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Abstract

We express the vacuum Einstein constraints in terms of differential forms—the
forms include one-forms constituting an orthonormal coframe of the spatial metric. We
show that if the metric is real-analytic, then the constraints can be always expressed
locally as a system of first order PDE’s—this system is obtained by a special choice
of the coframe, which reduces to zero all second order terms in the scalar constraint.

1 Introduction

In the initial data formulation of general relativity, the admissible initial data is forced to
satisfy so called Einstein constraints (see e.g. [1,2]), being four non-linear PDE’s imposed
on the data.

In the present paper we will prove that some simplified constraints [3] on the phase
space of the Teleparallel Equivalent of General Relativity (TEGR) are equivalent to the
Einstein constraints in vacuum with zero cosmological constant. Thereby we will obtain
a non-standard form of the Einstein constraints, which to the best of our knowledge has
not been (extensively) studied so far.

The initial data in general relativity is usually encoded in (i ) the spatial (Riemannian)
metric induced on a Cauchy surface by the spacetime metric and (ii ) the extrinsic cur-
vature of the surface. In that non-standard form of the Einstein constraints, the spatial
metric is replaced by its orthonormal coframe (θI), I ∈ {1, 2, 3}, and the extrinsic curva-
ture by a collection of two-forms (rJ), J ∈ {1, 2, 3}, each being a momentum conjugate
to a one-form constituting the coframe. In [3] these constraints were expressed (i ) in a
component-less form, where the forms are combined by means of the exterior and interior
products, the exterior derivative and the Hodge “star” given by the spatial metric and (ii )
in a component form, where additionally the two-forms (dθI) and (rJ) were decomposed
pointwisely into irreducible representations of the Lie group SO(3).

Based on the latter version of the constraints, a conjecture was formulated in [3] that,
given spatial metric, all second order terms in the constraints can be annihilated by a
special choice of the orthonormal coframe. Applying a theorem by Bryant [4] we will show
that locally the conjecture holds true for every real-analytic metric. This will allow us to
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rewrite the Einstein constraints as a system of first order PDE’s imposed on the fields (θI)
and (rJ).

The non-standard forms of the vacuum Einstein constraints considered in the present
paper may prove fruitful for study of the initial value formulation of general relativity.
In particular, they can be used to derive exact solutions to the constraints as will be
illustrated with examples in the forthcoming paper [5].

The present paper is organised as follows. Section 2 contains preliminaries and a short
summary of the relevant results obtained in [3]. In Section 3 we will prove equivalence of
the TEGR constraints and the vacuum Einstein ones. In Section 4 we will study the issue
of the reduction of the Einstein constraints to a system of first order PDE’s by means of
a special choice of the coframe (θI). In Section 5 we will briefly describe other special
orthonormal coframes found in the literature. The paper will conclude with Section 6
containing a brief summary of the results.

2 Preliminaries

2.1 Phase space of TEGR

Let E be a three-dimensional real vector space equipped with a positive definite scalar
product δ. We fix an orthonormal basis (e1, e2, e3) ≡ (eI), I ∈ {1, 2, 3}, of E and de-
note by (δIJ) the components of δ in the basis. In the dual space E∗ we choose a basis
(w1, w2, w3) ≡ (wI) dual to (eI). The scalar product δ induces on E∗ the dual scalar
product of components (δIJ) in the basis (wI). By means of the components (δIJ) and
(δIJ) we will lower and raise indices I, J,K,L, . . ..

Let us also fix a three-dimensional oriented manifold Σ—the manifold will play the role
of the standard leaf of a foliation being an element of 3 + 1 decomposition of a spacetime.
Consider now the following differential forms on Σ : (i ) ξ and θ, being, respectively, a
zero-form (a function) and a one-form valued in E and (ii ) r and ζ, being, respectively,
a two-form and a three-form valued in E∗. The forms can be expressed in the bases (eI)
and (wJ):

ξ = ξI ⊗ eI , θ = θJ ⊗ eJ , r = rK ⊗ wK , ζ = ζL ⊗ wL.

The fields above constitute the phase space of the canonical formulation of TEGR
introduced in [6, 7]: a collection (ξI , θJ , rK , ζL) of real-valued differential forms on Σ be-
longs to the phase space, provided the ordered set (θJ) of one-forms is a global coframe
on the manifold. The two-form rK is the momentum conjugate to the one-form θK , and
the three-form ζL is the momentum conjugate to the function ξL.

2.2 The TEGR constraints

There are altogether ten constraints on the phase space of TEGR and all of them are of
first class [8]. Six primary constraints generate gauge transformations on the phase space
being an action of the Lorentz group [3, 9]. There are four secondary constraints: three
vector constraints and a scalar one.

The primary result of [3] is that all the functions (ξI) can be always gauge-transformed
to zero on the whole manifold Σ. In this gauge (i ) the constraints become much simpler
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and (ii ) the coframe (θI) becomes orthonormal with respect to the Riemannian metric q
induced on Σ by the spacetime metric:

q = δIJ θ
I ⊗ θJ . (2.1)

In the gauge ξI = 0 the TEGR constraints read:

εI⌟ ζI + θJ ∧ ∗dθJ = 0, (2.2)

εI⌟ rI = 0, (2.3)

drJ + dθI ∧ εJ⌟ rI = 0, (2.4)

[∗(rI ∧ θJ)][∗(rJ ∧ θI)] − 1

2
[∗(rI ∧ θI)]2+

+2∗d(θJ ∧ ∗dθJ) + [∗(dθI ∧ θJ)][∗(dθJ ∧ θI)] − 1

2
[∗(dθI ∧ θI)]2 = 0. (2.5)

In the formulas above (εI) is the frame dual to (θJ), and ∗ denotes the Hodge dualization
(“star”) defined by the metric (2.1) and the orientation of Σ. The constraints (2.2) and
(2.3) were called in [9] boost and rotation constraint respectively—they constitute the set
of primary constraints of TEGR. The constraint (2.4) is the vector constraint, while (2.5)
is the scalar constraint.

