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Abstract. In this paper, we describe the set of all positive distributional C1(RN \ {0})-
solutions of elliptic equations with mixed reaction terms of the form

Lρ,λ,τ [u] := ∆u− (N − 2 + 2ρ)
x · ∇u

|x|2
+ λ

uτ |∇u|1−τ

|x|1+τ
= |x|θuq in RN \ {0}, (0.1)

where ρ, λ, θ ∈ R are arbitrary, N ≥ 2, q > 1 and τ ∈ [0, 1). Defining β = (θ + 2)/(q − 1) and

fρ,λ,τ (t) = t (t+ 2ρ)+λ|t|1−τ for t ∈ R, we show that (0.1) has positive solutions if and only if

fρ,λ,τ (β) > 0. Under this condition, we provide existence and the exact asymptotic behaviour
near zero and at infinity for all positive solutions of (0.1). We obtain that all such solutions

are radially symmetric. When θ < −2 and ρ, λ ∈ R, we also find the precise local behaviour

near zero for all positive solutions of (0.1) in Ω \ {0}, where Ω is an open set containing 0. By
introducing the second term in Lρ,λ,τ [·] with ρ ∈ R, we reduce the study of (0.1) to θ < −2

via a modified Kelvin transform. We reveal new and surprising phenomena compared with

the work of Ĉırstea and Fărcăşeanu (2021), where ρ = (2−N)/2 and τ = 1. We illustrate this

fact in Case [N2]: λ > 0, τ ∈ (0, 1) and ρ ≥ Υ := [(τ +1)/(2τ)] (λτ)1/(τ+1) when fρ,λ,τ (t) = 0

has two negative roots ϖ1(ρ) ≤ ϖ2(ρ). If β ∈ (ϖ2(ρ), 0), then (0.1) yields two new families
of bounded solutions {u∞,c}c>0 and {ub,∞,c}b,c>0 that have no analogue for τ = 1.
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1. Introduction

A fundamental problem in the study of partial differential equations is to understand the local
behaviour of solutions. The classification of local and/or global solutions and their symmetry
properties are central themes in the study of nonlinear elliptic and parabolic equations (see,
e.g., [31] and [39]). Even for deceptively “simple-looking” semilinear elliptic problems (e.g., the
Yamabe problem), the classification of singularities can be very hard to elucidate. Yet, research
on isolated singularities has led to the development of new and significant approaches such as
the moving plane method. This is a fundamental tool for establishing symmetry in geometry
and partial differential equations (see, for example, [10]).

Serrin’s celebrated papers [28,29] for quasilinear elliptic problems of the form

divA(x, u,∇u) = B(x, u,∇u)

have generated a lot of interest. Much research has been devoted to finding suitable classification
theorems or discovering analogues of Serrin’s removability results applicable to broader contexts.

This paper falls within the scope of an extensive research program stimulated by Véron’s
question (see [38]) of addressing the singularity problem outside Serrin’s framework in [28, 29].
This means considering nonlinear divergence-form problems with an isolated singularity in which
the growth of the lower order term B dominates that of A. Now, the structure of the lower order
term B and the sign of its constituents play a fundamental role in the classification of the local
behaviour of solutions. One new difficulty is, for example, the formation of “strong singularities”.
These singular solutions dominate near the singularity the “fundamental solution” of the principal
operator, which provides the asymptotic model for the so-called “weak singularities”. Weak and
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strong singularities arise even in the classification of non-negative solutions for Laplacian type
equations with super-linear power nonlinearities (see the pioneering works by Brezis and Véron
[11] and Véron [36, 37]). Early generalisations of these results to p-Laplacian-type equations
∆pu = uq in RN \ {0} with 1 < p ≤ N are due to Friedman and Véron [21] (for p − 1 < q <
N(p− 1)/(N − p)) and Vázquez and Véron [35] (for q ≥ N(p− 1)/(N − p) and 1 < p < N). For
related extensions to weighted p-Laplacian equations with more general nonlinearities, we refer
to [9, 12,13,16].

The last decades have brought significant progress in the study of isolated singularities, see
Véron [39]. A key question is how the local and global classification of singularities is influenced
by gradient-dependent lower order terms. Answering this question will also shed light on the con-
ditions leading to Liouville type results, another important and related topic studied extensively.
For recent contributions in these directions, see e.g., [2–8,13,14,19,20,30].

The aim of this paper is to classify the local behaviour near zero (and at infinity if Ω = RN )
for the positive distributional C1(Ω \ {0})-solutions of elliptic equations of the form

Lρ,λ,τ [u(x)] := ∆u− (N − 2 + 2ρ)
x · ∇u
|x|2

+ λ
uτ |∇u|1−τ

|x|1+τ
= |x|θ uq in Ω \ {0}, (1.1)

where Ω is a domain in RN (N ≥ 2) such that 0 ∈ Ω, while ρ, λ, θ are any real parameters.
Unless otherwise stated, throughout this paper, we assume that

0 ≤ τ < 1 and q > 1. (1.2)

In this setting, we develop a unified approach to fully classify, and prove existence of, all
positive solutions of (1.1) in RN \ {0} under optimal assumptions (see Theorem 1.1 and Corol-
lary 1.3). As a by-product, we obtain that all such solutions are radially symmetric. We make
no use of the moving plane method. Instead, with delicate constructions of many families of
barriers (sub-super-solutions) adapted to different ranges of our parameters, we classify all the
behaviours of positive solutions near zero and at infinity. Then, we prove the existence of positive
radial solutions u(x) = u(|x|) = u(r) of (1.1) in RN \ {0} with all these viable behaviours and,
in addition, u′(r) ̸= 0 for every r ∈ (0,∞). By the comparison principle, we conclude that there
are no positive solutions of (1.1) in RN \ {0} that are non-radial.

Our results lead to a complete understanding of the set of all C1(RN \{0}) solutions for other
nonlinear equations with gradient dependent terms via a change of variables (see Subsection 1.2).

To our best knowledge, the analysis of (1.1) is completely new for τ ∈ (0, 1). Our findings
reveal surprising new phenomena compared with τ = 1 and ρ = (2 − N)/2 in (1.1), the latter
being completely understood, see Subsection 1.3. Yet, prior to this work, nothing was known
about the positive solutions of (1.1) with τ ∈ (0, 1), even for ρ = (2 − N)/2. By introducing
the second term in the operator Lρ,λ,τ [·], we generate novel techniques to contend with many
additional difficulties. In particular, when λ > 0, we unveil a critical threshold for ρ, namely,

Υ = τ+1
2τ (λτ)

1
τ+1 , which is the dividing line between Case [N0] (b) and Case [N2] in (1.7).

Our techniques are amenable to generalisations to quasilinear equations and other nonlinear-
ities in the right-hand side of (1.1). This could be done by combining our methods here with
those in [12,15,16]. However, such a generalisation goes beyond the scope of this paper.

In proving the existence of positive solutions in RN \ {0}, we rely on the invariance of (1.1)
under the scaling transformation Tσ (for σ > 0) given by

uσ(x) = Tσ[u](x) = σβ u(σx), where β = β(θ, q) :=
θ + 2

q − 1
. (1.3)

Thus, if u is a positive solution of (1.1) in RN \ {0}, so is uσ.
We show in Theorem 1.1 that fρ(β) > 0 is the optimal condition for the existence of positive

solutions of (1.1) in RN \{0} (see (1.6) for the definition of fρ). Let’s assume fρ(β) > 0. Remark
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that (1.1) has a positive radial solution in RN \ {0} given by

Uρ,β(x) = Λ |x|−β , where Λ := [fρ(β)]
1

q−1 . (1.4)

Moreover, Uρ,β is never the only positive solution of (1.1) in RN \ {0} (unlike the case τ = 1
treated in [17] and recalled in Theorem 1.7). In (1.12) when θ < −2, respectively, in (1.15) when
θ > −2, we give the structure of the set of all positive solutions of (1.1) in RN \ {0}.

The most difficult analysis, leading to totally new findings, arises in Case [N2] of (1.7) when
fρ(t) = 0 has two negative roots, say ϖ1(ρ) and ϖ2(ρ) (with ϖ1(ρ) ≤ ϖ2(ρ)). If β ∈ (ϖ2(ρ), 0)
in Case [N2], then fρ(β) > 0 and the set of all positive solutions of (1.1) in RN \ {0} is

{Uρ,β} ∪ {ub}b∈R+ ∪ {u∞,c}c∈R+ ∪ {ub,∞,c}b,c∈R+ .

The solutions {u∞,c}c∈R+ and {ub,∞,c}b,c∈R+ have no analogue for τ = 1 (see Theorem 1.7 for a

comparison). For every b, c ∈ R+, we show that (1.1) in RN \{0} has a unique positive radial solu-
tion u∞,c (respectively, ub) satisfying (z1) lim|x|→0 u(x)/Uρ,β(x) = 1 and (i1) lim|x|→∞ u(x) = c
(respectively, (z2) lim|x|→0 u(x)/Φϖ2(ρ)(|x|) = b and (i2) lim|x|→∞ u(x)/Uρ,β(x) = 1). For the

definition of Φϖ2(ρ)(|x|), see (1.9). We prove that (1.1) in RN \ {0}, subject to (z2) and (i1), has
a unique positive radial solution ub,∞,c, where b, c ∈ R+ are arbitrary.

The existence of the positive solutions of (1.1) in RN \{0} (see Sections 11, 12 and 13) requires
first classifying their behaviour near zero and at infinity (see Theorem 10.1). We develop an
iterative method for constructing more and more refined local sub-super-solutions of (1.1) both
near zero and at infinity. Then, we inductively improve the behaviour of positive solutions by a
local comparison with these sub-super-solutions until attaining the desired profile. This iterative
scheme, which is very flexible and adaptable to many situations, is an innovation that appears
here for the first time (see Subsection 1.4 for details). Our methods are susceptible to applications
to a wide class of equations admitting comparison principles and the strong maximum principle
(see [22,25,26] for such contexts).

In deciphering the behaviours near zero (or at infinity) for the positive solutions of (1.1), we
need to account for the competition arising between the operator Lρ,λ,τ [u] and the right-hand
side of (1.1). We point out that it is not the Laplacian alone but the operator Lρ,λ,τ [·] that will
be crucial in providing (through the solution(s) of Lρ,λ,τ [·] = 0 when they exist) the asymptotic
model(s) of reference. We observe that, like the right-hand side of (1.1), the second and third
terms in the operator Lρ,λ,τ [u] don’t fit into the settings of Serrin’s papers [28,29].

Now, if vη(x) = |x|−η for |x| > 0 and η ∈ R, then we see that v = vη solves

Lρ,λ,τ [v] = 0 in B1(0) \ {0} (or in RN \B1(0)) (1.5)

if and only if fρ(η) = 0, where for every ρ, λ ∈ R, we define

fρ(t) := fρ,λ,τ (t) = t (t+ 2ρ) + λ |t|1−τ for all t ∈ R. (1.6)

(To simplify notation, we will write fρ instead of fρ,λ,τ . The parameters λ and τ won’t change
when applying the modified Kelvin transform, see Appendix A.)

The assumption 0 ≤ τ < 1 gives that t = 0 is always a solution of fρ(t) = 0. However, a
crucial role will be played by the non-zero roots of fρ(t) = 0 and their position in relation to

β := (θ + 2)/(q − 1). For t < 0, the function f̃ρ(t) = −t − 2ρ + λ (−t)−τ
has the same sign as

fρ(t). From the graph of t 7−→ f̃ρ(t) on (−∞, 0), we distinguish three cases:

Case [N0] : (a) τ = 0, λ ≥ 2ρ or (b) λ > 0, τ ∈ (0, 1), ρ < Υ :=
τ + 1

2τ
(λτ)

1
τ+1 ,

Case [N1] : (a) τ = 0, λ < 2ρ or (b) λ < 0, τ ∈ (0, 1), ρ ∈ R,
Case [N2] : λ > 0, τ ∈ (0, 1), ρ ≥ Υ.

(1.7)



NONLINEAR ELLIPTIC EQUATIONS WITH MIXED REACTION TERMS 5

• In Case [N0], we have f̃ρ > 0 on (−∞, 0). More precisely, f̃ρ(t) > λ − 2ρ ≥ 0 for all t < 0

in Case [N0] (a) and f̃ρ(t) ≥ f̃ρ(−(λτ)1/(τ+1)) = 2 (Υ− ρ) > 0 for all t < 0 in Case [N0] (b).

• In Case [N1], we see that f̃ρ(t) = 0 has exactly one negative root, denoted by ϖ1(ρ). (If Case

[N1] (a) holds, then ϖ1(ρ) = λ− 2ρ.) We have f̃ρ > 0 on (−∞, ϖ1(ρ)) and f̃ρ < 0 on (ϖ1(ρ), 0).

• In Case [N2], we denote by ϖ1(ρ) and ϖ2(ρ) the negative roots of f̃ρ(t) = 0, where

ϖ1(ρ) < −(λτ)1/(τ+1) < ϖ2(ρ) if ρ ̸= Υ and ϖ1(ρ) = ϖ2(ρ) = −(λτ)
1

τ+1 when ρ = Υ.

We have f̃ρ > 0 on (−∞, ϖ1(ρ)) ∪ (ϖ2(ρ), 0) and f̃ρ < 0 on (ϖ1(ρ), ϖ2(ρ)) when ρ ̸= Υ.

Notation. The negative root(s) of f̃ρ(t) = 0 depend on ρ, λ and τ , but to simplify notation,
we do not explicitly indicate their dependence on λ and τ . To unify our presentation, we also

denote by ϖ1(ρ) the unique negative root of f̃ρ(t) = 0 in Case [N1]. From Section 2 onward, we
will simply write ϖ1 (respectively, ϖ2) instead of ϖ1(ρ) (respectively, ϖ2(ρ)).

We use f(x) ∼ g(x) as |x| → 0 (respectively, as |x| → ∞) to mean that lim|x|→0 f(x)/g(x) = 1
(respectively, lim|x|→∞ f(x)/g(x) = 1). We set R+ = (0,∞).

In Case [N2], we define Ψϖ1(ρ)(t) for every t > 1 and Φϖ2(ρ)(r) for every r ∈ (0, 1) as follows

Ψϖ1(ρ)(t) = t−ϖ1(ρ) if ρ > Υ and Ψϖ1(ρ)(t) = t−ϖ1(ρ) (log t)
2

1+τ if ρ = Υ, (1.8)

Φϖ2(ρ)(r) = r−ϖ2(ρ) if ρ > Υ and Φϖ2(ρ)(r) = r−ϖ2(ρ) |log r|
2

1+τ if ρ = Υ. (1.9)

1.1. Main results. In Theorem 1.1 (for θ < −2) and Corollary 1.3 (for θ > −2), we give the
exact structure of the set of all positive solutions of (1.1) in RN \{0}, under the optimal condition
fρ(β) > 0. In particular, when θ = −2, there are no positive solutions for (1.1) in RN \ {0}.

Theorem 1.1 (Global existence and classification, θ < −2). Let (1.2) hold and ρ, λ, θ ∈ R.
• Then, (1.1) has positive solutions in RN \ {0} if and only if fρ(β) > 0.
• Assume that θ < −2 and fρ(β) > 0. Then, every positive solution u of (1.1) in RN \ {0} is

radially symmetric (u(x) = u(|x|) for all x ∈ RN \ {0}), limr→0+ u(r) = 0 and u′ > 0 on (0,∞).

(i) For every c ∈ R+, there exists a unique positive solution u∞,c of (1.1) in RN \ {0}
satisfying u(x) ∼ Uρ,β(x) as |x| → 0 and one of the following as |x| → ∞:

u(x) ∼



c |x|−ϖ1(ρ) in Case [N1] with β < ϖ1(ρ),

cΨϖ1(ρ)(|x|) in Case [N2] with β < ϖ1(ρ),

c log |x| if λ = 2ρ when τ = 0,

c in Case [N0] with λ ̸= 2ρ if τ = 0

or if β ∈ (ϖ2(ρ), 0) in Case [N2].

(1.10)

(ii) If β ∈ (ϖ2(ρ), 0) in Case [N2], then for every b, c ∈ R+, there exists a unique positive
solution ub (respectively, ub,∞,c) of (1.1) in RN \ {0} satisfying

u(x) ∼ bΦϖ2(ρ)(|x|) as |x| → 0 and

u(x) ∼ Uρ,β(|x|) (respectively, u(x) ∼ c) as |x| → ∞.
(1.11)

(iii) The set of all positive solutions of (1.1) in RN \ {0} is given by{
{Uρ,β} ∪ {u∞,c}c>0 ∪ {ub}b>0 ∪ {ub,∞,c}b,c>0 if β ∈ (ϖ2(ρ), 0) in Case [N2],

{Uρ,β} ∪ {u∞,c}c>0 otherwise.
(1.12)

Remark 1.2. When β ∈ (ϖ2(ρ), 0) in Case [N2] of Theorem 1.1, we gain two new families of
bounded positive (radial) solutions {u∞,c}c>0 and {ub,∞,c}b,c>0 for (1.1) in RN \ {0}, leading
to the crossing of the graphs of u∞,c and ub. Let b, c ∈ R+ be arbitrary. We have ub,∞,c ↗
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u∞,c and ub ↗ Uρ,β as b → ∞, as well as ub,∞,c ↗ ub and u∞,c ↗ Uρ,β as c → ∞. Since
limr→0+ u∞,c(r)/ub(r) = ∞ and limr→∞ u∞,c(r)/ub(r) = 0, the graphs of u∞,c(r) and ub(r) for
r ∈ (0,∞) cross each other only once (by the strong maximum principle in Lemma A.2). Yet,
zero is a removable singularity for all positive solutions of (1.1) if θ < −2, see also Remark 1.5.

By Case [Nj ](−ρ) (for j = 0, 1, 2), we mean that Case [Nj ] holds with −ρ instead of ρ.

Corollary 1.3 (Global existence and classification, θ > −2). Let (1.2) hold and ρ, λ ∈ R. As-
sume that θ > −2 and fρ(β) > 0. Then, every positive solution u of (1.1) is radially symmetric,
limr→∞ u(r) = 0 and u′(r) < 0 for all r = |x| > 0.

(i) For every c ∈ R+, there exists a unique positive solution uc,0 of (1.1) in RN \ {0}
satisfying u(x) ∼ Uρ,β(x) as |x| → ∞ and one of the following as |x| → 0:

u(x) ∼



c |x|ϖ1(−ρ) if β > −ϖ1(−ρ) in Case [N1](−ρ),
cΨϖ1(−ρ)(1/|x|) if β > −ϖ1(−ρ) in Case [N2](−ρ),
c log (1/|x|) if λ = −2ρ and τ = 0,

c in Case [N0](−ρ) with λ ̸= −2ρ if τ = 0,

or if β ∈ (0,−ϖ2(−ρ)) in Case [N2](−ρ).

(1.13)

(ii) If β ∈ (0,−ϖ2(−ρ)) in Case [N2](−ρ), then for every b, c ∈ R+, there exists a unique
positive solution ub,∞ (respectively, uc,0,b) of (1.1) in RN \ {0} satisfying

u(x) ∼ bΦϖ2(−ρ)(1/|x|) as |x| → ∞ and

u(x) ∼ Uρ,β(|x|) (respectively, u(x) ∼ c) as |x| → 0.
(1.14)

(iii) The set of all positive solutions of (1.1) in RN \ {0} is given by{
{Uρ,β} ∪ {uc,0}c>0 ∪ {ub,∞}b>0 ∪ {uc,0,b}b,c>0 if β ∈ (0,−ϖ2(−ρ)) in Case [N2](−ρ),
{Uρ,β} ∪ {uc,0}c>0 otherwise.

