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Bell inequalities provide a fundamental tool for probing nonlocal correlations, yet their quantum bound, that
is, the maximal value attainable through quantum strategies, is rarely accessible analytically. In this work,
we introduce a general construction of Bell inequalities for which this bound can be computed exactly. Our
framework generalizes both the Clauser—Horne—Shimony—-Holt and Gisin’s elegant inequalities, yielding Bell
expressions maximally violated by any number of pairwise anticommuting Clifford observables together with
the corresponding maximally entangled state. Under suitable assumptions, our inequalities also enable the
device-independent certification of Majorana fermions, understood as multiqubit realizations of Clifford algebra
generators. Importantly, we identify an additional equivalence that must be incorporated into the definition of
self-testing beyond invariance under local isometries and transposition. This equivalence arises from partial
transposition applied to the shared state and to the measurements, which in specific cases leaves all observed

correlations unchanged.

I. INTRODUCTION

One of the central distinctions between classical and quan-
tum physics lies in the structure of correlations between dis-
tant systems. In classical theories, such correlations can al-
ways be attributed to local hidden variable (LHV) models.
Quantum mechanics, in contrast, predicts correlations that
cannot be reproduced by any LHV description. This phe-
nomenon, which is a consequence of quantum entanglement,
reveals the intrinsically nonlocal character of quantum theory
and is known as Bell nonlocality.

To formalize this distinction, Bell inequalities were intro-
duced as constraints that any LHV theory must satisfy, yet
which can be violated by quantum mechanics [1]. Such vio-
lations not only reveal the presence of nonlocal correlations,
but also constitute a powerful resource for tasks such as quan-
tum cryptography [2] and quantum communication complex-
ity [3, 4]. Moreover, the violation of suitably chosen Bell
inequalities enables self-testing [5, 6]—the strongest form of
device-independent certification—which allows one to infer
both the underlying quantum state and the performed mea-
surements solely from the observed correlations.

The device-independent approach to quantum certification
eliminates the need to trust the internal functioning of the
devices, making it particularly relevant for secure quantum
technologies. This paradigm has attracted significant atten-
tion in recent years, leading to numerous self-testing results
for entangled quantum states. Notably, all pure bipartite en-
tangled states [7] and all multiqubit entangled states [8] are
now known to be self-testable. Parallel advances have es-
tablished self-testing for various families of measurements,
including Pauli observables [9], all two-dimensional projec-
tive measurements [10], certain d-outcome observables [11],
and constant-size measurements with algebraic structure [12].
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More recent developments extend these results to all real pro-
jective measurements [13] and, in network scenarios, even to
arbitrary quantum measurements [14].

Although Bell inequalities that enable self-testing are of
great interest, designing them for specific states and mea-
surements remains a notoriously challenging task (see, how-
ever, Ref. [15]). Our work aims to partially fill this gap.
We introduce a framework for constructing bipartite correla-
tion Bell inequalities with arbitrary numbers of binary observ-
ables, based on a class of rectangular matrices with pairwise
orthogonal rows and normalized columns. We refer to these as
row-orthogonal, column-normalized (ROCN) matrices, and to
the associated Bell expressions as ROCN Bell inequalities. A
key feature of this family is that their quantum bound can be
computed analytically; moreover, it is in general tighter than
the best-known universal upper bound for correlation Bell in-
equalities derived in Ref. [16].

We identify conditions under which ROCN Bell inequali-
ties guarantee a quantum advantage over all LHV models. Re-
markably, these inequalities are maximally violated by maxi-
mally entangled states together with sets of Clifford observ-
ables of arbitrary size. In this sense, our construction ex-
tends the well-known Clauser—Horne—Shimony—Holt [17] and
Gisin’s elegant [18] Bell inequalities to arbitrarily large fami-
lies of binary, pairwise anticommuting observables.

A further contribution of our work is the self-testing of Ma-
jorana operators (or fermions), which provide a concrete phys-
ical realization of Clifford algebra generators. Majorana oper-
ators play a central role across several areas of physics: they
arise in quantum field theory [19] and quantum statistical me-
chanics [20] (see also Ref. [21]). In quantum computation,
they are particularly important due to their connection to the
Pauli group and the stabilizer formalism [22]. For an overview
of their broader role in fermionic systems, see Ref. [23].
They also feature prominently in entropic uncertainty rela-
tions, achieving maximal violations in scenarios involving
more than two measurements [24, 25]. A contextuality-based
approach for certifying two-qubit Majorana fermions was pre-
viously proposed in Ref. [26].
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Importantly, for an odd number of Majorana operators, we
show that self-testing is defined only up to a specific transfor-
mation that generalizes the well-known invariance of quantum
correlations under complex conjugation in the case of three
Pauli matrices. This reveals a previously unrecognized form
of equivalence that should be incorporated into the definition
of self-testing. In fact, it turns out that apart from local isome-
tries and complex conjugation (cf. Ref. [6]), in certain situ-
ations, the observed correlations can also be invariant under
partial transposition of the state and the measurement.

II. PRELIMINARIES

Before getting to the results, let us first establish the ter-
minology and notation that will be consistently employed
throughout the manuscript, and recall the most relevant con-
cepts and facts concerning Bell nonlocality and self-testing.

A. Bell nonlocality & Bell inequalities

We consider the standard Bell scenario involving two
spacelike separated observers, Alice and Bob, who share a
quantum state pap that acts on some finite-dimensional com-
posite Hilbert space Hap = Ha ® Hp. On their respective
subsystems, Alice and Bob perform measurements chosen
from sets of m and n independent two-outcome observables,
denoted respectively as A; and Bj, with i € {1,...,m} and
j€{1,...,n}. Formally, A; and B; are Hermitian operators
acting on Ha and Hp, respectively, such that A? = sz- =1
(where, with a slight abuse of notation, 1 denotes the iden-
tity on the corresponding local Hilbert space). Observe that,
due to Naimark’s dilation theorem [27], it is sufficient to con-
sider projective measurements [28]. The outcomes observed
by Alice and Bob are denoted a and b, where a,b = +1.

The correlations generated when the parties perform many
rounds of measurements are described by a collection of prob-
ability distributions {p(a,bli, j)}, where p(a,bli, j) denotes
the probability that Alice and Bob obtain outcomes a and b
upon performing measurements ¢ and j. Since we deal here
with two-outcome measurements, one can equivalently repre-
sent the observed correlations through a collection of expec-
tation values [29]:

c={{AiB;),(Ai), (B))}, ()
which are given by Born rule as

(A;Bj) = Tr[pas(A4; ® Bj)],

(Ai) = Tr[pas(Ai @ )], (B;) = Tr[pas(1 @ Bj)].
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Both collections (of probability distributions or expectation

values) are commonly referred to as correlations or be-
haviour.

Let us now consider correlations for which the joint expec-
tation values admit a local hidden-variable (LHV) decompo-
sition of the form

(AiBj) =Y p(N) (A)A(B))x, 3)
A

where A\ denotes the hidden variable (or shared randomness),
p(A) is a probability distribution, and —1 < (A;)x, (Bj)x <1
for any A and any pair 4, j. The set of all correlations admit-
ting such a decomposition forms a convex polytope, whose
vertices correspond to local deterministic correlations satisfy-
ing (A;B;) = (A;)(B;) for every pair ¢, j, with all individual
expectation values (A;) and (B;) taking values £1 for any A
and any pair ¢, j.

Quantum correlations that cannot be represented in terms
of local hidden variable models are termed Bell nonlocal or
simply nonlocal; the existence of such correlations gives rise
to the phenomenon of Bell nonlocality. One can detect nonlo-
cality in the correlations ¢ with the aid of Bell inequalities [1],
whose generic form in the considered scenario reads

I:= "> hi(AiBy) + Y filA) + ) 9;(B;) < Be.
i=1 j=1

i=1 j=1
“4)
Here, h;;, f; and g; are some real parameters, while ¢ is the
maximal value of the Bell functional I over the polytope of
correlations admitting the LHV representation, typically re-
ferred to as the classical bound. Violation of a Bell inequality
by the correlations ¢ implies that these correlations, as well as
the shared quantum state, are nonlocal.
In this work, we restrict our attention to correlation Bell
inequalities, a subclass of Bell inequalities in which all the
coefficients corresponding to local terms f; and g; vanish:

i=1 j=1

Such Bell inequalities have been thoroughly studied in the lit-
erature (see, e.g., Refs. [16, 30]).

