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The ionization dynamics of a hydrogen molecule, serving as a fundamental benchmark in quan-
tum chemistry, is investigated within a comprehensive framework combining quantum electrody-
namics and the Lindblad master equation. This approach enables a first-principles description of
light–matter interactions while accounting for dissipative processes and external particle influx. We
systematically explore the system’s evolution across three distinct regimes: closed, dissipative open,
and influx-driven open quantum systems. Our results reveal a universal tendency towards the for-
mation of the neutral hydrogen molecule (|H2⟩) across all configurations. The dissipation strengths
for photons (γΩ), electrons (γe), and phonons (γω) are identified as critical control parameters, with
γΩ significantly accelerating system stabilization. Furthermore, the introduction of particle influx
(µk) leads to a complex redistribution of energy, notably populating the atomic state (|H,H⟩). The
ionization pathway is exquisitely sensitive to the initial quantum state, dictated by the composi-
tion and number of photons, which governs the accessible spin-selective excitation channels. This
is conclusively demonstrated in a model with an embedded anode, where the maximum ioniza-
tion probability is fundamentally constrained to 3

4
by orbital hybridization. This study provides a

unified theoretical foundation for quantum-controlled chemistry, with direct implications for future
experiments in cavity QED and quantum information processing.
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I. INTRODUCTION

The quantum dynamics of chemical processes [1–3],
particularly those involving light–matter interactions,
represent a frontier in modern physical chemistry. The
modeling of chemical reactions related to hydrogen is one
of the main objectives of chemical modeling. Numerous
theoretical articles [4–9] have recently aroused this inter-
est, namely the positive hydrogen peroxide ion (OH+) in
a thermal bath [6], the neutral hydrogen molecule (H2)
[7, 8], and the hydrogen bond (O · · ·H) [9]. Among these,
the ionization of the hydrogen molecule stands as a fun-
damental prototype for understanding electron transfer
and bond breaking. While the static electronic struc-
ture of H2 is well-understood, its real-time dynamics un-
der driven and dissipative environments pose significant
theoretical challenges. A comprehensive description re-
quires a framework that can simultaneously account for
the quantum nature of light, the internal degrees of free-
dom of the molecule, and the irreversible energy exchange
with its surroundings.

Towards this goal, models rooted in the principles of
quantum electrodynamics (QED) [10–22]. Many recent
studies have advanced the field of QED models, explor-
ing phase transitions [23, 24], quantum many-body phe-
nomena [25, 26], quantum gate implementations [27], and
quantum correlations [28, 29]. Further developments in-
clude supercomputing realizations of quantum modeling
[30, 31]. The QED framework allows for a first-principles
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description of the interaction between the molecular elec-
trons and the photon field, enabling the precise mod-
eling of phenomena such as stimulated absorption and
emission. However, to realistically describe open quan-
tum systems — where dissipation and decoherence are
inevitable — the QED Hamiltonian must be coupled with
a master equation that governs the system’s non-unitary
evolution. The Lindblad master equation [32–34] has
emerged as the tool for this purpose, providing a mathe-
matically rigorous method to model Markovian dynamics
while preserving the positivity of the density matrix ρ.

In this work, we employ a tailored QED model to in-
vestigate the ionization dynamics of a hydrogen molecule,
described by the Lindblad master equation. Our study
systematically explores the system’s behavior across
three distinct regimes: the coherent, unitary evolution
of a closed system; the dissipative dynamics of an open
system with particle loss; and the more complex scenario
involving the influx of particles. We meticulously ana-
lyze the roles of different dissipation channels — for pho-
tons, electrons, and phonons — and their impact on the
formation of the hydrogen molecular cation (H+

2 ). Fur-
thermore, we extend our model to incorporate a built-in
anode, providing a novel perspective on the competition
between electron escape and molecular stabilization.

Our results delineate the system’s inherent propensity
to form the H2, identify key dissipation parameters that
either promote or suppress ionization, and reveal how
initial quantum state preparation dictates the final out-
come. By bridging coherent dynamics, dissipative pro-
cesses, and external driving, this work offers a unified pic-
ture of hydrogen molecule ionization, providing insights
that could inform experiments in quantum optics and the
control of chemical reactions at the quantum level.
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II. THEORETICAL MODEL

The ionization model of the neutral hydrogen molecule
is an extension of our previous association–dissociation
model of the neutral hydrogen molecule [7, 8]. In our
model, each energy level, whether atomic or molecular,
is divided into two states: spin-up (↑) and spin-down (↓).
According to the Pauli exclusion principle, each energy
level may contain no more than one electron [35]. The
schematic diagram of the target model is shown in Fig.
1 (a), where the hybridization of atomic orbitals (01 and
02) from two hydrogen atoms, results in the formation
of two molecular orbitals: a bonding orbital (Φ0) and an
antibonding orbital (Φ1). These two molecular orbitals
take the form