(1.15)

We show how Corollary 1.3 follows from Theorem 1.1 using the modified Kelvin transform
ũ(x) = u(x/|x|2) for |x| ̸= 0. Indeed, understanding the positive solutions of (1.1) in RN \ {0}
with θ < −2 is equivalent to deciphering the positive solutions ũ of the equation

L−ρ,λ,τ [ũ(x)] = |x|θ̃ [ũ(x)]q for x ∈ RN \ {0}, (1.16)

where ρ, λ ∈ R and θ̃ := −θ − 4 > −2 (see Appendix A). Similar to β in (1.3), we define

β̃ = (θ̃+2)/(q−1). Note that β̃ = −β, fρ(β) = f−ρ(β̃) and U−ρ,β̃(r) = Uρ,β(1/r) = [fρ(β)]
1

q−1 rβ

for every r > 0. Hence, by restating Theorem 1.1 in equivalent terms for (1.16) and then

relabelling −ρ and θ̃, respectively, by ρ and θ, respectively, we arrive at Corollary 1.3.
To prove Theorem 1.1, we first need to obtain the local behaviour near zero for all positive

solutions of (1.1) (under the assumption fρ(β) > 0). In Theorem 1.4 below, we completely resolve
this matter for every θ < −2 and ρ, λ ∈ R, distinguishing between fρ(β) > 0 and fρ(β) ≤ 0.

Theorem 1.4. Let (1.2) hold, ρ, λ ∈ R and θ < −2. Let u be any positive solution of (1.1).
• Assume that fρ(β) > 0.

(P0) If β ∈ (ϖ2(ρ), 0) in Case [N2], then exactly one of the following holds as |x| → 0:

(i) u(x) ∼ a |x|−ϖ1(ρ) and x · ∇u(x) ∼ −aϖ1(ρ) |x|−ϖ1(ρ) for some a ∈ R+; (1.17)

(ii) u(x) ∼ bΦϖ2(ρ)(|x|) and x · ∇u(x) ∼ −bϖ2(ρ) Φϖ2(ρ)(|x|) for some b ∈ R+; (1.18)

(iii) u(x) ∼ Uρ,β(|x|). (1.19)

(P1) In the remaining situations, u satisfies (1.19) as |x| → 0.
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• Assume that fρ(β) ≤ 0.

(Z1) If β = ϖ1(ρ) in Case [Nj ] (j = 1, 2) and, in addition, ρ ̸= Υ if Case [N2] holds, then

u(x) ∼

(
|ϖ1(ρ)|

(
1− λτ |ϖ1(ρ)|−τ−1

)
q − 1

) 1
q−1 |x|−ϖ1(ρ)

| log |x||
1

q−1

as |x| → 0.

(Z2) If ρ = Υ in Case [N2] and β = ϖ1(ρ) = ϖ2(ρ) = −(λτ)
1

τ+1 , then

u(x) ∼
(
2 (q + τ)

(q − 1)2

) 1
q−1 |x|−ϖ1(ρ)

| log |x||
2

q−1

as |x| → 0. (1.20)

(N) In the remaining situations, u satisfies (1.17) as |x| → 0.

Remark 1.5. When θ < −2 and ρ, λ ∈ R, we show that every positive solution u of (1.1) satisfies
lim|x|→0 u(x) = 0 and u ∈ H1

loc(Ω) can be extended as a continuous non-negative solution of
(1.1) in D′(Ω) (see Corollary B.4 in Appendix B). Proposition B.3 in Appendix B gives that
(x · ∇u)/|x|2, uτ |∇u|1−τ/|x|1+τ and |x|θuq are locally integrable in Ω. Moreover, if θ ≤ −2
and, in addition, Ω is bounded, then (1.1) has no positive solutions satisfying u = 0 on ∂Ω (see
Corollary 9.3).

Remark 1.6. If β ∈ (ϖ2(ρ), 0) in Case [N2], then there are no positive solutions of (1.1) in
RN \ {0} with the profile in alternative (P0) (i) of Theorem 1.4 (see Lemma 10.4).

1.2. Applications of our results. We present two nonlinear elliptic problems with gradient-
dependent lower order terms for which our results can be applied. Let Ω be an open set in RN

(N ≥ 2) with 0 ∈ Ω. We consider the C1(Ω \ {0}) solutions of

∆w + |∇w|2 + µ
x · ∇w
|x|2

+ λ
|∇w|1−τ

|x|1+τ
= |x|θe(q−1)w in Ω \ {0}, (1.21)

where µ, λ, θ ∈ R, q > 1 and τ ∈ [0, 1), respectively, the positive C1(Ω \ {0}) solutions v of

∆(vα) + µ
x · ∇(vα)

|x|2
+ η

|∇v|α

|x|2−α
= |x|θvK in Ω \ {0}, (1.22)

where µ, η, θ ∈ R, while α ∈ (0, 1) and q = K/α > 1. For both problems, we let ρ = (2−N−µ)/2.
When Ω = RN , under the optimal condition fρ(β) > 0, the set of all solutions of (1.21)

(respectively, positive solutions of (1.22)) is described by Theorem 1.1 and Corollary 1.3. These
results with u = ew (respectively, with u = vα, λ = η/αα and τ = 1−α ∈ (0, 1)) give the precise
asymptotic behaviour near zero and at infinity for such solutions. Furthermore, assuming θ < −2
and no sign restriction on fρ(β), the local behaviour near zero for an arbitrary solution w of (1.21)
(respectively, positive solution v of (1.22)) can be derived from Theorem 1.4.

Problems of the form (1.22) are the stationary versions of parabolic equations with fast dif-
fusion (α ∈ (0, 1)), featuring absorption (|x|θvK) and a weighted gradient term (η|x|α−2|∇v|α).
The fast diffusion equation, ut = ∆(uα) with α ∈ (0, 1), is an important model for singular
nonlinear diffusion phenomena, including gas-kinetics, thin liquid film dynamics and diffusion in
plasmas (see [18, 34]). Degenerate and singular parabolic equations with absorption have been
intensively studied by many authors. The main feature is the competition between the diffusion
∆(vα) and the absorption, which leads to different dynamics and large time behaviour of non-
negative solutions for various regimes of the exponents (see, e.g., [1,24,41] and their references).

The understanding of the structure of all positive solutions for (1.22) opens up new avenues
for studying a wide class of parabolic equations with fast diffusion and gradient dependent terms.
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1.3. Comparison with previous works for τ = 1. We mention related works for the case
τ = 1 in (1.1). This corresponds to equations with a Hardy-type potential, which have been
actively studied for ρ = (2 − N)/2 and various choices of λ and θ (see [9, 15, 17, 23, 40]). For
example, when θ > −2, we refer to [15] (for λ ≤ (N − 2)2/4) and [40] (for λ > (N − 2)2/4).

Ĉırstea and Fărcăşeanu [17] removed the restrictions on λ and θ imposed in [15,40] and fully
classified all positive solutions for equations of the form

∆u+ λ
u

|x|2
= |x|θuq in RN \ {0}, (N ≥ 3), (1.23)

where λ, θ ∈ R and q > 1. Let β = (θ + 2)/(q − 1). If

λ > λ∗ = β (N − 2− β) (or, equivalently, f(2−N)/2,λ,1(β) > 0), (1.24)

then (1.23) has a positive radial solution given by

U0(x) = (λ− λ∗)1/(q−1)|x|−β for x ∈ RN \ {0}. (1.25)

It was shown in [17] that (1.24) is the sharp condition for the existence of positive solutions
of (1.23). If λ > (N − 2)2/4, then (1.24) holds for every β ∈ R.

If λ ≤ (N − 2)2/4, then (1.24) is equivalent to β ∈ (−∞, p1) ∪ (p2,∞), where

p1 = p1(λ) =
N − 2

2
−
√

(N − 2)2

4
− λ and p2 = p2(λ) =

N − 2

2
+

√
(N − 2)2

4
− λ.

In this case, an important role in Theorem 1.7 will be played by Ψp1
and Φp2

, which on their
domain of definition satisfy L(2−N)/2,λ,1[·] = 0. More precisely, we define

Ψp1
(x) = |x|−p1 if λ <

(N − 2)2

4
, Ψp1

(x) = |x|−
N−2

2 log |x| if λ =
(N − 2)2

4
for |x| > 1,

Φp2(x) = |x|−p2 if λ <
(N − 2)2

4
, Φp2(x) = |x|−

N−2
2 log

1

|x|
if λ =

(N − 2)2

4
for |x| ∈ (0, 1).

Theorem 1.7 (See [17]). Equation (1.23) has positive solutions if and only if (1.24) holds. In
this case, every positive solution of (1.23) is radially symmetric.

• If λ > (N − 2)2/4, then U0 in (1.25) is the only positive solution of (1.23).
• If λ∗ < λ ≤ (N − 2)2/4, then for every γ ∈ R+, equation (1.23) has a unique positive

solution Uγ (which is radially symmetric) satisfying

Uγ(x) ∼ U0(x) as |x| → 0 and Uγ(x) ∼ γΨp1
(x) as |x| → ∞ if β < p1,

Uγ(x) ∼ U0(x) as |x| → ∞ and Uγ(x) ∼ γ Φp2
(x) as |x| → 0 if β > p2.

Moreover, the set of all positive solutions of (1.23) is given by {U0} ∪ {Uγ}γ∈R+
.

Clearly, the structure of the set of positive solutions of (1.1) in RN \ {0} with τ ∈ [0, 1)
revealed in Theorem 1.1 and Corollary 1.3 is much richer than that for (1.23) in Theorem 1.7.

Our approach is to completely understand the case θ < −2 (based on which we also elucidate
θ > −2). Indeed, when θ < −2 and fρ(β) > 0, in passing from the local behaviour near zero
for the positive solutions of (1.1) (see Theorem 1.4) to the analysis of (1.1) in RN \ {0}, all
asymptotic profiles but one will be appearing near zero, see Theorem 1.1 and Remark 1.6.

We will further develop the ideas put forward in [17] for the special case τ = 1, ρ = (2−N)/2.
The method of sub-super-solutions will continue to play a crucial role in our local analysis (near
zero and at infinity). However, due to our general framework, we need many additional and non-
trivial constructions of local upper and lower barriers. We mention a few significant challenges
that appear due to the introduction in (1.1) of the term λuτ |∇u|1−τ/|x|1+τ with τ ∈ [0, 1):

• We lose the linearity of the operator Lρ,λ,τ [·]. Unlike the case τ = 1, we cannot conclude
anymore that the sum of two super-solutions of (1.1) is necessarily a super-solution.
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• Changes of variables used for τ = 1 to reduce the study of positive radial solutions to
previously understood ODEs (see, e.g., [15]) are not suitable when τ ∈ [0, 1). Unlike the case
τ = 1, we could not trace any known results for ODEs that are applicable to our setting.

• The standard Kelvin transform used in [17] for τ = 1 and ρ = (2−N)/2 to reduce the study
of the asymptotic behaviour at infinity (e.g., for β > p2) to that near zero (for β < p1) is not
effective anymore if τ ∈ [0, 1). Instead, we use the modified Kelvin transform ũ(x) = u(x/|x|2)
for |x| ̸= 0, which brings the need to introduce the second term in the operator Lρ,λ,τ [·].

• The critical situation ρ = Υ n Case [N2] (when ϖ1(ρ) = ϖ2(ρ) = −(λτ)1/(τ+1)) adds a
new layer of complexity specific to τ ∈ (0, 1) and λ > 0: for Lρ,λ,τ [·] = 0 with |x| > 0 small (or
|x| > 1 large), it seems difficult to find an explicit positive solution that is linearly independent
from the solution |x|−ϖ1(ρ). We work around this issue by providing in (1.9) an explicit positive
radial super-solution Φϖ2(ρ)(|x|) for |x| > 0 small (see Lemma 5.1) respectively, an explicit radial

super-solution Ψ̃(|x|) for |x| > 1 large that is asymptotically equivalent at infinity to Ψϖ1(ρ)(|x|)
in (1.8) (see Lemmas 5.2 and 5.3). We refer to Section 5 for further details.

• When τ ∈ (0, 1), by introducing the second term in the operator Lρ,λ,τ [·] with ρ ∈ R, we
face additional obstacles in our construction of local sub/super-solutions compared with [17].
For the latter, where ρ = (2 − N)/2 and τ = 1, there was no need to construct more than
two families of sub/super-solutions for a specific situation. However, in our general setting, new
thresholds appear for ρ, which require designing several delicate iterative schemes. These will
help us incrementally improve the upper and lower bounds of the solutions of (1.1) near zero
and at infinity, starting at a certain level and then proceeding by induction until reaching very
close to the desired asymptotic profile. Another family of sub/super-solutions will be needed to
bridge the gap. We illustrate this point in Subsection 1.4 when outlining the ideas in the proof
of Theorem 3.1 in Section 3.

Notation and definitions. For every x ∈ RN \ {0}, z ∈ [0,∞) and ξ ∈ RN , we define

Gτ (x, z, ξ) :=
zτ |ξ|1−τ

|x|τ+1
if 0 < τ < 1 and Gτ (x, z, ξ) :=

|ξ|
|x|

if τ = 0.

We denote by C1
c (Ω \ {0}) the space of C1(Ω \ {0})-functions with compact support in Ω \ {0}.

Let Lρ[u] be the following linear operator

Lρ[u] := ∆u− (N − 2 + 2ρ)
x · ∇u
|x|2

. (1.26)

Definition 1. By a solution of (1.1) we mean any non-negative function u ∈ C1(Ω \ {0}) that
satisfies (1.1) in Ω \ {0} in the sense of distributions, that is,∫

Ω

∇u · ∇φdx+ (N − 2 + 2ρ)

∫
Ω

x · ∇u
|x|2

φdx− λ

∫
Ω

Gτ (x, u,∇u)φdx+

∫
Ω

|x|θuqφdx = 0

for all φ ∈ C1
c (Ω \ {0}). Similarly, we define a sub-solution (respectively, super-solution) of (1.1)

by replacing the equal sign in the above identity by “≤” (respectively, “≥”), where the resulting
inequality is to be applied to all non-negative functions φ ∈ C1

c (Ω \ {0}).

1.4. Strategy for proving our main results. We summarise the main ideas in the proofs of
Theorems 1.4 and 1.1.

In the first part of this paper, we classify all the behaviours near zero for the positive solutions
of (1.1), assuming θ < −2 and ρ, λ ∈ R. In Section 2, we only assume that fρ(β) > 0 and
using suitable sub/super-solutions (Lemma 2.2) and the a priori estimates in Lemma B.1 (see
Appendix B), we prove in Theorem 2.1 that every positive sub-solution u of (1.1) satisfies

lim sup
|x|→0

|x|βu(x) ≤ Λ, where Λ = [fρ(β)]
1

q−1 . (1.27)
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In turn, given any positive super-solution u of (1.1) such that

for every η > 0, we have lim
|x|→0

|x|β−ηu(x) = ∞, (1.28)

we establish the optimal lower bound

lim inf
|x|→0

|x|βu(x) ≥ Λ. (1.29)

In Section 3, we show that when θ < −2 and fρ(β) > 0, excluding β ∈ (ϖ2(ρ), 0) in Case [N2],
we always have (1.28) for every positive super-solution u of (1.1) (see Theorem 3.1). The assertion
of (P1) in Theorem 1.4 follows from Theorems 2.1 and 3.1. We split the proof of Theorem 3.1
into two parts. In the first part, we impose an additional assumption, β ≤ −ρ, when λ > 0 and
τ ∈ (0, 1). For any δ > 0 small and α > 0, we construct a family {wδ,α}δ>0 of positive radial sub-
solutions of (1.1) on annuli {δ < |x| < r1(α)} such that lim|x|→0 |x|β−α(limδ↘0 wδ,α(|x|)) = c > 0,
wδ,α(|x|) is zero for |x| = δ and is dominated by u(x) for |x| = r1(α) (see Lemma 3.2). By the
comparison principle, u ≥ wδ,α in {δ < |x| < r1(α)}. Letting δ → 0 and |x| → 0, we get
(1.28). The additional restriction imposed in the first part will be removed in the second part,
see Section 3.2. But unlike the first part of the proof of Theorem 3.1, it seems very difficult to
obtain (1.28) with just one family of sub-solutions. This difficulty appears specifically to λ > 0
and τ ∈ (0, 1). We propose a new approach, which we adapt also in later sections to deal with
similar challenges for other ranges of our parameters. We carefully design an iterative scheme,
the starting point of which is to establish that (see Lemma 3.4)

for every η > 0 small lim
|x|→0

|x|−ρ+ηu(x) = ∞.

This first step requires a modification of the sub-solutions wδ,α. The purpose of the iterative
scheme is to incrementally improve the lower bounds for the super-solution u, ensuring also that
the process leads to (1.28) after a finite number of steps, say k∗. To determine k∗, we let M1 = ρ
and construct a suitable decreasing sequence {Mk}k≥1 that converges to 0 if ρ < Υ and to
−ϖ1(ρ) (which is less than −β) when ρ ≥ Υ (in Case [N2]). So, there exists k∗ ≥ 1 large such
that Mk∗+1 ≤ −β < Mk∗ . At each stage j = 1, . . . , k∗ of the iteration, we devise a new family of

positive radial sub-solutions {vj,δ}δ>0 of (1.1) for 0 < |x| < r
1/α
∗ such that vj,δ(|x|) is dominated

by u(x) for |x| = r
1/α
∗ , limr→0+ r

−mjvj,δ(r) ∈ (0,∞) and limr→0 r
mj+1+ν(limδ→0 vj,δ(r)) = c > 0

for sufficiently small ν > 0. The definition of vj,δ involves mj and mj+1, which help us measure
the jump from one step of the iteration to the next. We define mj to be very close to Mj (for

1 ≤ j ≤ k∗) with m1 = ρ − ε and mk∗+1 = −β
(
1 + ε1/k∗

)
for small enough ε > 0. By the

choice of m1 < ρ and the starting point (Lemma 3.4), we have lim|x|→0 u(x)/v1,δ(|x|) = ∞. By

the comparison principle, u(x) ≥ v1,δ(x) for all 0 < |x| ≤ r
1/α
∗ . Letting δ → 0 and |x| → 0, we

improve the estimate to lim inf |x|→0 |x|−m2+νu(x) ≥ c > 0. This ensures that u(x) dominates

v2,δ(|x|) for |x| > 0 small and, by the comparison principle, for all 0 ≤ |x| ≤ r
1/α
∗ . By induction

on j = 1, . . . , k∗ and the definition of mk∗+1, we arrive at (1.28).
In Section 4, we show that whenever β ∈ (ϖ1(ρ), 0) in Case [N1] or Case [N2], then every

positive super-solution of (1.1) satisfies

lim inf
|x|→0

|x|ϖ1(ρ)u(x) > 0. (1.30)

We first prove a weaker version of (1.30): for every η > 0, we have lim|x|→0 |x|ϖ1(ρ)−ηu(x) = ∞.

When Υ ≤ ρ < λ1/(τ+1) in Case [N2], then we conclude the latter property by modifying the
proof of Lemma 3.4 (see Proposition 4.5). In turn, in Case [N1] or if ρ ≥ λ1/(τ+1) in Case [N2],
then we fix µ ∈ (0, η) and in (4.5) we construct positive radial sub-solutions {uδ}δ>0 of (1.1) in
{δ < |x| < 1/e}, which vanish on |x| = δ and are dominated by u(x) on |x| = r0 for r0 ∈ (0, 1/e),
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where Br0(0) ⊂⊂ Ω. Since limr→0+ r
ϖ1(ρ)| log r|µ(limδ→0 uδ(r)) = c > 0, we obtain the desired

weaker property via the comparison principle (see Proposition 4.2). Finally, we fix ε > 0 small and
reach (1.30) by comparing u with positive radial sub-solutions {zδ,ε}δ∈(0,1) of (1.1) in Brε(0)\{0}
satisfying the following: limr→0 r

ϖ1(ρ)−εδzδ,ε(r) = c > 0, u(x) ≥ zδ,ε(|x|) on |x| = rε (for every

δ ∈ (0, 1)) and limr→0+ r
ϖ1(ρ)(limδ→0 zδ,ε(r)) = c > 0 (see Section 4.2).

In Section 5, we give sufficient conditions for a positive radial super-solution Φ of Lρ,λ,τ [Φ] = 0
for |x| > 0 small to be an asymptotic model near zero for a given positive solution u of (1.1).