A seminal example of such a Bell inequality is the fa-
mous CHSH Bell inequality [17] which corresponds to the
simplest possible Bell scenario where each observer chooses
to perform one of two possible two-outcome measurements
(m = n = 2). This inequality can be written as

Icusn = (A1B1) + (A1 By) + (A2 B1) — (A2 B2) < 2. (6)

The maximal quantum value of Icpsy is BgHSH = 2V2,
which is achieved by the maximally entangled state of two
qubits

1
V2
and the observables A; = X, Ay = Z for Alice, and B; =
(X + Z)/V/2, By = (X — Z)/+/2 for Bob. Here, X, Y and
Z denote the Pauli matrices. It is worth pointing out that the

observables of Alice and Bob anticommute, i.e., {A;, Ao} =
{By,Bs} = 0.

|®2) = —=(]00) +[11)), )



Another example of a Bell inequality of the form (5) is the
so-called elegant Bell inequality (EBI) [18], originally intro-
duced in Ref. [31], which corresponds to a scenario where
Alice performs three measurements and Bob four. It reads:

Iggr := (A1B1) + (A1B2) — (A1 B3) — (A1 By)
+ (A9 B1) — (A3Bs) + (A3 Bs) — (A2 By)
=+ <A331> — <A332> - <A333> + <A3B4> < 4.
3)
This inequality is also maximally violated by the two-qubit
maximally entangled state |®5) and the observables A; = X,
Ay =Y, A3 = Z for Alice, and
B1 = BQ =

(X+Y+2), (X-Y-2),

}—‘S‘H

w

HS‘H
w

B; = ﬁ(—X—i—Y—Z), By = ﬁ(—X—YJrZ),
)

for Bob. The maximal quantum value of Igp; is known to
be BEP! = 44/3. The elegance of the EBI inequality lies in
its maximal violation when Alice’s measurement eigenstates
form a complete set of three mutually unbiased bases (MUBs),
while Bob’s states can be grouped into two sets of symmetric
informationally complete (SIC) elements; see Ref. [32] for a
generalization to higher dimensions (d > 3). It is worth not-
ing that, as in the case of the CHSH inequality, Alice’s op-
timal observables mutually anticommute. This property ex-
tends beyond these examples: the Bell inequalities that we
identify and characterize in this work are maximally violated
precisely by mutually anticommuting observables that form
representations of Clifford algebra generators.

B. Self-testing

Let us now introduce the concept of self-testing. We con-
sider again the Bell experiment that produces correlations ¢,
but now assume that both the shared state ppop and the local
observables {A;} and {B;} are unknown. The central ques-
tion is whether the observed correlations uniquely identify, up
to natural equivalences, the underlying quantum realization.
More precisely, we aim to certify that the state and observ-
ables are (up to certain transformations) equivalent to those
of a fixed reference quantum experiment, characterized by a
known bipartite state [1)) € C? ® C? and known observables
{A;} and {B;} acting on C*.

We recall the standard definition of self-testing for both the
shared state and the local measurements [6]. It accounts for
the fact that a quantum strategy can be uniquely identified only
up to local isometries on each subsystem.

Definition 1 (Self-testing). We say that a correlation ¢ self-
tests the reference state [t)) € C? ® C? and the reference
observables {4;}, { B;} acting on C if, for every state |¢)) €
Ha ® Hp and every observables {A;} and {B,} generating
the correlation ¢, there exist local isometries

UA:HA—>Cd®HA/, UBZ'HB—>Cd®HB’; (10

for proper ancillary Hilbert spaces H s and Hp/, such that
Ur®Us (4@ B [0) = (A0 By 1)) @16), (1)

for all 4, j and some auxiliary state |£) € Har @ Hp.

Beyond local isometries—which account for local unitaries
and dilations—the correlations are also invariant under com-
plex conjugation of the state and the observables [9, 33].
This invariance becomes particularly relevant in the multi-
partite scenario [8, 34]. A general definition of self-testing
that accommodates complex observables has been formulated
in Ref. [6]. However, as we show in this work, this defini-
tion does not capture the self-testing of Clifford observables:
there exists a more general transformation, extending beyond
ordinary complex conjugation, that likewise preserves all ob-
served correlations.

To provide an illustrative example of self-testing, let us con-
sider the CHSH Bell inequality and let us assume that it is
maximally violated by the state |¢)) and the observables {A;}
and {B;}. Then, one can prove that there exist unitary opera-
tors Uy for Alice and Ug for Bob such that

Upr @ Us¢) = [P2) ®E), 12)

where |®3) is the maximally entangled state of two qubits,
and

Us A UL =X o1,
1
V2

An analogous self-testing statement can be established for
the elegant Bell inequality presented in Ref. [35]. In this case,
the observables to be self-tested are not real, and the alterna-
tive definition must be imposed [9].

Up A UL = Z @1,

Ug B UL = —[X + (1) Z] @ 1. (13)

C. Clifford algebra

Clifford algebras were originally introduced as a gener-
alization of Grassmann’s exterior algebras [36-38], and to-
day they play an important role in both physics and math-
ematics [19, 39]. In quantum information theory and the
foundations of quantum mechanics, they arise in a variety
of contexts—for instance, in formulations of entropic uncer-
tainty relations [24] and in steering inequalities exhibiting un-
bounded violations [40]. Although several equivalent defini-
tions of Clifford algebras exist [37], for our purposes we focus
on the associative algebra generated by a collection of Hermi-
tian bounded operators { A; }" ; satisfying the canonical anti-
commutation relations [39]:

Vike{l,...,m}: {A;, A} =26,1.  (14)

In the following, we refer to the operators A; as Clifford ob-
servables or generators. A fundamental result, known as the
Jordan—Wigner representation [41, 42], provides an explicit
realization of these operators as acting on a system of qubits,
usually referred to as Majorana fermions.



Theorem 1 (Jordan—Wigner Representation Theorem). Let
{A;}7, be aset of observables acting on a finite-dimensional
Hilbert space H and satisfying the canonical anticommuta-
tion relations (14). Let m = 2r + ¢, with e € {0,1} and
r = |m/2]. Then, up to a unitary transformation, the Hilbert
space H can be decomposed as a tensor product of qubits:

H%@(CQ@H’. (15)
k=1

With respect to this decomposition, the first 2r operators A;
can be expressed in terms of Pauli matrices as

- {Y®(i1)/2 ® 2215 V2 915, foriodd,

YOu-2/20 X @152 9 1,,  forieven.
(16)
For £ =1 (i.e., odd m), the last operator takes the form
A=Y ® A, (17)

where A/ is a Hermitian and unitary operator acting on H'.

For completeness, the proof of the above theorem is pre-
sented in Appendix A.

We singled out the last operator in Eq. (17) because it is
not uniquely defined. This is directly related to the existence
of two unitarily inequivalent irreducible representations of the
Clifford algebra in the odd case. Both representations act on
the Hilbert space

H=Q)C (18)

and can be transformed into one another by the action of the
following outer automorphism [39]:
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followed by the unitary transformation A; — Y®7 A, Y%7,
where the generators A; are given by Egs. (16) and (17), with
‘H' = C. The automorphism (19) acts uniformly on all gen-
erators, effectively multiplying each of them by —1. For an
odd number of generators, this implies that the last genera-
tor A,, cannot be mapped back to itself by the chosen uni-
tary transformation. Consequently, Clifford observables with
odd m can be self-tested only up to an additional operator
Al = Py — Py, where P, and P are orthogonal projections
satisfying Py + P; = 14. The two subspaces defined by F
and P; correspond to the two inequivalent irreducible repre-
sentations of the Clifford algebra.

