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Abstract

Recently, Alon and Frankl (JCTB, 2024) determined the maximum number of edges in Kℓ`1-free
n-vertex graphs with bounded matching number. For integers ℓ ě r ě 2, the family Kr

ℓ`1 consists

of all r-graphs F with at most
`

ℓ`1
2

˘

edges such that, for some pℓ` 1q-set K, every pair tx, yu Ď K
is covered by an edge in F . In this paper, we study the maximum number of edges in Kr

ℓ`1-free r-
uniform hypergraphs that have the matching number at most s, that is, exrpn, tKr

ℓ`1,M
r
s`1uq, and

obtain the exact value for sufficiently large n, along with the corresponding extremal hypergraph.
This result can be viewed as a hypergraph extension of the work of Alon and Frankl. In addition,
for the 3-uniform Fano plane F, we determine the exact value of ex3pn, tF,M3

s`1uq, and characterize
the corresponding extremal hypergraph.

Key words: Turán problem, hypergraph, matching number, Fano plane

1 Introduction

Let F be a family of graphs. Denote by expn,Fq the maximum number of edges in an n-vertex
graph that does not contain any graph from F as a subgraph. If F “ tF u, we simply write expn, F q

instead of expn,Fq. Determining the value of expn,Fq is one of the central problems in Extremal
Graph Theory. Let Kℓ`1 and Ms`1 denote the complete graph on ℓ ` 1 vertices and the matching of
size s ` 1, respectively. Let T pn, ℓq be the ℓ-partite graph on n vertices with the maximum number
of edges, and write tpn, ℓq “ |T pn, ℓq|. Two classical results in this area are Turán’s Theorem [19],
stating that expn,Kℓ`1q “ tpn, ℓq, and the Erdős–Gallai Theorem [5], which gives

expn,Ms`1q “ max

"

spn ´ sq `

ˆ

s

2

˙

,

ˆ

2s ` 1

2

˙*

.

Moreover, the extremal graphs are K2s`1 with some isolated vertices or the joining of the complete
graph Ks and the complement graph Kn´s of the complete graph Kn´s.

Building upon these classical results, Alon and Frankl [1] recently determined the maximum
number of edges in a graph with both bounded clique number and bounded matching number. Let
Gpn, ℓ, sq denote the complete ℓ-partite graph on n vertices in which one partite set has size n ´ s,
and the remaining ℓ´ 1 parts induce a copy of T ps, ℓ´ 1q. We write gpn, ℓ, sq for the number of edges
in Gpn, ℓ, sq.

Theorem 1.1 (Alon and Frankl [1]). For n ě 2s ` 1 and ℓ ě 2,

expn, tKℓ`1,Ms`1uq “ maxttp2s ` 1, ℓq, gpn, ℓ, squ.
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Theorem 1.1 was also obtained in [8]. Motivated by this result, Gerbner [10] generalized
the theorem of Alon and Frankl. When n is sufficiently large, he determined, up to an additive
constant, the value of expn, tF,Ms`1uq for graphs F with χpF q ą 2. Later, Xue and Kang [21]
further established stability results for generalized Turán problems with bounded matching number.
Using these stability results, they obtained the exact values of expn,Kr, tF,Ms`1uq for F being any
non-bipartite graph or a path. Independently, Zhu and Chen [23], using a different approach, also
determined the exact value of expn, tF,Ms`1uq for F being any non-bipartite graph or some bipartite
graphs. For the case χpF q “ 2, several related results are also known. Let Ck denote the cycle
of length k, and write Cěk “ tCk, Ck`1, . . .u for the collection of all cycles on at least k vertices.
Zhao and Lu [22] determined the exact value of expn, tCěk,Ms`1uq, and described the corresponding
extremal graphs for sufficiently large n. Moreover, Luo, Zhao, and Lu [16] determined the exact value
of expn, tKℓ,t,Ms`1uq for sufficiently large s and n, and for every 3 ď ℓ ď t.

The Turán problem can also be defined for hypergraphs. Let r ě 2, and let F be a family of
r-uniform hypergraphs (r-graphs for short). Given an r-graph G, we say that G is F-free if it contains
no member of F as a subhypergraph. The Turán number exrpn,Fq is defined as the maximum
number of edges in an F -free n-vertex r-graph (when r “ 2, this coincides with the Turán number for
graphs defined above). Determining exrpn,Fq for various families F is a central problem in extremal
combinatorics. While much is known about expn,Fq, the case r ě 3 is significantly harder; very
little is known about exrpn,Fq in general. For further results before 2011, we refer to an excellent
survey [14].

