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The scattering of charged massive scalar waves by Kerr-Newman black holes, with incidence along the equa-
torial plane, is investigated in this work. The differential scattering cross section is computed using the partial
wave method, with the forward divergence handled via the series reduction technique. For the first time, we sys-
tematically examine the influence of the black hole charge, electromagnetic interactions, and field mass on the
equatorial cross section. Our results reveal that regardless of whether the electromagnetic interaction is present
or not, the frame-dragging effect shifts the glory away from the exact backward direction and can place inter-
ference minima there, contrasting with the on-axis scattering case. The average scattered flux intensity at the
medium to large scattering angles exhibits a large enhancement as the Lorentz attraction or field mass increases,
particularly in the slowly rotating regime, with the enhancement being frequency-dependent. When superradi-
ance occurs, we observe that the cross section in the prograde scattering angles (∼ 135◦ < ϕ < 270◦) increases
as the black hole spin increases, due to enhanced prograde partial wave contributions. Meanwhile, the superra-
diant scattering cross section increases in all (except the forward) directions when the Lorentz force becomes
more repulsive. These findings highlight unique equatorial-plane signatures of charged, rotating spacetimes,
distinguishing them from prior on-axis analyses.

I. INTRODUCTION

Scattering phenomena play a pivotal role in atomic physics
and elementary particle physics, as the differential scattering
cross section dσ/dΩ in scatterings in these fields encodes de-
tailed information about atomic potentials and particle struc-
tures [1–3]. This methodology of inferring hidden structures
from scattered information has inspired analogous methods
in astrophysics. Black holes (BHs), one of the predictions
of general relativity, have been strongly supported by direct
imaging evidence from the Event Horizon Telescope collabo-
rations [4, 5]. However, the event horizon, as a causal bound-
ary and null hypersurface, prevents external observers from
accessing information within it using classical means. This
has motivated theoretical physicists to extend scattering the-
ory from atomic physics to the BH spacetimes, where the
spacetime curvature manifests itself as an effective scattering
potential. This analogy has not only opened new research av-
enues but also made the study of BH absorption and scatter-
ing of bosonic and fermionic fields a persistent research fo-
cus. Numerous studies focusing on the scattering of scalar
field [6–18], Dirac field [19–23], electromagnetic field [24–
26] and gravitational field [27–30] have been carried out. It
has been found that the scattering behavior of these test fields
around BHs or other compact objects gives rise to a range
of fascinating physical phenomena, including but not lim-
ited to, glory [31], orbiting scattering [32], rainbow scattering
[30, 33], and superradiant scattering [27, 28]. However, most
studies on scattering cross sections have restricted their scope
to either the scattering of neutral fields in spherically sym-
metric spacetimes or scattering in axisymmetric spacetimes
with field propagation along the rotational axis. This leaves
an important, less well-understood question of the scattering,
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namely, how these phenomena manifest in more general scat-
tering setups, including off-axis scattering and scattering in
the presence of other kinds of interactions.

In 2001, Glampedakis and Andersson [34] investigated the
off-axis scattering cross section of massless scalar waves by
Kerr BHs. They found that the interference fringes are frame-
dragged, preventing the glory from being detected in the ex-
act backward direction when the massless waves propagate in
the equatorial plane. To address the divergence issue arising
from the long-range nature of the gravity, they decomposed
the scattering amplitude into a diffraction amplitude and a
Newtonian amplitude. Later, Stratton et al. [35] considered
the same problem but employed a method known as the series
reduction method and extended it to other bosonic fields. They
showed that both methods—the amplitude decomposition and
series reduction—yield the same results for massless scalar
fields. However, besides these two works, the study of scat-
tering cross sections along off-axis directions in other rotating
but non-Kerr spacetimes remains relatively underdeveloped.
A deeper understanding of how various scattering phenom-
ena behave in such scattering scenarios, especially how the
BH parameters and frame-dragging affect scattering, is still
needed.