III. BELL INEQUALITIES FROM ROCN MATRICES

In this section, we introduce a general framework for con-
structing bipartite Bell inequalities involving arbitrary num-
bers of binary observables, which attain their maximal quan-
tum violation for sets of Clifford observables acting on max-
imally entangled states. Our construction falls within the
class of correlation Bell inequalities and recovers several well-
known examples, including the CHSH inequality [17] and
Gisin’s elegant Bell inequality [18]. Moreover, it exhibits
structural similarities with the family of Platonic Bell inequal-
ities introduced in Ref. [43], as discussed in Subection V A.
Importantly, in suitable settings, the maximal violation of our
inequalities enables self-testing of Clifford observables.

We begin with the definition of an ROCN matrix.

Definition 2 (ROCN matrix). Let h be a real m X n matrix
with m < n. We say that h is a row-orthogonal and column-
normalized (ROCN) matrix if all its rows are nonzero and it

(A, . Ay = (D)FA, AL (19)  satisfies the following conditions:
J
Vi,ke{l,...,m}: Z hijhij = dik Z h?j — orthogonality of rows, (20)
j=1 j=1
Vie{l,...,n}: Z hfj =1 — normalization of columns. 21
=1

As we will see in Subsection III A and Section IV, the con-
ditions defining an ROCN matrix play a central role in de-
riving the quantum bound, establishing that the resulting Bell
inequalities are nontrivial, and guaranteeing the possibility of
self-testing. We now turn to the definition of the Bell ob-
servable, which encodes a Bell inequality in operator form:
its expectation value on a given quantum state reproduces the
corresponding Bell expression.

(

Given an ROCN matrix ~ € R™*", we define the corre-
sponding ROCN Bell operator as

By=>_Y hijA;® B, (22)
i=1 j=1

where {A;};2; and {B;}_; are the binary observables of
Alice and Bob, respectively. The associated ROCN Bell in-



equality is then
In =Y hij(A;B;) < 8§, (23)

where ﬁg denotes the classical (local) bound. In the follow-
ing, we refer to Ij, as the ROCN Bell functional.

It is worth pointing out that both the CHSH and Gisin’s el-
egant Bell inequalities can be expressed in the form (22) after
a suitable rescaling. We revisit this point in Subsection V A,
where we systematically compare our framework with other
existing Bell inequalities.

A. Quantum bound

We now determine the maximal quantum value ﬂg, of the
Bell operator B, defined in Eq. (22). Our approach relies on
a sum-of-squares (SOS) decomposition [6] that allows us to
both upper-bound the operator and construct a quantum real-
ization that saturates the bound.

Specifically, we seek a family of operators { N, }, depend-
ing on the observables A; and B;, such that

1
h1 _RB, = = E i
Bol — B = 2 N!N, > 0. (24)

Once such a decomposition is established, one can try to iden-
tify a physical realization achieving 622 by finding a quantum
state [¢)) that lies in the kernel of each N, i.e., N,, [1) = 0 for
all a. Thanks to the specific structure of the ROCN Bell op-
erator (22), this procedure is particularly straightforward and
effective.

Proposition 1 (Quantum bound). Let i be an m x n ROCN
matrix. Then, the maximal quantum value of the correspond-
ing ROCN Bell functional Iy, is 8, = n.

Before presenting the proof, we introduce the strategy that
achieves the maximal quantum value. Let m = 2r + ¢ as in
Theorem 1. The quantum bound Bg = n is attained when
Alice and Bob have access to Hilbert spaces

Ha =Hp = Q) C (25)

k=1

and share the maximally entangled state

1
[®q) = i Z i) ® |i)p € Ha ® Hp, (26)

1€{0,1}"

where d = 2", ¢ = (i1,...,4r), and [2) = |i1) ® |i2) ®

- +®|i,) is the canonical tensor product basis. Alice’s optimal
observables {A;}7", form a set of mutually anticommuting
operators:

Vi,ke{l,...,m}: {A;, Ay} =261, (27)

and are explicitly constructed according to Egs. (16) and (17),
with H' = C and, for odd m, A/, = 1. Bob’s observables
{B; }_1 are defined as

Vie{l,....,n @:Zhij[xj, (28)
=1

where fl;r denotes the transpose of A; with respect to the
canonical tensor product basis of Hp.

Definition 3. The quantum strategy specified by the state (26)
together with the measurements (27) and (28) is called the ref-
erence or reference strategy for achieving the maximal quan-
tum value 3¢, of the ROCN Bell functional Ij,.

Proof of Proposition 1. We begin by upper-bounding the Bell
operator via a suitable SOS decomposition. For each j €

{1,...,n}, define the operators
Nj:=1®1-) hijA; @ B;. (29)
i=1

A direct computation, using the ROCN conditions (20)—(21),
gives

m 2
fZNTN Z(]l@]l—ZhUA ®B>

7j=1 =1
=nl®1-B,>0. (30)

This provides an upper bound on the maximal quantum value:

(Y] Bp [¢) < n. €2))

gl = max
@ 1) (A} (B}

Inequality (31) is saturated precisely when there exists a state
|¥) lying in the kernel of all N;. Equivalently, this requires

m

Vie{l,...,n}: <Z hij A ®Bj> ) = [¥). (32)

=1

To verify that the bound (31) is tight, consider the reference
strategy given in Definition 3. Bob’s observables {B } ', are
Hermitian by construction and satisfy

m 2
2 iT
2= >l )
= thhm{AﬂAk} + Zh2 1=1, (33)
i<k
where we used that the observables {A;} mutually anticom-
mute and that / has column-normalized entries. Next, we em-

ploy the well-known flip identity

OR1L |Bg) =107 D), (34)



valid for any operator O € B(Ha). Applying this relation,
we obtain

(i hijAi ® Bj) |Pq) = (BJT ® B;) |®a)

i=1

= (1® B?)|®4) = |®g). (35)

Thus, |®,) lies in the kernel of every N. 7, meaning that the
SOS bound (31) is saturated. We therefore conclude that
ﬁg =n. O

B. Classical bound

Having established that the quantum bound is given by
ﬁg = n, We now turn our attention to determining the maxi-

mal classical value 8. We provide sufficient conditions un-
der which a non-trivial gap 3¢, > ¢ exists. Such a gap im-
plies a genuine quantum advantage, and its existence imposes
further constraints on the structure of the ROCN matrix.

As discussed in Subsection II A, in a classical and realis-
tic description, the outcomes of observables are assumed to
be predetermined by a local hidden variable A, distributed ac-
cording to a probability distribution p()\), prior to any mea-
surement being performed [6, 44]. For a Bell operator gen-
erated by the ROCN matrix h, the classical expectation value
takes the form

Br) = "pN) D D hij(Ada(Bj)r.  (36)
A i=1 j=1

Since the Bell operator is linear in the expectation values
(A;)» and (By),, which are fixed for each ), the classical
bound 5’(} is attained by considering only deterministic as-
signments of outcomes, i.e., the extremal points of the local

polytope:

max

delohym Zhijaibj. (37)
fef{—1,1yn =1L

BG =

This expression can be simplified by noting that the optimal
choice of b for a fixed @ is given by b; = sgn(> ", hija;),
leading to

n

h __
BC - d‘eﬁ%ﬁ}rw Z

Jj=1

i hija,; .

i=1

(38)

Using the normalization condition on the columns of h, we
can further express the bound as

n

h
- 1425 hyihyaiay. 39
B = max >\ 142 hiyhieiae.  (39)

i=1 i<k

Applying the inequality 1+ < 1+ %:L which holds for
x € [—1,00[, we obtain the following upper bound on the

value of B2

Jj=1 i<k

N

This inequality becomes tight (that is, Bg = n) if there exists
an assignment @ € {—1, 1}™ for which the pairwise contribu-
tions vanish for all columns of h, meaning

m

Zhijhkjaiak =0. 41

i<k

Vie{l,...,n}:

Therefore, in order to ensure a quantum violation of the Bell
inequality (that is, to have St < 85 = n), it is necessary and
sufficient to impose the following condition on the matrix h:

vaie{-1,1}"3je{l,...,n}: > hihijaiar # 0.
i<k
(42)
While it is simple to construct examples where the bound in
Eq. (40) is not saturated, in Subsection VB we will return
to the question of whether ROCN matrices exist for which

B = B

IV. SELF-TESTING FROM ROCN BELL INEQUALITIES

As demonstrated in the previous sections, ROCN matri-
ces can be employed to construct non-trivial Bell inequalities
that are maximally violated by Clifford observables acting on
maximally entangled states. We now proceed to identify the
further conditions required to obtain a self-testing statement.
Specifically, our goal is to show that the maximal quantum
violation of the ROCN Bell inequality not only signals the
presence of non-classical correlations, but also certifies—up
to well-defined equivalences—the form of the measurements
and the shared quantum state.

