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Entanglement between remote quantum mechanical systems enables a range of quantum information tasks
in communication, computation and distributed sensing. Large numbers of entangled subsystems also require
experimentally accessible and practically feasible methods of verifying the genuine, i.e., simultaneous, entan-
glement of all subsystems. We have derived a class of entanglement witnesses suitable for W -states, which
are states where a single excitation is coherently distributed across subsystems initially in their ground state
or a state with low thermal occupation, e.g., via detection of a Raman-scattered photon. The entanglement is
witnessed through violation of an inequality involving number statistics, which can be measured via detection
of subsequent Raman-scattered photons. Unlike conventional, partially tomographic, witnesses, our method is
experimentally accessible for both multipartite and continuous variable systems. The thermal robustness of the
method is quantified by the initial thermal occupations for which violation occurs. As an alternative approach,
we have derived an inequality which tests the nonlocal, or quantum coherent, nature of the photon measurement
backaction which produces the W-state. Violation of this alternative inequality implies the entanglement of
the resulting state given the assumption of a separable initial state, under less stringent thermal constraints than
the general entanglement witness. Our results are applicable to all Raman-scattering systems which can exhibit

sufficient degrees of quantum indistinguishability.

I. INTRODUCTION

Entanglement of remote quantum systems is both of tech-
nological and fundamental interest. Bipartite entanglement of
two distant systems can, for example, be exploited to teleport
quantum information over long distances [1]]. Multipartite
entanglement between many modes can provide further im-
provement to quantum communication protocols [2] or bring
quantum advantage to distributed sensing schemes [3].

Quantum systems whose states can transition by Raman-
scattering of photons are particularly suited for remote entan-
glement. A well-known example is the entanglement gen-
eration involved in the DLCZ protocol [4]. Here, starting
from the ground state, the detection of a single photon scat-
tered due to a Stokes transition projects two atomic ensem-
bles into a Bell state < |1,0) + |0,1). This is caused by a
loss of which-path information regarding the photon’s origin
after passing through a beam splitter. This procedure was first
experimentally realized in Ref. [5]. Similar experiments have
later been implemented to create heralded entanglement be-
tween intrinsic material resonances in diamond [6], between
ions embedded in solid-state crystals [7]], and between engi-
neered micromechanical oscillators [8]].

The detection of Raman-scattered photons can by the same
principle also herald multipartite entanglement between a
large number of subsystems. This can be achieved by having
the scattered optical fields from the subsystems pass through
a linear optical network consisting of beam splitters, mirrors,
and phase shifters, before reaching a photodetector. The re-
sulting entangled state for the N-partite case, if starting from
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the ground state, is the generalized W -state

L (1,0,0,..)410,1,0,..) 10,0, 1,.. ) +..)
(1)

where all N subsystems are entangled. IV -states have the no-
table feature that when removing (or, mathematically, trac-
ing over) one of the subsystems, the other NV — 1 subsys-
tems remain in an entangled state. This robustness has po-
tential value for quantum communication protocols [9-13].
Multipartite W -states have previously been realized in opti-
cal experiments involving entanglement between polarization
modes (so-called photonic gbits) [14-H16], frequencies [17]
and photon numbers [18]].

Once an entangled state has been produced, the next ex-
perimental challenge is how to verify the presence of entan-
glement. One strategy is to characterize the state itself by
quantum state tomography. However, this generally requires a
large number of measurements, and may or may not be acces-
sible in a given experimental setup. For an increasing num-
ber of entangled subsystems, and in particular for continuous
variable systems, this quickly becomes impractical. Another
option is to construct an entanglement witness [19-24]] based
on observable expectation values, in the form of an inequality
which is valid for all separable, i.e., non-entangled states, but
which may be violated for entangled states. Observing such
a violation can then be considered as witnessing the entangle-
ment of the state.

An entanglement witness is typically appropriate for spe-
cific systems and states. For conventional gbit systems it is
common for witnesses to be based on partial tomography, i.e.,
relying on the determination of individual components of the
state. However, like with full state tomography, such methods
can be impractical for large numbers of subsystems, and/or
subsystems with high dimensionality. It is therefore of in-
terest to derive witnesses which can be detected using “nat-
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ural” observables of the system. In the case of heralded en-
tanglement by detection of Raman-scattered photons, as dis-
cussed above, it is particularly convenient to use an entan-
glement witness which can be evaluated by the same type of
photodetection measurements as those creating the state. In
other words, one may wish to use the detection statistics of
subsequent Raman-scattered photons in order to infer entan-
glement. Since Raman-photon annihilation operators will be
in a one-to-one correspondence with the system’s creation or
annihilation operators, this requires the derivation of inequal-
ities containing system expectation values with an equal num-
ber of creation and annihilation operators.

In this article, we derive witnesses particularly designed to
detect W -state type entanglement in multipartite systems us-
ing Raman photodetection statistics. In Section [lI} we first
reproduce a known result for the bipartite case (N = 2) be-
fore moving on to an arbitrary number of subsystems N. Our
main result of this Section is the inequality which, if vio-
lated, implies that the N-partite state in question must involve
simultaneous entanglement of more than M parties (in at least
one pure component of the state). For M = N —1, this allows
the detection of genuine N-partite entanglement. While the
inequality is always violated for the W -state described above,
this is not necessarily the case if starting from an initial ther-
mal state rather than the ground state. We therefore quantify
the witness’ robustness by the largest initial thermal occupa-
tion for which the witness is violated.

The initial thermal occupation of the subsystems prior to
becoming entangled depends on the ratio between the tem-
perature and the excitation frequency of the subsystems. For
low-frequency modes, such as in, e.g., engineered mechanical
oscillators in optomechanical systems [25]], the initial thermal
occupation is naturally higher, which can limit the usefulness
of the general entanglement witness. Motivated by this, we
take an alternative approach in Section Here, we assume
that the initial detection of a Stokes-photon adds a single ex-
citation to the [V-partite system. However, we investigate to
which degree this excitation is added coherently or incoher-
ently, or in other words, nonlocally or locally. The idea is to
test how coherent or nonlocal the measurement back-action
of the initial single-photon detection is. The main result of
this Section is the inequality (70), which again can be tested
from detection statistics of subsequent Raman-scattered pho-
tons. Importantly, we find that this nonlocality witness has a
higher tolerance for initial thermal occupation than the gen-
eral entanglement witness derived in Section

In Section we show how the witnesses we have derived
can be evaluated experimentally. While our results are more
generally applicable, we focus in particular on an implementa-
tion of this experiment with optomechanical systems. Finally,
final discussion and concluding remarks are found in Section

v

II. MULTIPARTITE ENTANGLEMENT WITNESS

Our first result is a general multipartite entanglement wit-
ness for systems of independent, identical modes described
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via ladder operators b;, b;r, which may correspond to a num-
ber basis of arbitrary dimension, e.g., Bosonic or Fermionic.
The witness requires neither full nor partial quantum state to-
mography. It takes the form of a bound on the simple bimodal

cross correlators ‘ <bj bj> ‘ in terms of number expectation val-

ues. The result serves as a generalization of the bipartite en-
tanglement witnesses [22, 23] to an arbitrary number of in-
dependent modes. To derive it, we will exploit that for an
arbitrary mixed state, the separability criterion

(0:05) = (0:) (0y) 2)

can be applied to any pure component of that state which is
separable in the modes ¢, j, where O;, O; act only on their
respective modes.