Φ0 =
1√
2
(01 + 02) , (1a)

Φ1 =
1√
2
(01 − 02) . (1b)

According to Eq. (1), we can obtain

01 =
1√
2
(Φ0 +Φ1) , (2a)

02 =
1√
2
(Φ0 − Φ1) . (2b)

After the molecular orbital is formed, two electrons with
opposite spins, originally belonging to different atoms,
occupy these two orbitals and undergo transitions be-
tween them through excitation–relaxation processes. Si-
multaneously, a transitional orbital (Φ2) exists farther
away from the two atomic nuclei, allowing electrons to
transition between orbitals Φ2 and Φ1 via excitation–
relaxation. Taking an electron with ↑ in the antibonding
orbital as an example. The electron absorbs a photon

of mode Ω↑
12 and transitions to the transitional orbital.

Given its high energy and increased distance from the nu-
clei, the electron in the transitional state can be approxi-
mated as free electrons that have completely escaped the
molecule. An analogous mechanism applies to the spin-
down electron. We stipulate that at most one electron
can transition to the Φ2 orbital at any given time.
The Hilbert space of quantum states of the entire sys-

tem, having the following form

|Ψ⟩ = |p1⟩Ω↑
12
|p2⟩Ω↓

12
|p3⟩Ω↑

01
|p4⟩Ω↓

01
|p5⟩ω|L⟩b|k⟩n|l1⟩e↑ |l2⟩e↓ ,

(3)
where p1, p2, p3, p4, p5 are the numbers of photons of

modes Ω↑
12, Ω

↓
12, Ω

↑
01, Ω

↓
01, ω, respectively. Here, Ω↑

12 is
the mode of the photon required for an electron with ↑
to transition from orbital Φ1 to orbital Φ2, Ω↓

12 is the
mode of the photon required for an electron with ↓ to

transition from orbital Φ1 to orbital Φ2, Ω
↑
01 is the mode

of the photon required for an electron with ↑ to transition
from orbital Φ0 to orbital Φ1, Ω↓

01 is the mode of the
photon required for an electron with ↓ to transition from

orbital Φ0 to orbital Φ1. The state of the covalent bond
are denoted by |L⟩b: L = 0 — covalent bond formation,
L = 1 — covalent bond breaking. The state of the nuclei
are denoted by |k⟩n: k = 0 — state of nuclei, gathering
together in one cavity, k = 1 — state of nuclei, scattering
in different cavities. l1, l2 describe the state of electrons:
l1(l2) = 0 — electron with spin ↑ (↓) in the orbital Φ0,
l1(l2) = 1 — electron with spin ↑ (↓) in the orbital Φ1,
l1(l2) = 2 — electron with spin ↑ (↓) in the orbital Φ2,
l1(l2) = ∅ — electron with spin ↑ (↓) detaches from the
transitional orbital and becomes a free electron.
The dynamics of system is described by solving the

Lindblad master equation in the Markovian approxima-
tion for the density operator ρ of the system

iℏρ̇ = [H, ρ] + iL (ρ)

= [H, ρ] + i

[∑
k∈K

Lk (ρ) +
∑
k′∈K′

Lk′ (ρ)

]

= [H, ρ] + i

[∑
k∈K

γk

(
AkρA

†
k − 1

2

{
ρ,A†

kAk

})

+
∑
k′∈K′

Lk′γk′

(
A†

kρAk − 1

2

{
ρ,AkA

†
k

})]
,

(4)

where the term γk refers to the overall spontaneous emis-
sion rate for photons for k ∈ K. The total spontaneous
influx rate for photon for k′ ∈ K′ is denoted by γk′ . And,

[H, ρ] = Hρ− ρH, (5a){
ρ,A†

kAk

}
= ρA†

kAk +A†
kAkρ, (5b){

ρ,AkA
†
k

}
= ρAkA

†
k +AkA

†
kρ. (5c)

Hamiltonian of the model with consideration of rota-
tion wave approximation (RWA) [36] has following form

H = Hatom +Hfield +Hint +Hbond +Htun, (6)

where Hatom illustrates the atomic energy, Hfield shows
the cavity field energy, Hint depicts the interaction,
Hbond represents the formation of the covalent bond,
Htun represents the tunneling effect. And,

Hatom = ℏΩ↑
01σ

†
Ω↑

01

σΩ↑
01

+ ℏΩ↓
01σ

†
Ω↓

01

σΩ↓
01

+ ℏ
(
Ω↑

01 +Ω↑
12

)
σ†
Ω↑

12

σΩ↑
12

+ ℏ
(
Ω↑

01 +Ω↑
12

)
σ†
Ω↓

12

σΩ↓
12
, (7a)

