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ABSTRACT. This paper is devoted to a complete classification on the existence and nonexistence results
of viscosity solutions to the general Dirichlet problem for a class of eigenvalue type equations. With the
distance function included in the right-hand side, this type of equations can be degenerate and (or) singular
near the boundary of uniformly convex domains. One highlight is that all cases related to the exponent
of the distance function are investigated. Moreover, when viscosity solutions exist, we derive a series of
global estimates based on the distance function. The key ingredients of this paper include adaptions of
the Perron method and comparison principle as well as constructions of suitable classical sub-solutions and
super-solutions.
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1. INTRODUCTION

In this paper, we study the existence and nonexistence of viscosity solutions to the Dirichlet problem:
F ()\1(D2u), e ,)\7,(D2u)) = g(z)(d(z))* in Q, (1.1)
u=q on 01, (1.2)

where Q@ C R"™(n > 2) refers to a convex domain having non-empty boundary 9 u : @ — R is a convex
function; A1 (D?u), - - , A\n(D?u) represent all the eigenvalues of the Hessian D?u; F denotes a given operator;
g and ¢ are given functions; and d(z) indicates the distance from the point = to the boundary 9Q:

d(x) = dist(x, 09).

1.1. Assumptions, eigenvalue analysis, and examples. The following four sets of assumptions are
made regarding the domain €2, operator F', right-hand-side coefficient function g, and boundary function ¢,
respectively:

(A1) Q is a uniformly convex domain of class C?, where the uniform convexity of a domain is a concept

from differential geometry, which states that all principal curvatures of the boundary 92, denoted
by K1, ,Kkn—_1, are bounded away from zero.
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(A2) F(M, -, ) € C(R™); F(A1,--+, \y) satisfies the semi-elliptic condition, that is,
FA(A), - An(A)) = F(M(B), - - An(B)) (1.3)

for any n-order positive semi-definite matrices A and B with A > B (this symbol means that A — B
is positive semi-definite); and either one of the following two boundedness conditions holds:
(i) there exist some constants Ag > 0, a > 0 and b > 0 such that

F (M(D?u), -+, A (D?u)) > Ag(Amin(D?1))* (Amax (D?u))®,
(ii) there exist some constants Ag > 0, a > 0 and b > 0 such that
F (A (D?u), -+, A(D?u)) < Ag(Amin(D?1))* (Amax(D?u))®,

where Apin (D?u) := min{A; (D?u), -+ , Ay (D?*u)} and Apax(D?u) := max{\1(D?u), - -+ , \p(D?u)}.
(As) g(x) € C(Q); and there exist some constants 0 < mg < M such that

mo < g(z) < My, Vo eQ.

(Aq) p(z) € C(09) is a function defined on 9€; and ¢ has at least one continuous convex extension to Q,
implying that there exists a convex function . € C(£2) such that @, ’69 = .

Under these assumptions, (1.1) can describe a class of fully nonlinear elliptic equations, and the right-hand
side of (1.1) can be degenerate or singular on the boundary 0f). It is evident from the assumption (Ag) that
if & > 0, then g(z)(d(x))® — 0 as x — 91, indicating the degenerate case; if & < 0, then g(z)(d(z))* — +o0
as x — 02, reflecting the singular case.

For the equation (1.1) with a degenerate or singular right-hand side at the boundary, the tangential and
normal eigenvalues of D?u might exhibit degeneracy or singularity on the boundary at different speeds. In
fact, we have the following eigenvalue analysis on the boundary, given that 92 is uniformly convex. On one
hand, when the right-hand side of (1.1) degenerates, it follows that the normal eigenvalues also degenerate,
whereas the tangential eigenvalues typically do not. In this case, all tangential eigenvalues are larger than
all normal eigenvalues as the boundary is approached. On the other hand, when the right-hand side of (1.1)
becomes singular, it holds that the normal eigenvalues are definitely singular, while the tangential eigenvalues
may be singular (if the right-hand side exhibits strong singularity) or non-singular (if the right-hand side
has weak singularity). In this scenario, all normal eigenvalues are larger than all tangential eigenvalues near
the boundary. Generally speaking, the eigenvalues of D?u always can be split into two groups with distinct
orders of speed: [ small and n — [ large for some [ € {1,--- ,n — 1}, i.e.

M (D?*u) ~ -+ ~ N(D*u) < A1 (D*u) ~ -+ ~ A\, (D?u), (1.4)
and then we have

IM(D?*u), -, A (D?*w)} ~ {Amin(D?w), - - -, Amin(D?), Amax (D), -+, Amax(D?u)}, (1.5)

l n—1

)

where the symbol “~” signifies identical orders of speed.

Since w is a convex function, there are several usual operators that meet the requirements of (Az). For
instance, we observe the following: For any ¢,t1,--- ,t, > 0, both the operators (A1 (D?u))! +- - -+ (A, (D?u))*
and (A1 (D?u))" -+ (A (D?u))t fulfill (A3) due to the following inequalities:

Amax(D*w))" < (A (D))" + -+ + (A (D*w))" < n(Amax(D*w))",
(Amin (D?u)) 2= femmintiastnd (O (D) yRintitnd < (AL (D)) -+ (A (D*u)"™ < (Amax(D?u)) =110,
In general, if
FA(D?u), -+ Ag(D*u)) = > Cltr,+ b)) (M (D) -+ (A (D))
(t1,,tn)ES

is well-defined with C(t1,--- ,t,) > 0 for all (¢1,--- ,t,) € S (which represents an index set), then this F
also satisfies (Ag).
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Another classical type of examples for F' is the k-Hessian operator. For any k € {1,--- ,n}, the k-Hessian
operator is given by the k-th elementary symmetric polynomial of eigenvalues of the Hessian:

op(D*u) = Y A (D%u)-- N (D).

1<ip < <ip<n
Indeed, one can check

(Z N D Onin (D?1))* A (D?u) < F(A\ (D), - -, An(D?u)) < (Z) max(D?u))*.
Notably, o1(D?*u) = Au corresponds to the Laplace operator, while o, (D?*u) = det D*u corresponds to
the Monge-Ampere operator. The k-Hessian operator is fully nonlinear when & > 2, and is elliptic when
restricted to k-admissible functions.

This leads to a variety of special cases and geometric applications of (1.1). For example, the k-Hessian
type equations [15,26] in the form of

o (D*u) = g(z)(d(x))*
can be related to the k-Yamabe problems in conformal geometry [24,26] and special Lagrangian equations in
calibrated geometry [27]. Notably, the following quadratic Hessian equation (sigma-2 equation) [22] is also
included:
g2 (D2u) =1.
When k = n, the Monge-Ampére type equations [7], taking the form
det D*u = g(z)(d())*,

figure in geometric optics problems [9]. More specially, a typical example of (1.1) arising in affine geometry
is

det D?u =1,
for which the Legendre transform of solution in the entire space, due to the Jorgens-Calabi-Pogorelov theorem

[3,17,21], constructs a complete parabolic affine sphere. Various examples and widespread applications can
also be found in [7,8,26].

1.2. Review of previous results. During the last half-century, existence and nonexistence theories of
solutions to fully nonlinear elliptic equations have been investigated by many researchers. We refer the
readers to [1,2,4,10,11,14-16,18,23,25] for example for earlier works on related topics. In Theorem 3 of [4],
the existence of a unique continuous convex generalized solution to the problem

det D*u = f(x) inQ
U= on 0f)

was established by Cheng and Yau, where 2 is a bounded C? strictly convex domain, ¢ € C%(99), and f
belongs to class C* (k > 3) and behaves near the boundary as follows:

0 < f(z) < A(d(z))"

for some constants A > 0 and &« > —n — 1. In Theorem 2 of [2], given the smoothness and some appropriate
conditions on the domain 2, operator F, right-hand-side function f and boundary function ¢ respectively,
Caffarelli, Nirenberg and Spruck obtained the existence of a unique smooth admissible solution to the problem

F(M(D*u), -+, Ap(D?u)) = f(z) inQ
U= on 0Jf,

where it is noteworthy that the right-hand-side function f is required to be smooth and positive, which
also means that the equation cannot be degenerate or singular. In comparison, the equations considered
in this paper may exhibit degeneracy or singularity, and we aim to comprehensively classify the existence
and nonexistence of solutions based on the values of a. We note that the continuity of the right-hand-side
coefficient function g(z) in (Agz) does not guarantee the existence of a classical solution to the problem (1.1)-
(1.2). Instead, our focus will be on the existence and nonexistence of viscosity solutions to this problem
rather than classical solutions.



The Perron method is known as a powerful technique used to establish the existence of viscosity solutions.
This method might first appear in [12], introduced by Ishii for the study of Hamilton-Jacobi equations,
and shortly afterwards, was applied to infer existence of viscosity solutions of the Dirichlet problem of fully
nonlinear elliptic equations in [13]. The main idea of this method involves constructing a family of viscosity
sub-solutions or viscosity super-solutions that serve as candidates for the viscosity solution. By considering
the supremum of viscosity sub-solutions or the infimum of viscosity super-solutions, one can identify a
function that satisfies the conditions of being a viscosity solution. The whole process also heavily relies on
using comparison principle. The Perron method, comparison principle as well as constructions of suitable
classical sub-solutions and super-solutions will play an important role in this paper.

This paper also builds upon and extends our earlier works [19,20]. In [19], assuming the existence of
solution, we derived the a priori Holder regularity estimates for the Dirichlet problem of fully nonlinear
elliptic equations:

F()\l(DQ’U,), e ,)\n(DQu)) = f(z,u,Vu) in Q,
u=20 on 0f2.

These estimates were obtained under certain structure conditions on the domain €2, operator F' and right-
hand-side function f respectively. In particular, f was required to satisfy the following bound:

for some constants A > 0, « € R, v € R, 8 > max{n + 1,n + 1 + ~}, there holds
0< flz,2,q) < A(d(@)P Yz~ *(1 + |/} F, Y(z,zq) € Qx (—00,0) x R,

where 8 —n — 1 > 0 always holds, implying that the exponent of d(z) must be nonnegative. In contrast
to [19], the results in this paper will thoroughly analyze all cases involving the exponent of d(x) for the
problem (1.1)-(1.2). Furthermore, we will establish a nonexistence result in this paper when the exponent
of d(x) is sufficiently small, specifically when it is no greater than —a — 2b, i.e. a < —a — 2b based on the
parameter notations in (1.1) and (Ag).