In Section 6, we prove the assertion (N) in Theorem 1.4: if β ∈ (ϖ1(ρ), 0) in Case [N1]
or β ∈ (ϖ1(ρ), ϖ2(ρ)] in Case [N2] with ρ > Υ, then for every positive solution u of (1.1),
there exists a ∈ R+ so that lim|x|→0 |x|ϖ1(ρ)u(x) = a (see Theorem 6.1). Since (1.30) holds, by

Theorem 5.5, it remains to prove lim sup|x|→0 |x|ϖ1(ρ)u(x) = a <∞. We use lim|x|→0 |x|βu(x) =
0 (Corollary 2.3) and a comparison with suitable super-solutions (see Proposition 6.2).

In Section 7, we establish the assertions of (Z1) and (Z2) in Theorem 1.4. We adapt the
ideas in the proof of Theorem 4.1 to show that every positive super-solution u of (1.1) satisfies
lim inf |x|→0 |x|ϖ1(ρ)| log |x||pu(x) > 0, where p = 1/(q − 1) (respectively, p = 2/(q − 1)) in
the settings of (Z1) (respectively, (Z2)) in Theorem 1.4. By comparison with adequate super-
solutions, we derive that lim sup|x|→0 |x|ϖ1(ρ)| log |x||pu(x) < ∞ for every positive sub-solution

u of (1.1). We obtain the optimal constants by following the same strategy as in Theorem 2.1,
adapting the construction of sub-super-solutions to our case.

Section 8 is devoted to the proof of the trichotomy stated in (P0) of Theorem 1.4. We compare
a positive solution u of (1.1) with Φϖ2(ρ) via b = lim sup|x|→0 u(x)/Φϖ2(ρ)(|x|). If b ∈ R+, then

the alternative (ii) in (P0) follows from Theorem 5.5. We show that the alternative (i) and (iii)
in (P0) corresponds to b = 0 and b = ∞, respectively, see Theorem 8.1. We need different
arguments when ρ = Υ (see Sections 8.2 and 8.4) compared with ρ > Υ (see Sections 8.1 and
8.3) given the different expression of Φϖ2(ρ). We illustrate the ideas for ρ > Υ. If b = 0,

then we show that for every ε > 0, we have lim|x|→0 |x|ϖ2(ρ)−εu(x) = 0 by a comparison with
suitable super-solutions of (1.1). This is the starting point for an iterative scheme leading to
lim|x|→0 |x|ϖ1(ρ)+ηu(x) = 0 for η > 0 arbitrary. Finally, by another construction of radial super-

solutions, we get lim sup|x|→0 |x|ϖ1(ρ)u(x) = a < ∞. We conclude the alternative (i) in (P0) of

Theorem 1.4 from Theorem 5.5. If b = ∞ (for ρ > Υ), then by a comparison with suitable radial
sub-solutions of (1.1), we show that for every ε0 > 0 small, lim|x|→0 |x|ϖ2(ρ)+ε0u(x) = ∞. This
is the first step in an iterative scheme to incrementally improve the lower bound to attain (1.28).
We set up the iterative scheme in the spirit of Proposition 3.6, although we need to alter the
definition of {mj}. From (1.27) and (1.29), we obtain the alternative (iii) in (P0) of Theorem 1.4.

In the second part of the paper, we prove the optimal condition, fρ(β) > 0, for the existence of
positive solutions of (1.1) in RN \ {0} and fully describe the set of all such solutions for θ < −2.

In Section 9, we show that if fρ(β) ≤ 0, then there are no positive solutions of (1.1) in
RN \ {0}. Indeed, assuming u to be such a solution, we prove that lim|x|→0 |x|βu(x) = 0, which

by the modified Kelvin transform, yields lim|x|→∞ |x|βu(x) = 0. This leads to a contradiction.
To complete the proof of Theorem 1.1, we need two major ingredients, apart from Theorem 1.4.

First, we reveal all the asymptotic profiles at infinity that can coexist with those at zero for the
positive solutions of (1.1) in RN \{0} other than Uρ,β . This is done in Theorem 10.1 in Section 10.
The behaviours at infinity are many and split according to various regimes of the parameters.
The strategy for proving Theorem 10.1 is summarised in Section 10.1. Second, for each of
the possibilities presented in Theorem 10.1, we show that there exists a positive (increasing)
radial solution of (1.1) in RN \ {0} which, by the comparison principle, turns out to be unique.
These existence and uniqueness results, also stated in (i) and (ii) of Theorem 1.1, are proved in
Theorems 11.1, 12.1 and 13.1 in Sections 11, 12 and 13, respectively.
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In Appendix A, we show the effect that the modified Kelvin transform has on a positive
solution u of (1.1) in B1(0) \ {0}, leading to Corollary 1.3 being a consequence of Theorem 1.1.
For the reader’s convenience, we give two strong maximum principles (Lemmas A.1 and A.2) and
two comparison principles (Lemmas A.3 and A.4) often used in the paper. By the comparison
principle, we mean either Lemma A.3 or Lemma A.4 as explained in Remark A.6 in Appendix A.

In Appendix B we collect a few results such as the a priori estimates in Lemma B.1, gradient
estimates and a spherical Harnack-type inequality in Proposition B.3, the proofs of which are
obtained by combining well-known techniques. Such results have previously appeared in related
contexts (see, for example, [13, 15, 16, 21]), although we need to adjust their proofs because of
the introduction of the term λuτ |∇u|1−τ/|x|1+τ . We also include other auxiliary results invoked
in the paper (Corollaries B.5 amd B.6, Lemma B.7), which rely on ideas similar to those in [15].

In Appendix C, we capture the classification in Theorem 1.4 for each Case [Nj ] with j = 0, 1, 2
(see Table 1). The findings of our Theorem 1.1 and Corollary 1.3 are summed up in Table 2.

Acknowledgements. The research of the first two authors was supported by the Australian
Research Council (ARC) under grant DP220101816. The second author was also partially sup-
ported by the ARC grant DP190102948.

Part 1. Proof of Theorem 1.4

2. Sharp upper bounds when fρ(β) > 0

Our main result in this section is as follows.

Theorem 2.1. Let (1.2) hold and ρ, λ, θ ∈ R be such that fρ(β) > 0. We obtain the following.

(a) Every positive sub-solution u of (1.1) satisfies (1.27).
(b) If u is a positive super-solution of (1.1) such that (1.28) holds, then u satisfies the optimal

(lower) inequality (1.29).
(c) For any positive solution u of (1.1), we have the following dichotomy:

either lim
|x|→0

|x|βu(x) = 0 or lim
|x|→0

u(x)

Uρ,β(x)
= 1. (2.1)

Proof. We prove the assertions of (a) and (b) simultaneously. Suppose that u is a positive sub-
solution of (1.1) in relation to (a) (respectively, a positive super-solution of (1.1) satisfying (1.28)
in relation to (b)). Let r0 ∈ (0, 1) be small such that Br0(0) ⊂⊂ Ω.

For (a), to obtain the optimal inequality (1.27) (respectively, (1.29) for (b)), we fix C > Λ
(respectively, C ∈ (0,Λ)) arbitrary and for ηC > 0 chosen small (depending on C), we construct a
one-parameter family {P+

η }η∈(0,ηC) (respectively, {P−
η }η∈(0,ηC)) of positive radial super-solutions

(respectively, sub-solutions) of (1.1) in B1(0) \ {0} satisfying:

(i) (P±
η )′(r) ̸= 0 for every r ∈ (0, 1);

(ii) u(x) ≤ P+
η (|x|) (respectively, u(x) ≥ P−

η (|x|)) for all x ∈ ∂Br0(0);

(iii) u(x) ≤ P+
η (|x|) (respectively, u(x) ≥ P−

η (|x|)) for every |x| > 0 small enough;

(iv) lim|x|→0 |x|β(limη↘0 P
±
η (|x|)) = C.

The properties (i)–(iii) will be satisfied for each η ∈ (0, ηC). Then, the comparison principle
(see Remark A.6 in Appendix A) gives that u(x) ≤ P+

η (|x|) (respectively, u(x) ≥ P−
η (|x|)) for

all x ∈ Br0(0) \ {0}. Since η ∈ (0, ηC) was arbitrary, by letting η → 0, we arrive at

u(x) ≤ lim
η↘0

P+
η (|x|) (respectively, u(x) ≥ lim

η↘0
P−
η (|x|)) for every 0 < |x| ≤ r0.

In view of (iv), we have lim sup|x|→0 |x|βu(x) ≤ C (respectively, lim inf |x|→0 |x|βu(x) ≥ C). By

letting C ↘ Λ (respectively, C ↗ Λ), we conclude (1.27) (respectively, (1.29)).
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The crucial ingredient in the proof is the construction of {P±
η }η∈(0,ηC) with the properties

(i)–(iv). For the motivation behind such a construction, see [17, Section 5.1], where τ = 1 and
ρ = (2−N)/2. Here, we introduce a simpler family of sub-super-solutions than in [17].

Construction of a family {P±
η }η∈(0,ηC) with the properties (i)–(iv).

We fix ν > 0 small (depending on u and r0) such that

max
|x|=r0

u(x) ≤ Λr−β
0 (1 + r0/ν) (respectively, min

|x|=r0
u(x) ≥ Λr−β

0 (1 + r0/ν)
−1).

Let η and α be positive constants. We define

P±
η,α,ν(r) := C r−β∓η

(
1 +

rα√
αν

)±1

for every r ∈ (0, 1], (2.2)

where C > Λ for P+
η,α,ν(r) and C ∈ (0,Λ) for P−

η,α,ν(r). Then, by Lemma 2.2, there exist
ηC , αC > 0 such that by fixing α ∈ (0,min{1, αC}) and letting η ∈ (0, ηC) arbitrary, we have

Lρ,λ,τ [P
+
η,α,ν(|x|)] ≤ |x|θ[P+

η,α,ν(|x|)]q in B1(0) \ {0},

Lρ,λ,τ [P
−
η,α,ν(|x|)] ≥ |x|θ[P−

η,α,ν(|x|)]q in B1(0) \ {0}.
(2.3)

Since α and ν are fixed, we simply write P±
η instead of P±

η,α,ν in (2.2). Then, P+
η (respectively,

P−
η ) is a positive radial super-solution (respectively, sub-solution) of (1.1) in B1(0)\{0} satisfying

properties (i), (ii) and (iv) (at the beginning of the proof of Theorem 2.1). Finally, we derive (iii)
from lim|x|→0 u(x)/P

+
η (|x|) = 0, which follows from Lemma B.1 in Appendix B. On the other

hand, P−
η satisfies (iii) because of the assumption (1.28), which yields lim|x|→0 P

−
η (|x|)/u(x) = 0.

Lemma 2.2 (Sub-super-solutions). Let (1.2) hold and fρ(β) > 0. Set Λ = [fρ(β)]
1/(q−1).

Then, for every C > Λ for P+
η,α,ν(r) and every C ∈ (0,Λ) for P−

η,α,ν(r), there exist small
ηC , αC ∈ (0, |β|/3) such that for every η ∈ (0, ηC), α ∈ (0, αC) and ν > 0 arbitrary, we have
(P±

η,α,ν)
′(r) ̸= 0 for all r ∈ (0, 1) and (2.3) holds.

Proof. The assumption fρ(β) > 0 implies that β ̸= 0. We fix C > Λ for P+
η,α,ν and C ∈ (0,Λ)

for P−
η,α,ν , where ν > 0 is arbitrary. In what follows, we let r ∈ (0, 1), while α, η ∈ (0, |β|/3) are

small enough (depending on C). We define ψη,α,ν(r), Vη,α,ν(r) and Z
±
η,α,ν(r) by

ψη,α,ν(r) =

(
1 +

rα√
αν

)−1

∈ (0, 1), Vη,α,ν(r) = − [η − α+ αψη,α,ν(r)] /β

Z±
η,α,ν(r) = (η − α) [η − α± 2 (β + ρ)]± 2α [β + ρ± (η − α)]ψη,α(r) + α2ψ2

η,α(r)

(
1± rα√

αν

)
.

For simplicity of notation, we drop the subscript ν from P±
η,α,ν , ψη,α,ν , Vη,α,ν and Z±

η,α,ν . Note

that lim(η,α)→(0,0) Z
±
η,α(r) = lim(η,α)→(0,0) Vη,α(r) = 0 uniformly in r ∈ (0, 1). Using that

β2 + 2ρβ + λ|β|1−τ = fρ(β),

we choose ηC ∈ (0, |β|/3) and αC ∈ (0, |β|/3) small to ensure that |Vη,α(r)| < 1/2 and

β2 + 2ρβ + Z+
η,α(r) + λ|β|1−τ |1 + Vη,α(r)|1−τ ≤ Cq−1 in the case of P+

η,α

β2 + 2ρβ + Z−
η,α(r) + λ|β|1−τ |1− Vη,α(r)|1−τ ≥ Cq−1 in the case of P−

η,α

(2.4)

for every r ∈ (0, 1), η ∈ (0, ηC) and α ∈ (0, αC). Using Lρ[·] introduced in (1.26), we arrive at

(P±
η,α)

′(r) = −β
P±
η,α(r)

r
(1± Vη,α(r)) ̸= 0,

Lρ[P
±
η,α(r)] = (P±

η,α)
′′(r) + (1− 2ρ)

(P±
η,α)

′(r)

r
=
P±
η,α(r)

r2
[
β2 + 2ρβ + Z±

η,α(r)
]
.

(2.5)



14 HUYUAN CHEN, FLORICA C. CÎRSTEA, AND ALEKSANDAR MILADINOVIC

It follows that

Lρ,λ,τ [P
±
η,α(r)] = Lρ[P

±
η,α(r)] + λ

(P±
η,α(r))

τ |(P±
η,α)

′(r)|1−τ

r1+τ

=
P±
η,α(r)

r2
[
β2 + 2ρβ + Z±

η,α(r) + λ|β|1−τ |1± Vη,α(r)|1−τ
]
.

(2.6)

We conclude (2.3) from (2.6) using (2.2) and (2.4). The proof of Lemma 2.2 is complete. □

(c) For any positive solution u of (1.1), using Lemma B.1 in Appendix B, we have

either lim
|x|→0

|x|βu(x) = 0 or lim sup
|x|→0

|x|βu(x) ∈ (0,∞). (2.7)

Since fρ(β) > 0, we get that, for every c ∈ (0,Λ], the function c|x|−β is a positive radial sub-
solution of (1.1) in RN \ {0}. Hence, in the latter case of (2.7), by Corollary B.5 in Appendix B,
we have lim inf |x|→0 |x|βu(x) > 0 so that (1.28) holds. By (a) and (b) above, we find that

lim|x|→0 |x|βu(x) = Λ. This ends the proof of Theorem 2.1. □

Corollary 2.3. Let (1.2) hold and fρ(β) ≤ 0 with β ̸= 0. Then, every positive sub-solution u of
(1.1) satisfies lim|x|→0 |x|βu(x) = 0.

Proof. Let C > 0 be arbitrary. For η, α, ν > 0, we define P+
η,α,ν as in (2.2). Then, since fρ(β) ≤ 0

and β ̸= 0, the proof of Lemma 2.2 gives the existence of small constants ηC , αC > 0 such that
(2.4) holds for every r ∈ (0, 1), η ∈ (0, ηC), α ∈ (0, αC) and ν > 0. Hence, the function P+

η,α,ν is
a positive radial super-solution of (1.1) in B1(0) \ {0}. The proof of Theorem 2.1 (a) yields that
lim sup|x|→0 |x|βu(x) ≤ C. By letting C ↘ 0, we conclude that lim|x|→0 |x|βu(x) = 0. □

Remark 2.4. If β = 0 in Corollary 2.3, then we later prove that lim|x|→0 u(x) = 0 for every
positive solution u of (1.1), see Proposition 9.2.

3. Proof of Assertion (P1) in Theorem 1.4

From Theorem 2.1 and Theorem 3.1 below, we conclude the claim of (P1) in Theorem 1.4.

Theorem 3.1. Let (1.2) hold, β < 0 and fρ(β) > 0 in Case [Nj ] with j ∈ {0, 1, 2}. In addition,
in Case [N2], we assume β < ϖ1. Let u be any positive super-solution of (1.1). Then,

for every η > 0, we have lim
|x|→0

|x|β−ηu(x) = ∞. (3.1)

3.1. Proof of Theorem 3.1: Part I. Let u be a positive super-solution of (1.1) in the frame-
work of Theorem 3.1. If Case [N0](b) or Case [N2] holds, then we assume, in addition, that

β ≤ −ρ. (3.2)

Let α > 0 be fixed and r∗ ∈ (0, log 2) be small such that B
r
1/α
∗

(0) ⊂⊂ Ω. To obtain (3.1), we

compare u with a suitable family of sub-solutions {wδ,α}δ∈(0,r
1/α
∗ )

of (1.1) in δ < |x| < r
1/α
∗ .

For c ∈ (0,Λ] fixed and every δ ∈ (0, r
1/α
∗ ), we define

wδ,α(r) = c r−β
(
er

α

− eδ
α
)

for all r ∈ [δ, r
1/α
∗ ]. (3.3)

By Lemma 3.2, wδ,α in (3.3) is a positive sub-solution of (1.1) in δ < |x| < r
1/α
∗ , that is,

Lρ,λ,τ [wδ,α(r)] ≥ rθ(wδ,α(r))
q for every δ < r < r

1/α
∗ . (3.4)

Moreover, using that β < 0, we find that w′
δ,α(r) > 0 for every r ∈ (δ, r

1/α
∗ ) since

w′
δ,α(r) = −βr−1 wδ,α(r) + c α r−β+α−1er

α

. (3.5)
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We diminish c = c(α, u) > 0 in (3.3), for example, c = min {Λ,min|x|=r
1/α
∗

u(x)} to ensure

that u ≥ wδ,α on ∂B
r
1/α
∗

(0). Then, since wδ,α = 0 on ∂Bδ(0), by the comparison principle, we

get u(x) ≥ wδ,α(|x|) for every δ < |x| < r
1/α
∗ . By letting δ → 0 and then |x| → 0, we get

lim inf
|x|→0

|x|β−αu(x) ≥ c > 0. (3.6)

Since α > 0 is arbitrary, from (3.6) we conclude the proof of Part I of Theorem 3.1.

Lemma 3.2. For any c ∈ (0,Λ], α > 0 and δ ∈ (0, r
1/α
∗ ), letting wδ,α as in (3.3), we have (3.4).

Proof. Let r ∈ (δ, r
1/α
∗ ) be arbitrary. We will write wδ instead of wδ,α. Since r∗ ∈ (0, log 2) and

c ∈ (0,Λ], using that q > 1 and β = (θ + 2)/(q − 1), we have

rθ+2wq−1
δ (r) = cq−1

(
er

α

− eδ
α
)q−1

≤ Λq−1 = fρ(β) = β (β + 2ρ) + λ|β|1−τ . (3.7)

Hence, we conclude (3.4) by showing that

Lρ,λ,τ [wδ(r)] ≥ Λq−1 wδ(r)/r
2. (3.8)

Using (3.5), we obtain that

Lρ[wδ(r)] = β (β + 2ρ) r−2wδ(r) + (−2ρ− 2β + α)α cr−β+α−2er
α

+ c α2r2α−β−2er
α

,

λ
wτ

δ (r)|w′
δ(r)|1−τ

r1+τ
= λ |β|1−τ wδ(r)

r2

(
1 +

α c r−β+α

|β|wδ(r)
er

α

)1−τ

.
(3.9)

Proof of (3.8) in Case [N0](a) or Case [N1].
We use that (1+a)1−τ ≤ 1+(1− τ) a for every a > 0 with equality when τ = 0. Hence, since

either τ = 0 or λ ≤ 0, from (3.9), we infer that

λ
wτ

δ (r)|w′
δ(r)|1−τ

r1+τ
≥ λ|β|1−τr−2 wδ(r) + λ|β|−τ (1− τ)α c r−β+α−2er

α

. (3.10)

From the first identity in (3.9) and (3.10), we have

Lρ,λ,τ [wδ(r)] ≥ Λq−1 r−2wδ(r) + α cBαr
−β+α−2er

α

, (3.11)

where Bα := −2ρ − 2β + λ|β|−τ (1 − τ) + α. Remark that β < 0 and fρ(β) > 0 imply that
Bα = fρ(β)/|β| − β − λτ |β|−τ + α > 0 (as τ = 0 or λ ≤ 0). Thus, (3.11) implies (3.8).