In the proof of Proposition 1, we introduced an SOS de-
composition of B [see Eq. (30)]. As will become clear in
the proof of Theorem 2, the saturation condition (32) can be
rewritten as a homogeneous linear system in the anticommu-
tators { 4;, Ay }:

m
Vje {1,...,”} : Zhljhk]{A’HAk} =0. 43)

i<k
This linear system is characterized by an n x im(m — 1)
matrix M. If M has full column rank, it follows that the
observables A; form a family of pairwise anticommuting op-
erators. By the Jordan—Wigner representation theorem, Al-
ice’s observables can then be brought, via a suitable unitary
transformation, to the canonical form given in Definition 3.
However, when the number of Alice’s observables is odd, the
Clifford algebra admits two unitarily inequivalent irreducible
representations (see Subsection II C). Consequently, there ex-
ist two quantum strategies that both reach the quantum bound,



yet are not related by any dilation or local unitary transforma-
tion (local isometry).

As a result, under the standard notion of self-testing given
in Definition 1, the reference strategy cannot be self-tested
for odd m. A similar issue was addressed in Ref. [45] for
self-testing of a two-qubit system based on commutation re-
lations, and in Ref. [35] for self-testing of the elegant Bell
inequality. Nevertheless, one can prove that self-testing exists
up to a specific transformation introduced in Subsection I C.
Specifically, let us consider the reference strategy from Def-
inition 3, with odd m_ = 2r + 1, and define the transformed
observables {A}}, { B} } as

Vie{l,....2r}: AF=A;, A5, =-Aoy1, (44
Vie{l,...on}: BFf =) hi AT (45)
i=1

Remark 1. Notice that A* = Y® a(A;)Y®", where « is
defined in Eq. (19). Alternatively, we can obtain both Af‘ and
B;‘ as partial transposition on the last qubit. Explicitly, define

TT:01®---®OT'—>01®'--®O:, (46)

for any O; € B(C?). It is straightforward to verify that
A¥ = T.(4;) and B} = T,(B;). Furthermore, the state
|®4) transforms as

T, @ To(|a)Pa]) = [P2)Pa| @ -+ @ (|2)(@2])"
= [®4)Pql, 47

and is therefore invariant. It is important to emphasize that the
partial transposition T,. is not a positive map and thus does not
preserve positivity of arbitrary quantum states. The invariance
holds here only because |®,) factorizes into a tensor product
of r two-qubit maximally entangled states, each of which is
invariant under transposition on both subsystems. Since par-
tial transposition preserves the trace, the observed correlations
remain unchanged.

In the ROCN framework, we say that the correlation ¢ self-
tests the reference strategy if, for every state |¢)) € Ha @ Hp
and every observables { A; } and { B; } generating ¢, there exist
local isometries

Unr:Ha — C @ Ha @ Han, (48)
Up:Hp — C' @ Hp @ Hpr, (49)

for proper ancillary Hilbert spaces Ha+, Ha», Hp and Hpr
such that

Ur®Us (4 ® B |[¥) = (A; ® By) [¥) ®£),  (50)

for all 4, j and some auxiliary state |£) € Har @Har @ Hp' @
‘Hpr. The operators A; and B; take the form

A; = A; @ My + AF @ My, (51)

(2

where My, M and Ny, N7 are POVMs acting on Has and
‘Hp, respectively, and satisfying

(€|(Mo ® No + My @ N1)|§) = 1. (53)

This construction closely resembles the notion of self-
testing for complex measurements [6, Definition 6]. As we
explain in Appendix D, the two definitions coincide only
when m = 3 (mod 4), corresponding to an odd number of
qubits in the Jordan—Wigner representation. In this case, the
partial transposition of the reference observables is unitar-
ily equivalent to complex conjugation. By contrast, when
m = 1(mod 4), corresponding to an even number of qubits,
this equivalence breaks down, and the definition in Ref. [6]
no longer captures all transformations that leave the observed
correlations invariant. This shows the existence of new equiv-
alences that should be taken into account in the definition of
self-testing.

With these observations in place, we now proceed to outline
the general characterization of self-testing for ROCN Bell in-
equalities.

Theorem 2 (Self-testing from ROCN Bell inequalities). Let
h be an m x n ROCN matrix, and define the n x 1m(m — 1)
matrix M as

M; iy = hijhij, (54)

forj € {1,...,n}and i,k € {1,...,m} with i < k, where
each pair (7, k) is treated as a single index. The maximal vi-
olation of the corresponding ROCN Bell inequality self-tests
the reference strategy introduced in Definition 3 if and only if
M has full column rank:

rank(M) = %m(m —-1). (55)

For odd m, the reference strategy is self-tested in the sense of
Eq. (50).

The detailed proof of Theorem 2 is presented in Ap-
pendix B.

Note that in the case of even m, although the observables in
Eq. (16) are generally complex, they remain unitarily equiva-
lent to their complex conjugates. In this sense, self-testing is
still possible under the standard Definition 1.

V. APPLICATIONS
A. Comparison with other families of Bell inequalities

In the previous sections, we demonstrated that it is possi-
ble to construct a special class of Bell inequalities generated
by ROCN matrices. Under certain conditions, the maximal
violation of such an inequality allows one to self-test the ref-
erence strategy introduced in Definition 3. Notably, both the
CHSH and Gisin’s elegant Bell inequalities, given in Egs. (5)
and (8), can be recovered within this framework by choosing



their corresponding ROCN matrices as

I 1+1 +1
+1 +1 -1 -1
$1 -1 41 1. (57)

hgpr = —=
V314 -1 1 41

Observe that, up to normalization, the first matrix takes the
form of a Hadamard matrix [46], while the second corre-
sponds to a truncated (or partial) Hadamard matrix, as dis-
cussed in Subsection V B. It is worth noting that a similar
generalization of these two Bell inequalities was proposed in
Ref. [47] in terms of Platonic solids, and later extended to a
more general framework in Ref. [43]. A Platonic Bell inequal-
ity is defined by considering a matrix h satisfying the ROCN
conditions and, in addition,

Vie{l,...,m}: thj:%. (58)
j=1

In this case, the matrix h is semi-orthogonal [48]. The Bell
functional is then constructed from two such semi-orthogonal
matrices, h and 1/, of dimensions m x n and m x n’, respec-
tively, by defining their Gram product:

Vj€{17...,n}7kE{l,...,’I’LI}Z Mjk:Zh” ;k:'
i=1

(59)
The corresponding Bell operator takes the form

Bh,h’ = ZZMjkAj ® By, (60)

j=1k=1

where {A;}7_; and {By}7_, denote the measurement ob-
servables for the two parties. The maximal quantum value of

this operator is given by ﬁg’h/ = nn'/m. We refer to any
Bell inequality of the form (60) as a Platonic Bell inequality.
The name follows from the fact that, when the columns of A
correspond to vectors pointing toward the vertices of a Pla-
tonic solid, the ROCN conditions together with Eq. (58) are
satisfied simultaneously.