The fact that in the gauge ξI = 0 the coframe (θJ) is orthonormal w.r.t. the metric
q, motivated the author of [3] (i ) to describe tensor fields occuring in the constraints by
means of their components in (θI) and (ii ) to decompose pointwisely the fields (rI) and
(dθI) into irreducible representations of the SO(3) group preserving the scalar product δ
on E. In the resulting expressions, except the components of the momenta (rI) and (ζJ),
there appear components of the derivatives (dθI) and those of the volume form ϵ on Σ
defined by the metric q and the orientation of the manifold:

rI = rIJK θJ ⊗ θK , dθI = βI
JK θJ ⊗ θK , (2.6)

ζI = ζIJKL θJ ⊗ θK ⊗ θL, ϵ = ϵJKL θJ ⊗ θK ⊗ θL.

The decomposition of (rI) and (dθJ) reads:

rIJK =
1

2
rILϵLJK , rIL := rIJKϵJKL = r[IL] +

◦
rIL +

1

3
rKKδIL, (2.7)

βI
JK =

1

2
βILϵLJK , βIL := βI

JKϵJKL = β[IL] +
◦
βIL +

1

3
βK

KδIL, (2.8)

β[IL] = ϵILJβJ , βI :=
1

2
ϵIJKβJK , (2.9)

where (
◦
rIL) and (

◦
βI

L) are fields on Σ, which are valued in traceless symmetric 3 × 3
matrices. The fields (β[IJ ]) and (βI) will be called antisymmetric part of the derivatives

(dθI), (
◦
βIJ) traceless symmetric part and finally βK

K will be called trace of (dθI). Similar
terminology will be used w.r.t. (r[IJ ]), (

◦
rIJ) and rKK . Let us also note that

2 ∗ rI = rIJ θ
J , 2 ∗ dθI = βI

J θ
J . (2.10)

In the gauge ξI = 0 the boost and rotation constraints, when expressed in terms of
the decomposition above, take the following form:

ζIJKL +
1

4
βIϵJKL = 0, r[IJ ] = 0. (2.11)
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Clearly, this simple formulas can be treated as general solutions to the primary constraints:
the momentum ζI is fully determined as a function of the coframe (θI), and the antisym-
metric part of (rI) must vanish. In the same gauge the vector and the scalar constraints
read, respectively,

2

3
rKK

,J + 2
◦
rJM ,M + 3

◦
rJMβM +

◦
rIM

◦
βIN ϵJNM = 0, (2.12)

◦
rIJ

◦
rIJ − 1

6
(rKK)2 + 8βI

,I + 6βIβI +
◦
βIJ

◦
βIJ − 1

6
(βK

K)2 = 0. (2.13)

In both expressions above we used the following notation:

f,I ≡ εIf, f ,I ≡ δIJf,J = εIf.

where f is a function on Σ, and (εI) is the frame dual to (θI).
Note now that to solve all the TEGR constraints in the gauge ξI = 0 it is sufficient

to solve the rotation constraint being an algebraic condition and the vector and scalar
constraints being PDE’s imposed on the coframe (θJ) and the momenta (rK). Once we
have a solution to the three constraints we can easily solve the boost constraints for the
momenta (ζL). Therefore the boost constraint will be neglected in our considerations
below.

3 The TEGR constraints versus the vacuum Einstein con-
straints

Since in the case of zero cosmological constant TEGR is dynamically equivalent to vacuum
general relativity, one can expect that the TEGR constraints are equivalent to the vacuum
Einstein constraints. Below we will show by direct calculation that the rotation, vector and
scalar constraints of TEGR in the gauge ξI = 0 are equivalent to the Einstein constraints.

In the calculations below the following well-known formulas will be used repeatedly:

ϵIJKϵLMK = 2 δ[ILδ
J ]

M , ϵIJKϵLJK = 2 δIL, ∗(θI ∧ θJ ∧ θK) = ϵIJK . (3.1)

Moreover, we will also refer to equations

dθI + ΓIJ ∧ θJ = 0, ΓIJ = −ΓJI , (3.2)

which are satisfied by the Levi-Civita connections one-forms (ΓIJ) given by the metric
(2.1) and expressed in its orthonormal coframe (θI).

Suppose now that a coframe (θI) and momenta (rI) satisfy the three TEGR constraints.
Then the first equation in (3.2) allows us to rewrite the second term at the l.h.s. of the
vector constraint (2.4) as follows:

dθI∧εJ⌟ rI = −ΓI
K∧θK∧εJ⌟ rI = εJ⌟(ΓI

KLθ
L∧θK)∧rI = ΓI

K
JθK∧rI−ΓIJ

Lθ
L∧rI

(here we used the components (ΓI
KL) of (ΓI

K) in the coframe (θJ)). The first of the two
resulting terms vanishes. To show this let us act on it by the Hodge “star” and express
rI in terms of the components (rIJ) (see the first equations in (2.6) and (2.7)),

rI =
1

4
rI

LϵLMN θM ∧ θN . (3.3)
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This gives us what follows:

∗ (ΓI
K

JθK ∧ rI) = ∗(ΓI
K

JθK ∧ 1

4
rI

LϵLMN θM ∧ θN ) =
1

4
ΓI

K
JrI

LϵLMN ϵKMN =

=
1

2
ΓI

K
JrI

K =
1

2
ΓIK

JrIK = 0

—the last equality holds by virtue of the second equation in (3.2) and the lack of the
antisymmetric part in (rIK) implied by the rotation constraint. Thus

dθI ∧ εJ⌟ rI = −ΓIJ
L θL ∧ rI

and the vector constraint takes thereby the following simple form:

drJ − ΓI
J ∧ rI = 0.

Applying again Equation (3.3) and the first equation in (3.2) we transform the con-
straint further:

0 = d(rJLϵ
L
MN θM ∧ θN ) − ΓI

JKrILϵ
L
MN θK ∧ θM ∧ θN =

= rJL,KϵLMN θK∧θM∧θN−2rJLϵ
L
MN ΓM

IK θK∧θI∧θN−ΓI
JKrILϵ

L
MN θK∧θM∧θN .