Proof of (3.8) in Case [N0](b) or Case [N2]. Here, we also assume (3.2). Note that (3.10)
does not apply since λ > 0 and τ ∈ (0, 1). From (3.9) and the assumption β ≤ −ρ, we find that

Lρ[wδ(r)] ≥ β (β + 2ρ) wδ(r)/r
2 and λ

wτ
δ (r)|w′

δ(r)|1−τ

r1+τ
≥ λ|β|1−τ wδ(r)/r

2.

By adding these inequalities and using (3.7), we conclude (3.8).
The proof of Lemma 3.2 is now complete. □

Remark 3.3. Let (1.2) hold, β < 0 and fρ(β) > 0. If ρ ≤ 0 in Case [N0](b), then (3.2) always

holds. In Case [N2], we have λ1/(τ+1) > Υ. Moreover, when

ρ ≥ λ1/(τ+1) in Case [N2], (3.12)

then f̃ρ(−ρ) = fρ(−ρ)/ρ = λρ−τ − ρ ≤ 0 so that ϖ1 ≤ −ρ < −(λτ)1/(τ+1) < ϖ2 (and ϖ1 = −ρ
when ρ = λ1/(τ+1)). This means that when (3.12) holds, then (3.2) is equivalent to β < ϖ1.
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3.2. Proof of Theorem 3.1: Part II. Let u be a positive super-solution of (1.1) in the
framework of Theorem 3.1. In this part, we address the remaining ranges of β in Case [N0](b)
and Case [N2], namely,

0 < −β < ρ < Υ (in Case [N0](b)) and β ∈ (−ρ,ϖ1) for Υ ≤ ρ < λ
1

τ+1 (in Case [N2]) (3.13)

and show that u satisfies (3.1). We reach this aim in Proposition 3.6 by a new iterative scheme,
which after finitely many steps leads to (3.1). The starting point of this scheme is the following.

Lemma 3.4. Let q > 1, λ > 0 and τ ∈ (0, 1). If 0 < ρ < λ1/(τ+1) and β > −ρ, then every
positive super-solution u of (1.1) satisfies

for every η > 0 small, lim
|x|→0

|x|−ρ+ηu(x) = ∞. (3.14)

Remark 3.5. In Lemma 3.4, we don’t need β < 0. Also in Case [N2], we don’t require β < ϖ1

since we don’t use fρ(β) > 0. Reasoning as in Part I, by replacing β by −ρ in the definition of
wδ,α in (3.3) and using that fρ(−ρ) = −ρ2 + λρ1−τ > 0, we get only that for every η > 0,

lim
|x|→0

|x|−ρ−ηu(x) = ∞.

Hence, we need to construct another family of sub-solutions to reach (3.14).

Proof. Since 0 < ρ < λ1/(1+τ) and β > −ρ, we can choose 0 < α < min{ρ, ρ+β} small such that

c∗ := ρ2
(
λρ−1−τ − 1

)
− 2α

[
2α+ λ (1− τ) ρ−τ

]
e > 0. (3.15)

Let t∗ ∈ (0, 1) be small such that (1 − t)1−τ ≥ 1 − 2 (1− τ) t for every t ∈ (0, t∗). We diminish
α > 0 such that αe < ρ t∗. Observe that as ε→ 0+,

fρ(− (1 + ε) ρ) =
(
ε2 − 1

)
ρ2 + λ (1 + ε)

1−τ
ρ1−τ = ρ2

(
λρ−τ−1 − 1

)
+ λ (1− τ) ρ1−τε(1 + o(1)).

Hence, we fix ε ∈ (0, α/ρ) small such that

fρ(− (1 + ε) ρ) > ρ2
(
λρ−τ−1 − 1

)
. (3.16)

Claim: For every η ∈ (0, α− ρε), we have (3.14).

Proof of the Claim. We show that for every c ∈ (0, c
1/(q−1)
∗ ) and δ > 0, the function zδ is

a positive radial sub-solution of (1.1) in B1(0) \ {0}, where we define

zδ(r) = c r(1+ε)ρ
(
er

α

− e−δ
)−1

for all r ∈ (0, 1). (3.17)

Let δ > 0 be arbitrary. We need to prove that zδ satisfies

Lρ,λ,τ [zδ(r)] ≥ rθzqδ (r) for all r ∈ (0, 1). (3.18)

Proof of (3.18). Fix r ∈ (0, 1) arbitrary. Using (3.17), λ > 0 and 0 < αe < ρt∗ < ρ, we get

z′δ(r) = (1 + ε) ρ
zδ(r)

r

(
1− αrαer

α

(1 + ε) ρ (erα − e−δ)

)
> 0, (3.19)

λ
zτδ (r)|z′δ(r)|1−τ

r1+τ
≥ λ [(1 + ε) ρ]

1−τ zδ(r)

r2

[
1− 2 (1− τ)α rαer

α

(1 + ε)ρ (erα − e−δ)

]
. (3.20)

On the other hand, since ερ < α and r ∈ (0, 1), we find that

Lρ[zδ(r)] >
zδ(r)

r2

{
ρ2(ε2 − 1)− α [2ερ+ α (1 + rα)] rαer

α

erα − e−δ

}
>
zδ(r)

r2

[
ρ2(ε2 − 1)− 4α2rαer

α

erα − e−δ

] (3.21)
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By adding the inequalities in (3.20) and (3.21), then using (3.15) and (3.16), we arrive at

Lρ,λ,τ [zδ(r)] >
zδ(r)

r2

[
fρ(−ρ (1− ε))− 2α [2α+ λ (1− τ) ρ−τ ] rαer

α

erα − e−δ

]
> c∗

zδ(r)

r2
.

On the other hand, since 0 < α < ρ+ β, q > 1 and c ∈ (0, c
1/(q−1)
∗ ), we have

rθ+2zq−1
δ (r) = cq−1

(
er

α

− e−δ
)1−q

r(q−1)(β+ρ+ερ) ≤ cq−1r(q−1)(β+ρ+ερ−α) ≤ c∗.

This completes the proof of (3.18). □

Let r0 ∈ (0, 1) be small such that Br0(0) ⊂⊂ Ω. We diminish c > 0 in (3.17) such that

c < min|x|=r0 u(x). Thus, since α < ρ, we have zδ(r0) ≤ crερ+ρ−α
0 < c ≤ u(x) for all |x| = r0.

By Remark 3.5, we have lim|x|→0 u(x)/zδ(|x|) = ∞ so that by the comparison principle, we get
u(x) ≥ zδ(|x|) for all 0 < |x| ≤ r0 and δ > 0. By letting δ → 0 and then |x| → 0, we obtain

lim inf
|x|→0

|x|α−ρ−ρεu(x) ≥ c > 0. (3.22)

Since η ∈ (0, α− ρε), from (3.22) we infer (3.14). This proves the Claim and Lemma 3.4. □

We are now ready to complete the proof of Theorem 3.1 by establishing the following result.

Proposition 3.6. Let q > 1, λ > 0 and τ ∈ (0, 1). If (3.13) holds, then u satisfies (3.1).

Proof. We assume that either 0 < −β < ρ < Υ or β ∈ (−ρ,ϖ1) for Υ ≤ ρ < λ1/(τ+1).
Define {Mk}k≥1 as follows:

M1 = ρ and Mk+1 =

(
Mk (2ρ−Mk)

λ

) 1
1−τ

for every k ≥ 1. (3.23)

Since ρ < λ1/(τ+1), by induction, Mk ∈ (0, ρ) for every k ≥ 2 and {Mk}k≥1 is decreasing. Indeed,

M2 = (ρ2/λ)1/(1−τ) < ρ =M1. Assuming that Mk < ρ for k ≥ 2, then

ρ1+τM1−τ
k+1 < λM1−τ

k+1 =Mk(2ρ−Mk) ≤ ρ2

so that Mk+1 < ρ. Hence, Mk ∈ (0, ρ) for every k ≥ 2.
Assuming that Mk < Mk−1 for k ≥ 2, we find

λ
(
M1−τ

k+1 −M1−τ
k

)
= (Mk −Mk−1) (2ρ−Mk −Mk−1) < 0,

which implies that Mk+1 < Mk. Hence, {Mk}k≥1 is decreasing and limk→∞Mk = M∞ ∈ [0, ρ).
Letting k → ∞ in (3.23), we get fρ(−M∞) = 0. In fact,

limk→∞Mk = 0 if ρ < Υ (in Case [N0](b)), (3.24)

limk→∞Mk = −ϖ1 < −β if Υ ≤ ρ < λ1/(τ+1) (in Case [N2]). (3.25)

For (3.24), we use that fρ(t) = t2 + 2ρt + λ|t|1−τ > 0 for every t < 0 so that M∞ = 0. For
(3.25), using that y 7−→ y (2ρ− y) is increasing on (0, ρ), Mk ∈ (0, ρ) for k ≥ 2 and fρ(ϖ1) = 0,
by (3.23), M1 = ρ > −ϖ1 and induction, we find that Mk > −ϖ1 for all k ≥ 1. As the negative
roots of fρ are ϖ1 and ϖ2 with ϖ1 ≤ ϖ2, we conclude (3.25).

Hence, there exists k∗ ≥ 1 large such that

Mk∗+1 ≤ −β < Mk∗ . (3.26)

Fix η > 0 arbitrary. In what follows, let ε ∈ (0, 1) be small as needed. In particular,

|β| ε
1
k∗ < η. (3.27)
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We define mk for every 1 ≤ k ≤ k∗ + 1 as follows

m1 = ρ− ε, mk =Mk

(
1 + ε1/(k−1)

)
for 2 ≤ k ≤ k∗ and mk∗+1 = −β

(
1 + ε1/k∗

)
. (3.28)

We let ε > 0 small enough to ensure that mk+1 < mk for every 1 ≤ k ≤ k∗ and

m2
j − 2ρmj + λm1−τ

j+1 > 0 for all 1 ≤ j ≤ k∗. (3.29)

Indeed, we have m2
1 − 2ρm1 + λm1−τ

2 > ε2. By the definition of {Mk}k≥1 in (3.23), we find that

m2
j − 2ρmj + λm1−τ

j+1 =M2
j − 2ρMj + λM1−τ

j+1 + λM1−τ
j+1 (1− τ) ε

1
j (1 + o(1))

= λM1−τ
j+1 (1− τ) ε

1
j (1 + o(1)) > 0 as ε→ 0+

for every 2 ≤ j ≤ k∗ − 1. Similarly, when j = k∗ in (3.29), using (3.26), we get

m2
k∗

− 2ρmk∗ + λm1−τ
k∗+1 =M2

k∗
− 2ρMk∗ + λ|β|1−τ + λ|β|1−τ (1− τ) ε

1
k∗ (1 + o(1))

≥ λ|β|1−τ (1− τ) ε
1
k∗ (1 + o(1)) as ε→ 0+.

(3.30)

Hence, for ε > 0 fixed small enough, we have (3.29).
From (3.28) and the choice of ε > 0, we have |β|/2 < mk∗+1/2 < mk/2 for all 1 ≤ k ≤ k∗.

Let ν > 0 be sufficiently small such that

0 < ν < |β|min{ε1/k∗ , 1/2},

m2
j − 2ρmj + λ (mj+1 − 2ν)

1−τ ≥ 1

2
(m2

j − 2ρmj + λm1−τ
j+1 ) for all 1 ≤ j ≤ k∗.

(3.31)

Construction of a family of sub-solutions. Fix α ∈ (0, ε) and c > 0 such that

cq−1 ≤ 1

2
min

1≤j≤k∗
(m2

j − 2ρmj + λm1−τ
j+1 ). (3.32)

For every 1 ≤ j ≤ k∗ and δ > 0, we define vj,δ(r) by

vj,δ(r) = c rmj

(
er

α

− e−δ
)mj+1−mj−ν

α

for all r ∈ (0, 1]. (3.33)

We show that there exists r∗ ∈ (0, 1) small such that for every 1 ≤ j ≤ k∗, the function vj,δ

in (3.33) is a positive radial sub-solution of (1.1) on 0 < |x| < r
1/α
∗ , namely,

Lρ,λ,τ [vj,δ(r)] ≥ rθvqj,δ(r) for all r ∈ (0, r
1/α
∗ ). (3.34)

Proof of (3.34). We fix r∗ ∈ (0, 1) small such that B
r
1/α
∗

(0) ⊂⊂ Ω and for all t ∈ (0, r∗),

tet

et − 1
< 1 +

ν

mj −mj+1 + ν
for every 1 ≤ j ≤ k∗. (3.35)

Let 1 ≤ j ≤ k∗ be arbitrary. In what follows, we understand that r ∈ (0, r
1/α
∗ ) is arbitrary.

Using (3.35) and mj+1 < mj , we find that

v′j,δ(r) =
vj,δ(r)

r

(
mj + (mj+1 −mj − ν)

rαer
α

erα − e−δ

)
>
vj,δ(r)

r

(
mj + (mj+1 −mj − ν)

rαer
α

erα − 1

)
> (mj+1 − 2ν)

vj,δ(r)

r
> 0.

(3.36)
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Moreover, we obtain that

Lρ[vj,δ(r)] =
vj,δ(r)

r2

{
m2

j − 2ρmj + [2 (mj − ρ) + α+ αrα] (mj+1 −mj − ν)
rαer

α

erα − e−δ

+(mj −mj+1 + ν) (mj −mj+1 + α+ ν)
r2αe2r

α

(erα − e−δ)2

}
.

(3.37)

Our choice of α ∈ (0, ε) yields α < ρ − m1 ≤ ρ − mj . Since mj+1 < mj , we see that in

the expression of Lρ[vj,δ(r)], the coefficients of rαer
α

/(er
α − e−δ) and r2αe2r

α

/(er
α − e−δ)2 are

positive. Thus, we obtain that

Lρ[vj,δ(r)] ≥
vj,δ(r)

r2
(
m2

j − 2ρmj

)
.

This, jointly with (3.36), implies that

Lρ,λ,τ [vj,δ(r)] ≥
vj,δ(r)

r2

[
m2

j − 2ρmj + λ (mj+1 − 2ν)
1−τ
]
. (3.38)

Hence, in view of (3.31) and (3.32), we get that

Lρ,λ,τ [vj,δ(r)] ≥
vj,δ(r)

r2
1

2
min

1≤j≤k∗
(m2

j − 2ρmj + λm1−τ
j+1 ) ≥ cq−1 vj,δ(r)

r2
. (3.39)

By our choice of ν > 0 and (3.28), we have

ν < −β ε1/k∗ = mk∗+1 + β ≤ mj+1 + β,

θ + 2 + (mj+1 − ν) (q − 1) > θ + 2− β (q − 1) = 0.
(3.40)

Hence, we see that

rθ+2vq−1
j,δ (r) = cq−1rmj(q−1)+θ+2

(
er

α

− e−δ
) (mj+1−mj−ν)(q−1)

α

≤ cq−1rmj(q−1)+θ+2
(
er

α

− 1
) (mj+1−mj−ν)(q−1)

α

≤ cq−1rθ+2+(mj+1−ν)(q−1) ≤ cq−1 for all r ∈ (0, r
1/α
∗ ).

This and (3.39) prove that for every 1 ≤ j ≤ k∗, the function vj,δ in (3.33) satisfies (3.34).

Proof of Proposition 3.6 concluded. We let c > 0 in (3.33) small enough such that
c < min|x|=r

1/α
∗

u(x). Hence,

vj,δ(|x|) ≤ u(x) for every |x| = r
1/α
∗ and all 1 ≤ j ≤ k∗. (3.41)

From Lemma 3.4, we have lim|x|→0 |x|−ρ+εu(x) = ∞ if ε > 0 is small enough. Hence, recalling
that m1 = ρ− ε, we find that

u(x) ≥ v1,δ(|x|) for |x| > 0 close to zero. (3.42)

By (3.41) with j = 1 and the comparison principle (see (3.36)), we obtain that

u(x) ≥ v1,δ(|x|) for all 0 < |x| ≤ r
1/α
∗ .

By letting δ → 0 and then |x| → 0, we arrive at lim inf |x|→0 |x|−m2+νu(x) ≥ c. This shows that
u(x) ≥ v2,δ(|x|) for |x| > 0 close to zero. In view of (3.34) with j = 2 and (3.41), we again

can use the comparison principle to infer that u(x) ≥ v2,δ(|x|) for all 0 < |x| ≤ r
1/α
∗ . Then, by

induction on j = 1, . . . , k∗, we find that

u(x) ≥ vk∗,δ(|x|) for all 0 < |x| ≤ r
1/α
∗ .
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Passing to the limit δ → 0, we arrive at

lim inf
|x|→0

|x|−mk∗+1+νu(x) ≥ c, (3.43)

where mk∗+1 = −β
(
1 + ε1/k∗

)
< η−β (see (3.27) and (3.28)). Consequently, from (3.43), we get

lim|x|→0 |x|β−ηu(x) = ∞. Since η > 0 was arbitrary, we conclude the proof of Proposition 3.6. □

In view of Subsections 3.1 and 3.2, the proof of Theorem 3.1 is complete. □

4. Sharp lower bounds when β > ϖ1 in Case [Nj ] with j ∈ {1, 2}

Theorem 4.1. Let (1.2) hold. Assume that β > ϖ1 in either Case [N1] or Case [N2]. Then,
every positive super-solution u of (1.1) satisfies

lim inf
|x|→0

|x|ϖ1u(x) > 0. (4.1)

To establish (4.1) under the assumptions of Theorem 4.1, we first show that

for every η > 0, we have lim
|x|→0

|x|ϖ1−ηu(x) = ∞. (4.2)

• For Case [N1], as well as Case [N2] with ϖ1 ≤ −ρ, we obtain (4.2) from Proposition 4.2.
• For Case [N2] with ϖ1 > −ρ, we conclude (4.2) from Proposition 4.5.

In Section 4.1, we state and prove Propositions 4.2 and 4.5. Using these ingredients, we give
the proof in Theorem 4.1 in Section 4.2.

4.1. Critical ingredients for proving Theorem 4.1.

Proposition 4.2. Let (1.2) hold and β > ϖ1 in Case [Nj ] with j ∈ {1, 2}. In Case [N2], we
also assume ϖ1 ≤ −ρ. Let u be any positive super-solution of (1.1). Then,

for every η > 0,we have lim
|x|→0

|x|ϖ1 |log |x||η u(x) = ∞. (4.3)

Proof. Let µ > 0 be arbitrary. We define c0 = c0(µ) > 0 by

c0(µ) :=


[µ|ϖ1|]

1
q−1 inf

r∈(0,1/e]

(
rϖ1−β | log r|µ−

1
1−q

)
in Case [N1],

[µ(µ+ 1)]
1

q−1 inf
r∈(0,1/e]

(
rϖ1−β | log r|µ−

2
1−q

)
in Case [N2].

(4.4)

Let c ∈ (0, c0) and δ ∈ (0, 1/e) be arbitrary. For every δ ≤ r ≤ 1/e, we define uδ(r) by

uδ(r) := c r−ϖ1
[
| log r|−µ − | log δ|−µ

]
. (4.5)

Lemma 4.3. In the framework of Proposition 4.2, the function uδ in (4.5) is a positive sub-
solution of (1.1) on {δ < |x| < 1/e}.

Proof. In what follows, we show that

Lρ,λ,τ [uδ(r)] ≥ rθ (uδ(r))
q for every δ < r < 1/e. (4.6)

Let δ < r < 1/e be arbitrary. We remark that

u′δ(r) = |ϖ1| r−1uδ(r) + cµr−1−ϖ1 | log r|−µ−1 > |ϖ1| r−1uδ(r) > 0. (4.7)

After a routine calculation, we see that

Lρ[uδ(r)] = ϖ1 (ϖ1 + 2ρ)
uδ(r)

r2
+ cµr−2−ϖ1 | log r|−µ−1

[
−2 (ρ+ϖ1) +

µ+ 1

log (1/r)

]
. (4.8)
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• If Case [N1] holds, then since λ < 0 or τ = 0, by using (4.7), we find that

λ
uτδ (r)|u′δ(r)|1−τ

r1+τ
≥ λ |ϖ1|−τr−1u′δ(r) = λ|ϖ1|1−τr−2uδ(r) + λcµ|ϖ1|−τr−2−ϖ1 | log r|−µ−1.