Our recent work [20] relates to the study of viscosity solution to the Dirichlet problem of Monge-Ampére
type equations:

det D*u = f(x,u,Vu) in Q,

1.
u=20 on 0f2. (1.6)

Under certain structure conditions on the domain ) and right-hand-side function f, we established the
existence, uniqueness and interior regularity of the viscosity solution to this problem. We recall that f
therein satisfies that

for some constants A >0, « € R, 8 >n+ 1, vy < min{n + «, 5 — n + 1}, there holds
0 < f(x,2,q) < A(d(x)* " M2~ +[g]*)?, V(z,2,q) €2 x (—00,0) x R”,

where § —n — 1 > 0 also means that the exponent of d(x) needs to be nonnegative. Unlike [20], for the
problem (1.1)-(1.2), given that 9Q € C? is uniformly convex, we will construct different auxiliary functions
as the exponent of d(x) varies, and moreover in the critical case & = —b based on the parameter notations
in (1.1) and (A2), we will obtain a global log-type estimate for the viscosity solution.

1.3. Main results and outline of this paper. According to the assumption (Ay4), one can extend ¢
from 99 to Q. We are going to uniquely extend ¢ to © through one Monge-Ampere equation. In fact, by
the existence result for Monge-Ampere equations with continuous boundary data (see Theorem 2.14 in [7]),
there exists a unique convex function ¢ € C(2) that solves the Dirichlet problem

det D*) =0 in Q,

Y =@ on . (L.7)

Remark 1.1. In some sense, the extension function v € C(Q) can be regarded as a weak solution to the
following homogeneous equation with Dirichlet boundary condition:

Ao Pmin (D)) (Amax(D%1))" =0 in Q,

v =¢ ondf, (1.8)



This observation will be easy to explain if we assume 1 € C%(Q). We first note that
A (D%) - Ay (D%*) = det D*p =0 in Q.
Since 1 is convezx, it holds in  that
\i(D*)) >0, Vi=1,---,n.
Now we can infer that
Amin(D*9) =0 in Q.
Therefore, ¥ actually satisfies (1.8) for any constants Ag > 0, a > 0 and b > 0.

Now we are ready to state our main results. A series of existence results can be elaborated as the following
theorem. Global estimates for viscosity solutions via distance function estimates are also obtained.

Theorem 1.2 (Existence Theorem). Under the assumptions (A1), (A2)-(i), (As) and (A4), we have a list
of existence and estimation conclusions based on varying values of «:
(i) If o € (—=b, +00), then the problem (1.1)-(1.2) admits a viscosity solution u(x) € C(Q), and there exists
some constant Coy > 0 such that

u(z) > ¢(x) — Cod(z), Vx €.

(ii) If a = —b, then the problem (1.1)-(1.2) admits a viscosity solution u(x) € C(Y), and there exists some
constants Co, C1 > 0 such that

u(z) > P(x) — Cod(z) (—log (ad(x)))#b , Vre.

(iii) If a € (—a — 2b,=b), then the problem (1.1)-(1.2) admits a viscosity solution u(x) € C(Q), and there
exists some constant Co > 0 such that

__ a+2bta _
u(z) > Y(x) — Cy (d(x)) =F | Vo el
Our second theorem addresses the issue of nonexistence:

Theorem 1.3 (Nonexistence Theorem). Under the assumptions (A1), (A2)-(ii), (As) and (A4), we have
one nonezistence conclusion: if a € (—oo, —a—2b], then the problem (1.1)-(1.2) does not admit any viscosity
solutions, and consequently, it also does not admit classical solutions.

The following corollary follows directly from Theorems 1.2 and 1.3:

Corollary 1.4 (Special Case). Under the assumptions (A1), (As) and (A4), all the conclusions in Theorems
1.2 and 1.3 remain valid for the following problem.:
a b a -
AO (Amin(D2u)) ()\max(Dzu)) = g(w)(d(x)) m Qv (19)
u=q on 08, (1.10)
for any constants Ag >0, a >0 and b > 0.

Remark 1.5. For the problem (1.1)-(1.2), by combining Theorems 1.2 and 1.3, we achieve a complete
classification for a € (—00,400), i.e. the exponent of d(x) in (1.1). For the problem (1.9)-(1.10), this
configuration also provides a complete classification on the existence and nonexistence results for the viscosity
solution. Intuitively, when « is large (tending more towards the degenerate case), viscosity solutions exist.
In contrast, when « is small (tending more towards the singular case), viscosity solutions do not exist. The
critical value that distinguishes these two scenarios is —a —2b. We will explain these intuitions in Section 6.

The rest of this paper is organized as follows. In Section 2, we present basic concepts, preliminary results
and necessary estimates for the problem (1.1)-(1.2). In Section 3, we establish a key lemma that provides a
transition from classical sub-solutions to viscosity solutions. Based on this transition and constructions of
suitable classical sub-solutions, Section 4 is dedicated to the proofs for existence results and global estimates
of viscosity solutions in Theorem 1.2. We devote Section 5 to demonstrate the nonexistence result in Theorem
1.3 through a contradiction by constructing a suitable classical super-solution. Finally, some intuitions and
discussions regarding our results are provided in Section 6.
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2. PRELIMINARIES

Throughout this paper, we adhere to the following convention: for any function ®, we always use the
notation D?® > (<) 0 to represent that the Hessian matrix (D2®) is positive (negative) definite and use the
notation D2® > (<) 0 to represent that the Hessian matrix (D?®) is positive (negative) semi-definite.

2.1. Classical solutions and viscosity solutions. Let us begin this subsection by clarifying the concepts
of classical solutions and viscosity solutions to the problem (1.1)-(1.2).

Definition 2.1. Let u € C?(Q) N C(Q) be a convex function. We refer to u as a classical solution (sub-
solution, super-solution) to (1.1) over § if

F (M(D?u),- -, Ap(D?u)) = (>, <) g(z)(d(z))* in Q.

u is called a classical solution to the problem (1.1)-(1.2) over Q if it is a classical solution to (1.1) over Q
and satisfies (1.2) on 9Q. Moreover, we say that u is a classically strict sub-solution (super-solution) to
(1.1) over Q if

F (M(D?w), -, An(D?u)) > (<) g(z)(d(2)* in Q.

Definition 2.2. Let u € C(Q) be a convex function. We refer to u as a viscosity sub-solution (super-
solution) to (1.1) over ) if for any point xy € Q, any open neighborhood U(xg) C Q and any convex function
¢ € C?(U(xg)) satisfying
(¢ —u)(@) = () (¢ —u)(@0), Va € U(wo),

there holds

F(M(D*¢(0)), -+ s M(D?¢(0))) 2 (<) glwo)(d(20))*
u is said to be a viscosity solution to (1.1) over Q if it is both a viscosity sub-solution and a viscosity super-
solution to (1.1) over Q. w is called a viscosity solution to the problem (1.1)-(1.2) over Q if it is a viscosity
solution to (1.1) over Q and satisfies (1.2) on OS).

See the lectures of Crandall collected in [5] for a general theory on viscosity solutions. Next, we will
demonstrate the equivalent condition and comparison principle for viscosity solutions to (1.1) as the following
two lemmas.

Lemma 2.3. Under the semi-elliptic assumption in (Ag), if u € C%(Q) is a convex function, then the
following two statements are equivalent:

(i) u is a viscosity solution (sub-solution, super-solution) to (1.1) over §;

(i) w is a classical solution (sub-solution, super-solution) to (1.1) over .

Proof. The proofs for all three cases are not easily unified. However, we can derive the results for the sub-
solution case and the super-solution case separately, and combining these two results directly leads to the
conclusion for the solution case.

We first infer (ii) from (i). Let u be a viscosity sub-solution (super-solution) to (1.1) over . For any
2o € Q and any x € U(x), we take ¢(x) = u(x). Since u € C?(Q), there holds ¢ € C?(U(zp)). As a result
of ¢(x) = u(zx), we have ¢(z) — u(x) =0 = ¢(xg) — u(xg) and therefore

(¢ —u)(z) = (<) (¢ —u)(xo).
By Definition 2.2, it follows that

which together with ¢(z) = u(x) implies that

F (M (D*u(o)), -, An(D*ul@0))) > (<) g(0)(d(0))"
Since xy € Q) is arbitrary, we infer that u is a classical sub-solution (super-solution) to (1.1) over {2.

From (ii) to (i), we let u to be a classical sub-solution (super-solution) to (1.1) over . Then for any

x € 2, we have

F (A(D*u(@0)), -, An(D?u(20))) = (<) g(wo)(d(o))*
For any convex function ¢ € C%(U(zg)) satisfying

(¢ —u)(zx) > (<) (¢ —u)(xo), Ve U(xo),
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it is clear that ¢ — u takes its minimum (maximum) at xo, which yields
D(¢ — u)|ZO =0, D*(¢p— u)|$0 > (<)0.
Due to (1.3), F(A1,---,A,) is semi-elliptic, we further obtain

Dé(x0) = Du(xg), F (Ai(D*¢(20)),-- -, An(D*¢(20))) > (<) F (M(D?u(x0)), - -, An(D?u(20))) -
It then follows that

F (A(D?¢(0)), -+ s An(D?0(20))) = (<) F (A(D?u(20)), -+, An(D*u(w0))) = (<) g(wo)(d(0))",

which means that u is a viscosity sub-solution (super-solution) to (1.1) over .
The proof of this lemma is now complete. O

Lemma 2.4 (Comparison Principle). If u € C(Q) is a viscosity solution to (1.1) over Q and W(z) €
C2(Q) N C(Q) is convex function satisfying

F(M(D*W (@), -, An(D*W(2))) > (<) g(@)(d(2))", V€, (2.1)
W) < (2)ule), Vo e oo,
then

W(z) < (>)u(x), Vze (2.3)

Here, based on Definition 2.1, the condition (2.1) is also equivalent to the condition that W is a classically
strict sub-solution (super-solution) to (1.1) over Q.