Let us now apply the Hodge “star” to both sides of the equation above:

0 = rJL,KϵLMN ϵKMN − 2rJLϵ
L
MN ΓM

IKϵKIN − ΓI
JKrILϵ

L
MN ϵKMN =

= 2(rJL
,L − ΓM

M
LrJL − ΓLK

KrJL − ΓI
J
LrIL) = 2rJL

;L (3.4)

—here in the last step we used the second equation in (3.2) to zero the contraction ΓM
M

L.
The semicolon in the result above denotes obviously the Levi-Civita covariant derivative
given by the metric q.

It is shown in Appendix A that if ξI = 0, then the momenta (rI) obtained by a suitable
Legendre transformation (and a subsequent canonical transformation), are related to the
extrinsic curvature1 K = KIJ θ

I ⊗ θJ of Σ as follows2:

rIJ = 2(KIJ −KL
LδIJ), KIJ =

1

2
rIJ − 1

4
rKKδIJ , (3.5)

rLL = −4KL
L,

◦
rIJ = 2

◦
KIJ , (3.6)

where
◦
KIJ := KIJ −KL

L δIJ/3 is the traceless part of K.
Now, to obtain the standard vector constraint (expressed in an orthonormal coframe),

(KIJ −KL
LδIJ);J = 0, (3.7)

it is enough to replace in (3.4) the variables (rIJ) by (KIJ) according to the first equation
in (3.5).

1Let us recall that the extrinsic curvature K is symmetric: KIJ = KJI .
2In Equations (3.5) the components (rIJ) are symmetric: rIJ = rJI , which means that the two-forms

(rI) satisfy the rotation constraints r[IJ] = 0. This is because this constraint is a primary one and canonical
variables belonging to the image of the Legendre transformation have to satisfy all the primary constraints.
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Regarding the scalar constraint, if (θI) is an orthonormal coframe of a Riemannian
metric q, then the Ricci scalar ρ of q can be written as a function of the irreducible parts
of (dθI):

ρ = −1

4

(
8βK

,K + 6βKβK +
◦
βIK

◦
βIK − 1

6
(βK

K)2
)

(3.8)

(for a derivation of this formula see Appendix B). Applying this equation as well as the
formulas (3.6) to the scalar constraint (2.13) one easily obtains the following equation

ρ−KIJK
IJ + (KL

L)2 = 0 (3.9)

being the standard vacuum scalar constraint.
The conclusion is that the rotation, vector and scalar constraints of TEGR in the gauge

ξI = 0 imply the vacuum Einstein constraints.
On the other hand, let us assume that a metric q and an extrinsic curvature K on Σ

satisfy the vacuum Einstein constraints. Let us choose an orthonormal coframe (θI) of the
metric q and define the corresponding momenta (rI) by combining Equation (3.3) and the
first formula in (3.5). Note that the latter formula guarantees that r[IJ ] = 0, which means
that the resulting (rK) satisfy the rotation constraint. Then starting from the constraints
(3.7) and (3.9) one can arrive at the vector and scalar constraints of TEGR by performing
in reverse order the calculations presented above.

Thus the rotation, vector and scalar constraints of TEGR in the gauge ξI = 0 are
equivalent to the vacuum Einstein constraints. Therefore the former constraints can be
treated as an equivalent form of the latter ones.

4 The Einstein constraints as a system of first order PDE’s

The paper [3] considered a possibility of further simplifying the TEGR constraints. It
was noted there that in the constraints in the gauge ξI = 0, there is only one term,
which contains second derivatives, namely the term βI

,I in the scalar constraint (2.13).
Consequently, if the derivatives (dθI) of a coframe lack their antisymmetric part, βI = 0,
then the scalar constraint reduces to a first order PDE. A conjecture was formulated
that every Riemannian metric q on Σ admits an orthonormal coframe (θJ) such that the
antisymmetric part of (dθI) vanishes. However, in that paper the conjecture was left
without any proof.

Below we will show that the conjecture is locally true for real-analytic metrics. Then
we will express the constraints as a system of first order PDE’s.

4.1 Antisymmetric part of (dθI)

The antisymmetric part of (dθI) is related to various quantities, as shown in the following
formulas, where either βI or β[IJ ] appears:

βJ
IJ = βI , θI ∧ ∗dθI =

1

2
β[IJ ]θI ∧ θJ , (4.1)

θJ([εI , εJ ]) = −βI , LεIE = −βI E , (4.2)

LεI ϵ = βI ϵ, divq εI = βI , (4.3)

∗d(θI ∧ θJ) = β[IJ ], ∗ d ∗ θI = βI , (4.4)

ΓJ
IJ = βI . (4.5)
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Let us now explain the meaning of some symbols used in these equations. LεI denotes the
Lie derivative w.r.t. the vector field εI being an element of the frame dual to (θJ) (i.e.
θJ(εI) = δJ I). If X is a vector field, then divq X is its divergence given by the Levi-Civita
covariant derivative derived from the metric (2.1)—in a local coordinate system (xi) on
Σ divq X = Xi

;i. The symbol E denotes a totally antisymmetric tensor field of type
(
3
0

)
defined as the exterior product3 of the vector fields (εI):

E := ε1 ∧ ε2 ∧ ε3.

Finally, (ΓIJK) are components of the connection one-forms (ΓIJ) (see (3.2)) in the coframe
(θK).

The left equation in (4.1) is a simple consequence of the definition of (βI) (the second
equation in (2.9)) and the definition of (βIJ) (the second equation in (2.8)). Note that this
equation allows to express (βI) in a very simple way without any reference to the metric
q given by (θJ).

The right equation in (4.1) was proven in [3].
It follows from (2.6) that

βI
JK = (dθI)(εJ , εK). (4.6)

On the other hand it is well-known that for any one-form ω and any vector fields X and
Y

(dω)(X,Y ) = X(ω(Y )) − Y (ω(X)) − ω([X,Y ]).