Hfield = ℏΩ↑
01a

†
Ω↑

01

aΩ↑
01

+ ℏΩ↓
01a

†
Ω↓

01

aΩ↓
01

+ ℏΩ↑
12a

†
Ω↑

12

aΩ↑
12

+ ℏΩ↓
12a

†
Ω↓

12

aΩ↓
12
, (7b)

Hint =
[
gΩ↑

01

(
a†
Ω↑

01

σΩ↑
01

+ aΩ↑
01
σ†
Ω↑

01

)
+ gΩ↓

01

(
a†
Ω↓

01

σΩ↓
01

+ aΩ↓
01
σ†
Ω↓

01

)
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FIG. 1. (online color) Ionization dynamics in a hydrogen molecule: unitary vs. dissipative evolution. Panel (a) depicts the
ionization process of a hydrogen molecule. Here, the blue and yellow dots, respectively, stand for electrons and photons.
Panel (b) shows the unitary evolution under different initial conditions: (b.1) for initial states |Ψ0

initial⟩, |Ψ1
initial⟩, |Ψ2

initial⟩,
|Ψ3

initial⟩, and |Ψ4
initial⟩; (b.2) for |Ψ5

initial⟩; (b.3) for |Ψ6
initial⟩; (b.4) for |Ψ7

initial⟩. Panel (c) shows the effect of different
particle dissipation intensities on the ionization model (initial state is |Ψ6

initial⟩): the horizontal and vertical axes of each
subpanel represent the γΩ and γe, respectively; the first through fourth rows correspond to γω of 107, 107.5, 108, and 108.5,
respectively; the first through third columns correspond to probabilities of |H,H⟩, |H2⟩, and |H+

2 ⟩, respectively. Here, the color
bar for each heatmap ranges from 0 to 1. Panel (d) compares the time it takes for the system to reach a stable state: the four
subpanels correspond to γω of 107, 107.5, 108, and 108.5, respectively. Here, the color bar for each heatmap is scaled from 0 to
the maximum value.
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+ gΩ↑
12

(
a†
Ω↑

12

σΩ↑
12

+ aΩ↑
12
σ†
Ω↑

12

)
+gΩ↓

12

(
a†
Ω↓

12

σΩ↓
12

+ aΩ↓
12
σ†
Ω↓

12

)]
σωσ

†
ω, (7c)

Hbond = ℏωa†ωaω + ℏωσ†
ωσω + gω

(
a†ωσω + aωσ

†
ω

)
, (7d)

Htun = ζ
(
σ†
nσn + σnσ

†
n

)
σ†
ωσω, (7e)

where ℏ = h/2π is the reduced Planck constant, g is the
coupling strength between the photon or phonon (with
annihilation and creation operators a and a†, respec-
tively) and the electron in the molecule (with excitation
and relaxation operators σ† and σ, respectively): gΩ↑

01

is the coupling strength for the photon mode Ω↑
01, gΩ↓

01

is the coupling strength for the photon mode Ω↓
01, gΩ↑

12

is the coupling strength for the photon mode Ω↑
12, gΩ↓

12

is the coupling strength for the photon mode Ω↓
12, gω is

the strength of formation or breaking of covalent bond,
ζ is the tunneling strength. σωσ

†
ω verifies that covalent

bond is formed, and σ†
ωσω verifies that covalent bond is

broken.
It is known that the ionization of a hydrogen molecule

requires pumping photons with a mode of Ω12 (Ω↑
12 or

Ω↓
12) into the system to promote electron transition to

an unstable transitional orbital. Therefore, we postulate
the following three initial conditions:

• When the number of photons of mode Ω12 in the
system is 1, i.e. p1 + p2 = 1. This gives us three
configurations:

1. {p1 = 1, p2 = 0};
2. {p1 = 0, p2 = 1};
3. Due to quantum superposition, we also con-

sider their coherent and equally weighted su-
perposition state: 1√

2
{p1 = 1, p2 = 0} +

1√
2
{p1 = 0, p2 = 1}.

• When the number of photons of mode Ω12 in the
system is 2, i.e. p1 + p2 = 2. This gives us four
configurations:

1. {p1 = 2, p2 = 0};
2. {p1 = 0, p2 = 2};
3. {p1 = 1, p2 = 1};
4. Due to quantum superposition, we also

consider their coherent superposition state:
1
2{p1 = 2, p2 = 0} + 1

2{p1 = 0, p2 =

2} + 1√
2
{p1 = 1, p2 = 1}, which indicates

that the probability of having two photons of

same mode Ω↑
12 (or Ω↓

12) in the system is 1
4 ,

whereas the probability of having one photon

of mode Ω↑
12 and another of mode Ω↓

12 is 1
2 .

• When the number of photons of mode Ω12 in the
system is 0, i.e., {p1 = 0, p2 = 0}.