A. Bipartite Case

We first consider a system consisting of two independent
modes with annihilation operators b1, bo. Suppose the system
is in a general separable state

p= ZPWM & pr2, (3)
&

where >, P, = 1 and py; are pure states of the respec-
tive modes. Application of the triangle and C-S (Cauchy-
Schwarz) inequalities leads to

() < o),
< ZPk\/mv
k

where n; = bj b; is the number operator of the ¢’th mode, and
(-)p = Tr{-(pr1 ® pr2)}. We apply the separability criterion
() to each term,

V) (2, =/ (mina),. (4b)

and find by use of the C-S inequality that the right hand side
is concave under mixture,

ZPk\/ (nina);, < \/Z Pk\/zpl (nina),
k K !

= ZPI (ning), = \/m
1

(4a)

(4¢)

Thus, any separable state of the form (3)) must satisfy

‘<bib2>‘ < v/ (ning). )

Conversely, an entangled state can potentially violate this in-
equality, allowing it to act as a witness of bipartite entangle-
ment. The inequality (B)) is a well known separability criterion



by Hillery and Zubairy [22] for witnessing bipartite entangle-
ment of optical modes, and extended to Raman-scattering os-
cillator systems in [23]].

As an example, consider a Bell-like thermal state
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m(bi +03) pen. (b1 + ba), (6)

Pc =

of two harmonic oscillator systems, where pn. = pm.,1 ® P, 2
is a product state of single mode thermal states

Tgh,
; E (nl. . 7
Pth., — (nth. 1)n+1 "n‘>z <n|1 (N

|n), are the Fock states of mode 4, and ng,, = Tr b;r bipm.. i
is the average thermal occupation number. The state (6)) rep-
resents the result of a non-local, coherent particle addition
process applied to a thermal initial state. Starting from the
ground state, i.e., with nyg, = 0, the result p. = |B) (B| with
|B) = %(|1>1 |0}, + [0), |1),) is a true Bell state. The left
hand side evaluates to

)] - 2,

and the right hand side to

Vi{nins) = /i (2nm, + 1). 9)

The ng -independent term on the left hand side guarantees
that the inequality can always be violated for sufficiently small

ng,.. In this case, violation of (3) occurs for ny,, < Lﬁ’l ~
0.26.

B. General Case

When considering N-partite systems, one must distinguish
between entanglement involving different numbers of modes.
For instance, bipartite entanglement may be detected between
every pair of modes in a tripartite system, even if no compo-
nent of the state has entanglement between all three modes
simultaneously. A witness of genuine N -partite entanglement
can instead be found as an inequality which is obeyed by any
state with at most NV — 1 simultaneously entangled modes. A
reasonable generalization of the separability criterion is there-
fore to assume that the largest number of simultaneously en-
tangled modes in any term of the mixture is some number
M < N. This enables the derivation of an M + 1-partite
entanglement witness for N-partite systems.

It is useful to first consider the tripartite case N = 3, M =
2, which introduces the simplest type of nontrivial separable
states, the biseparable states, whose pure components are of
the form

P112,3 = P1 D P23, (10)

where one mode is separable from the other two. For the state
(I0), we can apply the bimodal separability criterion (3) to

mode pairs (1,2) and (1, 3), but not to the inseparable pair
(2,3), where one can instead apply a general C-S inequality.
This leads to a sum over cross correlators satisfying

()| + [ (o1 )] + [ Ctits) an

< V1) (n) + /(ninz) + v/ (nans).

From the argument (@), this inequality readily applies to mix-
tures of states of the same form. However, an observed vi-
olation indicates only that the state in question must contain
terms with a different entanglement structure from (T0).

To show that the state contains one or more genuinely tri-
partite entangled terms, we must produce an inequality which
is satisfied for any state

p = Poprj2;3 + Pip1j2,3 + Papaji3 + Pap3jne; (12)

where the first term represents a fully separable state, and the
last three represent each of the possible biseparable structures,
respectively. Each term may be a mixture of states satisfying
the same entanglement structure. However, the fully separa-
ble term also satisfies any inequality of the form (TI)), and
can therefore always be subsumed into the biseparable terms.
Thus, we may write the state on the form

p= P1/P/1\2,3 + P2/P/2|1,3 + P§P§|1,2» 13)

where P| + Pj 4+ Pj = 1, and each term may contain fully
separable components. The primes will be omitted in the fol-
lowing. For this state, we can apply (T1)) and its permutations
component-wise, producing the bound

() [+ (s +|(o0s)]

<P <\/<nmg>1 + \/<n1n2>1)
+ P, (\/<n2n3>2 + \/(n1n2>2>
+ Py (\/<n1n3>3 + \/<n2n3>3>

+ Pryf{na)y (ns)y + Pay/(ma)y (ns)y + Pay/ (1) (n2);.

(14)

Here we have adopted the subscript convention (-);, =

Tr{ -p1 ‘273} etc., indicating the mode which is separable from

the rest. Using the AM-GM (arithmetic and geometric mean)
inequality,

() o)y < 3 (), + ()
(15)

< %((nﬁl + (n2); + (n3)),



the last three terms in (T4) are bounded by

Piyf(na); (n3), + Pay/(ma)y (ns), + Py (1) (o)

<

3
ZPI ({n1); + (n2); + (ns3),)
=1

DN = DN =

((n1) + (n2) + (n3)) -

(16)
The first terms in (I4) may be treated with the C-S inequality
when grouped as follows:

Pyy/{ninz), + P34/ (nins),
<P+ P3\/P1 <n1n3>1 + P35 <n1n3>3 (17
< VP + P3y/(ning).

By using that (nyn3) < max;x; {(n;n;)}, the same steps
repeated for each pair of modes produces a sum bounded by

(\/P1+P2+\/P1+P3+\/P2+P3) mjx{ <nm]>}
Fav)

- 3\/2(131 + P, + P3) maX{ <nmj>}

3 1#£]
= V6max {\/ <nmj>} ,
(13)

where we have directly applied concavity of the square root,
and equality is obtained for identical probabilities P = P, =
P = % Note that without undergoing the step from (12) to
(13), the additional probability P, would appear within each
square root, producing the bound v/3F, 4+ 6 < 3. Combining
the above results, the complete witness for genuine tripartite
entanglement is

> 3 [(n)| = VB {oun 3

1j=i+1 7

(ni) .

1

19)

The generalization of this witness to arbitrary N and M

requires the assistance of some more abstract notation. It is
useful to introduce the following definitions:
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* A combination of modes is a subset C' C {1,2,..., N}
of the mode indices, representing a particular combina-
tion of mutually entangled modes in a given pure state.

* A structure is a set S = {C;} of disjoint combinations
such that each index is included exactly once, i.e., such
that |J, C; = {1,2,..., N} and [, C; = 0. This rep-
resents the overall separability structure of a pure state,
with modes belonging to different combinations being
separable, and modes belonging to the same combina-
tion being inseparable from each other.