Proof. To prove (2.3), it suffices to prove that

max (W —u)(z) <0 (or min(W —u)(z) > 0).
zeQ zeQ

The proof is by contradiction. Suppose there exists a point zy € Q such that
max (W —u)(z) = (W —u)(z9) >0 (or min(W —u)(x) = (W —u)(zg) <0).
z€eQ

€N
Due to (2.2), we have (W — u)’aQ < (>)0, and hence xg € Q. Now z( is the maximum (minimum) point
of (W — u)(x) in the interior of Q. Since u is a viscosity solution to (1.1) over 2, then w is also a viscosity
super-solution (sub-solution) to (1.1) over Q. Given that W € C?(f2), by Definition 2.2, we can further
derive
F (M(D*W (@), -+, An(D*W (o)) < (=) g(0) (d(x0))",
which contradicts our condition (2.1). We have thus completed the proof of the lemma. O

2.2. Construction of approximation functions. In this subsection, we construct a family of Monge-
Ampere equations with continuous boundary data, generating a family of approximation functions via their
solutions.

Lemma 2.5 (Approximation function vy over Q). Let Q be a bounded and strictly convexr domain in R™.
Let ¢ satisfy the assumption (A4). Then there exists a family of convex functions {tk}ren+ such that

(i) Y € C=(Q) N C(Q);
(i) Vr|ye = ;i

(iii) i converges locally uniformly to v over Q.

Proof. For any k € N, let ¢, be the solution to the nonhomogeneous Dirichlet problem
det D*, = ¢ in Q,
Y =@ on 0.

Since the constant 1 can be considered a smooth function, then we obtain that ¢, € C*(Q2)NC(£) is a convex
function. It is clear that % — 0 as k — oo, and hence for Borel measures, we have %d:c —* 0dx as k — oo.
By the stability result for Monge-Ampeére equations with continuous boundary data (see Proposition 2.16
in [7]), it follows that 1)) converges locally uniformly in € to the unique solution ¢ of the Dirichlet problem
(1.7). Therefore, we have proved the lemma. O
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Remark 2.6. For any k € N1, since 1, constructed in Lemma 2.5 is a smooth convex function, then
D%y, is a positive semi-definite matriz, i.e. D*ty, > 0.
Moreover, it follows that for any nonzero vector €, we have €T D?y, &€ > 0.
2.3. Distance function estimates. For p > 0, let us set
L,={zeQ: d(z) < u}.

As a consequence of Lemma 14.16 and Lemma 14.17 in [8], we have the following lemma that relates the
C? smoothness of d(z) in '), to that of the boundary 92 and expresses the gradient and Hessian of d(z) at
points close to 0f.

Lemma 2.7 (Near boundary properties of distance function d(z)). Under the assumption (A1), we have
the following conclusions:
(i) There exists some constant jg = po(Q) > 0 such that
d(z) € C*(T'y,);
(it) Let zg € Ty, and yo € 02 satisfy d(xo) = |xo —yo|. Then by choosing some suitable coordinate system,

the gradient and Hessian of d(x) at the point xg can be expressed as
Dd(z¢) = (0,---,0,1),
——

n—1
D2d(x0) = dia ( 2 L) S L) ,0> :
(o) = e \ T o)) T mor (w0)dlao)
where k1(Yo0), -+, kn—1(yo) represent all the (n — 1) principal curvatures of OQ at yo.

Proof. Since € is a uniformly convex domain having non-empty boundary 02, we know that €2 is a bounded
domain. In fact, 9Q is an (n — 1)-dimensional hypersurface, and all the (n — 1) principal curvatures of 9%
are bounded from below by a positive constant, which we take to be c at present. Then for any unit tangent
vector X, its Ricci curvature has the following positive lower bound:

Ric(X, X) > (n — 2)c2.
Using the Bonnet—Myers theorem, we infer that 92 is compact and its diameter satisfies

diam(99Q) := sup dist(p, q) < z,
p,qEON c
which together with the uniform convexity of €2 further implies that €2 is bounded.

The fact that € is bounded and of class C? yields that 9Q satisfies the following uniform interior sphere
condition: there exists a constant pg = po(€2) > 0 such that for any yo € 09, there is a ball B(yg,r) with
radius r > o satisfying B(yo,r) N (R™ \ Q) = {yo}. Now it is clear that B(yg,r) is tangent to IQ at yo
and lies entirely inside §2. Since all the principal curvatures of dB(yo,r) at yo are %, then all the principal

curvatures of 02 at yo satisfy

Ki(yo) < - < —
() Ho

Due to the C? regularity of 99 , for any x € T, there exists a unique y € 92 such that d(z) = |z —y|. Let
N(y) and T'(y) denote respectively the unit inward normal to 02 at y and the tangent hyperplane to 02 at y.
Let k1(y), -+ , kn—1(y) represent all the (n — 1) principal curvatures of 9 at y. Now we choose a principal
coordinate system at y € 0€). By a rotation of coordinates, we can assume that the z, coordinate axis
lies in the direction N(y), and the z1,--- ,z,_; coordinate axes lie along principal directions corresponding
to K1(y), - ,kn—1(y) at y. In fact, in some neighborhood U(y) of y, N is given by z, = h(z’), where
¥ = (z1, - ,2n_1), h € C*(T(y) NU(y)), Dh(y') = 0 and

Vi=1,---,n—1. (2.4)

)

1 1
r

D?h(y') = diag(k1(y), -+ fn1(y))- (2.5)
The unit inward normal vector N(y') = N(y) at y = (y/, h(y')) is then given by
—D;h(y
Ni(y) = W) o1, (2.6)

V1+ [Dh(y)]?
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1

M) = DR

D]NL(Z/) = _Iil(y)élja VZM] = 17 o, — 1
We note that x is the closest point to y in © and must lie along the inward normal direction as follows:
z=y+tN(y), (2.7)

where ¢t € R. For a fixed point zog € T, we let yo = y(zo). Define a mapping H = (Hy, -+, Hy) :
(T'(yo) NU(yo)) x R — R™ by

Hence we have

H(y 1) =y +tN(y), y=(" h)).
Clearly, yo € 92 and H € C*((T(yo) NU(yo)) x R). Due to (2.5) and (2.6), the gradient of H at (yf,d(z¢))
is given by
DH = diag(1 — £1(yo)d(x0), -+ ;1 = Kn—1(yo)d(w0), 1).
Since g € I',,,, we also notice that
(o) < po- (28)
By virtue of (2.4) and (2.8), it follows that the Jacobian of H at (y{,d(z)) is positive:

det DH = (1 — k1d(zg)) - -+ (1 — kp—1d(x0)) > 0.

Thus using the inverse mapping theorem implies that ¢’ € C'(V(zg)) for some neighborhood V(x), and by
(2.7), there holds
Dd(x) = N(y(z)) = N(y'(z)) € C'(V(20)), Yz € V(zo).
Hence, d € C?(V(zp)) and thus we can derive d € C?(T',,,), which leads us to (i).
We note that the gradient of H~! at zq is given by

1 1
DH™! = dia (— 1).
t\1- K1(Yo)d(z0) 1 — kn-1(y0)d(xo) )
Now it is clear that
Dd(zO) = N(yO) = (03 e 707 1);
1
Dlnd(xo) =0, Vi = L--ym,
~ —ki(Y0)dij o
D;;d(zo) = D;N; — Dy Ni(yo)D; SR LY N v/ S A
J (]"0) J © y(xo) l (yO) Jyl(xo) 1 _ Iil(yo)d(fﬂo) ? .] n
This yields (ii) immediately. The proof of this lemma is now finished. a

Based on Lemma 2.7, though d(x) is not uniformly convex near 92, we can show that
—4diam(Q) - d(z) + (d(x))?

is uniformly convex near 9€). Our construction of this function is inspired by [6], and a detailed analysis of
the distance function to a smooth hypersurface can be found in Section 5 therein.

Lemma 2.8 (Near boundary properties of function —4diam(Q2) - d(z) + (d(z))?). Under the assumption
(A4), there exists some constant po = p10(2) > 0 such that the function

—4diam(Q) - d(z) + (d(z))?
is C? and uniformly convex over T, .

Proof. Here, we adopt the notations used in the proof of Lemma 2.7.
By virtue of Lemma 2.7 (i), there exists po = po(2) > 0 such that d(z) € C*(I',,). Hence we have

—4diam(Q) - d(x) + (d(z))? € C*(T,,).
For any z¢ € I',,,, direct computations lead us to
D (—4diam(Q) - d(z) + (d(x))?) |,_, = —4diam(Q) - Dd(x0) + 2d(x0) - Dd(o),
D? (-4 diam(Q) - d(z) + (d(2))?) | (4diam(Q) — 2d(z0)) - (—D*d(z0)) + 2Dd(z0) ® Dd(zy).

9
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Using Lemma 2.7 (ii), we note that

2 . fil(yo) ffn—l(yo)
Didtro) = ding (s o).
Dd(zo) ® Dd(zo) = diag(0,---,0,1).
n—1
In view of the fact that 9 is uniformly convex and C?, there exist constants mg and M satisfying 0 <
mgy < My such that
mo < ki(yo) < My, Vi=1,---,n—1.

Now we take uf = min{puyo, ﬁ} and still denote it as p. Then for any = € T'),,, we have

- 1
1—/€i(y0)~d($0)21—M0'/140>§>07

and hence
Hi(yo)
1 —ki(yo) - d(zo)

> mg > 0.

It follows that
—D?d(z¢) > diag (Mo, -+ ,m0,0), Vo€ T,,.
Based on the observation
4 diam(Q) — 2d(z) € [2diam(Q), 4 diam(Q)],
we further derive
(4diam(Q) — 2d(z0)) - (—D?*d(z0)) + 2Dd(zo) ® Dd(x0)
> diag (2diam(Q2) - myg, - - - ,2diam(Q) - Mg, 0) + diag (0,--- ,0,2)
= diag (2diam(Q?) - g, - - - , 2diam(Q) - g, 2

0, ) s Vxg € F,U«o'
Up to now, we can deduce
D? (—4diam(Q) - d(z) + (d(x))*) |, _,. > diag (2diam(2) - g, - -, 2diam(Q) - Mg, 2), Vg € Ly,

which means that —4 diam(€2) - d(x) 4 (d(x))? is uniformly convex over I',,,. This concludes the proof of the
lemma. O

Lemma 2.9 (Extension function ¢y over Q). If Q is a uniformly convex domain of class C2, then there
exists a function ¢y such that

(i) do € C*(Q); _
(i) ¢o is uniformly convexr over );

(iii) ol = 0.

