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Abstract

In this article, we performed Simpson-Visser (SV)-regularization scheme to Anti-de Sitter (AdS) black
holes and then studied thermal properties of the resulting spacetime geometry. We considered the
validity of the first law of black hole thermodynamics in this case and derived an entropy formula con-
sistent with this new regular geometry. Next, we carried out the free energy analysis and studied the
phase structure of these black holes. We discovered non-trivial phase transition properties dependent
on the SV-regularization parameter. We also considered the validity of the second law of black hole
thermodynamics and analyzed a merger scenario of two equal mass SV-regular black holes. In partic-
ular, we investigated the impact of the SV-regularization parameter on the constraints on post-merger
black hole mass. Intrestingly, we found that the bounds initially increase and then fall sharply with
increasing the SV-regularization parameter. All results are compared with standard black holes for

vanishing SV-regularization parameter.

1 Introduction

Black holes in general relativity are singular so-
lutions to Einstein equations. According to Pen-
rose’s theorem [1, 2], a singularity is characterized
by geodesic incompleteness, and it is inevitable if
suitable energy conditions are respected. However,
the singular nature of these objects is conceptually
inconvenient, as any theory plagued with such in-
finities lose predictability. Since the quantum ef-
fects become prominent at high curvature scale, a
complete theory that consistently integrates quan-
tum effects into classical geometry should also re-
move the singular nature of the spacetime. It should
be noted though that there do exist several ways
to consider such a complete theory, each having its
own advantages as well as shortcomings, see e.g.
[3-5].

However, even without referring to such a complete
theory, various proposals have been put forward
to circumvent the singularity issue of the space-
time while still remaining in the classical regime
. The very first step in this direction was taken by
Bardeen in [6], where the asymptotic mass of the
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black hole is replaced with a r-dependent factor in
order to make the Kretschmann scalar finite. Such
models still have a coordinate singularity, which
represents the surface of no return for a signal prop-
agating towards the centre, and thus the notion of
an event horizon still exists. These models, with-
out a central singularity and an event horizon, are
termed as Regular black holes in literature. Since
Bardeen’s proposal, various similar models of regu-
lar black holes have been proposed and studied in
details [7-11]. For recent review see [12].

In 2019, Simpson and Visser [13] proposed a mini-
malistic regularization scheme to deal with the cen-
tral singularity of the standard Schwarzschild geom-
etry. The resulting spacetime geometry is shown
to represent a regular black hole or a traversable
wormhole, depending on the choice of the free pa-
rameter inserted to regularize the central singular-
ity. It has also been shown there that the non-zero
components of the Riemann tensor and curvature
invariants, such as Kretschmann scalar and Weyl
scalar, are finite over the whole coordinate domain.
As expected from the cases of other regular black
hole solutions, the associated stress-energy tensor
violates the null energy condition in this case as
well.

So far, the SV-regularization scheme has not been
extended for the case of AdS black holes in the liter-
ature. The motivation to study this in AdS space-



time comes from the fact that the regularization
parameter is expected to modify the thermal prop-
erties of the horizon. Thus, the thermal behaviour,
especially, the phase structure of the AdS black hole
will modify significantly.

In present work, we implement the SV-regularization
scheme to AdS black hole spacetime. Next, we anal-
yse the thermal properties of the black hole and
study its phase structure. In standard scenario, we
find the Hawking-Page phase transition from ther-
mal AdS to AdS black hole phase, as the Hawking
temperature is tuned. Hence, it is interesting to
study the phase structure of the SV-regular black
hole in AdS spacetime. In this endeavour, we as-
sume that the standard laws of black hole thermo-
dynamics are applicable for SV-regular black holes
as well.

Usually, one would expect modifications to the en-
tropy formula for regularized spacetime geometries,
and it would be interesting to study the implication
of the new entropy formula. In this context, we dis-
cuss a binary black hole merger scenario assuming
the validity of the second law of black hole thermo-
dynamics for SV-regular black holes, and study the
constraints on the final black hole mass in both AdS
spacetime and its asymptotically flat limit (that is,
I — o0).

The article is organized in the following way. In
section (2), we review the SV-regularization scheme
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Here, M is the ADM mass and d? is a metric
on unit 2-sphere. The black hole horizon radius is
given by f(rp,a) = 0, that is, r, = +/(2M)? — a?.
It is clear that the metric represents a regular black
hole for a < 2M [13]. For a > 2M, the geometry
becomes a wormbhole.
We shall now extend it further to include the AdS
term in the lapse function. The regularization pro-
cedure remains the same. The lapse function with
AdS term will become
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where [ is the AdS radius. It is related to the cos-
mological constant as A = —l% for four spacetime
dimensions.
Horizon radius for the black hole is
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Thus, the solution represents a regular black hole
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In the limit I — oo, one recovers the above men-
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and applied it to write a metric for the SV-regularized tioned SV-regularized Schwarzschild black hole con-

AdS (SV-AdS) spacetime. Thermodynamic proper-
ties of these black holes are studied in section (3).
Next, in section (4), we consider black hole merger
scenario of two equal sized SV-AdS regular black
holes in order to study the bounds on the mass of
the resulting black hole geometry. Results are dis-
cussed in section (5).

