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ABSTRACT: This work, which accompanies [1], is about constructing smooth solutions in type II
and eleven dimensional supergravity which describe supersymmetry preserving RG flows from four-
dimensional SCFTs in the UV to three-dimensional SQFTs in the IR, through holography. We show
that all the different UV fixed points flow to theories which confine external quarks and have a mass
gap. We proceed by presenting extended calculations of a plethora of observables and analyse the dual
field theories in great detail. This includes a boundary analysis and application of holographic renor-
malization methods in the simplest case of the type IIB solution. Many of the observables computed
here have a universal behaviour: they factorize into two parts, one of which includes information about
the UV SCFTs, and the other describing the dynamics of the RG flow, which is the same regardless
of the UV fixed point.
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1 Introduction and organization of the paper

In the ongoing quest to deepen our understanding of the strongly coupled dynamics of QFTs, partic-
ularly those that exhibit features akin to real-world QCD,, the gauge/gravity duality has proven to
be one of the most powerful theoretical tools since its introduction by Maldacena in [2]. The duality
provides a means of studying non-perturbative aspects of gauge theories through a classical gravita-
tional description, enabling the investigation of phenomena such as confinement and phase structure,
chiral symmetry breaking, the computation of form factors, and the spectra of mesons, hadrons, and
glueballs, among many others. The gravitational systems that holographically capture these features
arise as extensions of the original duality between type II string theory on AdSs x S° and N' = 4 SYM
on RY3 [3-6].

Over the years, a substantial body of work has been devoted to extending and generalizing the
original duality, thereby broadening our understanding of strongly coupled gauge dynamics reminis-
cent of those encountered in QCD,. One class of such developments involves solutions with branes
wrapped on internal cycles [7—10], while another considers D-brane configurations at the tip of de-
formed Calabi—Yau singularities [3, 6, 11]. These constructions have been remarkably successful in
reproducing several desirable features, including the ability to describe a broad range of N' = 1,2
four-dimensional quiver gauge theories with bifundamental matter, as well as systems with reduced or
broken supersymmetry [6, 7, 12-15].

Nevertheless, the conventional approaches to constructing backgrounds dual to confining QFTs
often face challenges related to their UV behaviour. In the dual field theories of these models, the
number of degrees of freedom tends to grow without bound as one approaches the UV, corresponding to
an infinite sequence of Seiberg dualities [6]. This behaviour complicates the application of holographic
renormalization techniques developed in subsequent works [16-18], making it technically demanding
to extract precise information about operators and their correlation functions. Recently, this issue
has been addressed in [19], where the introduction of orientifold planes was shown to regulate the UV
dynamics, leading to the emergence of a fixed point that effectively terminates the duality cascade
with a finite number of degrees of freedom.

An alternative approach to constructing confining holographic backgrounds is provided by the so-
called AdS soliton, obtained via a double Wick rotation of gravity solutions such as the Schwarzschild-AdS
black hole. This setup has been extensively used to model systems dual to pure QCD; with additional
massive Kaluza—Klein excitations [20, 21]. The AdS soliton constitutes a smooth solution of the super-
gravity equations of motion, characterized by a cigar-like geometry in the infrared, ds? ~ dr? + r2d¢?
(¢ ~ ¢+ Ly), that caps off smoothly at a finite value of the radial coordinate r = r, for an appropriate



choice of Lg. A defining feature of such geometries is that the spacetime ending at r» = r, > 0 intro-
duces a mass gap in the dual field theory, which corresponds to N' = 4 SYM compactified on R"2 x S;.
Depending on the boundary conditions imposed on the fermions, globally well-defined spinors can be
periodic or antiperiodic along S!, with the latter case breaking supersymmetry.

To preserve a fraction of supersymmetry, one may employ a topological twist, achieved by mixing

a global symmetry with a spacetime symmetry. Concretely, this amounts to modifying the covariant
derivative so that the antiperiodic contribution of the spin connection is cancelled, allowing spinors
to remain periodic and form supersymmetric multiplets in three dimensions. In practice, this is
realized by introducing a Wilson line in the geometry—equivalently, a constant background gauge
field A = Ayd¢ with nonzero holonomy (see [22, 23] for a clear review of the mechanism). In a recent
advance, Anabalon and Ross [24] constructed a new AdS soliton solution derived from a charged black
hole background that is 1/2 BPS. This solution implements the twisted compactification described
above and has proven to be an excellent seed for generating higher-dimensional uplifts yielding gapped
and confining systems with AdSs factors in type II string theory and M-theory [25-32]. More recently,
another supersymmetric AdS soliton was presented in [33], generalizing the construction of [24] by
including a non-trivial scalar profile, an additional gauge field, and an extra free parameter. This
broader solution has been interpreted as describing Coulomb branch deformations of N =4 SYM, in
the sense of [34, 35].

The present work complements and extends the results of [1], where new infinite families of string-
theory backgrounds were constructed by uplifting the AdS soliton of [33] to type II supergravity and
M-theory. These geometries provide holographic duals to Coulomb branch deformations of various
SCFTys compactified on a circle, which flow in the IR to three-dimensional gapped QFTs preserv-
ing four real supercharges. The resulting solutions include a type IIB background (already discussed
in [33]), an infinite family of M-theory backgrounds, and a corresponding family of type ITA back-
grounds. Despite originating from distinct CFTs in the UV, these systems exhibit strikingly similar
non-perturbative dynamics in the IR, reflecting universal features of supersymmetric confinement and
dimensional reduction. The present paper provides a more detailed analysis of these systems, including
new computations that further elucidate the properties of the dual field theories.

The paper is organized as follows: sections 2 and 3 review the supergravity solutions of [1], with the
latter also including a discussion of Page charge quantization. Section 4 contains detailed computations
of various field-theory observables exhibiting wuniversality. A discussion on the embedding of a D7-
brane probe in the deformed AdSs x S° solution of [24], is also presented. In section 5, we perform a
boundary analysis and apply holographic renormalization to identify the vacuum expectation values
(VEVs) of the operators responsible for deforming the UV CFTs. Finally, sections 6 and 7 are devoted
to the stability analysis of the Wilson loop configurations in the type IIB background and to a study
of Penrose limits in the deformed AdSs x S° solution of [24].

2 5d gauged supergravity

In this section we study the 5d soliton solution which will act as the ”seed solution” for our string
backgrounds. We will be uplifting it to get solutions in Type ITA, Type IIB and M-theory (11d
supergravity). We first present the solution and its bosonic action, and then study important features
like smoothness, which will be carried-up to the higher dimensional uplifts.



2.1 The supersymmetric AdS soliton

We start by presenting the five-dimensional gauged supergravity soliton solution found in [33], which
one can obtain in a truncation of the compactification of type-1IB supergravity on the five-sphere.
This is a generalization of the solution found in [24], which contains an extra charge parameter as well
as a scalar profile.

The bosonic sector of the 5d theory, containing a metric, three abelian gauge fields A; and two
scalars @1, ®5, can be written in the following way:
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Here & is related to Newton’s constant in 5d as k2 = 871G and the coupling of the gauged supergravity
has been set to g = L~!. The equations of motion for this theory are the Bianchi identities and Maxwell
equations for the field strengths, Einstein’s equations for the metric as well as the equations of motion
for the two scalar fields. They read:

(2.1)
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Where we defined 0P = ﬁ@u (v/—g0"®). We now consider a consistent truncation of (2.1), in the
sense that the solution we present below can be embedded in the above system:
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The warp function F(r) has a largest root which we denote as r, and is responsible for ending the
space at the finite point r = ry, £ is a parameter, while according to [33] e = +1 distinguishes between
two non-diffeomorphic branches of the supergravity solution. The truncated action from (2.1) reads:
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Let us also note that this metric asymptotes to that of AdS5 as r — oo, since F(r) — L2 and
A(r) — 1. One can think of the above solution as a double analytic continuation of electrically charged
black hole solutions in U(1)? truncated 5d supergravity found in [36]. One can also make use of the
ansatz presented in the same work and uplift (2.5) to a solution of the equations of motion of type IIB
supergravity, that is Ricci flat'. This solution was also included in [33] and we study it in section 3.1.

2.2 Singularity study

Before continuing to embeddings of this solution in other supergravities and string backgrounds, let
us study more closely the singularity structure in 5d. The contents of this subsection will hold for all
the uplifted solutions that we will present in section 3. From here onwards, we will only consider the
supersymmetric case for which we set? |q1| = |g2| = Q and four real supercharges are preserved. We
also choose to work with the dimensionless variable { = 7~ > 1 and the parameter = E%, in terms
of which the gauge fields and functions take the form:
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IThe dilaton of this solution is zero and therefore its equation of motion yields R = 0.

2 According to the Killing spinor analysis performed in [33], in the 5d solution the supersymmetric point happens
when g1 = —g2, while when the solution is uplifted to the 10d string background of section 3.1 the relation g1 = g2 also
provides supersymmetric preservation. We abuse this detail by writing Q = |q1| = |g2| in the 5d solution as well.



where the condition F(r,) was used to eliminate @ from the last expression®. First we fix the pe-

riodicity of the cigar-like coordinate ¢ in order to avoid conical singularities. The expansions of the
various quantities near the end of the space £ = 1 yield?:
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Then the metric of the subspace spanned by the angle ¢ and the radial coordinate takes the form:
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where in the last step we defined the coordinate p = 2L 459;16. If we now redefine the angle to be
2021+ 70
b= —"""5 (2.10)
T+ (40 + 6)

the metric is free of conical singularities, as it describes a flat space in cylindrical coordinates (p, ¢)
with p >0, ¢ € [0,2m). The latter range of values forces the original cigar coordinate to range as:
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Let us now focus on studying the root structure of the sixth order polynomial F' responsible for
capping off the space, which can be rewritten as:
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with &2 = 5

F(§) = (2.12)

We should first determine the range of possible values for the parameter ¥ to figure if real values
for the roots €1 can occur. For this, we can directly solve for the equation F'(r,) with the form of F'
appearing in (2.5) to acquire an expression in terms of the charge @ and the parameters:
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We notice by taking the limit @ — 0 in (2.13) we get r, — 0 for e = +1 and r, — £ for ¢ — —1.
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3F can be brought to the following form in the r variable, isolating the root r4 from the fourth order polynomial:
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Figure 1: Invariants of the 5d geometry (2.5) for values of the parameter  close to —1. Approximately
below the value —0.95 they start growing rapidly.

In fact, substituting (2.13) in the definition of ¥ reveals that in the ¢ = +1 branch # is manifestly
positive, while in the branch where ¢ = —1 it is bounded from below by the value 7 = —1 for all values
of £, L and Q. Using all of the above we deduce the following:

For o > —1 there are no real values for {4 and therefore the only root of F'is & =1, or r = r,,
where the space terminates smoothly.

However when = —1, which can only be reached when @ = 0, in which case ¢ = —1 and r, = ¢,
we have £, = £_ = 0 and therefore F takes the constant value L~=2. Moreover, the scalar field ®
diverges at this point, since A(r) — 0, while the metric component along ¢ vanishes.

We make the claim that at the later value of the parameter 7 = —1 and at the point £ = 1, the
solution is singular (in both Einstein and string frames). To safely deduce this, we plot two invariants
of the geometry (RabR“b and RadeRade). These are depicted in figure 1. What we find is that
indeed, their expressions diverge when © = —1 & £ = 1 which is a confirmation of the metric being
singular at this point. Notice however that if we restrict ourselves to study solutions with o > —1,
but still explore the values close to © = —1, the invariants grow extremely large as © — —17 but the
metric is smooth. When the soliton is uplifted to Type IIB—see section 3.1, the point # = —1 can be
thought of as the Coulomb branch singularity in the 10d solution of [34]. In fact, many of the gravity
systems participating in the holographic modelling of confinement include such naked singularities,
see [4, 37, 38], which often have 5d origins. The presence of such singularities makes the analysis of
observables not trustable. We wish to emphasize that in our case, we have a smooth geometry but
there is still a region of very large curvatures for specific value of the parameters (7 ~ —17), at which
the supergravity approximation is afflicted by higher curvature corrections that are as important as
the leading term. For our purposes, this means that there are some states in the IR spectrum of the
dual QFT that are not captured by the supergravity approximation.



3 New deformed Supergravity backgrounds

Having made many of our arguments in the 5d gauged supergravity system, we now present the
three types of uplifts of (2.5) to string theory and eleven dimensional supergravity, in order to apply
holography. The first is the solution in type IIB presented in [33], while the rest are new infinite
families of solutions of 11d supergravity and type ITA supergravity respectively, introduced in [1].

3.1 Type IIB background

In this section we review the ten-dimensional supergravity background constructed in section 5 of
[33]. This is an uplift to type IIB of the 5d solution we presented earlier, which amounts to further
deforming the background of a distribution of D3 branes found in [34] (in particular the cases of n = 2
(e = +1) and n = 4 (¢ = —1) found in Table 1 of section 2 of [34]). These geometries describe a
Coulomb branch deformation of ' =4 SYM by a nonzero VEV of an operator of dimension A = 2
proportional to ¢2/L? (already presented in [34]) as well as a VEV of an operator of dimension A = 3.
The metric takes the form:

o C(r0) [ 5 2 2 2 2 2 L2dr? 4192
= — L°F 4+ L
ds 2 | (—dt® + dw® + dz* + (r)de®) + Flr)rxe () + L*do
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where D¢; = d¢; + Afi, the function ( is defined to be:

2
C(ry0) =4/1+ 8% cos? 0, (3.2)

while A and F' are defined in (2.5). The range of values for the angles parametrizing the deformed S°
are: 0,1 € [0, 3], ¢; € [0,27). The solution also contains an self-dual RR five-form:

Fs = (14%)Gs, (3.3)
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Equivalently, we can express things in terms of a frame, in the mostly plus metric convention:
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where we abbreviate e??°¥ = e? Aeb Ae® Ae Aef. We denote with a prime the derivative with respect
to the r-coordinate.
Alternatively, the five-form G5 can be expressed in terms of a four-form potential Cy as G5 = dCy,

where
G gt @ Asg
2
- % cos(260)dt A dw A dz A (q1 ( sin? ¢ d¢y + cos? ¥ dos) — 2 d¢3) (3.7)
q1‘€2€ 2
+ cos*dt Adw Adz Ad(pr — ¢2).

The Hodge dual of G can also be written in terms of a four-form Cy (see (C.1)) as *G5 = dCyy. The
self-dual five-form can then be expressed in terms of C4 and 6’4 as Fy = d(C4 + 6‘4). Notice that A,
and ¢, refer to the values of the functions A(r) and ((r,0) at r = ry.

Lastly, we wish to comment that in this IIB background, the singular locus we described in section

2.2 is located, after setting = —1, along the curve:
O\ 2
€2 —cos?f = () —cos®f =0, (3.8)
T

as when this equation is satisfied the geometric invariants diverge. Therefore the singularity appears
when r = r, = £ in the direction 8 = 0. Contrast this with the 5d gauged supergravity where there is
no such angle.

3.2 Embedding in Romans’ SU(2) x U(1) 5d gauged Supergravity

We will now present an embedding of (2.5) in another five-dimensional gauged supergravity introduced
by Romans’ in [39]. The general content of the bosonic sector of this theory consists of a metric, one



scalar field X, an abelian gauge field B, an SU(2) gauge field A’ (i = 1,2,3) and a complex two-form
C charged under B. The field strengths for these gauge potentials are:

G = dB,
Fr=dA" — Emeijkfl] A AR, (3.9)
F=dC +imBAC,

where the parameter m, called the Romans’ mass, is related to the SU(2) coupling. The equations of
motion for the theory can be derived from the following five-form Lagrangian density:
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where we defined the covariant derivative D(X =2« F?) := d(X 2 % F?) + V2me;jn A A (X2 % F7).

We can embed the solution (2.5) in this theory by defining the fields in the following way:
X=e V2 =)2(r), B=4%, A=v2A' A =A=0, C=0. (3.13)

After identifying m? = L™2, the equations of motion for the configuration (3.13) are satisfied, which
coincide with the ones presented in the previous section (2.2)-(2.4).

3.3 Eleven dimensional Supergravity backgrounds

In the following, we will present new embeddings of the solution (3.13) of Romans’ 5d gauged su-
pergravity in the 11 dimensional background of Lin, Lunin and Maldacena [40]. These are 1/2-BPS
solutions in M-theory preserving 16 supercharges, that are dual to 4 dimensional SCFTs with A = 2
supersymmetry. One key feature of these backgrounds, as well as their type ITA reductions we present
in 3.4, that differentiates them from the one of section 3.1 is that they come with either M5 or D-branes
describing flavour degrees of freedom. This means that their dual QFTs contain fundamental matter.