In this work, we will study the scattering cross section of
a charged scalar wave along the equatorial plane by the Kerr-
Newman (KN) spacetime, with particular emphasis on the ef-
fect of the BH rotation and electromagnetic interaction on the
superradiance. To the best of our knowledge, previous stud-
ies on charged scalar waves around KN BHs have primarily
focused on the absorption cross section rather than the scat-
tering cross section. The absorption cross section of a mas-
sive charged scalar field around a KN BH was investigated
by Benone and Crispino [36]. Bianchi et al. [37] derived a
tree-level scattering amplitude (but not the cross section) for
a charged scalar particle interacting with a KN BH. However,
no attention has been paid to the scattering cross section of
charged massive scalar waves incident along the equatorial

mailto:junjijia@whu.edu.cn


2

plane of a KN BH in these works. We show in this work
that, due to the BH spin, the glory in the equatorial scatter-
ing cross section is dragged toward the direction of spacetime
rotation. Furthermore, as the Lorentz repulsion between the
scalar wave and spacetime charge increases, the waves are less
deflected, leading to a considerable decrease in the scatter-
ing cross section in non-forward directions. Moreover, when
superradiance happens, the cross section on the side of the
prograde direction will also be enhanced by the increase of
the BH spin. These effects are characteristic of the equatorial
scattering of charged scalar waves in rotating charged space-
times.

This work is organized as follows. In Sec. II, we briefly
describe the propagation of the charged and massive scalar
waves in the KN BH along the equatorial direction and give
an expression for the scattering cross section by means of the
partial wave method. Sec. III is devoted to presenting the
numerical results of the scattering cross section and analyzing
the influence of parameters. In Sec. IV, we discuss the effect
of superradiance on the scattering cross section. We give our
concluding remarks in Sec. V. We use the natural units (G =
c = ℏ = 4πϵ0 = 1) and the metric signature (−,+,+,+)
throughout this work.

II. SCATTERING OF CHARGED SCALAR FIELD IN KN
BH

In this section, we investigate the propagation of the
charged and massive scalar waves in the KN BH to analyze
the wave scattering. The KN metric in Boyer-Lindquist coor-
dinates can be described as,

ds2 =− ∆

ρ2
(
a sin2 θdϕ− dt

)2
+ ρ2

(
dr2

∆
+ dθ2

)
+

sin2 θ

ρ2
[(
r2 + a2

)
dϕ− adt

]2
(1)

with

ρ2 = r2 + a2 cos2 θ, (2)

∆ = r2 + a2 − 2Mr +Q2, (3)

where M , a and Q denote the mass, spin angular momentum
per unit mass and charge of the BH, respectively. When a = 0
and Q = 0, the spacetime reduces to the Reissner-Nordström
(RN) and Kerr spacetimes, respectively. The outer event hori-

zon is given by ∆ = 0, namely,

rh = M +
√
M2 − (a2 +Q2) (4)

and M2 − (a2 +Q2) > 0 needs to be satisfied for BH param-
eters.

In this spacetime, the evolution of the charged massive
scalar field Ψω with the incidence frequency ω is governed
by the Klein-Gordon equation,[

(∇α − iqAα) (∇α − iqAα)− µ2
]
Ψω = 0, (5)

where q and µ are the charge and mass of this field, respec-
tively, and Aα is the electromagnetic potential

Aα = −Qr

ρ2
(
1, 0, 0,−a sin2 θ

)
. (6)

In order to solve the above wave equation, we apply the fol-
lowing ansatz

Ψω(t, r, θ, ϕ) =

∞∑
l=0

l∑
m=−l

Fωlm(r)Sωlm(θ)√
r2 + a2

eimϕ−iωt, (7)

where l and m represent the angular quantum number and
azimuthal quantum number, respectively. Isolating the vari-
ables, we obtain the angular and radial wave functions,
Sωlm(θ) and Fωlm(r). To be more specific, the spheroidal
harmonics Sωlm(θ) obey the following equation(

d2

dθ2
+ cot θ

d

dθ

)
Sωlm

+

[
λlm + a2

(
ω2 − µ2

)
cos2 θ − m2

sin2 θ

]
Sωlm = 0, (8)

with λlm being the angular eigenvalue. In addition, the func-
tion Fωlm(r) is subject to the following second-order differ-
ential equation(

d2

dr2∗
+ Vωlm

)
Fωlm(r∗) = 0, (9)

with r∗ being the tortoise coordinate,

r∗ ≡
∫

dr

(
r2 + a2

∆

)
, (10)

and Vωlm being the potential [36],

Vωlm(r) =

[(
r2 + a2

)
ω − am− qQr

]2
+

[
2maω − µ2

(
r2 + a2

)
− λlm − a2

(
ω2 − µ2

)]
∆

(r2 + a2)
2

− [∆ + 2r (r −M)]∆

(r2 + a2)
3 +

3r2∆2

(r2 + a2)
4 . (11)