These two formulas applied in turn to the left equation in (4.1) gives us the left equation
in (4.2).

To justify the right equation in (4.2) let us calculate the Lie derivative4 of the field E
w.r.t. εI :

LεIE = [εI , ε1] ∧ ε2 ∧ ε3 + ε1 ∧ [εI , ε2] ∧ ε3 + ε1 ∧ ε2 ∧ [εI , ε3].

Since
[εI , εL] = θK([εI , εL])εK ,

the Lie derivative can be expressed as follows:

LεIE = θ1([εI , ε1])ε1 ∧ ε2 ∧ ε3 + ε1 ∧ θ2([εI , ε2])ε2 ∧ ε3 + ε1 ∧ ε2 ∧ θ3([εI , ε3])ε3 =

= θJ([εI , εJ ]) E = −βI E ,

where in the last step we used the left equation in (4.2).
Similarly,

LεI (θ1 ∧ θ2 ∧ θ3) = (LεIθ
1) ∧ θ2 ∧ θ3 + θ1 ∧ (LεIθ

2) ∧ θ3 + θ1 ∧ θ2 ∧ (LεIθ
3). (4.7)

The Lie derivative of each one-form θJ reads

LεIθ
J = εI⌟ dθ

J + d(εI⌟ θ
J) = εI⌟ dθ

J ,

3Suppose that τ and τ̄ are totally antisymmetric tensor fields of type, respectively
(
k
0

)
and

(
k̄
0

)
. Then

τ ∧ τ ′ :=
(k + k̄)!

k!k̄!
A(τ ⊗ τ̄),

where A(τ ⊗ τ̄) denotes the antisymmetrization of the tensor field τ ⊗ τ̄ w.r.t. all its arguments/indices.
4For any totally antisymmetric tensor fields τ and τ̄ of type, respectively,

(
k
0

)
and

(
k̄
0

)
and any vector

field X the standard Leibniz rule is satisfied: LX(τ ∧ τ̄) = (LXτ) ∧ τ̄ + τ ∧ LX τ̄ .
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since εI⌟ θJ = δJ I is constant. On the other hand, every one-form ω is equal to ω(εK) θK .
Therefore

LεIθ
J = (εI⌟ dθ

J)(εK) θK = dθJ(εI , εK) θK = βJ
IK θK ,

where in the last step we used (4.6). Inserting this result to (4.7) we obtain

LεI (θ1 ∧ θ2 ∧ θ3) = βL
IL θ1 ∧ θ2 ∧ θ3 = βI θ

1 ∧ θ2 ∧ θ3.

Clearly, the three-form θ1 ∧ θ2 ∧ θ3 is equal modulo the factor ±1 to the volume form ϵ of
the metric q, so the left equation in (4.3) follows.

It is well-known that for every vector field X

LXϵ = (divq X)ϵ.

Comparing this equation with the left one in (4.3) we obtain the right equation in (4.3).
Using (2.6) and (2.8) we calculate:

∗(dθI ∧ θJ) = ∗
(1

2
βI

MN θM ∧ θN ∧ θJ
)

=
1

2
βI

MN ϵMNJ =
1

2
βIJ . (4.8)

Consequently,

∗
(
d(θI ∧ θJ)

)
= ∗(dθI ∧ θJ − θI ∧ dθJ) = ∗(dθI ∧ θJ − dθJ ∧ θI) =

1

2
(βIJ − βJI) = β[IJ ].

Thus we obtain the left equation in (4.4).
Contracting both sides of the equation above with ϵLIJ/2 and taking into account that

1

2
ϵLIJ θ

I ∧ θJ = ∗θL

we obtain the right equation in (4.4).
Finally, Equation (4.5) is a direct consequence of Equation (B.5).
Based on the equations (4.1)–(4.5) one sees that the derivatives (dθJ) lack their anti-

symmetric part if and only if any of the following conditions holds:

βJ
IJ = 0, θI ∧ ∗dθI = 0,

θJ([εI , εJ ]) = 0, LεIE = 0, (4.9)

LεI ϵ = 0, divq εI = 0, (4.10)

d(θI ∧ θJ) = 0, ∗ d ∗ θI = 0, (4.11)

ΓJ
IJ = 0. (4.12)

4.2 Metrics admitting coclosed orthonormal coframes

Let q be a Riemannian metric on Σ. We will say that its orthonormal coframe (θJ) is
coclosed, if

∗ d ∗ θJ = 0.

By virtue of the right equation in (4.11) we can state that the antisymmetric part of the
derivatives (dθJ) vanishes, βI = 0, if and only if the coframe (θJ) is coclosed.

The following theorem was proven by Bryant in [4] (see Remark 3 therein):

Theorem 4.1. Let q be a real-analytic Riemannian metric defined on a three-dimensional
manifold. Then there exists locally an orthonormal coframe of the metric that is coclosed.
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4.3 The system of first order PDE’s

Suppose that a real-analytic metric q and an extrinsic curvature K on Σ satisfy the vacuum
Einstein constraints. Let (θJ) be a local coclosed coframe on Σ, which is orthonormal w.r.t.
q—its existence is guaranteed by Theorem 4.1. Then (θJ) and the corresponding momenta
(rI) satisfy the following equations:

βI = 0,
2

3
rKK

,J + 2
◦
rJM ,M +

◦
rIM

◦
βIN ϵJNM = 0, (4.13)

r[IJ ] = 0,
◦
rIJ

◦
rIJ − 1

6
(rKK)2 +

◦
βIJ

◦
βIJ − 1

6
(βK

K)2 = 0 (4.14)

—clearly, we obtained these equations by inserting βI = 0 into the vector (2.12) and scalar
(2.13) constraints and by rewriting the rotation constraint unchanged. Conversely, if the
fields (θI , rJ) satisfy the equations above, then the corresponding metric q (now q does
not have to be real-analytic) and curvature K satisfy the vacuum Einstein constraints.
Therefore the system of equations (4.13) and (4.14) can be treated as a first order form of
the Einstein constraints, at least in the case of real-analytic metrics.