2 SV-AdS Regular Black Holes

Simpson and Visser devised a simple regularization
procedure [13] with one parameter such that it lifted
the spacetime singularity and rendered any black
hole solution with a regular geometry everywhere.
According to this procedure, in the Schwarzschild
coordinates (¢,r,0,¢), the coordinate r is replaced
by V72 + a2. Here, a is some real parameter which
we shall refer to as SV-regularization paramater in
the present article. This leads to extending the do-
main of r from r € (0,400) to r € (—o0,+00) for
some non-zero value of a. A Schwarzschild black
hole metric with this regularization is given by
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Table 1: Allowed maximum values of a for a set of
M and [ values for a black hole solution.

l
1 00
M
1 1
2 1.38 4
3 1.63 6

Next, one would be interested in classical analysis of
this geometry to confirm that it represents a regular
black hole. We have carried out that analysis, us-
ing analytical expressions given for a generic static
black hole solutions in [14], in the supplementary
file attached with this article. We found that the
geometry is regular everywhere and in limit, [ — oo,
we recovered the expressions of curvature invariants
obtained in [13]. Thus, the geometry represented by
eq.(1) is a regular black hole solution.

In this article, we are more interested in thermody-
namic properties of these geometries. This is dis-
cussed in the next section.



3 Thermodynamic Properties and Phase
Structure

Existence of a horizon in the spacetime geometry
allows one to define the surface gravity, which is
then linked to the Hawking temperature. This al-
lows one to study the thermal properties of regular
black holes. We shall start with the expression of
the lapse function in eq.(3) and calculate the Hawk-
ing temperature as

f(rya)lr=r,
47
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We can express the black hole mass in terms of the
horizon radius, using f(ry,a) = 0, which takes the

following form
[r2 4 o2
po VT <1+T’%+a2> .
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Next, we assume the validity of the first law of

2
the black hole thermodynamics and calculate the
entropy associated with the SV-AdS regular black
hole spacetime. Although, such an assumption is
non-trivial and there are still efforts being made in
order to show the compatibility of the first law with
the regular black hole geometries [15]. The first law
for the black holes considered here can be given as

(8)

Using this, one can calculate the entropy formula
consistent with the first law. It takes the form

g /Th dM ( rh

Solving the above integral leads us to
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In limit @ — 0, we recover the standard Bekenstein-
Hawking entropy formula.

From the expression of the mass of the black hole in
eq.(7), it is clear that it is a monotonic function of
the horizon radius, thus, it increases as the black
hole size increases. This behaviour is similar to
the standard Schwarzschild AdS black holes. Next,
we plot the Hawking temperature with the hori-
zon radius in Fig.(1). It is clear that the behaviour
matches with the standard AdS black holes for large
black holes, however, it noticeably differs for small
black holes. Unlike the standard Schwarzschild AdS

o
[

0.5F g
o
o I
5 o04f ]
®© L
5 I
joN L
§osp e ]
8 Ur ;
> |
£ t
= 02y ]
© L
I
o1f ]
0.0 P S R S S B S S SR
05 1.0 15 2.0
Horizon radius r,
Figure 1: Hawking temperature vs horizon ra-

dius for SV-regular AdS black holes for a =
(0,0.1,0.2,0.3) as we set [ = 1.

black holes, there is a local maxima and a minima
and there is an extremal black hole limit for the
SV-AdS regular black holes. Since there is a black
hole for all values of temperature, there is no stable
thermal AdS phase, hence, there is no Hawking-
Page phase transition [16].

From the plot given in Fig.(1), it is also clear that
there are two stable branches, small and large black
holes, and there is an unstable intermediate branch.
Interestingly, as one tunes the SV-regularization pa-
rameter, the temperature behaviour changes and for
some value of the parameter there is a point of in-
flexion. Above this point, there exist only one stable
phase for such regular black holes. Next, we carry
out the free energy analysis to understand the phase
structure of the SV-AdS regular black holes.

Free Energy Analysis:

Free energy analysis provides all the necessary infor-
mation of the phase transition properties of a ther-
mal system. For the SV-AdS regular black holes,
one can write the free energy from the above cal-
culated thermal parameters. The expression takes
the following form
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In limit @ — 0, the expression for the free energy
reduces to
() Th
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Fyso = (12)
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Figure 2: Free energy vs Hawking temperature for
SV-AdS regular black holes for a = (0,0.1,0.2,0.3)
as we set [ = 1.

