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Quantum approaches to combinato-
rial optimization problems (COPs) are
often limited by the resource demands
of Quadratic Unconstrained Binary Op-
timization (QUBO) encodings, which
enlarge circuits through penalty terms
and increase qubit and gate counts. We
show that Higher-Order Unconstrained
Binary Optimization (HUBO) enables a
more resource-efficient formulation. Our
method systematically constructs HUBO
Hamiltonians and, compared to QUBO
in benchmarks on Gate Assignment
(GAP), Maximum k-Colorable Subgraph
(MKkCS), and Integer Programming (IP)
problems, exponentially reduces qubit
requirements and decreases CNOT gate
counts by at least 89.6% after compilation
to single- and two-qubit gates for all
tested instances. These results highlight
HUBO as a practical alternative for
current and near-term devices. To pro-
mote adoption, we release an open-source
Python library that automates HUBO
model construction, broadening access to
resource-efficient quantum optimization.

Combinatorial optimization problems are
prominent in numerous scientific and industrial
domains, ranging from logistics and finance [1]
to computational biology [2] and operations re-
search [3]. Challenging problems require finding

2250 1 GAP QUBO
20007 @  GAP HUBO
1750 - MkCS QUBO
91500 - H MkCS HUBO
8 1o50 IP QUBO
Koo A IPHUBO
O 750 -
500

nxXm

Figure 1: Number of CNOT gates required to reach
solution threshold for three COPs, optimized by QAOA
with QUBO (yellow marker) and HUBO (blue marker)
encodings as a function of problem size n x m. The
GAP optimizes the assignment of n aircraft to m airport
gates. In the MkCS problem, n vertices are colored with
m colors, IP optimizes a polynomial over n variables,
each taking one of m possible values. Further details
and quantum encodings are provided in the main text.

(near)-optimal solutions within vast discrete
configuration spaces, where the search complex-
ity often grows exponentially with problem size
[4]. Theoretical insights from statistical physics
have illuminated these challenges through their
connection to disordered systems, revealing that
most industrial optimization problems belong to
the NP-hard complexity class [5].

Classical methods, including metaheuristics
such as simulated annealing and tabu search
[6, 7], and commercial solvers like CPLEX and
Gurobi (8, 9] face significant limitations when
confronting non-convex energy landscapes. Even
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relatively small problems (sometimes below 100
variables) remain computationally intractable for
them [10-15].

Quantum algorithms, such as adiabatic quan-
tum optimization |16, 17| and the Quantum Ap-
proximate Optimization Algorithm (QAOA) [18]
are poised to address these challenges. This is
predominantly done by exploiting mappings of
COPs to QUBO models [19-21] which is fur-
ther facilitated by modeling tools such as Pyqubo
[22].  Previous studies |23, 24| have identified
several practical limitations of QUBO formula-
tions, including large qubit requirements, costly
penalty terms for constraint enforcement, and
consequently increased circuit depth with large
CNOT gates, which motivate the search for more
resource-efficient alternatives.

In contrast, HUBO encodings directly incorpo-
rate such constraints and, therefore, can reduce
resource demands. While demonstrated in spe-
cific settings, including protein folding and the
traveling salesperson problem [25-28], prior work
has lacked a general framework. Moreover, prac-
tical concerns remain regarding hardware imple-
mentation: higher-order terms formally require
multiqubit interactions, whereas present quan-
tum processors primarily support operations in-
volving just one or two qubits at a time [29, 30].
In this work, we show how such circuits can be
implemented entirely with single- and two-qubit
gates.

By comparing to QUBO encodings, we demon-
strate that HUBO encodings provide substantial
and consistent resource advantages for three rep-
resentative COPs: GAP, MkCS, and IP. These
advantages persist after full circuit compilation,
with HUBO exponentially lowering qubit counts
and reducing CNOT requirements by at least
89.6% for all benchmarked problem classes and
sizes (see Figure 1). To support broad adoption,
we present PyHUBO, an open-source Python li-
brary [31], and introduce a systematic framework
for constructing HUBO Hamiltonians, showing
that for the problems considered, our method
yields numerical complexity that scales polyno-
mially with problem size. Although we focus
on QAOA, the approach applies to other algo-
rithms and problems with one-hot or related con-
straints. Our results demonstrate that HUBO en-
codings can directly mitigate resource bottlenecks
in quantum combinatorial optimization.

1 Methodology

The methodology of this work is structured as
follows. In Sec. (1.1), we establish a formal defi-
nition and notation for COPs and illustrate this
formulation using three representative examples:
the GAP, the MkCS, and IP. In Sec. (1.2), we
show how the COP formulations from Sec. (1.1)
can be systematically mapped to QUBO and
HUBO encodings. Finally, Sec. (1.3) describes
the implementation of these encodings within the
QAOA algorithm, utilizing only single- and two-
qubit gates.

1.1 Combinatorial Optimization Problems

A COP consists of a finite set of feasible solu-
tions and an objective function to be optimized
[32]. For the remainder of this work, we use the
following definition: Consider an n variable COP,
where every variable can assume one of m values.
Variables are indexed by 1 < ¢ < n and values
by 1 < v < m. In the following, we will use the
terms ¢th variable and variable ¢ interchangeably
to refer to the variable indexed by ¢, and similarly,
we will use the vth value and value v interchange-
ably to refer to the value indexed by v. A solution
s € {1,---,m}"™ assigns a value to each variable.
For every s there exists an objective function C(s)
that can be computed in polynomial time and a
polynomial time oracle that verifies whether s is
a feasible solution.

The task is to find a solution such that the
objective function is minimal among all feasible
solutions, i.e., s* = argming C(s). In most ap-
plications, the objective function is a polynomial
function of the variables [3], and for practical pur-
poses, we express it as

Z Cl(i78i)+ Z CQ(i7j7 Si,Sj)+"’ )

1<i<n 1<i<j<n
(1)

where ¢1(, s;) is the cost of assigning the value
s; to the ith variable, ca(i,j, si,s;) the cost of
assigning the value s; to the ith variable while
simultaneously assigning the value s; to the jth
variable.

In principle, the objective function can be of
any order. However, for most industrial appli-
cations, it is linear or quadratic [33], i.e. Eq.
(1) only contains terms of the form ¢;(i,s;) or
c2(i, j, si,85). Therefore, without loss of general-
ity, we only consider linear and quadratic COPs.

C(s) =




Often, COPs also involve constraints. For prac-
tical purposes, we formulate these constraints as
inequalities, which can be converted to equality
constraints, e.g., using slack variables [34]. The
equality constraints are added as penalty terms
to Eq. (1) with appropriately chosen Lagrange
multipliers [35].

For example, a COP with a constraint that all
variable pairs (i,7) € P for some set P can not
assume the same value can be stated as

minimize C(s)
s€{l,,m}n )
subject to s; # s;.

v(i,j)eP

The penalty term for this constraint has the form

ca(iy 4, v,0) = A

V(i,j) € P Yve{l,...,m}, (3)

with the Lagrange multiplier A chosen large
enough such that the optimal solution respects
the constraint. By adding this penalty term to
the objective function, we can transform the COP
into an unconstrained optimization problem

C(s)+ A Z Osi,s;5 (4)
(i,5)EP

minimize

se{l,--,m}"
where d5, s, is the Kronecker delta function, which
is 1 if s; = s; and 0 otherwise.

The above notation applies broadly to COPs.
We now illustrate this on three representative
classes: the GAP, the MkCS problem, and IP.
These formulations provide the basis for deriving
their QUBO and HUBO encodings.