Therefore, we obtain eight initial states

|Ψ0
initial⟩ = |1⟩|0⟩ ⊗ |Ψf ⟩, (8a)

|Ψ1
initial⟩ = |0⟩|1⟩ ⊗ |Ψf ⟩, (8b)

|Ψ2
initial⟩ =

(
1√
2
|1⟩|0⟩+ 1√

2
|0⟩|1⟩

)
⊗ |Ψf ⟩, (8c)

|Ψ3
initial⟩ = |2⟩|0⟩ ⊗ |Ψf ⟩, (8d)

|Ψ4
initial⟩ = |0⟩|2⟩ ⊗ |Ψf ⟩, (8e)

|Ψ5
initial⟩ = |1⟩|1⟩ ⊗ |Ψf ⟩, (8f)

|Ψ6
initial⟩ =

(
1

2
|2⟩|0⟩+ 1

2
|0⟩|2⟩+ 1√

2
|1⟩|1⟩

)
⊗ |Ψf ⟩,

(8g)

|Ψ7
initial⟩ = |0⟩|0⟩ ⊗ |Ψf ⟩, (8h)

where the first two qubits correspond to the
|p1⟩Ω↑

12
|p2⟩Ω↓

12
in Eq. (3), while the remaining qubits,

being fixed, are collectively denoted as |Ψf ⟩, which is
written as follows

|Ψf ⟩ = |0⟩|0⟩|0⟩|1⟩|1⟩⊗1

2
(|0⟩|0⟩ − |0⟩|1⟩+ |1⟩|0⟩ − |1⟩|1⟩) ,

(9)
where the first three qubits |0⟩|0⟩|0⟩ correspond to the
|p3⟩Ω↑

01
|p4⟩Ω↓

01
|p5⟩ω in Eq. (3), and shows that the num-

ber of photon of mode Ω↑
01, the number of photon of mode

Ω↓
01, and the number of phonon of mode ω all equal to

0; the forth qubit |1⟩ corresponds to |L⟩b, and indicates
the break of the covalent bond; the fifth qubit |1⟩ corre-
sponds to |k⟩n, and indicates the state of nuclei, scatter-
ing in different cavities. We now focus on the last two
qubits corresponding to the electronic states |l1⟩e↑ |l2⟩e↓ .
Given that L = 1 and k = 1, the initial state is defined
as having no covalent bond formed, and with the two hy-
drogen atoms located in separate cavities. Consequently,
the electrons reside in their atomic orbitals. Assuming
each atom carries one electron with opposite spins, we
denote this electronic state as |01⟩|02⟩. According to Eq.
(2), |01⟩|02⟩ can be written as

|01⟩|02⟩ =
1√
2
(|Φ0⟩+ |Φ1⟩)⊗

1√
2
(|Φ0⟩ − |Φ1⟩)

=
1

2
(|Φ0⟩|Φ0⟩ − |Φ0⟩|Φ1⟩+ |Φ1⟩|Φ0⟩ − |Φ1⟩|Φ1⟩)

=
1

2
(|0⟩|0⟩ − |0⟩|1⟩+ |1⟩|0⟩ − |1⟩|1⟩) .

(10)

III. NUMERICAL RESULTS

A. Numerical method

The solution ρ (t) in Eq. (4) may be approximately
found as a sequence of two steps: in the first step we
make one step in the solution of the unitary part of Eq.
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(4)

ρ̃ (t+ dt) = exp

(
− i

ℏ
Hdt

)
ρ (t) exp

(
i

ℏ
Hdt

)
. (11)

And in the second step, make one step in the solution of
Eq. (4) with the commutator removed

ρ (t+ dt) = ρ̃ (t+ dt) +
1

ℏ
L (ρ̃(t+ dt)) dt. (12)

Evidently, computing the matrix exponential in Eq.
(11) is a key step. While several classical mathematical
methods have been proposed [37, 38] for this purpose, in
this paper the precise time step integration method (PT-
SIM) [39–43] of matrix exponential is introduced. When
solving the equations of motion using stepwise integra-
tion, the matrix exponential operation involved is eA∆t.
According to the addition theorem of matrix exponential

eA∆t =
[
eA

∆t

2M

]2M
=

[
eAε

]2M
, (13)

where A is matrix, ∆t is time step, ε = ∆t
2M

(usually M
is taken to be equal to 20). The matrix exponential can
be approximated using Taylor series expansion (4 terms)

eAε ≈ I +Aε+
(Aε)2

2!
+

(Aε)3

3!
+

(Aε)4

4!
, (14)

where I is unit matrix, then

eA∆t ≈
[
I +Aε+

(Aε)2

2!
+

(Aε)3

3!
+

(Aε)4

4!