A class C of structures denotes a set of structures which
is closed under permutation of indices. For a tripartite
system, the biseparable structures belong to the same

m M 6 C= {{{17273}7{475}7{6}}a
@0e +-5-5 {{1,2},{3},{4,5,6}},

w {{1,6},{2,3,4},{5}},
}

FIG. 1. Every N-partite pure state (here with N = 6) has some
structure S of entanglement characterized by disjoint combinations
C of modes (illustrated by color and connecting lines) whose modes
are inseparable from each other, while modes belonging to different
combinations are mutually separable. Structures which are equiva-
lent under exchange of indices, i.e., which contain combinations of
the same sizes, belong to the same class C.

class, and the fully separable structure belongs to its
own class.

These definitions, representing the subdivision of the modes
into internally entangled and mutually separable combina-
tions, allow us to represent arbitrary structures of entangle-
ment of any pure state component. Fig. [T] provides a visual
example of this hierarchy for N = 6 modes.

Naturally, any state can be represented as a mixture whose
terms are arranged by structure and class:

P:ZZPSPS- (20)
Cc SecC

Using this decomposition, we can bound the sum over cross
correlator pairs by

S| <X X Poyfimang)g

pairs pairs C SeC:i|j

DD DL Psyflm)s(ng)s,

pairs C S€eC:invj

2y

where i|j signifies that the modes ¢ and j are separable in
S, and i ~ j represents inseparability. As with the tripartite
derivation, where the bound on the inseparable terms could be
saturated while minimizing the prefactor in (I8) by treating
the fully separable terms as if they were biseparable, we may
again treat terms belonging to some classes as if they belong
to others. In general, if a structure contains two combinations
Cy,Cp € S such that |C,| + |Cp| < M, it is subject to the
same inequality as the structure where the combinations are
replaced with their union C,,Cy — C, U Cy. “Reducible”
terms, for which this is the case, can thereby be absorbed into
terms where any such action would violate the assumption of
maximally M simultaneous entangled modes, leaving a col-
lection of “irreducible” terms. This process ensures the num-
ber of separable pairs which arise in the cross correlator sum is
minimized, without affecting the treatment of the inseparable
pairs. An example of reducible entanglement classes and cor-
responding irreducible classes is shown in Fig. 2| for N = 6
and M = 3.



Reducible Irreducible

FIG. 2. Given N = 6 modes and the assumption of maximally
M = 3 simultaneously entangled modes, selective application of the
separability criterion (3 allows the structures on the left to be treated
as if they were one of the structures on the right, reducing the num-
ber of separable cross correlator pairs. Of the reducible structures,
the topmost may be treated as either of the irreducible structures,
while the second one may only be treated as the topmost irreducible
structure. For the irreducible structures, no further reduction is ap-
propriate, as combining any two combinations leads to entanglement
of more than M = 3 modes. Every choice of N and M leads to
some collection of irreducible classes of structures. N = 6, M = 3
produces the two above.

After representing the state in terms of the irreducible classes,
we may apply the C-S inequality to the remaining separable
terms, producing

2. D Pyflnimg)g

pairs C SeC:i|j

SZ Z Z Ps (ninj) g Z Z Ps

pairs C SecC:i|j C SecC:ilj

ST
pairs eC:i|g

SmZX{W}Z > D P

pairs C Sec:i|j

(22)

Concavity of the square root can then be applied to the re-
maining sum, producing the maximum

S Y AN | Y A

pairs C SeC:ilj PAS pairs ¢ SeCiilj
(23)
where Npgirs = (];') = N(N — 1)/2 is the number of unique
pairs selectable from N modes. Next we use that
22 Ps=3 P 31
pairs S€C:i|j Sec pairs:|j for S (24)

= Z PSNsep.7C-
Sec

Niep.,c is the total number of unique mode pairs which are
separable for a structure in the class C. Defining the probabil-
ity P = ) g Ps of the state having a structure belonging
to class C, we write the right hand side of @ as

Npairs Z PeNgep.c. 25)
C

Ambiguity with respect to what the probabilities F¢ are ne-
cessitates another step of maximization. The maximum is ob-
tained when P = 1 for the class which results in the highest
value of Ny c:

Z PCNsep.,C < mCaX{Nsep.,C} = Nsep.,C,max- (26)
C
Thus we have

2.0 D Pyfimimig

pairs C SeC:i|j

< max{ <nmj>} N —

i#]

27

Values of Nep. ¢ max for various choices of IV and M are given
in Tab. [l We note that in general, this quantity depends non-
trivially on the given choice of N and M. However, for the
choice M = N —1, corresponding to genuine multipartite en-
tanglement, all “irreducible” structures contain only two com-
binations, and one can therefore easily compute

N2

= N even
Nﬂep.,C,max[M =N — 1] - {]\?2,_1 ’ (28)

N1l N odd,

corresponding to combinations which are as close to equal
size as possible.

The sum in (21)) which runs over inseparable pairs can be
treated more straightforwardly. Similarly to the tripartite case,
we apply the AM-GM inequality and express the sum as

ZZ Z PS\/ (ni)s (nj)g

pairs C S€C:invg

YT T Pl + ) (29)

pairs C SeC:inj

- %ZZPS Z ((ni)s + (nj)g)-

c SecC pairs:i~j for S

In the innermost sum, each expectation value (n;) 4 occurs ex-
actly |C(S,4)| — 1 times, where C(.S, 7) is the combination of
modes in structure .S which contains that index, and |-| denotes
the number of modes in that combination. To symmetrize this
sum such that an expectation value of the complete state is
recovered, we bound |C(S,¢)| by M for every combination,
and obtain

ST R Y (s mdy)

Cc SsecC pairs:i~j for S

N
%ZZPS > (M —1) (n)g (30)

c SeC i=1

N
Ay S o= S .

% c SecC =1

IN

Thus, the inseparable terms always satisfy

N
Y Psyfins g < TS . 6D
2

pairs C SeC:inj i=1




(21) combined with and (3T)) then gives the final entan-
glement witness

> [(¢es)
pairs

N

M-1
< Ig?]x{ <ninj>} Npairstep.,C,max + T E <’I7/Z> .
’ i=1

(32)
Violation implies that the state must involve simultaneous en-
tanglement of more than M modes, i.e., genuine M + 1-partite
entanglement.

C. Example: Thermal WV -like state

We can now apply the witness to a W-like excited ther-
mal state

1
e = —F————~ bl pin.b; 33
P N(nth. + 1) % ; Pth.0; ( )

of N harmonic oscillators, where

N
po. = @) pni (34)
i=1

is a multimode thermal state with py ; as defined in (7).
The state (33) corresponds to coherent/nonlocal particle ad-
dition to an initial thermal state across all N harmonic oscil-
lators. In the case of an initial ground state, nyg, = 0, this
results in the true W-state p. = |Wy) (Wy| with [Wy) =
ﬁ(\l,O,...) +10,1,...) +...4+0,...,1)). The state (33)
produces the expectation values

(o) | = " .
1

(ng), = ¥ (Nngw, + (np, + 1)) (36)

(ninj), = %(—N"th» +2(nn. +1)) 67

for all 7,5 due to the symmetry of the state. There are
Npairs = N(N — 1)/2 terms on the left hand side of (32),
and the inequality becomes

N -1
2

(1, + 1)

N -1
< \/ %nmwnm +2(n + 1) Neep.cma -~ 38
M—-1

+ (Nnth. + (nlh. + 1)) 5
where the maximal possible number of separable pairs
Niep.c,max for any given component is given by and
Tab. Il For thermal occupation nyg, = 0, the inequality be-
comes

N—-1 M-1

< b
2 - 2

(39)

10 |8 6 6
15 |12 (12 |9 9
21 18 (16 (12 |12 |12

N N a kW7

TABLE I. The maximal number of separable pairs Neep.,c,max as de-
fined in (24) and (26), as a function of the number of modes N and
the maximal number of simultaneously entangled modes M.

which is always violated for any choice N > 2,0 < M < N.
It is therefore possible to witness entanglement of a 1V -like
state to every “order” M + 1 given sufficiently low thermal
occupation. Tab. [[T|shows the thermal thresholds below which
violation occurs as a function of NV and M.