We follow the uplift formula of Gauntlett and Varela, see [41] as well as [42] to translate between



the notation. The resulting 11d deformed geometries take the form®:
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where ds? stands for the metric in (2.5) and we define the following quantities:
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The functions A and Dy both have support on (v1,v2,y), are related by:
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and Dy, which determines the solution, satisfies the three dimensional Toda equation:
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The 4-form is given by®:
Gi=Ga+ GNP+ FINBY + x5 FP A Y, (3.18)
where:
~ - 1 — 26>
Gy = —EVOISQ/\ 8d u yA € - ) —y| ADx — 48yeD°dvl A dvs
4 1+ y2e 0MX3 —1) 310
y(l—y?e™?) .
= da1 s
14 y2e=6X(X3 — 1)
X3y3€_65‘ &2 (3) K8 3
B2 = _2K1 Fy2e6N(X3 — 1)VOIS A= —Fd(y,u ),
(3.20)

26—6)\) DMS

®) _ 3k d |ty 4 — YL =Y
2 {l” T e (X3

1
ADx + §u38yeD°dv1 A dvg} .

According to [41], the equations of motion for this background, which we have verified to be
satisfied, are equivalent to the five-dimensional equations of Romans’ gauged supergravity (3.11) and
(3.12). These are the Bianchi identity and Maxwell equation for the flux G4 as well as the eleven

5Where x = glf’,. We will also set m = 1 for simplicity from here onwards

SWith G = dB = dA3, FO) =dA® = v2dA', volS? = Le;;ppu'Dp/ Dk,
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dimensional Einstein equations:

1
dG4 = 0, d*ll G4 = —*G4 N G4,
2 (3.21)
C10203

1
Rap = EG4A010203G4B — 794BG40,0o0504

GCIC2CSC4 .
144 4

In these families of deformed backgrounds we have two types of extended objects: colour M5 branes
sourcing the AdS geometry, which wrap the Riemann surface s extending in (vi,v2) and extend in
the Minkowski directions, as well as flavour M5 branes extending in the holographic direction, the
Minkowski subspace and the circle parametrised by x. One can derive the quantization conditions for
their charges by integrating the flux G4 on appropriate four-cycles. There are two options available
to construct such cycles given in [40], which are both isomorphic to four-spheres:

M4 € {Sgolour7S4 } (322)

flavour

For the case of colour M5 branes, we can take an interval [0, N] in the y coordinate and use the circle
S[x] and the two-sphere S%[0, p]. We take y = N to be a point at which S![x] shrinks smoothly”,
while we also have that S?[f), ] shrinks to zero at y = 0. For 0 < y < N both S![x] and S?[f, ] have
finite size. We can therefore fiber the product S'[x] x S?[f, ] over the interval to construct a total
space that is a compact cycle isomorphic to a four-sphere: S%, 2 St[y] x S2[0, ¢] x [0, N].

For the flavour M5s we focus on the y = 0 slice of the (y, z1, z2) subspace and take a closed curve
I in Ya[x1, 72 enclosing a two-surface that is isomorphic to a disc D? and sits slightly above y = 0.
We can choose this curve such that S[x] collapses smoothly on D? = I'. At any point p € int(D?)
we can then fiber the S?[6, ] which has a finite size. Due to our choice of curve® the boundary of this
four-manifold vanishes and therefore we have a compact cycle that is also isomorphic to a four-sphere:
Séavour g S2 [07 S@] X D2

Let us perform the calculation for colour branes. In order to do so, we take the limit of the
geometry to the lgoundary r — 00, which makes ds? — dsids5 and X (r) — 1. At the boundary the
deformed sphere S?[0, ¢] can be recast as a round sphere S?[6, ¢], as the fibration in this limit is just a
constant which can be absorbed in the definition of the coordinates. The same is true for the fibration
in S'[x]. We then have:

2m N .
Gy = —25/ VOlgz/ dx/ d [—y26_6’\} = (47)2kN, (3.23)
st s? 0 0

where we used that near y ~ N eP0 ~ (N —y) and 3\ = N, which expresses that S'[x] shrinks in a
non-singular fashion. This yields the following condition:

1
— Gy=NEe€eN, 3.24
1672k Jou (3:24)
which agrees with the quantization condition in [43] using their convention which sets k = gl; where

l, denotes the Planck length.

7smoothness holds if eP0 ~ N — y near y = N.

81f one does not make the choice that S[x] vanishes at the boundary of the ”cup” D2, the total space will have a
non trivial boundary isomorphic to S? x S! and will not be compact.
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3.4 Type ITA backgrounds

We will now present a reduction of the former 11d theory on the M-theory circle, which yields new
infinite families of deformed type ITA backgrounds of Gaiotto Maldacena type. These are geometries
dual to linear quiver SCFTs enjoying N = 2 supersymmetry in four dimensions. We start by rewriting
the Riemann surface coordinates as v; = pcos 8, v1 = —psin 8. To make the reduction work, we need
to have rotational symmetry in the [v1, v2] subspace, meaning that ds generates” a U(1) isometry and
Dy = Do(p,y). We can now make the following change of coordinates first presented in [43], where we
map the coordinates (p,y) — (o,n) and the Toda function Dy(p,y) — V(o,n), where:

V=00,V, V'=9,V,

2

: 3.25
pre? =% y=V, logp=V, 5:2)

and the new function V satisfies the three dimensional cylindrically symmetric Laplace equation:
V42V =0, (3.26)

supplemented with appropriate boundary conditions dictated by regularity of the metric. With these
changes made, the 11d metric (3.14) takes the form:

ds?y = fi [4ds? + LDu Dy’ + fo(dx + B)? + fa(do® + ) + fo(dB + fodx + foB)?| . (327)

where we define the various functions to be

Lo\ 1/3 )
~ VA ~ ~ 2VV”
f1:/<52/3< ) y f:Xilzv f2:7~7

2V Z2A
4X352V" -2y 22XV -V) . 2X3VV/
3= =4, fa=—F2, [s=—F 75 fo=——=
2X3V -V % Z2VA 2X3V —V
o . 3.28
- 2k X3V 21" ~ KV [(V’)2 — V"V} _ oV ( )
T Atvv(xs—1) T Aarnv(X3—1) f9_m’
1/3

(V)2 + V" (2X*V - V)

P, -
A=(V)24+V"QV -V), Z= TV T

Notice that in the absence of a scalar profile, namely X = 1, we have Z = 1 and we recover the
deformed background presented in [27] (see equation (5.20) in that paper), while further setting B = 0
recovers the original Gaiotto-Maldacena background. After defining the function:

V/

= R (3.29)

g(n, o)

the flux takes the following form

9The reason for choosing this coordinate and not another available U(1) being the preservation of A’ = 2 supersym-
metry.
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Gy = 2vol§2A [d Fo A(dx + B — gdB) + fsdg A dB + fo (av”dn n V’da) A dﬁ] , (3.30)
with

3 _  KV8
1 - X2

ég) =\/§{ (ng;f’ + fwng) A (dy + B — gdB) + 12 fo (UV”dn + V’da) A dﬂ}.

d(u3V) y 62 =2 f7 VOlg2

(3.31)

From here, we can apply the reduction following [43], as well as [44] for a detailed derivation. The
ansatz reads:

ds?, = e 3%ds?, + e3%(dB+ C1)? with A3 =Cs+ByAdB and dAs = Gy (3.32)

where:

dsty = [ J3 [4fds + DDy’ + fa(dx + B) + fa(do® + d?)]
ei® = fifs, Cy = fo(dx + B),

Hs3 = dBs = 2volS? A [ —gdfr + fsdg + fo(aV"dn + V’da)}
+VBF® A [,f‘ JolaV"dy+V'do) — g ( Fedpt® + mﬁ’dVﬂ :

F,=dCs — H3 ACy = —2f7volS? A G — “X—\/g x5 FO A d(u®V)

(3.33)

2
+ 2volS? A { (1 + gfﬁ) dfr — fefsdg — fofo(aV"dn + V/dg)] A (dx + B)
+VBFO N[ = i fofoloV"dn + V'do) + (1 + gfe) (fedu® + p?aV) | A (ax + B).

We have checked that this configuration solves the type ITA supergravity equations of motion, in units
where the AdS radius is equal to one. Note that this geometry, still contains an S2 [0, ¢] (expressing
the SU(2)r symmetry), as well as the S![x]. Notably, we can rewrite the NS three-form in terms of
total derivatives:

kUHy = dKAdQ +VBFB AdQ, K =4coshA4(r)dd — 2cos dp

a2vVV! ~

3.34
Q= p’(n—Q), (334

Qep i
T v () 1 o2 (V12
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which we can integrate on appropriate cycles to get local expressions for the NS potential By. The
four possible expressions read as follows:

BY = 44" Ad(iP(n — Q) + 2Q(volge + 2u3dAY),
Bén) = 4p*ndA 4+ 2Qvolse,

) (3.35)
By =4A Ad(pP(n — Q) + 2u* (241 — dp) A dQ,
BS™Y) = 413 (n — Q)dA + 243241 — dy) A dQ,
all of which satisfy dBs = k~!Hs3 and are related by a gauge transformation:
BM =B +aan, BN = BM™ L dA with A =43(n—Q)A" (3.36)

This will be important for the quantization of Page charges associated with D4 branes, as well as some
computations for the observables.

Let us briefly comment on the connection to the dual quiver theory. The new compact coordinate
71 together with o € [0, 00) constitute a strip on which the function V' is supported. If we let n € [0, P],
where P is the total length of the linear quiver, the boundary conditions for (3.26) read [43]:

1% =0, V =R(n), V =0, (3.37)

n=0,P o=0 o—00
where R is a piecewise linear and convex function with finitely many discontinuities in its derivative,
R'(n), at integer values of n which satisfies R(0) = R(P) = 0. This is called the rank function for
the quiver and one choice for it which yields linear quivers with P — 1 nodes containing gauge groups
SU(N;) is the following [44]:

N177 9 776[07]-]
R =4 Ni+ (Neys = N) =10, nelli+1], Il=1,....,P—2 . (3.38)
NP—I(P_T]) ) UE[P_17P]7
N, Np_o
Fy Fo Fp_o Fp_y

Figure 2: Quiver diagram for the linear quiver described by the rank function (3.38) with (P — 1) gauge
nodes. The balancing conditions enforce that Fj = 2N, — Ni_1 — Ng41 for each node.

The second derivative of the rank function contains information about the ranks of the flavour
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groups (we take No =0 = Np):

P-1

_ P—1
R"(n) =Y (2N; = Nj—1 = Njy1)é(n — j) = > F;d(n - j), (3.39)
i—1 j=1

<

where F; = 2N; — Nj_; — Nj;1. We can think of the system (3.26) with boundary conditions
(3.37),(3.38) as a two-dimensional electrostatic problem of a charge density R(n) located at o = 0 and
two conducting planes at 7 = 0 and = P with zero potential. One can then proceed using separation
of variables to obtain the following solution [45]:

- . [ kmn kmo = .k
V(o,n) = — E R sin (P) Ky (P) , R(n) = E R, sin (P) ,
k=1 k=1
p (3.40)
2 . kmn 2P . kmj
= — el = r
R B ), R(n) sin ( iz ) dn o )2 E j sin < P > ,

where K| is the modified Bessel function of the second kind.

Page charges

In this subsection we will present the quantization of the Page charges. Unlike Maxwell fluxes, Page
fluxes provide the correct quantization conditions which express the counting of branes at each stack.
These are defined in terms of the RR polyform F as (setting o' = 1 = g,):
> 1
S g, _ _ R
F=e AR, F= Z Fon, QDp - (2m)7-P /Es_p Fs—p (3.41)

n=1

and for our purposes this gives Fg = F5 and 13'4 = Fy — By A\ Fy, as we have vanishing Romans mass
Fy = 0. We will follow closely [44], where the reader can find more details. The system described
above contains the following extended objects at spacetime locations where there are singularities,
indicating sources:

e A stack of NS5 branes located at o — co extending in the coordinates of ds2 and ¥,

e A stack of flavour D6 branes located at ¢ = 0 and at n = k (the kinks of the rank function) and
extending on ds? and S?,

e A stack of colour D4 branes extending on R? x Sé x R,

We take again the limit 7 — oo to calculate the fluxes, in which case we have ds3 — ds},g, as
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well as:

. -2V o 402V
X =1, f—r?3, - S S
f R e s
S 2U o 22V —V) - 20V’
f4_> V ) f5_>%7 f6_> 2V—V7 (342)
5 QHVQV” N HV (V’)Q - V”V N ko V!
fr— = N s A » fo— W

Let us begin with the NS5 branes. In the limit where ¢ — oo we can write the approximate form
of the Laplace potential from (3.40) using the asymptotic behaviour of the Bessel function at infinity
Ko(z) ~ /Ze ™ + O(e "2 ~3/2):

[P =Ri . [k \ ke /P /T _ze
V(o,n) =~ %’;ﬁsm (Pn)e P %R1SID(?)6 L S (3.43)

where we keep only the leading term. Using this expression for V' the metric takes the form:

2P 2
ds?y — H{4U(dSQAdS5 +dx?) + — sin? (%) ds2, + ?ﬂ-(da2 +dn?)

. 3.44)
8LPq1£25 sin?6 . o (TN 8Lq2€260 (
- — ) dod ————d¢d }
r2 S (P) odi + r2 4+ 02 Xy
The asymptotic expressions for H3 and the dilaton take the form:
P 2
k1 Hs = 4sin? (717) dn A volgz + —— sin ] do A volge
P 210 P (3.45)
8Lq1l%c . o /TN . LPq.(?c . [2mn)\ . ’
— —5—sin (—) sinfdnAdd Adp — ————5—sin | —- | sinfdo Adf A dg,
rZ P moTs P

32R, e~ F

P ™ 1€

—_— 4
¢ T Tapgs (3:46)

while C7 — 0 at leading order. The suitable cycle to integrate Hs, see [43], is a round unit radius three-
sphere which we can construct as S* = {(%7,S?) | n € [0, P] } leading to the following quantization'’

condition: »
1 1 . sy
Qnss = (4T)2 /S‘3 Hs = % /82 volge /0 dn sin? (?)) =P. (3.47)

Moving to the stacks of D6, we will use the following coordinates for the (o, 7) subspace:
n=k—pcosa, o=psina, (3.48)

and take p — 0, corresponding to the limit 0 — 0 and n = k € (0, P). By focusing on a specific k we
have the relations:

F, . F,
L — i(1+COSOZ)+Nk+1 — Ni. (3.49)

/ = N, "=
14 k> Vv 2p7 2

O0we remind the reader that we fix x = 7/2 (in units where £, = 1) in order for the fluxes to be properly quantized.
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The metric in this limit takes the following form:

|F,
ds?y — 2k\/ Ny l, /F£(4ds,ids5 +dsZs) + f(dp2 + p2ds§,2)] : (3.50)
k

where there is second two-sphere spanned by (o, x): ds2, = da? + sin® ady?. This is indeed, up to a
constant factor, the near horizon metric for a stack of D6 branes extending in AdSs and S2. The RR
potential and the two-form flux take the following form:

Lgol?e [(1 + cos ) Fy, — 2Ny, + 2Ny 11]
2(r2 + £2¢)

F
C — ?k(l +cosa) + N1 — Nk} dy + do,

Lgyl?cFpsinada Ad¢  Lgpl?eFy sin?(2a) [Fi(1 4 cosa) — 2Ny, + 2Np 1]

Fy,
Fy,=dCy - ——volg2 — dpAd
2 ! g VO 2(r2 + (2) 32(r2 + £2¢) Ny, pAde
n Fy sin?(2a) [Fx(1 4 cosa) — 2N}, + 2Nk+1]dp Ady.
32N,
(3.51)
which gives us the quantization condition:
1
Q]E)GZ_i FQZFkZQNk_Nk-‘rl_Nk—la k:1a27"'aP_17 (352)
27 72
with the total D6 charge being:
P—1 P
Qs = 3 Qb = Np_y + N, = / dn R (). (3.53)
k=1 0

For the D4 Page charges, we construct the flux Fy = Fy — By A Fy using the expressions for

By in (3.35), where we verify that the last two give a zero Page charge, while the first two yield
asymptotically:

Fy = kkFysinasin@da A df Ade A dy = kkFj, volgz A volgz. (3.54)

This leads to the following expression for the D4 charge in a cell [k, k + 1]:

1

k

= — Fy = kF, .
QD4 (27‘(’)3 /SQXS/'Z 4 ko (3 55)

while the total Page charge of the D4 branes is given by:

P-1 P-1
Qpi= Y Qby=> kF,=PNp_. (3.56)
k=1 k=1

As pointed out in [46], the calculation of the above quantity includes the induced charges of the D4s
on the other stacks of branes. The ”true” colour charge of the D4 branes is given by the formula [47]:

St = [ dnR(n). (3.57)
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4 Observables of the dual field theories

In the present section we will calculate various observables in the dual field theories of the backgrounds
presented in section 3. These include: the expectation value of the Wilson and ’t Hooft loop operators,
entanglement entropy, flow central charge, holographic complexity as well as the study of D7 brane
embeddings in the case of the deformed type IIB background of Anabalon and Ross [24]. We will
present the holographic calculation of said observables while emphasizing two key features. The first
feature is universality. The resulting expressions are factorized into two parts, one depending on the
radial direction which contains the dynamics of each object in gravity, while the other numerical factor
containing details of the internal space and expressing information about the UV SCFTs. We attribute
this phenomenon to the conjecture of Gauntlett and Varela presented in [48] and later proved in [49]
using G-structure techniques. In this sense, the behaviour of these observables, even in the case where
they do involve the internal space in their calculation (like the flow central charge and entanglement
entropy), depends only on the underlying 5d gauged supergravity. The second feature concerns the
singularity study we presented in section 2.2. We notice that in the case of the solutions being smooth
(& &= —1 but never -1), the Wilson loop observable is affected and therefore able to detect the higher
curvature effects. This presents itself as a first order phase transition near this region of parameter
space, which we argue is not physically relevant. Additionally, appendices A and B are dedicated to
the study of Polyakov loops and the effective gauge coupling constant of each QFT.