1.1.1 Gate Assignment Problem

The GAP is a well-studied challenge in opera-
tions research with significant practical relevance
to the aviation industry [36]. It involves opti-
mally assigning airport-gates to aircraft to mini-
mize costs, such as passenger walking distances.

Various classical formulations of the GAP are
established [36], and the problem has been stud-
ied in the context of quantum optimization [28,
37]. We consider the GAP with n flights and m
airport-gates, where the objective is to minimize
total passenger walking times (see Fig. 2).

We distinguish between two passenger types:
those boarding or disembarking, and those trans-
ferring between flights. The first type only con-
tributes to the linear coefficients, as the cost of

Figure 2: lllustration of the GAP with m = 4 airport-
gates and n = 3 flights. Two of the flights have passen-
gers who require a transfer connection, which is repre-
sented by the two-way symbol. A third flight has only
arriving and departing passengers, illustrated by the lug-
gage symbol. The goal is to assign airport-gates to flight
such that the total passenger walking time is minimized.

assigning flight ¢ to airport-gate v is given by

e1(i, v) = P + pi TP, (5)

where p?™

1T and p?ep are the numbers of arriving
and departing passengers on flight 4, and ¢ and
tdeP are the walking times from the check-in desk
to the airport-gate v and from the airport-gate v
to the luggage claim, respectively.

The transfer passengers contribute to the
quadratic terms through

ca(i, j,v,w) = Py, (6)

where ptrans

;% is the number of passengers trans-
ferring from flight ¢ to flight j, and tzf‘l"uns is the
walking time between airport-gates v and w.
Finally, we enforce the constraint that tempo-
rally overlapping flights cannot share the same
airport-gate through a penalty term of the same
form as in Eq. (3), where P in the context of the

GAP is the set of all conflicting flight pairs.

1.1.2 Maximum k-Colorable Subgraph Problem

The MKCS represents a fundamental COP that
arises in diverse industrial applications, includ-
ing network design, frequency assignment, and
resource allocation [38—41]. It has attracted con-
siderable attention in both classical and quantum
optimization research [42—-46].




Figure 3: Example instance for the MkCS problem: a
properly 4-colored graph with |V| = 7. All adjacent ver-
tices have distinct colors, so the objective value (number
of monochromatic edges) is zero.

Given a graph G = (V, E) with vertices V' and
edges F, the MKCS problem seeks to maximize
the size of a properly vertex-colored subgraph
with at most k colors (see Fig. 3). A properly
vertex-colored subgraph is one where no two ad-
jacent vertices share the same color, and the size
of the subgraph is defined as the number of edges
in the subgraph.

In the assignment formulation, each vertex is a
variable that can assume k values, hence n = |V/|
and m = k. The solution string s encodes the
color of each vertex and s; is the index for the
color assigned to the vertex with index 7. The
objective function counts the number of edges in
the graph that connect vertices of the same color.
Minimizing the number of monochromatic edges
is equivalent to maximizing the number of edges
that connect vertices of different colors, which is
the goal of the MkCS problem. Using the nota-
tion from Sec. (1.1), the objective function has
the coefficients

co(iyj,v,0) =1 V(i,j) € E, (7)

and all other coefficients are zero.

1.1.3 Integer Programming

IP is fundamental to industrial applications such
as production planning and resource allocation,
as well as a key subject in classical optimization
research [47-49|. Recently, quantum and hybrid

methods have been employed to address IP prob-
lems [20, 50, 51].

Here, we consider an IP problem with n vari-
ables and each variable can assume any value
from the domain {y1, - ,ym} with y; € Z. The
task is to assign values to variables such that

minimize

a’u+u’Qu+---, (8)
ue{yly"'7ym}"

where q € R™ and @ € R™*™ are the coefficients
of the objective function. In principle, the objec-
tive function Eq. (8) can be of any order. How-
ever, for the sake of clarity, here we write out only
up to quadratic order. Typically, an IP problem
also involves inequality constraints, which often
are functions of many variables.

The objective function can be put into the as-
signment formulation of Sec. (1.1) by writing

C1 (Zv U) = qiYv,
CQ(ivjv v, w) = Qijyvyw7

(9)

for all 1 < v,w < m. We find that com-
puting the coefficients of the objective functions
under consideration has computational complex-
ity O (()m?) (since in general there are (3)m?
quadratic and n x m linear coefficients).

A range of methods exists to enforce the con-
straints of IP problems. Penalty-based tech-
niques are most common, encoding constraints as
additional terms in the objective function. Ex-
amples include slack variable methods that in-
troduce additional variables to convert inequal-
ities into penalizable equalities [34], as well as
more recent variants such as unbalanced penal-
ization [24], and Lagrangian approaches [52],
both of which avoid increasing the variable space.
Alternatively, oracle-based methods verify feasi-
bility directly, without penalties [50]. Together,
these strategies are broadly applicable to general
constraint enforcement in IP.

In our benchmark examples, we restrict our-
selves to constraints that each involve at most two
variables. For such simple pairwise constraints,
it is most straightforward to explicitly enumerate
all violating value pairs, which can be done ef-
ficiently with computational complexity O(m?)
per constraint. Once identified, for each pair
of values y,, 3, violating a constraint with vari-
ables 7 and j the objective function coefficients
are changed

ca(iy j,v,w) = ea(iy jyv,w) + A, (10)




with a sufficiently large Lagrange multiplier .
This direct penalty-based formulation is partic-
ularly efficient and effective for enforcing simple
pairwise constraints in the framework considered
here.

1.2 From Classical to Quantum Optimization

The task of mapping a COP to its quantum
formulation is twofold. Firstly, we construct a
unique mapping between classical solutions and
quantum states s <> |x). Secondly, we construct
a Hamiltonian He such that He |x) = C(x) |x).
We define C(x) <> C(s) in which C(s) is given
by Eq. (1). Finding the optimal solution to the
COP corresponds to finding the ground state of
the Hamiltonian. In the following, we discuss two
different approaches to this mapping: the QUBO
and the HUBO encoding.

1.2.1 QUBO Encoding

In the QUBO encoding, for each variable value
pair (i,v) a binary variable z;, is created. The
1th variable taking the vth value, is encoded by
setting the binary variable z;, = 1, while all
other binary variables x;,, with w # v are set
to 0. The objective function Eq. (1) can be writ-
ten in terms of of binary variables x; , as

Cx)= Y. Y. cali,v)zi

1<i<n 1<v<m

D ID>

1<i<j<n 1<v<w<m

C2 (Z, j’ v, w)m’i,vfzj,w-

(11)

To ensure that each variable ¢ can only take one
value, we must add a so-called one-hot penalty

term N
A (1 -3 x> , (12)
v=1

to the objective function, which ensures that for
each variable ¢ exactly one of the binary variables
%;p is 1 and all others are 0. For constrained
COPs, other penalty terms need to be added to
the cost function to ensure that the constraints
are satisfied. For example, the constraint intro-
duced in Sec. (1.1), which requires that all vari-
able pairs (7, j) € P for some set P cannot assume
the same value, is enforced by the penalty term

A Z in,vl'j,v- (13)

i,jEP v=1

Similarly, other constraints can be added as
penalty terms to the objective function. A discus-
sion about the construction of the penalty terms
in QUBO problems can be found in [35].