• If Case [N2] holds, then using (4.7), we get

λ
uτδ (r)|u′δ(r)|1−τ

r1+τ
≥ λ|ϖ1|1−τr−2uδ(r).

Since ϖ1 < 0 satisfies fρ(ϖ1) = 0 (and, in addition, ρ+ϖ1 ≤ 0 in Case [N2]), we arrive at

Lρ,λ,τ [uδ(r)] ≥

{
cµ|ϖ1|r−2−ϖ1 | log r|−µ−1 if Case [N1] holds,

cµ (µ+ 1) r−2−ϖ1 | log r|−µ−2 if Case [N2] holds.
(4.9)

On the other hand, the right-hand side of (4.6) is bounded above by

cqrθ−qϖ1 | log r|−µq. (4.10)

Since c ∈ (0, c0(µ)) with c0(µ) given in (4.4), we deduce that for each r ∈ (δ, 1/e), the quantity
in (4.10) is less than or equal to the right-hand side of (4.9). This proves (4.6). □

Proof of Proposition 4.2 completed. Let u be any positive super-solution of (1.1). Fix
r0 ∈ (0, 1/e) such that Br0(0) ⊂⊂ Ω. We let c = cµ ∈ (0, c0(µ)) small such that

cµ ≤ rϖ1
0 min

∂Br0 (0)
u.

This implies that u ≥ uδ on ∂Br0(0). Since uδ = 0 on ∂Bδ(0) and (4.6) holds, using (4.7) and
the comparison principle, we get u(x) ≥ uδ(|x|) for all δ ≤ |x| ≤ r0. By letting δ → 0, we have

u(x) ≥ cµ |x|−ϖ1 [log (1/|x|)]−µ for every x ∈ Br0(0) \ {0}. (4.11)

Let η > 0 be arbitrary. By choosing µ ∈ (0, η), from (4.11), we conclude the proof of (4.3). □

Remark 4.4. In the framework of Proposition 4.2, we cannot conclude (4.1) from (4.11) by
letting µ→ 0 since cµ ∈ (0, c0(µ)) and c0(µ) → 0 as µ→ 0+, see (4.4).

Proposition 4.5. Let (1.2) hold and β ≥ ϖ1 > −ρ in Case [N2]. Then, every positive super-
solution u of (1.1) satisfies (4.2).

Proof. The assumption ϖ1 > −ρ in Case [N2] implies that Υ ≤ ρ < λ1/(τ+1). Indeed, if we

assume ρ ≥ λ1/(τ+1), then f̃ρ(−ρ) = λρ−τ − ρ ≤ 0, leading to ϖ1 ≤ −ρ < ϖ2, a contradiction.
Therefore, the assumptions in Lemma 3.4 are satisfied so that (3.14) is valid (see also Remark 3.5).

Let η > 0 be arbitrary. We fix η0 > 0 small such that

0 < η0 < min {η, ρ+ϖ1}. (4.12)

We adapt the ideas in the proof of Proposition 3.6, replacing β there by ϖ1 − η0. We define
{Mk}k≥1 as in (3.23). As before {Mk}k≥1 is decreasing and since we are in Case [N2], we have

lim
k→∞

Mk = −ϖ1 < −ϖ1 + η0. (4.13)

Recall that M1 = ρ > −ϖ1 + η0. In view of (4.12) and (4.13), there exists k∗ ≥ 1 such that

Mk∗+1 ≤ −ϖ1 + η0 < Mk∗ .

Let ε ∈ (0, 1) be small as needed. Instead of (3.27), we let ε > 0 satisfy

(−ϖ1 + η0) ε
1
k∗ < η − η0. (4.14)
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In (3.28), (3.30), (3.31) and (3.40) we replace β by ϖ1−η0. Hence, using that −ϖ1+η0 > −ϖ1 ≥
−β, we recover that θ + 2 + (mj+1 − ν) (q − 1) > 0 for every 1 ≤ j ≤ k∗. All the arguments in
the proof of Proposition 3.6 hold, leading to (3.43), namely,

lim inf
|x|→0

|x|−mk∗+1+νu(x) ≥ c, (4.15)

where here mk∗+1 = (−ϖ1 + η0)
(
1 + ε1/k∗

)
. From (4.14) and (4.15), we conclude (4.2). □

4.2. Proof of Theorem 4.1. We assume that β > ϖ1 in either Case [N1] or Case [N2]. Let u
be a positive super-solution of (1.1). We show that u satisfies (4.1).

From Propositions 4.2 and 4.5, we know that

for every η > 0, it holds lim
|x|→0

|x|ϖ1−ηu(x) = ∞. (4.16)

We fix ε > 0 small. Then, we let r0 ∈ (0, 1) be small as needed such that Br0(0) ⊂⊂ Ω. To
finish the proof of Theorem 4.1, we need to construct a family of positive radial sub-solutions
{zδ,ε}δ∈(0,1) of (1.1) in Brε(0) \ {0}, where rε ∈ (0, r0) is independent of δ, such that

(A) For each δ ∈ (0, 1), we have lim|x|→0+ u(x)/zδ,ε(|x|) = ∞;
(B) For some constant c > 0, we have limr→0+ r

ϖ1(limδ→0+ zδ,ε(r)) = c.
(C) For every r ∈ (0, rε) and each δ ∈ (0, 1), we have z′δ,ε(r) > 0.

The construction of the sub-solutions {zδ,ε}δ∈(0,1) is non-trivial and challenging because we

need the property (B) to hold, whereas |x|−ϖ1 is a super-solution of (1.1) since Lρ,λ,τ [|x|−ϖ1 ] = 0.

Construction of {zδ,ε}δ>0 satisfying the properties (A)–(C).
Let ε > 0 and c > 0 be fixed. For every δ ∈ (0, 1) and r, t > 0, we define

zδ,ε(r) := c rε−ϖ1

(
1− e−rε

)δ−1

,

h(t) =
t e−t

1− e−t
∈ (0, 1) and φδ(t) := 1− (1− δ)h(t) ∈ (0, 1).

(4.17)

In view of (4.16), we readily see that zδ,ε in (4.17) satisfies the property (A). The property (B)
is easily verified. By differentiating zδ,ε(r) with respect to r, we get

z′δ,ε(r) = |ϖ1|
zδ,ε(r)

r

(
1 +

εφδ(r
ε)

|ϖ1|

)
> 0. (4.18)

Hence, the property (C) also holds. Remark that 1 − e−t > te−t for every t > 0, which implies
that φδ(t) > 0 for every t > 0. Moreover, for every δ ∈ (0, 1), we have

φ′
δ(t) =

(1− δ) e−t

(1− e−t)2
(t− 1 + e−t) > 0 for all t > 0. (4.19)

In Lemma 4.6 below, we show that there exist rε ∈ (0, 1) and cε > 0 such that for all c ∈ (0, cε)
and δ ∈ (0, 1), the function zδ,ε in (4.17) a sub-solution of (1.1) in Brε(0) \ {0}, namely,

Lρ,λ,τ [zδ,ε(r)] ≥ rθ(zδ,ε(r))
q for every 0 < r < rε. (4.20)

Assuming (4.20), we complete the proof of Theorem 4.1 as follows. If necessary, we diminish
c ∈ (0, cε) such that min|x|=rε u(x) ≥ c (rε)

ε−ϖ1(1− e−(rε)
ε

)−1. This ensures that

u(x) ≥ zδ,ε(|x|) for all x ∈ ∂Brε(0) and every δ ∈ (0, 1).

From (4.16) and the property (A), we have u(x) ≥ zδ,ε(|x|) for every |x| > 0 small, where
δ ∈ (0, 1) is arbitrary. Using (C) and the comparison principle (see Remark A.6), we find that

u(x) ≥ zδ,ε(|x|) for every 0 < |x| ≤ rε and all δ ∈ (0, 1).
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Now, using the property (B), we get lim inf |x|→0 |x|ϖ1u(x) ≥ c > 0, which proves (4.1).
It remains to establish Lemma 4.6, which is stated next.

Lemma 4.6. Under the assumptions of Theorem 4.1, for every ε > 0 small, there exist constants
cε > 0 and rε ∈ (0, r0) such that for all c ∈ (0, cε) and δ ∈ (0, 1), the function zδ,ε in (4.17) is a
positive radial sub-solution of (1.1) in Brε(0) \ {0}.

Proof. We fix ε > 0 small as needed (see (4.31)). To simplify the writing, we drop the subscript
ε when referring to zδ,ε. Let r ∈ (0, 1) be arbitrary. Using (4.18) and (4.19), we obtain that

Lρ[zδ(r)] =
zδ(r)

r2
[
ϖ2

1 + 2ρϖ1 − 2ε (ϖ1 + ρ)φδ(r
ε) + ε2φ2

δ(r
ε) + ε2rεφ′

δ(r
ε)
]

≥ zδ(r)

r2
[
ϖ2

1 + 2ρϖ1 − 2ε (ϖ1 + ρ)φδ(r
ε) + ε2φ2

δ(r
ε)
]
.

(4.21)

Moreover, we have

λGτ (zδ(r)) = λ |ϖ1|1−τ zδ(r)

r2

(
1 +

εφδ(r
ε)

|ϖ1|

)1−τ

. (4.22)

Since fρ(ϖ1) = ϖ2
1 + 2ρϖ1 + λ|ϖ1|1−τ = 0 and either Case [N1] or Case [N2] holds, we have

λ|ϖ1|−τ (1− τ)− 2ϖ1 − 2ρ = |ϖ1|(1− λτ |ϖ1|−τ−1). (4.23)

In Case [N1], as well as in Case [N2] with ρ > Υ, we have

|ϖ1|(1− λτ |ϖ1|−τ−1) = (q − 1)γq−1 > 0. (4.24)

• Let Case [N1] hold. Then, we obtain that

λGτ (zδ(r)) ≥ λ |ϖ1|1−τ zδ(r)

r2

(
1 +

ε (1− τ) φδ(r
ε)

|ϖ1|

)
.

Using (4.21) and (4.23), we see that

Lρ,λ,τ [zδ(r)] ≥
zδ(r)

r2
εφδ(r

ε)
[
λ |ϖ1|−τ (1− τ)− 2ϖ1 − 2ρ

]
= (q − 1) γq−1 zδ(r)

r2
εφδ(r

ε).

(4.25)

• Let Case [N2] hold. We point that ϖ1 = −(λτ)1/(τ+1) if ρ = Υ. Thus, we have

λ|ϖ1|−τ (1− τ)− 2ϖ1 − 2ρ = |ϖ1|
(
1− λτ |ϖ1|−τ−1

)
= 0 if ρ = Υ. (4.26)

Fix ν ∈ (0, 1). Let tν > 0 be small such that(
1 +

t

|ϖ1|

)1−τ

≥ 1 +
(1− τ)

|ϖ1|
t− τ (1− τ) (1 + ν)

2ϖ2
1

t2 for every t ∈ (0, tν). (4.27)

We let ε ∈ (0, tν). Since φδ(r
ε) ∈ (0, 1), using (4.22), (4.27) and λ > 0, we obtain that

λGτ (zδ(r)) ≥ λ |ϖ1|1−τ zδ(r)

r2

(
1 +

(1− τ)

|ϖ1|
εφδ(r

ε)− τ (1− τ) (1 + ν)

2ϖ2
1

ε2φ2
δ(r

ε)

)
. (4.28)

From (4.21), (4.27), (4.24) (when ρ > Υ) and (4.26) (when ρ = Υ), it follows that

Lρ,λ,τ [zδ(r)] ≥ (q − 1) γq−1 zδ(r)

r2
εφδ(r

ε) if ρ > Υ,

Lρ,λ,τ [zδ(r)] ≥
zδ(r)

r2
ε2φ2

δ(r
ε)

[
1− (1− τ)(1 + ν)

2

]
if ρ = Υ.

(4.29)
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Proof of Lemma 4.6 concluded. We define a > 0 as follows

a = (q − 1) γq−1 in Case [N1], as well as in Case [N2] with ρ > Υ,

a = 1− (1− τ) (1 + ν)

2
in Case [N2] when ρ = Υ.

(4.30)

Since q > 1, ϖ1 < 0 and β ∈ (ϖ1, 0), we can fix ε > 0 small such that

0 < ε <
(q − 1) (β −ϖ1)

2
. (4.31)

Let c ∈ (0, cε) be arbitrary, where cε > 0 is defined by

cε =
(εa
3

) 1
q−1

in Case [N1] as well as Case [N2] with ρ > Υ,

cε =

(
ε2a

5

) 1
q−1

in Case [N2] with ρ = Υ.

(4.32)

Observe that φδ(t) ≥ limδ→0 φδ(t) := φ0(t) for each t > 0 and every δ ∈ (0, 1). In Case [N1]
and also in Case [N2] with ρ > Υ, we have proved that for every r ∈ (0, 1) and δ ∈ (0, 1),

Lρ,λ,τ [zδ(r)] ≥ εaφδ(r
ε)
zδ(r)

r2
≥ εaφ0(r

ε)
zδ(r)

r2
, (4.33)

whereas in Case [N2] with ρ = Υ, we have

Lρ,λ,τ [zδ(r)] ≥ ε2aφ2
δ(r

ε)
zδ(r)

r2
≥ ε2aφ2

0(r
ε)
zδ(r)

r2
. (4.34)

On the other hand, the right-hand side of (4.20) is given by

rθ(zδ(r))
q = cq−1 rθ+2+(ε−ϖ1)(q−1)

(
1− e−rε

)(δ−1)(q−1) zδ(r)

r2

≤ cq−1 rθ+2+(ε−ϖ1)(q−1)
(
1− e−rε

)−(q−1) zδ(r)

r2
.

In view of (4.31) and β = (θ + 2)/(q − 1), we get

rθ(zδ(r))
q ≤ cq−1rε(q+1)

(
1− e−rε

)−(q−1) zδ(r)

r2
. (4.35)

To compare the right-hand sides of (4.33) (respectively, (4.34)) and (4.35), we remark that

lim
t→0+

tq(1− e−t)−(q−1)

1− h(t)
= 2 and lim

t→0+

tq+1(1− e−t)−(q−1)

(1− h(t))
2 = 4,

where h(t) is defined in (4.17). Thus, there exists t∗ ∈ (0, 1) small such that for all t ∈ (0, t∗),

tq(1− e−t)−(q−1) ≤ 3 (1− h(t)) and tq+1(1− e−t)−(q−1) ≤ 5 (1− h(t))
2
. (4.36)

Hence, from (4.32), (4.35) and (4.36), we see that for every r ∈ (0, t
1/ε
∗ ),

rθ(zδ(r))
q ≤ 3 cq−1φ2

0(r
ε)
zδ(r)

r2
≤ εaφ0(r

ε)
zδ(r)

r2
(4.37)

in Case [N1], as well as in Case [N2] with ρ > Υ.

In turn, if Case [N2] holds with ρ = Υ, then for every r ∈ (0, t
1/ε
∗ ), we have

rθ(zδ(r))
q ≤ 5 cq−1φ0(r

ε)
zδ(r)

r2
≤ ε2aφ2

0(r
ε)
zδ(r)

r2
. (4.38)

By combining (4.33) and (4.37) in Case [N1], as well as in Case [N2] with ρ > Υ, respectively,

using (4.34) and (4.38) in Case [N2] with ρ = Υ, we arrive at (4.20), where rε = t
1/ε
∗ .

The proof of Lemma 4.6 (and, hence, of Theorem 4.1) is now complete. □
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5. Asymptotic profiles via solutions (super-solutions) of Lρ,λ,τ [·] = 0

5.1. On the operator Lρ,λ,τ [·]. We give useful properties of Φϖ2(ρ) and Ψϖ1(ρ) in Case [N2].
• If ρ > Υ in Case [N2], the functions Ψϖ1(ρ)(r) and Φϖ2(ρ)(r) defined for every r > 0 by

Ψϖ1(ρ)(r) = r−ϖ1 and Φϖ2(ρ)(r) = r−ϖ2 ,

are positive radial solutions of Lρ,λ,τ [·] = 0 in RN \ {0}.

In the rest of this subsection, we assume Case [N2] with ρ = Υ, that is,

λ > 0, τ ∈ (0, 1) and ρ = Υ =
τ + 1

2τ
(λτ)

1
1+τ . (5.1)

Then, Φϖ2(ρ) : (0, 1) → (0,∞) and Ψϖ1(ρ) : (1,∞) → (0,∞) are given by (see (1.9) and (1.8))

Φϖ2(ρ)(r) = r−ϖ2 [log (1/r)]
2

1+τ for every r ∈ (0, 1), (5.2)

Ψϖ1(ρ)(t) = t−ϖ1(log t)
2

1+τ for every t > 1. (5.3)

Our arguments rely frequently on explicit positive radial super-solutions Φ of

Lρ,λ,τ [Φ(x)] = 0 for |x| > 0 small (5.4)

or positive radial super-solutions Ψ of

Lρ,λ,τ [Ψ(x)] = 0 for |x| > 1 large. (5.5)

• The function Φ = Φϖ2(ρ) in (5.2) is a positive radial super-solution of (5.4) (see Lemma 5.1).

• For every α ∈ (0, 2/(1 + τ)), it can be checked that Ψ = Ψα(r) = r−ϖ1 (log r)
α
(defined for

r > 1) is a positive radial super-solution of (5.5). This result does not extend to α = 2/(1 + τ).
• If β < ϖ1, then Ψϖ1(ρ) in (5.3) is a sub-solution of (1.1) for |x| > 1 large (see Lemma 5.2).
• For (5.5), we provide a positive radial super-solution that is asymptotically equivalent to

Ψϖ1(ρ)(|x|) as |x| → ∞, see Lemma 5.3. This fact plays a critical role in Corollary 5.12. When
β < ϖ1, we will use Lemma 5.3 to rule out the existence of positive solutions u of (1.1) in
RN \ {0} satisfying lim|x|→∞ u(x)/Ψϖ1(ρ)(|x|) = 0 (see Proposition 10.5).

Note that under the assumptions in (5.1), for j = 1, 2, we have

ϖ1 = ϖ2 = −(λτ)1/(τ+1), fρ(ϖj) = ϖ2
j + 2ρϖj + λ|ϖj |1−τ = 0,

2 (ϖj + ρ) = λ (1− τ) |ϖj |−τ .
(5.6)

Lemma 5.1. Let ρ = Υ in Case [N2]. Then, there exists r∗ ∈ (0, 1) such that Φϖ2(ρ) in (5.2) is
a positive radial super-solution of (5.4) for 0 < |x| < r∗ and Φ′

ϖ2(ρ)
(r) > 0 for all r ∈ (0, r∗).

Proof. Fix r∗ ∈ (0, 1) such that log (1/r∗) > 2/[(1 + τ) |ϖ2|]. Let r ∈ (0, r∗) be arbitrary. Then,

Φ′
ϖ2(ρ)

(r) =
Φϖ2(ρ)(r)

r

(
−ϖ2 −

2

(1 + τ)

1

log (1/r)

)
> 0. (5.7)

Moreover, it follows that

Lρ,λ,τ [Φϖ2(ρ)(r)] =
Φϖ2(ρ)(r)

r2

[
ϖ2

2 + 2ρϖ2 +
4 (ϖ2 + ρ)

(1 + τ)

1

log(1/r)
+

2 (1− τ)

(1 + τ)2
1

log2(1/r)

+λ|ϖ2|1−τ

(
1− 2

(1 + τ)|ϖ2|
1

log (1/r)

)1−τ
]
.