Alternatively, our witness can be adapted to two-level sys-
tems without loss of generality, by replacing the Bosonic lad-
der operators with corresponding Fermionic ladder operators.
Specifically, the single mode thermal state now has the form

P gbit = (1 — 1) [0) (O] + n. 1) (1], (40)

with nyg, < 1, where particle addition now annihilates the 1-
particle component (representing that this component does not
contribute to the particle addition process). The expectation
values become

1—n
'<b;[bj> avit| N =) “1
1
(M) e, qbic = N (Nnw, + (1 = 1)) 42)
n
(i1 quie = 7 (N +2(1 =), (43)
and the two-level version of (38) is
N -1
T(l — Nip,)
N -1
S \/(2)nth.(Nnth. + 2(1 - nth.))N@ep.,C,max (44)
M-1
+ (Nng, + (1 —nw)) -

The thermal thresholds for violation of the witnesses for gen-
uine N-partite entanglement (M = N — 1) are shown in

Fig.[3]

III. WITNESS OF NONLOCAL BACKACTION

In the previous sections we have treated entanglement as
a property of a given multipartite state; witnessing entan-
glement means to interrogate the state and receive an an-
swer which a separable state would be incapable of provid-
ing. An alternative approach is to investigate to what ex-
tent specific processes or events can generate entanglement.



M=1 |2 3 4 5 6
N=2 ]0.261
3 0.160{0.046
0.116{0.062|0.016
0.090{0.055|0.029|0.008
0.074]0.052|0.0280.016|0.004
0.063(0.046|0.031|0.022{0.010{0.003

RIENEAES

TABLE II. Thermal thresholds producing equality in for viola-
tion of the entanglement witness (32)) given N harmonic oscillators
in a thermal W -like state, as a function of the number of modes N
and the maximal number of simultaneously entangled modes M.

101

1072 F
1073 |
2 3 4 5 6 7 8 9 10
N
FIG. 3. Thermal occupation numbers ng, which saturate the in-

equality (38) (in red) evaluated for M = N — 1, corresponding
to genuine N -partite entanglement. For thermal occupations below
these thresholds, violation of the entanglement witness occurs,
given a thermal W-like state. The corresponding values for an en-
semble of two-level systems is shown in blue. It is clear that for
increasing N, the values converge. This is because the IV -like states
for harmonic oscillators and two-level systems give identical number
statistics in the limit ng. — 0, where no components of two or more
excitations are present for a harmonic oscillator.

For example, a key question to address is whether the back-
action due to a single-photon detection is distributed quan-
tum coherently across the subsystems, rather than incoher-
ently/probabilistically as in a classical system. In the case of
W -state preparation this means to verify that the projective
single excitation process, which ideally should look like

bl pob
po = po= — (45)
Te{ by pobw |
is nonlocal, where
bw =Y _cib; (46)

is an arbitrary collective oscillator mode, and py is an arbitrary
initial state. A witness of the nonlocality of this process can

be derived on similar principles as the conventional witness in
Sec. |lIl In place of the generalized separability criterion, we
introduce the assumption of semi-locality, i.e., that the pro-
cess acts on a subset of the modes rather than all N modes as
expected. Physically this can occur if, e.g., some part of the
system or environment acts like a detector which can distin-
guish between which modes (or groups of modes) the excita-
tion may have been added to, in general leading to a mixture
of projections each involving ladder operators of fewer than
N modes.

A. Bipartite Case

For N = 2 modes, the process (@3] coherently adds one
particle to the system which is localized to neither mode 1
or mode 2. Given that a single particle was indeed added,
but nonlocality of the form was not achieved, the only
alternative is if the particle was added locally to either one
mode or the other, leading to the mixture

po — pe = Pipc1 + Pape 2, 47)
where
bl pob
pei = —FH (48)
TI‘{bZ pob,‘}
and
|ci|2 Tr{bjpobi}
P (49)

|61 |2 Tr{b]ipobl} + |62|2 Tr{b;pobg}

is the probability that the particle was added to mode ¢, and
satisfies P;+ P> = 1. We will assume that the amplitudes |c; |2
can be independently measured. For example, in experiments
detecting single Raman-scattered photons (see Sec. [[V), this
would involve the measurement of transmission amplitudes of
a linear optical network.

Before we begin, we note that the following derivation de-
pends on the structure of the underlying Hilbert space, and
we assume throughout that the system obeys Bosonic com-
mutation relations. An alternative derivation for Fermionic
(i.e., two-level) systems is summarized in Sec. but not
produced in detail. As with our conventional entanglement
witness, the strategy is to find a limit to the simple cross cor-
relations which the state (47) cannot exceed, but which may
be violated by the state (@5). We consider the decomposition
of the cross correlator,

(i), = i)+ o) 0

where (-), = Tr{-p.} and (), = Tr{-p.;}. For each of the
above terms, we can rewrite the expectation values as, e.g.,

T T T
INERE AR
0
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where (), = Tr{-po} denotes expectation values of the ini-
tial state. Application of the C-S inequality then produces the
bound

T T V(Bn2)g ((nama)y + (n2),)
(h2),, = (bite), | <
cl 0 (n1)y +1
(52)
Combining this with an equivalent treatment of the second
term in (30) gives

(), — () | <« P Do ot Gl

(n1)o+1
Poy/{and) ((minz)y + (1))
_|_ .
(n2)o+1
(53)

With the probabilities substituted in, we get the final
bound

1

(bl - (lez) | < lea*((n1)g + 1) + [ea*((n2) + 1)

s« (Je* )y () + ()

el )y (i + () )

(54)
Note that, unlike the entanglement witness (32) where all ex-
pectation values refer to the state in question, here the expec-

tation value <bJ{ b2> of the conditioned state p. is compared

to expectation values in the initial state 00-

For two harmonic oscillators in a thermal initial state pg =
P, ® P, using that (ng)y, = N, (Ring), = n2 , and
(An?) . = ng.(nn, + 1), the bound reduces to

Nth, 2 ]-7 (55)

which is obviously violated when the initial thermal occupa-
tion satisfies ng, < 1.

Violation of the inequality (54) implies that, given the as-
sumption that a single particle is added to the state, it must
happen coherently, or nonlocally. In order to claim that p,. is
entangled, one must also assume a separable initial state pg (or
that, if pg is entangled, it belongs to a set of states for which
entanglement cannot be removed by single-particle addition).
However, for remote systems (see Sec. [[V), the assumption of
separable pg can be a very natural one.