]2M
= [I + Ta,0]

2M
,

(15)

where Ta,0 = Aε+ (Aε)2

2! + (Aε)3

3! + (Aε)4

4! , then

[I + Ta,0]
2M

=
[
(I + Ta,0)

2
]2M−1

= [I + 2Ta,0 + Ta,0Ta,0]
2M−1

= [I + Ta,1]
2M−1

= [I + Ta,2]
2M−2

· · · · · ·
= [I + Ta,M ] ,

(16)

where Ta,n = 2Ta,n−1 + Ta,n−1Ta,n−1, n ≥ 1. The above
calculation process avoids operations between values with
large differences in magnitude and avoids the impact of
rounding errors.

B. Subspaces

Prior to analyzing the results, we first establish the
definitions of three following subspaces

|H,H⟩ =
∑
L=1

| · · · ⟩|L⟩b| · · · ⟩, (17a)

|H2⟩ =
∑

L=0,k=0,AND(l1 ̸=∅,l2 ̸=∅)

| · · · ⟩|L⟩b|k⟩n|l1⟩e↑ |l2⟩e↓ ,

(17b)

|H+
2 ⟩ =

∑
L=0,k=0,XOR(l2=∅,l2=∅)

| · · · ⟩|L⟩b|k⟩n|l1⟩e↑ |l2⟩e↓ ,

(17c)

where qubits without conditional restrictions are denoted
by | · · · ⟩. We partition the total Hilbert space into three
subspaces, each corresponding to a distinct system state:

• Subspace |H,H⟩: Two independent hydrogen atoms
(L = 1 signifies no covalent bond formation).

• Subspace |H2⟩: A neutral hydrogen molecule (L =
0 signifies covalent bond formation; k = 0 signi-
fies both atoms are in the same cavity. The AND
logical operator requires both l1 ̸= ∅ and l2 ̸= ∅).

• Subspace |H+
2 ⟩: A hydrogen molecular cation (L =

0 signifies covalent bond formation; k = 0 signifies
both atoms are in the same cavity. The XOR log-
ical operator requires that either l1 = ∅ or l2 = ∅,
but not both).

Eq. (17) presents a simplified form that lacks reduction
factors. In practice, as we employ the Lindblad master
equation (Eqs. (11) and (12)) which acts on the density
matrix ρ, the diagonal elements of ρ represent probabil-
ities. Thus, the probabilities for |H,H⟩, |H2⟩, and |H+

2 ⟩
are obtained by summing their respective associated di-
agonal elements.

C. Unitary evolution

We first consider an ideal, closed system where no par-
ticle inflow or escape occurs, meaning parameters γk and
γk′ in Eq. (4) are set 0. Under this condition, the Lind-
blad master equation reduces to the von Neumann equa-
tion

iℏρ̇ = [H, ρ] . (18)

In the closed system, the absence of electron escape
restricts the dynamics to oscillations between |H,H⟩ and
|H2⟩. We investigated the influence of eight different ini-
tial states on these oscillations, with the results presented
in Fig. 1 (b). In subpanel (b.1), we observe that the
oscillation curves for initial states |Ψ0

initial⟩ ∼ |Ψ4
initial⟩

completely coincide. This is because photons of mode

Ω↑
12 and Ω↓

12 are energetically degenerate. Therefore, at
the initial time and under otherwise identical conditions,

pumping in one photon of mode Ω↑
12 (|Ψ0

initial⟩) or one

photon of mode Ω↓
12 (|Ψ1

initial⟩) results in identical dy-
namics. Furthermore, the coherent, equal-weight super-
position of states |Ψ0

initial⟩ and |Ψ1
initial⟩ (|Ψ2

initial⟩) also
produces the same curve. Since the system contains only
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FIG. 2. (online color) Comparison of the time it takes for the system to reach a stable state. As shown in Fig. 1 (d), we
investigated the impact of γΩ and γe on the system’s stabilization time for γω = 107, 107.5, 108, and 108.5, identifying the
maximum and minimum times for each case. We then analyzed how these extreme values evolve as γω increases from 107 to
108.5 (panel (a)). Additionally, the difference between them is plotted against γω in panel (b).

one spin-up electron, the oscillation curve remains iden-

tical whenever the population of photons of mode Ω↑
12

is greater than or equal to 1. Consequently, the curve
for |Ψ3

initial⟩ coincides with that of |Ψ0
initial⟩, and by the

same reasoning, the curve for |Ψ4
initial⟩ coincides with

that of |Ψ1
initial⟩, too. For the initial state |Ψ5

initial⟩,
which contains a photon of mode Ω↑

12 and a photon of

mode Ω↓
12, both electrons with opposite spins have the

opportunity to be excited into orbital Φ2. Consequently,
we obtain an oscillation curve distinct from those in (b.1),
as shown in (b.2). Evidently, the superposition state of
|Ψ3

initial⟩, |Ψ4
initial⟩, and |Ψ5

initial⟩ (|Ψ6
initial⟩) results from

the combination of the two oscillation curves in subpan-
els (b.1) and (b.2), as shown in (b.3). Meanwhile, when

there are neither photons of mode Ω↑
12 nor photons of

mode Ω↓
12 initially (|Ψ7

initial⟩), the system exhibits an os-
cillation curve with the maximum amplitude, as shown in
(b.4). From subpanels (b.1) to (b.4), we find that in the
closed system, the excitation of electrons between orbital
Φ1 and orbital Φ2 significantly reduces the amplitude of
the oscillation curves.