By analyzing this potential at the horizon and infinity, we have

ωh ≡
√

Vωlm(rh) = ω − am+ qQrh
r2h + a2

≡ ω − ωc, (12)

ω∞ ≡
√
Vωlm(∞) =

√
ω2 − µ2, (13)

where, in the second equality of Eq. (12), we define ωc as the
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critical frequency.
Considering that we are concentrating on the scattering

problem of the charged massive scalar field, i.e., the scatter-
ing wave is unbound, the condition ω > µ has to be fulfilled.
The asymptotic solutions of Eq. (9) are of the following forms
[38]

Fωlm(r) ≈
{

e−iω∞r∗ +Rωlm eiω∞r∗ , for r∗ → +∞,
Tωlm e−iωhr∗ , for r∗ → −∞ ,

(14)

where Rωlm and Tωlm represent the reflection and transmis-
sion coefficients, respectively, and are determined by the fol-
lowing relationship

|Rωlm|2 + ωh

ω∞
|Tωlm|2 = 1. (15)

Obviously, when ωh < 0, superradiance occurs, i.e.,
|Rωlm|2 > 1.

Using the partial wave method, the differential scattering
cross section (hereafter referred to as “cross section” for sim-
plicity) along the outgoing direction (θ, ϕ) from a charged
massive scalar field impacting the BH from the incoming di-
rection (γ, ϕ0) is given by [38]

dσ

dΩ
= |f(θ, ϕ)|2 , (16)

with the scattering amplitude f(θ, ϕ) taking the form

f(θ, ϕ) =
2π

iω∞

∞∑
l=0

l∑
m=−l

Sωlm(γ)Sωlm(θ)

× eim(ϕ−ϕ0)
[
(−1)l+1Rωlm − 1

]
, (17)

where the Sωlm are calculated using Eq. (8). In the next sec-
tion, we will examine the numerical results for the cross sec-
tion (16) and analyze how it is related to the BH and field
parameters.

III. NUMERICAL RESULTS AND ANALYSIS

In this section, we present and discuss the results of the
cross section (16) calculated using the partial wave method.
To obtain the scattering amplitude (17), we have to calculate
the reflection coefficient Rωlm and the spin-0 spheroidal har-
monics Sωlm. The former is obtained by solving the radial
wave equation (9) using the fourth-order Runge-Kutta method
for optimal accuracy, with the initial values detailed in Ref.
[39]. The spin-0 spheroidal harmonics, which satisfy the an-
gular equation (8) and whose corresponding eigenvalues are
λlm, are computed by the spectral decomposition method [40]
with the help of the BH Perturbation Toolkit [41]. In addition,
we adopt a series reduction technique to efficiently handle the
infinite summation in the scattering amplitude (17) [35]. Fi-
nally, we set M = 1 when plotting the figures, which implies
that the numerical values of the BH parameters (a, Q) are
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FIG. 1. Comparison of the cross sections at θ = π/2, computed us-
ing the series reduction and amplitude decomposition methods, for
the incoming direction (γ, ϕ0) = (π/2, π/2). The insets show the
cross sections in the range 150◦ < ϕ < 170◦ to highlight the differ-
ences more clearly.

scaled by M , while the field parameters (µ, q, ω) are scaled
by M−1.

To ensure the reliability of our numerical results, we first
compare in Fig. 1 the cross sections obtained via two methods
for computing the scattering amplitudes, the series reduction
method [35] and the amplitude decomposition approach [34].
It is seen from the top plot of Fig. 1 that when q = 0, i.e.,
the electromagnetic interaction is turned off, the cross sec-
tion from these two methods agrees perfectly. When q > 0
is present, the inset of the bottom plot shows that the cross
section obtained by the amplitude decomposition method ex-
hibits slight oscillations in certain ϕ ranges, although the two
methods are generally still consistent. Therefore, in the fol-
lowing studies, we will use only the series reduction method
to compute the cross sections.