B. General Case

For an N-partite system with N > 2, a particle may in
principle be coherently added to any given combination of
modes of size less than N. Ambiguity about which such
combination the particle was added to results in mixtures of
particle added states, whose components can be nonlocal to
mutually nonintersecting combinations of modes. The for-
malism introduced in Sec. is therefore well suited to

treating N -partite nonlocality. Again letting a structure S be
a set of nonintersecting combinations C' of modes such that
CiuUCyU... ={1,2,..., N}, the process acts nonlocally
onto any one of the combinations in the structure, with some
probability P-. The structure may contain a single combi-
nation of size IV, corresponding to full nonlocality, or it may
contain N combinations of size 1, corresponding to full lo-
cality. If the largest combination of the structure is of size
M, where 1 < M < N, we say the process acts semilocally.
We may therefore characterize the degree of nonlocality of
the process by this maximal combination size. The semilocal
particle addition model takes the form

bl.pob
po— pe=Y . Po—CP00 (56)

ces Tr{chpobc}

where be = >, cibi/ A/ ice |es)? is a normalized trun-
cation of the mode by (in the fully nonlocal model (#3)) to
the subset of modes in C', and

Tf{bfcpobc} Niceleil?

Pr = - 5
Zc'es Tr{bCIPObC'} ZieC’ (=1

(57)

is the probability that the particle was added to combination
C,with) g Po=1.
We consider a conditioned simple cross correlator of the

state (56)),

(58)

(i), = 3 re e
0

The trick can be applied when bchC can be collected
on either side of the expectation value in the numerator. For
combinations C which do not include both modes 1 and 2, we
can commute either b¢ to the right or bTC to the left, leading to
the bounds

<bcb1b2bg>o

- <b1b2> < \/<A”20>0(<”1”2>0+ (n2)o)

<beTC>O (nc)o +1
(59a)

for commutation to the left (C' does not contain mode 2), and

V{2, (mima)y + (1))

(nc)y +1

(59b)
for commutation to the right (C' does not contain mode 1).
ng = bTCbC is the number operator for the collective mode,
and AnZ is its variance. For cases where neither mode is in C
we can choose commutation direction arbitrarily, and we will
choose to average the two alternatives.
The remaining choices of C contain both modes 1 and 2.
For these terms, commutation to either side produces non-zero



commutators Combining these results, we express the bound for the sum
o over unique cross correlator pairs as
[bJ{bQ,bH - =2 =l 60
e lcil (bcblbibl) T
o S0 (b)) [<Bo,  (60)
[boblbs] = ===t =ccubs. (6D | (bl ) ’
Dicc leil
where
We choose to average between commutation directions here
as well, and, by the triangle inequality, we obtain [ (Anz,),
C = |57/ v a1\
2((nc)o +1)
(beblbabl,) ’
0 _ <bT b2>
<b b > 172/ > fing) g+ (n), + (ning)o + (ni)g
cvc/, J NieCritj i¢Crit]
(AnZ), + 0] =1 ( Z (niYg (nc)y + 1).
2(nc), + 1)\ &7 Mo 0
(68)

+

< N(nchy + 1) <\/<n1n2>o + (n2), + \/<n1n2>0 + <n1>0>
2

;O-Fl) (kaz‘<bcbi>o’_F|CCJ+’<b2bg>o‘)'
(62)

((nc
By commuting the operators in the last line, and subsequently
applying the triangle and C-S inequalities, we obtain

et el ),

< |Ca2|‘<bib0>o‘ + |Cc,1|‘<bgbz>0’ +2|ccallec,e

(n2)g (nc)g + 2lccalleosl-
(63)

So far, we have only considered <b1b2>. For the sum

> pais <b;r bj>, terms like in the last line of combine to
the sum

< lec,zly/(n1)g (ne)y + leo

> ICcnd( (naYo <nC>0+CC,i|)- (64)
i,j€C":
J#i

-
2((nc)o +1)

To eliminate the coefficients cc ;, we can apply the C-S in-
equality to the sums over j, using

> eesl < [(1CI=1) D Jee,l®
eC: eC:
jjesﬁi Jjesﬁi (65)

(CT= /1~ lecu®
and then over ¢, using
2
SVt leeal® (1findo tnely + lecl)

ieC
< 2 (1=leeal) (| [ i tnedy + 3 lecl
icC icC ieC
=V(ICT=1) | D (ni)g (nch +1
ieC

(66)

For the complete mixture (56), the triangle inequality now
readily gives

GRS CLIN

pairs
(bcblb;bl,
SZ%ZT%<%%SZ%%
cesS pairs <bec>0 cesS

(69)
Nonlocality of at least M/ +1 simultaneous modes is witnessed
upon violation of the above bound for all structures S such
that the number of modes in a combination |C| < M for all
combinations in the structure. We therefore write the final
bound as

> | (etea), = (),

pairs

< PcB .
< X o]

vCeSs

(70)
The probabilities Pc, given by (@9), are determinable under
the assumption of measurability of the amplitudes \cl-|2 and

(ng) + 1 of the trun-

cated collective modes bo. We note that since the witness
requires measurement of number statistics (n¢) and <An20>
for every possible combination C' satisfying |C| < M, the
complexity of the measurement increases combinatorially for
higher N. In Sec. we provide further details of the
required measurements for Raman-scattering systems, for
which the amplitudes |c; \2 are independently measurable, and
the statistics of the C-modes can be measured by switching
off the drive signals corresponding to modes not in C.

the number statistics Tr{chpobc} =

C. Example: Thermal W -like state

We now consider the case of N harmonic oscillators in
a thermal initial state pg = pg., as in (34), and a condi-
tioned state p., as in {@3)), with coefficients of equal magni-
tude |c;| = 1/v/N. The state p. does not conform to the as-
sumption (56), since the excitation is added nonlocally over all



N modes. Thermal states, which are symmetric with regard
to all choices of modes, can be simply evaluated by setting
<An%>th_ = ng. (nn. + 1) and (n¢),, = na. for all combi-
nations. Since the expressions are otherwise symmetric, the
maximum in is obtained by choosing a structure S of
combinations satisfying |C| < M which maximizes the num-
ber of commutator terms, i.e., the total number of times two
modes fall within the same combination. This is accomplished
by choosing k disjoint combinations of size M, until there are
less than M modes remaining, and the final N — kM modes
as a remainder combination. The value of & can be calculated
via the integer division k = | 4% |. With the expectation val-
ues for thermal initial states substituted into (70), we obtain
the inequality

N(N— l)nth.—i—l

2 N
_N(N-1) EM3/2(M — 1) 1
=T " T N (e + 1) (nth + \/M)
(N — kM)3/?(N —

EM —1) 1
ON (. + 1) (mh+ N-kM)'
(71)
The threshold values of ny, for which is saturated are
shown for various choices of IV, M in Tab.
For a two-level system, the same argument can be followed,
aside from the following modifications:

<beTC> =1- <nc>0
<bTb bib; >
(bl).