From the QUBO formulation, a quantum sys-
tem is constructed where each QUBO variable is
mapped to one qubit. Then, the value of the
qubit |>w in the computational basis represents
the value of the QUBO variable x;,. Hence, the
total number of qubits scales with the number of
QUBO variables n x m. Now the Hamiltonian
for this encoding can be found by substituting
xip = (I— Zm)/Q, where ZA,-,U is the Pauli-Z op-
erator acting on the qubit encoding the variable
x; . This gives the operator form of the Hamil-
tonian

E[C: Z Z Ji,in,v

1<i<n 1<v<m

+ Z Z Ji,j,v,wZi,ij,wa

1<i<j<n 1<v,w<m

(14)

where the linear cost coefficients c¢(i,v) con-
tribute to the linear QUBO coefficients J;, and
the quadratic cost coefficients ca(i, j,v,w) con-
tribute to J; 4, Jjw and J; j 4 w. It is easy to check
that with this Hamiltonian we have H¢ |x) =
C(x) |x). In most numerical studies, the QUBO
coefficients J;,, and J; j, . are calculated from
c1(i,v) and ¢o(4, j, v, w) through packages such as
pyqubo [22, 53].

1.2.2  HUBO Encoding

In the HUBO encoding, each variable i is repre-
sented using d = [logy(m)]| bits. To retrieve the
value assigned to variable ¢, we read its associated
d bits, convert the binary string to the decimal
value v, and conclude that variable ¢ assumes the
value v.

For a quantum system with n x d qubits en-
coding the COP solution, measuring the d-qubit
state |), in the computational basis yields a bit-
string that, when converted to a decimal v, sets
the variable with index ¢ to the value with index
v. While a similar encoding of integer values has
been discussed in [23], here we use the encoded
integers to denote value indices. This allows us
to encode values beyond the set of integers, e.g.,
colors or gates. In this encoding, the objective




function can be written as

Yoo X alv)|) (]

1<i<n 1<v<m

P

1<i<j<n 1<v,w<m

(15)

It is straightforward to check that we have
He|z) = C(x) |x) with this encoding.

Furthermore, if m is not a power of two, we
also add a penalty term

n 24
A D o) (vl;

1=1v=m

(16)

to penalize all states that encode indices larger
than m. Additionally, to incorporate the penalty
term (3), we can add a term of the form

AZZW

i,jeEP v=1

vl; @) (v, (17)

to the Hamiltonian. The addition of a one-hot
constraint (Eq. (12)) is not required in this en-
coding and, as we will show, this substantially
reduces the resource requirements.

For the construction of the quantum circuit,
however, we need to encode the Hamiltonian in
terms of Pauli matrices. This can be done by
noting that each projector-term can be written
out as

[v) {vl; = [o1) (val; 1 - [va) (v

L+ (=D)"Zix  La+(=1)

2
= 53 Z H(_

SC{1,,d} a€S

A

YiZiaq

)

(18)

where v, is the ath bit of the binary representa-
tion of v and Zi,a is the Pauli-Z operator acting on
the qubit encoding the ath bit of the ith variable.
Note that the sum over S runs over all subsets of
the set B = {1,---,d}, which includes the empty
set. The empty set contributes a global factor of
I/2% to the sum.

To simplify the notation, we define the product
of Pauli-Z operators for a variable ¢ and a set

S C B as
S = H Zi,a- (19)

ca(i, 4,0, w) |v) (v]; ® [w) (w]; .

Additionally, for a set S and a value v, we define

— 5 I

a€sS

(20)

This allows us to express the projector in a more
compact form as

(21)

= Z Rs(v)Z; s

SCB

Substituting (21) into the Hamiltonian (15)
yields

Z Z JisZis

1<i<n SCB

DI

1<i<j<n 51,5:CB,B

. (22)
Ji5,91,52 24,81 £j,S5»

where
Jis =Y Rs(v)ei(i,v),
v=1

> Ra(

v,w=1

Ji g8, = )R, (w)ca(i, j, v, w).

(23)

Eq. (22) is a HUBO Hamiltonian with linear, and
quadratic terms and terms of order up 2 x d in the
Pauli-Z operators. The coefficients J; g are de-
termined by ¢;(4,v) and the coefficients J; js, s,
by ¢a(i, j,v,w). Hence, Eq. (23) provides a sys-
tematic way to find the coefficients of the HUBO
Hamiltonian from the coefficients of the objective
function.

In principle, the HUBO-coefficients J; 5 and
Jij.s1,5, can be computed from (23).
this quickly becomes cumbersome, especially for
large COPs. Instead, we use a technique based
on the Walsh-Hadamard transform [54|, which
we present in Appendix A. We also prove that
calculating the HUBO-coefficients has a numeri-
cal complexity that scales polynomially with the
number of variables n and values m. For ex-
ample, calculating the HUBO-coefficients for a
COP with a quadratic objective function has nu-
merical complexity O(n?mS). Our open-source
repository offers the Python package PyHUBO
[31], along with detailed documentation, require-
ments, and installation instructions, that facili-
tates the computation of HUBO coefficients for
COPs.

However,
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Figure 4: Schematic representation of the QAOA al-
gorithm showing the initialization in the superposition
state, the alternating application of cost and mixer uni-
taries across layers, followed by measurement and clas-
sical optimization of variational parameters ~ and S.

1.3 Circuit Implementation

In the previous sections, we presented two meth-
ods that encode a COP into a Hamiltonian, en-
suring that the ground state of the Hamiltonian
corresponds to the optimal solution. Various
techniques exist to find this ground state, such as
adiabatic evolution [16, 55|, quantum imaginary
time evolution [56-58|, and variational methods
[59, 60]. In this work, we focus on the QAOA [18],
a variational approach well-suited for near-term
quantum devices and effective across many COPs
[61-66]. QAOA is widely used in the community
and has been implemented on multiple quantum
devices, making it an ideal benchmark for our en-
coding schemes [44, 67, 68].

QAOA operates by alternating between two
types of unitary operations: the cost unitary
Uc(y) = exp(—z"ylf[c> with the cost Hamilto-

nian Hg as developed in the Sec. (1.2.1) and
Sec. (1.2.2), and the mixer unitary Uy (B) =
exp(—iBI:IM> (see figure 4). Below, we outline
the circuit constructions for these unitaries. For
a comprehensive overview of QAOA, see [63].
The construction of the cost unitary Uc(7) for
Hamiltonians with higher-order terms using only
one- and two-qubit gates requires careful circuit
implementation to maintain efficiency. A key ob-
servation that simplifies the circuit construction
is that the cost Hamiltonian H¢ for every en-
coding, when expressed in the computational ba-
sis, is a sum of diagonal terms. This diagonal
structure implies that any two summands in the
cost Hamiltonian commute with each other. This

commutativity property allows us to decompose
the cost unitary for both QUBO and HUBO en-
codings into a product of unitaries that each im-
plement single terms JrZ7 of the Hamiltonians
(14) and (22). Here, T is a set of qubit indicies,
Jr is the coefficient for these qubits and, similar
to Sec. 1.2.2 we use the notation Zp = [Lier Z;.
Obviously, in the QUBO encoding, the set T only
involves at most two qubit indicies, while it can
involve up to 2 x d qubit indicies in the HUBO
encoding.

To construct a circuit for the unitary
exp(ivJTZT) using only single- and two-qubit
gates, we exploit the fact that the compu-
tational basis states |b) = @7 |bi),, with
by € {0,1}, form a complete basis. The ac-

tion of exp (i’yJTZT) on such a state results in

exp ((—I)EBtET “inJr) [b). We therefore design
a circuit composed of single- and two-qubit gates
that reproduces this transformation on computa-
tional basis states and thus implements the uni-
tary exp (z‘nyTZT>.