It is straightforward to verify that, by setting n’ = m and
h/ = §,;, the Platonic Bell operator (60) reduces to an ROCN
Bell operator associated with the matrix h. A natural question,
therefore, is whether the converse holds—namely, whether ev-
ery ROCN matrix is also Platonic (semi-orthogonal). To ad-
dress this, we seek explicit examples of ROCN Bell inequali-
ties that are not Platonic, or equivalently, ROCN matrices that
do not satisfy the semi-orthogonality condition (58). In what
follows, we provide a constructive discussion outlining an al-
gorithm for generating arbitrary ROCN matrices, which can
be used to identify such non-Platonic instances.

First, observe that any ROCN matrix h admits a singular
value (or polar) decomposition of the form

h = SW, (61)

where W is an n X n orthogonal matrix, and S is a rectangular
diagonal matrix containing the row norms of h. Explicitly,
defining

vie{l,...om}: HP:=) h, (62)
j=1
we can write
H, 0 ... 0 0...0
0 Hy ... 0 0...0
S=1. . . B (63)
o 0 ... H,O0...0

Conversely, suppose a family of positive coefficients { H; } 7
is given, satisfying the normalization condition

m

> H =n. (64)
=1

We can then define .S in the form (63). The question remains
whether there exists an n X n orthogonal matrix W such that
h = SW is ROCN.

Observe first that condition (20) is automatically satisfied
for any orthogonal W. The nontrivial constraint arises from
condition (21), i.e., the normalization of the columns of A,
which reads:

ih?j = i zn: SikajSieng = iHEWEJ =1.
i=1 i=1 k,f—1 i=1
(65)

Hence, for h to be ROCN, the squared entries ij
must transform the vector of squared row norms H =
(H2,HZ,...,H2) into the uniform vector 1,,. By Horn’s
lemma [49, Theorem 4], since H majorizes Tn, there always
exists an orthogonal matrix W for which condition (65) holds.
However, such a matrix W will not satisfy Eq. (58) unless H
is uniform. Consequently, the corresponding ROCN Bell op-
erator is not Platonic.

Remark 2. For a Platonic Bell inequality, the quantum bound
can be obtained from the general result [16, Theorem 1],

By < v/mnl|hl,, (66)

where ||h]|, denotes the maximal singular value of h. From
the singular value decomposition (61), and using the form of
S given in Eq. (63), we have

||h||2 = iG{I{laXm} H;. (67)

.....

Since

iHﬁ:Zthjzn, (68)
=1



Figure 1. The three classes of Bell inequalities are compared. The
Hadamard truncated (HT) class, introduced in Subsection V B, gen-
eralizes both the CHSH and Gisin’s elegant Bell inequality (EBI).
The ROCN family, discussed in this work, and the Platonic Bell in-
equalities, introduced in Ref. [43], both contain the Hadamard trun-
cated Bell inequalities.

it follows that

max

n
ie{l,.. Jn}jzzll 2 m’ (69)

with equality if and only if condition (58) holds. Therefore
Eq. (66) provides the exact quantum bound of an ROCN Bell
inequality if and only if it is a Platonic Bell inequality.

B. A note on Hadamard matrices

In this section, we apply the general methods developed in
Subsections IIT A and III B to a particular class of matrices—
namely, the class of real-valued Hadamard matrices (RHM)—
thereby extending the results of Ref. [46]. These objects form
a special subclass of ROCN matrices.

A Hadamard matrix H is defined as a square matrix with
entries in {—1,1} and orthogonal rows (and consequently
columns). Hence, H satisfies the condition HH' = H'H =
nl,. The dimension of any RHM is necessarily either n = 2
or n = 4d for some d € N. However, the general existence
of such matrices for all n divisible by 4 remains unresolved—
this is the content of the long-standing Hadamard conjecture.
The smallest case for which the conjecture remains open is
n = 668 [50, 51].

Observe that if H is a Hadamard matrix, then we can re-
move any number of rows to obtain a new matrix which, up
to a normalisation factor, satisfies the ROCN conditions from
Egs. (20)—(21). As a concrete example, consider the n = 4
Hadamard matrix and its modified version after removing the
first row:

+1 +1 +1 +1
+1 +1 -1 -1
+1 -1 +1 -1
+1 -1 -1 +1

+1 41 -1 —1
+1 -1 41 -1
+1 -1 —1 +1

H= — H =

9

The corresponding normalized ROCN matrix is h = H'/ V3,
which generates the Gisin’s elegant Bell inequality in Eq. (8).
Interestingly, the construction described above allows one to
obtain both examples in which the Bell inequality exhibits
quantum advantage (B¢ < fg) or saturation (B¢ = fg).
In general, given an n x n real Hadamard matrix H, if we
remove n — m rows to obtain the truncated Hadamard matrix
H’, the corresponding ROCN matrix is in the form

H/

vao
Remark 3. Take a generic Hadamard matrix H of dimension
n = 4d. By removing a single row, we obtain a partial or

truncated Hadamard matrix H'. The corresponding ROCN
matrix h for the Bell operator takes the form

H/
h=—. 71
Vvid —1 b
According to Theorem 1, a Bell operator constructed from h
as in Eq. (22) attains maximal quantum value ﬂg = 4d. The

classical value 3% is given by

h =

(70)

4d |4d—1
Pe = d‘e{—rlr,l?}}%w—l) z_: ; hijai
1 4d |4d—1 ,
:\/ﬁ de{- 11}<4d 1)2 Z Hijai| | < Bo;
—c
(72)

where the quantity C' is by construction a natural number. We
show in this case that 8% < Bg. Suppose, for contradiction,

that Bg = Bg Then, the equality C' = 4d+/4d — 1 must hold,
which implies that v/4d — 1 is a rational number of the form

Vid—1= ]37 with p, ¢ € N coprime. (73)
q

Then 4d—1 = p?/¢?, and since p, q are coprime, we conclude
that ¢ = 1. Therefore, v/4d — 1 must be an odd integer, i.e.,
v4d — 1 = 2k + 1. Squaring both sides and rearranging, we
obtain

1
d:k2+k+§¢N, (74)

which contradicts the assumption. Therefore 3¢, < 3g).

In general, when we consider full (untruncated) Hadamard
matrices with m = n, we can find examples for which the
quantum bound is equal to the classical bound, showing that
conditions (20) and (21) are not sufficient to have a non-trivial
Bell inequality. In particular, the bound 3% = Bé‘g =n=4d
is attained only for constant row sum (or regular) matri-
ces [52] such that

Vie{l,...,n}: F2Vd.  (75)

n
E hij = const =
=1



In other words, the classical value must saturate the Best
bound [52]:

n*2=" (7;;2) < VB < ny/n. (76)

Regular matrices exist only for square dimensions, n = [2.
The value of [ can be easily inferred from the relation n =
4d = I2, where d is an integer guaranteed by the sufficient
condition on the existence of a Hadamard matrix.

1. Classical value and excess of a Hadamard matrix

Maximal (optimal) local value S¢ of a given Bell inequal-
ity, (B) < B¢, is given by the optimization over all lo-
cal strategies, which do not allow for quantum correlations.
Mathematically, up to normalization, ¢ corresponds to the
value of the so-called optimized excess of H.

The notion of excess was originally defined for Hadamard
matrices in the pure mathematical context without any rela-
tions to quantum nonlocality [52, 53]. The classical excess is
just a sum of all matrix elements

o(H)=Y_> Hj, (77)
ik

while its optimized counterpart [46], denoted by 3, yields a
similar number achieved along the Hadamard orbit which is
defined by the monomial transformation: two real Hadamard
matrices H; and H» of the same size are said to be equiv-
alent, if one can be obtained from another by a monomial
transformation Hy; = My HyM,, where M; = P; ® Dj is
a monomial matrix — a permutation matrix multiplied (entry-
wise Hadamard product) by a diagonal matrix with entries in
{—1,1}. For real-valued Hadamard matrices, monomial ma-
trices contain only values in {—1,1}. Hence

S(H) = max {ZZ [MlHMg}jk} = Vnph. (78)
7 k

My ,M>

Clearly the excess is permutation-invariant, hence only multi-
plication by diagonal matrices affects its value. Equivalently,
such a multiplication corresponds to the negation of particular
rows and columns.