4.1 Wilson loop

Let us first review the calculation of the Wilson loop in the context of holography [50]. Starting from
a gauge theory perspective, one can define the Wilson loop as the following non local operator:

W(e) = %trPexp (z ?é A) , (4.1)

where N is the rank of the gauge group and C is any closed loop, conveniently taken to be a rectangular
contour in time and one spatial coordinate. Then the vacuum expectation value of this operator
provides a way of investigating the potential between a pair of non dynamical, infinitely massive,
quark and anti-quark in the fundamental representation:

(W(C)) o e T Flkaa), (4.2)

where 7 is the temporal length of C and Lqq the distance between the pair. From here one can deduce
if the theory is confining or if it presents screening. This calculation is implemented in the dual string
theory (in the large N limit, with g%,;N fixed) by embedding a probe F1 string with its endpoints
fixed on the path C at the boundary of the spacetime (r = c0), representing the quark and anti-quark,
while the rest of the string enters the bulk in a U shaped fashion. In this regime, the string theory is
approximated by supergravity and we can use the Nambu-Goto action of classical string embeddings
whose worldsheets, with a fixed boundary C, are minimal surfaces: (W (C)) ~ e~N¢  where!!:

1 .
Sna = % /dz(jv fdet(gind), (43)

11'We make the choice to set o/ = 1. We also denote all worldvolume coordinates as & instead of o to avoid confusion
with the Gaiotto-Maldacena coordinate o in the type IIA backgrounds.
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with ginq being the induced metric on the string.

In this section we consider, aside from the usual Wilson loop that was also presented in [1], other
configurations that wrap or rotate in S!'[¢]. We will however restrict to embeddings that are not
extended along the internal space, resulting in the universal behaviour highlighted earlier in the text.
Here are the three types of configurations of interest:

e Embedding I. The first case we will study is the simple embedding in which we give the
string a profile in r and its worldsheet coordinates are parametrized as:

T = t’ 6‘ = w, T = 7‘(5’)’ (4.4)
while the rest of the spacetime coordinates take constant values. In the case of the type IIB background,

the consistency of the embedding demands the coordinate 6y to be either 0 or 5.

e Embedding II. In this embedding we consider a string with the same profile, which now is
spinning along S*[¢] with constant angular velocity w:

T=t, o6=w, r=r(6), of)=wr (4.5)

e Embedding III. For the final embedding we will use, we place a string that wraps the S![¢],
while still having a profile in the radial coordinate:

T=t o&=w, r=r(6), ¢=q¢(6), (4.6)

and in the case of the type IIB background the embedding is consistent for 6y = 0 and o = 7.

In all the above cases, the action of the string reduces to following form:

Laq/2

SnGg X / dwy/ F2 + G2r'2, (4.7)
—Lqq/2

with F and G being case specific functions of r. One can then derive expressions for the length and

energy of the quark-anti-quark pair in terms of F and G using the formulas in [51, 52]. Below rq

denotes the turning point of the probe:

F(r)v/F20r) — F2(ro) e dr
oo LQQ(’“)‘Q/M Ver(riro)”

Eoq(ro) :]:(TO)LQQ(TO)JrQ/OOd 9(r) /720 7]-"2(r0)—2/00 drG(r).

To

Vet (r370) =
(4.8)

These integrals are not analytically solvable, therefore we employ numerical techniques to plot them.
However, one can write analytic approximate expressions for the length, developed in [52], and the
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3.0¢ Laa
o5l —v=-0.99 15
v=-0.8
2.0¢ — v=-0.5 11
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—_— v=2 —v=-0.99
1.0f 0.9 —v=-098
v=-0.97
0.5 0.8 —v=-0.96
—v=-0.95
00t : : s o ¥ T
(a) Plot of the quark-anti-quark separation for (b) Closer look at the plot of the separation
various values of . length as © approaches —1.
Eqq
6
4
2 Eqo
0.20f
015/ =v=-0.99
- v=-098
R o0 — v=-097
0.05)
-4 . 7 : : : Laog
0.8 / 1.0 11 12
-0.05
-6
-0.10/
(c) Plot of the potential energy of the quark-
anti-quark pair with respect to their separation (d) Closer look at the plot of the energy as ¥ ap-
for various values of D. proaches —1.

Figure 3: Resulting plots using numerical integration regarding the WL embedding I for different
values of 7. We notice the length gradually becoming double-valued as ©# — —1. We have set 6y = 0.

energy'? of the pair:

mG(r)
F(r)

. Eupp(ro) = / h ds]:(s)(u%;’(s)v (4.9)

Lapp(ro) =

T=TQ

which serve as a nice way of quickly determining the behaviour of the dynamics of the quark-anti-quark
system. Let us now proceed to studying the Wilson loops'? in each case and highlight the effects of
the different embeddings.

4.1.1 Wilson loop for the Type IIB background

Embedding I. For the simple embedding of case I, we have checked that it is consistent in this

12This expression was first introduced in the context of entanglement entropy calculations in [53, 54].
I3For the remainder of the paper we will use the SUSY condition |q1| = |g2| = Q.
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background if one chooses the value of the angular coordinate 6 to be 6y = 0 or 6y = 7/2. In each
case, have the following induced metric:

_ ’I”QC(T’, 90)
L2

T2<(T7 00) C(Ta 90)7'/2 de (410)

2 _
dsina = 1.2 r2F (r)A\8(r) ’

dt? + [
which yields the following action (where 7 = [ dt):

L T = apeew r(r,00) ¢3(r, 60)
_T R ) 2 _ ) . 411
Sr1 ) dwy/Ff + Gpr'?  with  Fj 74 G T2 F (1) (4.11)

From these functions we can derive the various expressions of interest. It is convenient to use the
dimensionless quantity i = (%*)4 together with © and £ for the various expressions, in terms of which
the functions in (4.11) take the following form:

40¢2 | o 2
_7:12 :ﬂ§2(§2+ﬁ0052 0o), 912 = ;fﬁgy_c?lsf;))'

(4.12)

Using numerical integration, we plot the length Lgg as a function of the turning point as well as
a parametric plot of the potential energy Fgqg between the quark and anti-quark with respect to the
length of separation. The results for the embedding with 6y = 0 are depicted in figure 3. What we
discover is that as © takes different values away from —1 the background displays confining behaviour,
that is, Eqq starts with a Coulombic law for small separations (dictated by conformality in the ultra-
violet) while at large Lqq it is linear, signalling confinement in the infrared. However, when & takes
values very close to —1 and smaller than © =~ —0.95, where the geometry becomes highly curved, the
length starts becoming double-valued and there seems to be a first order phase transition appearing
in the energy. We claim that what is observed in figure 3 (d) is a manifestation of the supergravity
approximation being not trustable in this region in parameter space and for this embedding'#, in other
words, this is not a trustworthy result. Finally, we comment that the approximate expressions (4.9)
capture very nicely the qualitative behaviour of the system, which can be seen in the plots of figure 4.

Embedding II. The idea of the spinning string embedding is that we might be able to lift the
effects observed in figure 3 (d) even for the value 7 = —0.99 by introducing the new parameter w which
can affect the dynamics. More specifically, the angular momentum of the probe F1 introduces restoring
effects on the U shaped embedding, much like in the case of a centrifugal force. If we consider for a
moment both type the IIA and type IIB metrics by writing ds?, = —Gydt? + Guwdw? + Gpedd? +
G,-dr? + ..., the Nambu-Goto action for embedding (4.5) has the form:

£xG = \/ (G — w2Gg) (Gus + Gry1™2), (4.13)
from which stems the following bound for the Lagrangian to be real:
W Gyp < Gy (4.14)

The range of values for the radial coordinate r € [r,, 00) is restricted accordingly such that the above
requirement holds, which in turn is interpreted as a "restoring force” preventing the string from reach-

14 This behaviour does not appear for 8y = /2, see figure 4 (b) and (d).
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Figure 4: Wilson loop plots for embedding I using the approximate length and energy expressions
(4.9) for various values of ¥ and the two options 6y € {0, 7/2}.

ing values arbitrarily close to ..

In the case of the type IIB solution, we have the induced metric:

2 _
dsind -

1 C2(r,00)r? [L*w?F(r) — 1]
C(T‘, 90) L2

¢(r, 00) [r4 r'? ] dw? .

+ w? cos? GOA% + w? sin? G \° (r)A?,} de?
(4.15)

+2 5 Et

L2 F(r)\S(r)
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0o = 0 and various values of w. and various values of w.

Figure 5: We notice that for values of w close to 0.99 we get a single valued length and no phase
transition, even when o = —0.99 and 6y = 0.

The Nambu-Goto action then yields:
T [Lea/2
Spy = o dwy/ FE + GEr'2, (4.16)
T J-Laq/2
where now,

4% (r,00)  r2w?

Fi = 7 [cos? Og AT + sin® g A% (r) A3 + 72 F(r)((r, 60)] ,
2 ¢*(r, bo) w? 2 2 2 6 2 2 2 (4.17)
G2 = PRI ) TR0 [cos® B9 AT + sin? Og\°(r) A3 + r* F(r)¢*(r, 60)] -
or, in terms of the dimensionless quantities:
2 ag2a 2 2 (€ = Dw? N .9 . 2, A .
Fit = (& (Dcos” Oy + &) — 21+ 0) [4+ 50+ 207 + 2(0 + 1)€% + #(3 + 20) cos(26p)] ,
4.18
G2 _ €* (€2 + D cos? fy) €2w?  [4+50+20% +2(0 + 1)€2 4 D(3 + 20) cos(26p) | (4.18)
T= 6 rpet—(1+0) 20+0) A+ e2(1+0)+1+0 ‘

In the above expressions we can recognise the same functions as in the previous embedding (4.12)
in the first terms, while the second terms are controlled by the new w # 0 parameter we introduced.
The length and energy integral expressions read'®:

15We specialize to the case where 6y = 0 for convenience in writing the expressions explicitly
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Wy S [ B0 +8) — (@~ VPt i)+ g
Faalto) =2r Vit | d&\/@z ) R R () | ) (R TR R
(4.19)

and

ESO(60) = VG0 + &) — (& — D201+ 9) + &) w2 L35 (&)

> (2-) [0+ 2+ — (1+20 4 +£F)w?]
+ 27"* /;O dﬁg\/ . 52 + ﬁ24 — (1 ¥+ 19) X (420)

> E@+8)— (£ -1)[2(1+7) + & w?
72“/1 dgg\/ T - (117) .

We observe in figure 5 that there is indeed a range of values for the newly introduced parameter,
which is roughly 0.94 < w < 0.99, that lifts the phase transition of embedding I in the case when
r = —0.99 and 0y = 0. One can think of this phenomenon as the spinning motion introducing a
"restoring force” effect on the string embedding.

Embedding III. Finally, for the embedding that wraps around the cigar direction ¢ we have
the following induced metric, where the embedding is constrained by (4.6):

2 2 2 2
2 T ¢(r,0) 2 7°((r,0) ¢(r,0)r 2|, 2 Af 2
dsi g = I dt” + { 2 + 2R () + " |r*F(r)((r,0) + 0 0) dw?®, (4.21)
with:
Lag/2
A dwy/ A2 + B2r'2 + C2¢/2,
27 J-Laa/2 (4.22)
4 -2 70 2 70 2
# =S5 B ey €= R ).

We can use the equation of motion for ¢(w) to integrate it out, as the corresponding Hamiltonian
is conserved:

d 62 d C2¢'
= 0 0, (4.23)
dw 0¢ dw | \/ A2+ B2 1+ C2¢/2
and calling the constant in the last expression cy4, we get:
2 (A2 + B2y2
¢ (w) = ol ) (4.24)

Cc2(C? - 2)

Plugging this back into the action, one arrives at the following expressions:
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Figure 6: We notice that for values of the parameter ¢, Z 0.3 the length becomes a single valued

2 2 .12
wH/ Fin + G’

r°¢2(r, 0) [A + r?F(r)¢*(r,0)]

function of the turning point when o = —0.99.
T [Laa/?
Sk1 = >
T J~Laq/2
Fiun =
91211 =

T [’I“ZA% +74F(r)¢3(r,0) — céL2] 7 (4.25)
r?¢*(r,0) [AT + r*F(r)¢3(r, 0)]

L2F(r) [1243 + 14 F(r)C2(r,0) — 3L2] A0(r)



or, in terms of the dimensionless quantities:
P - D& +0) [€ +2(1 + )]
M- D@20+ -&
et (€% +0) [€ +2(1 + )]
61+ €21+ 0) + 1+ 9] [€? — 1) (€2 +2(1 +9)) - 3]

2
]:IH_

(4.26)
g1211 =

b

which agree with (4.12) when ¢4 = 0 and 6y = 0 (the later imposed by the consistency of the embed-
ding). Similarly to the previous embedding of a spinning string, non zero values of the integration
constant cy allow the length to become single valued and therefore there is no phase transition in the
energy of the configuration, see figure 6 (a). The effect of ¢, is clear when one observes the behaviour
of the string profiles: in figure 6 (b) we see that as the string approaches the end of space (§y mono-
tonically approaching 1), its U shaped embedding ”opens” and then ”closes” again, in other words
the profiles are not ordered with the monotonically decreasing &y, in contrast with the embedding ITI
profiles seen in 6 (c). This signals the lift of the double-valuedness of Lqq(&p). The final plot 6 (d)
shows the profiles for a specific £y in both embeddings, given the value c4 = 2 for embedding III. We
note that for the same &, embedding III gives a smaller length of separation than embedding I, or
conversely cg has the effect of obstructing the string from reaching values closer to the end of space
compared to embedding I (for the same fixed length).

4.1.2 Wilson loop for the 11d backgrounds

In order to study the dynamics of a Wilson loop-like object in the M-theory background (3.14)-(3.15),
the first step we take is making the change of coordinates to write the Riemann surface in polar
coordinates:

dv? 4 dvs = dp? + p?dB, (4.27)

without making any extra assumptions about a symmetry in 8. We can then use a probe M2 brane
whose worldvolume coordinates & extend in the submanifold X3¢, w, 8], while it also has a w-dependent
profile in the radial direction: r = r(w). The rest of the coordinates are kept constant, however one
should choose a suitable location for the M2 brane in y such that y 9,Do(y, p, 3) approaches infinity.
This allows us to compute the y and Dy dependent prefactor that enter in the action of the brane and
get an answer in terms of r. The induced metric on the brane can be compactly written as:

ds}y = Gudt? + (Guw + Grpr)dw? + Gppd 52,

s -4 1
; GT’!‘ = 62)\2* ~ (428)

2\
= — Z—
CGu = —¢ X r2XH(r)F(r)’

X L2

N Do
Gﬁﬁ = _62/\2%/)27 Guww = =Gy

We can use a specific solution for Dy(y, p, ) in order to illustrate the calculation. Consider the
simple solution presented in [43]:

N2 _ yQ 2y2
ePo — 4m, y9yDo(y, p) = W’ (4.29)
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suggesting we place the probe M2 at y = N. We then have!¢

16/)2@65‘23 9, ePoy:po) rAN4(r) r'?
— det gina,M2 = — K - T ;
X2(r) Y L L2X2(r)F(r) (4.30)
16026723 Do (y,p0) 198 N2 2 444 ) ’
with  — 6[)026 dye _ 128 2ng(r) |:T )\4(r) o r _ }
X2(r) Y (1—=p5) L A2(r)L2F(r)
and substituting X (r) = A2(r), the action reads:
Laq/2
Sz TM2/ d3(3'\/ —detgind’Mg X 27TTTM2/ dwv/ F? + g27‘/27
>3 ~Laq/2 (4.31)
]_'2 — T4A6(T) g2 — 1
L+ L2F(r)

We notice that the functions appearing in the dynamical part of the expression are indeed the
same as (4.11) for 8y = 0, therefore the analysis of the previous subsection yields the same results
in this case. We conclude that the dynamics of the effective string described by the M2 in these
backgrounds is the same as the F1 string of the Type IIB solution and it captures confinement.

4.1.3 Wilson loop for the Type ITA backgrounds

We now wish to apply the same analysis for the family of backgrounds presented in (3.33). This
calculation proves to be more subtle, however it too contains the same dynamical part as the previous
two cases. The complication with this backgrounds enters because of the various functions ﬁ which
after our deformation have acquired a non-trivial dependence on r. To circumvent this and extract
the r-dependent part out of the expression, which holds the information of the dynamics, we choose

to localise the probe in the (o,7) subspace by taking n = 7, to be an integer in (0, P) and o — 0.
The later will offer us a clearer interpretation of the dual quiver data, as we have V(U, 77)‘ =R(n),

o=
where R contains information about the location of each gauge group on the quiver. To calculate the
various expressions involving the f;s we can first expand the Laplace potential!” V and its derivatives

16we place the brane at pg.