The circuit is constructed in three main steps,
as shown in Fig. 5. First, a sequence of |T| — 1
CNOT gates is used to transform the initial state
|b) such that one qubit stores the parity @crby
of the bitstring. Specifically, by arranging the
|T| —1 CNOT gates in a chain, where the t-th
CNOT acts on the t-th (control) and (¢t + 1)-
th (target) qubits of T, the parity is encoded
in the last qubit of the set T'. Second, a single-
qubit rotation R,(2vJr) is applied to the parity
qubit, generating the phase factor exp(—iJr7y) or
exp(iJpy) for odd or even parity, respectively. Fi-
nally, the sequence of CNOT gates is applied in
reverse order to restore the original product state,
resulting in exp((—l)@tETbii’yJT) |b). Thus, the
circuit implementing the cost unitary for a single
|T|-th order term in the cost Hamiltonian requires
2(|T) — 1) CNOT gates and one Ry gate.

In principle, each term in (14) and (22) can be
implemented in this way sequentially. However,
as we show in the Appendix B, constructing the
cost layer Uc () for all terms of a HUBO Hamil-
tonian (22) in this way is not resource efficient,
and we present an optimized circuit which signif-
icantly reduces the number of CNOT gates. The
key idea is that parity states generated for one
term of the Hamiltonian can often be leveraged to
efficiently construct the parity states needed for




Figure 5: Circuit implementation of the cost Hamilto-
nian for a three-qubit term, i.e. exp(i’yJLgngAlZng).
The circuit consists of a sequence of CNOT
gates to entangle the qubits, such that the ini-
tial state |b1), |b2),|bs); in the computational ba-
sis becomes [by), |b1 @ b2), |b1 @ by @ b3)4 through the
first chain of CNOT gates. The single qubit ro-
tation R.(2vJ123) acts on the last qubit. Af-
ter the rotation, another sequence of CNOT gates
disentangles the qubits, resulting in the final state

exp ((—1)"®P2%iv.J1 5 5) [b1), [b2)y [ba)s-

other terms, thereby minimizing redundant oper-
ations. Consequently, as we show in Appendix C,
the asymptotic CNOT and Ry gate counts scale
quadratically in the number of variables n and
values m.

For the mixer Hamiltonian A M, we employ the
standard Pauli-X mixer

Hy =) Xi (24)

which acts on all qubits of the circuit. This choice
ensures that the mixer unitary can efficiently ex-
plore the computational basis states by creating
a superposition that allows transitions between
different solution candidates. Furthermore, the
mixer unitary can be implemented using a simple
layer of single-qubit R, rotation gates.

To optimize the variational parameters v and
B, we apply gradient descent methods with the
initialization scheme of Zhou et al. [61], which
improves convergence and solution quality over
random initialization. Gradients of the expec-
tation value with respect to variational param-
eters are efficiently computed via implicit differ-
entiation [69], avoiding the computational over-
head and inaccuracy of finite-difference methods.
Quantum circuits and optimization routines are
implemented using PennyLane |70], enabling au-
tomatic differentiation and GPU acceleration for
efficient optimization.

The Lagrange multipliers A for the different

penalty terms in the objective function are chosen
iteratively before running the QAOA benchmark-
ing. Only after identifying A values that ensure
the QAOA algorithm consistently finds feasible
solutions respecting all constraints do we proceed
to run and evaluate the algorithm’s performance
using these selected penalty parameters. This it-
erative approach ensures that the penalty terms
are effective in guiding the QAOA algorithm to-
wards feasible solutions while still allowing for ex-
ploration of the solution space.

The quality of QAOA solutions is typically
evaluated via the expectation value of the cost
Hamiltonian. For COPs, however, feasibility
must also be considered. Hence, we employ a
metric similar to the one introduced in [71], here
referred to as the approximation ratio, defined as

A=1- 3 r®)wHD)P (25

bEBfeas

where {|b) |b € Bieas} is the set of computational
basis states satisfying all constraints and

Cmax — C(b)

rb) =G~

(26)
rescales C'(b) to the interval [0,1]. Here, Cupin
and Cpax are the minimal and maximal values
of the objective function, determined using com-
mercial solvers for the benchmark instances. The
approximation ratio is particularly suitable for
our benchmarks, as it immediately accounts for
the treatment of invalid solutions as equivalent to
maximum cost states. This metric combines so-
lution utility, feasibility, and objective value, and
can be applied to all three COPs discussed in the
results section.

If the quantum state [i(7, 8)) corresponds to
the optimal solution, then A = 0. If it yields
only infeasible or maximal-cost solutions, A = 1.
Thus, A can be interpreted as the expectation
value of a normalized cost Hamiltonian, where
feasible eigenstates have eigenvalues [0, 1], while
infeasible eigenstates can only have eigenvalue 1.
Lower values of A indicate higher-quality solu-
tions found by QAOA.

Since the set of feasible bitstrings Ste,s grows
exponentially with problem size, evaluation of the
approximation ratio becomes numerically taxing
even for modestly sized COPs. To address this,
we approximate Eq. (25) using a sampling-based
method. Further details on this approach and




# Qubits  # CNOTs # Ry
QUBO nm O(n*m?)  O(n?*m?)
HUBO nfloga(m)]  O(m*m?)  O(n?*m?)

Table 1: Exact qubit requirements and analytical scaling
for CNOT and Rz gates per QAQA layer in both en-
codings, where n is the number of variables and m the
number of values per variable. In practice, gate counts
are often lower (see Table 2).

# Qubits # CNOTS # Ry
GAP-QUBO 20 140 90
GAP-HUBO 10 68 27
MkCS-QUBO 20 132 86
MkCS-HUBO 10 90 27
IP-QUBO 16 120 76
IP-HUBO 8 38 31

Table 2: Quantum Resources required per QAOA layer
to encode the GAP instance introduced in Fig. 6, an
MKCS instance illustrated in Fig. 9 and an IP instance
shown in Fig. 12.

other numerical techniques used for benchmark-
ing are provided in Appendix D.

2 Results

To evaluate resource efficiency and solution qual-
ity, we analyze three complementary metrics
across all benchmarks: (i) the number of qubits
required to represent the problem, (ii) the gate
count per QAOA layer after circuit compilation
(i.e. # CNOTS, # Ryz), and (iii) the total num-
ber of gates needed to achieve target approxima-
tion ratios (A).

For qubit requirements, a COP with n variables
each taking m values requires n X m qubits un-
der QUBO, but only n x [logy(m)] under HUBO.
Both encodings grow linearly in n, however, the
growth in m is linear for QUBO but logarith-
mic for HUBO, yielding exponential savings when
variables admit many values. This advantage
is particularly critical in problems such as the
GAP, where each flight-variable can assume a
large number of airport-gate-values [36].

For gate counts per QAOA layer, we compile
the cost unitary circuits to contain only rotation
and CNOT gates, and report those as our pri-
mary resources. Both encodings scale quadrat-
ically in gate count (see Table 1), but HUBO

consistently compiles to fewer gates in practice
(Table 2), often by large margins, for instance, a
69% reduction in CNOT gates for the considered
IP instance. It should be noted that Hadamard
gates for state initialization and Rx gates for
the mixer are not reported separately since their
counts equal the number of qubits.

Finally, while increasing the number of QAOA
layers is known to improve solution quality [18§],
feasibility on real hardware depends on total gate
counts rather than per-layer counts alone. In
what follows, we will show that both the per-layer
gate requirements and the convergence rate to-
ward the optimum vary significantly with the cho-
sen encoding. Since no analytical bounds exist for
the minimum depth needed to reach a given solu-
tion threshold, we rely on empirical benchmark-
ing. Here, the most notable advantage of HUBO
over QUBO is evident, with HUBO achieving sav-
ings of up to 97.1% in CNOT counts for IP bench-
marks. In the following subsections, we there-
fore compare QUBO and HUBO across three
representative COPs, reporting solution quality
at fixed depths, convergence behavior as a func-
tion of gate count, and total resources needed to
achieve specified solution thresholds. All averages
are over 100 independently optimized QAOA pa-
rameters, with error bars representing the stan-
dard deviation, as detailed in Appendix D.