Before a detailed analysis of the cross section and its depen-
dence on BH and field parameters, we first present in Fig. 2 a
general study of the cross sections for some exemplary pa-
rameter values, considering general θ and ϕ. This figure
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FIG. 2. The cross sections for fixed parameters a = 0.4, q =
0.5, Q = 0.6, µ = 0.2 and ω = 1, for scalar waves incident from
(γ, ϕ0) = (π/3, π/4) (top) and (π/2, π/2) (bottom).

shows two cross sections for incident waves propagating along
(γ, ϕ0) = (π/3, π/4) (top) and (π/2, π/2) (bottom), with
fixed parameters a = 0.4, q = 0.5, Q = 0.6, µ = 0.2, and
ω = 1. First, we observe divergences in both cross sections
along the incident direction due to the long-range nature of
both the gravitational and electromagnetic interactions. Sec-
ond, for waves propagating in the non-equatorial plane (top),
the corresponding cross section exhibits no symmetry with re-
spect to ϕ. This asymmetry is expected due to the presence of
a preferred direction along the spacetime spin and the fact that
the incident wave is neither along nor perpendicular to it. In
contrast, the cross section for a wave incoming along the equa-
torial direction (bottom) possesses reflection symmetry about
the equatorial plane (θ = π/2).

In the following subsections, to better understand the in-
fluence of frame-dragging induced by a and other parame-
ters on the cross section, our investigation will be categorized
into three scenarios: (III A) the neutral scalar wave scattered
by a KN BH; (III B) the charged scalar wave scattered by a
slowly rotating KN BH with 0 ≤ |a| ≤ 0.4; and (III C) the
charged scalar wave scattered by a rapidly rotating KN BH

with 0.5 ≤ |a| ≤ 1.

A. Scattering of neutral scalar wave by KN BH

For this case, we present in Fig. 3 the cross section as a
function of ϕ at the specific angle θ = π/2 for various values
of a, for a neutral massive scalar wave propagating along the
direction (γ, ϕ0) = (π/2, π/2). This orientation ensures that
the partial waves experience the strongest rotational effects,
and all subsequent discussions are based on this setup.

For the effect of a, we first notice that, due to the freedom
in the definitions of the rotation direction and ϕ-direction, the
cross section for a < 0 is related to that for a > 0 by a
straightforward relation

dσ

dΩ

prograde

(ϕ, a > 0) =
dσ

dΩ

retrograde

(π − ϕ, a < 0). (18)

This symmetry effectively reduces the independent parameter
space, and therefore we only need to concentrate on the case
a ≥ 0 with the full range of ϕ ∈ [−π/2, 3π/2] without loss
of generality.

Firstly, we consider the slowly rotating case (|a| < 0.5)
[42], whose rotational effect is relatively weak. In the left
panel of Fig. 3, we see that the cross sections are increasingly
shifted toward the spacetime spin direction as the BH spin in-
creases, resulting in an asymmetry with respect to the incident
direction ϕ0 = π/2. This effect is similar to the scattering in
pure Kerr spacetime reported in Ref. [34]. As the parameter a
increases, the amplitudes of a series of interference maxima,
including the glory peak (the largest of these maxima), are
also frame-dragged along the BH rotation direction to larger
ϕ. Moreover, we observe that the oscillations of the cross sec-
tion intensify as ϕ moves from the incident direction toward
the glory peak.

In the rapidly rotating cases (0.5 ≤ |a| ≤ 1, Fig. 3 right
panel), it is seen that compared to the |a| < 0.5 case, both the
interference fringes and the glory peak locations are further
shifted toward larger ϕ. Due to this continuous shift as a in-
creases, the global minima of the cross sections may now oc-
cur exactly backward (ϕ = −π/2), as seen from the a = 0.5
case (black curve). This is in contrast to the case of a static
BH (a = 0) or a rotating BH with the test wave propagat-
ing along the rotation axis [18]. Moreover, when |a| ≥ 0.5,
we observe that the oscillation amplitudes of the cross sec-
tion before ϕ reaches the glory peak location from below re-
duce as a increases. This differs from the behavior observed
in the slowly rotating case. Furthermore, due to the strong
frame-dragging, the cross section peaks and minima between
ϕ = 90◦ and ϕ = 270◦ show non-monotonic behavior as a
increases. Finally, it is worth mentioning that because of the
frame-dragging effect, we cannot directly observe the influ-
ence of the rotation parameter a on the width of the interfer-
ence fringes, as in the case of incidence along the axis [10].