17With boundary conditions in the n direction: V(o,7) 0 0="V(o,n) P The connection with (3.40) can be
n= n=

Pay,

made by setting Ry = k.
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in Fourier-Bessel series as:

Vo =55 (2 ) avsn (820 o (420)

k=1
. > km km
= E sin [ —n | K1 | —
Vie,n) Uk_lakbm<Pn> 1 <P0>,

Voo 37 (2 Yo (520) 1 (5). )

k=1
.. > (kr . km km
V(o,n) = —0o? kz_l (P) ay sin (Pn> Ko <P0> ;
. > [kr km km
/ _
\% (U,T]) = U; (P> aj COS <P7]> Kl <PJ> s

and use the known asymptotic behaviour of the modified Bessel functions:
2
Asz—0: aKi(z) > 1, Ko(z) = —ygm + log - + O(z?). (4.33)

One can notice that all of the above expressions are finite as o — 0, except V. Let us write 0 = ¢
with € — 0, which then gives the following asymptotic behaviour:

lim V(e,n) = R(n), lLim V'(e,n) =R'(n),
e—0 ) e—0 . (434)
liH(l) Vie,n) =0, V"(e,n) =~ Mf(e),
€E—>

where we denoted as M (¢) the limiting expression of V” which diverges as loge~'. This in turn, allows
us to write:
Aso —0: Ax2M(eR(n), 2Z°—X°, fi—R>37)
i o ) i i (4.35)
f=1 fifs~2XRMm)M () 50, fo— X2 f3—0,

which we will make use of in our calculations.

In the following we introduce probe fundamental strings and consider all the different embeddings
that were studied in subsection 4.1.1.

Embedding I. Let us start by the simplest F1 embedding with a profile r = r(w), t = 7 and
w = ¢. We find the induced metric to be:

2379 7172 772 A2 (7) 272
ds2 = af2 2 gt —dt? 1+ ——— | dw? 4.
Sind 1 5 f 2 + + T4F(’I")/\6(’I") w ’ ( 36)

and the Nambu-Goto action!®:

7- Lqq/2 = N . “ o~ ~
Se1 = - dwy/F2 + G2 with PR =165

—Lqq/2

167 f5./°
L2F(r) 2(r)”

rN4(r)
L

UG (.37

18We use the shorthand notation f; = fi(a, ey T).
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By employing (4.35) we get as 0 = € — 0:

72 SR ()TN e 32R()  X(r) (4.38)
M (e) L* M(e) LAF(r)\2(r)

We notice again the radial part of the expressions being the same as the one found in the 11d and
type IIB backgrounds and therefore the behaviour of the Wilson loops in this case is also described
by figure 3. Moreover, The numerical factor describing the conformal quiver in the UV, contains the
rank of the gauge group in which we choose to compute the Wilson loop, N, = R (7).

Embedding II. Here we repeat the study of the spinning string embedding in this background
by taking:

t=71, 6=w, ¢=wr, r=r(w), z=z,

(4.39)
=0y, ¢=w0, X=X0, o=€—0, n=1,.
Then the induced metric on the string is:
i3 7 N2 (r 7 ;o ; r2X\2(r
dsha = (fP f5)'/? {_4fLQ() + w? (f3A§ + 2fosin? g A? +4L? fF(r) LQ( )ﬂ dt?
(4.40)

s 22 ”
AR {T ok TQF(:’)/\‘l(T’)} .

and the Nambu-Goto action reads:

Lqq/2 - —
Sp1 = —/dtdw\/ —detging = / dwy/ F& + G&r'2, (4.41)

Laq/2
where:
r2)\2 ~r2)\2 - - .
Fh= ARy (17 G - w2 (fadh o+ 2sin? 0. + 4fFr2A2)] ,
) 9o (4.42)
22 _ 4T 4f 2f3A3+2f281n 00 A7 +AF fr2)
Gn=4frfsf Lg/\zF—W F2NAF
We can now take the limit € — 0 using (4.35) to obtain the following expressions:
32R (1« rint IN2X
Fi () {X( ) i w2l 4L2(r) (2X 72(r)sin® 6y AT + 4F(7‘)7“2)\2(r))} )
() (4.43)

M
_ 32R(n.) { X(r) W
M 2

sin 90A2+2F( VX2 (r)r2 A% (r )]
L22(r)F(r) '

r2X(r)AY(r)F(r)

We first notice that when w = 0 the above agree with the case of embedding I (4.38), which in
turn agrees with the type IIB results of embedding I (4.11). The expressions appearing in the w?
terms also match the ones in (4.17) when one imposes 6y = 0 for the IIB case and 6y = 7/2 for the
ITA (notice that the angle 6 is not the same coordinate for the two backgrounds). Consequently, one
gets the same behaviour as the one depicted in the figure 5 for the case of the type IIB version of this
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embedding.

Embedding ITI. We will now study the third and final embedding for the type ITA backgrounds,
that is a string wrapping the shrinking circle. In this case (4.6) gives the following induced metric on
the string:

sty = i 1/24f (T) {—dt2 +

L2372 foL? cos? 0o (AGH2Y |
1+W+ (F(?")—l— er2)\2(r) ) ¢2] dw2}
(4.44)

After taking limits of the various functions as 0 = € — 0 we obtain the Nambu-Goto action:
/ 32R Lqq/2
Sp1 = — /dtdw\/ —detging ~ / dw A2 + B2p2 C2¢’2 (4.45)
Lqq/2

- N6 () 50 X(r) s TIAA(r) L? cos? 0y A?

=T B s © 0 [P0

with

(4.46)

Once again, these functions are the same as the ones found in the corresponding embedding in
the type I1IB case (4.22) when we set 6y = 0. One can then follow the same procedure of using the
conserved momentum of ¢ to integrate it out and introduce the new parameter c4 to the problem.
The results are the same as in the type IIB case, modulo the divergent prefactor in the action, and
can be seen in figure 6.

Let us summarize our findings regarding the Wilson loop observable. Our previous study in sec-
tion 2.2 revealed that the supergravity background in the case where ¢ = —1 has a singularity when
v =—1at r=r,. We deduced that this happens when ¢; = g2 = 0, in which case the gauge fields
Aj, As and As are set to zero and there is no fibration. We therefore decided to accept the smooth
supergravity solutions in the regime > —1 with nonzero gauge fields.

There is however the following interesting phenomenon: for values of ¥ very close to —1 Wilson
loop embeddings start ”feeling” the need for higher curvature corrections in the action, which results
in a first order phase transition making its appearance, much like the one in the singular background of
[38]. This happens for the case of embedding I in the type IIB background in a specific direction § = 0.

Our analysis however, shows that the backgrounds are dual to confining field theories'”

, since the
energy as a function of the length of separation for a probe quark-anti-quark pair interpolates from a
Coulombic behaviour in the UV, due to the solutions being asymptotically AdS, to a linear one in the
IR. This holds for all values of the parameters of the theory as well as all values of 7 > —1. The later
is supported by the study of different types of embeddings, which introduce new parameters allowing

us to reveal the confining behaviour and lift the apparent phase transition for v ~ —1.

Yas long as one does not allow the string embedding to explore the 1 direction, where there are localized sources
describing fundamental degrees of freedom. In this case the Wilson loop will probably undergo screening, as was shown
in a different system in [55].
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4.2 ’t Hooft loop

In this section we will study the 't Hooft loop, which is the non local operator associated with magnetic
charges, in analogy with its electric equivalent, the Wilson loop. The idea is to probe the background
with some suitable brane?® that effectively looks like a magnetic string in the submanifold spanned
by the field theory coordinates R*2[t,w, ¢], which in turn captures the dynamics of monopole-anti-
monopole pairs. One can then deduce if screening takes place, that is, if the pair moves freely at no
energy cost, or equivalently, the tension of the ”chromomagnetic string” is zero. In the gravity picture
this amounts to the system energetically preferring a disconnected embedding of the probe, unlike a U
shaped one, which can happen when two different values of the parameter ry correspond to the same
value for the length of separation Ly (ro).

The action for the ’t Hooft loop will have a similar form as the one for the Wilson loop in the
effective two dimensional worldsheet part:

LMM/2
Sy =T, / dPT6 4/ —e—2®det(ging) / dwy/ FZ + G?r'2, 4.47
Dy Dy S ( ) t t ( )

—Lym/2

where one can relate the value of the function F; at the end of space with the tension of the string:
Tesr o< Fi(ro)- (4.48)

The inclusion of the shrinking coordinate in the induced metric will typically contribute a multiplica-
tive factor of the warping function F(r) in %, which vanishes smoothly as r — r,. This is the case
when a theory is in the confining phase, where the potential for Wilson loop obeys the area law, while
the one for the 't Hooft loop the perimeter law [56].

In the following, we study the dynamics of the effective string using various type IIB brane
embeddings. Up to constant prefactors, we find that all the different probes give the same ’t Hooft
loop observable.

4.2.1 ’t Hooft loop for the Type IIB background

D3 probe. First, we look at a D3 probe extended in ¥4 = [t, w, ¢, ¢3] with the following embedding

ansatz:
™

57

The equations of motion are satisfied and the embedding is consistent as long as 6y = 7.

r=r(w), 6=~0y= ¢1 = ¢po = constant, 2z =29, Y =1yg. (4.49)

‘We have the induced metric

2 ¢(r,60) 2 1,2 2727 ,2 2 (.2 L*r”
- = — F L — 5
dsing p3 2 [ r°dt® + F(r)r*L*d¢” + dw (7’ +F(r)>\(7")6r2

L2 A\’
Ty ™ (dWL) '

Here we have ((r,6p = 7) = 1, and the dilaton is trivial. The Dirac-Born-Infeld action for the D3

(4.50)

200ne usually aims to wrap the shrinking circle S'[#] which plays an important role in the IR dynamics, as well as
some closed submanifold of the internal space.
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yields the following:

Lym
Sps3 =T / d*64/—e—22det Jind,D3) = NDg/ dw /F? + g27‘/2, 4.51
by =T [ 5/ (9in03) \FE+ i (4.51)

—Lywm

where we once again notice the universal nature of the observable. The functions appearing in the
dynamical part are:
F2=rAr)°F(r), GZ=L*? (4.52)

and the constant UV prefactor reads:

~ T
Nips = 1D3

/dt d¢ dos = TiD?’and,, (4.53)

where 7 is the extent of the time coordinate. In terms of the dimensionless parameters we have:

[54( +&) - (1+9)], = L*r}¢?, (4.54)

from which we can form the length and energy integrals using the same equations as in the case of the
Wilson loop (4.8), (4.9). The resulting expressions are listed in appendix C, in equations (C.2), (C.3)
and (C.4).

The resulting plots of both the approximate and exact expressions are depicted in figure 7, where
we once more notice how well the approximate expressions capture the dynamics of the system. The
double-valuedness of the length for any value of 7 leads to a phase transition and monopole screening
taking place. The system prefers energetically the disconnected embedding in which the monopole-
anti-monopole pair moves freely. This phase transition in the 't Hooft loop (that can be interpreted
as the screening of non-dynamical monopoles) further supports our claims for quark confinement in
the dual field theory [56].

D5 probe. Next we consider a D5 brane extended in the submanifold Xg = [t, w, ¢, ¢1, P2, ¢3],
with?!:

1 1 T
r=r(w), z=z2), 60=0y= 5 arccos (3) , Yo = 1 (4.55)
The induced metric on the brane is:
r, 0p)r? L? : A ’
ds? = % (—dt? + F(r)L*d¢?) + 0 .00) cos? 0y sin? g <d¢1 + legb)
9 A 2 2)6(r) A 2
2 2 2 .2 3
- Oy | d —d 4.56
+ (. 00) cos” 0y cos” g (d¢2 + 7 dq/)) + i 00) sin” 6y ( o3 + 7 qb) ( )

200 | (0™
" TQF(r)/\G(r)} duw?,

21The full equations of motion enforce cos(2¢p) = 0 and —1 + 3cos(20p) = 0, in order for the embedding to be
consistent.
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Figure 7: Resulting plots for the 't Hooft loop length and energy expressions, given in (C.2)-(C.4).

and its action gives the following expression:

R LMM/2
Sps = TD5/ dG&\/—€72®det(gind7D5) = ND5/ dw\/}? + er/z,
e

~Lane/2 (4.57)
LTTosLs.

873
3V3

We see that the dynamical part, comprising of the w-integral, is the same as the one in the previous
embedding as we find the same functions as in (4.52), and therefore the same plots of figure 7 apply

Fi = 7"3)\3(7“)\/F(r), G; = Lr, Nps =
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here.

D7 probe. Let us consider a D7 that extends in the following coordinates Xg = [t, w, ¢, 0,1, ¢1, 2, P3]
with 7 = r(w) and z = zp kept fixed. The embedding is consistent and the equations of motion are
satisfied. The induced metric on the D7 is:

L2 /2
dsia,pr = 4(2,29) [—ertQ + F(r)L*r*d¢? + dw? (rz n W) - L4d92]
’ 2 2 2 2 A\’ 9 ) A\ 2
+ C(r,0) cos” §dy” + cos™ f'sin” ¢ <d¢>1 + L) + cos™ 0 cos” 1) <d¢2 + L) (4.58)

AN 2
+A(r)8 sin? @ (dqbg + L3) ] 5

while the DBI yields:

R Lym
Sp7 = TD7/ dsc}\/7672¢det(gind7D7) = ND7/ dw \/]:,52 + QEW,
g

L (4.59)
Fo=rNVF(), G=Lr, Nor=gm’L*TTorLy.

Once again, we obtain the same dynamics and therefore this probe captures the same effects of
the 't Hooft loop as the previous ones.

4.2.2 ’t Hooft loop for the Type ITA backgrounds

Here, we study a probe in the Type ITA family of backgrounds that can be associated with the 't
Hooft loop and displays screening of the monopole-anti-monopole pair. The dynamics as we argue is
analogous to the one in the Type IIB system.

D2 probe. We will first use a D2 probe brane extended in X3[t, w, ¢] with the direction r = r(w)
and the rest of the coordinates being fixed to constant values:

Z = 20, 0:007 ¥ = o, X = Xo; = T, U:E—>O7 (460)

with 0 < 7, < P. This is the simplest choice one can have for describing the 't Hooft loop, as the
pullback of the NS potential By on X3 is zero and therefore the DBI action is easy to handle. The
induced metric on the brane reads:

2 r2F )4
+ [fsA +2 (fz sin” oA, + 2Ff’"2)‘2>} 4"

)\ 2)\2 12
dslnd _ *4f3/2 1/2f a2 Jr4f3/2 1/2f <T n r > duw? o

where in the above expression all the functions are to be taken at the values of the ansatz (4.60):
fi = fi(r,n4,00), etc. We can now choose the value for y = 0 and take o9 — 0. Using coordinates
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G € {t,w, ¢} where t € [0, T] on the worldvolume X3, we have:

SDQ = TDQ/ dga'\/_e_2q>det(gind,[)2)
33

Lvm 414 212 2
B . 73/2 - ri\t [r2)\ T
= 8LTD2L¢’T£1£% fi77(e,me) £ (e, 77*)/ dw\/F 7 < 72 + T2F)\4) (4.62)

—Lam

Lym
N N 8Tpa LT R(ny
=J\sz/ dwy/ FE + G2r'?, Npg = 22220 2 T/ 22 (1:)

—Lam

where the functions F; and G; are the same as the ones found in the Type IIB background (4.52).
Consequently, the plots are similar to figure 7, indicating the screening of monopole-anti-monopole
pairs in this background as well.

One could also study the 't Hooft loops obtained by suitably probing the geometry with D4 and
D6 branes. In these cases, the non-zero pull back of the NS two form makes the calculation more
cumbersome. We do not discuss these further in this paper. Instead, we focus on another relevant
observable.

4.3 Entanglement entropy

In this section, we study the entanglement entropy of the QFTs dual to our backgrounds. We consider
codimension two submanifolds which explore the bulk, while their boundary at r = oo divides the
dual theory in two entangled regions. Following the proposal of Ryu and Takayanagi [57], the action
for the minimization of the hypersurface for the 10d theories is given by

1
Spp = —— / d8Gy/e=4®det(gs,), 4.63
160 Js, \/ (95%) (4.63)

where Gy is the ten dimensional Newton constant and @ the dilaton of the theory. In 11d we have
1 .
Spp = W/ d%+/det(gs, ). (4.64)
4(;N Yo

In the following, we study this observable in the three different backgrounds presented in this work.

4.3.1 Entanglement Entropy for the Type IIB background

For the case of the type IIB background, we choose an eight-manifold ¥g that extends in the directions
[w, z,¢,0,1, $1, b2, ¢3] with the profile of the radial coordinate being r = r(w). At r = co we take this
manifold to have a boundary which splits the field theory in two regions: one being a strip of length
Lgg, and the other the rest of the space.
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The induced metric on Yg is then

dsfa = 7((7292)7‘2 [sz + L*F(r)d¢® + ( ) }
9 5  cos?f 5 cos 9s1n2 1/) Ay
O G T ) (d¢1 B (4.65)
cos? 0 cos? ¢ Ay A6 (r) sin” 6 As3\?
i (1o ) TG (e )

and the determinant of this yields

(4.66)

2,12
det(gs,) = LSr® F(r)A%(r) cos® 6 cos? 1 sin? f sin” ¢ {1 + L7 }

A6(r)F(r)r*

Given that the dilaton for this background is trivial, we arrive at the following expression for the
entanglement entropy action

S _NEE foe/2 d 2 2 2
EE = /ViIB wy/ Fip + Ggpr'?,

~Lon/2 \ , (4.67)

}%E = 7"6F(7"))\6(7")a Q%E = L*?, MIB = M
4G N

We find the same functions as the ones appearing in the integrand on the ’t Hooft loop observable
n (4.52). From this it follows that the entanglement entropy undergoes a phase transition as well,
since the plots for the length of the strip Lgg and the corresponding energy are identical to the
ones presented in figure 7, where a phase transition in the energy F(Lgg) is apparent. There is a
critical length after which the system prefers to have zero entanglement entropy, corresponding to two
disconnected Ryu-Takayanagi surfaces that are attached at w = +Lgg/2 at the boundary (r = o0)
and extend deep in the bulk, reaching the end of space. This behaviour of the entanglement entropy
further supports the confinement-deconfinement phase transition [52, 58, 59].