2.1 Gate Assignment Problem

Using a GAP instance with five flights (n = 5)
and four airport-gates (m = 4), we benchmark
both QUBO-QAOA and HUBO-QAOA, with ten
layers. Each layer contains gate counts as re-
ported in Table 2. The GAP instance considered
has 4 flights with transfer passengers, resulting
in 24 nonzero quadratic terms (see Equation (6))
in the classical objective function. Additionally,
3 flights have gate conflicts with 2 other flights
each, while 2 flights have gate conflicts with 1
other flight each. The motivation for this sce-
nario, as well as further details such as passenger
numbers and walking times, are provided in Ap-
pendix E. An illustration of the problem is shown
in Figure 6.

The best feasible solution, determined by a
commercial solver, yields an average passenger
travel time of 9.6 minutes, while the worst fea-
sible assignment totals 17.9 minutes. Within
this range of solutions, HUBO-QAOA achieves




HUBO

QIU)=10)

1127 1294 1461 16.27
Average Passenger Travel Time [min]

9.60 17.94

Figure 6: Upper panel: Airport-Gate layout for the
benchmark instance with 4 airport-gates and 5 flights.
Lower panel: The range of feasible objective values for
total passenger time is shown, including the minimum
(blue) and maximum (yellow) obtained by a commercial
solver. The average objective values achieved by the
QAOA algorithm with QUBO and HUBO encodings (10
layers) are shown for comparison.

an average objective value of 12.1 minutes, while
QUBO-QAOA’s average objective value is 15.8
minutes, demonstrating a substantial solution
quality improvement with HUBO for the same
number of QAOA layers.

Furthermore, HUBO-QAOA achieves lower
approximation ratios using fewer quantum re-
sources. In Fig. 7, we compare the average
approximation ratio as a function of total gate
count, varying the number of QAOA layers from
1 to 10. Because the same number of gates is
added per QAOA layer, the datapoints are evenly
spaced along the x-axis. For any fixed number of
QAOA layers, the HUBO encoding requires fewer
gates in total. More importantly, for any given
total gate count, HUBO-QAQOA consistently at-
tains much better approximation ratios. For ex-
ample, with approximately 1040 total gates (1060
for HUBO, 1020 for QUBO), the approximation
ratio achieved with QUBO is more than 3 times
worse than that achieved with HUBO.

HUBO-QAOA consistently demonstrates re-
source savings over QUBO-QAOA as the prob-
lem size varies. Fig. 8 summarizes the number of
gates required to achieve an approximation ra-
tio of at least 0.50 for both encodings, as the
number of flights increases from 1 to 5 with the
number of airport-gates fixed at 4. The smaller
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QUBO

0.0 1 1 1 1 1
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Number of Gates

Figure 7: Average approximation ratio (Eq. (25)) versus
total gate count for HUBO and QUBO encodings on
the 4-airport-gate, 5-flight problem instance. The gate
count includes all circuit gates used: CNOT, Rz, Ry,
and Hadamard, the latter applied only once for state
initialization (10 for HUBO, 20 for QUBO). For each
encoding, the number of gates per QAOA layer is fixed,
so increasing the number of layers results in a uniform
increment in total gates, producing evenly spaced dat-
apoints along the x-axis. Each point corresponds to a
fixed number of QAOA layers, ranging from 1 to 10.
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Figure 8: Total number of CNOT and single-qubit gates
required to attain an approximation ratio of 0.50, plot-
ted against the problem size of the GAP (number of
airport-gates fixed at 4). Problem size is defined as
the product of the number of flights and the number
of gates and directly corresponds to the qubit count in
the QUBO encoding. CNOT and single-qubit gates are
shown separately, reflecting their differing experimen-
tal costs. Across all problem sizes, the HUBO encod-
ing achieves the target approximation ratio using sub-
stantially fewer CNOT and single-qubit gates than the
QUBO encoding.
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0.00 1.80 3.60 5.40 7.20 9.00
Number of Non-Monochromatic Edges

Figure 9: Upper panel: Graph with five vertices and
nine edges used as a benchmark instance for the MkCS
problem, colored with four colors. The displayed coloring
corresponds to the optimal solution with zero monochro-
matic edges. Lower panel: Range of feasible objec-
tive values and average number of monochromatic edges
identified by HUBO-QAOA and QUBO-QAOA for a fixed
number of layers (3).

GAP instances are generated by repeatedly delet-
ing flight assignments from the instance described
in Fig. 6. In this scaling approach, the prob-
lem size corresponds directly to the number of
qubits required by the QUBO encoding. The fig-
ure separately reports the number of CNOT and
single-qubit gates, since CNOT gates are typi-
cally more experimentally demanding. Across all
evaluated problem sizes, the HUBO encoding re-
duces the number of required CNOT gates be-
tween 90.0% and 100% (the single flight GAP
instance in the HUBO encoding doesn’t require
CNOT gates) and the number of Ry gates be-
tween 86.1% and 95.3% compared to the QUBO
encoding. These results highlight that substan-
tial quantum resource efficiency gains with the
HUBO approach persist across varying problem
sizes.

2.2 Maximum k-Colorable Subgraph Problem

We benchmark an MkCS problem with |[V| =
n = 5 vertices and k = m = 4 colors on the
graph illustrated in Fig. 9, using a QAOA cir-
cuit with three layers. The objective is to min-
imize the number of monochromatic edges. For
this instance, an optimal coloring results in zero
monochromatic edges, while assigning the same

1.0+ $ HuBO
0.8 QUBO
0.6 -
<
0.4
02-¢F
. RN x) |
70 500 1000 1500 2000

Number Of Gates

Figure 10: Average approximation ratio achieved by
QAOA as a function of total gate count for HUBO and
QUBO encodings. Results are shown for the same graph
with five vertices and nine edges as in Fig. 9. The num-
ber of gates required for each layer can be found in Table
2. Data points are evenly spaced as gate counts scale
proportionally with the number of QAQOA layers.

color to all vertices yields a maximum objective
value of nine. The range of feasible values and the
average performance of each encoding are shown
in the lower panel of Fig. 9. HUBO-QAOA finds,
on average, 1.2 monochromatic edges, compared
to an average of 6.9 for QUBO-QAOA.

HUBO-QAOA consistently achieves better ap-
proximation ratios than QUBO-QAOA while us-
ing fewer quantum resources. Fig. 10 shows the
average approximation ratio obtained by QAOA
as a function of total gate count for both encod-
ings. Using the gate numbers reported in Ta-
ble 2, HUBO-QAOA always reaches approxima-
tion ratios below 0.18. In contrast, even with the
largest considered number of QAOA layers (10),
the QUBO-QAOA algorithm only attains an av-
erage approximation ratio of 0.37. Each QUBO-
QAOA layer requires 238 gates, compared to only
127 gates for HUBO-QAQOA. This substantial dif-
ference in resource demands can be attributed to
the penalty overhead required by the QUBO en-
coding.