Two natural generalizations of complete graphs to r-uniform hypergraphs play an important role
in extremal hypergraph theory. For integers ℓ ě r ě 2, the family Kr

ℓ`1 consists of all r-graphs F with

at most
`

ℓ`1
2

˘

edges such that, for some pℓ`1q-set K, every pair tx, yu Ď K is covered by an edge in F .

In particular, Kp2q

ℓ`1 contains only the ordinary complete graph Kℓ`1. Another important hypergraph,
denoted Hr

ℓ`1, is obtained from the complete 2-graph Kℓ`1 by enlarging each edge with a set of r ´ 2
new vertices. When r “ 2, Hr

ℓ`1 coincides with the complete graph Kℓ`1. Observe that Hr
ℓ`1 P Kr

ℓ`1,
so Hr

ℓ`1 and any other graph in Kr
ℓ`1 can be regarded as natural generalizations of complete graphs.

Mubayi [17] determined the exact Turán number of Kr
ℓ`1 and characterized the extremal hypergraph

for sufficiently large n. Let ℓ ě r ě 2 be integers, and let V1 Y ¨ ¨ ¨ Y Vℓ be a partition of rns where
each Vi has size either tn{ℓu or rn{ℓs. For simplicity, we write n{ℓ to denote the size of each part,
ignoring floors and ceilings. The generalized Turán graph Trpn, ℓq consists of all r-subsets of rns that
contain at most one vertex from each Vi, and we denote trpn, ℓq “ |Trpn, ℓq| „

`

ℓ
r

˘ `

n
ℓ

˘r
.

Theorem 1.2 (Mubayi [17]). Let n ě 1 and ℓ ě r ě 2 be integers. Then

exrpn,Kr
ℓ`1q “ trpn, ℓq,

with Trpn, ℓq being the unique extremal hypergraph for sufficiently large n.

Mubayi [17] also determined the Turán function of Hr
ℓ`1 asymptotically. Later, Pikhurko [18]

obtained the exact value of exrpn,Hr
ℓ`1q for all sufficiently large n. In 2025, Hou, Li, Yang, Zeng,

Zhang [13] have studied two kinds of stability theorems for Kr
ℓ -saturated hypergraphs. We call an

r-graph H a Berge-G if there exists a bijection f : EpGq Ñ EpHq such that e Ď fpeq holds for every
e P EpGq. Gerbner and Palmer [11] investigated the Turán number of Berge-G hypergraphs when
G is an arbitrary graph. We note here that every Berge-G necessarily has exactly epGq hyperedges
due to the bijective correspondence in the definition. In particular, Hr

ℓ`1 is a special instance of a
Berge-Kℓ`1 hypergraph.

For an r-graph H, the matching number νpHq is defined as the maximum number of pairwise
disjoint edges in H. Let M r

s`1 denote a matching of size s ` 1, where each edge is an r-set. The
Turán problem for matchings in hypergraphs has attracted considerable attention. In 1965, Erdős [4]
proposed the Erdős Matching Conjecture, which concerns the Turán number of M r

s`1. The conjecture
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asserts that for sufficiently large n, the maximum number of edges in an M r
s`1-free r-graph is achieved

by taking all r-sets that intersect a fixed s-set. This conjecture was later confirmed for large n by
Frankl [6], who proved the following exact result.

Theorem 1.3 (Frankl [6]). Let r, s ě 1 and n ě p2s ` 1qr ´ s. Then

exrpn,M r
s`1q “

ˆ

n

r

˙

´

ˆ

n ´ s

r

˙

.

Equality holds only for families isomorphic to Apn, r, sq, where Apn, r, sq is the r-graph consisting of
all hyperedges that intersect a fixed s-set.

Frankl, Nie, and Wang [7] studied a variant of the Erdős Matching Problem in the setting of
random hypergraphs. Gerbner, Tompkins, and Zhou [12] studied the analogous Turán problems
for r-uniform hypergraphs with bounded matching number, and obtained exact results for certain
hypergraphs. Wang, Wang, and Yang [20] showed that an F5-free 3-graph H with matching number

at most s has at most s
Y

pn´sq2

4

]

edges for n ě 30ps ` 1q and s ě 3, where the generalized triangle F5

denotes the 3-graph on the vertex set ta, b, c, d, eu with edge set tabc, abd, cdeu. More recently, for
the 3-graph F3,2 with edge set t123, 145, 245, 345u, Chen, Liu, Qi and Yang [3] determined the exact
value of expn, tF3,2,M

3
s`1uq for every integers s and all n ě 12s2.