)

j
(Ang

—(ninj)g

o) ), =1

th :nlh(l_nth)

72
The two-level equivalent of is 7
N(N =1)1— ng,
2 N
<N(N—l)nm kﬂFﬂMJ—l)<m4_])
=7 2 T ON(1— ny) VM
(N—kMﬁ%N—kM—J)( N 1 )
2N(1 —nwm.) VN — kM

(73)
Thermal thresholds for witnessing genuine N-partite nonlo-
cality (i.e., M = N —1) for both these cases is given in Fig.[4]

IV. PHOTODETECTIVE MEASUREMENTS FOR
RAMAN-SCATTERING SYSTEMS

Our witnesses of genuine M + 1-partite entanglement (32)
and nonlocality of the single excitation process rely on
the measurement of number statistics for the individual b;-
modes and their superpositions. This is naturally suited to
the detection of Raman-scattered photons, for which linear
combinations of modes can be accessed via networks of beam
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M=1 |2 3 4 5 6
=2 |1.000
0.500{0.317
0.333(0.214|0.151
0.250(0.197/|0.142|0.088
0.200{0.158|0.114|0.099|0.058
0.167(0.142|0.115]|0.090{0.073|0.041

N N a kW7

TABLE III. Thermal occupation numbers n. under which the nonlo-
cality witness for thermal initial states of /N harmonic oscillator
systems is violated, as a function of the number of modes N and the
maximal number of simultaneously entangled modes M .

10°

101

10—2
2

FIG. 4. Thermal occupation numbers ng which saturate the nonlo-
cality witness (in red) for N harmonic oscillators in a thermal
initial state, evaluated for M = N — 1, corresponding to genuine V-
partite nonlocality. The corresponding result for two-level systems is
shown in blue. As opposed to the general entanglement witness (see
Fig. B), where the harmonic oscillator and two-level system values
quickly converge, here the two variants converge much slower. This
is because adding a single excitation to a two-level system cannot
occur if that system is already excited; an explicit dependence on the
structure of the underlying Hilbert space is introduced with the as-
sumption of a changing state. For the entanglement witness, on the
other hand, only the proportion of the state which exceeds the first
two levels (for harmonic oscillators) counts towards the difference,
and quickly becomes negligible with decreasing n..

splitters. We will see below that this enables the measurement
of all relevant expectation values for our witnesses (32)), (70).
We take particular inspiration from optical control schemes
in quantum optomechanics [23},25H27]], where single Raman-
photon detection has been used to induce nonclassical behav-
ior in mechanical oscillators [8, 28433]. However, we note
that while we consider b; to be oscillator modes below, the
analysis also applies to Raman-scattering from other degrees
of freedom, e.g., atomic ensembles.



A. Setup

We consider a system of NV identical, independent oscil-
lators with resonance frequency wos.. and spectral linewidth
~. The oscillators, described via ladder operators b;, are lin-
early coupled to corresponding optical cavity modes a;. In-
cident coherent optical drive signals (i.e. laser light) of fre-
quency §2 will, due to the linear coupling, cause energy to be
transferred between the optical field and oscillators, produc-
ing Raman sidebands at frequencies 2 &+ wqs.. These pro-
cesses correspond to excitations or de-excitations of the oscil-
lators. Up-converted (anti-Stokes) photons at 2 + wes. are
formed by removing quanta from the system. Conversely,
down-converted (Stokes) photons at 2 — wys.. correspond to
adding quanta. This enables measurement of various oscilla-
tor correlations with equal numbers of creation and annihila-
tion operators via photostatistics, as will be expanded on in
Sec. and can be used to produce heralded single particle
added (or removed) states via post selection.

The measurement scheme we have in mind is illustrated in
the scattering picture diagram Fig.[5] We consider the optical
cavity modes to have resonance frequency woy. and linewidth
k. Processes which lead to scattering into the cavity’s resonant
band will be enhanced, while all others will be suppressed.
The ideal setup for accomplishing this is the resolved sideband
regime,

R << wOSC. Y

in which Raman-scattering out of the cavity resonance band is
highly suppressed, while scattering into the band is enhanced.
The limit v < & of large cavity linewidth relative to the oscil-
lator decay rate ensures adiabatic response of the optical out-
put to the oscillators. Additionally, it allows both Stokes and
anti-Stokes photons to enter the cavity at mutually resolvable
frequencies, if driving on both sidebands simultaneously. Ap-
propriate filtering can then allow independent measurement of
the respective sidebands, i.e., as independent Stokes and anti-
Stokes optical modes ag; and a 45 ;. Detailed derivations of
the dynamics and properties of such systems can be found in
(23] 27].

In the regime described above, one can show (see
Sec. that photodetection statistics of the Stokes and
anti-Stokes photons, involving the operators ag’ ;1 as,; and

al 5.i»@A8S,i, can be used to measure Hermitian expectation
values involving an even number of the oscillator ladder oper-
ators, via the relations

as; = Gsb! (74a)

and

aas,; = Gasb;. (74b)

The factors Gg, G 4 g represent the amplitudes of the sidebands
along with detection gain.
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FIG. 5. Diagram of the Raman-scattering processes of a coherently
driven, linearly coupled oscillator-cavity system, with oscillator fre-
quency wosc. and linewidth -y, and cavity resonance frequency wop.
and linewidth . Anti-Stokes photons from the red detuned (Dr)
drive and Stokes photons from the blue detuned (Dpg) drive can be
separated by filters with linewidths Wgr, Wp < wosc..

B. Linear Optical Networks and 1/ -State Preparation

To access arbitrary superpositions of the optical, and, by
extension, oscillator modes, one can use networks of beam
splitters and phase shifts. The basic operation of a beam split-
ter is precisely to generate collective modes of its inputs,

Qout, A = V/TQin1 + \/iain,%

75)
Qout,B = \/iain,l - \/'Fain,2a (

with reflection and transmission coefficients satisfying r+¢ =
1. This makes such networks suitable for accessing nonlocal
collective modes of the oscillators by measurement on a sin-
gle output. Detecting a photon in a given output corresponds
to removing a photon from a nonlocal, collective optical mode
across its inputs, which in the case of a Raman-scattered pho-
ton means adding or removing excitations from the associated
collective oscillator mode. The ability to make measurements
on collective modes of the oscillators is crucial both in or-
der to produce entangled single-excitation states, as well as to
quantify their cross correlations. A network of several beam
splitters and phase shifts can produce arbitrary linear combi-
nations

ay c1101 + c12a2 + c13a3 + . ..
ao C21Q1 + Coga2 + Co3a3 + ...

as - €3101 + Cc32a2 + Cc33a3 + . .. (76)

of the optical modes, under the constraint that the total optical
flux is conserved in the absence of losses. A universal multi-
port interferometer can be used to implement any /N x N uni-
tary transformation like the above using at most N(N — 1)/2
reprogrammable beam splitter elements [34} 35].



An equally weighted output mode

1 ) ) .
= —(e’glal +e%2qy + ...+ €N ay) (77)

a =
w N

will upon a Stokes photodetection produce an equally dis-
tributed single excitation across the oscillators. For harmonic
oscillator systems in an initial thermal state (34)), the measure-
ment produces the thermal W-like state

(e= bl 4 e~ 2] + . Vp (e1by + €2by +...)