This expression matches with the free energy of a
Schwarzschild AdS black hole [16].

We plot the free energy for the SV-AdS regular
black holes, given by eq.(11), against Hawking tem-
perature, in Fig.(2), for different values of the SV-
regularization parameter, a. Dashed plot represents
the standard Schwarzschild AdS black hole with two
branches, one with positive free energy with respect
to the thermal AdS (free energy negligible in com-
parison to the AdS black hole phase) and another
one which extends to negative direction below the
temperature axis. It can be seen that for large tem-
perature, the AdS black hole state is more preferred
than the thermal AdS state [16].

It is also evident in Fig.(2) that, for non-zero values
of a, there is no thermal AdS state as there is always
a black hole solution for all temperatures. This ob-
servation is also consistent with the temperature
plot given in Fig.(1). Here, we consider the inter-
pretation similar to a fixed charge ensemble made
in [17,18]. In this case, the background is the ex-
tremal black hole corresponding to 7" — 0 limit and
the free energy associated with this state is finite
as depicted in Fig.(2). We are still in canonical en-
semble and free energy change is considered with
respect to this assumed background. The free en-
ergy of the black hole state is negative with respect
to its extremal limit and hence, it is more stable
and preferred state of the system. From the plot, it
is also clear that there is a first order small-to-large
black hole transition as one tunes the temperature.
As we increase the values of the parameter a, the

phase transition points shifts towards a critical point.

This behaviour is similar to van der Waal’s fluid

like behaviour, and it has been observed in black
hole cases in several studies [19-23]. Thus, it is an
important observation that even a singularity regu-
larization parameter changes the phase structure of
black hole significantly. It would be interesting to
study the behaviour of critical exponents near the
critical point and determine the universality class
these SV-AdS regular black holes belong to. Next,
we shall study the black hole merger scenarios of
these SV-regularized black holes.

4 Constraints on Black Hole Merger

The most important modification to the black hole
thermodynamics for these SV-AdS regular black holes
comes from the expression of the entropy formula.
Implications from such a modification has not yet
been addressed in details in the literature. Through
the present article, we set out to address this im-
portant issue and show that implications of such a
modification to the black hole geometry are indeed
profound and non-trivial. Particularly, we have ex-
plored the implications of entropy and the associ-
ated second law for the case of two equal mass SV-
AdS regular black hole merger event. Bounds on
the mass of the final product due to a black hole
merger event in the presence of modified entropies
have been discussed before [24,25]. Such studies
can help in constraining the theory space.

We have carried out merger event analysis for SV-
regularized black holes in the current section and
studied the impact of the regularization parameter,
a, on the constraints on the final mass post-merger.
We have explicitly discussed the merger scenario in
asymptotically flat, that is, | — oo limit, and in
AdS spacetime.

Merger Constraints on SV-AdS Regular Black
Holes:

In this section, we have considered a merger sce-
nario of two equal mass SV-AdS regular black holes.
Initial entropy of the complete system is given by
2S;, where S; is given by the following expression

1 2 1
) 5 ATy tat—ry,
S;=m | rp\/ri° +a2 —a®log
a

(13)
Here, 7",2; is the horizon radius of a SV-AdS regu-
lar black hole before merger. Similarly, if the final
black hole radius is represented by rf: and entropy
by Sy then according to the second law of black hole
thermodynamics we have

Sy >28; . (14)



Eq.(14) provides a relation between the horizon ra-
dius of black holes before merger and that for the
final product after merger. With this relation, we
shall write the expression for the mass of the final
black hole for a set of fixed values of the initial mass
and plot it with the SV-regularization parameter a.
In Fig.(3), we have set initial mass, M; = 1 with-
out any loss of generality. The plot here shows that
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Figure 3: Final Mass vs SV-Regularization Param-
eter a as we set [ =1 and M,; = 1.

the final mass post merger initially increases as we
increase the value of a and then starts decreasing
after a certain value, indicated by a dashed line.
Thus, the bounds on the final mass change non-
trivially with respect to SV-regularization parame-
ter, a. The bound corresponding to the standard
Schwarzschild AdS black hole is denoted by a black
dot on the vertical axis.

Next, we studied similar variations as we change the
initial mass in Fig.(4). The plot reveals that the
qualitative feature of the variation remains same
as in Fig.(3) while the point of maxima shifts to-
wards right. It should be noted that the range of
the SV-regularization parameter for the final prod-
uct to remain a SV-AdS regular black hole solution
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Figure 4: Final Mass vs SV-Regularization Param-
eter a asweset ] =1and M; =1,2,3.
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Figure 5: Final Mass vs SV-Regularization Param-
eter a as we set | = oo, M; = 1.

increases too. This range, considered in the anal-
ysis, corresponds to the initial mass value M; and
it remains valid in the post merger scenario as well
(that is, the solution is still a SV-AdS regular black
hole post merger). Now, we shall analyse the case
of SV- regularized black hole merger in asymptoti-
cally flat spacetime.