We find that the quantum resource advantage
of HUBO over QUBO persists across all tested
MkCS problem sizes. As summarized in Fig. 11,
the number of gates required to achieve an ap-
proximation ratio of 0.20 increases much more
rapidly for QUBO than for HUBO as problem size
grows. Problem size is defined as the product of
the number of vertices and the number of colors
in the graph, which matches the qubit require-
ment for the QUBO encoding. For these bench-
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Figure 11: Scaling of quantum resource requirements for
MKCS instances. The number of CNOT and R, gates
required to achieve an approximation ratio of 0.20 is
shown as a function of problem size (number of vertices
times number of colors, with m = 4 fixed). The HUBO
encoding consistently requires substantially fewer gates
than QUBO across all tested sizes, with the difference
increasing for larger instances.

marks, the number of colors is fixed at & = 4 and
the number of vertices varies from 1 to 5. The
smaller graphs are generated by deleting vertices
from the instance in Fig. 9. CNOT and single-
qubit gate requirements are reported separately
(note that the one-vertex instance is solved triv-
ially by HUBO and doesn’t require any CNOT or
RZ gates). Across all evaluated problem sizes, the
HUBO encoding reduces the number of required
CNOT gates by 89.6 — 100% and the number of
Ry gates by 90.8 — 100% compared to the QUBO
encoding.

2.3 Integer Programming

To provide context for the subsequent analyses,
the upper panel of Fig. 12 illustrates the IP in-
stance considered in this work. This instance con-
sists of n = 5 variables, each with m = 4 possi-
ble values, two linear constraints (each depend-
ing on two variables), and an objective function
containing both linear and quadratic terms. The
minimum feasible objective value is —27, which
is achieved by the assignment x; = 0, 2 = 3,
x3 = 3, x4 = 0, and x5 = 3. This instance is used
to benchmark HUBO-QAOA; however, QUBO-
QAOA was not computationally feasible at this
problem size due to excessive computational re-
source requirements.

To enable a direct comparison between the two
encodings, we benchmark QAOA on a reduced
version of the problem with x5 = 3 fixed. The

f(@1, X, T3, 24, T5) = T102 — 20223 + 1.52324

— 05])11’3 + 31‘5 — 21’2$5

T1,T2,T3,T4,Ts S {0> 17 2~3}

3 Z XT1X2
5 > T3+ X4
HUBO QUBQO
-27.00 -18.00 -9.00 0.00 9.00 18.00

f($17x271;3-,$4,.]}5 = 3)

Figure 12: Upper panel: Structure of the IP instance
considered, with n = 5 variables (m = 4 values each),
two linear constraints, and both linear and quadratic ob-
jective function terms. This instance is referenced here
for later HUBO-QAOA benchmarking, as QUBO-QAOA
is not computationally feasible for this size. Lower panel:
Range of feasible objective values for the reduced IP in-
stance with x5 = 3 fixed. The optimal (—27) and max-
imal (18) values are shown. Average objective values
attained by HUBO-QAOA and QUBO-QAOA after nine
layers are indicated for comparison.

lower panel of Fig. 12 displays the range of fea-
sible objective values for this simplified instance,
which retains the optimum (—27) and maximum
(18) values of the original. For 9 QAOA layers,
HUBO-QAOA yields an average objective value
of —18.55, while QUBO-QAQOA produces an av-
erage of 0.21.

Additionally, HUBO-QAOA demonstrates sig-
nificantly greater resource efficiency and superior
approximation ratio compared to QUBO-QAOA
across all layer settings, as shown in Fig. 13.
The per-layer CNOT and Ry gate counts for
each encoding are provided in Table 2. Evi-
dently, QUBO-QAOA requires over three times
more CNOT gates and more than twice as many
Rz gates per layer compared to HUBO-QAOA.

For a targeted approximation threshold,
HUBO-QAOA requires substantially fewer gates
compared to QUBO-QAOA. For instance, to
reach an approximation ratio of 0.60, QUBO-
QAOA requires 10 layers, while HUBO-QAOA
achieves the same result with only 1 layer. When
accounting for both the higher resources per
layer and the greater number of layers required,
QUBO-QAOA, compared to HUBO-QAOA, con-
sumes 31.6 times more CNOT gates (1200 vs. 38)
and 24.5 times more Rz gates (760 vs. 31).
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Figure 13: Average approximation ratio versus total gate
count for QAOA applied to the reduced IP instance,
comparing HUBO and QUBO encodings. HUBO-QAOA
consistently achieves higher approximation ratios at
lower quantum resource cost than QUBO-QAOA. For
example, to reach a target approximation ratio of 0.60,
HUBO-QAOA and QUBO-QAOA require 85 and 2136
gates, respectively.
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Figure 14: Number of gates required to achieve an ap-
proximation ratio of 0.30 as a function of IP problem
size, comparing HUBO and QUBO encodings. Both
CNOT and single-qubit gate requirements are shown.
Problem size is modified by changing the number of
variables in the IP problem. HUBO-QAOA consis-
tently achieves the target approximation ratio with dra-
matically fewer gates than QUBO-QAOA, and remains
tractable even for the largest instances where QUBO-
QAOA cannot be executed due to computational re-
source constraints.

The resource advantage of HUBO-QAOA over
QUBO-QAOA remains robust across all bench-
marked IP problem sizes. Fig. 14 reports the
number of gates required to reach an approxi-
mation ratio of 0.30 for different problem sizes,
with CNOT and single-qubit gate requirements
shown separately. Problem size is varied by start-
ing from the largest instance (as shown in Fig. 12,
with n = 5 variables, and m = 4 values) and
generating progressively smaller instances by fix-
ing variables to their optimal assignments. This
approach preserves the minimal objective value
while producing a sequence of simpler problems,
resulting in increments of 4 qubits per data point.

Across all benchmarked problem sizes, the
HUBO encoding reduces CNOT requirements by
94.4 — 100% and the number of Ry gates by 91.6
—95.3% compared to QUBO (again, the one vari-
able instance doesn’t require any CNOT gates
in the HUBO formulation). These results, to-
gether with those from earlier figures, demon-
strate the persistent resource efficiency advantage
of HUBO-QAOA over QUBO-QAOA throughout
the tested range of IP problem sizes.

3 Conclusion

We showed that using HUBO formulations cir-
cumvents resource bottlenecks that often con-
strain the practical quantum optimization of
COPs. Although one might assume that higher-
order interactions would increase quantum hard-
ware demands, our results on three representa-
tive problems reveal the opposite. HUBO encod-
ing requires exponentially fewer qubits compared
to QUBO, and more importantly, leads to sub-
stantial reductions in the number of CNOT and
single-qubit gates. For each problem class, we ob-
serve a reduction of CNOT gates by 89.6 — 100%,
which makes experimental realization more feasi-
ble for current and near-term quantum devices.

In addition to these resource savings, we have
developed a general framework for constructing
HUBO models, together with the open-source
Python package [31]. This equips the community
with a framework to efficiently formulate COPs
on quantum hardware, helping to mitigate cur-
rent resource limitations, and, for quadratic prob-
lems, ensures that the Hamiltonian construction
scales polynomially with problem size.

By helping to lower the resource bottleneck,

13



our approach brings quantum optimization of
challenging, real-world problems closer to practi-
cal reality. As quantum technology continues to
advance, resource-efficient methods such as ours
will play a key role in enabling broader applica-
tions in industry and research.
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A Mathematical Foundation of HUBO Encoding

While in principle it is possible to find the HUBO coefficients using Eq. (23), it quickly becomes cumber-
some and numerically expensive to iterate over all required subsets. Instead, we adopt a more efficient,
less error-prone, and clearer method to determine the HUBO coeflicients. The following derivation is
inspired by [54], where the authors show that finding the coefficients of a HUBO Hamiltonian from a
Boolean function amounts to Fourier transforming it.