In this paper, we first determine the exact value of expn, tKr
ℓ`1,M

r
s`1uq, and characterize the

extremal hypergraph for sufficiently large n. This can be regarded as a generalization of the result of
Alon and Frankl [1] to r-uniform hypergraphs. Before stating our main result, we introduce some
basic definitions.

Given an r-graph H, the link of v in H is

LHpvq “

"

A P

ˆ

V pHq

r ´ 1

˙

: tvu Y A P H
*

.

Clearly, LHpvq can be considered as an pr ´ 1q-graph. The degree of v is dHpvq :“ |LHpvq|. Next, we
provide a construction of the extremal hypergraph of tKr

ℓ`1,M
r
s`1u.

Definition 1.4. Let ℓ ě r ě 3, s ě 1 be integers and n ě s ` ℓ. The r-graph G “ Gpn, ℓ, s, rq is
defined as follows.

(a) The vertex set |V pGq| “ n and V pGq “ V0 Y V1 Y ¨ ¨ ¨ Y Vℓ´1, where |V0| “ s.

(b) Every edge in G contains exactly one vertex from V0 and the remaining r ´ 1 vertices are
distributed across distinct parts among V1, . . . , Vℓ´1.

(c) For each v P V0, the link of v in G is LGpvq “ Tr´1pn ´ s, ℓ ´ 1q.

One of our main results is as follows:

Theorem 1.5. Let ℓ ě r ě 3 and s ě 1 be integers. For n sufficiently large, we have

exrpn, tKr
ℓ`1,M

r
s`1uq “ s ¨ tr´1pn ´ s, ℓ ´ 1q.

Moreover, Gpn, ℓ, s, rq is the unique extremal hypergraph.

A particularly important example of a 3-uniform hypergraph is the Fano plane. Let F denote the
Fano plane, i.e., F is a 3-graph on 7 vertices with edge set

t123, 345, 561, 174, 275, 376, 246u.

3



Füredi and Simonovits [9], and independently Keevash and Sudakov [15], determined the Turán
number of the Fano plane for large n. In 2019, Bellmann and Reiher [2] provided a complete solution
to Turán’s hypergraph problem for the Fano plane. Specifically, they proved that for n ě 8, among all
3-graphs on n vertices not containing the Fano plane, there is a unique extremal hypergraph achieving
the maximum number of edges, namely the balanced, complete, bipartite hypergraph. Moreover, for
n “ 7, there exists exactly one other extremal configuration with the same number of edges: the
hypergraph obtained from a clique of order 7 by removing all five edges containing a fixed pair of
vertices. Our next result determines expn, tF,M3

s`1uq and, for sufficiently large n, also characterizes
the corresponding extremal hypergraphs. We define the extremal hypergraph of tF,M3

s`1u as in the
following.

Definition 1.6. Let X and Y be two disjoint vertex sets with |X| “ s and |Y | “ n ´ s. Define a
3-graph Fpn, sq on the vertex set X Y Y , where the edge set is given by

EpFpn, sqq :“ tx1x2y Y xy1y2 : x, x1, x2 P X, y, y1, y2 P Y u

Theorem 1.7. Let F be the Fano plane. For n ě 20sps ` 1q,

ex3pn, tF,M3
s`1uq “

ˆ

s

2

˙

pn ´ sq ` s ¨

ˆ

n ´ s

2

˙

.

Moreover, Fpn, sq is the unique extremal hypergraph.

The remainder of the paper is organized as follows. In Section 2, we provide additional definitions
and several useful lemmas. In Section 3, we present the proof of Theorem 1.5. In Section 4, we give
the proof of Theorem 1.7 and discuss the case of Hr

ℓ`1.

2 Preliminaries

Let r ě 3 and let H “ pV,Eq be an r-graph. The number of edges of H is denoted as |H|. For
a vertex x P V , let dHpxq denote the number of r-edges in H containing x. The maximum degree
∆pHq of H is defined as the maximum value among all dHpxq. We call subsets X,Y Ď V pHq strongly
independent and weakly independent, respectively, if no two vertices in X lie in a common hyperedge,
and Y contains no hyperedge of H. For a subset A Ď V pHq and i P rrs, we define dApx1, ¨ ¨ ¨ , xiq as
the number of hyperedges containing the vertices x1, ¨ ¨ ¨ , xi such that the remaining r ´ i vertices all
lie in A. More formally,

dApx1, ¨ ¨ ¨ , xiq “
ˇ

ˇte P EpHq : tx1, ¨ ¨ ¨ , xiu Ď e and eztx1, ¨ ¨ ¨ , xiu Ď Au
ˇ

ˇ.