Proof. The function —4 diam(Q) - d(z) 4 (d(x))? introduced in Lemma 2.8 can be extended from the near-
boundary region I',,, to the interior region 2\ T, in such a way that the resulting function, denoted as ¢y,
is C? and uniformly convex throughout Q. Now ¢q serves as the desired function for this lemma. O

By Lemma 2.9, we have

do(z) <0, VoeQ. (2.9)
Denote
"o i= max |go(z)]- (2.10)
Hence 19 > 0, and there always exists some point xg € €2 such that
|$0(zo)| = no- (2.11)

Now we are ready to derive the distance function estimate in the following lemma. For the n = 1 case, this
estimate can be easily depicted as Figure 1.
10



diam(2)
o

||¢U ||02(Q) ( ¢U<"I’.))

“(=¢o(2))

U1 Q fofy) Y2

FIGURE 1. Estimate of distance function d(z).

Lemma 2.10 (Estimate of distance function d(x)). There holds
1 diam(2)
||¢0||Cz(§) “(=¢o(7)) < d(z) < B

Proof. We note that for any = € , there exists z € 9§ such that d(z) = |z — z|. Since ¢¢ is a convex
function and ¢g(z) = 0, we can derive

[¢o()] _ |¢o(x) — do(2)]
d(z) |z — 2|

Fix any z € Q with « # x¢. We use L to denote the line connecting xy and x. Due to the convexity of
Q, there always exist two intersection points of L and 9€). Without loss of generality, we can assume that
LNoQ ={y1,y2} and x is between zy and y;. Since ¢q restricted to L is also a convex function, we have

[90(y1) = ¢o(@)|  |o(y1) — do(wo)]
ly1 — 2| B ly1 — ol '
Using ¢o(y1) = 0 and (2.11), we further obtain

(=¢o(x)), Vzel.

< [Déollr=() < 90l c2(@m)- (2.12)

| | d(x)
> ———n. 2.1
Combining (2.12) and (2.13) gives rise to
diam
ool 16n(0)] < de) < P2 gy (0)], vr e
Together with (2.9), this leads us to the desired result. O

2.4. Eigenvalue estimates. Different from [19], we will employ quadratic form to do eigenvalue estimates
for the Hessian matrix of convex function in this paper.

For convenience, we provide general expressions in quadratic form for the minimum and maximum eigen-
values of a positive semi-definite matrix in the following lemma. The result is evident, so we will omit its
proof.

Lemma 2.11 (Eigenvalue estimates in quadratic form). If A is a positive semi-definite matriz, then we

have
§rA¢ T
>\min A T e A ’
W Tee TRl e A
€TAE .
Amax A) = = A
W e Tt e
Here, gTAE is known as the Rayleigh quotient.

Based on Lemma 2.11, we have the following two remarks for ¢ introduced in Lemma 2.9:
Remark 2.12. Since ¢g € C?(2) is uniformly convez, then

D2y is positive definite, i.e. D*¢g > 0,
11



and we can denote

po:= min &' D%y(x)&,
€, |§]=1

po:= max & D¢g(x)&,
z€Q, |§]=1

such that
@In < D2¢0 < %Inu
where 1,, is the n-order unit matriz, and the constants py and po satisfy 0 < po < po-

Remark 2.13. We note that all the n eigenvalues of matriz Déo @ Dég are 0, -+ ,0, |Deo|?. It follows that
Dog ® D¢g is positive semi-definite, i.e. Dpg Q@ Doy > 0.
Moreover, if we use &1 and €2 to denote the unit eigenvectors of the matriz Doy @ Doy corresponding to the

eigenvalues 0 and |Deo|? respectively, then we have

|I5I|n:n1 €' Doy ® Do & = €1 Do @ Depy &1 = 0,

max €7 Déo @ Do & = &5 Déo © Doo &2 = |Doo

3. PASSING FROM CLASSICAL SUB-SOLUTION TO VISCOSITY SOLUTION

This section is dedicated to proving a key lemma that facilitates the passage from classical sub-solutions
to viscosity solutions for the problem (1.1)-(1.2).

Lemma 3.1 (Key Lemma). If the equation (1.1) admits a convez viscosity sub-solution v € C(Q) satisfying
v|8Q = @, then it admits a convex viscosity solution u € C() satisfying u|aQ = ¢. In particular, if the

equation (1.1) admits a convez classical sub-solution v € C(Q) satisfying U|89 = ¢, then it admits a convex
viscosity solution u € C(Q) satisfying u|8§z = .
The proof of Lemma 3.1 is based on an adaption of the Perron method. We first define
S:={v: ve ), U‘BQ
Since the condition of this lemma already gives S # (), our goal is reduced to showing that

ug(w) := sup v(z), Vo e Q (3.2)
veES

=, and v is a convex viscosity sub-solution to (1.1) over Q}. (3.1)

is the desired convex viscosity solution to (1.1). The rest of the proof can be split into five steps.

Step 1: ug|,, = ¢.
This is clear because it holds for any x € 02 that

o () = sup v(x) = sup p(x) = p(x).
veS veS

Step 2: ug is a convex function over Q.
For any xo,yo € €, to € (0,1), and 2z = toxo + (1 — to)yo € 2, we can infer from the definition (3.2) that
there exists a sequence {vi} C S such that

lim vy (z0) = uo(20)-
k— o0
Since vy, is convex, there holds
vi(20) < tovk(zo) + (1 — to)vi(yo).
It follows that
ol = ) = o
< k@ (tovk(zo) + (1 —to)vk(yo))
< touo(zo) + (1 — to)uo(yo)-

Thus ug is a convex function over {).
12



Step 3: uy € C().

From Step 1, we have ug ’69 = . Using Step 2 and the openness of 2, we note that vy € C(Q2). It remains
to prove that ug is also continuous on 9f).

For any zp € €, let C,,(x) be the cone function generated by the point (zg,uo(z0)) and the set of all
boundary value points {(z,p(z)) : © € dQ}. By virtue of Step 2, we have C,, () > ug(x) for any x € Q.
Clearly, we also have C.,(z) € C(Q) and C., ()| oo = ¥ Thus we can derive
lim C.y(2) = oly). (33)

r—ye

Now we arbitrarily take vy € S. Using the definition (3.1) of S then gives rise to vo(x) € C(Q) and
vo(m)yaﬂ = ¢. Hence we obtain

o m vo() = ¢(y). (3.4)
By the definition (3.2) of ug, we note that ug(z) > vo(z) for any = € Q. It follows that
C.o(z) > up(x) > vo(x), Vo €, (3.5)

For the n = 1 case, this relation can be easily illustrated by Figure 2, where y1,y2 € 99, both C,,(z) and

|
|
|
|
|
|
|
|
|
|
| |
| |
20 Q Y2

L —
[y

FIGURE 2. Relations among the functions C,,(x), uo(x), and vg(x).

uo(x) take the minimum at zy. Combining (3.3), (3.4) and (3.5) together, we can apply the squeeze theorem
to get

i =
m—i;rgaﬂ uo(x) = ¢(y),

which implies that ug is continuous on 9. Up to now, we have proved that ug is continuous over Q.

Step 4: ug is a viscosity sub-solution to (1.1) over Q.

The proof of this step is by contradiction. We suppose ug does not satisfy the condition of viscosity
sub-solution at some point Tg € . Then there exists an open neighborhood Uy(Zg) C €2 and a convex
function ¢o € C?(Uy(Tp)) satisfying

(¢0 — uo)(z) > (¢0 — uo)(To), Va € Uy(To) (3.6)
such that
F (M(D?*¢0(@0)), -+ s An(D?¢0(T0))) < 9(T0)(d(T5))"
Denote
o = 9(T0)(d(75))* — F (M (D?*¢0(T5)), -+ s Au(D?¢o(T0))) -
It follows that (o > 0 and

F (D250 Mn(D?a(0)) < 9(75) (7)) — 2.

Since F € C(R"), g(x) € C(Q), d(x) € C(Q) and ¢g € C*(Up(Tp)), then there exists 6y > 0 such that for
any x € B(Tg,00) C Up(Zon), we have

F ()\1(D2%(x)), e ,)\n(DQ%(m))) < g(x)(d(x)* — %0, Vz € B(%g, &)

13



Let

2

— — gl —z? — £0 -
F1(x) = Fo(e) + LI Gy o) (75) — 0, V€ B, B), (37)
where € € (0,1] is a constant to be determined later. We notice that

D?¢1(x) = D*¢o(x) + 21,0, Ak (D2a(33)) =\ (DQ%(JL‘)) +7 Vk=1,--- ,n.

Denote

Ry := H%(@chw(ﬁ,%)) '
Then we have
(M (D23(@), An(D*31(@)) € [0, Ro +1)", Vi € B, 5),
(M (D*0(@)). - A(D¥o(a))) € [0, Ro + 1", Vo € B(as. ).

By virtue of F' € C'(R™), it is clear that F is uniformly continuous on [0, Ry + 1]™, which means there exists
a constant £g > 0 such that for any 0 < € < &g, we have

[F (M (D?*¢1(2), -, Aa(D?1 (@) — F (M(D*¢o(@)), - s An(D?do(x))) | < %, vz € B(Tg, do).

