power spectrum at a given /.

lar, the squeezed shapes, with ¢; < f; = /£, gener-
ally produce the largest amplitudes across most multi-
poles. The folded configurations, ¢ = ¢y = £/2, typi-
cally yield the next-largest signals, while the equilateral
shapes, {1 = f5 = £, tend to have the smallest ampli-
tudes. We note that the amplitude of the bispectrum for
the folded configuration is larger than the squeezed con-
figurations for low ¢ and that larger triangles in general
have a lower bispectrum signal.

We turn now to the calculation of the angular power
spectra, found by summing over the product of the angu-
lar bispectra with the Wigner-3; coefficients in Eqs. —
@. We show the shape-dependence of the Wigner-3;j

factors in Fig. [I} where the ‘compression factor’ is the fac-
tor multiplied by the bispectrum before summing over ¢;
and ¢5. We see that the compression factors are non-zero
only in certain regions of the plot. This reflects both the
modeling (in working at linear order and therefore ne-
glecting the contribution from B modes) and the various
conditions imposed on the bispectrum by isotropy and
parity arguments. We only include ¢; + {5 + ¢ = even,
meaning that the plane has a checkerboard-like pattern.
The other regions are zero since the triangle conditions
are not satisfied, |¢1 — lo| < ¢ < ¢1 + 5. We find that the
size of the compression factor for equilateral and squeezed
configuration depends weakly on ¢, but depends strongly
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,and g X BV 7) are shown in the left-hand plot. The remaining statistics of Egs. 1

64)-(67) gxg?,EVng,

v x E7 and g x E79) are shown in the right-hand plot. All the statistics are shown for the fiducial Planck 2018

cosmology [122], i.e. {> my, D, Qe, h,ns,08} = {0.06,0.0493,0.264, 0.6766, 0.9665,0.8102}, with redshift bins for

the lensing sample of z, ~ N (z = 0.5,0, = 0.05) and for the galaxy sample of z, ~ N(Z = 0.25,0, = 0.05). We
neglect the contribution from B modes and parity odd signals. We choose the domain of ¢; and /5 to be and

[, 9] = [10,600] and [£5, £3%%] =

on /¢ for the isosceles and folded configurations, increas-
ing in magnitude with increasing ¢. These observations
are reflected in the general shape of the contour plots for
other £ slices being found to be the same. The shape de-
pendence of the angular power spectra preserves the same
hierarchy seen in the angular bispectrum across most of
the ¢ range: the squeezed configurations have the largest
amplitudes, followed by the folded configurations, with
the equilateral shapes remaining the smallest.

We can see that the choice of the domain of ¢; and
{5 to include in the summation will affect the size and
shape of the angular power spectrum. We see that the
sign of the region which is below the ¢"** and £5'** lines
will dictate the sign of the final angular power spectrum
at that given /. For example, consider the v*v statis-
tic. We see that for £ < "**, /5%, the summation will
be over a largely negative region, which makes the an-
gular power at that ¢ negative (despite the bispectrum
amplitude varying over these scales). Making this range
smaller typically decreases the magnitude of the statis-
tics. We plot the angular power spectra of all the statis-
tics in Fig. [2| where we choose the domain of ¢; and /5 to
be [(in, gax] = [10,600] and [(3", /32X] = [10,600] for
simplicity and because we expect both the Limber ap-
proximation and BiHalofit to be accurate on these scales
[33]. The statistics in the left hand plot are multiplied
by £(¢ 4+ 1) to more easily see the smaller scales. The

[10, 600].

plots show differences in the magnitude of the different
statistics, where statistics including galaxy clustering are
larger. We note that there are fictitious decreases and in-
creases of the magnitude of the power on scales close to
pexand £92* (particularly visible in the left-hand plot
of Fig. . These can be easily interpreted by noting that
we are excluding a region of the plots in Fig. [I] and the
sign of the relevant region will dictate whether the power
spectra are enhanced or depressed on these scales.