There is a partial symmetry in the equations (4.13) and (4.14) regarding the two-forms
(dθI) and (rJ). Taking into account that the condition βI = 0 is equivalent to β[IJ ] = 0
we see that the equations except the vector constraint are invariant with respect to the
exchange (dθI) ↔ (rI).

Let us also note that the l.h.s. of the scalar constraint (4.14) can be seen as a sum
of two values of the same quadratic form of signature (5, 1, 0) defined on 3 × 3 symmetric
matrices. It follows from Equation (3.8) that now the value of this form on the matrix
(βIJ) = (β(IJ)) is (up to a factor) the Ricci scalar of the metric q:

ρ = −1

4

( ◦
βIJ

◦
βIJ − 1

6
(βK

K)2
)
. (4.15)

There is another algebraic interpretation of the r.h.s. of the equation above which
is worth mentioning. The components (ΓIJK) of the Levi-Civita connections one-forms
(ΓIJ) in the coframe (θK) are antisymmetric in their first two indices (see the second
Equation in (3.2)). Therefore the connection one-forms admit a pointwise decomposition
into irreducible representation of SO(3) analogous to that of (dθI):

ΓIJK =
1

2
ϵIJ

LγLK =
1

2
ϵIJ

L
(
γ[LK] +

◦
γLK +

1

3
γNNδLK

)
,

where
◦
γLK := γ(LK) − γNNδLK/3. It turns out that the irreducible parts of the con-

nection one-forms are proportional (with different factors) to the corresponding parts of
the derivatives (dθI)—see Equations (B.4) for details. This means in particular that the
condition β[IJ ] = 0 implies that the matrix (γIJ) is symmetric and diagonalizable thereby.
As noted in [4], the Ricci scalar ρ can be expressed by means of the second elementary
function of the symmetric matrix (γIJ). Indeed, if λ1, λ2 and λ3 are the eigenvalues of
(γIJ), then Equation (4.15) can be transformed by means of (B.4) to5

ρ =
1

2
(λ1λ2 + λ2λ3 + λ3λ1).

5In [4] instead of (γIJ) the matrix (γIJ/2) is used (and denoted by (Skl)). This gives slightly different
relation between the Ricci scalar and the second elementary function.
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4.4 Dual frames

Let (θI) be a (local) coframe on Σ. We know that the antisymmetric part of (dθI) is zero,
βI = 0, if and only if the dual frame (εJ) satisfies the second equation in (4.9). It turns
out that it is not difficult to derive a general local form of such a frame.

To this end let us express the tensor field E in a (local) coordinate system (xi):

E = E(xj) ∂x1 ∧ ∂x2 ∧ ∂x3 ,

where E is a function. If X = Xi∂xi , then

LXE = (E,iX
i − EXi

,i) ∂x1 ∧ ∂x2 ∧ ∂x3 .

The condition LXE = 0 is thus equivalent to the following equation:

(ln |E|),iXi = Xi
,i. (4.16)

Since the vector field ε3 is non-zero everywhere, it is always possible to construct a
local coordinate system (x, y, z) such that

ε1 = a∂x + b∂y + f∂z, ε2 = c∂x + e∂y + h∂z, ε3 = ∂z. (4.17)

Then
E = ε1 ∧ ε2 ∧ ε3 = E ∂x ∧ ∂y ∧ ∂z

with
E = ae− bc.

Now, applying Equation (4.16) we see that the three conditions LεIE = 0 are equivalent
to the following equations:

a(ln |E|),x + b(ln |E|),y + f(ln |E|),z = a,x + b,y + f,z, (4.18)

c(ln |E|),x + e(ln |E|),y + h(ln |E|),z = c,x + e,y + h,z, (4.19)

(ln |E|),z = 0.

Note that the last equation means that (i ) E is a function of x and y only:

ae− bc = E(x, y) ̸= 0, (4.20)

and (ii ) the terms with f and h at the l.h.s. of Equations (4.18) and (4.19) disappear.
Since E does not depend on either f or h, these two equations can be solved for f and h
as follows:

f =

∫ (
a(ln |E|),x + b(ln |E|),y − a,x − b,y

)
dz + f̃(x, y) = (4.21)

= (ln |E|),x
∫

a dz + (ln |E|),y
∫

b dz −
∫

(a,x + b,y)dz + f̃(x, y),

h =

∫ (
c(ln |E|),x + e(ln |E|),y − c,x − e,y

)
dz + h̃(x, y) = (4.22)

= (ln |E|),x
∫

c dz + (ln |E|),y
∫

e dz −
∫

(c,x + e,y)dz + h̃(x, y).
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We thus conclude that every frame (εI) satisfying LεIE = 0 can be always expressed
locally in the form (4.17), where the functions a, b, c and e are restricted by the condition
(4.20), while the functions f and h are given by the integrals (4.21) and (4.22) respectively.

An other conclusion is that given a non-zero vector field ε3, there are many vector
fields ε1 and ε2, which altogether satisfy LεIE = 0—the set of all such vector fields ε1 and
ε2 is labelled by six functions a, b, c, e, f̃ and h̃ such that

ae− cd ̸= 0, ε3(ae− cd) = ε3f̃ = ε3h̃ = 0.

Let us note finally that if the frame (εI) derived above is orthonormal with respect to
a Riemannian metric q, then by virtue of the second equation in (4.10), each vector field
εI is divergence-free.

5 Other gauges

The Einstein constraints in the form (2.11)-(2.13) are imposed not on a Riemannian metric
on Σ, but rather on its orthonormal coframe. This gives a possibility to describe the same
initial data in terms of different orthonormal coframes, which means that there is a local
SO(3) gauge freedom here. In the previous section we used this freedom to zero the second
order terms in the scalar constraint. Below we will describe briefly two other gauges found
in the literature.