When a neutral scalar wave propagates along the rotation
axis and hits the KN BH, Leite et al. [10] showed that as
the BH charge Q increases, the interference fringes become
wider. For a neutral wave propagating on the equatorial plane
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FIG. 3. The cross section as a function of ϕ at fixed θ = π/2 for neutral massive scalar fields scattered by a KN BH with different values of
a. The incident wave propagates along (γ, ϕ0) = (π/2, π/2). Left: slowly rotating case; right: rapidly rotating case.
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FIG. 4. The cross section as a function of ϕ at fixed θ = π/2 for neutral massive scalar fields scattered by a KN BH with different values of
Q. The incident wave propagates along (γ, ϕ0) = (π/2, π/2). Left: slowly rotating case; right: rapidly rotating case.

in a slowly rotating KN BH, we observe in the left panel of
Fig. 4 that the width of the interference fringes also increases
as the BH charge Q increases. This is understandable be-
cause the parameter Q does not break spherical symmetry for
the neutral wave, and therefore its effect on the cross section
should be independent of the incident direction. These effects
are consistent with the influence of charge Q on wave scatter-
ing in other charged spacetimes [17, 18]. For the rapidly rotat-
ing case shown in the right panel, a closer inspection reveals
that the broadening of the interference fringes with larger Q
also occurs, although it is less apparent than in the slower ro-
tation case.

From both plots of Fig. 4, we note that the parameter Q en-
hances the broadening of the interference fringes more signif-
icantly for directions further from the glory peak angle around
−90◦ (or equivalently 270◦). For peaks roughly at ϕ ≈ 200◦,
this broadening shifts them toward smaller ϕ for larger Q,
in contrast to the effect of a, which drags the peaks right-

wards. Regarding the effect of Q on the absolute value of
the cross section, we observe that, roughly speaking, larger Q
tends to increase the total cross section in the forward direc-
tion (0◦ ≲ ϕ ≲ 180◦) and reduce it in the backward direction
(180◦ ≲ ϕ ≲ 360◦). This is consistent with the effect of
charge Q on the BH shadow size in RN and KN spacetimes
[7, 43, 44]. That is, the larger the Q, the smaller the shadow
and therefore the larger the forward total cross section.

B. Charged scalar wave scattering by slowly rotating BH

Now, we consider the case of a charged massive scalar wave
scattered by a slowly rotating BH and analyze the effects of
the parameters (a, Q, q, µ, ω) as shown in Fig. 5. For the
parameters Q and q, since the gravitational dynamics only de-
pend on the size of Q, while the electromagnetic interaction
depends on the sign of qQ, we may focus on the case Q ≥ 0
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FIG. 5. The cross section as a function of ϕ at fixed θ = π/2 for a charged massive scalar field scattered by a slowly rotating KN BH, shown
for different values of a (top left), Q (top right and bottom right), q (middle left), µ (middle right), and ω (bottom left). The incident wave
propagates along (γ, ϕ0) = (π/2, π/2).

with both signs of q without loss of generality.

From Fig. 5, we see that when the electromagnetic interac-
tion is present, cross sections from all plots exhibit the frame-
dragging effect towards the rotation direction, which is sim-
ilar to the neutral case in Fig. 3. However, in this case, the

frame-dragging effect is coupled with the electromagnetic in-
teraction, as can be seen from the radial equation of particle
motion [45]. By carefully comparing the left panel of Fig.
3 with the top left panel of Fig. 5, we can see that the de-
pendence of the interference extrema of the cross sections on
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the spin parameter a exhibits a slight change, which can be
attributed to the electromagnetic interaction because other pa-
rameters except q in these two scatterings are the same.

From the top right and middle left panels of Fig. 5, we ob-
serve that increasing Q and/or q, thereby strengthening the re-
pulsive electromagnetic interaction between the BH and the
field, leads to a noticeable broadening of the interference
fringes in the backward direction. At the same time, the aver-
age scattering flux intensities at medium-to-large ϕ angles are
significantly suppressed. This behavior aligns with the intu-
itive expectation that a stronger repulsive interaction, compet-
ing against gravitational attraction, results in weaker deflec-
tion and thus a reduced flux toward larger scattering angles
while enhancing forward scattering. Moreover, the oscilla-
tion amplitude of the cross section (i.e., the contrast between
maxima and minima) decreases as Q or q increases. These
qualitative features are consistent with our previous findings
for charged Horndeski BHs [17] and with scattering by KN
black-bounce spacetime along the rotation axis [18]. How-
ever, they were less pronounced there due to the higher wave
frequency (ω = 2) used. In contrast, the frequency used here
is comparable to the field mass, making the cross section more
sensitive to variations in the electric potential. This behav-
ior is also consistent with general expectations from quantum
electrostatic scattering, such as in Mott scattering [46].