Up to now, we get

Go

F(M(D*61(x), -, An(D?1(2))) < g(@)(d()” = %, Vx € B0, 0). (3.8)
Without loss of generality, we now take € = ;. Consider
Uy := {x € B(To,00) : ¢1(z) < up(x)}. (3.9)
Hence, for any x € Uy, using definition (3.7) now leads us to
—2
Folz) + M — (@0 — o) (@) — 20 < ug(a),
that is,
olr — 7ol — I 300
— < (do — uo) (To) — (¢o — o) (x) + 3
which along with (3.6) further gives
|z — T <50, ie. xEB(%,%O).
Now we obtain o
U, C B(wo, %O) CcC B(g,00). (3.10)
In view of (3.2) and (3.7), we note that
uo(®0) = sup v (7o),
_ =2
BT = w0(7) —
Then by definition of supremum, there exists v; € S such that
—2 —2
01(T) > 10 (70) — o > (D) — % = G ()

16
Let

Uy :={x € B(Tg,00) : ¢1(z) <vi(z)}.
Since v1(x) < ug(x) holds for any x € 2, then by (3.9) and (3.10), we have

Us C Uy CC B(%o,00) C €.
14



We turn to consider ¢; — v; on Us. By virtue of ¢; — v; € C(B(Tg,)), there always exists some point
zp € Uy such that

(61 —v1) (20) = min (g1 —v1) (2).

zeUs
Together with (a — vl) | oU, = 0, we can derive zg € Uy, which implies that ¢; —v; indeed takes its minimum
at zg in the interior of Us. Due to ¢g € C?(Uy(Tp)) and (3.7), we have ¢; € C?(Uy). We also note that
v € S is a viscosity sub-solution to (1.1) over Q. Then Definition 2.2 leads us to
F (M(D?61(20)), -+, An(D?61(20))) = g(20)(d(20))",
which contradicts (3.8). Thus we are ready to conclude that ug is a viscosity sub-solution to (1.1) over §.
Step 5: ug is a viscosity super-solution to (1.1) over Q.

By the above four steps, we already obtain uy € S. The proof of this step is also by contradiction. We
suppose ug does not satisfy the condition of viscosity super-solution at some point o € 2. Then there exists
an open neighborhood Vo (zg) C  and a convex function ¢g € C*(Vo(xp)) satisfying

(@0 —uo)(x) < (¢o — uo)(z0), Yz € Vo(zo)
such that
F (M(D?*¢o(@0)), -+ s An(D?*¢o(20))) > g(20)(d(0))".
Denote
o= F (M(D?¢o(0)), -+, An(D?do(0))) — g(0)(d(z0))*.
Then we have (o > 0 and

F ((D260(x0)). -+ - Ma(D2én(z0))) > (z0) d(x0)* + 2.

Since F € C(R™), g(z) € C(Q), d(z) € C(Q) and ¢g € C*(Vy(xp)), then there exists dy > 0 such that for
any « € B(zg,d0) C Vo(zo), we have
F (M(D?¢o(@)), -+, An(D?o(2))) > g(x)(d(@)* + %7 V€ B(zo, )
Let )
61(0) = doe) ~ L7 (g ) (a) + 2 o € Bl ), (311)
where € > 0 is a constant to be determined later. It is clear that
D*¢1(z) = D*¢o(z) —ely, A (D?1(2)) = A (D?¢o(2)) —g, VE=1,---,n.

Similar to the arguments used in Step 4, we can derive that there exists a constant g > 0 such that for any
0 < g < &g, we have

<o
[F (M (D?0u(@)), -, An(D?¢1(2))) = F (M (D?¢o(2)), -+, An(D*¢o())) | < o 7@ € B(zo,%)-
Hence we obtain
o, S
F ()q(DQQ(x)), e ,)\,L(Dzﬂ(a:))) > g(z)(d(z))* + §O, Va € B(xo,do)- (3.12)
Without loss of generality, we now take € = gg. Consider
Vi = {z € B(zo,00) : ¢1(x) > uo(x)}. (3.13)
Then for any x € V3, by using the similar arguments in the Step 4, we can infer that
1
Vi C B(xo, ?0) CC B(xo, 8) C Q. (3.14)
Define

ug(z) = (3.15)

¢1() if x € Vq,
ug(x),  ifxeQ\ V.
15



In fact, by (3.13) and (3.14), we have

{max {uo(z), ¢1(z)}  if x € B(g,do),

up(w) = uo(z), if$€ﬁ\B(@a®)'

We also note that
max {UO(I)vg('x)} = u0($)7 Vr € 83(@7570)

Then it follows that ug € C(Q). We have already proved in Step 4 that ug is a viscosity sub-solution to
(1.1) over . In view of ¢g € C?*(Up(z¢)) and (3.11), we have ¢1 € C?(B(zg,dp)). By virtue of (3.12) and
Definition 2.1, ¢; is a classical sub-solution to (1.1) over B(zg,dg), and then by Lemma 2.3, ¢; is also a
viscosity sub-solution to (1.1) over B(zg, dp). Therefore, max {ug, ¢1} is a viscosity sub-solution to (1.1) over
B(z,d0), and thus uo is a viscosity sub-solution to (1.1) over B(zg,dp). Using (3.15) and (1.2), we notice
that

Uo |50 = tolpg = @

Thus, by (3.1), we can obtain uy € S. Consequently, by (3.2), we have
ugp(z) = sup v(z) > ug(x), Vr e Q. (3.16)

veS

On the other hand, by (3.13) and (3.15), there holds

up(z) = ¢1(x) > ug(x), Vo e Vi,
which is a contradiction to (3.16) and (3.14). Hence we can summarize that ug is a viscosity super-solution

to (1.1) over .
Up to now, ug is the viscosity solution u as desired, and thus we have completed the proof of Lemma 3.1.

4. PROOF OF EXISTENCE THEOREM

The proof of Theorem 1.2 is divided into four cases according to the value of a. For each case, we first
construct a classically strict sub-solution Wy, by using the eigenvalue estimates in quadratic form; Lemma 3.1
is then employed to establish the existence of a convex viscosity solution u, while the Comparison Principle
(Lemma 2.4) ensures that u > Wy; finally, we apply Lemma 2.10 to obtain the lower bound estimates for u
via the distance function d(z).

4.1. Case 1: a € [0,+00). Denote
Wy = Coo + i,
where C' > 0 is a constant to be determined. Then we have

D2W,, = CD*¢y + D?iy,.
By Remark 2.6, Lemma 2.11 and Remark 2.12, we can derive
Amin(D?*Wy) = min §'D*W, € = min (CE"D*¢o &+ &7 Dy &) > C min ¢ D¢y & > Cpy,

€l gl=1
Amax(D*Wy) = max ' DW, € = max (CE"D*po & + €T D* P &) > C'max §7D%¢o € > Cpo,

For any x € Q, using the assumptions (Az)-(i) and (Ag) together with the fact d(z) < diam(Q), we can
infer

F (A(D*Wy), -+, An(D*Wh)) - [g(=) (d(x))*)
> Ao (anin(D2Wi)) " Amax (D2 W) - My (d())
> Ao (Cpo)™ (Cpo)” - My (diam(0))
= CPP A My po" TP (diam(Q)) ™, Vz € Q.

Hence there exists some constant Cy > 0 such that for any C' > Cy (without loss of generality, we can take
C = Cy here), we have

F (M(D*Wy), -, An(D*Wy)) - [g(x)(d(2)*] " > 1, Vo eQ,
16



ie.
F (M(D*Wy), -+, A(D*Wy)) > g(z)(d(z))*, Va € Q. (4.1)
Up to now, it is evident that
Wi = Codo + Yy, (4.2)
is a classically strict sub-solution to (1.1) over €.
By Lemma 2.9, there holds ¢y = 0. In view of Lemma 2.5, we have
(4.2) that Wy, € C(Q) and

= . Then it is clear from

’69 ’89

Wil o = ¥|pq = ¥
Now, by virtue of (4.1) and Lemma 3.1, the equation (1.1) admits a convex viscosity solution u € C(Q)
satisfying u|aQ = ¢, i.e. the problem (1.1)-(1.2) admits a viscosity solution u € C(£2). Using (4.1) again, we
can obtain from the Comparison Principle (Lemma 2.4) that

Wi(z) <u(z), VreQ,

i.e.
u(@) = Cogo(z) +Yi(x), Voel
Due to Lemma 2.10, we derive
d(@) > [[doll gz, - (—¢o()), Ve e,
that is,
¢o(z) 2 [0l - (—d(z)), Ve
Hence, we can deduce that
w(@) > (@) = Co l|poll oz gy dlz), Vo € Q.
Denote Cy = Cy [0/l c2@m)- Thus, by letting k — oo, we can conclude that
u(z) > (x) — Cod(z), Vx € Q.
4.2. Case 2: « € (—b,0). In this case, we have —« € (0,b), and then by Lemma 2.10, we obtain
(@@)" = 9ol - (~do(@) ™, Voe . (4.3)
Now we consider
Wi, = C1do + Ca (—o) ™7 +
where C; > 0, Cy > 0 and 6 € (0, 1) are constants to be determined. Our first step is to show that there exists
0o € (0,1) such that when § = 0y, if C; and C5 are sufficiently large, Wy, is a classically strict sub-solution

to (1.1) over .
It is clear that

DWj, = C1Ddg — Ca(1 + 0) (=60)” Do + Dijy,
D*W,, = |Cy — Ca(1+0) (—¢0)9] D2 + Co(1 +0)8 (— )"~ Do @ Do + Dy,
Without loss of generality, we let

Cq
Co=——7"—,
2T 2(1+ O)n?
where Cy and 6 are still to be determined. By (2.11), we have 0 < —¢g < 19. Now we can derive
C
C1 — Co(1+6) (—¢o)’ > ?1,
C,0
14+0)0 = —.
Cy(1+0) 200
Hence
C C,0 _
D*Wi > Do + —27]109 (—=¢0)" ™" Dy © Do + D*efy.
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Similar to the last case, using Lemma 2.11, Remark 2.6, Remark 2.12 and Remark 2.13, we can deduce that

Auin(D*Wi) = i €7 D2Wi € > T\ i €7D%0€ = L po (4.4)
A (DW) = s €7 DAWi € > 515 (~00)"~ s €7 Do © Din € = 525 (=60)" ™" IDénl*. (4.5)

Now we need to bound |Dgy| in the estimate of A\pax(D?*W}) carefully. For this purpose, we split  as
two disjoint domains:
Q:=Q; UQo,
where

lez{er —%<¢0( )<0}

represents the domain near the boundary, and

Qg::{xeﬂz—n0§¢o( )<—12°}

represents the domain away from the boundary.

Case 2-1: In Q, D¢ is nondegenerate. We claim that
"o

D >

IDéu(a)] = 7.