Monomial equivalence relations stratify the set of
Hadamard matrices of a given size n onto cosets. For n =
2,4, 8 and 12 there is only a single equivalence class, while for
n > 16 the number of classes grows hyper-exponentially [54—
56]:

n 214(8(12]16|20(24| 28 32
# of classes||1{1{1| 1 | 5|3 |60|487|13710027]...

This makes the calculation of excess extremely difficult, as it
might be that, depending on the representative of the equiva-
lence class, the optimized excess differs. Already for n = 16
one observes that X(Hia) = X(Hiep) = X(Hiec) = 64
and X(Hi6p) = X(Hisg) = 56, where the indices A-
E denote one of five representatives of a 16-dimensional

10

Hadamard matrix [57]. Observe that for His4, Higp and
Higc, the maximal excess equals 64, which implies that the
corresponding maximal classical value equals the maximal
quantum value, Bg = ﬁg = 16.

When calculating the value of the optimized excess we can
utilize several tricks and methods in order to speed-up the nu-
merical procedure. This includes: “binarization” [58], paral-
lel computing, and a simple reduction of checking all possible
(classical) strategies described in Ref. [59] and reproduced in
Eq. (38). In particular, this last property allows us to consider
only a single strategy for one party, say Bob, while the strategy
for Alice is fixed to all-one settings—hence, in the following
we are going to refer only to this one, non-trivial strategy.

For n = 8, removing any row yields the optimal excess
equal to 18 and every time the optimal strategy can be chosen
to [1,1,1,1,1,1,1,—1]. This is one of many strategies that
work irrespective of a way the matrix is truncated by cutting a
row. However, not all strategies have this property, for exam-
ple [1,—1,—1,1,—1,1,1] is excluded. For n = 16 the situa-
tion is different. Optimized (maximized) excess for a partial
Hy4 is 60, but there is no single strategy shared between all
cases. This shows that one must find such a strategy individ-
ually for every removed row (as well as for each equivalence
class). Numerical studies suggest the following observation:

Conjecture 1. The value of 3% for the Bell operator induced
by H does not depend on the row that is removed.

The conjecture has been verified for all real-valued repre-
sentatives of Hadamard matrices of size n € {4, 8,12, 16,20}
and partially for some higher dimensions, and as such it re-
quires separate studies.

VI. CONCLUSIONS

In this work, we introduced a general framework for con-
structing Bell inequalities with an arbitrary number of binary
measurements, for which the quantum bound can be deter-
mined analytically. This construction is based on the class of
row-orthogonal, column-normalized (ROCN) matrices (Defi-
nition 2). The resulting Bell inequalities, which we refer to
as ROCN Bell inequalities, admit an explicit sum-of-squares
(SOS) decomposition of the corresponding Bell operators,
providing a direct route to compute their quantum bound.

We further derived a necessary and sufficient condition un-
der which an ROCN Bell inequality enables self-testing. In
particular, we proved self-testing of families of Clifford ob-
servables, which play a fundamental role in quantum theory
and quantum information.

Within this framework, we identified a previously unrecog-
nized self-testing equivalence that emerges when certifying an
odd number of Clifford observables. In the canonical case of
three Pauli matrices, and more generally for representations
on an odd number of qubits, this reduces to the well-known
complex-conjugation ambiguity. For representations on an
even number of qubits, the ambiguity arises from the exis-
tence of two unitarily inequivalent irreducible representations
of the Clifford algebra, related by an outer automorphism.



This transformation plays a role analogous to complex conju-
gation and can be incorporated within the self-testing formal-
ism. For an even number of Clifford generators, self-testing
under the standard definition remains possible.

We also compared ROCN Bell inequalities to other families
with analytically accessible quantum bounds. In particular,
Platonic Bell inequalities share a similar structural form; how-
ever, there exist ROCN inequalities that are not Platonic, and
Platonic inequalities that are not ROCN. A notable subclass
of ROCN Bell inequalities arises from Hadamard matrices. In
this case, the classical bound of the associated Bell inequality
coincides exactly with the classical excess of the Hadamard
matrix, revealing a direct connection between combinatorial
matrix theory and Bell nonlocality.

Several topics remain to be explored. The identification
of a previously unrecognized self-testing equivalence moti-
vates the development of a general framework that system-
atically incorporates such invariances. Another open question
is whether a broader class of Bell inequalities can be defined
that unifies the ROCN and Platonic families while maintain-
ing analytic computability of the quantum bound. Finally,
the framework introduced in this work—particularly the con-
struction of Bell inequalities and the associated self-testing
statements—appears to extend naturally to the entanglement-
swapping network scenario [60], potentially enabling the
derivation of Bell inequalities for detecting nonbilocality and
self-testing the quantum network [61].
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Appendix A: Jordan—Wigner representation

In this appendix, we present results used in the proof of
self-testing. We begin with the proof of the Jordan—Wigner
representation theorem.

Proof of Theorem 1. If m = 1, the result is trivial. Let m > 2
and setr = |m/2]| > 1. Consider the first pair of observables
Aj and A, satisfying

{A1, A} =0, A=A3=1 (Al)

Using the cyclic property of the trace together with the above
relations, we find:

’I‘I‘[Al] = TI‘[AQAQAl] = ’I‘I[AQAlAQ] = —T‘I‘[Al], (A2)

which implies that A, is traceless. Since the eigenvalues of
Aj are 1, there exists a unitary operator U; such that

U, A0 = Zo 1. (A3)
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We now decompose the transformed operator Ui Ay UlT as
U040 =10 A+ X @Ay +Y @ Ay + Z 0 Ay (Ad)
From Eq. (A1), it follows that

A=A, =0, AV +A4,7=1, [4, 4]=0.

(A5)

Since A’y and A% commute, they can be expressed in a com-
mon eigenbasis {|k)}, thus yielding

Uy ApUf = " [X cos by, — Y sin ] @ [k) (k|

k
0 el¥r
= L“"’“ . ] ® [kXE].
k

Define a unitary operator V as

~ 1 0

7=y | @ KA

k

Then, VU, AUV = X @ Tand [V, Z ® 1] = 0. Setting
U, = VU, we obtain

(A6)

(AT)

UL AU =Zo1, UAUf =X®1.  (A8)
From the canonical anticommutation relations (14), it follows
that the remaining observables UlAiUlT fori € {3,...,m}

are of the form

UlAiUlT =Y ®A, (A9)
where, for all i,k € {3,..., m}, the Hermitian operators A}
and A, satisfy

(AL, ALY = 26,1 (A10)

We now repeat the same construction for A% and A, obtain-
ing a unitary operator Us such that

(Al1)
(A12)

(1, @ Up)Uh AsUS (1, @ Un) =Y @ Z @ 1,
(1, @ Uo)Uh AU (1, @ Un) =Y @ X @ 1.

Iterating this procedure r times yields the representation in-
troduced in Eq. (16), with the overall unitary transformation

U=1"Yeu,) 15" @U,_1)...(1,® U)U,.
(A13)
For odd m, the unpaired element A,, takes, after applying U,
the form given in Eq. (17), with A2 = 1. O

m

The following result is a consequence of the Jordan—Wigner
representation theorem and characterizes the structure of its
commutant.