D. Dissipative evolution

We now investigate the dissipative dynamics in the
open system and the influence of different dissipation in-
tensities on the formation of the H+

2 . We assume that
two photons are pumped into the system randomly at
the initial time, with equal probability for a photon of

mode Ω↑
12 and a photon of mode Ω↓

12, resulting in the ini-
tial state |Ψ6

initial⟩. Due to the dissipative processes, the
oscillations are damped, and the system eventually sta-
bilizes after a sufficiently long evolution. The results in

panel (c) of Fig. 1 show that the energy ultimately flows
into two subspaces |H2⟩ and |H+

2 ⟩. Furthermore, elec-
tron dissipation intensities (γe) and phonon dissipation
intensities (γω) promote the formation of the hydrogen
molecular cation, whereas photon dissipation intensities
(γΩ) suppresses it. Our results consistently show that
the population of |H2⟩ is significantly higher than that of
|H+

2 ⟩ under all conditions, indicating the system’s inher-
ent tendency to form a stable neutral hydrogen molecule.
For the time-based dynamic changes of the heatmap in
panel (c), please refer to the video1.mp4.

In panel (c), we investigate the influence of γΩ and γe
on |H+

2 ⟩ formation for γω = 107, 107.5, 108, and 108.5. We
also determine the stabilization time tstb for these four
cases, defined as the time when the combined probability
of |H2⟩ and |H+

2 ⟩ exceeds 0.999, and present the results
as heatmaps in panel (d). The data reveal that γΩ sig-
nificantly accelerates stabilization, whereas γe has a neg-
ligible effect. This is because the system evolves toward
the stable hydrogen molecule, a process promoted by γΩ.
Consequently, a larger γΩ leads to faster stabilization.
Furthermore, as γω increases, the difference between the
maximum value tstb,max and minimum value tstb,min in
the heatmaps decreases. This indicates that the promot-
ing effect of γΩ becomes less pronounced at high γω val-
ues. Fig. 2 plots tstb,max and tstb,min against γω. Panel
(a) of Fig. 2 shows that tstb,max decreases slowly from
γω = 107 to 108, beyond which it increases exponen-
tially. In contrast, tstb,min begins to rise at γω < 107.5.
As shown in panel (b) of Fig. 2, the difference between
tstb,max and tstb,min rapidly decreases to 0 with increas-
ing γω. This indicates that for γω > 108, the influence of
γω on tstb is far greater than that of γΩ and γe.

As can be seen from Fig. 1 (c), the probability of ob-
taining the hydrogen molecular cation reaches its maxi-

https://drive.google.com/drive/folders/1hZpICSbDHC9GW6X_1iPWRwpPUGFOp8mZ?usp=sharing
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FIG. 3. (online color) Dissipative dynamics for different initial conditions. Panel (a) for |Ψ0
initial⟩, |Ψ1

initial⟩, |Ψ2
initial⟩; panel

(b) for |Ψ3
initial⟩, |Ψ4

initial⟩; panel (c) for |Ψ5
initial⟩; panel (d) for |Ψ6

initial⟩; panel (e) for |Ψ7
initial⟩.

mum when γΩ is at its minimum (γmin
Ω = 104) while γω

and γe are at their maxima (γmax
ω = 108.5, γmax

e = 107).
Under these optimized conditions, we simulated the dissi-
pative evolution of the system for different initial states,
as shown in Fig. 3. In each panel, due to the presence
of dissipation, the probability of |H,H⟩ gradually decays
from 1 to 0. In the closed system, the unitary evolu-
tion from |Ψ0

initial⟩ to |Ψ4
initial⟩ is identical (see Fig. 1

(b)). In contrast, under dissipative evolution, the dy-
namics separate into two distinct cases, shown in Fig. 3
(a) and (b). Evidently, under dissipative evolution, the
probability of obtaining the H+