Now we prove this claim. By virtue of (2.9) and (2.11), we have ¢o(xo) = —no. For any = € Qy, we let
£220. and Le = {y = = + te : t € R}. We notice that ¢, restricted to the segment L, N O is also a

e =
lz—=o]

convex function. Therefore we obtain

[Do(z)| = € - Doo(x) =

Vr € Q. (46)

¢o(x) = do(zo) —5 () _m Vo e

|£E — $0‘ - lo 21y

which proves the claim.
For any x € 4, using the assumptions (Az)-(i) and (Ag) together with (4.3), (4.4), (4.5) and (4.6), we
infer that

F(AM(D*Wy), -+, A (D*Wy)) - [g(x) (d(x))*]
> Ao (Amin(D?W3))* (Anax(D*W))" - Mgt (d(x)) ™

c C1 2\’ . _a
> Ao (21,00> ( nl (—¢0)"~ (;2)) ) Mg | dollée @) - (—¢o(2))

Cit Ao My ! o000 * 10" 9ol - (—00)" 7V, Vo e .

2a+3b
Let us take 6y such that b(fy — 1) —a =0, i.e.

b+«

bo =~

€ (0,1).
When 6 = 0, it is now clear that
(/\1(D2Wk) c L A (DPWR)) - [g(a) (d())*]

= 2a+3b CPHP Ao My po™06"mo 00001, 20 dollcz@), Yz €.

Hence there exists some constant Cs 1 > 0 such that for any C7 > Cs 1, we have
F (M(D*Wi), - A(D*Wi) - [g(2) (d(x)*] ™ > 1, ¥ €y,

B F (M(D*Wy), -+, A (D*Wy)) > g(2)(d(2))®, VY € Q. (4.7)
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Case 2-2: In Q,, D¢y can be degenerate. By virtue of (2.9) and (2.11), ¢ indeed takes its minimum
at 2g € Q2. Then we have Dgg(zg) = 0, and hence we need to reconsider Apax(D?*Wy) in Q:

Amax (D?*Wy) = max 'D*w, € > % max D% € > %@. (4.8)
For any x € (5, we note that
—¢o(w) > 772*0~

Then using the assumptions (Az)-(i) and (Ajz) together with (4.3), (4.4) and (4.8), we obtain
F (M(D*Wy), -+, An(D*Wy)) - [g(@) (d(2))*]
> Ao (in (D2 W) (A (D2W)” - Mg (d()) ™

o \ro \ o Cw
> Ao (;po) (;po) Mg ol 2y - (—0(x)

C N\ (0 \', . a Mo\~
>0 (Gm) (Gm) " Il (3)

1

b — —
= W0f+ AOMO 1@a+b ||¢0||(évz(§) * 7o a, Va € Q.

Hence there exists some constant Cs 2 > 0 such that for any C7 > Cy 2, we have
F (M (D*Wy), -+, M(D?Wy)) - [g(2)(d(2))?] " > 1, Vo € Qo
ie.
F (M(D*Wy), -+, A(D*Wy)) > g(z)(d(z))*, Vo € Qs. (4.9)

Up to now, combining (4.7) and (4.9) together, we can conclude that for any Cy > Cp := max{C21,C2,2}
(without loss of generality, we can take C; = C here), there holds

F (M(D*Wy), -+, A (D*Wy)) > g(2)(d(2))*, Vo € Q1 UQ = Q. (4.10)
Therefore we obtain that

Wi = Codo + 5 Co (=) % + ¢y (4.11)

(1+00)no®

is a classically strict sub-solution to (1.1) over (. B

By (4.11), Lemma 2.5 and Lemma 2.9, we have W, € C(2) and
Wi|gq = Vk[pq = @

Now, by virtue of (4.10) and Lemma 3.1, the equation (1.1) admits a convex viscosity solution u € c(Q)
satisfying u|aQ = ¢, i.e. the problem (1.1)-(1.2) admits a viscosity solution v € C(Q2). Using (4.10) again,
we can obtain from the Comparison Principle (Lemma 2.4) that

Wi(z) <u(z), VzeQ.
Then by the definition (4.11) and Lemma 2.10, we can derive

C
u(xz) > Cogo(x) + m

> Codo(x) + Yr(x)
> Co llpollczm - (—d(2)) + ¥u(z), Ve

(—o(@)"" + v (@)

Denote Cy = Cp [¢0llc2@)- Thus, by letting k — oo, we arrive at the result that
u(z) > b(z) - Cod(z), Ve el

To conclude, the above Case 1 and Case 2 lead us to Theorem 1.2 (i).
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4.3. Case 3: a = —b. We are going to construct a classically strict sub-solution in the following form:

- -0
Wi = —C(—do) [~ log(—do)] + ¥, (4.12)
where C' > 0 and 6 € (0, 1] are constants to be determined, and
_ %
po = 3

By virtue of (2.9) and (2.11), we note that —¢o(z) € (0, 3) for any = € Q. Along with Lemma 2.10, we also
have

(d(@)" = llgollcs gy, - (—0(@)"
> |léollgh * (—3m00(2))”, Vo eQ. (4.13)

By (4.12), direct computations give rise to
DWi = {C [~10g(~60)]" — € [~log(~d0)]" ' } - Voo + Du,
DW= {C [~ log(~0)]” — C0 [~ log(~a0)] "' } - D*o
+{CO=60)7" [~ log(=d0)] " — CO(6 —1)(~0) " [~ log(—0)]" " } - D ® Do + V.

(4.14)
In order to bound — log(—ag), we also split  as two disjoint domains.
Q:=Q3UQq.
Here, we use
Qg := {xEQ:—%§¢O(m)<O}
to represent the domain near the boundary, and use
Qpi={xeQ:—n < do(x) < —Tpo}
to represent the domain away from the boundary, where
7o = min{2e~ %1, 772—0}
Case 3-1: In Q3, D¢y is nondegenerate. We also claim that
Do ()] > ;770 V€ Q. (4.15)
0
In fact, this claim can be proved in a similar manner as (4.6) with only one modification due to the definition
of Qg!
_ P (— Mmoo _ (_
‘D¢0(Sﬁ’)| Z ¢0($) ¢0($0) Z Tlo ( 770> Z 2 ( 770) _ @’ Vr € QS~
|z — 0] lo lo 2o
For x € Q3, it is obvious that —2e 2%y < ¢¢ < 0, then 0 < —¢y < e~ 2%, and hence
—log(—ao) > 26. (4.16)

It follows that
C [~log(=g0)]" = C [~ log(—d0)] - [log(—a0)]" " > 200 [~log(=0)] "
which implies
0 [~log(—d0)]" " < 2C [ log(~0)]".

Together with (4.16), this yields

5C [ toa(-90))” < € [~ tog(~ )" — 8 [~ Toa(~0)]" " < O [~ log(~50)] - (4.17)

Since 6 € (0, 1], we also have

N

—CO(0 —1)(~¢o) " [~ log(—0)] "> > 0. (4.18)
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Based on Remark 2.12 and Remark 2.13, we note that
— 1
D*¢g = — D¢y > 0,
310
1

Do @ Doy =
B0 ® Do T

D¢o @ Do > 0.
Hence, using (4.17) and (4.18) leads us to

1 — 10 — — 60— _ _
D*W), > 50 [—log(—¢o)] - D*¢o + CO(—do) " [—log(—o)] E Do ® Do + V2ty,.
Now we are ready to deduce that

)\min(DQWk) = |I£T|11_111 ETD2W1€ 5

1 J— R
= " <2C [ log(~0)]” - D2¢O> ¢

_ %c [~ log(~0)]” min eTD%gy ¢

1 19 . T2
> 67)00 [—log(—¢0)] min €060 €

> 6711700 [— 1og(—%)}9@. (4.19)

By virtue of Remark 2.13 and (4.15), we also obtain
Amax(D*Wy) = max &' D°Wi ¢
=1

> max €7 (CO(~o) ™" [~ log(~0)]" - Doy ® Do ) €

g/=1
= 00(—30) " [ 1Og(_%)]a_1 ‘112'1}% ¢" Do ® Dy &
> %%ce(—%)*l [~ 1og(—30)] " e £ Do ® Dot
- 0 [t D
" B e
> o2 CO=00) " [- log(—0)]" - .

Using the assumptions (Az)-(i) and (Ag3) together with (4.13), (4.15), (4.19) and (4.20), we derive
F (M(D*Wi), - Aa(D*Wh)) - [g() (d(@))*] ™
> Ao (Amin (D*Wi))* (Amax(Dzwk»b - M (d(x))”

a b
1 —\10 1 — 1 —16-1 1 —b — b
> o { = [ 108(-30)] o { 352000 [ tow(-m)] "~ b 05wl (~3mote)
1 _ Car — p — 1 (a+b)o—b
= o IF CUH N Mg po0°m0" 1o ™" | dol o ) [~ log(—d0)] , Va € Qs.
Let us take 6y such that (a + b)0y —b =0, i.e.
b
= 1].
00 a+ b € (Oa ]

When 6 = 6y, it is now clear that

F (M(D*Wh), -+, A(D2WA) - [g(2)(d(x))*]
1
69 x 12°

> C* Ao My po®00"10" 102" || o Vo € Q3.

b
ez -
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Hence there exists some constant C's ; > 0 such that for any C' > Cj3 1, we have
F (M(D2Wy), -+, A(D*Wy)) - [g(2)(d(x))*] " > 1, Va € Q,
ie.
F (A (D*Wy), -+, A (D*Wy)) > g(z)(d(z))*, Vz € Q. (4.21)

Case 3-2: In Q4, D¢y can be degenerate. By (2.9) and (2.11), ¢ indeed takes its minimum at z¢ € Q.
It follows that D¢g(z¢) = 0 and therefore we need to reconsider Ayay(D?Wy).

Now we still take § = 6y = a%_b € (0,1]. For z € €y, it is clear that —ng < ¢ < —7jo = — min{2e~op,, L},
then

min{e é} < —¢o < % (4.22)
and hence
—log(—do) > — log% = log 3. (4.23)
We can infer that
C [~ log(—0)] " = € [~ 1og(~G0)] - [~ log(~)] "
>Clog3- [— log(— ¢0)] fo—1

log 3 )
= 2= Cbo [~log(—60)] ™,
o
which yields
Ot [~ Tog(~30)] ™ < 2. ¢ [~ og(~F0)] ™
~ log3
Using (4.23) again, we obtain
—— 160 001 o —— 160
C [~ log(=0)] " — €O [~log(=0)] "~ > (1= 35 | - C [~ log(=a0)] " (4.24)
> 0 due to 0y € (0,1] and log3 > 1. Hence, using (4.14), (4.23) and (4.24) leads us to
6 ——1%0 - — ——\100— — —
D*W,, > (1 - 10g03) -C [~log(—0)] " - D*¢g + Co(—o) " [~ log(—¢o)] ' Ddo ® Do + V2.