Theorem 3. Let {A4;}7, be a set of observables acting on a
finite-dimensional Hilbert space H and satisfying the canon-
ical anticommutation relations (14). Let m = 2r + ¢, with



¢ € {0,1} and » = [m/2], and let P be a positive operator
satisfying [P, A;] = O forall ¢ € {1,...,m}. Then, with re-
spect to the Jordan—Wigner representation given in Eqs. (16)
and (17), the operator P can be written as

P=1Y"® P, (Al14)
where P’ is a positive operator. For ¢ = 1 (i.e., odd m), we
also have

[P, ALl =0. (A15)
Proof. We prove the claim by iteratively decomposing P in
the Pauli basis according to the Jordan—Wigner representation.
Start with the first two observables A; and As, which act non-
trivially on the first C? subspace. Then P can be expressed
as

P=1,0P+X®Pxy+YQ®P,+Z®P;. (Al6)
The commutation relations [P, A;] = [P, A2] = 0 imply that
Py = Py, = P, =0, so that
P=1,®P;, (A17)
with P; being a positive operator. Repeating this procedure
iteratively, we obtain Eq. (A14). Finally, for odd m, the last

unpaired observable A,, acts on the remaining factor, which
gives Eq. (A15). O

An alternative proof is obtained by noting that the first 2r
observables in Eq. (16) generate the full algebra B(CY") ®
1. Any operator commuting with all these generators must
therefore be of the form consistent with Eq. (A14).

Appendix B: Proof of Theorem 2

In this appendix, we present the proof of Theorem 2 con-
cerning the self-testing statement. We begin with the follow-
ing preparatory lemma, which establishes that the linear sys-
tem (B8) admits a unique solution consisting of pairwise anti-
commuting observables if and only if the system has full col-
umn rank.

Lemma 1. Let {A;}/”, be a family of observables acting on
a finite-dimensional Hilbert space H such that A? = 1 for all
i € {1,...,m}. Additionally, let M be an nx m(m—1) real
matrix, and consider the following system of linear equations

Vief{l,...on}: Y Mjgn{Ai, A} =0, (B
i<k

where each pair (4, k) for i < k is treated as a single index.
Then, a set of anticommuting observables (14) is the unique
solution of (B1) if and only if M has full column rank.

Proof. Assume, for contradiction, that M does not have full

column rank. Then, there exists a nonzero vector § €
1 —

Rz"(m=1) quch that M5 = 0. We construct a one-parameter
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family of operator tuples { 4;(a)}, satisfying Eq. (B1) and
which do not satisfy the anticommutation relations (14).

Let {A;}, be the family of anticommuting observables
as given in the reference strategy (Definition 3). Furthermore,
let us define the symmetric m X m matrix S, whose elements
are S;; = 0, and Sk; = Sir, = s(;,1) for ¢ < k. For all real
parameters «, define

G(a) :=G0)+aS =1,, +al. (B2)

For |a| < 1/||S]|, where ||.S|| denotes the spectral norm of S,
the matrix G(«) is positive definite with diagonal entries 1. In
this case, it is a Gram matrix, G;;(a) = ¥;(«) - ¥ () of real
unit vectors {01 (), ..., Tm ()} C R™. We further define

Ai(a) = Zvi,j(a)flj. (B3)
J=1

The operators A;(«) are clearly Hermitian, and furthermore

{Ai(a), Ax(@)} = 2 [vi(@) - Tk(a)] 1, (B4)
Ai(@)? = [[5i()[?1 = 1. (B5)

The family of operators {A;(a)} satisfies Eq. (B1) for every
a<1/|S|:

Z Mj,(z‘,k)Gik:(a) = Z Mj,(i,k) (0 + OéS(i’k))
i<k i<k

=a(M3), =0. (B6)

Finally, for « # «' the Gram matrices G(«) and G(o’) are
different. Since unitary conjugations correspond to orthogo-
nal transformations on the vectors ¥;, which preserve Gram
matrices, the tuples {A;(a)} and {4;(a’)} cannot be unitar-
ily equivalent. This contradicts the uniqueness condition, so
M must have full column rank. O

With this preliminary result established, we can now pro-
ceed to the proof of the theorem concerning the self-testing
statement.

Proof of Theorem 2. We prove that condition (55) implies
that the maximal violation of the Bell inequality self-tests
the reference strategy. The converse direction follows from
Lemma 1. The proof is organized into three parts. In Part I,
we show that achieving the maximal quantum violation forces
Alice’s observables to form a pairwise anticommuting family.
In Part II, we employ vectorization techniques to establish
the relation between Alice’s and Bob’s observables, as well as
the Schmidt coefficients of the shared quantum state. Finally,
in Part III, we invoke the Jordan—Wigner representation
theorem to demonstrate self-testing of the reference strategy.
The distinction between the even and odd m cases becomes
explicit in this final step.

Part I. Let h be an m x n ROCN matrix, and let B3;, de-
note the corresponding Bell operator. Suppose that a bipartite
quantum state [¢)) € Ha ® Hp, together with the local ob-
servables {A;}72, {B;}"_,, achieves the maximal quantum



violation of the Bell inequality. We assume that all observ-
ables A; and B; square to identity, and that the shared state
|1} is pure—an assumption that can always be made [28]. As
discussed in Appendix C, we can additionally assume that the
reduced density matrices pa and pg are full rank.

In the proof of Proposition 1, we introduced an SOS de-
composition of By, [see Eq. (30)]. From this, it follows that the
maximal quantum value 55 = n is attained if and only if the
shared state |1)) satisfies N; [¢) = O forall j € {1,...,n},
or equivalently, if the saturation condition (32) holds. As a
consequence:

vie o m): (YhgaoB) [ = ®)
=1

Expanding the square and using A7 = B} = 1, we obtain

D hihig{Ai, Ay |9) = 0. (B8)

i<k

Vjed{l,...,n}:

Since the reduced density matrix pp = Trg[|¢)Xv|] is full
rank, it further implies that the system of equations (43) is
satisfied. If the matrix M defined in Eq. (54) has full column
rank, then Eq. (43) enforces that Alice’s observables {4;}
satisfy the canonical anticommutation relations (14).

Part II. Let us now express the shared state [¢)) in its
Schmidt decomposition:

= Z)\i i) @ |4)

where Py = x/EZiD:l Aq i),

and

= (Pa®1)|®p), (B9)

= dimHa = dimHp

®p) = \ﬁZ\ ® i) (B10)

is the maximal entangled state between H A and Hp. Ob-

serve that, since we assumed the reduced density matrices pa

and pp to be full rank, the Hilbert spaces H and Hp have

the same dimensions. Moreover, we choose the Schmidt basis

so that it coincides with the eigenbasis of both ps and pp.
For convenience, we introduce the operators

m
= hijAs;,
i=1
so that the saturation condition (32) can be rewritten as

Vie{l,...,n}:

(B11)

(FjPa © B;j)|®p) = (PA® 1) |®p) .

(B12)

Since the anticommutation relations imply that F2 = 1 for

all j € {1,...,n}, we can apply the operator F) ® 1 to both
sides and use the flip identity from Eq. (34) to obtam

(L® BjPa)|®p) =

(1® PAF})|®p). (B13)
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Projecting both sides onto |[¢) ® |k) forall k,¢ € {1,...,D}
yields

(k|B;Palt) = (k|PAF}|0), (B14)
and hence, on the subspace available to Bob
BjPy = PAF}. (B15)
Taking the Hermitian conjugate gives
PAB; = F] Py. (B16)
Combining these two equalities, we find
PAB;B;Py = P; = F] P{F}, (B17)

which implies that [Pf\,FjT] = 0. Since P, is positive, it
follows that [Pa, F jT] = 0. From Eq. (B15), we obtain

= Em:hijAlT.
i=1

This shows that the form of Bob’s observables is deter-
mined up to a local isometry. Finally, substituting the defi-
nition (B11) into the commutation relation above gives

> hij[Pa, AT] =0
i=1

Multiplying this equation by hj; and summing over j leads to

Zh

(B18)

(B19)

Vke{l,...,m}: [Pa, Af] =0

— [Pa,A]] =0. (B20)
Altogether, we have established that: Alice’s observables
{4;} satisfy the canonical anticommutation relations (14),
Bob’s observables { B, } can be expressed as linear combina-
tions of the anticommuting operators {A] }, and the operator
P commutes with all A;.