We first note that a single qubit projector can be written out as

co) (10)(O\ _ 1 fcoter) (1
) =2 (e (2) @

In the following, we will call (I(l)i 2?}), p-basis and (

o) _1fcot+ea) _ ) _ (D
p J J J

where H is the Hadamard matrix providing a transformation from the p-basis to the j-basis.

Generalizing this idea to an d-qubit projector, the coefficient c¢;,..;, of the projector
livig - --iq) (iyio---iq4| in the p-basis is transformed to the j-basis using the Hadamard matrix H®?,
which is the tensor product of d Hadamard matrices. This can be seen by noting that the pro-
jector |iyig---iq) (i102---i4| can be written as the tensor product of the single-qubit projectors
li1) (i1] ® |ig) (ia] ® -+ ® |ig) (14|, each being transformed into the j-basis by a Hadamard matrix,
hence the transformation for the entire d-qubit projector is done by the tensor product of Hadamard
matrices for all single qubit coefficients.

We use the notation ¢;j,..;, for the coefficient of the projector |ijig---ig) (i192---i4| in the p-
basis and the coefficient J;;,...;; in the j-basis encodes the interaction strength of the HUBO term

Ny =

), j-basis and rewrite Eq. (27) as
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Figure 15: Circuit implementation of the cost unitary for two-qubit and three-qubit terms, i.e. exp(mJLgZZg)

and exp (z’nyLg,gZZng), respectively. The circuit consists of a sequence of CNOT gates to entangle the qubits,

such that the initial states |by); |b2), and |b1); |b2), [b3)4 in the computational basis become [b1), [b1 @ b2), and
|b1)1 |b1 @ ba2)y |1 ® ba ® bs), through the first chain of CNOT gates. The single qubit rotation Rz (27vJo1) and
Rz(2vJp,1,2) acts on the last qubit. After the rotation, another sequence of CNOT gates disentangles the qubits,
resulting in the final state exp((—1)"®2iy.J1 2) [b1); |b2), and exp((—1)"2®02805in.J 5 5) |b1), |b2), [bs3) -

H?Zl dij 1 Zj. Using this notation, we can write the transformation from the p-basis to the j-basis as

€0---00 €0---00 Jo--.00
Co---01 €o---01 Jo...01
=H s =] ] (29)
€1..10 €1..10 J1..10
11/, cr11/ J1..11 ;

For example, a quadratic COP has the HUBO model

H= Y Y alk)k)E,+ > > clifkD)[k) (k1) (30)

1<i<n 1<k<m 1<i<j<n 1<k, I<m

We write the linear coefficients for each variable ¢ in a vector ¢(i) = (c1(4,1),¢1(i,2), ..., ci(i, m))7”

and apply H®? to each vector ¢;(i) to obtain the coefficients in the j-basis J; = H®dcl( ) Note that
because 2¢ = m, the Hadamard transformation is an m x m matrix, hence finding the linear coefficients
of all n variables in the j-basis has a computational complexity of n matrix multiplications on an m-
dimensional vector, hence O(nm?). Similarly, we can find the quadratic coefficients by applying the
Hadamard transform to the vector ¢;; = (e2(i, j, 1,1),¢2(4,5,1,2), ..., ca(4, 4,m,m))T for each pair of
variables (7, j) and obtain the linear coefficients in the j-basis J;; = H ®dcij. Calculating the quadratic
coefficients for all pairs of variables amounts to a computational complexity of n? (since there are (g)
combinations of variables) and with the vector ¢; ; being of size m? the computational complexity for
finding the quadratic coefficients is O(n?mS%). In general, for a COP of kth order with n variables
and m values per variable, the computational complexity for finding the coefficients in the j-basis is
O((P)ym3k).

This formalism forms the basis of the PyHUBO Python package [31], which is made available as
part of this publication.

B Cost-Efficient Circuit Implementation of HUBO Hamiltonians

An optimized circuit implementation of a HUBO Hamiltonian can be achieved using a Gray code
approach [72|, which has been successfully employed to problems like the traveling salesperson problem
[26] and the circuit representation of boolean functions [73].

To understand this approach, we examine the effect of the circuit introduced in Sec. (1.3) on a
computational basis state |b) = ®;ec7 |by), for a set of qubit indicies 7. To construct a circuit for
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the term exp (iJTZT), we create entangled states where one qubit encodes the parity @®erb;. Acting
on an Ry gate on this qubit results in a phase factor exp(iyJr)) if ®rerby = 1 and exp(—iyJy) if
@rerby = 0. This is exactly how exp (iJTZT) acts on a computational basis state. We illustrate the
circuit in Fig. 15, where we show the circuit diagrams to implement the terms exp (i"yJLQZAl Zg) and
exp (Z.fYJ172’321ZQZA3) .

To implement all terms of the HUBO-Hamiltonian } rcy . g JrZ7, we construct a circuit that
creates parity states |®:erb;) and acts Rz gates on these states for all subsets T C {1,...,d} at least
once. This can, in principle, be done by using circuits like in Fig. 15 sequentially. However, this is
suboptimal in the number of CNOT gates. The construction of parity states |Bycrb;) for all subsets
T C{1,...,d} with minimal CNOT gate costs is a routing problem, and as shown in [72| and [74] the
Gray Code implementation is the optimal approach to it.

The key observation for optimizing the circuit is that once the parity state corresponding to a subset
Ty C {1,...,d} is prepared, the parity state for any subset T C {1,...,d} differing from 77 by
exactly one element can be obtained by a single additional operation. In particular, the phase factor
exp (iJT2 2T2> is implemented by applying a single CNOT gate, with the differing element as control
and the state encoding e, ba as target.

To introduce the Gray Code-based circuit, we denote each subset 77 C {1,...,d} through a binary
string g of length d, where the j-th element is 1 if j € T7 and 0 otherwise. If two subsets 17,715 differ
in exactly one element, the corresponding binary strings g1, go differ in exactly one bit.

Binary strings of length d map naturally to d-dimensional hypercubes, and implementing all subsets
of {1,---,d} is equivalent to traversing all vertices of this hypercube. Each vertex of the hypercube
corresponds to one binary string and therefore to one subset 7' C {1, ..., d}. Two neighboring vertices
differ by one element. The construction of parity states |@;erb;) for all subsets T' C {1,...,d} with
minimal CNOT gate costs, now amounts to traversing the hypercube with as few steps as possible.

The Gray code provides a systematic way to traverse the vertices of this hypercube. Crucially, the
Gray code visits each vertex of the hypercube exactly once, thereby avoiding any redundant operations
or inefficiencies that would arise from revisiting previously implemented terms. Starting from the
vertex corresponding to the global phase, i.e., the bitstring 0 = (0,0,...,0) and following the Gray
code sequence, we can implement all terms in the HUBO Hamiltonian using only one CNOT gate and
one Ry gate per term. This is illustrated in Fig. 16 for a four-qubit HUBO Hamiltonian. Welch et
al. |[74] have proven that this Gray code implementation is optimal in the sense that it requires the
minimum number of CNOT gates to implement all terms in the HUBO Hamiltonian.

In practice, this means that a HUBO Hamiltonian of the form > rc | 4 JrZp can be implemented
with 2/4 — 2 CNOT gates and 2!9 — 1 Ry gates. The number of CNOT gates is significantly reduced
compared to the naive approach, which, as a calculation shows, requires 2/%(|d| — 2) + 2 CNOT gates.
An illustration of the optimized circuit for the three-qubit HUBO Hamiltonian, in comparison to the
non-optimized implementation shown in Fig. 17, is presented in Fig. 18.