Merger Constraints on SV-flat Black Holes:

The entropy formula is independent of the AdS pa-
rameter [. Thus, it remains same for the asymptoti-
cally flat spacetime. The mass of the SV-regularized
black hole in asymptotically flat spacetime will be
given by eq.(7) in limit [ — co. The expression for
the mass of the black hole then takes the form

\/73 + a?
Y (15)

2

Now, using this mass relation and the second law in
eq.(14), we have plotted final mass post merger with
the SV-regularization parameter, a, in Fig.(5). The
plot shows similar behaviour as for the case of SV-
AdS regular black holes. There is a value of the SV-
regularization parameter, a, for which the bound on
the final black hole mass is maximum and it falls
as a is tuned further. Next, we wish to know the
behaviour as we vary the initial mass of the black
holes. This is depicted in Fig.(6). The behaviour
remains same as we tune the initial mass of merging
black holes. The range of SV-regularization param-
eter, a, in this case increases with an increase in
the initial mass. The explicit allowed values for the
cases discussed in this paper are given in Table 1.

5 Discussions

Singularities in general relativity are inevitable if
energy conditions of ordinary matter are respected.
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Figure 6: Final Mass vs SV-Regularization Param-
eter a as we set [ = oo and M; = 1,2, 3.

However, these singularities also predict the demise
of general relativity as a complete theory of gravity.
SV-regularization scheme is a bottom-up approach
which provides a way to circumvent central black
hole singularity. The geometry obtained as such is
free from singularities and its impacts are visible in
classical and thermal regime.

We employed the SV-regularization procedure to
black holes in AdS spacetime and studied their clas-
sical properties. Classically, these geometries are
free from central singularities and are regular every-
where for non-zero values of the SV-regularization
parameter, a. We have confirmed this by explicit
calculations of the curvature invariants viz. the
Weyl and the Kretschmann scalars. These calcu-
lations are provided in the supplementary file at-
tached to this article.

Next, we studied thermal properties of these SV-

spacetime are linked to their phase structure. There
is a famous Hawking-Page phase transition for stan-
dard AdS black holes between the thermal AdS and
the black hole phase. This structure completely
modifies as the regularization parameter is turned
on. Now, instead of the thermal AdS phase there is
a black hole phase for all temperature range. The
free energy analysis revealed that there is a small-
to-large black hole phase transition as the Hawking
temperature is tuned. Also, the behaviour is simi-
lar to van der Waal’s fluid as there exists a critical
point.

The second law of black hole thermodynamics pro-
vides constraints on the final black hole parameters
in a binary black hole merger scenario. We con-
sidered the validity of this law for SV-regular black
holes and implemented it for two equal mass black
holes. The non-trivial entropy expression provides
interesting bounds on the final masses of the SV-
regular black holes resulting from the merger. We
studied merger of SV-regular black holes in both
AdS and asymptotically flat spacetime. Interest-
ingly, we discovered that the final mass bounds in-
crease to a maximum value and then decrease as we
tune the SV-regularization parameter. Thus, the
maximum energy radiated in the form of gravita-
tional wave in a merger scenario has a non-trivial
dependence on the the SV-regularization parame-
ter. This behaviour is very informative and may
be utilized to put bounds on the SV-regularization
parameter from the gravitational wave data.

We encountered an interesting phase transition be-
haviour of these black holes and their similarity to
van der Waal’s fluid. These black holes showed

regular black holes geometries. The SV-regularization critical behaviour for a certain value of the SV-

parameter, a, denotes divergence from the standard
black hole geometries. After a confirmation that
the SV-regularization procedure renders the space-
time regular, we obtained the thermal properties
of these regular black holes. We assumed that the
geometry follows the first law of black hole thermo-
dynamics and obtained the expression of the black
hole entropy. The entropy formula has a non-trivial
dependence on the SV-regularization parameter, a,
and we obtained standard Bekenstein-Hawking for-
mula in ¢ — 0 limit. The SV-regularization param-
eter, a, also appeared in other thermodynamic ex-
pressions. One important point of divergence from
the standard AdS black holes emerged in the ex-
pression of the Hawking temperature. For these
SV-regularized black hole geometries, there exists
an extremal black hole limit and the black hole so-
lutions exist for all temperature range.

Next important properties of black holes in the AdS

regularization parameter. One would be interested
in analyzing the second order phase transition at the
critical point and calculate respective critical expo-
nents associated with it in order to find the univer-
sality class of these geometries, which we have left
for future works.
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