Furthermore, for x P V pHq, we denote by LApxq the link of x restricted to A. For any ℓ ě r, let
V1, V2, . . . , Vℓ be pairwise disjoint vertex classes. We write TrpV1, V2, . . . , Vℓq for the complete ℓ-partite
r-uniform hypergraph, where every hyperedge contains at most one vertex from each Vi. For a
positive integer k, a mapping ϕ : E Ñ rks is called a proper edge k-coloring of H if for any two edges
e1, e2 P E, ϕpe1q “ ϕpe2q implies e1 X e2 “ H. The edge chromatic number χ1pHq is defined as the
smallest positive integer k for which H admits a proper edge k-coloring. The following lemma can be
regarded as a hypergraph version of Vizing’s Theorem.

Lemma 2.1. Let r ě 3 and let H be an r-graph. Then χ1pHq ď p∆pHq ´ 1qr ` 1.

Proof. We define the auxiliary graph L “ LpHq, also known as the line graph of H, whose vertex
set V pLq “ EpHq. For any two elements e1, e2 P EpHq, e1 and e2 form an edge in L if and only if
e1 X e2 ‰ H. Note that L is a 2-graph (an ordinary graph). It is easy to see that χ1pHq “ χpLq.

4



From the definition of L, we observe that every proper vertex k-coloring of L corresponds bijectively
to a proper edge k-coloring of H. Therefore, we have

χ1pHq “ χpLq ď ∆pLq ` 1.

For any vertex e P V pLq (which corresponds to an edge in H), its degree dLpeq equals the number
of edges in EpHq that have a non-empty intersection with e. Moreover, for any vertex x P e in the
original hypergraph, we have dHpxq ď ∆pHq. Therefore,

dLpeq ď
ÿ

xPe

pdHpxq ´ 1q ď rp∆pHq ´ 1q

holds for each e P V pLq. Thus, χ1pHq ď rp∆pHq ´ 1q ` 1.

The following lemma demonstrates that in an r-graph H with a given matching number, the
number of high-degree vertices cannot be too large.

Lemma 2.2. Let H be an r-graph with matching number νpHq “ s. Then the number of vertices
with degree exceeding rps ` 1qnr´2 is at most s.

Proof. Denote the vertices with degree exceeding rps ` 1qnr´2 as X. Suppose, on the contrary, that
|X| ą s. Let V0 “ tv1, v2, . . . , vs`1u be a subset of V . For each vi P V0, i P rs ` 1s, we iteratively
select ui1 ¨ ¨ ¨uir´1 P LHpviq such that

• tui1 , ¨ ¨ ¨ , uir´1u X V0 “ H, and

• None of tui1 , ¨ ¨ ¨ , uir´1u is selected in any of the previous steps.

At each step i, there are at most rpi´1qnr´2 `snr´2 edges in LHpviq that contain a vertex already
used in the earlier selections or in V0. Since dHpviq ě rps ` 1qnr´2 ` 1, such an edge ui1 ¨ ¨ ¨uir´1

always exists. This gives a matching of size s ` 1, contradicting the assumption.

We also need the stability result for Kr
ℓ`1-free r-graph given by Mubayi [17].

Theorem 2.3 (Mubayi [17]). Fix ℓ ě r ě 2 and δ ą 0. Then there exists an ϵ ą 0 and an n0 such
that the following holds for all n ą n0, if G is an n-vertex Kr

ℓ`1-free r-graph with at least trpn, ℓq ´ ϵnr

edges, then G can be transformed to Trpn, ℓq by adding and deleting at most δnr edges.

3 Proof of Theorem 1.5

In this section, we give a proof of Theorem 1.5. We always assume that n is sufficiently large. Let H
be an n-vertex Kr

ℓ`1-free r-graph with matching number νpHq ď s and with the maximum number of
edges. Since G is Kr

ℓ`1-free and νpGq ď s. We have that |H| ě |G|. First, we give some observations
of H.

Lemma 3.1. For any v P V pHq, the link graph LHpvq is Kr´1
ℓ -free.

Proof. Assume by contradiction that LHpvq contains a copy S as a member of Kr´1
ℓ . Let K be the

core of S. Then by enlarging every edge of S to contain v, we obtain a copy S1 P Kr
ℓ`1 and K Y tvu

is the core of S1, a contradiction.

Define
V0 :“

␣

v P V pHq : dHpvq ě rps ` 1qnr´2 ` 1
(

and let U “ V pHqzV0. Next, we use Theorem 1.2 and Lemma 2.1 to determine the size of V0.
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Lemma 3.2. We have |V0| “ s.

Proof. Suppose, on the contrary, that |V0| ď s ´ 1. By Lemma 2.1, we obtain that

|HrU s| ď χ1pHrU sq ¨ νpHrU sq

ď prp∆pHrU sq ´ 1q ` 1qs

ď r2sps ` 1qnr´2 ` s.