Now we are ready to estimate Amin(D?Wj) and Apax(D?W}) in €4 in the same manner:

)\max(DQWk) > )\mln(DQWk) = ‘Hllln STDQWkﬁ

0 8y g
> i € ((1- pogg) st 0% )

—(1- g ) € - oe(-50)] " i €7 D%

1 —160 . T
377(1 10g3> C [—log(—¢o)] min £ D*¢o &

10g3> C [~ 1og(~30)]" po- (4.25)

Using the assumptions (Az)-(i) an (A ) together with (4.13), (4.25), (4.22) and (4.23), we derive
F (M(D*Wh), -+ An(D*Wy)) - [g(x)(d(x))*] "
b

> Ao (Amin (D* W) Omax (D*W3))" - Myt (d(2))"

>A 1 1- % - C [~ log(— ¢)]0° ’ L 1 _ b0 -C [~ log(— ¢)] ’
=0 310 log 3 Bl %0 Lo 310 log 3 Bl %o
My ol ghgy - (—3m060(x)”




1 6 \“*" . “1 . atb. —a _ — (@b, ——\b
(1= my) o mag o il [~ o] " (<)

3 B log 3
> i 1— 00 arb . Ca+bA M—lp (L—Q—b,'7 —a ||¢ H—b . (IOg 3)(a+b)90 - min 6—200 1 ’ Ve e Q
= 3a log?) 0o PO 0 0 c2(Q) 76 ) 4-
Hence there exists some constant C3 9 > 0 such that for any C' > Cj 5, we have
F (M(D*Wy), -+, M(D2Wy)) - [g(2)(d(2))*] ™" > 1, Vo € Qq,
ie.
F (M(D*Wy), -+, A (D*Wy)) > g(2)(d(2))®, Vz € Qu. (4.26)

Putting (4.21) and (4.26) together, we can summarize that for any C > Cj := max{Cs 1, Cs2} (without
loss of generality, we can take C' = Cy here), there holds
F (M(D*Wy), -+, A(D*Wy)) > g(z)(d(z))*, Vo € Q3UQy = Q. (4.27)
Now we obtain that o o
W, = —Co(—¢o) [~ log(—o)] " + ¥, (4.28)
is a classically strict sub-solution to (1.1) over €.
For any z € 0, by Lemma 2.9, we note that

PR, o\
which further yields
)

i (<0) [ log(—7]" = lim 11 (—logt)® — tig o)y, (ozta)”
xli%lﬂ( ¢0)[ Log ¢0)] _tlllinotl( log 1) _tlllino 1 _tggr-rﬁ-loo to

=0.

Then by the definition (4.28), Lemma 2.5 and Lemma 2.9, we have W, € C(Q) and
Wilpg = Vkloq = ¢-

Thus, using (4.27) and Lemma 3.1, the equation (1.1) admits a convex viscosity solution u € C(f)
satisfying u’ag = ¢. Using (4.27) again, we can obtain from the Comparison Principle (Lemma 2.4) that

Wi (z) < u(z), Vrel.
Then by definition (4.28), we can derive
u(x) 2 ~Co(~o(x)) [~ log(~do(x))]) " + vu(2), Vo Q.

By virtue of Lemma 2.10, we note that

—_— 1 1 _
—¢o(z) = 3770(*%(%)) = 300 [¢ollcegmy - dlz), Voe,
and ) ) .
TN _ Lo ) _ ) el
—¢o(z) = 3770( po(w)) > 30 diam(Q) d(z) = 33—y Tamn(@) d(z), Vax e

The latter also gives

[ log(—o(x))]” < { log (1(9) ~d(x)>ro . vred.

Thus it follows that

Co 1 . 5
u(z) > 3 poll o) - dlx) - {_ log <(Q) .d(x)ﬂ +Yr(z), Vel

3 diam
Denote Cy = 3%’) [0/l 2@ and C) = m. Therefore, by letting & — oo, we can conclude that
u(z) > ¢(x) — Cod(z) [—log (ad(m))]go , VreQ,

where 6) = a%_b. This gives rise to Theorem 1.2 (ii).
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4.4. Case 4: « € (—a — 2b,—b). Now we consider

Wi = —C (—¢0)° +

where C' > 0 and 6 € (0,1) are constants to be determined.
It follows that

DW= C0 (—o)’ ™" Doy + D,
D2Wy, = CO (—¢o)"™" D2 + CO(1 — 0) (—¢0)" > Do @ Do + D>y
Analogously, using Remark 2.6, Lemma 2.11, Remark 2.12 and Remark 2.13, we can derive that

Amin(D*Wy) = min €7D*Wie& > €8 (—¢0)" min £7D%0 € > C0 (—¢0)""" po, (4.29)
Amax (D*Wi) = max €7 D*Wie & = C(1 = 0) (=¢0)" " max €7D © Do § = CO(1 = 0) (=0)"* | Dol
(4.30)
Similar to (4.3), we also have
()" = dollczm) - (—¢o(x))™", Ve (4.31)
In the same manner as Case 2, we also split 2 as
Q=0 UQy,

where

le{er:—%§¢o(x)<O}, sz{xeﬂz—n0§¢o(x)<—%}.

Case 4-1: In Q;, D¢, is nondegenerate. By (4.6), we also have

|Do()] > ;77‘; Vi€ Q. (4.32)

For any z € 1, using the assumptions (Az)-(i) and (Ag) along with (4.29), (4.30), (4.31) and (4.32), we
obtain

F (MD*W), - Aa(D*W3) - [g(a) (d(2))*] !
> Ao min(D2W)) " (Aanax (D2 W) - My (d ()~

a 2 b
> 8o (€0 (~60)" " po) (ceu—e) o0 () ) M 0l - (—d0() ™

1 — apa — a a —(a «
= ﬁCMbAoMO 1@ 0 +b(l - 9)b7)02blo 2 ||¢’0||cz(§) : (—%)( +b)0—(a+2b+ ), Vo € Q.

Let us take 0y such that (a 4+ b)fy — (a +2b+ «) =0, i.e.
a+2b+«
g = — 0,1).
0 a+b €(0.1)

When 6 = 0, it is now clear that
F (M(D*W), -, An(D*Wy) - [g() (d(x))*]
> %Oa+bAOM()—1&a9a+b(1 —9)bio2bly= P ||¢0||gz(§)  VreQ.
Hence there exists some constant C4; > 0 such that for any C' > Cy 1, we have
F (M (D*Wy), -+, M(D2Wy)) - [g(2)(d(2))*] " > 1, Vo ey,
ie.

F (M(D*Wy), -+, A (D*Wy)) > g(2)(d(2)), Vz € Q. (4.33)
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Case 4-2: In Q, D¢y can be degenerate. Now we still take 0y = % € (0,1).

Since Dgg(wg) = 0 at g € Qa, we also need to re-estimate Ayax(D?Wy) in Qa:
)\max(DQWk) = ‘r?la}% ETDQWIC £
> T (Co (—¢0)™ " D?
_Elliﬁiﬁ ( o (—¢o) ¢o)€
= 0 (=60)" " max €7D0 &

> Co (—¢0)™ " po. (4.34)
Then using the assumptions (Az)-(i) and (Ag) together with (4.31), (4.29) and (4.34), we infer that
F (A(D* W), An(D*Wi)) - [g(a)(d(2))*] !
> Ao (Ain(D*Wi))” (Amax(D2W3)) " Mg (d()) ™

a b
> Ao (090 (—¢0)90_1@) (090 (—¢0)9°_1&0) My [[goll @) - (—do() "
= PR My o™ 00 9ol aqey - (—00) T g € .

Since 0y = %, there holds

(a+b)fy— (a+b+a)=0.

For any x € (3, we note that

—¢o(z) > 772*0-

Thus we have

b
(—gpo) (@D latbra) _ (g ab (@) ,

Now we can derive
_ 1 1 a—bna o
F (u(DWi), -+ A(D*Wi) - lg(a) (d@)*] ™ > 55 7 AgMy ™ p 50 ol ey - o' ¥ €
Hence there exists some constant Cy 2 > 0 such that for any C' > Cy o, we have
F (M(D*Wy), -+, Aa(D*Wy)) - [g(2)(d(2)*] 7" > 1, Va € O,
i.e.
F (M(D*Wy), -+, An(D*Wy)) > g(z)(d(z))*, Va € Qs. (4.35)

Up to now, combining (4.33) and (4.35) together, we can conclude that for any C' > Cj := max{Cy 1,Cs 2}
(without loss of generality, we can take C' = Cy here), there holds

F (M(D*Wy), -+, A(D*Wy)) > g(z)(d(z))*, Vo € QU = Q. (4.36)
Then it is clear that
Wi = ~Co (—60)" + ¥ (4.37)
is a classically strict sub-solution to (1.1) over €.
Using the definition (4.37), Lemma 2.5 and Lemma 2.9, we have W, € C(Q) and

Wk|aQ = wk|89 =

Now, by (4.36) and Lemma 3.1, the equation (1.1) admits a convex viscosity solution u € C(Q) satisfying
“’89 = ¢, i.e. the problem (1.1)-(1.2) admits a viscosity solution v € C(). Using (4.36) again, we can
deduce from the Comparison Principle (Lemma 2.4) that

Wi(z) <u(z), VzeQ.
Hence we can infer from (4.37) and Lemma 2.10 that
u(@) = ~Co (~d0(x))" + i (a)
> —Co |l bollgn g, - (@)™ +¢u(@), Vol
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Denote Cy = Cy H¢0||2?2(§). Thus, by letting k — oo, we get
u(z) > () = Co (dx)™, Ve,

where fp = 24242 This yields Theorem 1.2 (iii).
Thus we have completed the proof of Theorem 1.2.