Pe = N(ng, + 1)
(78)
As the thermal occupation number approaches zero and pg, —

|0) (0], it approximates the pure W state

1 . .
Wn) = —=(e71,0,...) +e 2 0,1,...) +...),
(W) \/N( | ) | )+
(79)
as can be seen from the fidelity
1
(Wl pe W) = (80)

(nlh. + 1)N+1 '

C. Measuring Oscillator Statistics Through Photodetection

It can be inferred from the relations that any expec-
tation value of the form <BTB>, where B is some arbitrary
product of oscillator ladder operators, may be represented as a
normal ordered expectation value of the optical signals a g,
as,;. This is done by performing substitutions in B which
result in a product of only optical annihilation operators, i.e.,

B=(..b..b..)

8D
= ( . .CLAS’i/gAS .. .CLSJ'/QS .. )

It follows that BT will involve only optical creation opera-

tors, and (BT B) will be in normal order. Correlators of order

2 (i.e., with B being a product of two ladder operators) and

above can naturally be measured via postselection, by using

the state update rule

<aTS/AS,iOa5/ASJ>
<O>c,S/AS,i = n
<aS/AS,ia5/ASJ>
= <a;/As,iOaS/AS,i> = (O)c,s/a5,i <“2/As,i“S/ASVi>

(82)
for all operators O, where subscript ¢, S/AS, i denotes con-
ditioning on a Stokes or anti-Stokes photodetection in mode
i.

D. Measuring Simple Cross Correlators

Additional required expectation values are accessible by su-
perposing the optical modes via linear optical networks. The
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simple cross correlator ‘<bJ{ b2> , which is not directly mea-

surable from photon counting, can be inferred from the statis-
tics of the output modes a4, ap of a 50 : 50 beam splitter,

1

as=—(a; + €i¢2a2),

V2 (83)
05 = —— (a1 — ¢%2a)

\/i )

where the phase of input 2 is controlled by, e.g., extending the
optical path length. Defining their corresponding collective
oscillator modes

1 )
ba = E(bl + €Z¢2b2),
| (84)
b = —=(by — €'92by),
B \/5( 1 2)
one can show that
na) —(n
cos(6 + ¢2)‘<b{b2>’ — Lﬁ (85)
where
" <GLS,ACLAS,A>
(na) = <bAbA> =L
< . AS > (86)
A 5 pAAS,B
=(blbg)y =" "/
(ns) = (bbs ) op

In the absence of knowledge about the phase 6 = arg <bJ{ b2>,

(83)) can be maximized with respect to the variable phase ¢s.

In the case of N-partite systems, our witnesses (32) and
(70) employ the sum of cross correlators over every unique
pair of modes. Although this can be done as explained
above for every pair, we can instead use the mode ay =
— 2., €% a; to measure the entire sum at once by using
the relation

3 ’<bTb'>’ ~ Nmaxggy { {(nw) } = 325 ()

V3

= 5 . @)

pairs
denoting maximization over the set of all relative phases, and

where nyy = bJ{/V by is the number operator of the correspond-
ing oscillator mode. This approach requires access to only the
individual modes a; and the optical mode ay, which is re-
quired to generate the W-like state (78], thereby imposing no
additional constraint on the setup. Our nonlocality witness
, which is based on the differences in cross correlations
(b

ij> - <b§bj> ‘ before and after state preparation, can
c 0
similarly be recovered by the appropriate modification

3| {bles), = (bt |

pairs

_ N maxgy 3 {(nw), — (nw)y } — > i) — <nj>o).

2
(88)

Fig. [6] illustrates a setup which would facilitate these mea-
surements for a tripartite system.



FIG. 6. A possible tripartite setup which facilitates both the gen-
eration of a W-like state in the harmonic oscillator modes through
Stokes sideband photodetection, as well as the measurement of all
expectation values required by our witnesses (32), through pho-
todetection on both sidebands. The reflections and transmissions of
the unmarked beam splitters should be identical, but are arbitrary.

E. Measurement of Entanglement Witness

The two sides of the inequality (32) can be measured purely
from anti-Stokes photodetections, following the discussion in

Secs. [V.{ and [V D] With

T T
<aAS,jaAS,iaA57ia’AS7j
4 b
Gis

<nmj> = (89)

the full witness is expressed as

N maxggy {<‘%T45,WGAS,W>} -2 <aTAS,z‘aAS,i>
2

N
M-1

i
S D) E_:<G’A5,iaz45ﬂ'>

i=1

+ max {\/<GLS’jajr457iaAS,iaAS,j>} vV Npairstep.,C,max~

(90)
The factor 1/ Qfl g occurring in each term has been canceled
out, meaning that the method is independent of optical gains
and losses.

F. Measurement of Nonlocality Witness

Whereas the expectation values in (70) involving the in-
dividual modes b; can be measured readily according to the
preceding discussion, the remaining expectation values de-
pend on the collective modes bo. These modes are trunca-
tions of the mode by used to generate the state , and their
nonzero coefficients have the same relative phases and magni-
tudes as their corresponding coefficients in by . For a system
in which the measurements are performed via photodetection
of Raman-scattered photons, these modes can be directly ac-
cessed by disabling the input (or output) optical signals for
the modes not in C, i.e., by setting |¢;|* = 0 for i ¢ C. For
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example, in the case of a tripartite system, one can access the
mode c¢1b; + c2by by disabling the optical input for mode 3.
The statistics can then be read on the same output from which
by was accessed, requiring no change in the configuration of
the setup.

The expectation values which occur in the witness can be
expressed in terms of the Raman-photon modes as

1 T . )
<aAS,1',aS,jaSJaAS7Z>O

(ninj)o + (ni)o = <bjbj.b,»b;>0 =

s
(nc)o +1 = (bobly) = @C;;C% 92)
and
(an2), = (betbbotl), = (betl),

2

;
<as,caLs,caAs,cas,C>0 —A <afs~,cas,c>0

G3G4s ’
(93)
where A = gis / ng is a dimensionless ratio of the gain pa-
rameters.

The first terms of (68) thereby take the form

1/<An20>0
+1

<nC>0
= ab al a ~Mdt ’
5,c%a8,00A8,Cc48,C 0 ag cas,c o (94)

T T . .
\/<aAS,iaS,j as,j aAS,z>O
X

2 T
Gis <GS,CGS,C>O

<ninj>o =+ <nj>o

)

and the last term is expressed as
¢l -1 < )
T —— Ni)o (No)g + 1
2(<”C>0 +1) ;< >O< >O
(Ic]-1)g3

B 2 <ag,ca570>0 91245 ©2)

X <\/Z <aj45,iaAS,i>o <aLs,caAS,C>O + gis)-

ieC

The factor 1/G% ¢ appears in all terms on either side of the
inequality, and can be canceled out. The final term does, how-
ever, contain a remaining dependence on the gain parameters.
This was caused by the application of commutator relations
in the derivation, which lead to a reduction of the number of
ladder operator in the resulting terms. We can compensate for
this by reintroducing commutators which equal 1. Assuming
knowledge of the ratio A, the remaining gain factors can be



substituted via the following identities for oscillator systems:

G2 = G% (b1t} = (abase), — 5 (s anse),

Ghs = Gis ([be:bE])g = A (abpa50) = (@i paas0)
(96)
where x is an arbitrary mode.