5.1 Darboux gauge

It was proven by Darboux [10] (see also [11]) that for every Riemannian metric q on Σ it
is possible to find around every point of the manifold, a local coordinate system (x, y, z),
such that the metric is diagonal in the coordinates:

q = A2dx2 + B2dy2 + C2dz2 (5.1)

for some everywhere non-zero functions A, B and C. This implies the existence of a local
orthonormal coframe of q of the following simple form:

θ1 = Adx, θ2 = B dy, θ3 = C dz. (5.2)

It follows from these equations that

dθI ∧ θI = 0 (5.3)

for every I. This result together with Equation (4.8) allows us to conclude that for the
coframe (5.2) all the diagonal components of (βIJ) vanish:

βII = 0 (5.4)

—let us emphasize that there is no summation over I in the equation above.
On the other hand, let us suppose that (5.4) holds for I = 1. This by virtue of Equation

(4.8) gives us (5.3) with I = 1. Let us consider two cases: dθ1 = 0 and dθ1 ̸= 0. In the
first case, by virtue of the Poincare lemma we have locally θ1 = dx for a function x. In
the second case we note that dθ1 ∧ dθ1 = 0 since Σ is 3-dimensional. This means that dθ1

is of rank6 1. Then dθ1 = Adx for some functions A and x—this form of dθ1 is implied
by the following theorem [12]:

6Let ω be a two-form. We say that ω is of rank r, if (i ) the exterior product of r factors ω is non-zero
and (ii ) the exterior product of r + 1 factors ω is zero.
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Theorem 5.1. Suppose α is a one-form on an m-dimensional manifold such that its
derivative dα is of rank r and the product of α and r factors dα is zero: α∧dα∧. . .∧dα = 0.
Then there exists a local coordinate system (y1, y2, . . . , yr, x1, . . . , xm−r) such that

α = y1 dx1 + . . . + yr dxr.

We thus see that if β11 = 0, then in general dθ1 = Adx.
Consequently, if (5.4) holds for every I, then (5.2) holds on a common domain of all

the functions A, B, C and x, y, z. Since (θI) is a coframe, then dx ∧ dy ∧ dz ̸= 0, which
means that the functions (x, y, z) form a local coordinate system.

We conclude that the condition (5.4) is equivalent to (5.2) and that it implies the
diagonal form (5.1) of the metric q.

In [3] a general local form of a coframe was found that satisfies both gauges βI = 0 and
(5.4). Each coframe of this sort is described by three functions F , G and H of coordinates
(x, y, z) such that each function depends merely on two of the three coordinates:

θ1 = ± G(y, z)

F (x, y)H(x, z)
dx, θ2 = ± H(x, z)

G(y, z)F (x, y)
dy, θ3 = ± F (x, y)

H(x, z)G(y, z)
dz.

5.2 Nester gauge

Both gauges considered so far, βI = 0 and βII = 0, impose first order PDE’s on a coframe.
Nester in [13–15] considered a gauge defined by some second order PDE’s imposed on a
coframe (θI):

dQ̃ = 0, ∗ d ∗ Q̂ = 0, (5.5)

where

Q̃ := εI⌟ dθ
I , Q̂ := θI ∧ dθI .

Using (2.6) and the first equation in (4.1) one obtains

Q̃ = −βI θ
I , Q̂ =

1

2
βIJK θI ∧ θJ ∧ θK .

Let us now insert these two formulas to (5.5). Applying Equations (2.8)–(2.10), (3.1) and

∗(θI ∧ θJ) = ϵIJKθK

we rewrite the conditions (5.5) in terms of the irreducible parts of (dθI):

ϵIJKβK,J +
1

2

◦
βIJβJ +

1

6
βK

KβI = 0, βK
K,I = 0.

The above form of the conditions show that the Nester gauge is essentially different
from both first order gauges considered above. It seems also that in general the Nester
gauge does not annihilate the second order term βI

,I in the scalar constraint (2.13).
It was proven in [16] that, given a Riemannian metric on Σ, the existence and unique-

ness of its orthonormal coframe satisfying the Nester conditions (5.5) is equivalent to the
existence and uniqueness of solutions to a Dirac equation.
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6 Summary and outlook

In this paper we showed that the TEGR constraints in the gauge ξI = 0 considered in [3]
are equivalent to the Einstein constraints in vacuum with zero cosmological constant. The
transition from the former constraints to the latter ones was achieved by replacing the
one-forms (the coframe) (θI) and the conjugate momenta (rJ) by the Riemannian metric
q and the extrinsic curvature K according to the following formulas:

q = δIJ θ
I ⊗ θJ = θI ⊗ θI , K = θI ⊗ ∗rI −

1

2
∗ (rK ∧ θK) θI ⊗ θI .

The last formula is equivalent to the previously used equations (3.5) and it shows explicitly
that K is actually a fairly non-trivial function of both variables (θI) and (rJ).

The TEGR constraints can be thus regarded as a “teleparallel” form of the Einstein
constraints. It seems that this form have not yet been subjected to deeper analysis.

The scalar constraint in both standard and “teleparallel” form is a PDE of second
order. The order of the “teleparallel” scalar constraint can be reduced by 1 at the cost
of imposing first order equations βI = 0 on the coframe [3]. We invoked here the Bryant
theorem 4.1 to prove that these equations can be always solved locally, if the spatial metric
q is real-analytic. This led us to the conclusion that the standard Einstein constraints
imposed on a real-analytic metric are locally equivalent to the system (4.13)–(4.14) of
first order PDE’s. This system certainly deserves further study. In particular, it would be
interesting to check whether the equivalence holds also for smooth metrics (or even for ones
of regularity lower than smooth). Another intriguing property of the system (4.13)–(4.14)
worth of closer look, is its partial symmetry w.r.t. to the exchange (dθI) ↔ (rI).

We also found a general form of a frame such that its dual coframe satisfy the equations
βI = 0.

In the forthcoming paper [5] we will apply the “teleparallel” form of the Einstein
constraints and the system (4.13)–(4.14) to derive some exact solutions to the constraints.