4.3.2 Entanglement Entropy for the Type ITA background

For this background, we will choose an eight manifold Xg extended in the coordinates [w, z, ¢, 8, @, X, 7, 1]
with 7 = r(w). The induced metric on this manifold is

12 2)\ 2
dst, = FofM2 (4 f i o) () (d2? + L2Fd¢?) + 4f >/ 1/2<T2’;4F+r L(;) )dw2

(4.68)
—|—f2DlliDui + fa(dx + B)? + fa(do? + d772)] .
Taking the determinant of the above metric, we arrive at
6 6 2,./2
3 ONT)°® 5 sos0z o4z 3 Ler
det(gs,) = 4°F(r) 7A sin 9f f2fdf4f5f [ W ) (4.69)
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which in turn yields the following action for the surface (setting x = 1):

R LEE/2
SgE = A[IPI:E/ dw,/ Fép + Gepr’?,

hes/? (4.70)

P2~ SR, Gl — 122, AR ST Ll / da/ dnoVV”,
LGy
Once again we arrive at the same dynamical part as in the type IIB background and the 't Hooft loops,
hence this systems also exhibits a phase transition in the entanglement entropy. In addition to the
constant numerical prefactor, we also obtain an integral in the subspace spanned by ¢ and 7, which
makes its appearance in many of these systems when one calculates the entanglement entropy or other
observables that encode the degrees of freedom of the dual field theory, like the c-function [26, 44, 60].
We further comment on this in the next section where we calculate the flow central charge.

4.3.3 Entanglement Entropy in 11d supergravity

To calculate the entanglement entropy directly in the 11d system (3.27), we take the codimension 2
manifold Xg with ¢ constant and r = (o). The induced metric on this subspace is then

ds? = 2 {42 {T2A(T)2 (d2® + L?F(r)d¢?) + (rz)\(r)Q + - (7")) dwﬂ + y2e_26/\ (Du')?

X3 | 12 Lz PR Z

4X* (Dx?) Z 2 z? D 2 2
— = — —0,Dody” — — °(d d .
72 1—y9,D, yay 0y yaye (dvf + dv3)
(4.71)
where we have again set kK = 1 = m. The determinant of this metric is
6)\ 6 2.2
det gs,, = 256L2e2P032(8, D)2 sin2 0 [F(r)r L(g Ly L’; } (4.72)

and the action is written as

LEE/2
SEE — NLLM / dw \/ ]:E2]E + g%ETI2, (473)

—LEE/Q
32m2L, L
Fig =rOF(r)X°(r), Gip =r’L% Nify = Tﬂ’ / dydvidvaydye.  (4.74)
N

Once again, the observable factorizes itself in a universal manner and the r-dependent factor is the
same as in the previous cases. An interesting comment here is that the integral in the subspace
spanned by y,v; and vy appearing in the UV factor above, is the 11d version of the integral found
in the electrostatic case (4.70). To see this in detail, we make use of the change of coordinates (3.25)
to translate this subspace to the ”electrostatic variables”: (y,v1,v2) — (0,7, 3). Writting the (v1, va)
plane in polar coordinates (p, ) and differentiating these relations, we find:

dy =V'dn—oV"do, dvy Advy =—pdpAdS and e dp =oV"dy+ V'do, (4.75)
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and then we write the integrand as:

2V"Va?
yoyele = — 10 (4.76)
P2 {VV// _ (V/)Q
This maps the integral in (y, v1,v2) to the following:
/dy dv; dvy yd,eP = —2/d5 dndo VV"0, with V =V (8,1,0), (4.77)

which is indeed proportional to the integral in (4.67) in the electrostatic case, that is when the extra
SO(2) symmetry in the vy, ve plane renders V independent of 8. The same integral appears also in
flow central charge calculation, carried out below.

4.4 Flow central charge

We now study an observable called flow central charge. The calculation details are included in [1, 27,
60, 61]. This is a monotonic quantity related to the number of degrees of freedom of the flow and
asymptotes to the UV central charge value. It provides an effective number of degrees of freedom for
every value of the holographic coordinate along the flow from the CFT,4 to the strongly coupled 3d
systems in the IR.

Interestingly, notice that this quantity is monotonic for the backgrounds here studied, in which
Lorentz invariance SO(1, 3) is broken to SO(1,2) x SO(2) under the RG flow. In summary, we write a
quantity that detects the four dimensional fixed point, the gapped character of the three-dimensional
QFT (giving a vanishing result) and is monotonic along the flow.

Consider a dilaton and metric of the form
d d L
ds? = —aodt? + Z a;dz? + H (a;)? b(r)dr? + hay(dy® — A% (dy® — A®),  &(7,7). (4.78)
i=1 i=1
To calculate the holographic flow central charge we use [60-62]

d
GidX'dX7 = " a;da? + hap(dy® — A%)(dy’ — A) (4.79)
=1
2d+1

8 2 b(r)s H™=
H= (/ [ dxey/em1® det (Gn)> , Chiow = Volgdd 2 * (4.80)

a=1 GS\}O) (ﬁ/)d

For G;; the 8-dimensional internal space and field theory directions and Volg the volume of the field
theory subspace spanned by {z;}.

4.4.1 Flow central charge in Type IIB Background
Calculating the flow central charge in the IIB background, we find with d = 3,

b(r) = ——/—————. (4.81)
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The 8-dimensional space is

2
Gyjda’da? = % [dw? + d2® + L*F(r)d¢?]
2

M)

Taking the determinant we find:

[¢(r,0)%d0% + cos® 0dy? + cos? O sin® YD + cos® § cos® D3 + A (r) sin® 0D¢3] .

detG; = rSLEF(r)A(r)° sin? 6 cos® 6 cos® ¢ sin® 1),

/de Vet det Gij = T L33\ (r)®/F(r) Ly L. Ly = HY?,

(4.82)
and the flow central charge takes the form

33 b(r)3HELyL, Ly

- 4.83
Gg\lro) (H')3 ( )

Clow =

We write the radially dependent part in terms of dimensionless variables &, ¥ defined in (2.2) and the
final expression takes the universal form:

SN2 /6y peto 3
e 56 (]—‘F{%) (—5 51?;4%2) 1)> . - 7T3L5L121)L§L35
CﬂOW:27 1IB (2194—362)3 with HB:TE\IIO) (484)

Cflow
Cuv
1.0+
0.8
0.6
04
02
4 P N —
0 2 4 6 8 10

Figure 8: Plot of the normalised flow central charge in eq.(4.84)Aas a function of ¢ for different values
of U and L = 1. The cqow goes to the UV central charge cyy = Nfjp for large values of {. This plot is
the same for all of the three backgrounds.
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In figure 8 we observe that the point r = r, corresponds to an energy scale in the dual field theory
below which there are no dynamical degrees of freedom. This indicates that the system has a gapped
spectrum and 7, is associated with the gap scale.

Moreover, we notice that the non-universal part /\7ﬁB of the observable which equals the central
charge of the UV theory, is also contained in the UV factor of the entanglement entropy calculation
(4.67). The two are related as:

L?12

L.L
MMIB (4.85)

Nip = cuv = 5

Similar relations hold for the rest of the backgrounds under study. The interested reader can consult
[63] for more on the relation between c-functions and entanglement entropy.

4.4.2 Flow central charge for Type IIA background

In the same way as above, we calculate the flow central charge for the 11d and ITA backgrounds. We
have the same b(r) as in eq. (4.81). The 8-manifold metric reads

- Af r2A(r L _
Gijdaida? = fP12 2/ L()(dw +dz? 4 L2F(r)d¢?) + foDu'Dp’ + f3(dx + B)? + fa(do® + dn?)

L2
(4.86)
and we find /\( o
A i N s FOF2F F2F F T
e *®det(Gij) = 6417 f3 fafifs f? F(r) (4.87)
Setting x = 1 and utilising
RE B =16V2V" 202, (4.88)
we get:
. 26572 L .
A= % / dodn VV"o AP VE). (4.89)
This yields the result:
%
. e (1+ 52) (S e BmLALRLAL? / | /Pd o
Cflow = JVIIA b+ 352) ) ITIA — Gn 0 o 0 n g,
(4.90)

where the flow factor matches that of the type IIB calculation above. The normalized flow central
charge for this solution will also be depicted by figure 8. Again, one observes that the expression
[ dodn Vo makes its appearance in the corresponding constant in the entanglement entropy calcula-
tion. More specifically,

- IALyLyL.
cov =Njja = ¢7N (4.91)
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4.4.3 Flow central charge in 11d supergravity

For the calculation in 11d, we compute a 9-volume and there is no dilaton. Here we find:

- 25672 L
H? = % /dy dvydvg yd,eP0 3N (r)3\/F(r), (4.92)
and therefore
6 o\ (-1t —1)) 2
N 21 &) (SHe) N = 2R LELS [ ydugyoy e
Cow = NLLM (20 + 3¢2)3 ) 1A = GS\:}U/ y dvidveydye?,
(4.93)
in which case we have the connection with the entanglement entropy UV factor:

4.5 D7 brane embeddings in the Anabalon-Ross deformed AdS; x S° solution

The main objective of this subsection is to study the properties of a D7-brane probe embedded in a
confined background. To facilitate the analysis we will focus on the type IIB confined solution and set
to zero the Coulomb branch parameter ¢. In this way we essentially analyze the addition of D7-brane
probes to the Anabalon-Ross deformed AdSs x S° background [24]. The background in this case is

r2 L2dr? . As 2
ds?, = 7 [dxiQ + f(r) L* d¢? + 0 + LQ{do2 + sin? 0 (d¢3 + L>
Ar\? Ay\?
+ cos? 0| d? + sin? v <d¢1 + L1> + cos? 1) <d¢2 + L2> ] } , (4.95)
with?? 2 )2 ) )
1 L e =Ty
fr)= 37 % and Ay =As=A3=-LQ o d¢ (4.96)
where 7, is the solution of the equation F(r) = 0 = r, = L2/3 Q1/3. A consistent ansatz for a
D7-brane probe with the following worldvolume coordinates
. T'x
Ca = (tayaza¢7rvw7¢la¢2) is 0= 0(7’) and ¢3 = ﬁ@b (497)

Notice that is the limit of 7, — 0, in which case we obtain the familiar AdS5 x S? solution, the ansatz
for the embedding function ¢35 becomes zero, and we obtain the D7-brane embedding of [64]. To
simplify the study of the embeddings, it is convenient to introduce an isotropic system of coordinates,
along the lines of [65, 66]. To identify these coordinates, we have to isolate the (r,60) part of the
induced metric

dr?

2
A p2qe2 = g2

0 +do”

(4.98)

22The metric in (4.95) is the £ — 0 limit of (6.3). Due to the redefinition of equation (6.1), the parameter @ has
dimensions of length.
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and exchange the radial coordinate r with a new radial coordinate p, such that such the first term
inside the brackets becomes dp®/p?. This means

dr dp L5 Qs
ry/1— L@ P 25 P

r6

(140°)° . (4.99)

Describing the embedding in terms of the function x(p) = sin€(p) simplifies the analysis, and the
Euclidean D7-brane action becomes

I d 1
V =/;’§ (1+p°%)° \/(1 =5+ 405X (1= x°) /1= X2+ p> X (4.100)

7r2L% Q%
V2
The equation of motion for x(p) can be obtained from the Euclidean D7-brane action and implies that

the behaviour of the field at infinity is

with

N = Tp, (4.101)

m &
X=—+— -+ 4.102
P (4.102)

where the dimensionless constants m and c are related to the quark mass and condensate. Let us now
introduce a system of Cartesian-like coordinates (u, R), defined as follows

R=px and u=p+1—x2. (4.103)

The Euclidean D7-brane action becomes
1
3 2 2\3]3
I u? |1+ (u? + R?)
[t

N (u? + R2)*

2
\/432 (u? + R2)* + [1 — (u2 + R2)3} V1+ R? (4.104)
where the embedding of the D7-brane is given by R = R(u). For large values of u we have
R(u) :m+ui+--~. (4.105)

Even if there are two free parameters in solving the equation of motion for the embedding function
R(u), the dynamics in the IR of the theory allows that for a given value of m a finite number of values
for ¢ exist, in order to have solutions that are well behaved. In the current case, there is only one value
of ¢ for every m. To solve numerically the equation of motion for R(u) from (4.104), we integrate from
the IR with boundary conditions R(0) = Ry and R’(0) = 0. In the left panel of figure 9, some of these
solutions are presented for different values of the constant Ry. The values of the parameters m and c
are read off at the boundary and are presented in the right panel of figure 9.
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20

Figure 9: In the left panel, plots of the D7-brane embeddings for different values of the constant Ry.
The black region indicates the singular region of the geometry. In the right panel, qualitative plot
of the parameter ¢ versus the parameter m, as they are read off from the boundary behaviour of the
solution.

The form of the brane embeddings is similar to other confining backgrounds (see e.g. [67]), where
the singularity in the interior of the geometry triggers a repulsion that is responsible for the fact
that the D7-branes avoid the central region. However the plot of the condensate with respect to
the quark mass (in the right panel of figure 9), shows an interesting non monotonic behaviour. The
condensate flows to zero both when the quark mass is large (something that is expected since away
from the singularity the embeddings are flat), but also for very small quark masses. And all this
without “jumping” from Minkowski to Black hole embeddings, as it happens in the presence of the
temperature [65]. Notice here that in the embeddings that are studied in [67], in a Gubser dilaton
flow geometry [68] that is not supersymmetric, the condensate is finite for zero quark mass indicating
spontaneous chiral symmetry. In our case, there is a finite value of the quark mass that the condensate
obtains a maximal value. This behaviour has to be investigated further. First we have to determine
the exact relation between the parameters m, ¢ with the quark mass and the condensate. This should
be followed by a holographic renormalization, in order to calculate the “on-shell” action, and by the
computation of the meson spectrum.

5 Holographic renormalization

5.1 Anabalon-Ross solution

In this section we will study the holographic renormalization of the solution presented by Anabalon
and Ross in [24], using the methods developed by Skenderis et al in [16-18, 69]. The configuration we
wish to study is a solution of five-dimensional gauged N = 2 supergravity with the following action:

S (e 12 3z zw), L [ =
S_IGTrG/d xy/ g(R—FL2 4.7-'#,,}" >+167TG V—gF NF NA, (5.1)
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with a gauge field
1 1

The equations of motion for the gauge field and the metric read:
~ ) - 3 1 - 6
d*5 F+FANF= 0, ij = THU(A) with Tuy(A) = 5 f#pf,f - ég,uu]:pafp + ﬁglﬂ" (53)

The metric is given by

L2d7’2 . I l2 Q2 L2
2 70) '

2
ds? = 22( A2 + da? + da? + f(r )d¢2) +
The configuration preserves four real supercharges when p = 0, or equivalently when r, = (QL)"/5.
Following the steps leading to holographic renormalization [16-18], we first transform our coordinate
system to Fefferman-Graham coordinates:

1,2 L
ds? = v (d,o2 + gi;(x, p)dxldxj), (5.5)

where the variable p is defined such that the boundary is now at p = 0. To achieve this we will treat
the coordinate change asymptotically near the boundary. First we use r — 2z~ ! and expand around
z = 0. The radial part of the metric then becomes (notice that we have to go up to fifth order for the
parameter @) to appear):

Dot 25+ (’)(27)> dz = —, (5.6)

_|_

Ldr L I3
- o e
2 2

which we can integrate to find p(z) asymptotically:

1 L I3 L3Q?
:>p:exp{/dz <+;23+2Qz5+0(z7)>}

12, 120? | (5.7)
= pr —_— O(z
proot =l T L0,
and inverting this we get the relation for z(p):
L2,U, L2Q2
Z%P—?Ps I 7 T+ 0(p"). (5.8)
We can now expand the expressions of the boundary metric g;; around p = 0:
Q* 8 1 3p 4 5Q? ¢ 8 5.9
19tt] = Goroy = Guaws ~ L2 + p + 5 O, gep ™ 75— ot = = 0. (59)

One can then use the following formula to calculate the vacuum expectation value of the stress energy
momentum tensor in the four-dimensional boundary field theory [16]:

413
<Tij> 167Gn Tai o~ 94)ijs (510)

— 44 —



where g(4);; denotes the coefficient of the fourth order in p term in the expansion. The result reads:

L3u 3L3u
— el 5.11
167Gy’ (Too) 167Gy (5.11)

As expected, the SUSY point g = 0 has vanishing vev for the energy momentum tensor. As for
the gauge field, its near boundary expansion in these variables is:

_<Ttt> = <T$111> = <T1212> =

L2
A= —7% +Qp* - %/ﬁ +0(p%), (5.12)
yielding the vev for the current:
(Jg) = Q, (5.13)

which couples to a global current expressing the R-symmetry of the dual theory.

5.2 Anabalon-Nastase-Oyarzo

The same procedure can be carried for the solution of [33]. In this case the change of variables bringing
the metric of (2.5) asymptotically to the Fefferman-Graham form (5.5), as well as its inverse, read?3:

Pe o 9LH(q? — @3)Pe + 50 o

Nz — — 0"
prRZ= =2 + - z2° 4+ 0(z"), 5.1
e 9L*(¢? — q3) — 54 .
Zzp+?p37 ( 1 722) p5+(9(p7).