Now we consider the pr ´ 1q-graph LHpvq for each v P V0. Recall that H is Kr
ℓ`1-free and νpHq ď s.

By Lemma 3.1, LHpvq is Kr´1
ℓ -free. Then by Theorem 1.2, we get that for each v P V0,

|LHpvq| ď tr´1pn ´ 1, ℓ ´ 1q ď

ˆ

ℓ ´ 1

r ´ 1

˙ˆ

n ´ 1

ℓ ´ 1

˙r´1

.

Therefore,

|H| ď
ÿ

vPV0

dHpvq ` |HrU s|

ď ps ´ 1q

ˆ

ℓ ´ 1

r ´ 1

˙ˆ

n ´ 1

ℓ ´ 1

˙r´1

` r2sps ` 1qnr´2 ` s

ă s

ˆ

ℓ ´ 1

r ´ 1

˙ˆ

n ´ s

ℓ ´ 1

˙r´1

“ |G|

when n is large enough. Hence, |V0| ě s and by Lemma 2.2, we have |V0| “ s.

Next, we aim to obtain more structural details of U .

Lemma 3.3. U is a weakly independent set.

Proof. If there exists e P HrU s. Let U 1 be the vertex set after deleting the vertices of e from U . By a
similar proof of Lemma 2.2, we can find s matching in HrV0 Y U 1s. Then this yields ps ` 1q matching
together with e, a contradiction.

To obtain clearer structure of U , we state that the degree of every vertex in V0 is quite large. For
convenience, set V0 “ tv1, ¨ ¨ ¨ , vsu.

Lemma 3.4. There exists a constant c “ cpr, s, ℓq such that for each v P V0,

dU pvq ě

ˆ

ℓ ´ 1

r ´ 1

˙ˆ

n ´ s

ℓ ´ 1

˙r´1

´ cnr´2.

Proof. First, we calculate the lower bound of
ř

vPV0
dU pvq. Clearly, for any k ě 2 and k vertices

vi1 , ¨ ¨ ¨ , vik P V0, we have dU pvi1 , ¨ ¨ ¨ , vikq ď nr´k. Combining

|H| ď
ÿ

viPV0

dU pviq `
ÿ

pvi,vjqPpV02 q

dU pvi, vjq ` ¨ ¨ ¨ `
ÿ

pvi1 ,¨¨¨ ,vir qPpV0r q

1

ď
ÿ

viPV0

dU pviq `

r
ÿ

k“2

ˆ

s

k

˙

nr´s,

and

|H| ě |G| “ s

ˆ

ℓ ´ 1

r ´ 1

˙ˆ

n ´ s

ℓ ´ 1

˙r´1

,
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we obtain that there exists a constant c1 ă 2s such that

ÿ

viPV0

dU pviq ě s

ˆ

ℓ ´ 1

r ´ 1

˙ˆ

n ´ s

ℓ ´ 1

˙r´1

´ c1n
r´2. (1)

Choose c ě 2s. Suppose without loss of generality that dU pv1q ď
`

ℓ´1
r´1

˘

´

n´s
ℓ´1

¯r´1
´ cnr´2. Then

ÿ

viPV0

dU pviq ď dU pv1q `
ÿ

viPV0zv1

dU pvq

ď

ˆ

ℓ ´ 1

r ´ 1

˙ˆ

n ´ s

ℓ ´ 1

˙r´1

´ cnr´2 ` ps ´ 1q

ˆ

ℓ ´ 1

r ´ 1

˙ˆ

n ´ s

ℓ ´ 1

˙r´1

ď s

ˆ

ℓ ´ 1

r ´ 1

˙ˆ

n ´ s

ℓ ´ 1

˙r´1

´ cnr´2. (2)

The inequalities (1) and (2) imply a contradiction by the choice of c and c1.

Since each LU pvq is Kr´1
ℓ -free for v P V0, we may apply Theorem 2.3 and Lemma 3.4, to conclude

that LU pvq can be converted to Tr´1pn ´ s, ℓ ´ 1q by adding or deleting at most opnr´1q edges. More

precisely, for every vi P V0, the set U admits a partition V i
1 Y ¨ ¨ ¨ Y V i

ℓ´1 satisfying |V i
k | “

1`op1q

ℓ´1 n for
k P rℓ´ 1s, where the number of crossing pr ´ 1q-hyperedges (those containing exactly one vertex from
each part) is at least tr´1pn ´ s, ℓ ´ 1q ´ opnr´1q. Next, we prove that for any two vertices vi, vj P V0,
their induced partitions of U are nearly identical. Specifically, we can establish the following lemma.