Acknowledgments We are very grateful to Piotr Chruściel, Pawe l Nurowski and Adam
Szereszewski for valuable discussions, hints and help.

A The momenta (rI) versus the extrinsic curvature

In this section we will derive a relation between the momenta (rI) and the extrinsic
curvature of the manifold Σ regarded as a spatial slice of a spacetime. The relation will
be obtained based on the gauge ξI = 0.

In [9] a Hamiltonian formulation of TEGR was derived, where a point in the TEGR
phase space was described as a collection of four one-forms (θA) and four two-forms (pB),
A,B ∈ {0, 1, 2, 3}, defined on Σ. Then in [7] the variables (θA, pB) were transformed into
the variables (ξI , θJ , rK , ζL) used in the present paper. Below to achieve our goal we will
refer to both the Hamiltonian formulation of TEGR presented in [9] and to the canonical
transformation introduced in [7].

The departure point of [9] is a Lagrangian formulation of TEGR, where the configura-
tion variables are four one-forms (θA) constituting a global coframe on a (four dimensional)
manifold M ∼= R× Σ. The forms are assumed to define a spacetime (Lorentzian) metric

g = ηAB θA ⊗ θB, (ηAB) = diag(−1, 1, 1, 1), (A.1)
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such that the metric q induced on {t}×Σ ⊂ M is spatial (Riemannian) for every moment
t ∈ R. In the formalism the matrix (ηAB) and its inverse (ηAB) are used to, respectively,
lower and raise up indices A,B,C,D ∈ {0, 1, 2, 3}.

Once 3 + 1 decomposition of the fields (θA) w.r.t. the product R× Σ is done, we are
left with t-dependent fields (N, N⃗, θA) on Σ, where N is the (standard) lapse function, N⃗
the (standard) shift vector field, while (θA) are one-forms on Σ. Then a suitable Legendre
transformation gives the following momentum conjugate to the form θA:

pA = N−1
(
θB ∧ ∗[θ̇

B ∧ θA −N(dξB ∧ θA − dθB ∧ ξA) − LN⃗θB ∧ θA]−

− 1

2
θA ∧ ∗[θ̇

B ∧ θB −N(dξB ∧ θB − dθB ∧ ξB) − LN⃗θB ∧ θB]
)
, (A.2)

being a two-form on Σ. In the formula above, θ̇A denotes the time derivative of θA (i.e.
the derivative of θA w.r.t. t), LN⃗ does the Lie derivative on Σ w.r.t. N⃗ , and ξA is a
function on Σ defined as

ξA := − 1

3!
εABCD ∗ (θB ∧ θC ∧ θD), (A.3)

where (i ) εABCD is a totally antisymmetric symbol such that ε0123 = 1, and (ii ) ∗ denotes
the Hodge “star” given by the spatial metric q.

In [7] new canonical variables (ξI , θJ , rK , ζL) were introduced—they are related to the
original variables (θA, pB) as follows:

θ0 = sgn(θJ)
ξI√

1 + ξKξK
θI , θI = θI , (A.4)

p0 = sgn(θJ)
√

1 + ξKξK θ⃗I⌟ ζI , pI = rI − ξI θ⃗
J⌟ ζJ , (A.5)

where

sgn(θI) :=

{
1 if (θI) is compatible with the orientation of Σ

−1 otherwise
.

The spatial metric q, when expressed in terms of the new variables, takes the following
form:

q = qIJ θ
I ⊗ θJ =

(
δIJ − ξIξJ

1 + ξKξK

)
θI ⊗ θJ . (A.6)

Suppose now that the original variables N , N⃗ , (θI) and (θ̇J) give raise to canonical
variables (ξI = 0, θJ , rK , ζL). Then by virtue of (A.4), (A.5) and (A.3)

rI = pI , θ0 = 0, ξI = −1

2
εI0JK ∗ (θ0 ∧ θJ ∧ θK) = 0.

Inserting these three equations to (A.2) gives us

rI = θJ ∧ ∗
[ θ̇J − LN⃗θJ

N
∧ θI

]
− 1

2
θI ∧ ∗

[ θ̇J − LN⃗θJ

N
∧ θJ

]
. (A.7)

Denoting

θ̇
J − LN⃗θJ

N
≡ αJ = αJ

I θ
I
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we transform (A.7) further7:

rI = αJK

(
ϵKIL θJ ∧ θL − 1

2
ϵKJ

L θI ∧ θL
)
.

Applying the “star” ∗ to both sides of the equation above we obtain

∗ rI = αJK

(
ϵKILϵ

JL
N − 1

2
ϵKJ

LϵI
L
N

)
θN = αJK(−δKJδIN + δKNδJ I − δK [NδJ I])θ

N =

= (−αK
KδIN + α(IN))θ

N .

Comparing this result with first equation in (2.10) we conclude that if ξI = 0, then

rIN = 2(α(IN) − αK
KδIN ). (A.8)

Note that we got symmetric components: rIJ = rJI , which means that the corre-
sponding momenta (rI) satisfy the rotation constraint. This is not a surprise because the
momenta are obtained via the Legendre transformation and therefore they must satisfy
that constraint being a primary one.

On the other hand, the 3 + 1 decomposition of the spacetime metric (A.1) w.r.t. to
the product R× Σ gives us the same lapse function N , the same shift vector field N and
the Riemannian metric q as t-dependent fields on Σ. It is well known that the extrinsic
curvature K of Σ embedded in the spacetime M can be expressed as

K =
q̇ − LN⃗q

2N
, (A.9)

where again the dot over q denotes the derivative w.r.t. time t.
To calculate q̇ we use (A.6) and obtain

q̇ =
(ξ̇IξJ + ξI ξ̇J)(1 + ξKξK) − 2 ξIξJ

˙ξKξK
(1 + ξKξK)2

θI ⊗ θJ+

+
(
δIJ − ξIξJ

1 + ξKξK

)
(θ̇I ⊗ θJ + θI ⊗ θ̇J).

But if ξI = 0, then the above formula reduces to

q̇ = θ̇I ⊗ θI + θI ⊗ θ̇I .