Let us now look at the expansions of the 4d metric coefficients near the boundary. We have:

A (r) 1 [ L'Y%(qf — ¢3) c]
19¢¢] = Gww = 922 = —75— ~ 13 B AL2 - 18L2] P
L2042 — q2) 1305
. (a1 — a3) . P8+ O(p®),
8 648 L2 (5 15)
1 [ 3L*(qf—¢d)e 1! .
949 ~ . 1 2)¢ 4
9oo =T A (NF) ~ 75+ AL? 18227
—27L404(19¢% + 53) + 13(% 8
T I P’ +O(p°).

We notice that the boundary expansions contain constant isotropic terms, highlighted in blue. In
order to ensure that the VEV of the stress-energy-momentum tensor vanishes, as it should for a SUSY
theory, we can remove these terms by adding the following boundary expression to the supergravity
action:

Se.t.

1 Lot

= - a* 5.16
SWGN( 9 ) R1.3 33\/’7, ( )
where v is the induced metric on the boundary of AdSs. Such a term respects all the symmetries

of the theory, is covariant and does not interfere with the equations of motion. It only results in a
shifting of the VEV of T;;. The final expression reads:

AL3 Iz ) L3u

Ti’ = T~ ij ©j = di _1a1715_37 5.17
(T3) = T60cn (9(4)J+”J18L2 Tomcy 28 ) (5:17)

23again, after letting r = z~1 to bring the boundary at z =0
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where = —nL*(¢} — ¢3), g(ayi; refers to the fourth order coefficients in (5.15) and the second term is
the effect of (5.16). Clearly, in the supersymmetric case where ¢; = g2 we get (T;;) = 0. Let us note
that counterterms of this form were first introduced in [70] for the purpose of removing divergences
from physical observables like the AdS mass density. As noted in [70] as well as [16], it is often
necessary to fix such terms, expressing ambiguities, in order to match the ground state energy. As for
the scalar and gauge fields, their near boundary behaviour is:

2 2 Iz
D(r) = \/;lnA O(r) ~ \/;2604 + %pe +0(p*),

Le? L4 LrA
A=A~ r;?(h — Lleqip* — 3111 P 36111 [90L* (2 — g3) — 22€] p° + O(p®), (5.18)
L?eqs 2Llq, , Lgs
3 o 2 2 4 402 92\g4 6 1 6 8
3N e~ Wener’ + 5ot = 5 [FOLNGE — )+ 140%] 0 + O(0°).

From these we can read the VEV of the dimension two?* operator dual to the scalar field?®:

(0) = 2% <—\/§e2e> - 2*/55277, (5.19)

as well as the VEVs of the currents contained in the O(p?) coefficients of the gauge fields:

(1) = —LlPeqy, (J3) = —Lleqy, (5.20)

which are equal at the SUSY point where g1 = g2 = q. We see that one can recover the results of
the previous subsection by setting Q = ¢2Lq and taking the limit £ — 0 which maps the Anabalon-
Nastase-Oyarzo solution to the Anabalon-Ross one as explained in [1].

6 The stability analysis of the classical solution for the Wilson Loops

In this subsection we will examine the stability of some of the Wilson loop configurations that were
calculated in [1]. The analysis will be for Wilson loops in the Type IIB case, however we expect that
the conclusions of the subsequent analysis will be valid also for the other cases.

6.1 The classical solution

We counsider the ten-dimensional supergravity background constructed in section 5 of [33], presented
here in 3.1 (we are especially interested in the supersymmetric case, in which the parameters ¢; and
g2 are equal) and we perform the following redefinition (see also [1])

g =q2= é%, (6.1)

24the prefactor of 2 in the VEV expression enters because in this special case where A = 2 we have (2A —d) =0, as
explained in [16]
25we remind the reader that n = —e¢2/L2.
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where Q has dimensions of length. In this way the background functions and the gauge fields become?®

e 5 1 L'Q?
> =1- — cos® b=1-=, FnN=—=|1- 450
¢(r,0) 2 608 0, Ar) 2’ (r) 1.2 [ 4 (r? _52)}
r?— g2 r?— g2
A=Ay = -LQ P dp, A3=—-LQ =) (2= ®) do. (6.2)

The background metric is given by (3.1), see [1, 33], which we repeat here for convenience

r2

L2dr?
2 2 2 2 - =
ds® = 73 ¢(r,0) |:dx1,2 + L7F(r)de” + F(r)ri3(r)

2
+ C(i ) { cos? 0

+ A%(r)sin? 6 (d(bg + ?) }

] + L*((r, 0) d6?

2 2
dep? 4 sin? ¢ (d¢1 + i}) + cos? ) (d¢2 + 122)

with Cy given in (3.7) which does not participate in the calculation of the Wilson loops and their
stability analysis.

To obtain generic expressions for the string configuration and for the equations of the fluctuation
modes, we consider the following general form for the metric

ds® = Gudt? + Guudw? + G,.dz? + Gppd¢? + Grpdr?® + Goedf? + . .. (6.4)

Notice that in the cases we will consider G¢; will be negative and y denotes the spatial side of the Wilson
loop along which the Wilson loop extends. To write down the expression for the string trajectory in
a compact form, we introduce the following functions

g(""7 9) = _GttGTT ) fy(r7 9) - _Gttny . (65)

The Nambu-Goto action for a string that propagates in the gravity background becomes

1
S = ~5- /deU\/—det Gap With gap = G 00x" 052" . (6.6)

To fix reparametrization invariance, we make the choice: t = 7 and r = o, and the ansatz for the
string embedding corresponds to that of embedding T (with ¢g = 0) studied in section 4.1.1

y=vylo), ¢=0, 0=0y= {O or g} and rest = constant . (6.7)

Notice here that the two values for the angle 6 came from the substitution of the ansatz (6.7) into the
equations of motion, that are derived from (6.6). The equation that the embedding obeys becomes

0
) JfOF
1/2 Y .
ST g with F=-2fv_ (6.8)
9+ fy v Jy fo =1y
26For simplicity we have chosen € = —1. Notice that we can reverse this choice at any time by £ — i £.
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All the functions are calculated at 8§ = 6y and 7y is the value of the holographic coordinate at the
turning point. Moreover, f;; = fy(r0,00), ya is the classical solution and ¥/, is the derivative of the
classical solution with respect to o at § = 63. The two signs denote the two symmetric branches
of the string trajectory around the turning point. Integrating (6.8) we obtain the expression for
the separation length and inserting the solution for y/;, into the Nambu-Goto action (and properly
subtracting the contribution from two straight strings extending until the end of the geometry), we
obtain the expression for the energy. This is the same procedure we followed to obtain equations (4.8)
and in this context they read

L=2\/E/:drf. and E:i/wdrﬁ—i/:odr\/@ (6.9)

To

In principle, we would like to analytically evaluate the preceding integrals, express the parameter r
as a function of the separation length L and then insert that expression into the expression for the
energy. In that way, we would obtain an expression of the energy in terms of the separation length,
E(L). In practice this can be done only for a limited amount of “cases” (i.e. backgrounds), and the
confined background is not one of those cases. Alternatively, we consider the expressions of (6.9) as
parametric equations of the length and of the energy with parameter .

In figure 3 (c) and (d) we have plotted the energy of the Wilson loop as a function of the separation
length for different values of ¥, or equivalently, different values of @ (the case 7 = —1 corresponding to
Q@ = 0). For large values of the separation length, which is equivalent to small values of the parameter
ro (i.e. the turning point of the string approaches the confinement scale @), the energy has a confining
behaviour. This means that it increases linearly with the separation length. In this section we are
going to investigate the perturbative stability of the string configuration, paying special attention to
the region of small ry. We are going to analyze the case with 8 = 0, but the main conclusion will
be also valid for the other cases. Notice that in the 8y = 0 case and for very small values of @ (or
U~ —11), there is a region in the E(L) plot (figure 3 (d)) in which a “swallow tail” is observed. For
reasons that are explained in [1], we are not considering this region of the parametric space for @ in
the following analysis.

6.2 Expansion of the action and equations of motion for the fluctuations

To investigate the stability of the string configuration that is described in (6.8), we consider small
fluctuations about the classical solution. We are going to fluctuate all the coordinates, either transverse
or longitudinal to the quark-antiquark axis. We perturb the embedding ansatz as follows

z2=204+0z(1,0), y=yalo)+dy(r,o), 6=00+00(r,0), ¢=70d(r,0)
Y1 = 6()01(Ta U) , P2 = 5@2(73 0) ) Y3 = 6903(7-7 U) ) 1/) = 6¢(Ta U) . (610)

Notice that we keep the expansion ansatz for the angle 6 general. In this way we will obtain a system of
equations for the fluctuations that could be potentially applied for both values of 6y. The next step is
to substitute the ansatz (6.10) into the Nambu-Goto action and expand in powers of the fluctuations.
In this way we obtain an expression of the form

S=8+5+S5+... (6.11)
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where the zeroth order term is the classical action and the first order contribution is

S1 ——/deO’{ fooy' +

where 0pg and 0p f,, denote derivatives of the functions g and f, with respect to 6 evaluated at the value
6 = 0y, while dy’ denotes derivative with respect to o. In the cases that we consider the derivatives
of the functions g and f, vanish and the first term is a surface contribution that will not affect the
equations of motion. The second order contribution can split to a sum of terms. Some of them contain
contribution from just one fluctuation

1 OF1/2
S 009+ ‘éﬁaefy] 50} (6.12)
Y

5 = 3 ;j 75027 - h gng;c;/Qéég & S = i;{fmé 73 ;1 7509°

5y’ = 21{2/2 30" — hgagFf:/Q 66% + <4F1/2 Dy + f04Ff:/2 3efy> 06

S g g o & S e M

Sy = 2?"{/2 5o — hj;“";ijmwf with i=1,2,3 (6.13)

and there are three more that contribute to the coupling between the modes d¢ and dyp;, for i = 1,2, 3

dpdps _ f<p7¢ hprl F1/2 .o . . B r2 _ p2
55009 = f1, 712 5¢' 5, — W&b&pi for i =1,2 with f1o = 7QTT2*
fg% h’fsﬂa F1/2 ’I"2—7’,2<

Sg¢ Spz _ 5

(6.14)

71/2 8¢ 6y — gfydqﬁ&p'g] with f3 = —@Q ROk
The definitions of the functions f., fs, fs, fy, b and f,, with ¢ = 1,2,3, are listed in (C.5). The
equations for the fluctuations dz, §i, dy and 46 are decoupled, while the equations for d¢, dp12 and
Sps are coupled. After introducing a time dependence of the form e~'“T (see (C.6)), they take the
form that is listed in (C.7), (C.8) and (C.9). Therefore, we have reduced the problem of examining the
stability of the string trajectory to an eigenvalue problem for the differential operators that refer to
the different types of fluctuation modes. The differential equations are of the general Sturm-Liouville
type

d d
{— {p(a)] — T(O’)} P(0) = w? q(0)®(0) with o <0 < 00 (6.15)

o
where the functions p(o), ¢(o) and r(o) are read off from the corresponding fluctuation equation and
depend on 7y and the confinement parameter (). Summarizing, the task is to solve the Sturm-Liouville

problem and determine the range of values of ry and Q, for which w? is negative. For this range of
values the classical solution will be perturbatively unstable.
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6.3 Transformation to a Schréodinger potential

To perform the stability analysis it is often more convenient to transform the problem to a Schrodinger
one. For this reason we perform the following change of variable and change of function

x = i/ da’\/g with @ = (pg)~1/4w (6.16)
To

where the two different signs for the new variable x, correspond to the two different branches of the
U-shaped string embedding. Now equation (6.15) becomes

S ,
e + V(m)} U(z) = w*¥(x) (6.17)
and the expression for the potential is
1/4 ¢ [ 1/2 d d2
__r . pr__ < (P IR VZY I -1/4a 4 1/4 1
14 s 5 do < q) 15 P9 p +(pg)™ 5 (pa) 7 (6.18)

In the first part of the above relation the potential is a function of the “old” variable o, while in the
second part the potential depends on the ‘new” variable x.

Toy model - @Q = 0 case - reproducing the results of [71]

To set-up the conventions and compare with existing results in the literature, we begin the analysis
with the = 0 case and consider 6§y = 0. The expressions for the Schrodinger potentials in each
fluctuation mode are presented in (C.10). Notice that the analysis of the §i) mode was absent in [71].

For all the cases that we consider, the change of variables (6.16) in this case becomes®”

+ 0 de .
w V@ @31

To decide about the stability of the solution against perturbations, in figure 10, we are plotting the
expressions of the different potentials from (C.10) as a function of z from (6.19). We have chosen
to plot for 7o = 1.2, but the conclusions we draw are valid for any value of ry > 1. Notice that the
Q = 0 case corresponds to the Coulomb branch (i.e. without confinement) and there is a singularity

x(o, 1) = (6.19)

at r = 1. Since Vy, and Vjyy are positive for every value of r(, the solution is stable under fluctuations
along z and ¢. Contrary to the above behaviour, Vs, and Vs, are positive for large values of x and
turn negative as x approaches zero. Because of those negative values for the potential, a numerical
computation of the spectrum is needed, in order to decide whether tachyonic modes are produced or
not. As we will see from the analysis of the next subsection, the small negative part of the potential
Vsy is not sufficient to produce tachyons for that mode, however we will identify tachyons, below a
critical value of rq, for the mode dy.

Finite @ - confining geometry

For finite @, as can be seen from equations (C.8) and (C.9), two of the modes (namely d¢ and dp12
for = 0) are coupled and all the rest are decoupled.

2"Notice that in the following analysis we have set £ = 1. This means that all the values of r that we consider are
with respect to £: i.e. 7o = 1.2 for £ = 1, transforms to 7o = 1.2 ¢ for generic £.
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Figure 10: Plots of the Schrédinger potentials from (C.10) as a function of x from (6.19) for Q@ =0
and 79 = 1.2. The red, green, magenta and blue solid lines correspond to Vs, Vs, Vsg and V.

The expressions for the potentials of the decoupled modes are complicated and in (C.11) we are
presenting their expansions for small value of (). The change of variables for finite () becomes

i £V —1de
= 4+ . 6.20
WV @ D@ gD (020

Notice that this expression holds both for the coupled and the decoupled modes and in the limit of
Q — 0, it reduces to (6.19). In figure 11 we are plotting the decoupled potentials for small values of

13(0', To, Q)

Q. From this plot it is clear that the presence of the confinement contributes to the stability of the
system, since increasing the value of @ is decreasing the region within which some of the potentials
have negative values. Moreover the potentials that were positive for () = 0 remain positive for finite
Q. In the next subsection we will solve numerically the fluctuation equations for dy and d+ (that have
regions of & with negative values or the corresponding potentials) to confirm the absence of tachyonic
modes for finite Q.

The coupled system of §¢ and dp12 can be brought into a Schrodinger form with the following

transformation
6 0 Qg) <A1>
= . 6.21
<5<P12) (Q?, Qy Agy ( )

together with the change of variables of (6.20). The differential equations to determine the functions
Q;, with ¢ = 1,--- ,4 are coupled and cannot be solved analytically. Alternatively, one can expand
in powers of () and solve the coupled system order by order in ). Until the linear in @ term, the
expressions of the functions ;, with ¢ = 1,--- ,4 are listed in (C.12). The coupled system becomes

A o~ A
2 1 2 1 . Vii Via

+ 1-V). = with V = .22
% <A2> (w ) (AQ) 0 wi (V21 VQQ) (6.22)

where the expressions for Vi1, Via, Vo1 and Vas are listed in (C.13). For normalizable solutions of
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Figure 11: Plots of the decoupled Schrodinger potentials for finite values of @ as a function of x from
(6.20). In the left panel @ = 1/2 and in the right panel @ = 1. The value of the parameter rq is fixed
to rg = 1.3, for all the plots. The red, green, magenta and blue solid lines correspond to V., Vsy, Vse
and Vsy. Notice that increasing (), decreases the region of potential instability. If we keep increasing
the value of @, all the potentials will become positive for any value of . To produce the plots of this
figure, we have the used the full expression for each potential and not the perturbative expansions of
(C.11).

X

(6.22) that vanish at infinity, w? is positive if the matrix potential V' is positively definite. This means
that TrV > 0 and detV > 0. In figure 12 we have plotted the determinant and the trace of the
potential V, including terms of order Q*. While the trace is positive even for Q = 0, the negative
values of the determinant, in the left panel of figure 12, reduce and eventually disappear when the
value of @ increases. As a result it is plausible to expect that the spectrum is tachyon free. Solving
numerically the coupled system of equations for §¢ and dp12, we will verify this expectation.

6.4 Solving for the fluctuations

The final step in the investigation of the stability of the Wilson loop configuration is to solve numer-
ically the equations of motion for the fluctuations. We will focus to fluctuation modes for which the
corresponding Schrodinger potential had regions of potential instability, i.e. regions of negative values.

Toy model - Q = 0 case - reproducing the results of [71]

To describe the steps we have to follow in order to solve numerically the fluctuation equations, we start
the analysis from the simpler Q = 0 case. In this way we will reproduce the results of the analysis of
[71].