C Derivation: Scaling of Quantum Resources for QUBO and HUBO Formulations

In this section, we derive scaling relations for the quantum resources required to encode a quadratic
COP in the QUBO and HUBO encodings. The COP we consider has a quadratic objective function
of the form

C(S) = Z Cl(’i, Si) + Z Cg(i,j, Si, Sj). (31)

1<i<n 1<i<j<n

We will consider the most general instance of this problem, where the linear coefficients ¢ (i,v) are
nonzero for all variables ¢ and all values v, and the quadratic coefficients c3 (i, j, v, w) are nonzero for
all variable combinations ¢ # j and all value pairs v, w. This instance then has n - m linear coefficients
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Figure 16: Gray code traversal for optimal implementation of a 4-qubit HUBO Hamiltonian. Each vertex of the
4-dimensional hypercube represents a subset T C {1,2,3,4} of qubits, with subscripts indicating which qubits are
included. The red path shows the Gray code sequence starting from the coefficient Jy (bitstring 1000, the bitstring
0000 corresponds to a global phase and is ignored). Each edge corresponds to flipping exactly one bit, enabling
implementation of consecutive terms with only one additional CNOT gate per term. This systematic traversal visits
all 24 —1 = 15 vertices exactly once, requiring only 24 —2 = 14 CNOT gates total for the complete HUBO Hamiltonian

ZTQ{1,2,3,4} JrZr.

Figure 17: Non-optimized implementation of the cost unitary for a three-qubit HUBO Hamiltonian ZTQ{I,Q,?)} JrZr,
where T' runs over all subsets of the three qubits. Each term is implemented sequentially using parity circuits as
shown in Fig. 15, resulting in 2%(4 — 2) + 2 = 10 CNOT gates and 2* — 1 = 7 Ry gates. This method incurs a
higher CNOT count than the Gray code-based optimal circuit presented in Fig. 18, highlighting the benefit of circuit
optimization for efficient quantum computation.
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Figure 18: Optimal quantum circuit for implementing the cost unitary of a three-qubit HUBO Hamiltonian using
the Gray code approach. Here, each subset T' C {1,2,3} defines a term JrZr in the Hamiltonian. The upper
panel illustrates the Gray code traversal of the three-dimensional hypercube, enabling efficient implementation with
one additional CNOT and one Rz gate per term. For three qubits, this results in 22 — 2 = 6 CNOT gates and
23 — 1 = 7 Ry gates for all nontrivial subsets T, demonstrating the reduction in CNOT gates achieved by this
optimized construction. Compared to the non-optimized implementation shown in Fig. 17, this approach significantly
reduces the CNOT gate count.

and (g) -m? quadratic coefficients. Of course, in practice, the objective function often has a simpler
form, but here we consider the worst-case scaling of the quantum resources required for the problem.

C.1 QUBO encoding

The QUBO encoding uses n - m qubits, where each qubit represents a unique variable-value pair.
The linear coefficients in the objective function give rise to one-body terms in the cost Hamiltonian.
Since each one-body term is implemented using a single Rz gate, the number of Rz gates required to
implement all linear terms is equal to the number of qubits.

The quadratic coefficients translate to two-body terms in the cost Hamiltonian, each requiring a
circuit with two CNOT gates and one Ry gate (see Fig. 15, left circuit). Since there are (}) - m?
quadratic coefficients, the number of CNOT gates required to implement all quadratic terms is 2- (g) m?2,
and the number of Ry gates is (5) -m?. The asymptotic scaling of the number of CNOT and Rz gates

is therefore O(n?m?).

C.2 HUBO encoding

In the HUBO encoding, each variable is represented by d = [logy(m)]| qubits. Therefore, the total
number of qubits required is n - [logy(m)]. The linear coefficients in the objective function give rise
to a Hamiltonian term ZTCTZ_ JTZT, where T; denotes the set of d qubits encoding variable i. This
generates many-body interactions ranging from single-qubit terms (1st order) up to d-qubit terms (dth
order) for each of the n variables.

The quadratic coefficients for variable combinations ¢ # j produce a Hamiltonian term
ZTlgTi,ngTj JTI,TQZTluT2~ Here, T1 and 75 are subsets of the qubit indices, T; and T}, encoding
variables ¢ and j, respectively. Importantly, since T; C T; U T}, the linear terms can be encoded si-
multaneously with the quadratic terms, eliminating the need for separate linear term implementation.
As discussed in Appendix B, implementing the coefficients for all subsets of a set of qubit indices T'
requires 271 — 1 R, gates and 271 — 2 CNOT gates. Since the union 7; U T} involves 2d qubits, this
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translates to 22 — 1 Ry gates and 22¢ — 2 CNOT gates per variable pair. With (g) variable pairs, the
total number of Ry gates required is (3)-(22?—1) and the total number of CNOT gates is (5)- (227 —2).
With d = [logy(m)], this gives us the asymptotic scaling of the CNOT and Ry gates as O(n?m?).

D Technical Details on QAOA Experiments

The exact computation of the approximation ratio in Eq. (25) requires summing over all feasible solu-
tions, a process that scales exponentially with problem size in the considered benchmarks. Therefore,
we estimate the approximation ratio using sampling-based methods. Specifically, the sum over all
feasible states is replaced by a sum over sampled bitstrings,

DR D D) (32)

bereas beBsample

where 0(b) equals one if the bitstring b satisfies all constraints, and zero otherwise. The required sample
complexity is determined using Hoeffding’s inequality [75]. Employing | Bsample| = 10000 samples in all
experiments ensures a 99% probability that the estimated value is within 2% of the true approximation
ratio.

Furthermore, for all benchmarked COP instances and QAOA depths, we performed 100 independent
QAOA runs. This ensures that all reported averages and standard deviations are directly comparable
across experiments. For the target approximation benchmarks, we ran the QAOA algorithm 100 times
and picked the QAOA experiment with the lowest layer requirements to reach the target threshold.

E Details on the GAP Instance

Check-in/Luggage claim Gate 1 Gate 2 Gate 3 Gate 4

Check-in/Luggage claim 0 10 10 20 20
Gate 1 10 0 20 20 20
Gate 2 10 20 0 20 20
Gate 3 20 20 20 0 1
Gate 4 20 20 20 1 0

Table 3: Walking times (in minutes) between check-in/luggage claim and airport gates 1-4 for the benchmarked GAP
instance.

Aircraft i p{™" + pg v
0 75
1 74
2 62
3 88
4 61

Table 4: Number of arriving and departing passengers for each of the five aircraft in the benchmarked GAP instance.

For benchmarking, we use a GAP instance with n = 5 flights and m = 4 airport-gates, numbered
1 to 4, as shown in Fig. 6. The numbers of arriving and departing passengers per flight are given in
Table 4, with values ranging from 61 to 88. Out of the total, there are 13 transfer passengers between
flights 1 and 4, and 29 transfer passengers between flights 0 and 2. Transfer passengers contribute
to the quadratic cost term ca(i, j, v, w) in Eq. (6), while the remaining passengers are included in the
linear term ¢ (4,v) in Eq. (5).
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The walking times between check-in/luggage claim and the airport-gates, as well as in between the
airport-gates, are given in Table 3. In this instance, the walking times from each gate to check-in
and from each gate to luggage claim are identical. For this reason, there is no difference in the cost
contribution from arriving or departing passengers. Both groups affect the objective function in the
same way, hence we don’t distinguish between them in Table 4.

Gate assignments are further constrained by overlapping flight schedules. Any flights that
overlap cannot be assigned to the same gate. The overlapping flight pairs in this instance are

{(0,1), (1,2), (2,3), (3,4)}-
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