5. PROOF OF NONEXISTENCE THEOREM

Let us prove Theorem 1.3 by contradiction. We suppose that the problem (1.1)-(1.2) admits a viscosity
solution u. By Definition 2.2, we have u € C(f).
Consider
W =—C (=)’ + max ¢, (5.1)

where C' > 0 and 6 > 0 are constants to be determined. We point out that the term maxyq ¢ is indeed a
constant. Let us turn to prove that for any C' > 0, there exists § = 8(C) sufficiently small such that W is a
classically strict super-solution to (1.1).

It is straightforward to see that

DW = C6 (~¢0)" " Déo,
D2W = CO (=)’ " D2 + CO(1 — 0) ()" 2 Doy © Dby,
Now we can apply Lemma 2.11, Remark 2.12, Remark 2.13 and (2.10) to obtain

Anin( D) = min €7D?W & = min €7 (€0 (=60)"~" D2y + CO(1 - 0) (~¢0)" > Do © Do) €

< €] (00 (=00 D2¢0 +CO(1—0) (~90)" " Do © Dé ) &1

= C0(—¢0)" " €7D0 &1 + CO(1 — 0) (— )" > €T Do ® Depo &4

=C0(~¢)" " €] D%p0 &1

< CO(—¢0)" " 10, (5.2)

Amax(D?W) = max ETD*WE = max ¢’ (00< $0)" " D?¢o + CO(1 — ) (—¢0)" > Dgpy ® D¢0) 13

< 08 (~60)"™" max €7 D60 & +CB(1 — ) (~00)" " max £" Doy © Do

< CO(~¢o)" " Po + COL — 0) (o)’ |Dbo?
= CO[(—¢o) po + (1 — 6)|Depo|?] (—¢0)"?

< OO [nps + (1= 0) 902y - (—00)" . (5.3)
In view of Lemma 2.10, we also notice that
iam (2
i) < P2 (Cgufa)), voen (5.4
0

Then using the assumptions (Az)-(ii) and (Aj) together with (5.2), (5.3) and (5.4), we obtain
F (M(D*Wy), -+ An(D*Wy)) - [g(x)(d(x))*]

< Ao (nin(D?W))* (s (D* W) - g (d()) ™

< 8 (€0 (00"~ 75) " {0 [ + (1= D)nl | - (00"} gt (TD) T g0

= g g (i ()75 1075+ (1= )0y ] (~00) @I v e 0
We note that

i [+ (1= )00l Zay] = [1075 + 001y
26



Since a < —a — 2b, we have —(a + 2b+ «) > 0. Then it follows from (2.10) that

lm (—gp)@tDI-(at2bra) _ (g y~(at2bba) o —(at2bia),
0—0+

By virtue of the fact that

lim 6°t° =0,
0—0+

we are now ready to derive that for any C' > 0, there exists 6y = 0p(C) > 0 sufficiently small (without loss
of generality, we can require ) € (0, 1]) such that for any 6 € (0, 6], there holds

F (M(D*W), -+ A (D*W)) - [g(z)(d(2)*] " <1, ¥z e,
that is,
F(M(D*W), -+, A (D*W)) < g(z)(d(z))*, Yz €Q, (5.5)

Now we take 6 = 6. Then we obtain that

W =—C(—¢o) + max ¢ (5.6)
is a classically strict super-solution to (1.1) over .

According to the definition (5.6) and Lemma 2.9, we have W € C(Q2) and
W]po = maxe > ¢.

Therefore, by (5.5) and the Comparison Principle (Lemma 2.4), we can infer that

W(z) > u(z), Vze.
In particular, it follows from (5.6), (2.10) and (2.11) that

u(zo) < W(xo) = ~C (~do(20)”™ +max e = ~Cro™ + max .
Since 0y € (0,1], we notice that
n0% > min{ne', 7"} = min{ng, 1} > 0.
Thus for any C' > 0, we can derive that
u(xo) < —Cmin{no, 1} + max ©.

By letting C' — 400, we further obtain

< — | lim C | mi 1 =—
u(zg) < (CAI)IJ,I}OO ) min{ng, 1} + max ¢ 00,

which contradicts the fact that u € C(Q). The proof of Theorem 1.3 is now complete.

6. FURTHER DISCUSSIONS

In the last section, we mainly discuss the intuitions behind why —a — 2b is a critical value of « that
distinguishes between the existence and nonexistence of viscosity solutions to the problem (1.9)-(1.10). In
fact, when o € (—o0, —a—2b], one can observe that the problem (1.9)-(1.10) never admits a viscosity solution
u even if we assume the smoothness of Q2 and ¢, i.e. assume that 2 is of C*° and ¢ € C'*°(9€2), which together
with Lemma 2.5 further yields 1, € C>(Q).

Now we let o € (—00, —a — 2b]. In what follows, we use the singularity order to describe the speed that
approaches the singularity (i.e. tends to infinity). We are going to analyze the specific singularity order
of Amin(D?u) and Apax(D?u) by using the method of undetermined coefficients. Intuitively, from (1.9), we
assume the following relation for the norm of the gradient Du near the boundary:

|Du| ~ (d(z)) ", as & — 00 (6.1)
By choosing some suitable coordinate system, we can assume that
Du ~ (0, .0, —(d(m))_g), (6.2)
-1
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which also implies

O, U ~ —(d(x))fe, as x — 0. (6.3)

By the analysis in (1.4)-(1.5), we note that near the boundary, the second tangential derivative has the

same singularity order as Amin(D?u), and the second normal derivative has the same singularity order as
Amax(D?u). Now we have the following singularity order relations when the boundary is approached:

Di,gg,u ~ /\min(DQU), as x — 00, (6.4)
Doyt ~ Amax(D?u), as x — 0N, (6.5)
Fix a point zg € 092. Up to suitable translations and rotations, we can assume that zg is the origin 0 and
n—1
~ K
Q N BP(O) = {(x/amn) = ('rlv e 71'71) C Tn 2 90(7"/) = Z ?Z‘r? + 0(|xl|2)} ’
i=1

where p > 0 is a constant, and @ : R"~! — R is a uniformly convex C? function such that
B0)=0. Vo@0)=0, and  DZ,(0) = diag (k1. ra).
Denote
w=u— Y.
By (1.2) and Lemma 2.5, we have
w]yn =0.
It follows that
Dg/z/w(o) - 7am'nw(0) dlag (Hla e 7’<5n—1)7

ie.

Dz/z/u(O) — Di/$/¢k(0) = —0,,u(0) diag (,'{17 e ,/ﬁn,l) + Oz, ¥i(0) diag (/{1, cee /in,l),
that is,

D21,u(0) = —0y,u(0) diag (w1, hin—1) + D31y ¥x(0) + 9y, 11, (0) diag (1, -, Kp—1)-

Due to the smoothness of 1, over , we note that both Di,x,wk and 0, 1 are bounded on the boundary.
Hence the singularity order of Di, .0 on the boundary is primarily influenced by the singularity order of 9, u.
Consequently, the second tangential derivative and the first normal derivative have the same singularity order
near the boundary:
D2, u~ —0, u, asx — . (6.6)
We recall that the gradient of the distance function d(z) is precisely N, the unit inward normal to 9.
This implies that when x is near the boundary point 0 € 052, we have

0y, d(x) ~ |Dd(z)| =1, asz — 0 € 9.
Using the chain rule leads us to
Oz, U(T) = Og(2)0p, u(x) - O, d(x) ~ Og(z)0r,u(x), asx — 0 € L
Thus we have
Oz, () ~ Og(2)0z, u(x), asx — 0 € O

Now by (6.3), we obtain that the second normal derivative has a singularity order that is one order greater
than that of the first normal derivative near the boundary, that is,

Ozpanu~ (d(z)) 671, as ¢ — Of. (6.7)
It follows from (6.3), (6.4), (6.5), (6.6) and (6.7) that

Amin (D?u) ~ (d(x))_e, as ¢ — 0F),

Amax(D?u) ~ (d(z)) 1 as - 00

By virtue of (1.9), i.e.
Ao (Amin (D*1))* (Amax(D?w))” = g()(d(x))°,
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we can derive from the exponent of d(z) on both sides to get

a-(—0)+b-(—0—1)=q.
Considering a € (—o0, —a — 2b] now, we infer that
6> 1. (6.8)

Up to now, in the case a € (—o0,—a — 2b], for any boundary point, we can choose proper coordinate
system and summarize what we have obtained in (6.1)-(6.8) as the following singularity order relations:

Amin(D?u) ~ D3, pu ~ =8y, u ~ [Dul ~ (d(z))fg, as x — 08,
Amax (D*1) ~ O, 10 ~ (d(x))_g_l, as x — 09,
where 6 > 1. In particular, when o = —a — 2b, we have the following relations of singularity order:
Amin(D*w) ~ D3yt ~ =0y, u ~ |Dul ~ (d(iﬁ))_l, as x — 0,
Amax (D*w) ~ Oy, 0 ~ (d(x))fz, as ¢ — O0.

Suppose there exists a viscosity solution u. By Definition 2.2, we have u € C' (). Let 2(t) for 0 <t < eq
be a curve segment in {2 starting from the point zg € 952 that follows the direction of the fastest decrease of
u(z). Hence z(t) satisfies the following conditions:

z(0) = 2o,
2(t) € Q, V0 <t<e,
d

au(z(t)) = —|Du(z(t))|, V0 <t <e.

Without loss of generality, we can assume that ¢ represents the arc length parameter of the curve z(t). It is
clear that the distance from the point z(¢) to the boundary is no greater than the arc length from the point
z(t) to the point z(0) along the curve z(t), which means

d(=(t)) < t.

Then due to (6.8), we can derive

€0 d €0
u(z(e0)) — ulz0) = u(z(c0)) — u(2(0)) = /0 S UE)dt = —/O | Du(z(t))|dt
~ —/60 (d(z(t)))_adt < _/E‘) 0t = — oo,
0 0

which implies that
u(2(g0)) < u(zp) — 00 = p(20) — 00 = —0o0.

This contradicts the fact that u € C(Q). Therefore the problem (1.9)-(1.10) does not admit any viscosity
solutions when « € (—o0, —a — 2b].
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