We also consider the variation of these statistics with
changing cosmological parameters. To explore this, we
show as examples in Figs. 3] and [4] the ratio with differ-
ent cosmologies for the 42 and v* statistics as a function
of multipole ¢ as compared to the fiducial Planck cosmol-
ogy. We vary in particular og, Q,, Ss = 0s/,/0.3,
and ng, since these are the parameters most relevant for
weak lensing studies. We see that in Fig. [] the feature
around ¢ ~ 370 comes from the division of the statistics
when the quantities are near to zero (see Flg ' We
highlight the difference between the v? and ~v*~v statis-
tics, where we note that ~*v shows a larger difference,
particularly for larger ¢, when compared to 72, for each
of the variations in parameters. We note that there is
a simple dependence on cosmology, making their use in
inference pipelines more feasible since we should be able
to interpolate between cosmologies to produce a dense
parameter space necessary for reliable inference.
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FIG. 3: Ratio of power spectra for E7 x EY of Eq. for different cosmologies relative to the fiducial Planck [122]
results, taking {> m,, Qp, Qe¢, h,ns, 05} = {0.06,0.0493, 0.264, 0.6766, 0.9665, 0.8102}, with the same redshift bin of
zy ~ N(Z=0.5,0, =0.05) for each of the shear quantities. We use the domain of the sum in the statistics of
[fnin ] gmax] = [10,600] and [/ /2%%] = [10, 600].

V. DISCUSSION

We have presented a generalization of skew-spectra to
include arbitrary compositions of spin-s fields, and ap-
plied this formalism to weak lensing, where we presented
and analyzed the relevant statistics in ACDM. We found
that the skew-spectra in general involve a complex lin-
ear combination of types of bispectra (FEE, EEB, ...).
We discussed the case where we combine arbitrary fields
and filters and explained that these types of bispectra in
general are not able to be isolated. This is possible, how-
ever, when considering statistics formed of a x a2, where
a is an arbitrary spin-s field, or if we filter the fields such
that only one ¢-space triangle contributes to the statis-
tics. The validation of these techniques in the presence of
complex survey geometries will be the subject of future
work.

In the context of weak lensing studies, we showed that
the relevant statistics are formed by constructing the 2,
7, d47 quantities. We emphasized that this has the ad-
vantage of not involving mass-mapping techniques which
are often used in other higher-order weak lensing statis-
tics. We then made predictions for the statistics using
the BiHaloFit fitting function and examined the form of
the statistics as a function of scale. The overall shape
and amplitude of these statistics are largely driven by
the behavior of the Wigner-3j symbols, which account for
features such as suppression or enhancement of power at
scales near the filter edges. Finally, we discussed the cos-
mology dependence of the statistics, showing examples
for the 7Y x EY* and E7 x E7"7 statistics for variations
in og, Qy,, S and ng.

We plan to apply this formalism to weak-lensing data
to assess the viability of incorporating these statistics
into cosmological analysis pipelines. In particular, it
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FIG. 4: The same as Fig. |3| but for the ratio of power spectra for EY x E7"7 of Eq. .

remains to be determined which statistics achieve suffi-
ciently high signal-to-noise, remain robust in the presence
of complex survey geometries, have a simple covariance
structure, and provide significantly increased constrain-
ing power relative to traditional ‘3x2 point’ (galaxy-
galaxy, galaxy-lensing and lensing-lensing power spectra)
analyses. After these questions are addressed, we antic-
ipate that these statistics can be incorporated smoothly
into cosmological analysis pipelines, benefiting from the
extensive existing infrastructure for angular power spec-
trum calculations. Moreover, we point out that the gen-
erality of the formalism suggests that it may be useful
for CMB polarization analyses.
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Appendix A: Spin-weighted spherical harmonics

In the same way that spherical harmonics form a com-
plete basis for functions defined on the sphere, the spin-s
weighted spherical harmonics form a complete basis for
a spin-s fields on the sphere. We define the SWSHs as

— (l — S)' s
Y = (=1)° (- S)!z‘ﬁsmm, (A2)

—~

[+ s)!

where 0 and 0 are defined in Eqs. (3 and (4)) respectively.
They are zero for |s| > 1 or |m| > I. We list various useful
results for the SWSHs