Using (5.6) and (1− ε)1−τ ≤ 1− (1− τ) ε− τ (1− τ) ε2/2 for every ε ∈ (0, 1), we get

Lρ,λ,τ [Φϖ2(ρ)(|x|)] ≤ 0 for every |x| ∈ (0, r∗).

This finishes the proof of Lemma 5.1. □
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Lemma 5.2. Let (1.2) hold and β < ϖ1 in Case [N2] with ρ = Υ. Then, there exists R∗ > 1

such that the function Ψϖ1(ρ) in (5.3) is a positive radial sub-solution of (1.1) in RN \BR∗(0).

Proof. For the reader’s convenience, we provide the calculations. For every t > 0 small, we have

(1 + t)1−τ ≥ 1 + (1− τ) t− τ (1− τ) t2

2
+
τ
(
1− τ2

)
t3

8
. (5.8)

Since β < ϖ1 and q > 1, there exists R∗ > 1 large such that

rθ+2−(q−1)ϖ1(log r)3+
2(q−1)
1+τ ≤ 1− τ

(1 + τ)2|ϖ1|
for all r ≥ R∗. (5.9)

If necessary, we increase R∗ > 1 to ensure that (5.8) holds for every 0 < t < 2/[(1+τ)|ϖ1| logR∗].
Fix r > R∗ arbitrary. By differentiating (5.3), we have

Ψ′
ϖ1(ρ)

(r) = |ϖ1|
Ψϖ1(ρ)(r)

r

[
1 +

2

(1 + τ)|ϖ1| log r

]
Lρ[Ψϖ1(ρ)(r)] =

Ψϖ1(ρ)(r)

r2

[
ϖ2

1 + 2ρϖ1 −
4 (ϖ1 + ρ)

(1 + τ) log r
+

2 (1− τ)

(1 + τ)2(log r)2

]
,

λGτ [Ψϖ1(ρ)(r)] = λ|ϖ1|1−τ Ψϖ1(ρ)(r)

r2

[
1 +

2

(1 + τ)|ϖ1| log r

]1−τ

.

(5.10)

By the choice of R∗, we find that[
1 +

2

(1 + τ)|ϖ1| log r

]1−τ

≥ 1+
2 (1− τ)

(1 + τ)|ϖ1| log r
− 2τ (1− τ)

(1 + τ)2ϖ2
1 (log r)

2
+

τ (1− τ)

(1 + τ)2|ϖ1|3(log r)3
.

Using this fact, jointly with (5.9) and (5.10), we arrive at

Lρ,λ,τ [Ψϖ1(ρ)(r)] ≥
Ψϖ1(ρ)(r)

r2
(1− τ)

(1 + τ)2|ϖ1|(log r)3
≥ rθΨq

ϖ1(ρ)
(r) (5.11)

for every r > R∗. This completes the proof of Lemma 5.2. □

Lemma 5.3. Assume Case [N2] with ρ = Υ. Then, there exists R1 > 1 large such that

Ψ̃(r) = Ψ̃ϖ1
(r) = r−ϖ1 (log r)

2
1+τ + r−ϖ1 log r for every r > 1 (5.12)

is a positive radial super-solution of Lρ,λ,τ [Ψ̃] = 0 in RN \BR1
(0).

Remark 5.4. (a) In (5.12), we could take the coefficient of r−ϖ1 log r to be any positive constant
C, in which case the constant R1 > 1 will also depend on C.

(b) If in each term of Ψ̃, we replace log r by log (rR1), then the new Ψ̃ is a positive super-

solution of Lρ,λ,τ [·] = 0 in RN \B1(0).

Proof. Fix r > 1 arbitrary. We define P(r) as follows

P(r) =

(
1 +

1

(log r)
1−τ
1+τ

)τ [
1 +

1

(log r)
1−τ
1+τ

+
2

(1 + τ) |ϖ1| log r
+

1

(log r)
2

1+τ

]1−τ

.
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By a routine calculation, we arrive at

Ψ̃′(r) = −ϖ1 r
−ϖ1−1 (log r)

2
1+τ

[
1 +

1

(log r)
1−τ
1+τ

+
2

(1 + τ) |ϖ1| log r
+

1

(log r)
2

1+τ

]
,

Lρ[Ψ̃(r)] = r−ϖ1−2 (log r)
2

1+τ

[
ϖ2

1 + 2ρϖ1 +
ϖ2

1 + 2ρϖ1

(log r)
1−τ
1+τ

− 4 (ϖ1 + ρ)

(1 + τ) log r
− 2 (ϖ1 + ρ)

(log r)
2

1+τ

]
,

λGτ [Ψ̃(r)] = λ
Ψ̃τ (r) |Ψ̃′(r)|1−τ

r1+τ
= λ |ϖ1|1−τr−ϖ1−2 (log r)

2
1+τ P(r).

We next use that (1+b)τ ≤ 1+τb−τ (1− τ) b2/2 and (1+b)1−τ ≤ 1+(1− τ) b−τ (1− τ) b2/2
for every b > 0. Hence, by taking R1 > 1 large enough, we see that for every r > R1, we have

P(r) ≤

(
1 +

τ

(log r)
1−τ
1+τ

− τ (1− τ)

2 (log r)
2(1−τ)
1+τ

)

×

1 +
1− τ

(log r)
1−τ
1+τ

+
2 (1− τ)

(1 + τ) |ϖ1| log r
− τ (1− τ)

2 (log r)
2(1−τ)
1+τ

+
(1− τ)

(
1− 2τ

(1+τ)|ϖ1|

)
(log r)

2
1+τ


≤

(
1 +

1

(log r)
1−τ
1+τ

+
2 (1− τ)

(1 + τ) |ϖ1| log r
+

1− τ

(log r)
2

1+τ

− τ (1− τ)

2 (log r)
3(1−τ)
1+τ

)
.

In light of (5.6), we arrive at

Lρ,λ,τ [Ψ̃(r)] ≤ −λ |ϖ1|1−τ τ (1− τ)

2
r−ϖ1−2 (log r)

3τ−1
1+τ < 0 for every r > R1.

This completes the proof of Lemma 5.3. □

5.2. Asymptotic models provided by Lρ,λ,τ [·] = 0.

Theorem 5.5. Let (1.2) hold and ρ, λ, θ ∈ R. Let u be any positive solution of (1.1).
Let Φ : (0, 2r0) → (0,∞) be a positive C1-function for some small r0 > 0 such that

Lρ,λ,τ [Φ(r)] ≤ 0 for all r ∈ (0, r0), (5.13)

lim
r→0+

rθ+2Φq−1(r) = 0, lim
r→0+

rΦ′(r)

Φ(r)
= −η ∈ R \ {0}, (5.14)

lim sup
|x|→0

u(x)

Φ(|x|)
= µ ∈ (0,∞). (5.15)

If fρ(η) ≤ 0, then we have

lim
|x|→0

u(x)

Φ(|x|)
= µ and lim

|x|→0

x · ∇u(x)
Φ(|x|)

= −µ η. (5.16)

Proof. Without loss of generality, we can assume that r0 > 0 is small such that B4r0(0) ⊂⊂ Ω
and Φ′(r) ̸= 0 for all r ∈ (0, r0) in view of (5.14). For r ∈ (0, r0) fixed, we define

V(r)(ξ) =
u(rξ)

Φ(r)
for every ξ ∈ RN with 0 < |ξ| < r0/r, (5.17)

We show that for every ξ ∈ RN \ {0}, we have

lim
r→0+

V(r)(ξ) = µ|ξ|−η, lim
r→0+

∇V(r)(ξ) = −µ η |ξ|−η−2ξ. (5.18)
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Proof of (5.18). By the comparison principle, using (5.13) and Φ′(r) ̸= 0 for all r ∈ (0, r0),
we can find a constant d > 0, depending only on r0, µ,N, q, θ, ρ, λ, τ and Φ(r0), such that

u(x) ≤ dΦ(|x|) for all 0 < |x| ≤ r0. (5.19)

(We can take d = max {2µ,C0 r
−β
0 /Φ(r0)}, where C0 is given by (B.1).)

We write Φ(r) = r−ηL(r) for r ∈ (0, r0), where L ∈ C1((0, r0)) is a normalised slowly varying
function, that is, limr→0+ rL

′(r)/L(r) = 0. It is known that

lim
r→0+

L(rs)/L(r) = 1 uniformly on each compact s-set in (0,∞).

Thus, from (5.17) and (5.19), we get

0 < V(r)(ξ) ≤ d |ξ|−ηL(r|ξ|)
L(r)

for all 0 < |ξ| < r0/r. (5.20)

In light of Proposition B.3, there exist positive constants d2, d3 and α ∈ (0, 1), depending only
on N, q, θ, ρ, λ and τ such that (B.13) and (B.14) hold, which imply that

|∇V(r)(ξ)| ≤ d2
V(r)(ξ)

|ξ|
and |∇V(r)(ξ)−∇V(r)(ξ′)| ≤ d3

(
V(r)(ξ) + V(r)(ξ

′)
)
|ξ − ξ′|α

|ξ|1+α
(5.21)

for every ξ, ξ′ in RN such that 0 < |ξ| ≤ |ξ′| < r0/r. Observe that V(r) is a positive solution of

Lρ,λ,τ [V(r)(ξ)] = rθ+2Φq−1(r)|ξ|θV q
(r)(ξ) for 0 < |ξ| < r0/r. (5.22)

Since limr→0+ r
θ+2Φq−1(r) = 0 (from (5.14)), using (5.20) and (5.21), for every sequence {rn}n≥1

decreasing to 0, there exists a subsequence {rn}n≥1 such that

V(rn) → V in C1
loc(RN \ {0}), (5.23)

where V is a non-negative C1(RN \ {0}) solution of

Lρ,λ,τ [V (ξ)] = 0 in D′(RN \ {0}). (5.24)

We next show that V (ξ) = µ |ξ|−η for all ξ ∈ RN \ {0}. To this end, we define

v(r) = sup
|x|=r

u(x)

Φ(|x|)
for every r ∈ (0, r0). (5.25)

By (5.15) and Lemma B.7 in Appendix B, we have limr→0+ v(r) = µ ∈ (0,∞). For each n ≥ 1,
let ξrn ∈ SN−1 (the unit sphere in RN ) be such that v(rn) = u(rnξrn)/Φ(rn). Without loss of
generality, by passing to a subsequence, relabelled {ξrn}n≥1, we can assume that ξrn → ξ0 ∈
SN−1 as n→ ∞. Using the definitions of V(r) and v(r), we see that for all n ≥ 1,

|ξ|ηV(rn)(ξ) ≤ v(rn|ξ|)
L(rn|ξ|)
L(rn)

for all 0 < |ξ| < r0/rn,

|ξrn |ηV(rn)(ξrn) = v(rn).

By letting n→ ∞, we obtain that

|ξ|ηV (ξ) ≤ µ for every ξ ∈ RN \ {0} and V (ξ0) = µ ∈ (0,∞). (5.26)

Then, by the strong maximum principle in Lemma A.1 applied to the non-negative C1(RN \{0})
solution V of (5.24), we infer that V > 0 in RN \ {0}. The assumption fρ(η) ≤ 0 yields that

Lρ,λ,τ [µ|ξ|−η] = µfρ(η) |ξ|−η−2 ≤ 0 for every |x| > 0.

By Lemma A.2 (see Appendix A) applied to the positive C1(RN \{0})-solutions u1(ξ) = V (ξ)
and u2(ξ) = µ |ξ|−η of (5.24) with |∇u2(ξ)| ̸= 0 for all ξ ∈ RN \ {0}, we conclude that

V (ξ) = µ |ξ|−η for all ξ ∈ RN \ {0}.
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Thus, using (5.23), for every ξ ∈ RN \ {0}, we obtain that

lim
n→∞

V(rn)(ξ) = µ |ξ|−η and lim
n→∞

∇V(rn)(ξ) = −µ η|ξ|−η−2ξ.

Since {rn}n≥1 was an arbitrary sequence decreasing to zero, we conclude the proof of (5.18).
Letting |ξ| = 1 and x = rξ in (5.18), we reach (5.16). □

Remark 5.6. If τ = 0 in Theorem 5.5, then in (5.14), we can take any η ∈ R. Indeed, when
η = 0, then we use the comparison principle in Lemma A.4 and conclude that V = µ in RN \{0}
as in the proof of Theorem 5.7 under the assumptions of (a1).

We next extend the conclusions of Theorem 5.5 to cover the case Φ = 1.

Theorem 5.7. Let (1.2) hold, ρ, λ ∈ R and θ > −2. Assume any one of the following situations:

(a1) Let τ = 0.
(a2) Let λ > 0 and τ ∈ (0, 1).

Let u be a positive solution of (1.1) satisfying lim inf |x|→0 u(x) = ℓ ∈ (0,∞) or, equivalently,
lim sup|x|→0 u(x) = µ ∈ (0,∞). Then, there exists lim|x|→0 u(x) = ℓ = µ.

Remark 5.8. In Corollary B.5 (see Appendix B), we prove that lim inf |x|→0 u(x) ∈ (0,∞)
is equivalent to lim sup|x|→0 u(x) ∈ (0,∞). If such a solution exists, then necessarily θ > −2.

Indeed, if θ ≤ −2, then lim|x|→0 u(x) = 0 for every positive solution u of (1.1) (see Proposition 9.2
if θ = −2 and Lemma B.1 in Appendix B if θ < −2).

Proof. We adapt the proof of Theorem 5.5, taking Φ(r) = 1 for every r > 0. Clearly, from the
assumption θ > −2, we see that (5.14) holds with η = 0. However, we need to modify some
arguments since here Φ′(r) = 0 for every r > 0.

Let r0 > 0 be small such that B4r0(0) ⊂⊂ Ω and

ℓ/2 ≤ u(x) ≤ 2µ for every 0 < |x| ≤ r0.

Let r ∈ (0, r0) be fixed. For every 0 < |ξ| < r0/r, we define V(r)(ξ) as in (5.17), that is,

V(r)(ξ) = u(rξ) ∈ [ℓ/2, 2µ]. (5.27)

As before, we find that for every sequence {rn}n≥1 decreasing to 0, there exists a subsequence
{rn}n≥1 such that V(rn) → V in C1

loc(RN \ {0}), where V is a positive C1(RN \ {0})-solution of
(5.24). We treat each of the situations (a1) and (a2) separately.

(a1) Let τ = 0. Let v be as in (5.25) with Φ = 1. As in the proof of Theorem 5.5, we recover
that limr→0+ v(r) = µ (see Remark B.8). From (5.26) with η = 0, we deduce that

V (ξ) = µ for every ξ ∈ RN \ {0}
by applying the strong maximum principle in [26, Theorem 2.5.1, p. 34] to Z = µ− V , which is
a non-negative C1(RN \ {0})-solution of

∆Z(x)− (N − 2 + 2ρ)
x · ∇Z(x)

|x|2
− λ

|∇Z(x)|
|x|

= 0 for every x ∈ RN \ {0}.

The rest of the argument in the proof of Theorem 5.5 carries over.

(a2) Let λ > 0 and τ ∈ (0, 1). We define z(r) = min|x|=r u(x) for every r ∈ (0, r0). Since
lim infr→0+ z(r) = ℓ = lim inf |x|→0 u(x), we prove that limr→0+ z(r) = ℓ by establishing that

lim sup
r→0+

z(r) = ℓ. (5.28)

Proof of (5.28). We use our assumptions to construct suitable positive radial sub-solutions
(respectively, super-solutions) of (1.1) in Br∗(0) \ {0} for small r∗ ∈ (0, r0).
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For every c1 > 0, we define c2 = c2(c1, θ, λ, q, τ) > 0 as follows

c2 =
1− τ

θ + 2

(
cq−τ
1

λ

) 1
1−τ

. (5.29)

By a simple calculation, we obtain that for every c ∈ R satisfying |c| > c2 (respectively, |c| < c2),
there exists r∗ = r∗(c1, c) ∈ (0, r0) small such that

Sc1,c(r) = c1 + c r
θ+2
1−τ > 0 for every r ∈ (0, r∗) (5.30)

and Sc1,c is a positive radial sub-solution (respectively, super-solution) of (1.1) in Br∗(0) \ {0}.
Let ℓ0 := lim supr→0+ z(r). Suppose by contradiction that ℓ0 > ℓ. Let {rn}n≥1 be a sequence

of positive numbers decreasing to 0 as n→ ∞ with limn→∞ z(rn) = ℓ0.
Fix ε > 0 small such that ℓ+ ε < ℓ0. In what follows, we need a positive radial sub-solution

of (1.1) in Br∗(0) \ {0}; thus in the definition of Sc1,c(r), we take c1 = ℓ+ ε and fix c ∈ R with
|c| > c2. Since θ > −2 and τ ∈ (0, 1), we have limr→0+ Sc1,c(r) = c1 = ℓ+ ε < ℓ0.

Let n0 ≥ 1 be large so that rn0
< r∗ and z(rn) ≥ Sc1,c(rn) for all n ≥ n0. Thus, for every

n ≥ n0, we have u(x) ≥ z(rn) ≥ Sc1,c(|x|) for every x ∈ ∂Brn(0). Since S′
c1,c(r) ̸= 0 for every

r ∈ (0, r∗), by the comparison principle (see Remark A.6), for all n > n0, we get

u(x) ≥ Sc1,c(|x|) for every rn ≤ |x| ≤ rn0
.

By letting n→ ∞, we get lim inf |x|→0 u(x) ≥ ℓ+ ε, which is a contradiction. □

To conclude that lim|x|→0 u(x) = ℓ, it is enough to show that

V (ξ) = ℓ for all ξ ∈ RN \ {0}. (5.31)

Proof of (5.31). For each n ≥ 1, let ξrn ∈ SN−1 be such that z(rn) = u(rnξrn). Hence, up to
a subsequence, relabelled {ξrn}n≥1, we have ξrn → ξ0 ∈ SN−1 as n→ ∞. Then, for each n ≥ 1,

V(rn)(ξ) ≥ z(rn|ξ|) for all 0 < |ξ| < r0/rn and V(rn)(ξrn) = z(rn).

By letting n→ ∞, we arrive at V (ξ) ≥ ℓ for every ξ ∈ RN \ {0} and V (ξ0) = ℓ ∈ (0,∞).
We define W (x) = V (x)− ℓ ≥ 0 for every x ∈ RN \{0}. Then, we get that W ∈ C1(RN \{0})

is a non-negative distribution solution of

∆W − (N − 2 + 2ρ)
x · ∇W (x)

|x|2
+ λ

(W (x) + ℓ)
τ |∇W (x)|1−τ

|x|1+τ
= 0 in RN \ {0}.

Since λ > 0, the strong maximum principle holds (see [26, Theorem 2.5.1, p. 34]). Thus, since
W (ξ0) = 0 for ξ0 ∈ SN−1, we obtain that W (x) = 0 for every x ∈ RN \ {0}. Hence, for
every ξ ∈ RN \ {0}, we attain (5.31), which leads to limr→0+ V(r)(ξ) = ℓ. This proves that
lim|x|→0 u(x) = ℓ. The proof of Theorem 5.7 is complete. □

Remark 5.9. Under the assumptions of (a2) in Theorem 5.7, we could not extend the argument
in part (a1). Indeed, we see that Z = µ− V is a non-negative C1(RN \ {0})-solution of

∆Z(x)− (N − 2 + 2ρ)
x · ∇Z(x)

|x|2
− λ

[Z(x)]τ |∇Z(x)|1−τ

|x|1+τ
= 0 for every x ∈ RN \ {0}.

When λ > 0 and τ ∈ (0, 1), then the conditions for applying the strong maximum principle
([26, Theorem 2.5.1, p. 34]) would not have been satisfied.

Corollary 5.10. Let (1.2) hold and ρ, λ, θ ∈ R. Let u be an arbitrary positive solution of (1.1).

(a) If β > ϖ1 in Case [Nj ] with j = 1, 2 and lim sup|x|→0 |x|ϖ1u(x) = a ∈ (0,∞), then

lim
|x|→0

|x|ϖ1u(x) = a and lim
|x|→0

|x|ϖ1x · ∇u(x) = −aϖ1. (5.32)
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(b) If β > ϖ2 in Case [N2] and lim sup|x|→0 u(x)/Φϖ2(ρ)(|x|) = b ∈ (0,∞), then

lim
|x|→0

u(x)

Φϖ2(ρ)(|x|)
= b and lim

|x|→0

x · ∇u(x)
Φϖ2(ρ)(|x|)

= −bϖ2.