2 is higher for initial states
|Ψ3

initial⟩ and |Ψ4
initial⟩ than for |Ψ0

initial⟩, |Ψ1
initial⟩, and

|Ψ2
initial⟩. This is attributed to the fact that |Ψ3

initial⟩
(|Ψ4

initial⟩) contains two free photons of mode Ω↑
12 (Ω↓

12),
whereas |Ψ0

initial⟩, |Ψ1
initial⟩, and |Ψ2

initial⟩ contain only
one free photon of Ω12. A greater population of these
specific photons more effectively promotes the upward
transition of electrons to the Φ2 orbital, thereby facili-
tating the ionization of the hydrogen molecule. A com-
parison between panels (b) and (c) indicates that, for the
same initial total photon number of two, an initial state

comprising two photons of different modes (Ω↑
12 and Ω↓

12)
is more effective at promoting hydrogen molecule ioniza-
tion than a state with two photons of a single mode. This
enhanced efficiency arises because state |Ψ5

initial⟩ can ex-
cite either a spin-up or a spin-down electron to the Φ2

orbital. In contrast, |Ψ3
initial⟩ can only excite a spin-up

electron, and |Ψ4
initial⟩ can only excite a spin-down elec-

tron. Furthermore, the characteristics of the annihilation
operator used in the model constitute a second contribut-
ing factor to this observed difference. The matrix forms
of the annihilation and creation operators are given by

a =

|0⟩
|1⟩
|2⟩
...
...

|p− 2⟩
|p− 1⟩
|p⟩



0 1 0 · · · · · · 0 0 0

0 0
√
2 · · · · · · 0 0 0

0 0 0 · · · · · · 0 0 0
...

...
...

. . .
. . .

...
...

...
...

...
...

. . .
. . .

...
...

...
0 0 0 · · · · · · 0

√
p− 1 0

0 0 0 · · · · · · 0 0
√
p

0 0 0 · · · · · · 0 0 0


,

(19a)

a† =

|0⟩
|1⟩
|2⟩
...
...

|p− 2⟩
|p− 1⟩
|p⟩



0 0 0 · · · · · · 0 0 0
1 0 0 · · · · · · 0 0 0

0
√
2 0 · · · · · · 0 0 0

...
...

...
. . .

. . .
...

...
...

...
...

...
. . .

. . .
...

...
...

0 0 0 · · · · · · 0 0 0
0 0 0 · · · · · ·

√
p− 1 0 0

0 0 0 · · · · · · 0
√
p 0


.

(19b)
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According to the aforementioned operators, when the
particle number increases from p−1 to p or decreases from
p to p− 1, the corresponding parameter in the matrix is√
p. This is manifested in the Lindblad master equation

as a jump operator with a intensity of
√
pγ. Therefore,

for initial states |Ψ3
initial⟩ and |Ψ4

initial⟩, the process of
the photon number decreasing from 2 to 1 has a strength
that is

√
2 times greater than that of the process from 1

to 0. This results in the two free photons in |Ψ3
initial⟩ and

|Ψ4
initial⟩ being more likely to escape into the external en-

vironment at the initial stage compared to those in state
|Ψ5

initial⟩. In panel (d), since state |Ψ6
initial⟩ is a super-

position of states |Ψ3
initial⟩, |Ψ4

initial⟩, and |Ψ5
initial⟩, the

resulting probability of obtaining the hydrogen molecu-
lar cation lies between the results shown in panel (b) and
panel (c). In panel (e), since there are neither photons

of mode Ω↑
12 nor photons of mode Ω↓

12 at the initial time,
the ionization of the hydrogen molecule is forbidden.

E. Influx process

Having investigated the impact of dissipation on the
system’s evolution in Fig. 1 (c), we now turn to the
effects of the influx process (see Fig. 4). First, we define
the ratio of influx intensity to dissipative intensity as

µk =
γk′

γk
, (20)

where µ < 1 indicates that the overall trend in the open
system is dissipative, i.e., γk′ < γk. According to Eq.
(20), with the denominator held constant, the ratio is
directly proportional to the numerator. Therefore, we
can use µk directly to represent the γk′ .

We now investigate the influx effect in the open system
and the influence of different influx–dissipation ratios on
the formation of the H+

2 . The initial state is |Ψ6
initial⟩.

And the intensity of all dissipation channels is uniformly
set to 107. Unlike in Fig. 1 (c), the results in Fig. 4 show
that in some cases with influx effects, energy flows not
only into subspaces |H2⟩ and |H+

2 ⟩, but is also partially
retained in subspace |H,H⟩. Only when µω = 0 is the
energy entirely channeled into |H2⟩ and |H+

2 ⟩ (see first
row of panels in Fig. 4). Furthermore, the influx effect
for photons promotes the formation of the H+

2 , whereas
the influx effect for electrons suppresses it. Specifically,
the influx effect for phonons suppresses the formation of
the |H2⟩. However, it does not significantly promote the
formation of the |H+

2 ⟩, but rather enhances the stability
of two separate hydrogen atoms (|H,H⟩). For the time-
based dynamic changes of the heatmap in Fig. 4, please
refer to the video2.mp4.