The probabilities Pc, defined in (57)), also depend directly
on the amplitudes |¢;|* of the mode by,. These can be mea-
sured by the photocounting rates of mode b¢,, where C; =
{i} is a single mode combination, in an initial thermal state.
They are given in normalized form by the ratio

2 2
(nodw _ _lel” (ni)y, |cil

= 2 = 2"
w5 lel (), X5 lel
We note that in order to accurately represent the probabilities
of photons arriving at the detector of mode by from a given
local mode i, the modes bc, must be measured on the same
output as the mode byy, in the way described in the beginning
of this section.
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V. DISCUSSION

Our witnesses for genuine multipartite entanglement (32)
and nonlocality of the single excitation process are de-
rived with two main considerations in mind. Firstly, they
should be general, in the sense that they are applicable to a
wide range of possible systems. We have used the case of
Raman scattering harmonic oscillator systems as the most rel-
evant example. Secondly, they should depend on the system’s
readily accessible observables (in this case number statistics),
and not rely on state tomography.

The entanglement witness detects the entanglement of
W -states for an arbitrary number of modes, and requires only
number expectation values of the modes up to second order,
making it particularly accessible. One should note, however,
that violation of the inequality necessitates nonzero bimodal

cross correlators ‘<bzbj> , and it can therefore never de-

tect the entanglement of, e.g., Greenberger—Horne—Zeilinger
(GHZ) states or multimode squeezed vacuum states, for which
such expectation values are zero. Deriving a similar witness
for GHZ states could possibly be done based on the higher

order correlator ’<b{b; .. b§v>’» which, as with GHZ state
preparation, is not directly accessible through photodetection
statistics and is therefore beyond the scope of this article.

The nonlocality witness may also be used to witness
entanglement of the final state, whenever the initial state can
be assumed to be separable. In this case, nonlocality of the
single excitation process always implies that the resulting state
is entangled, as seen from the fact that for a fully separable
initial state,

bJ{,Vpsep_bW = Z C;‘Cjb}pl ®...Q prj (98)
ij
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always contains inseparable intermodal terms. In other words,
if the nonlocality witness is violated, it means that either the
resulting state is entangled, the initial state was entangled (and
belonged to a sparse set of states whose entanglement was
precisely undone by the process), or both. We consider the
assumption of initial separability to be reasonable for remote
systems, which tend to quickly equilibrate to thermal steady
states when left alone. This assumption lets our nonlocality
witness act as an alternative entanglement witness for states
such as the W -like states , with less strict requirements
on the initial thermal occupation. Detecting M + 1-partite
nonlocality corresponds in this case precisely to M + 1-partite
entanglement as in our entanglement witness.

The witnesses we have derived are capable of detecting en-
tanglement and nonlocality, respectively, for thermal W -like
states (33)) with thermal occupation numbers ny, within ex-
perimentally achievable limits (see Tables and Figures
H). For a given temperature, the value of ng, will depend on
the type of system in question, in particular the excitation en-
ergy of the modes and the applied methods of cooling. Fig.
shows the maximal number of modes /N for which the wit-
nesses are violated as functions of ny, , where experimentally
achieved ny, in relevant experimental platforms are also indi-
cated. As can be seen from the plot, the advantage of using
nonlocality as a substitute entanglement witness for thermal
W -like states is considerably for lower thermal occupations.

We have throughout our derivations assumed that the sub-
systems in question are indistinguishable; if at any point infor-
mation about which state a given subsystem occupies is deter-
mined (for instance, through interaction with the environment
or part of the instrumentation), the entanglement is broken.
In our case this means in particular that it should be impos-
sible to determine from which system a given optical signal
comes from, aside from its location, i.e., they should produce
output sidebands which are as close to identical in frequency
and linewidth as possible. Indistinguishability is a natural fea-
ture for systems such as atomic ensembles, but is more chal-
lenging to achieve for engineered systems such as mechanical
oscillators and optical cavities. To achieve sufficient indis-
tinguishability across several modes, the possibility of in-situ
tuning may be advantageous. One promising optomechanical
platform is superfluid helium-filled fiber cavities [38]], where
the acoustic mode frequencies could be tuned by adjusting the
cavity lengths.

In previous literature on entanglement witnesses for two-
level systems, noise is often modeled in terms of a contribu-
tion pI /2™ of white noise added to the pure state of interest,
where [y is the identity operator and /N is the number of sub-
systems [24} |39-41]]. This is clearly not a reasonable model
for noise in continuous variable systems, where white noise
contributions are non-normalizable. We have therefore cho-
sen to use initial thermal occupation as the main measure of
robustness in this article. However, for the sake of compari-
son, for the tripartite two-level white noise case

p=(1—p)|Ws) (W3|+pl3/8,

our entanglement witness detects genuine tripartite entangle-
ment below the threshold p ~ 0.127, compared to the partial
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FIG. 7. The largest number of subsystems N for which our wit-

nesses are capable of verifying genuine entanglement for thermal
W -like states ((38) and (@4) in blue) and nonlocality ({7I) and
in red) as functions of initial thermal occupation ng.. The results
for harmonic oscillators (HO) are shown in solid lines while the cor-
responding results for two-level systems (TLS) are dashed. Some
thermal occupation numbers achieved in relevant experiments are
indicated by dotted lines: Optomechanical crystals (nm. ~ 0.021
[36] and ny ~ 0.14 [8]), membrane flexural modes (ng =~ 0.23
[37]), and acoustic modes in confined superfluid helium (ng. ~ 0.83
[38]). Experiments with atomic ensembles can involve modes with
sufficiently high excitation energies that thermal occupation becomes
negligible. For instance, Ref. [6] considers 40THz vibrational modes
of diamond crystal lattices, which even at room temperature (300K)
have an average thermal occupation ng =~ 0.002 (for which nonlo-
cality can be witnessed between N = 30 harmonic oscillators). We
expect other sources of noise to be more relevant for such systems.
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tomography-based witness (4) in Ref. [24] which produces
the threshold value p ~ 0.471. This exemplifies a tradeoff be-
tween witnesses based on natural observables and those based
on partial tomography. Of course, the limit case for partial to-
mography is a fully tomographic characterization of the entan-
glement. However, this advantage comes at the cost of a num-
ber of required measurements which increases rapidly with
the number IV of subsystems. For two-level systems, the most
efficient conventional scheme for detecting the entanglement
of W -states requires 2N — 1 so-called measurement settings,
each corresponding to a local measurement of all N subsys-
tems in parallel [39]. The cost of tomography is particularly
notable for continuous variable systems, for which the num-
ber of measurements required increases exponentially with IV,
e.g., by measurement of a 2/N-dimensional Wigner quasiprob-
ability distribution, which even with optimized schemes can
require hundreds of distinct measurements for a single system
(N = 1) [42]. Our witness requires only one measurement
setting with one additional measurement of a nonlocal mode,
for any underlying Hilbert space dimension and all values of
N.

With the above discussion in mind, we believe the re-
sults presented in this article are relevant for the next genera-
tion of experiments investigating entanglement of multipartite
Raman-scattering systems.
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