Part II1. By the Jordan—Wigner representation theorem, up
to a unitary transformation, Alice’s Hilbert space can be de-
composed as

A= (é(c2 QH, (B21)
k=1
and the observables take the canonical form
Vie{l,...,2r}: A=A ®1y, (B22)
while for the case of odd m = 2r + 1,
Ap =4, ® A, (B23)

where A/ is Hermitian and unitary. Furthermore, if we de-
note d’ = dim H’, then the total Schmidt rank of the shared



state is D = dd’, with d = 2". Since P, commutes with all
A;, by Theorem 3 it must take a tensor-product form:

d/
Pa=1§"@P' =15"® [ Y_AaVd|a)al | . (B24)
a=1

Because [A],,, P'] = 0, we can choose the basis {|a)} to be a
common eigenbasis of A and P’, with eigenvalues +1. We
can then decompose Bob’s Hilbert space as

HB:ébc%gﬂﬁ

k=1

(B25)

and the state |¢)) becomes:
1 d

) = 7 Yo ek oY Aala)@la)
1€{0,1}" a=1

[®a) @ [£) -

For even m, Bob’s observables can be written as

(B26)

m 2r
B; =Y hyAl = hijA] @ 13 = Bj @ 1y, (B27)
=1 i=1
which yields the standard self-testing (Definition 1). For odd
m, we have
m 2r
B; = hiAl = hij Al @y +hy; AL @A, (B28)
i=1 i=1
Let My = Ny and M; = N; denote the projections onto

the +1 and —1 eigenspaces of A/, on Alice’s and Bob’s side,
respectively. It follows that

(€|(Mo ® No + My ® N1)|€) =1, (B29)

and, foralli € {1,...,m}andj € {1,...,n},
A= A; @ My + AF ® M, (B30)
Bj = B; ® No+ B ® Ni. (B31)

These relations show that in the case of odd m, the observ-
ables are self-tested in the sense of Eq. (50). O]

Appendix C: Lifting the full rank assumption

In self-testing, one should avoid making any a priori as-
sumptions about the fest strategy that reproduces the observed
correlations. In full generality, this means allowing the shared
state to be mixed, the reduced density matrices to be non-
full rank, and the measurements to be general POVMs. In
our framework, the latter corresponds to relaxing the condi-
tion A7 = B? = 1to A7, B < 1. However, by invok-
ing Naimark’s dilation theorem together with purification, one
can, without loss of generality, restrict attention to pure states
and observables that square to the identity (see Ref. [28, The-
orem 4.1]). We now show that, in addition, one may assume
without loss of generality that the reduced density matrix on
either subsystem is full rank.
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Theorem 4. To establish self-testing from the maximal vio-
lation of an ROCN Bell inequality, it is sufficient to assume
that the observables A; and B; square to the identity, that the
shared state |t} is pure, and that the reduced density matrices

pa = Trp[|y)X¢|] and pp = Tra[[¢))(4]] are full rank.

Proof. Tt suffices to show that one can restrict the Hilbert
spaces H a and Hp to the supports of pa and pg, respectively,
without affecting the properties of the observables, in particu-
lar ensuring that A? = 1 still holds on the reduced supports.
Consider the operators

Fj = Zh”Al (Cl)
i=1

Suppose that the state |4} achieves the maximal quantum vi-

olation. Then it satisfies the saturation condition (32), which

can be rewritten as
Vie{l,...,n}: F;®B;y) =)

= F;oll)=10B;[¢). (C2)

We begin with Alice’s subsystem. Let H denote the support
of pa, and define its orthogonal complement H; = ”HOL, SO
that the full Hilbert space decomposes as

HA = Ho D Hi. (C3)

Let Ry and R; be the orthogonal projections onto o and H1,
respectively. Clearly, the state |¢) is supported entirely on Hg:

Ry 1Y) =Y), Ri®1[y)=0. (CH

Next, we define the block components of F; with respect to

the decomposition (C3). For o, € {0,1}, set Fj(aﬁ) =
R, F;Rg, so that

(00) p(01)
J J
(10) (1)

Fj Fj

F

j =

. (C5)

We have

R FjRy pa = Trg[R1F; Ry @ 1 [ )¢)]]
= Trg[R1F; @ 1| )X¢|]
— Tep @ By W] = 0. (C6)

It follows that Ry F; Ry = 0, and by Hermiticity of F7, also
R F; Ry = 0. Therefore, each operator F} is block-diagonal
with respect to the decomposition Ha = Ho & H1:

F o

F- =
J 0 Fj(n)

. (C7)

From the definition of F}; in Eq. (C1), and since h has orthog-
onal (and hence linearly independent) rows, it follows that

Vi e {L...,m} : R1A;Ry = 0. (C8)



By Hermiticity of A;, we also have RyA;R; = 0. Therefore
each observable A; is also block-diagonal with respect to the
decomposition Ha = Ho B H1:

AP g

. (C9)

It is then clear that the restricted operators AEOO) square to
the identity on Hy. Hence, we may restrict the observables
A; to the subspace H, without loss of generality. The same
argument applies to Bob’s observables. Specifically, using
Eq. (C2) and repeating the reasoning in (C6), one concludes
that the observables {B;} can be restricted to the support of
pg while preserving B} = 1. O

Appendix D: Partial transposition vs. local unitary and complex
conjugation equivalences

In this appendix, we show explicitly that the two strate-
gies {A4;}, {B;}, |®4) and {AF}, {B;‘}, |®4), introduced
in Definition 3 and Egs. (44)—(45), cannot, in general, be
obtained from one another by combining complex conjuga-
tion with local unitary transformations. We focus on the case
where m = 2r 4 1 is odd.

Assume, toward a contradiction, that there exist unitary op-
erators Up on Ha and Up on Hyp such that, for all ¢, 7,

AF = Uy AU, (D1)
B¥ = UpB;U, (D2)
|Bg) = Up @ Ug |®g) . (D3)
By construction,
Vie{l,...,2r}: AF=A,, (D4)

and consequently, the operator U must commute with every
Ay, ..., Ay, Since the C*-algebra generated by {4;}2"; is
the full operator algebra B(C?®"), it follows that Uy must be
proportional to the identity. Consequently, the final condition

A¥ 1= —Agpyy = UnrAy, UL (D5)

cannot be satisfied.
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Next, consider the complex conjugates fl;-* and B;. Sup-
pose we seek local unitaries such that, for all 7, j,

A¥ = U AU, (D6)

B = UgBIU}, (D7)

|(I)d> =Upr ®Up |(I>d> . (DS)

Using the explicit representation of A; given in Theorem 1,
we have

i—1

Vie{l,...,m}: A'=(-DI=I14,. (DY)
In particular, fl;‘n = (—1)521,’;1. Consider the operator
Ur=10YQRI1IQY®..., (D10)
and notice that
Vie{l,...,2r}: UsAUL =(-)IF 14, @11

while Up A, U} = 4,,.

As a consequence, when r is even (corresponding to an
even number of qubits), we obtain

Vie{l,...,m}: A; =UpAUL. (D12)

In this case, the operators fl:‘ are unitarily equivalent to A;,
and from the first part of the proof it follows that the two
strategies (D1) and (D3) cannot be transformed into each other
via complex conjugation and unitaries. More general transfor-
mation should be considered [62].

For r odd (corresponding to an odd number of qubits), we
find instead

Vie{l,...,m}: A¥=UrAU]. (D13)
By choosing Up = U} = U], it follows that
Vj€{l,...,n}: BFf=UpBU}], (D14)

and |®4) = Ua @ Ugp |®4). Hence, in this case, the two strate-
gies (D1) and (D3) can indeed be related via complex conju-
gation and local unitary transformations.
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