F. Model with anode

Fig. 1 (b) presents the unitary evolution within the
closed system. We now introduce a special model: an

0

0.9 (a)

e

(b) (c)

0

0.9 (d)

e

(e) (f)

0

0.9 (g)

e

(h) (i)

0 0.9
0

0.9 (j)

e

0 0.9

(k)

0 0.9

(l)

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 4. (online color) The influx effect. Picture shows the
effect of different particle influx intensities on the ionization
model (initial state is |Ψ6

initial⟩): the horizontal and vertical
axes of each panel represent the influx–dissipation ratio for
photons (µΩ) and for electrons (µe), respectively; the first
through fourth rows correspond to influx–dissipation ratio for
phonons (µω) of 0, 0.3, 0.6, and 0.9, respectively; the first
through third columns correspond to probabilities of |H,H⟩,
|H2⟩, and |H+

2 ⟩, respectively. Here, the color bar for each
heatmap ranges from 0 to 1.

anode is incorporated into this closed system to adsorb
electrons. The panel (a) in Fig. 5 shows when the elec-
tron occupies transitional orbital, it is highly susceptible
to attraction by the positive electrode, enabling it to es-
cape from the hydrogen molecule and thereby ionize the
hydrogen molecule. The anode can absorb at most one
electron. This is because the transition of an electron
to the Φ2 orbital can only occur when two electrons are
present. When only one electron remains, the system’s
energy is lowered, making it less likely for the electron to
escape the nuclear binding.

The dissipative evolution in this new model under dif-
ferent initial conditions is shown in Fig. 5 (b). Since only
electrons can be absorbed, while photons and phonons

https://drive.google.com/drive/folders/1hZpICSbDHC9GW6X_1iPWRwpPUGFOp8mZ?usp=sharing
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+ + + +
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FIG. 5. (online color) The model with an anode. In panel (a), the hydrogen molecule is assumed to be in a perfectly isolated
environment, preventing free particles from dissipating to the external system. However, electrons can be absorbed by an
embedded anode, which is considered as electron escape. Panel (b) shows the time-dependent probabilities of the |H+

2 ⟩ under
different initial conditions.

cannot escape, the system’s energy can only flow towards
subspace |H+

2 ⟩. Consequently, we can determine the
maximum probability of the hydrogen molecular cation
for different initial conditions. According to Eq. (10),
when atomic orbitals hybridize into molecular orbitals,
the spin-up electron has an equal probability of occupy-
ing the excited orbital (Φ1) or the ground state orbital
(Φ0). This implies that a spin-up electron has only a
1
2 chance of transitioning to the Φ2 orbital for eventual
absorption by the anode. The same logic applies to a
spin-down electron. Based on this mechanism, the final
probability of obtaining the hydrogen molecular cation is
calculated as follows:

• For initial states |Ψ0
initial⟩ to |Ψ4

initial⟩, which in-
volve only one type of free photon (where the pho-
ton number only affects the evolution speed, not
the outcome), the probability is 1

2 .

• For |Ψ5
initial⟩, which contains both types of free

photons, enabling both spin channels, the proba-
bility is 3

4 .

• For |Ψ6
initial⟩, which is a superposition of |Ψ3

initial⟩,
|Ψ4

initial⟩, and |Ψ5
initial⟩, the resulting probability is

derived as 5
8 .

• For |Ψ7
initial⟩, which contains no free photons, the

probability is 0.

IV. CONCLUSION AND OUTLOOK

In this work, we have systematically investigated the
quantum dynamics of hydrogen molecule ionization in

closed quantum systems, as well as open quantum sys-
tems driven by dissipation and particle influx. Our key
findings reveal that

• The system exhibits a strong tendency to form the
stable neutral hydrogen molecule (|H2⟩) under a
wide range of conditions.

• The interplay among dissipation channels (γΩ, γe,
γω) critically governs both the stabilization time
and final state distribution, with γΩ acting as a key
promoter of molecular stability and significantly ac-
celerating the stabilization process.

• The introduction of particle influx (µk) leads to
more complex energy partitioning, enabling pop-
ulation retention in the atomic state (|H,H⟩) — a
phenomenon absent in purely dissipative dynamics.

• The ionization pathway shows high sensitivity to
the initial quantum state, particularly the compo-
sition and number of photons, which control the
accessible excitation channels for electrons of dif-
ferent spins.

• These insights are further confirmed by an an-
ode model, showing that the maximum ionization
probability is fundamentally limited by orbital hy-
bridization and initial state configuration, reaching
a theoretical maximum of 3

4 under optimal condi-
tions.

Looking forward, several promising directions emerge
from this study. First, extending our model to include
non-Markovian environments would provide a more re-
alistic description of systems where memory effects and
coherent feedback from the environment are significant.
Second, investigating more complex molecular systems,
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such as heteronuclear diatomic molecules or those with
more electrons, would test the generality of our findings
and uncover new collective quantum effects. Finally, an
experimental realization of this setup, for instance, using
ultracold atoms in optical cavities or quantum simula-
tor platforms, would be a critical step towards verifying
our theoretical predictions and harnessing this quantum-
controlled chemistry in practice.
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