Regarding the influence of the field mass, the middle right
panel clearly demonstrates that increasing the field mass leads
to broader interference fringes and enhanced average scatter-
ing flux intensities. From a physical perspective, increasing
the field mass while fixing ω effectively reduces the kinetic
energy per unit mass of the wave, causing it to move more
sluggishly in the potential. As a result, the wave is more easily
deflected by gravity and leads to an enhancement of the cross
section. This trend is also shown in our previous analysis of
the massive scalar field scattered by the charged Horndeski
BH [17], where both the deflection angle and the classical dif-
ferential cross section increase with the field mass. From the
mathematical point of view, this can be understood from the
scattering amplitude in Eq. (17), because as the field mass ap-
proaches the wave frequency (i.e., ω∞ → 0), the 1/ω∞ term
grows rapidly, thereby amplifying the scattering intensity. For
the effects of the wave frequency ω, we notice from the bottom
two plots that as ω increases, there are more fringes in the os-
cillation pattern while the width of the fringes narrows. This
behavior arises because the phase difference between differ-
ent scattering paths varies more rapidly at higher frequencies,
leading to finer interference patterns and stronger constructive
interference, which enhances the oscillation amplitude.

The last plot of Fig. 5 illustrates the influence of q on the
cross section with respect to the wave frequency ω. Com-
pared with the middle left panel, it is evident that the effect
of q becomes significantly weaker at larger values of ω. This
indicates that ω serves as an energy scale that modulates the
contribution of other energetic parameters, such as q, which
controls the electric interaction strength. Indeed, we also gen-
erated a similar plot analyzing the influence of the field mass
µ at a higher ω than that used in the middle right panel, and
a similar reduction in the effect of µ was observed. This

dependence of the influence of the electric force and field
mass on the cross section with respect to ω is also present
in the absorption cross section. As reported in Ref. [47] (see
Figs. 3 and 4 therein), the impact of the electric force and
field mass on the absorption cross section gradually dimin-
ishes as the frequency increases. This behavior is physically
reasonable: at low frequencies, the absorption process is sen-
sitive to the potential barriers (11) near the BH, which include
both gravitational and electromagnetic contributions; whereas
at high frequencies, the wave is less affected by these bar-
riers and falls directly into the BH, such that the absorption
cross section becomes dominated by the geometric properties
of the spacetime. Therefore, our results suggest that detecting
waves with longer wavelengths is preferable when attempting
to probe the effects of parameters such as (q, Q) and µ on
either the scattering or absorption cross sections.

C. Charged scalar wave scattering by rapidly rotating BH

Similar to the previous subsection, in Fig. 6 we investigate
the effect of the parameters (a, Q, q, µ, ω) on the cross sec-
tion for a rapidly rotating BH. In the top left panel, we observe
that the cross section is shifted as the BH spin increases due
to frame-dragging. Compared to the case of a rapidly rotat-
ing BH without electromagnetic interactions (right panel of
Fig. 3), we can clearly see that the cross section exhibits a
minimum that does not occur in the backward direction for the
case of a = 0.5, as well as a smaller amplitude of the oscil-
lations due to electromagnetic interactions. Otherwise, there
is no qualitative change. When the other parameters are fixed
and the BH charge increases, as shown in the top right panel,
the differences between the cross sections become larger in
the angular range ∼ 180◦ < ϕ <∼ 240◦, compared with
the rapidly rotating case without electromagnetic interactions
(right panel of Fig. 4). This behavior occurs because increas-
ing Q enhances repulsive electromagnetic interactions. More-
over, the overall trend of the cross sections has changed. Since
stronger frame-dragging leads to further deformation in the
cross section, we observe in the top right and middle left pan-
els that there is no reduction in the scattered flux intensity, par-
ticularly in the range 90◦ < ϕ < 270◦, when the BH charge
or the field charge is increased, i.e., when repulsive electro-
magnetic interactions become stronger. This result contrasts
with the slowly rotating case under repulsive electromagnetic
effects (middle left panel of Fig. 5). Furthermore, when other
parameters are held fixed and the field mass is increased, we
still observe a corresponding enhancement in the intensity of
the scattered flux, except for a slight deformation of the cross
section, as shown in the middle right panel.