Lemma 3.5. For any two distinct vertices vi, vj P V0 and any integers p, q P rℓ ´ 1s, the intersection

size satisfies either |V i
p X V j

q | “ opnq or |V i
p X V j

q | “

´

1`op1q

ℓ´1

¯

pn ´ sq.

Proof. Assume for contradiction and without loss of generality that there exists α P p0, 1q such that

for some indices i, j, the intersection satisfies
ˇ

ˇ

ˇ
V i
1 X V j

1

ˇ

ˇ

ˇ
“

´

α`op1q

ℓ´1

¯

pn ´ sq. Define V i
1,1 “ V i

1 X V j
1

and V i
1,2 “ V i

1 zV i
1,1 These satisfy |V i

1,1| “
α`op1q

ℓ´1 pn´ sq and consequently |V i
1,2| “

1´α`op1q

ℓ´1 pn´ sq. For

each k P t1, 2u, the number of crossing pr ´ 1q-hyperedges among V i
1,k, V

i
2 , . . . , V

i
ℓ´1 equals

ˇ

ˇTr´1

`

V i
1,k, V

i
2 , . . . , V

i
ℓ´1

˘
ˇ

ˇ ` opnr´1q.

Now select vertices uniformly and independently at random: u1,1 P V i
1,1, u1,2 P V i

1,2, u2 P V i
2 , . . .,

uℓ´1 P V i
ℓ´1. Define three events as followings: event A occurs when tu1,1, u2, . . . , uℓ´1u forms a

Tr´1pℓ ´ 1, ℓ ´ 1q in LU pviq; event B occurs when tu1,2, u2, . . . , uℓ´1u forms such a hypergraph; and
event C occurs when there exist hyperedges in H containing vj , u1,1 and u1,2.

Claim 3.6. We have (a) PpAq ě 1 ´ op1q, (b) PpBq ě 1 ´ op1q, and (c) PpCq ě 1 ´ op1q.

Proof of Claim 3.6. Notice that we have already separated U into ℓ parts, i.e. V i
1,1, V

i
1,2, V

i
2 , ¨ ¨ ¨ , V i

ℓ´1.

For any fixed r ´ 1 parts which do not include V i
1,2 and any vertices tx1, . . . , xr´1u selected uniformly

and independently from these parts, we consider two cases. If V i
1,1 is chosen, then suppose, say

x1 P V i
1,1, we obtain that the probability

Ppx1x2 ¨ ¨ ¨xr´1 P LU pviqq ě 1 ´
opnr´1q

α
´

n´s
ℓ´1

¯r´1
` opnr´1q

“ 1 ´ oℓ,α,rp1q. (3)
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Otherwise, we have that

Ppx1x2 ¨ ¨ ¨xr´1 P LU pviqq ě 1 ´
opnr´1q

´

n´s
ℓ´1

¯r´1
` opnr´1q

“ 1 ´ oℓ,α,rp1q.

Applying this to all
`

ℓ´1
r´1

˘

possible pr ´ 1q-tuples gives

P pAq ě 1 ´
ÿ

x1,¨¨¨ ,xr´1

Ďtu1,1,u2,¨¨¨ ,uℓ´1u

P ptx1x2 ¨ ¨ ¨xr´1u R LU pviqq

ě 1 ´

ˆ

ℓ ´ 1

r ´ 1

˙

¨ oℓ,α,rp1q “ 1 ´ op1q.

The proof for (b) follows similarly by replacing V i
1,1 with V i

1,2, and α with 1 ´ α.

For (c), let V k
1,2 “ V1,2 X V j

k for 2 ď k ď ℓ ´ 1. Then we can calculate that

PpCq “

ℓ´1
ÿ

k“2

PpC|u1,2 P V k
1,2q ¨ Ppu1,2 P V k

1,2q

ě

ℓ´1
ÿ

k“2

¨

˚

˝

1 ´
opnr´1q

`

ℓ´1
r´3

˘

|V1,1||V k
1,2|

´

n´s
ℓ´1

¯r´2
` opnr´1q

˛

‹

‚

¨
|V k

1,2|

|V1,2|

“ 1 ´ op1q.

By Claim 3.6, there exists a selection u1,1, u1,2, u2, ¨ ¨ ¨ , uℓ´1 where events A, B, and C all occur.
Let e P EpHq be a hyperedge containing tvj , u1,1, u1,2u (guaranteed by C). Constructing F by adding
e to HrKs where K “ tvi, u1,1, u1,2, u2, . . . , uℓ´1u yields a contradiction that F is contained in Kr

ℓ`1

with K as its core, violating our initial assumptions.