Vi = (D)"Y, (A3)



05Vim = /(I = 8)(I + 5 + 1)s11Yim, (A4)
655/2'm - \/(l + 3)(l — s+ l)s—IYlnLa (A5)
50 Vi = (—1) (=)l + s+ p)! (AG)

(I—s—p)l{l+sn®tm ‘

13

/dﬁSYlm(ﬁ)SYﬁm,

P(sY@m) = (_1)€ —sYom. (AS)

We can find a coupling relation between the SWSH

. . 201+ 1)(262 +1)(20 4+ 1 masidss (L1 Lo { b L 14 R
81n1m1(n) Sznzmz(n):\/( - )( - )( )Z(_l) et (’rnll 777,22 —m) (—;1 —ig 81+82) Sl+52nm(n),

47

lm

(A9)

and using the orthogonality of the SWSHs in Eq. (A7) we can re-write this in a more familiar form

(A10)

[0 Yo (B) e () Vi ()

where the matrices represent the Wigner-35 symbols.
This reduces to the standard Gaunt integral when set-
ting s1 = so = s3 = 0. The Clebsch-Gordan coefficients
are related to the Wigner-3;5 symbols as follows

(01 lymyma|lilafm) = (=1)2~0"my/20 1 (61 b L

mo —M

(A11)
The Wigner-3; symbols satisfy, among other results, the
orthogonality relation

!
Z (2£ + 1) (61 EQ 6) (61 62 6 /) = 5[['6mm/
mi; mo m mip mo m

mimsa
(A12)
and the time reversal property

I SN _ (—1)latat Lol !
—-my —mgy —m /) my my m)’

(A13)

Appendix B: E/B-squared maps

In spite of the advantages of the approach described in
the previous section, it is clear that the act of squaring
the spin-s field introduces a complicated sum of types of
bispectra which contribute to the new statistics. We de-
velop and explore another construction which accesses
bispectrum information and avoids this complication.
The idea is to ‘square’ at the F'/B level, as opposed to at
the spin-s field level. We would make a quadratic map
Fa(R)G*(R), where F* and G denote the E or B modes
of the spin-s fields a and b (with spins s, and sp). We
then calculate the power spectra of this new map with
another map as follows

(Ffs (GPH) o) = (—1)"Sp0r0m Cf @1 (B1)

\/(261 +1)(269 +1)(203 + 1) (el ly 53> (zl lo e3>7

. = Z ZFZmlGll?ng(_l

47 81 S2 83 mp ma M3

(

The quadratic maps can be expanded as

ST FE Gl Yeim, () Yeyn, (7)
élmlfgmz
N A
) Yf’"(”)<0 0 O)X

) \/(261 +1)(205 +1)(20+ 1)
4 '

F(R)GP () =

Zlmlézmg Im

X<€1 by 0

mi; mo —m

(B2)

We can identify the harmonic coefficients of these maps.
We proceed to calculate its relation to the angular bispec-
tra as we did for the spin-squared maps. We then simply

take the product of this with the E/B modes, use the
definition of the angular bispectra, Eq. ., and the or-
thogonality relation of the Wigner 35 symbols, Eq. (| m,
to calculate the skew-spectra of the E/B-squared maps

(Eq. (BI))

F“(GbH )y

=2

2gl + 1 2€2+ 1) (61 62 K) agqbpe
bM
21£2

2£+1) 0 0 0)%nt

(B3)
We note the similar mathematical structure to the scalar
field skew-spectrum of Ref. [I09], due to its nature as
combining scalar quantities. We see that only one type
of bispectrum contributes to the building of the new
statistics. This makes its interpretation much clearer
than the spin-squared counterpart. However, we also see
that the Wigner-3j7 means that it only receives contribu-
tions from ¢y + ¢5 + ¢ = even bispectrum configurations.
The key significant disadvantage of this is that the E
and B fields are non-local, leading to leakage effects
which are amplified by squaring. It is not clear how
these quantities can be corrected for these mask effects.
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