To better understand the influence of the incident frequency,
we present the dependence of the cross section on the fre-
quency using both 2D and 3D visualizations in the bottom
panels. The 2D plot allows for a direct comparison of the cross
section amplitudes, while the 3D plots illustrate the continu-
ous variation of the cross section as the incident frequency
changes. We observe that both the oscillatory behavior of
the cross section and the width of the interference fringes
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FIG. 6. The cross section as a function of ϕ at fixed θ = π/2 for a charged massive scalar field scattered by a rapidly rotating KN BH,
shown for different values of a (top left), Q (top right), q (middle left), µ (middle right) and ω (bottom). The incident wave propagates along
(γ, ϕ0) = (π/2, π/2).

change with frequency. As the frequency increases, the os-
cillations become more pronounced and the fringes become
narrower. In addition, the deformation of the cross section be-
comes increasingly significant, particularly within the range

90◦ < ϕ < 270◦.
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IV. SUPERRADIANCE

In this section, we discuss the variation of the cross section
(16) when superradiance happens. The superradiance condi-
tion for charged scalar fields in a charged rotating BH back-
ground is given by ωh < 0 in Eq. (12), meaning that

ω <
am+ qQrh
r2h + a2

= ωc. (19)

This inequality implies that both Kerr and RN BHs can exhibit
superradiance when scattering charged scalar waves. More-
over, it indicates that spacetimes with nonzero spin (a ̸= 0)
can also produce superradiance even for neutral waves (q =
0). Regardless of whether q vanishes or not, we find that
for prograde partial waves with sign(am) > 0 (or retrograde
waves with sign(am) < 0) and a fixed frequency ω, increas-
ing (or decreasing) the spin parameter makes the superradiant
condition easier to satisfy, thereby leading to stronger superra-
diance. However, the degree of superradiance for neutral and
charged fields in spinning spacetimes can differ significantly.
For the Kerr BH, the maximal amplification of neutral scalar
waves is only about 0.4%, meaning that superradiance has no
substantial observable effect on the cross section. In contrast,
as demonstrated by Brito et al. [48], when the field charge q is
sufficiently large, the amplification factor can approach 100%.
In the latter case, the superradiance clearly will induce mea-
surable modifications to the cross section. Our previous works
[17, 18] on charged scalar wave scattering revealed that super-
radiance correlates with enhanced scattered flux intensity at
specific scattering angles. To further investigate these effects
on the cross section, we study a physical scenario of a slowly
rotating BH background with stronger repulsive electromag-
netic interactions, thereby enhancing the superradiant effects
to substantially higher levels.

In Fig. 7, we present the cross section as a function of ϕ at
θ = π/2 for different values of a (left) and generally larger
q (right) compared with previous figures, where the incident
waves propagate in the (γ, ϕ0) = (π/2, π/2) direction. In
Fig. 5 (top left), we can tell that the average intensity of the
scattered flux tends to decrease in the range ∼ 135◦ < ϕ <
270◦ as the rotation parameter increases, while it appears to
increase in the range −90◦ < ϕ <∼ 45◦. However, in Fig. 7
(left), where we adopt larger values of q and Q than those used
in Fig. 5 (top left), such that the electric repulsion becomes
significantly stronger, we can see that the dependence of the
cross section on a exhibits more complex behavior. The cross
section in the range ∼ 135◦ < ϕ <∼ 270◦ first decreases as a
increases from zero to about 0.1 ∼ 0.2 and then increases as a
further increases to 0.4. Whereas in the ∼ −90◦ < ϕ <∼ 45◦

range, the cross section keeps increasing as a increases.
These features actually can be well explained by the super-

radiance. For the cross section in the range 90◦ < ϕ < 270◦

(or the range −90◦ < ϕ < 90◦), it is known that the pro-
grade (or retrograde) partial waves with sign(am) > 0 (or
sign(am) < 0) are scattered into this region [49], if frame-
dragging is completely ignored. Therefore, one would expect,
from Eq. (19), that increasing a > 0 makes it easier for the
m > 0 partial waves (those contributing to 90◦ < ϕ < 270◦)