By Lemma 3.5, every vertex v P V0 induces an almost identical partition of U . Without loss of
generality, we assume that for any vi, vj P V0 and p, q P rℓ´ 1s, if p “ q then |V i

p XV j
q | “

1`op1q

ℓ´1 pn´ sq,

otherwise |V i
p X V j

q | “ opnq. We now show that V0 forms a strongly independent set in H.

Lemma 3.7. For any e P H, |e X V0| ď 1.

Proof. Assume by contradiction that vi, vj P V0 and there is an edge e0 P H such that vi, vj P e0. For

each p P rℓ ´ 1s, let V 1
p “

Şs
i“1 V

i
p ze0 and by Lemma 3.5, we have that |V 1

p | “
1`op1q

ℓ´1 pn ´ sq. The
number of crossing hyperedges among tV 1

p : p P rℓ ´ 1su is

|Tr´1pV 1
1 , ¨ ¨ ¨ , V 1

ℓ´1q| ` opnr´1q “

ˆ

ℓ ´ 1

r ´ 1

˙ˆ

n ´ s

ℓ ´ 1

˙r´1

` opnr´1q.

We select ℓ´ 1 vertices v1
p P V 1

p for p P rℓ´ 1s uniformly and independently at random. With a similar
probabilistic argument, for k P ti, ju we have

Pptv1
1, ¨ ¨ ¨ , v1

ℓ´1 form a Tr´1pℓ ´ 1, ℓ ´ 1q in LHpvkquq ě 1 ´ op1q.

Consequently, we can select vertices tv1
1, . . . , v

1
ℓ´1u where any r ´ 1 of them form a hyperedge with

either xi or xj in H. Define K “ tvi, vj , v
1
1, . . . , v

1
ℓ´1u and construct S as the subhypergraph formed

by HrKs plus the edge e0, we obtain that S P Kr
ℓ`1 with K as its core, which contradicts to our

assumption that H is Kr
ℓ`1-free.
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Now we are ready to prove Theorem 1.5.

Proof of Theorem 1.5. Let H be a Kr
ℓ`1-free graph with n vertices and with νpHq ď s. Furthermore,

we assume that |H| ě |Gpn, ℓ, s, rq|. By Lemma 2.2 and Claim 3.3, we can partition V pHq into V0

and U such that |V0| “ s and U is a weakly independent set. Moreover, by Lemma 3.7, every edge
in H has at most one vertex in V0. Thus, for each vertex x P V0, the link graph LHpxq contains no
vertex in V0 and LHpxq is Kℓ

r´1-free. Notice that |V pLHpxqq| ď n ´ s and by Theorem 1.2, we have

dHpxq “ |LHpxq| ď tr´1pn ´ s, ℓ ´ 1q.

Therefore,
|H| “

ÿ

xPV0

dHpxq ď
ÿ

xPV0

trpn ´ s, ℓ ´ 1q “ s ¨ tr´1pn ´ s, ℓ ´ 1q,

with equality holds if for each x P V0, LHpxq “ Tr´1pn ´ s, ℓ ´ 1q and hence, the vertex x admits a
partition U “ V x

1 Y ¨ ¨ ¨ Y V x
ℓ´1. If there exist two vertices x, y P V0 admitting different partitions of U ,

we may assume without loss of generality that v1,1, v1,2 P V x
1 lie in different classes under y’s partition,

implying the existence of a hyperedge e P EpHq containing ty, v1,1, v1,2u. Now we can select vi P V x
i

for 2 ď i ď ℓ ´ 1 (possibly in e) and define that K “ tx, v1,1, v1,2, v2, . . . , vℓ´1u with S “ HrKs Y teu.
Then we obtain that S P Kr

ℓ`1 where K forms a core, yielding a contradiction. Thus all v P V0 induce
identical partitions, proving that H “ Gpn, ℓ, s, rq.

4 Further results and discussions

We first provide a proof of Theorem 1.7.

Proof of Theorem 1.7. Let G be an edge maximum F-free 3-uniform graph with matching number at
most s. Assume further that |G| ě |Fpn, sq|. Let X Ď V pGq be the set of vertices in G whose degrees
are at least 3ps` 1qn` 1, and let Y “ V pGq ´X. Since ∆pGrY sq ď 3ps` 1qn, by Lemma 2.1 we have

|GrY s| ď s ¨ p3 ¨ p∆pGrY s ´ 1q ` 1qq

ď 9sps ` 1qn ´ 2s.