Solving from (C.7) the equation of motion for é¢ approximately around o = ry reveals two classes

of solutions, namely
p=A+B/o—ro. (6.23)

In a parallel approach, it is possible to solve perturbatively the Schrodinger equation for §¢ with the
potential Vs, from (C.10) around z = 0 (as it is defined in (6.19)). From this analysis two types of
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Figure 12: Plots of the determinant (left panel) and of the trace (right panel) of the matrix potential
V for two values of the parameter ). The red and green solid lines correspond to @ = 0 and
@ = 1/2. While the trace is always positive, the determinant is initially negative (i.e. for small
values of @), but as the value of @ increases the region that could potentially lead to an instability
is shrinking. To produce the plots of this figure, we have used a perturbative expansion for the trace
and the determinant that includes more terms than those that appear in (C.13). In particular we have
included terms of order Q*.

modes arise, namely even and odd ones [72, 73]. Inverting (6.19) to express o as a function of z when
o approaches ro, we can relate the even and the odd types of modes with the two classes of solutions
of (6.23). From this identification, we have

A#0 and B=0 = U (0) =0 and ¥(0) #0 = even modes

A=0and B#0 = U(0)#0 and ¥(0) =0 = odd modes. (6.24)

Solving numerically the equation of motion for d, and imposing either odd or even boundary con-
ditions, we find a spectrum that is free of instabilities for any value of rg. This happens even if the
Schrédinger potential for dv, as can be seen from figure 10, becomes negative for a range of values of
ro. For rg = 1.1 the first several excited states are,

Weven = 0.928, 3.440, 5.774, 8.084, 10.390, ...
Wodd = 2.442, 4.650, 6.936, 9.238, 11.544, . .. (6.25)

From the analysis of the previous subsection we know that the other mode that could potentially lead
to an instability is Jy. Analysing the behaviour of dy around o = rg, we obtain the following behaviour

B
\/O —To

by = A+ (6.26)
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and performing a similar analysis as before, we identify odd and even modes in the following fashion

A=0ad B#0 = U (0) =0 and ¥(0) #0 = even modes

A#0and B=0 = U (0)#0 and ¥(0) =0 = odd modes. (6.27)
Computation of the spectrum reveals a critical value for the parameter ro, namely r§t = 1.125, below
which the spectrum is tachyonic. This is in agreement with the findings from [71]. Notice that exactly
for this critical value of rg, the spectrum has a zero mode
Wt = 0.000, 4.391, 6.881, 9.299, 11.692, ...

even

Wit = 3.154, 5.665, 8.096, 10.497, 12.885, . .. (6.28)

Finite @ - confining geometry

Now we move to the case that we are interested in, namely of finite @), and start solving numerically
from the mode §. Similarly to the @ = 0 case, we find no sign of instability and the first several
excited states for Q = 1 and rg = r*(Q = 1) + 0.1 = 1.31 are,

Weven = 1.192, 4.014, 6.678, 9.346, 12.015, ...
Wodd = 2.704, 5.340, 8.011, 10.680, 13.350 ... (6.29)

For the dy modes, one has to separate the analysis is two cases. When @) < 0.22, in agreement with the
analysis of the @ = 0 case, there is always a critical value of rq (that depends on @) where a tachyon
appears and for this value there is a zero mode. However, as we extensively discussed in [1], these WL
trajectories are pathological since the string is ”touching” the Coulomb branch singularity. The reason
is that the values of the Coulomb scale and of the confining scale are close to each other. Remarkably
when @ > 0.22 the tachyons disappear from the spectrum for any value above the r%(Q). For Q = 1
and 79 = rf(Q = 1) + 0.1 = 1.31 the first several excited states that we find are,

Weven = 2.388, 5.163, 7.851, 10.521, 13.183, ...
Wodd = 3.727, 6.505, 9.188, 11.853, 14.511 ... (6.30)

Finally we solve numerically the coupled system of equations (C.8) and the first of (C.9) (this is the
one that survives when 6 = 0). As previously the modes are either even or odd depending on the
boundary conditions and it turns out that even/odd modes of d¢ couple to even/odd modes of Jp12,
respectively. From the numerical solution, no presence of tachyon appears and the first several excited
states that we find, for Q = 1, ro = ri"®(Q = 1) + 0.1 = 1.31, are

Weven—even = 1.177, 2.687, 4.002, 5.146,6.652, ...
Wodd—odd = 2.680, 3.780, 5.278, 6.270, 7.814 . .. (6.31)
7 Penrose limits of the Anabalon-Ross deformed AdS; x S° solution

Here we review the uplift of the supersymmetric Anabalon-Ross solution [24] in type-IIB supergravity,
following the notation of [27]. This consists of a 10D metric and a self-dual RR 5-form. As mentioned
in [1] this solution can be reached by taking the limit £ — 0 with ¢2Q fixed in the solution of section
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3.1 (considering the SUSY case where Q = |q1| = |gz|). For the metric we have 2%

d 2
L72ds? = r2(— df? + da? + dad) + WT(T) + 77 f(r)d”

1 \2
+ d6? + sin” Adp? + sin? f sin® <p(d<p1 + Z.A) (7.1)
1 \2 1 N2
+ sin? O cos? o (d@g + zA) + cos? 0 (d<p3 + ZA) ,
where

fr)=1- (Q>6 . A=1LQ (1 - (?>2> dé = LA(r)dé. (7.2)

r

The periodicities of the various angular coordinates are

0<6<Z, 0<p<s, O0<p<2m (i=123). (7.3)
The RR 5-form is given by the formula below
> 1
_ — 474 3 AL P
Fs=(1+%)Gs, Gs=4L%vols— L Z;uldm A (d% n LA) A xsdA. (7.4)

In the above expression, the operator x5 stands for Hodge duality in the 5D space with line element
given by the first line in (7.1). Also, with vols we refer to the volume form of the aforementioned 5D
space. Therefore

vols = r3dt Aday Adag AdrAde, *x5d A =20Q% dt Adxy Adxs. (7.5)

Moreover, ju; (i = 1,2,3) are the embedding coordinates in R3 of a unit two-sphere parametrised by
(0, ). In particular

p1 =sinfsing, to =sinfcosyp, g = cosf. (7.6)

Given the ranges of the coordinates (6, ¢) in (7.3), the embedding coordinates p; (i = 1,2,3) cover
only the % of the sphere surface.

Notice that we factor out the scale L? in the line element (7.1). This is done by redefining the radial
coordinate 7 of [27] as r — L?r and the parameter @ as Q — LQ. The reason behind this redefinition
is that we will use the scale L later to compute Penrose limits in the geometry (7.1).

Besides the time-like Killing vector, the 10D geometry (7.1) admits four more Killing vectors
representing the symmetry under shifts in the directions ¢ and ¢; (i = 1,2, 3). In this section, we will
consider the Penrose limits that correspond to null geodesics that are associated with the motion of a
point particle in ¢ and the Killing directions ¢ and ¢; (i = 1,2, 3).

28Notice that the internal coordinates (6, ¢, ¢;) here correspond to (6 — 5, ¥, ¢;) in section 3.1.
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7.1 Motion along (¢, ¢, ¢1)

Let us start with the case where a particle moves in the spacetime (7.1) with fixed 1, x2, r, 0, @. In
particular, if we take § = ¢ = 7 then the particle does not "feel” the presence of s and ¢3. The
geodesic equations of motion, except that for r, require

2
r
t=cu, o= (T+ g sn)u,  w1=QJwu, (7.7)

Q*—rg
where r( is the fixed value of the r direction and £, J, J; are integration constants. The geodesic
equation for the r direction provides an algebraic constraint for the constants £, J and J;, which is

4 2 05 1+ Q2 4 46 906 1+ 16 72
52:(1+24>~72+4Q ?_02 077, + 22 202L§~ (7.8)
To ro Q=15 (Q*—1r3)" "o

Moreover, the null condition implies that J and [J; are related as

@ _ 3Q°rg
T=—grm o T=—io oy

2 2
Q — Ty

The above values for J correspond to

o T - (7.9)

6 4 .6 2
52 = j12 and 52 = 78Q * TO 3 i% (710)
(4Q% —r3)” 70
respectively.

For the Penrose limit we will adopt the rescalings

X1 o P ™ Y1 7T Y2
x1—>L, x2—>L, r—>r0+L, 9—>2+L, <p—>2+L (7.11)
together with
t— Eu <;5—>(j+ij)u+g = QFiu+ce + = (7.12)
) Q2 — 7'(2) 1 i3 ) ¥1 1 3 12 . .

Here ¢ is a constant which will be specified later, while £ and J take the values (7.9) and (7.10).

Therefore, we have the following two cases 2°
2 2 Q?
Case A: E=J7, j:_szr(Qle’
7.13
8Q5 + 1§ JP 3Q%r¢ (713)

Case B: 52:7—1, J =—
(4Q2 _T(2))2 r(Q) 4

Let us examine each case separately.
Case A

Q@

2
290f course one can also consider the case where J + #Jﬁ = 0, which amounts to rescaling ¢ as ¢ — % This
—70

would just correspond to motion along ¢ and ¢; only.
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In order for the Penrose limit to be valid the constant ¢ must take the value 29

-

Q3

CcC =

(7.14)

Sending L to infinity, one derives a pp-wave geometry, which can be cast in Brinkman form after the

following sequence of transformations

i. Rescalings

€2 Q3

T
xry — —, Tg — —, w —r

6 W
o o ro\/r§ — Q°

p—> —=— P, V=WVt wpw,

with )
0

o
w cos (%u) sin (i—fu) w
(p) - —sin (%“) cos (%u) ' <p> .

502—><P2+Q.71(1—%2>U, @3—>¢3+QJ1(1—?—22)1L.

0 0

OJ2:2.

ii. Rotation

iii. Shifts

As a result one finds
ds® = 2dudv + da§ + da3 + dyi + yi de3 + dys + y3 des + dw® + dp?

Q It
-

" yi 4 ys 4 4w? + 4p2)du2 .
0

Notice that each of the pairs (y1, p3) and (y2, ¢2) parametrise an R2.
The above transformations, when applied to the self-dual five-form give

2Q° 7

2
7o

Fy =

<2du/\dx1 Adze Adp Adw + y1 du Ady; Adps Adp A dw

+ yodu Adys Adps Adp Adw —yy du Adxy Adae Ady; Ades

—yodu Adzy Adzg Adys Adps —2y1y2 du A dyy Adys A dps A d<p3) .

Case B

Now the Penrose limit makes sense when

4Q°3 ra

(7.15)

(7.16)

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

30This value ensures the vanishing of the term that is proportional to L in the expansion of the line element for large

L.
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The associated pp-wave geometry can be expressed in Brinkman coordinates after the following oper-
ations

i. Rescalings

1 ) 3Q3T%
Ty — —, Tog — —, w — w,
To To VrE2 +7Q5r8 — 8Q12
(7.22)
6 _ (OF
p—>072Qp, UV — w1+ wapw,
ro
where
4@2 _ 7.2 ) 7,12 + 7Q67,6 _ 8@12
W= 303 o 2=y 6 06 . (7.23)
Q3 3r; rg — Q

ii. Rotation in the (p, w)-plane as in (7.17), where now the parameters w; and wy are given in (7.23).

iii. Shifts 0 ) 0 )
— 7o —T0
— — — ——U. 7.24
P2 <)02+Q\714Q2_T%u7 ¥3 ¢3+QJI4Q2_T8U ( )
The outcome of this is
ds® = 2dudv + daf + da3 + dyi + yi de3 + dys + y3 de3 + dw? + dp?
QI 6 (02 + 12) + 4(40° 6Y (12 1 2
— 5 (0 (yT + u3) +4(4Q° + 1) (w* + p?) (7.25)
6 (g —4Q?)
+16(Q° — r§) (@* — 5°)) du®,
where w w w w
W = sin (iu)p + cos (—zu)w , p = cos (—2u>p — sin (—2u>w . (7.26)
w1 w1 w1 w1

Like in the previous case, each of the pairs (y1, p3) and (ya, p2) parametrise a Euclidean plane.
For the self-dual five-form we find

/1.6 6 /6 6
F5 = §L&?(du/\dxl /\dxg/\dp/\dw—Myldu/\dyl/\dwg/\dp/\dw

3 riwiws 675
Vs + 8Q° wo
— Tygdu Adys Adps Adp Adw — Zyldu Adzy Adze Adyy Ades (7.27)
0
3rdws

— %ygdu Adzy Adzg Adys A dpy — y1y2du A dy; A dys A dps A dg@g) .

NGRS

Notice that when @ = 0, both pp-wave backgrounds that we discussed above reduce to flat spaces
with vanishing RR fields.

7.2 Motion along (t, ¢, ¢2)

We will now consider the case where the motion of the particle is realised in the ¢, ¢ and @9 directions.
Therefore, we will take x1, x2, 7, 0, ¢ to be fixed and 6 = 7, ¢ = 0. One can easily see from (7.1),
that for this values of 6 and ¢, the terms of the line element involving dy; and des vanish. Therefore,
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the particle does not ”feel” the presence of ¢y and 3. From the geodesic equations of motion we find
that

t=C&u, ¢ = (j + ..72) P2 = QJou, (7.28)

Q

where 7 is the fixed value of the r direction and &£, J, J> are integration constants. On top of that,
the equation for the radial direction r reduces into the algebraic constraint

4 6 4 6 .6 72
&2 (1+2Q>*72+24Q +§2ro+rojj2 2Q +r02‘77§.
noQ (@2 =) 7o

(7.29)
)

The null condition relates J with J5 and it turns out that one has to consider the following two cases

31
Q2

Case A: £ = 73, I=—g@
(7.30)
8@6 _’_7,.6 j2 3@27,2
Case B: &2=_—< 70 J3 _ 0 '
- A L 0 R

Like in the previous example, in order to take the Penrose limit we will adopt the rescalings

no2, mo =, ron+t, 9248 o2 (7.31)
together with
2 w v
t—Eu, ¢—>(]+Q Jz)quL soz—>Qj2u+cz+ﬁ. (7.32)

Here again ¢ is a constant which must be fixed to the value (7.14) (case A) or (7.21) (case B), so
that the Penrose limit makes sense 32

It turns out that if we compute the limit in the case A, one derives the pp-wave background
(7.19) and (7.20) with @3 — ¢1 and J; — J2. Similarly, in the case B one finds (7.25), (7.26) and
(7.27), where again ps — 1 and J; — Jo.

7.3 Motion along (¢, ¢, p3)

In the last example, we will consider the case where the particle moves in the ¢, ¢ and ¢3 directions.
For this reason, we will fix x1, 22, 7,0 and set = 0 while keeping ¢ arbitrary. As it can be confirmed
from (7.1), the terms involving dy; and dys shrink to zero, and therefore the particle does not ”feel”
these directions. The geodesic equations of motion now imply

t=CEu, b= (J + Jg) p3 = QJsu, (7.33)

Q

with o being the fixed value of the r direction and &, J, J3 are integration constants. Like in the
previous two examples, the equation of motion for the radial direction r is equivalent to an algebraic

-2
31 Again, one can also consider the case where J + 72J2 = 0, which corresponds to particle motion only along t

and 3.
32These values ensure the vanishing of the term that is proportional to L in the expansion of the line element for large
L.
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constraint, where now

4 2 Q5 + Q%2 + 6 206 4 r6 72
82:(1+24>~72+4Q 2Q T T+ ¢ 555 - (7.34)
o g Q? —r§ (Q2 _ r%) r§
On top of that, we need to take into account the null condition of the geodesic which provides a
relation between J and J3, namely
2
J = e Js or J=-

2
Q*—rj

This suggests that we need to consider the following two cases

3Q2r§
4Q% — 5Q%r2 +r}

Js. (7.35)

2
Case A: £ =73, j:_%j?”
e (7.36)
7.36
8@6 + 70 j2 3Q27’2
Case B: 2= 0 93 J=- 0 J3.
(4Q2 —12)" 78 4Q1 = 5Qg + 1§ 7
For the Penrose limit we will adopt the rescalings
x x
3[:1—>fl7 x2—>f2, r—>ro+%, 9—)% (7.37)
together with 33
t—& i 2 242 7.38
— Eu, ¢*>(j+mj3)u+f, @3—)Qj3u+cz+ﬁ. (7.38)

Like in the previous two examples, ¢ is a constant which must be fixed to the value (7.14) (case A)
or (7.21) (case B), to ensure the vanishing of the term that is linear in L when taking the Penrose
limit.

At the end of the day, one obtains a pp-wave background for each of the two cases A and B.
However, it turns out that both pp-wave backgrounds are equivalent to the ones found in the previous
two examples. In particular, if we want to match the two solutions with the ones that correspond to
motion along ¢ all we have to do is to apply the following change of coordinates

_ 1
y = \Jyl Ty, wétanlzf P13, (7.39)
2

together with J3 — J1.

We can make the following comment: as we are fibering the three U(1) isometries ¢; inside the
S® in an identical way, these directions are indistinguishable from each other which explains the same
behaviour found for the three geodesic motions studied above (cases A and B respectively). Even
though the embedding coordinates p; are different with respect to each other, one can chose any one
of the expressions to correspond to w1 etc. In other words, there is a freedom to exchange p;s among

2
33Like before, one can also consider the case where J + ﬁj{; = 0, which corresponds to particle motion only
—70

along t and ¢3.
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themselves. We conclude that the pp-wave analysis showcases an isotropy between the three U(1)
coordinates, encoded in the coordinate change (7.39).