to satisfy the superradiant condition and therefore stronger su-
perradiance, i.e, the larger cross section, happens. Conversely,
by a similar argument, the superradiance/cross section in the
−90◦ < ϕ < 90◦ range, contributed more by the m < 0
partial waves, should decrease as a(> 0) increases. However,
due to frame-dragging, a positive a tends to shift part of the
m > 0 partial waves into the −90◦ < ϕ < 90◦ region. As a
increases, more such waves are dragged into this range, caus-
ing the cross section there to increase rather than decrease.
Clearly, at this stage, the variation of superradiance should
have been dominantly controlled by the frame-dragging effect
rather than the natural splitting of m > 0 and m < 0 partial
waves into the two angular ranges.

From the middle left panel of Fig. 5, we observe that the
average intensity of the scattered flux at medium to large ϕ
angles decreases as the repulsive electromagnetic interaction
increases. Therefore, we expect that the scattered flux inten-
sity will continue decreasing until the onset of superradiance
determined by condition (19), and will subsequently start in-
creasing due to the superradiance effect as the field charge,
i.e., the repulsive electromagnetic interaction, is further in-
creased. For the given parameters in the right panel of Fig. 7,
Eq. (19) predicts that superradiance occurs when q > qc =
2.03. As shown in the plot, in both the ∼ 135◦ < ϕ < 270◦

and −90◦ < ϕ <∼ 45◦ ranges, the scattered flux intensity
still tends to decrease for the three values q = 1.8, q = 1.9,
and q = 2, whereas it begins to increase for q = 2.1 and
q = 2.2. This trend is fully consistent with our expectation.

V. CONCLUSIONS

We investigated the scattering cross section of massive
charged scalar waves propagating in the equatorial plane of
the KN BH. The effect of BH charge on the equatorial cross
section is analyzed for the first time, in both the cases that the
electromagnetic interaction is present and absent. In order to
better present and understand the effects of BH and field pa-
rameters, in Sec. III we categorize our investigation into three
cases: A. the neutral scalar wave scattered by a KN BH; B. the
charged scalar wave scattered by a slowly rotating KN BH;
and C. the charged scalar wave scattered by a rapidly rotating
KN BH. In comparison with previous studies on the scatter-
ing by a charged static BH [17] and the on-axis incidence on
a charged rotating BH [18], our study leads to the following
new discoveries.

In the case A., we found that the frame-dragging effect
may cause the interference minima in the equatorial cross sec-
tion to appear in the exact backward direction (ϕ ≈ 270◦

or equivalently 90◦). For a rapidly rotating BH, the equato-
rial cross section gradually shows an irregular oscillation as
ϕ varies, particularly in the 90◦ < ϕ < 270◦ range. In ad-
dition, we observed that the width of the interference fringes
increases with increasing BH charge in the slowly rotating KN
BH background, which is consistent with the cases of scatter-
ing in the RN BH and on-axis incidence to KN BH. In the
case B., we found that the average intensity of the scattered
flux at medium to large ϕ angles exhibits considerable en-
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FIG. 7. The cross section as a function of ϕ at fixed θ = π/2 of a slowly rotating KN BH for different values of a (left) and q (right). The
incident wave propagates along (γ, ϕ0) = (π/2, π/2).

hancement with increasing Lorentz attraction or field mass,
where the extent of the enhancement depends on the wave
frequency. For the case C., due to the deformation induced
by strong frame-dragging, the cross section enhancement due
to stronger Lorentz attraction is not as significant. However,
even in this case, the scattered flux intensity still increases
with increasing field mass for waves of fixed frequency.

In Sec. IV, we discussed how superradiance affects the
scattering cross sections. Our findings showed that the scat-
tered flux intensity tends to increase due to superradiance
within the ∼ 135◦ < ϕ < 270◦ range as the rotational
parameter a increases. This behavior can be explained by

noting that the dominant contribution to the cross section in
this angular range comes from the prograde partial waves
with m > 0, which are amplified as a increases. When the
product of the BH and field charges satisfies the superradi-
ant condition, we observed that the scattered flux intensity in-
creases irrespective of the scattering direction, i.e., in both the
∼ 135◦ < ϕ < 270◦ and −90◦ < ϕ <∼ 45◦ ranges.
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