We first claim that |X| “ s. By Lemma 2.2, we have |X| ď s. Furthermore, if |X| ď s ´ 1, then since
n ě 20sps ` 1q, we have

|G| ď
ÿ

xPX

dGpxq ` |GrY s|

ď ps ´ 1q

ˆ

n ´ 1

2

˙

` 9sps ` 1qn ´ 2s

ă s

ˆ

n ´ s

2

˙

`

ˆ

s

2

˙

pn ´ sq “ |Fpn, sq|,

which contradicts our assumption. Thus, we may assume that X “ tx1, x2, . . . , xsu.
We now show that Y is a weakly independent set in G. Otherwise, suppose that there exists

an edge e0 in GrY s. Since dGpx1q ě 3ps ` 1qn ` 1 ě
`

s`2
2

˘

, there exist vertices u1, v1 P Y ze0 such
that tx1, u1, v1u is an edge in G. Furthermore, suppose we have already found i ` 1 pairwise disjoint
edges Ei “ tej “ txj , uj , vju : 1 ď j ď iu Y te0u, where i ď s ´ 1. Consider xi`1 P X. Since

dGpxi`1q ě 3ps`1qn`1 ą
`

3s
2

˘

ě
`

s`2pi`1q

2

˘

, there exist vertices ui`1, vi`1 such that txi`1, ui`1, vi`1u

is an edge disjoint from all edges in Ei. Consequently, we can find in G a matching of size s ` 1,
contradicting the assumption that νpGq ď s. When s ď 2, the proposition holds straightforwardly. We
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now consider the case s ě 3. It suffices to show that X is a weakly independent set in G. Otherwise,
suppose that e “ tx1, x2, x3u is an edge in G. We define

E1
1 “ tty1, y2u Ă Y : y1, y2, xi forms a hyperedge for 1 ď i ď 3u ,

and let G1 be the simple graph induced by E1
1. Let Y1 “ V pG1q, and let Y2 “ Y zY1. Since G is

F-free, it follows that G1 is K4-free. Let |Y1| “ t. Then epG1q ď 1
3 t

2, and thus the number of missing
crossing hyperedges is at least

fptq “

ˆ

t

2

˙

´
1

3
t2 `

ˆ

|Y2|

2

˙

` |Y1| ¨ |Y2| “

ˆ

t

2

˙

´
1

3
t2 `

ˆ

n ´ s ´ t

2

˙

` pn ´ s ´ tqt.

Since f 1ptq “ ´2
3 t ď 0 for t P r0, n ´ ss, we have

fptq ě fpn ´ sq “
1

6
pn ´ sqpn ´ s ´ 3q.

Therefore, since n ě 20sps ` 1q,

|G| ď

ˆ

s

3

˙

` s

ˆ

n ´ s

2

˙

`

ˆ

s

2

˙

pn ´ sq ´
1

6
pn ´ sqpn ´ s ´ 3q ă |Fpn, sq|,

which contradicts our assumption for G. Thus, Fpn, sq is the unique extremal hypergraph.

We note that both exrpn, tKr
ℓ`1,M

r
s`1uq and ex3pn, tF,M3

s`1uq can be viewed as extensions of the
problems for Kr

ℓ`1 (see [17]) and F (see [2]), respectively. In each case, one can regard the extremal
construction as obtained by contracting one part (whose size depends on n) of Kr

ℓ`1 or F into s
vertices, so that every hyperedge in the extremal hypergraph intersects this part, thereby ensuring
that the matching number does not exceed s.

However, this is not always the case. For instance, consider the hypergraph Hr
ℓ`1 with ℓ ě r ě 3.

By the work of Pikhurko [18], we know that for sufficiently large n, the extremal configuration
of exrpn,Hr

ℓ`1q coincides with that of exrpn,Kr
ℓ`1q. Now we further consider the case where the

matching number is at most s. When ℓ ´ 1 ď s ď
`

ℓ
2

˘

´ 1, we construct a hypergraph H consisting
of all edges defined in Definition 1.4 together with one additional r-edge that contains exactly r ´ 1
vertices from V0. It is easy to verify that this hypergraph is still Hr

ℓ`1-free, and since every edge
intersects V0, its matching number remains s. However, the number of edges in this hypergraph
equals s ¨ tr´1pn ´ s, ℓ ´ 1q ` 1, which shows that the extremal hypergraph is not Gpn, ℓ, s, rq.

Therefore, we propose the following conjecture.

Conjecture 4.1. Let ℓ ě r ě 3 and s ě
`

ℓ
2

˘

be integers. For sufficiently large n, we have

exrpn, tHr
ℓ`1,M

r
s`1uq “ s ¨ tr´1pn ´ s, ℓ ´ 1q.

In particular, Gpn, ℓ, s, rq is the unique extremal hypergraph.
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