8 Conclusions and discussion

In this work, we studied in detail the solutions presented in [1] which describe supersymmetric RG
flows between various UV SCFTs in 4d and (2 + 1) dimensional SQFTs in the IR. The construction
of these systems was done by implementing SUSY preserving Coulomb branch deformations, realized
as a twisted compactification in the dual supergravity backgrounds. More specifically,

e We have constructed smooth supersymmetric asymptotically AdS solutions in type II and eleven-
dimensional supergravity, realizing holographic RG flows from four-dimensional SCFTs to three-
dimensional SQFTs which have a mass gap and in some cases, confine external quarks. We extend
and complement the results of [1], showing that distinct UV fixed points exhibit universal IR
behaviour.

e For the uplifts we used the five-dimensional gauged supergravity soliton of [33] to construct new
infinite families of solutions in type ITA, type IIB, and M-theory. In all cases, the geometries
are smooth and free of conical singularities for appropriate parameter ranges, ensuring physical
regularity of the dual theories.

e We computed a variety of holographic observables, including Wilson and 't Hooft loops, entangle-
ment entropy, and flow central charges. These quantities display a universal factorization prop-
erty: the dependence on the internal space is separated from the dynamics along the holographic
radial direction. This universality points towards a deeper geometric structure underlying the
supersymmetric confinement mechanism.

e The holographic renormalization of the type IIB background revealed the operator VEVs driving
the flow, offering a clear dictionary between the bulk deformation parameters and boundary
field-theory operators. The boundary analysis confirmed the consistency of the UV and IR
asymptotics and provided finite counterterms for the renormalized action.

e We investigated in detail the stability of the Wilson loop embedding used to study the type
I1B background, under linear fluctuations of the coordinates. We found that the configuration is
stable, however, when 7 &~ —17 (or Q < 1) we see tachyonic modes appearing, further supporting
our claims about this parametric region being untrustworthy, as discussed in [1].

o The study of Penrose limits for the Anabalon-Ross deformed AdSs x S° solution offers insight
into the spectrum of excitations and possible integrable subsectors in the dual theory, paving
the way for future studies of string dynamics on these backgrounds.

From a broader perspective, our results provide a unified and systematic framework for studying
supersymmetric compactifications of SCFTys on a circle that flow to confining three-dimensional the-
ories. Is is important to emphasize that the dual QFTs described by these systems are all strongly
coupled. Our deformation procedure should be applicable to any four-dimensional superconformal
theory with a known holographic dual, as long as the later admits a consistent truncation to five-
dimensional gauged supergravity. The interplay between topological twisting, smooth IR geometries,
and holographic universality could shed light on nonperturbative dynamics beyond the present models.
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This work opens many interesting research directions for future exploration, some of which include:

e Extension of the holographic renormalization analysis to the 11d and type ITA uplifts, to extract
the corresponding VEVs and compare the operator maps across dimensions.

e Investigation of the stability of the (non-SUSY) soliton configurations under perturbations and
exploration of possible phase transitions associated with varying the compactification radius or
the holonomy parameters.

e Study the supersymmetric defect and domain-wall configurations supported by these geometries,
which could model interfaces between different confining phases.

e Analysis of the Penrose limits and pp-wave sectors in more detail to identify potential integrable
subsectors and compute semiclassical string spectra.

e We should explore the inclusion of flavour branes and their impact on the universal structure of
observables, particularly in the 11d embeddings with M5 flavour branes.

e It would be interesting if more elaborated solitons than the ones studied in [33] could cure the
singularities of the flavoured backgrounds in [74], along the lines discussed in [30].

Finally, we wish to examine the effects of higher-curvature corrections near the large-curvature
region (7 &~ —1) to assess their impact on the holographic predictions for IR observables. This will
potentially provide information about the light modes appearing near the Coulomb branch VEV,
which were not accounted for in the supergravity solutions presented here. There are two possible
corrections one can include: corrections to the metric and corrections to the observable itself (in the
case of the Wilson loop, which is able to detect the high curvature effects). We believe that if the
needed corrections in next-to-leading order in o’ are found and included in the calculation, the Wilson
loop phase transition observed near the region where 7 = —1 will potentially disappear. This will be
a fascinating phenomenon to observe. We hope to address these interesting points and many others
in future work.
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A Polyakov loop embedding

Here we explore two cases of embeddings of D1 branes in the type IIB solution of section 3.1, which
will not give the same dynamics as the 't Hooft loop. The reason being that they are not extended
enough to include time, a profile in 7(w), as well as the shrinking circle ¢. The inclusion of the later
in the various probes is responsible for the vanishing of the tension of the effective string at r = ry,
as it conspires to the appearance of a multiplicative factor of /F(r) in F; through the determinant.
This suggests to us that the minimal probe brane which is capable of capturing the 't Hooft loop in
this background is a D3.

Case I: We first consider a D1 on Xy = [t,w] with r = 7(w) and all the other coordinates set to
constant values. We have the induced metric on the D1:

2 C(r,0) 21,2 2 (. 2 L?r?
: = — e Al
dsham = =75 [ r?dt? + dw (r * EaeeE )| (A1)

and its action which reads:

Sp1 = TDl/ d20\/—e*2¢det(gind,m) = TDlT/dw \/-7:1231 + G172,
P

S ) (4.2)
T Y LJFRG)

We notice that one does not get the same functions as is the case for the rest of the probes,
furthermore, the function {(r,6p) is strictly nonzero for all values of r and 6y from which it follows
that the object we are calculating does not have a vanishing tension at the end of the space.

Case II: Another interesting embedding one can calculate is that of a Eucledian D1 that extends
on Xy = [w, ¢], is localized in time and the rest of the coordinates are constant. The induced metric
in this case is:

1 .
dsfaEp1 = ) [cos? B9 AT + sin® g A% (r) A3 + 72 F(r)¢(r, 0)] d¢?
b 2 (A3)
+¢(r, 00) [L? + 7‘2]7(7“))\6(7“):| dw*,
and its action is given by:
SED1 = TEDl/ dzg\/eizédet(gind,EDl) = TED1L¢/dw\/]mv
3
2
T .
Fép1 = Iz [0052 0o AT + sin? 0o\ (1) A3 4+ 2 F(r)C3(r, 90)] , (A.4)
G2 cos? 0y A3 + sin? Gg N (1) A2 + 2 F(r)¢3(r, 0o)
Eb1 r2F (r)A\S(r) '

Again, the functions appearing in the dynamical part of this observable disagree with the ones in
the 't Hooft loop.
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B Gauge coupling

We calculate the gauge coupling for the effective (2+1)-dimensional theories dual to the type IIB and
ITA backgrounds. The procedure is as written in [27, 75]. We begin by writing the DBI action for a
probe Dp-brane and perform an expansion of the field strength

SDp,DBI = TDp/ dp+16\/—62¢det(gind + F) (B.l)

Ypt1

From the following we can read off the gauge coupling,

1
SDp,DBI = TDp / dp+10’ —6_24) det(gind) (1 + ZFMVFHD + @) <F4)> . (BZ)

pt1

Gauge coupling for the Type IIB background

We consider a probe D3 that extends in [t,w, z, ¢], with the shrinking circle ¢ being wrapped.
The worldvolume field strength is turned on which we take without loss of generality to have only the
F;, component be non-zero. The rest of the coordinates are kept fixed. The induced metric on the
D3 is

TQC(T7 90)
L2

+ {rzF(T)((r, o) + 1 [cos® O A7 + sin® O A\°® (1) A3] } de?.
C(T7 90)

ds? = (—dt? + dw? + dz?)

(B.3)

We will now compute the DBI action for the D3 over the manifold ¥4 spanned by [¢, w, 2, ¢], which

34
Sps = TD3/ d4&\/—62‘1’det(gind +F)= TD3/ d*6y/a — BF2,, (B.4)
24 Z4

with the expressions:

takes the form

o =113 (r, 0p) [cos2 QOA% + ’I“QF(’I“)CQ(T, 6o) + sin? 9/\6(7“)14?))] ,
B = L* [cos® O AT + r*F(r)¢*(r,0) + sin® 0g A% (r) A3] .

We can now expand for small values of the field strength (|Fy,,| < 1) up to O(F?) to get

¢(r,0) — L'FR,
2L3r((r,0)

4
Sps ~ Ths / d402r \/0052 00 A3 + r2F(r)C2(r, 0y) + sin? G A6 (r) A2, (B.6)
P

By expanding the DBI action to quadratic order in Fy,, and extracting the prefactor of the kinetic
term, one obtains an expression for the gauge coupling. Its dependence on the radial coordinate r
reflects how the effective coupling evolves across energy scales in the dual QFT. Hence we can study

34Notice that the dilaton factor in this case is trivial
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the gauge coupling’s behaviour in strongly coupled regimes that are otherwise difficult to access.

1 TpsLLy
9\2{1\/[ TC(T, 60)
2Tp3LLy \/(52 — 1) [4+ 50+ 202 + 2(1 + v)E2 + v(3 4 2v) cos(260)]

(26)

_f\/y+2§2+ucos 1+v

cos? g A2 + r2F(r)C2(r, 0p) + sin? BoAS(r) A3

(B.7)

)

where in the last line we expressed everything in terms of the dimensionless variable £ = r/r, for the
case where g1 = ¢2 = q.

1 1

2
9\2(M 9gym
Q 10+

2.0
{ s
15
- v=-0.99

v=-0.8
1.0 v=-05
4
— v=05
05 - vl -
' — v=2 2 F —
‘ ‘ ‘ ‘ ‘ ‘ ‘ ¢ ‘ ‘ ‘ ‘ ‘ ) ) ¢
2 4 6 8 10 12 14 2 4 6 8 10 12 14
(a) Plot of the square of the inverse gauge cou- (b) Plot of the square of the inverse gauge cou-
pling for 6y = 0. pling for 6y = /2.

Figure 13: Plots of the gauge coupling constant of the dual QFT with respect to the radial coordinate
for the type IIB background.

We can plot the above function for given values of 6. The result can be seen in Figure 13. We
see that as r — r, the gauge coupling constant diverges, reflecting the fact that the dual QFTs are
strongly coupled in the deep IR. In the UV the coupling constant takes a fixed value, which is a
consequence of the conformal symmetry that is present as r — co.

Gauge Coupling for Gaiotto-Maldacena Background

We consider a probe D4 extending along 35 = [t, w, 2, ¢, ] between 7;, ;41 and has a field strength
which we take to have only the F;, component being non-zero. The other coordinates are kept fixed.

The induced metric is

b= (R {aF 390 (ca v au? 2R + Rt} B)

We utilise the formula as given in [27, 75],

SD4 = TD4 / d5a'\/—€_2(1> det(gind + F) (Bg)
35
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The expansion gives

=5 =1 =1 o riIN(r)A/F(r) LAF?
—e2% det(gimq + F) = 3232 f2 25 S i . B.10
v (gma + F) = 32037 f3 P20 BT, (B.10)
Hence we have
Mit1 IXN(r)A\/F(r) L*F?

Spa = 32 TpsL / d /dtdwdz 2l —— . (B.11
D4 Dalig 1 f1 f4 f5 f 3 32f2f13f5 rAN(r)4 ( )

We find the gauge coupling as

1 Ni+1 1 -1

a2 TD4L¢L\/7/ dn f3 2 f. (B.12)

C Details of the computations

In this Appendix, we have gathered lengthy expressions and useful details of the calculations that are
discussed in the main text.

The Hodge dual of G5 can also be written in terms of a four-form Cy as xGs = dC}, where

Gy = 2930 1) in(20) 40 A do A (sin? gy + cos® v dd) A ds

2
6 _ 2
qu2 (AXF);)C cos® 0sin(24)) dg A depy A depy A do
4 6 _ 2
L L 8q1 (A@l)( sin2(20) sin(2¢)) do A d(é1 — da) A des A du
LA¢—1 (C.1)
T e sin®(260) sin(24) dgy A dga A dgs A dep
L4
- 2 (¢2 = 1) sin(20) cos® ¢ A0 A dgp A depy A debo

+ L1 (¢ — 1) sin(20) cos® ¢ dO A dg A d(d1 — d2) A dis
— L*sin(26) cos? @ cos® 1 dO A dpy A dgg A deps .

The expressions for the length and the energy in the case of the ’t Hooft loops read:

V2L2
Ly (§o) = o \/ (1+2)+&(&G+o / df\/ NG )6][56 e oE &)

(C.2)
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3

Bana(€o) = "2 \/~(1+ ) + (8 + ) Inwiey
e €/[66 — €5 + v (EF — €0)] > (€3)
2Lr2 — _ S0 ory2 de €,
vaurt | Wi ) T i ae
L2 1 2 D
LMM,&PP(&)) Tr\/r2§2<€2l; :3%)03 0 + V)a
i (C.4)

o 30(1+0) +12(1 + )s? — 4s® — 358
Eniv,app (§0) = LT*W/ ds $3(20 + 3s3)2 ’

Now moving to the calculations for the stability analysis of the Wilson loop, to write the equations of
the fluctuations in a compact form, we introduce the following functions

fz(ra 9) = - Gtthz 5 fG(Ta 9) = - GttG99 5 f¢(7", 9) = - GtthSd)
fcpl (7‘,9,1#) = _Gtthplapl ) fgaz (T,H,w) = _GttGgaggag (05)
f’l[i(ra 9) = - GttG’L[)’LZJ 5 fs&s (Ta 0) = - GttGgaggag ) h(Ta 0) = G’I‘Tny .

Introducing a time dependence in the fluctuations of the form e '“” | we have
82(1,0) = 0z(a) e T Sy(r,0) = dy(a)e T, 60(t,0) = 60(c) e ¥ T
Sp(1,0) = 5¢p(0) e T Sp1(T,0) = 6pa(T,0) = dpra(0) e 9T (C.6)
3p3(7,0) = dps(0) €717, 8Y(1,0) = dip(o) e T

Notice that we have used the same function for the o dependence of the modes of d¢; and d¢po,
something that is consistent with the equations of motion for the corresponding fluctuations.

The equations for the fluctuations 6z, d¥, dy and §6 are

(A (f: A, o hf PV
— — |z = .
do (Fl/2 da) e g fy z=0 (€D
[d [ f, d o hfy V2] d (gf, d , h B
clo<F1/2da>+ o, |70 G \mra) T e | =0
g 5 od , hfgF/2 1 , fO F1/2
du(F1/2d0->+w 97y T 9 E1/2 09— 55 2 f2 aefy
while the equations for the modes §¢, dp12 and dp3 are
d [ Jf for + foo fes
dcr[qu;Q 5¢'+f12%5 2+f3F1/25<P3
) hFl/Q
+w 77 f600+ fiz (foo + foo) 0012 + f3 fo, 03| =0 (C.8)
y
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d N ) B FL/2

e [f‘/’Fl/Z%" (0o + f1209 )] 4+ W3 o) (for + fios) | 012 +f125¢] =0

d hF1/2

@ |:FJ?1P;2 (590/3 + f3 5¢/):| + w? gf fs@s 5@3 + f3 5¢‘| =0. (Cg)
y

The expressions for the Schrodinger potentials in each fluctuation mode, in the @ = 0 case, are

(202 (r2 = 1) — 1] 02 + 72 (r] — 1) + 80®° — 180° 4 110*

‘/(52(07 TO) = ‘/5(15(0'3 TO) =

402 (02 — 1)
Vs, (0,70) = _[87"(2)(7“8_1)—11}044- [67“8(7"(2)—1)—1]02—3r(2)(7“8—1)+808—1806
e 402 (02 —1)°
Vio(ou10) = [67“8(7“8—1)—1}02—37"3(7“3—1)4—206—04
e 402 (02 — 1)
_ 2 _ 1) 2 1] o2 2 (p2 _1 256 _ g4
‘/51/1(0-’ TO) = ‘/(Stpm(o', 7”0) = [<r0 )7"0 * ]U Al (Tg )+ 7 7 . (CIO)
402 (02 — 1)

The expressions for the Schrodinger potentials of the decoupled modes in the case of finite ), when
expanded around the ) = 0 value, are

o (—120* +120% — 5) + 1§ (120* — 1202 + 5) 4 40® — 80° + 70* — 3052

.
Vs, = V=0 ¢ 2+ 0Q!
é S5z 456 (0_2 — 1)3 Q (Q )
4 4 2 2 4 2 8 6 4 2
 ,0=0  To (200 — 200 —|—7)—|—7"0 (—200’ + 200 —7)—|—4a —80° + 70" —30° , 4
Voy = Vso '+ o5 (0 1) Q" +0(Q7)
_ —12rf + 1213 +5) 02 + 712 (r3 — 1) + 80°% — 130
Voo = g0 4 (L2 H 120 +5) s (o= 1) @*+0(@Q"
406 (02 — 1)
o 34§ —4r§—1)0* —5rf (r§ — 1) — 80° + 110*
Vi = v@=0 4 B i =) " B (rg =) 80P Mot oy (C.11)
406 (02 — 1)

From the transformation of the coupled system of d¢p and dp12 to a Schréodinger form, the expressions
of the functions Q;, withi=1,--- ,4 are

1 Q
M= rm TO@) %= e lv 7 1+ o%arctan (Vo? ~1) | +0(@")
Q3 =Q % [\/ 02 — 1 — o2 arctan (\/ 0% — 1) +0(Q%, Q= 40\2[7_1 +0(Q%). (C.12)

while the insertions of the matrix potential V' from (6.22) are

_ 2rd — 2r2 4+ 20% — 50% + 302) arctan (Vo2 — 1
V11=V§_O, V12=V21=Q (2rg 0 2) ( )
(02— 1)

2
re (4 —602) + 12 (602 —4) + (0 — 1)o?(c + 1) (20* + 02 — 2
0
+ 2_1)3/2

} , Ve =V3T0 (Ca13)
ot (o
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