(For the definition of Φϖ2(ρ), see (1.9).)

Proof. We apply Theorem 5.5 with Φ(r) = r−ϖ1 for (a) and Φ(r) = Φϖ2(ρ)(r) for (b) (see also
Lemma 5.1 when ρ = Υ in Case [N2]). □

Remark 5.11. By applying the modified Kelvin transform, we can restate Corollary 5.10 in
terms of the behaviour at infinity for the positive solutions of (1.1) in a domain of RN containing

RN \BR(0) for some R > 0.

Corollary 5.12. Let (1.2) hold. Assume that β < ϖ1 in Case [N2]. Let u be a positive solution

of (1.1) in a domain of RN containing RN \BR(0) for some R > 0. If u satisfies

lim sup
|x|→∞

u(x)

Ψϖ1(ρ)(|x|)
:= c ∈ (0,∞), (5.33)

where Ψϖ1(ρ) is given by (1.8), then we have

lim
|x|→∞

u(x)

Ψϖ1(ρ)(|x|)
= c and lim

|x|→∞

x · ∇u(x)
Ψϖ1(ρ)(|x|)

= −cϖ1. (5.34)

Proof. We apply the modified Kelvin transform (see Appendix A). We let v(x) = u(x/|x|2) for
0 < |x| < 1/R. Then, defining θ̃ = −θ − 4 and ρ̃ = −ρ, we find that v is a positive solution of

Lρ̃,λ,τ [v] = |x|θ̃vq(x) for every 0 < |x| < 1/R. (5.35)

For every r ∈ (0, 1), we define

Φ(r) = rϖ1(log (1/r))
2

1+τ + rϖ1 log (1/r) if ρ = Υ, Φ(r) = rϖ1 if ρ > Υ.

• If ρ = Υ, then Lemma 5.3 gives r0 ∈ (0, 1) small such that

Lρ̃,λ,τ [Φ(r)] ≤ 0 for every r ∈ (0, r0).

• If ρ > Υ, then Lρ̃,λ,τ [Φ(r)] = 0 for every r ∈ (0, 1).
In either case, the assumption (5.33) means that lim sup|x|→0 v(x)/Φ(|x|) = c ∈ (0,∞). Hence,

we conclude (5.34) from Theorem 5.5 applied to v satisfying (5.35). □

Lemma 5.13. Let (1.2) hold. Assume that ρ ∈ R, θ > −2, τ = 0 and λ = −2ρ. Let u be any
positive solution of (1.1) and c := lim sup|x|→0 u(x)/ log (1/|x|).

(i) If c = ∞, then with β = (θ + 2)/(q − 1) > 0 and fρ(β) as in (1.6), we have

lim
|x|→0

|x|βu(x) = β
2

q−1 = [fρ(β)]
1

q−1 = Λ. (5.36)

(ii) If c ∈ (0,∞), then

lim
|x|→0

u(x)

log (1/|x|)
= c. (5.37)

(iii) If c = 0, then there exists lim|x|→0 u(x) ∈ [0,∞).

Remark 5.14. When Ω = RN in Lemma 5.13, we show later in Proposition 10.3 that the
alternative (iii) cannot occur. In addition, when c = ∞, then u ≡ Uρ,β in RN \ {0}.
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Proof. Note that Lρ,λ,τ [log (1/|x|)] = 0 for every 0 < |x| < 1 since τ = 0 and λ = −2ρ.

(i) Let c = ∞. By Corollary B.6 (see also Remark B.8), we get

lim
|x|→0

u(x)

log (1/|x|)
= ∞. (5.38)

Fix r0 ∈ (0, 1) such that Br0(0) ⊂⊂ Ω. Let d1 > 1 be a constant as in the spherical Harnack-
type inequality of Proposition B.3. Using a similar argument to [15, Lemma 6.4], (for every
positive solution u of (1.1)), we construct a positive radial solution V of (1.1) in Br0(0) \ {0}
such that

u(x)/d1 ≤ V (|x|) ≤ u(x) for every 0 < |x| ≤ r0. (5.39)

For the reader’s convenience, we provide the details. Fix n0 > 1 large such that 1/n0 < r0. For
every integer n ≥ n0, we consider the following boundary value problem

Lρ,λ,τ [v] = |x|θvq for every 1/n < |x| < r0,

v(x) = min
∂B1/n(0)

u for |x| = 1/n,

v(x) = min
∂Br0 (0)

u for |x| = r0.

(5.40)

Remark that u (respectively, u/d1) is a positive super-solution (respectively, sub-solution) of
(5.40). Let Vn be the maximal positive solution of (5.40) with respect to the pair (u/d1, u) of
sub-super-solutions of (5.40). By the radial symmetry of the domain and the data in (5.40), as
well as the invariance of the problem under rotations, we obtain that Vn is radially symmetric.
Moreover, by the sub-super-solutions method and the maximality property of Vn, we have

u(x)/d1 ≤ Vn+1(|x|) ≤ Vn(|x|) ≤ u(x) for every 1/n ≤ |x| ≤ r0.

For every 0 < r ≤ r0, we define
V (r) = lim

n→∞
Vn(r). (5.41)

By virtue of Proposition B.3, we infer that Vn → V in C1
loc(Br0(0) \ {0}) and V is a positive

radial solution of (1.1) in Br0(0) \ {0} satisfying V (r0) = min∂Br0 (0)
u and (5.39).

From (5.38) and (5.39), we see that

lim
r→0+

V (r)

log (1/r)
= ∞. (5.42)

Moreover, there exists a small constant r1 ∈ (0, r0) such that V ′(r) < 0 for every r ∈ (0, r1).
Indeed, if V ′(r∗) = 0 for some r∗ ∈ (0, r0), then ∆V (r∗) = rθ∗[v(r∗)]

q > 0.
We have obtained that V is a positive radial solution of

∆V = |x|θV q in Dr1(0) \ {0}, (5.43)

where by Dr1(0) we denote the open ball in R2 centered at 0 and radius r1. Since V satisfies
(5.42), from [16, Theorem 1.1], it follows that

lim
r→0+

rβV (r) = β
2

q−1 = [fρ(β)]
1

q−1 = Λ. (5.44)

Using (5.39), we obtain that

lim inf
|x|→0

|x|βu(x) ≥ Λ.

In (5.40), we replace min∂B1/n(0) u by max∂B1/n(0) u and min∂Br0
(0) u by max∂Br0

(0) u. With

this change in (5.40), we let vn be the minimal positive solution with respect to the pair (u, d1u)
of sub-super-solutions. Then, as before, vn is radially symmetric and

u(x) ≤ vn(x) ≤ vn+1(x) ≤ d1u(x) for every 1/n ≤ |x| ≤ r0.
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We define v(r) = limn→∞ vn(r) for 0 < r ≤ r0. For r1 > 0 small enough, we obtain that v is a
positive radial solution of (5.43) satisfying (5.42) and u(x) ≤ v(|x|) ≤ d1u(x) for all 0 < |x| ≤ r0.
Therefore, (5.44) holds for v instead of V so that

lim sup
|x|→0

|x|βu(x) ≤ Λ.

This concludes the proof of (5.36).

(ii) Let c ∈ (0,∞). By Theorem 5.5 with Φ(r) = log (1/r) and Remark 5.6, we obtain (5.37).

(iii) Let c = 0. We first show that lim sup|x|→0 u(x) < ∞. Assume the contrary. Then,

by Corollary B.5, we have lim|x|→0 u(x) = ∞. Following exactly the same ideas as in part (i),
we obtain that V in (5.41) is a positive radial solution of (5.43) satisfying limr→0+ V (r) = ∞
and (5.39). By [16, Theorem 1.1], we have either (5.44) or there exists µ ∈ (0,∞) such that
limr→0+ V (r)/ log (1/r) = µ. Either of these situations leads to a contradiction with c = 0.

Hence, lim sup|x|→0 u(x) <∞. This, jointly with Theorem 5.7 leads to lim|x|→0 u(x) ∈ [0,∞).
The proof of Lemma 5.13 is now complete. □

6. Proof of Assertion (N) in Theorem 1.4

The main result in this section is the following.

Theorem 6.1. Let (1.2) hold. Assume that either β ∈ (ϖ1, 0) in Case [N1] or β ∈ (ϖ1, ϖ2] in
Case [N2] with ρ > Υ. Then, for every positive solution u of (1.1), there exists a ∈ R+ such that

lim
|x|→0

|x|ϖ1u(x) = a and lim
|x|→0

|x|ϖ1x · ∇u(x) = −aϖ1. (6.1)

Proof. Let u be any positive solution of (1.1). By Corollary 5.10, we get (6.1) by showing that

a := lim sup
|x|→0

|x|ϖ1u(x) ∈ (0,∞). (6.2)

In light of Theorem 4.1, we have a > 0. It remains to prove that a <∞. This is done next.

Proposition 6.2. In the settings of Theorem 6.1, every positive sub-solution u of (1.1) satisfies

lim sup
|x|→0

|x|ϖ1u(x) <∞. (6.3)

Let ε > 0 be arbitrary. For every r > 0, we define Vε(r) by

Vε(r) =

{
ε+Mr−ϖ1 in Case [N1],

εr−β +Mr−ϖ1 in Case [N2] with ρ > Υ.
(6.4)

Lemma 6.3. For arbitrary M > 0 and R > 0, the function Vε in (6.4) is a positive radial
super-solution of (1.1) in BR(0) \ {0}.

Proof. We separate the proof of Case [N1] from that in Case [N2].

• If Case [N1](b) holds (that is, λ < 0 and τ ∈ (0, 1)), we find that

Lρ,λ,τ [Vε(r)] ≤ Lρ,λ,τ [M r−ϖ1 ] = 0 < rθ(Vε(r))
q for each r > 0. (6.5)

• If Case [N1](a) holds (that is, τ = 0 and λ < 2ρ), then we recover (6.5) in which the first
inequality becomes equality. Thus, in Case [N1], from (6.5), we see that, for every M > 0, the
function Vε is a positive radial super-solution of (1.1) in BR(0) \ {0} with R > 0 arbitrary.
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• In Case [N2] (when ρ ̸= Υ), by a standard computation, for every r > 0, we arrive at

Lρ,λ,τ [Vε(r)] =Mϖ1 (ϖ1 + 2ρ) r−ϖ1−2 + εβ (β + 2ρ) r−β−2

+ λM |ϖ1|1−τr−ϖ1−2

(
1 +

εrϖ1−β

M

)τ (
1 +

εrϖ1−β

M

β

ϖ1

)1−τ

.

Using that λ > 0, ϖ1 < β < 0 and fρ(β) ≤ 0 = fρ(ϖ1), we obtain that

Lρ,λ,τ [Vε(r)] < Mϖ1(ϖ1 + 2ρ)r−ϖ1−2 + εβ(β + 2ρ)r−β−2 + λM |ϖ1|1−τr−ϖ1−2

(
1 +

εrϖ1−β

M

)
=Mr−ϖ1−2fρ(ϖ1) + εr−β−2fρ(β)

= εr−β−2fρ(β) ≤ 0 < rθ[Vε(r)]
q

for every r > 0. This concludes the proof of Lemma 6.3 in Case [Nj ] with j ∈ {1, 2}. □

Proof of Proposition 6.2 concluded. Let r0 ∈ (0, 1/e) be small such that Br0(0) ⊂⊂ Ω.
In the definition of Vε, we fix M > M0 large as needed, depending on u and r0, such that

max
x∈∂Br0

(0)
u(x) ≤ V0(r0) :=Mr−ϖ1

0 . (6.6)

Thus, for every ε > 0, we have u ≤ Vε on ∂Br0(0).
From Corollary 2.3, we have

lim
|x|→0

|x|βu(x) = 0. (6.7)

In view of (6.7), we infer that for every ε > 0, there exists rε ∈ (0, r0) small such that

u(x) ≤ ε|x|−β < Vε(|x|) for all 0 < |x| ≤ rε.

Using that Vε is a positive radial super-solution in Br0(0) \ {0} and V ′
ε (r) ̸= 0 for all r ∈ (0, r0),

by the comparison principle, we arrive at u(x) ≤ Vε(x) for all 0 < |x| ≤ r0. By letting ε→ 0, we
conclude the proof of Proposition 6.2. □

7. Proof of Assertions (Z1) and (Z2) in Theorem 1.4

Throughout this section, we let β = ϖ1 < 0 in Case [Nj ] with j ∈ {1, 2}. We define

p =
1

q − 1
, γ =

(
|ϖ1|(1− λτ |ϖ1|−τ−1)

q − 1

) 1
q−1

in Case [N1] or if ρ > Υ in Case [N2],

p =
2

q − 1
, γ =

(
2 (q + τ)

(q − 1)2

) 1
q−1

if ρ = Υ in Case [N2].

(7.1)

Theorem 7.1. Let (1.2) hold and β = ϖ1 in Case [Nj ] with j ∈ {1, 2}. Let p be given by (7.1).

(A) Every positive super-solution u of (1.1) satisfies

lim inf
|x|→0

|x|ϖ1 | log |x||p u(x) > 0. (7.2)

(B) Every positive sub-solution u of (1.1) satisfies

lim sup
|x|→0

|x|ϖ1 |log |x||p u(x) <∞. (7.3)

Theorem 7.2. Let (1.2) hold and β = ϖ1 in Case [Nj ] with j ∈ {1, 2}.
(a) Then, every positive sub-solution u of (1.1) satisfies

lim sup
|x|→0

|x|ϖ1 | log |x||p u(x) ≤ γ. (7.4)
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(b) Every positive super-solution u of (1.1) satisfies

lim inf
|x|→0

|x|ϖ1 | log |x||p u(x) ≥ γ. (7.5)

7.1. Proof of Theorem 7.1 (A). We adapt the ideas in the proof of Theorem 4.1. We divide
the proof into three Steps.

Step 1. Let u be any positive super-solution of (1.1). Then,

for every η > 0, we have lim
|x|→0

|x|ϖ1−ηu(x) = ∞. (7.6)

Proof of Step 1. We distinguish two situations:

• For Case [N1], as well as Case [N2] with ρ ≥ λ1/(τ+1), we gain (7.6) via Proposition 7.3.
• For Case [N2] with Υ ≤ ρ < λ1/(τ+1), we have already proved (7.6) in Proposition 4.5.

Proposition 7.3. Let (1.2) hold and β = ϖ1 in either Case [N1] or Case [N2] with ρ ≥ λ1/(τ+1).
Then, every positive super-solution u of (1.1) satisfies

lim inf |x|→0 |x|ϖ1 |log |x||1/(q−1)
u(x) > 0 in Case [N1], (7.7)

lim inf |x|→0 |x|ϖ1 |log |x||2/(q−1)
u(x) > 0 in Case [N2]. (7.8)

Proof. We imitate the proof of Proposition 4.2 in which we assign the following meaning to µ:

µ =

{
1/(q − 1) if β = ϖ1 in Case [N1],

2/(q − 1) if β = ϖ1 in Case [N2] with ρ ≥ λ1/(τ+1).
(7.9)

We define c0 = c0(µ) > 0 as follows

c0 = [µ |ϖ1|]
1

q−1 in Case [N1], c0 = [µ (µ+ 1)]
1

q−1 in Case [N2]. (7.10)

Let c ∈ (0, c0) and δ ∈ (0, 1/e) be arbitrary. For every δ ≤ r ≤ 1/e, we let uδ(r) be as in (4.5).
The proof of Lemma 4.3 and of (4.11) in Proposition 4.2 remain valid if we understand that µ
and c0 have here the meaning in (7.9) and (7.10), respectively. From (4.11), we readily conclude
the proof of Proposition 7.3. □

This completes the proof of Step 1. □

Step 2. Construction of a suitable family of sub-solutions {zδ,ε}δ∈(0,1/2) of (1.1).

Proof of Step 2. Let ε > 0 and c > 0 be fixed. For every δ ∈ (0, 1/2) and r ∈ (0, 1), we define

zδ,ε(r) := c rε−ϖ1

(
1− e−rε logp(1/r)

)δ−1

. (7.11)

Lemma 7.4. Under the assumptions of Theorem 7.1, there exists c∗ > 0 such that for every
ε > 0 small, there exists rε ∈ (0, 1) such that for all c ∈ (0, c∗) and δ ∈ (0, 1/2), the function zδ,ε
in (7.11) a sub-solution of (1.1) in Brε(0) \ {0} and, moreover, z′δ,ε(r) > 0 for every r ∈ (0, rε).

Proof. The calculations are in the spirit of Lemma 4.6. Let a > 0 be given by (4.30). We set

c∗ =
(a
2

) 1
q−1
(p
2

)p
.

We fix c ∈ (0, c∗) and ε > 0 small as needed in both Case [N1] and Case [N2]. Let δ ∈ (0, 1/2)
be arbitrary. We define h and φδ as in (4.17). For every r ∈ (0, 1), we define

Tδ,ε(r) = ε+ (δ − 1)h (rε logp(1/r))

(
ε− p

log (1/r)

)
> 0.
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Remark that using φδ in (4.17), we have

Tδ,ε(r) = εφδ(r
ε logp(1/r)) +

p (1− δ)h (rε logp(1/r))

log (1/r)
< ε+

p

log (1/r)
. (7.12)

In Case [N2], we let ν ∈ (0, 1) and tν > 0 small enough such that (4.27) holds. Moreover, we
fix ε ∈ (0, tν/2) and rν ∈ (0, 1/e) small such that

p

log (1/rν)
< tν/2.

Hence, in Case [N2], we have Tδ,ε(r) < tν for all r ∈ (0, rν) so that from (4.27), we find that(
1 +

Tδ,ε(r)

|ϖ1|

)1−τ

≥ 1 +
1− τ

|ϖ1|
Tδ,ε(r)−

τ (1− τ) (1 + ν)

2ϖ2
1

T 2
δ,ε(r). (7.13)

Since limt→0+ h(t) = 1 (see (4.17)), there exists t∗ > 0 small such that

t

(1− e−t)hp(t)
< 21/(q−1) for all t ∈ (0, t∗).

Let rε ∈ (0, 1) be small enough such that rε logp(1/r) < t∗ for every r ∈ (0, rε). In addition,
in case [N2], we let rε < rν . So, for every c ∈ (0, c∗) and r ∈ (0, rε), we get

cq−1

(
rε logp(1/r)

1− e−rε logp(1/r)

)q−1

≤ a (p/2)
p(q−1)

[h (rε logp(1/r))]
p(q−1)

.

In both Case [N1] and Case [N2], using that ϖ1 = β, for all r ∈ (0, rε), we get that

rθzqδ,ε(r) = cq−1 [rε logp(1/r)]
q−1

(1− e−rε logp(1/r))(δ−1)(q−1) zδ,ε(r)

r2 logp(q−1) (1/r)

≤ cq−1

(
rε logp(1/r)

1− e−rε logp(1/r)

)q−1
zδ,ε(r)

r2 logp(q−1) (1/r)

≤ a

(
p h (rε logp(1/r))

2 log (1/r)

)p(q−1)
zδ,ε(r)

r2
.

(7.14)

From (7.12), using that δ ∈ (0, 1/2), we have

Tδ,ε(r) log (1/r) ≥ p (1− δ)h (rε logp(1/r)) >
p

2
h (rε logp(1/r)) . (7.15)

To conclude the proof of Lemma 7.4, it suffices to show that

Lρ,λ,τ [zδ,ε(r)] ≥
a zδ,ε(r)

r2
[Tδ,ε(r)]

p (q−1) for all r ∈ (0, rε). (7.16)

Indeed, by combining (7.14), (7.15) and (7.16), we arrive at

Lρ,λ,τ [zδ,ε(r)] ≥ rθ[zδ,ε(r)]
q for all r ∈ (0, rε) and δ ∈ (0, 1/2).