Similarly, if ξI = 0, then

LN⃗q = (LN⃗θI) ⊗ θI + θI ⊗ LN⃗θI .

Inserting the last two results to (A.9) we obtain

K =
θ̇
I − LN⃗θI

2N
⊗ θI + θI ⊗

θ̇
I − LN⃗θI

2N
=

1

2
(αI ⊗ θI + θI ⊗ αI) = α(IN)θ

I ⊗ θN .

7We assumed that ξI = 0. Therefore now by virtue of (A.6) the coframe (θJ) is orthonormal w.r.t. the
metric q.
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Thus in the gauge ξI = 0 the components of K in the coframe (θI) read

KIN = α(IN).

Inserting this into (A.8) we obtain

rIJ = 2(KIJ −KL
LδIJ).

Consequently,

rLL = −4KL
L,

◦
rIJ = 2

◦
KIJ ,

rIJ = 2
◦
KIJ − 4

3
KL

LδIJ , KIJ =
1

2
rIJ − 1

4
rKKδIJ .

where
◦
KIJ := KIJ −KL

L δIJ/3 is the traceless part of K.

B Ricci tensor and Ricci scalar

Suppose that (θI) is a (local) orthonormal coframe of a Riemannian metric q on Σ. Below
we will express the components (ρIJ) of the Ricci tensor and the Ricci scalar ρ of the
metric as functions of the irreducible parts of the derivatives (dθI).

Denote by (ρIJKL) the components of the (covariant) Riemann tensor of q in the
coframe (θI). As it is well-known

1

2
ρIJKL θK ∧ θL = dΓIJ + ΓIM ∧ ΓM

J ,

where
ΓIJ = ΓIJK θK

are the Levi-Civita connection one-forms of q expressed in the coframe (θI). Inserting the
last equation into the previous one give us

ρIJKL = ΓIJL,K − ΓIJK,L + ΓIJMβM
KL + ΓIMKΓM

JL − ΓIMLΓM
JK .

Therefore the components of the Ricci tensor in the coframe (θI) read

ρJL = ρIJIL = ΓI
JL,I − ΓI

JI,L + ΓI
JMβM

IL + ΓI
MIΓM

JL − ΓI
MLΓM

JI . (B.1)

In order to express the components (ρJL) as functions of the irreducible parts of (dθI)
let us first describe the connection coefficients (ΓIJK) in terms of these parts. Inserting
the second equation in (2.6) into the first equation in (3.2) we obtain

1

2
βIJKθJ ∧ θK + ΓIJKθK ∧ θJ = 0,

which implies that
βIJK = ΓIJK − ΓIKJ . (B.2)

By virtue of the second equation in (3.2), we have the following decomposition:

ΓIJK =
1

2
ϵIJ

LγLK , γLK = γ[LK] +
◦
γLK +

1

3
γNNδLK = ϵL

IJΓIJK , (B.3)
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where (
◦
γLK) is a field on Σ valued in traceless symmetric 3×3 matrices. Contracting both

sides of (B.2) with ϵJKL and applying the first equation in (2.8) and the decomposition
(B.3) we obtain

βIL = 2ΓIJKϵJKL = ϵIJ
NγNKϵJKL = −γLI + γNNδIL = γ[IL] −

◦
γIL +

2

3
γNNδIL.

Comparing this result with the second equation in (2.8) we conclude that

γ[IL] = β[IL],
◦
γIL = −

◦
βIL, γNN =

1

2
βN

N . (B.4)

Consequently,

γIL = β[IL] −
◦
βIL +

1

6
βN

NδIL = ϵILNβN −
◦
βIL +

1

6
βN

NδIL

and

ΓIJK =
1

2

(
δIKβJ − δJKβI − ϵIJ

M
◦
βMK +

1

6
ϵIJKβN

N

)
. (B.5)

Inserting the decompositions (B.5) and (2.8) to (B.1) and taking into account that the
Ricci tensor is symmetric, ρJL = ρ(JL), one obtains (after tedious calculations)

ρJL = −1

2

(
β(J,L) + δJLβ

K
,K + ϵIK (J

◦
βL)I,K + δJLβ

KβK + ϵIK (J

◦
βL)IβK −

◦
βJK

◦
βK

L+

+
1

2
δJL

◦
βIK

◦
βIK − 1

6

◦
βJLβ

K
K − 1

36
δJL(βK

K)2
)
.

This formula implies the following form of the Ricci scalar:

ρ = ρJLδ
JL = −1

4

(
8βK

,K + 6βKβK +
◦
βIK

◦
βIK − 1

6
(βK

K)2
)
.
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arXiv:gr-qc/0405092.

[3] Oko lów A, 2024 Constraints of the Teleparallel Equivalent of General Relativity in a
gauge. J. Math. Phys. 65 102502. arXiv:2312.15991.

[4] Bryant R L, 2010 Nonembedding and nonextension results in special holonomy. In
The Many Facets of Geometry: A Tribute to Nigel Hitchin, chap. XVII, 346–367.
Oxford University Press, Oxford. arXiv:1205.7023.

[5] Oko lów A, Szymankiewicz J in preparation.

[6] Oko lów A, 2014 Variables suitable for constructing quantum states for the Teleparallel
Equivalent of General Relativity I. Gen. Rel. Grav. 46 1620. arXiv:1305.4526.

[7] Oko lów A, 2014 Variables suitable for constructing quantum states for the Teleparallel
Equivalent of General Relativity II. Gen. Rel. Grav. 46 1638. arXiv:1308.2104.

17



[8] Oko lów A, 2014 ADM-like Hamiltonian formulation of gravity in the teleparallel ge-
ometry: derivation of constraint algebra. Gen. Rel. Grav. 46 1636. arXiv:1309.4685.

[9] Oko lów A, 2013 ADM-like Hamiltonian formulation of gravity in the teleparallel ge-
ometry. Gen. Rel. Grav. 45 2569–2610. arXiv:1111.5498.
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