Hence, zδ,ε in (7.11) a sub-solution of (1.1) in Brε(0) \ {0}.

Proof of (7.16). Fix r ∈ (0, rε). Defining φδ as in (4.17) and differentiating (7.11), we get

z′δ,ε(r) = |ϖ1|
zδ,ε(r)

r
(1 + Tδ,ε(r)) > 0. (7.17)
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Using (7.17) and (4.19), in a similar way to (4.21), we obtain that

Lρ[zδ,ε(r)] =
zδ,ε(r)

r2

[
ϖ2

1 + 2ρϖ1 − 2 (ϖ1 + ρ)Tδ,ε(r) + T 2
δ,ε(r) +

(1− δ) p h (rε logp(1/r))

log2(1/r)

+ (δ − 1)h′(rε logp(1/r)) rε logp(1/r)

(
ε− p

log (1/r)

)2
]
.

(7.18)
From the definition of h in (4.17), we find that

h′(t) =
e−t (1− e−t − t)

(1− e−t)2
< 0 for all t > 0.

Hence, using that δ ∈ (0, 1/2) and h(t) > 0 for all t > 0, we get

Lρ[zδ,ε(r)] ≥
zδ,ε(r)

r2
[
ϖ2

1 + 2ρϖ1 − 2 (ϖ1 + ρ)Tδ,ε(r)
]
. (7.19)

Moreover, in Case [N2], from (7.18), we need a more precise inequality, namely

Lρ[zδ,ε(r)] ≥
zδ,ε(r)

r2
[
ϖ2

1 + 2ρϖ1 − 2 (ϖ1 + ρ)Tδ,ε(r) + T 2
δ,ε(r)

]
. (7.20)

• Let Case [N1] hold. In this case, we see that

λGτ (zδ,ε(r)) ≥ λ |ϖ1|1−τ zδ,ε(r)

r2

[
1 +

(1− τ)

|ϖ1|
Tδ,ε(r)

]
.

This, jointly with (7.19), (4.24) and (7.12), leads to

Lρ,λ,τ [zδ,ε(r)] ≥ (q − 1) γq−1 zδ,ε(r)

r2
Tδ,ε(r). (7.21)

Since a = (q − 1) γp−1 and p (q − 1) = 1, from (7.21), we conclude (7.16) in Case [N1].

• Let Case [N2] hold. From our choice of ν, ε and rν , using (7.13) and (7.17), we have

λGτ (zδ,ε(r)) ≥ λ |ϖ1|1−τ zδ,ε(r)

r2

[
1 +

(1− τ)

|ϖ1|
Tδ,ε(r)−

τ (1− τ) (1 + ν)

2ϖ2
1

T 2
δ,ε(r)

]
. (7.22)

Similar to Lemma 4.6, from (7.20) and (7.22), we infer that

Lρ,λ,τ [zδ,ε(r)] ≥ (q − 1) γq−1 zδ,ε(r)

r2
Tδ,ε(r) if ρ > Υ,

Lρ,λ,τ [zδ,ε(r)] ≥
[
1− (1− τ) (1 + ν)

2

]
zδ,ε(r)

r2
T 2
δ,ε(r) if ρ = Υ.

(7.23)

In view of the definition of a in (4.30), from (7.23) we conclude the proof of (7.16). □

This finishes the proof of Step 2. □

Step 3. Every positive super-solution u of (1.1) satisfies (7.2).

Proof of Step 3. Let ε > 0 be small and zδ,ε(r) for r ∈ (0, rε) be given as in Lemma 7.4. If
necessary, we diminish c ∈ (0, c∗) such that

min
|x|=rε

u(x) ≥ c (rε)
ε−ϖ1

(
1− e−(rε)

ε logp(1/rε)
)−1

.
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This ensures that u(x) ≥ zδ,ε(|x|) for all x ∈ ∂Brε(0) and every δ ∈ (0, 1/2). From Step 1,
we have u(x) ≥ zδ,ε(|x|) for every |x| > 0 small, where δ ∈ (0, 1/2) is arbitrary. In view of
Lemma 7.4, we can apply the comparison principle (Remark A.6) to find that

u(x) ≥ zδ,ε(|x|) for every 0 < |x| ≤ rε and all δ ∈ (0, 1/2).

By letting δ → 0 and then |x| → 0, we get lim inf |x|→0 |x|ϖ1 [log (1/|x|)]p u(x) ≥ c > 0, which
proves (7.2). This finishes the proof of Step 3. □

From Steps 1–3, we conclude the proof of Theorem 7.1 (A). □

7.2. Proof of Theorem 7.1 (B). Let u be any positive sub-solution of (1.1). Corollary 2.3
yields (6.7). We construct a suitable family of super-solutions {Vε}ε>0 of (1.1) that dominate u
near zero and on ∂Br0(0) for r0 > 0 small (and independent of ε).

We fix M > 0 a large constant. Let ε > 0 be arbitrary. For every r ∈ (0, 1/e], we define

Vε(r) :=

ε+Mr−ϖ1 |log r|−p
in Case [N1],

r−ϖ1

[
ε+M |log r|−p

]
in Case [N2].

(7.24)

Lemma 7.5. There exists M0 > 0 large, depending only on λ, τ, ρ and q, such that for every
M ≥M0, the function Vε in (7.24) is a positive radial super-solution of (1.1) in B1/e(0) \ {0}.

Proof. In the definition of Vε in (7.24), we let M ≥M0, where

M0 :=

[
1

q − 1

(
q

q − 1
−ϖ1 + |λ||ϖ1|−τ

)] 1
q−1

in Case [N1] or Case [N2] with ρ > Υ,

M0 =

[
2 (q + 1)

(q − 1)
2

] 1
q−1

in Case [N2] with ρ = Υ.

(7.25)

We show that Vε satisfies

Lρ,λ,τ [Vε(r)] ≤ rθ[Vε(r)]
q (and, moreover, V ′

ε (r) ̸= 0) for every r ∈ (0, 1/e). (7.26)

Proof of (7.26) in Case [N1]. Let Vε be as in (7.24) corresponding to Case [N1].
Let r ∈ (0, 1/e) be arbitrary. For simplicity, we write V0 to mean Vε with ε = 0, namely,

V0(r) =Mr−ϖ1 [log (1/r)]
−1/(q−1)

. (7.27)

Then, Vε(r) = ε + V0(r). The choice of M0 in (7.25), jointly with ϖ1 = β = (2 + θ)/(q − 1),
yields

rθV q
ε (r) ≥ rθV q

0 (r) ≥
V0(r)

r2
ϕ(r)

(
q

q − 1
−ϖ1 + |λ||ϖ1|−τ

)
, (7.28)

where ϕ(r) is defined by

ϕ(r) :=
1

(q − 1) log (1/r)
. (7.29)

In view of (7.28) and ϕ(r) ∈ (0, 1/(q − 1)) for all r ∈ (0, 1/e), we attain (7.26) by showing that

Lρ,λ,τ [Vε(r)] ≤
V0(r)

r2
ϕ(r)

(
−ϖ1 + |λ||ϖ1|−τ + q ϕ(r)

)
. (7.30)

Proof of (7.30). It is clear that

V ′
ε (r) = V ′

0(r) =
V0(r)

r
(−ϖ1ϖ1 + ϕ(r)) > 0. (7.31)
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Since rϕ′(r) = ϕ(r)/[log (1/r)] = (q−1)ϕ2(r), by differentiating V ′
ε (r) with respect to r, we have

V ′′
ε (r) =

V0(r)

r2
[
(−ϖ1 + ϕ(r))2 +ϖ1 − ϕ(r) + (q − 1)ϕ2(r)

]
.

Consequently, using the definition of Lρ[·] in (1.26), we arrive at

Lρ[Vε(r)] =
V0(r)

r2
[
ϖ1 (ϖ1 + 2ρ)− 2 (ϖ1 + ρ)ϕ(r) + q ϕ2(r)

]
. (7.32)

Using (7.31) and the positivity of ϕ(r), we see that

Gτ (Vε(r)) ≥ Gτ (V0(r)) =
(V0(r))

τ
[
V0(r)

r (−ϖ1 + ϕ(r)
]1−τ

rτ+1
≥ V0(r)

r2
(−ϖ1 + ϕ(r))1−τ . (7.33)

Recall that ϖ1 < 0 satisfies fρ(ϖ1) = 0, that is, ϖ1(ϖ1 + 2ρ) + λ|ϖ1|1−τ = 0.

♦ Let Case [N1](b) hold, that is, λ < 0 and τ ∈ (0, 1). From (7.32) and (7.33), it follows that

Lρ,λ,τ [Vε(r)] ≤
V0(r)

r2

[
ϖ1 (ϖ1 + 2ρ) + λ (−ϖ1 + ϕ(r))

1−τ − 2 (ϖ1 + ρ)ϕ(r) + q ϕ2(r)
]
. (7.34)

Then, we have ϖ1 + 2ρ = λ|ϖ1|−τ < 0. Thus, (7.34) yields that

Lρ,λ,τ [Vε(r)] ≤
V0(r)

r2
ϕ(r) [−2 (ϖ1 + ρ) + q ϕ(r)] =

V0(r)

r2
ϕ(r)

(
−ϖ1 + |λ||ϖ1|−τ + q ϕ(r)

)
.

This proves (7.30) in Case [N1](b).

♦ Let Case [N1](a) hold, that is, τ = 0 and λ < 2ρ. In this case, ϖ1 = λ − 2ρ. Then, all
inequalities in (7.33) and (7.34) become equalities, implying that

Lρ,λ,τ [Vε(r)] =
V0(r)

r2
ϕ(r) [−2ϖ1 + λ− 2ρ+ q ϕ(r)] =

V0(r)

r2
ϕ(r) (−ϖ1 + q ϕ(r)) .

So, we recover (7.30), completing the proof of (7.26) in Case [N1].

Proof of (7.26) in Case [N2] with ρ > Υ. Let Vε be as in (7.24) corresponding to Case [N2]
with ρ > Υ. Let r ∈ (0, 1/e) be arbitrary. We define V0(r) = limε→0 Vε(r), which has the same
expression as in (7.27). Let ϕ be given by (7.29). Then, by a simple calculation, we get

V ′
ε (r) =

Vε(r)

r

(
−ϖ1 +

V0(r)

Vε(r)
ϕ(r)

)
> 0.

Moreover, we have

Lρ,λ,τ [Vε(r)] = V ′′
ε (r) + (1− 2ρ)

V ′
ε (r)

r
+ λ

[Vε(r)]
τ |V ′

ε (r)|1−τ

r1+τ

=
Vε(r)

r2

(
Tε(r) +

V0(r)

Vε(r)
ϕ(r) [−2 (ϖ1 + ρ) + q ϕ(r)]

)
,

(7.35)

where Tε(r) is defined by

Tε(r) := ϖ1 (ϖ1 + 2ρ) + λ|ϖ1|1−τ

(
1 +

ϕ(r)

|ϖ1|
V0(r)

Vε(r)

)1−τ

.

Since τ ∈ (0, 1), we have (1 + a)1−τ ≤ 1 + a (1− τ) for every a > 0. Hence, using that ϖ1 < 0
and ϖ2

1 + 2ρϖ1 + λ|ϖ1|1−τ = 0, along with the assumption λ > 0 in Case [N2], we find that

Tε(r) ≤ λ|ϖ1|−τ (1− τ)ϕ(r)
V0(r)

Vε(r)
. (7.36)
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From (7.35) and (7.36), jointly with r ∈ (0, 1/e), we infer that

Lρ,λ,τ [Vε(r)] ≤
V0(r)

r2
ϕ(r)

[
λ|ϖ1|−τ (1− τ)− 2 (ϖ1 + ρ) + q ϕ(r)

]
≤ V0(r)

r2
ϕ(r)

[
λ|ϖ1|−τ (1− τ)− 2 (ϖ1 + ρ) + q/(q − 1)

]
.

Since λ > 0 and λ|ϖ1|−τ = ϖ1 + 2ρ, we find that

Lρ,λ,τ [Vε(r)] ≤
V0(r)

r2
ϕ(r) [−ϖ1 + q/(q − 1)] .

On the other hand, using that ϖ1 = β = (θ + 2)/(q − 1), we see that

rθ[Vε(r)]
q ≥ rθ[V0(r)]

q =Mqr−ϖ1−2 [log (1/r)]
− q

q−1 = (q − 1)Mq−1V0(r)

r2
ϕ(r).

Clearly, (7.26) holds by choosing M ≥ M0, where M0 is given by (7.25). Hence, Vε (defined in
(7.24) in Case [N2] with ρ > Υ) is a positive radial super-solution of (1.1) in B1/e(0) \ {0}.

Proof of (7.26) in Case [N2] with ρ = Υ. Let Vε be as in (7.24) corresponding to Case [N2]
with ρ = Υ. Let r ∈ (0, 1/e) be arbitrary. We define V0(r) and φ(r) by

V0(r) = lim
ε→0

Vε(r) =Mr−ϖ1 [log (1/r)]
−2/(q−1)

and φ(r) =
2

(q − 1) log(1/r)
.

With similar calculations to those in Case [N2] with ρ > Υ, we find that

Lρ,λ,τ [Vε(r)] =
Vε(r)

r2

[
Tε(r) +

V0(r)

Vε(r)
φ(r)

(
−2ϖ1 − 2ρ+

q + 1

2
φ(r)

)]
,

where Tε(r) is defined by

Tε(r) = ϖ2
1 + 2ρϖ1 + λ|ϖ1|1−τ

(
1 +

φ(r)

|ϖ1|
V0(r)

Vε(r)

)1−τ

≤ ϖ2
1 + 2ρϖ1 + λ|ϖ1|1−τ + λ|ϖ1|−τ (1− τ)φ(r)

V0(r)

Vε(r)

= λ|ϖ1|−τ (1− τ)φ(r)
V0(r)

Vε(r)
.

Since ρ = Υ, we have λ|ϖ1|−τ (1− τ)− 2ϖ1 − 2ρ = 0. Consequently, we arrive at

Lρ,λ,τ [Vε(r)] ≤
V0(r)

r2
φ(r)

[
λ|ϖ1|−τ (1− τ)− 2ϖ1 − 2ρ+

q + 1

2
φ(r)

]
=

(q + 1)

2

V0(r)

r2
φ2(r) =

2 (q + 1)

(q − 1)2
Mr−ϖ1−2

(
log

1

r

)− 2q
q−1

.

In light of ϖ1 = (θ + 2)/(q − 1), we infer that

rθ[Vε(r)]
q ≥ rθ[V0(r)]

q =Mqr−ϖ1−2 |log r|−
2q

q−1 .

Therefore, by defining M0 as in (7.25) and taking M ≥M0, we conclude (7.26).

This ends the proof of Lemma 7.5 in Case [Nj ] with j ∈ {1, 2}. □

To complete the proof of Theorem 7.1 (B), we proceed exactly as in the proof of Proposition 6.2
(after Lemma 6.3). We skip these details. □
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7.3. Proof of Theorem 7.2. Let u be a positive super-solution of (1.1) (respectively, sub-
solution of (1.1) satisfying (7.2)). Let r0 ∈ (0, 1/e) be small enough such that Br0(0) ⊂⊂ Ω.
We follow the same strategy as for proving (a) and (b) in Theorem 2.1, where Λ and β need to
be replaced by γ in (7.1) and ϖ1, respectively. We show only the modifications regarding the
construction of the family {P+

η }η∈(0,ηC) (respectively, {P−
η }η∈(0,ηC)) of super-solutions (respec-

tively, sub-solutions) of (1.1) in BrC (0) \ {0}. Here, rC ∈ (0, r0) is a small constant depending
on the fixed constant C with C > γ in the case of P+

η (respectively, C ∈ (0, γ) for P−
η ). The

functions {P±
η }η∈(0,ηC) will satisfy the following properties (for every η ∈ (0, ηC) in (i)–(iii)):

(i) (P±
η )′(r) ̸= 0 for every r ∈ (0, rC);

(ii) u(x) ≤ P+
η (|x|) (respectively, u(x) ≥ P−

η (|x|)) for all x ∈ ∂BrC (0);

(iii) u(x) ≤ P+
η (|x|) (respectively, u(x) ≥ P−

η (|x|)) for every |x| > 0 small enough;

(iv) lim|x|→0 |x|ϖ1 [log(1/|x|)]p (limη↘0 P
±
η (|x|)) = C.

Let C, η, α and ν be positive constants. For every r ∈ (0, 1/e), we define P±
η,ν(r) as follows

P±
η,α,ν(r) = Cr−ϖ1 |log r|−p±η

(
1 +

| log r|−α

ν

)±1

. (7.37)

Here, instead of Lemma 2.2, we show the following.

Lemma 7.6 (Sub-super-solutions). In the framework of Theorem 7.2, for every C > γ (respec-
tively, C ∈ (0, γ)), there exist ηC , rC , αC > 0 such that for every η ∈ (0, ηC), α ∈ (0, αC) and
arbitrary ν > 0, the function P+

η,α,ν (respectively, P−
η,α,ν) in (7.37) is a positive radial super-

solution (sub-solution) of (1.1) in BrC (0) \ {0} and (P±
η,α,ν)

′(r) > 0 for all r ∈ (0, rC).

Proof. Let η, α ∈ (0, p/3) and ν > 0 be arbitrary. For every t > 0, we define ψ(t) = t/(1 + t) ∈
(0, 1). For every r ∈ (0, 1/e), we define

S±
η,α,ν(r) = p∓ η ± αψ

(
[log (1/r)]−α

ν

)
∈ (p− η − α, p+ η + α). (7.38)

To simplify the notation, we drop the subscript ν from P±
η,α,ν and S±

η,α,ν .
Let r ∈ (0, 1/e) be arbitrary. Since β = ϖ1, from (7.37), we see that

±rθ(P±
η,α(r))

q = ±Cq−1
P±
η,α(r)

r2
[log (1/r)](−p±η)(q−1)

(
1 +

[log (1/r)]−α

ν

)±(q−1)

≥ ±Cq−1
P±
η,α(r)

r2
[log (1/r)]−p(q−1).

(7.39)

By differentiating (7.37) with respect to r, we get

(
P±
η,α

)′
(r) = |ϖ1|

P±
η,α(r)

r

[
1 +

S±
η,α(r)

|ϖ1| log (1/r)

]
,

which implies that

λGτ (P
±
η,α(r)) = λ |ϖ1|1−τ

P±
η,α(r)

r2

(
1 +

S±
η,α(r)

|ϖ1| log (1/r)

)1−τ

= λ |ϖ1|1−τ
P±
η,α(r)

r2

[
1 +

(1− τ)S±
η,α(r)

|ϖ1| log (1/r)
−

(1− τ) τ [S±
η,α(r)]

2

2ϖ2
1 log

2(1/r)
(1 + o(1))

] (7.40)
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as r → 0+. Moreover, we find that

Lρ(P
±
η,α(r)) =

P±
η,α(r)

r2

[
ϖ2

1 + 2ρϖ1 −
2 (ϖ1 + ρ)

log (1/r)
S±
η,α(r)

+
[S±

η,α(r)]
2 + S±

η,α(r) + α2ψ′
(

[log (1/r)]−α

ν

)
[log (1/r)]−α

ν

log2(1/r)

 . (7.41)

Recall that fρ(ϖ1) = ϖ2
1 + 2ρϖ1 + λ|ϖ1|1−τ = 0. From (7.38), we observe that

S±
η,α(r) → p as (η, α) → (0, 0) (7.42)

uniformly with respect to r ∈ (0, 1/e) and ν > 0.

• Assume that either Case [N1] holds or ρ > Υ in Case [N2]. Then, using (7.1), we have

p = 1/(q − 1), −2 (ϖ1 + ρ) + λ|ϖ1|−τ (1− τ) = |ϖ1| − λτ |ϖ1|−τ = (q − 1) γq−1.

It follows that

Lρ,λ,τ [P
±
η,α(r)] = (q − 1) γq−1

P±
η,α(r)

r2
S±
η,α(r)

log (1/r)
(1 + o(1)) as r → 0+. (7.43)

Since C > γ in the definition of P+
η,α(r) (respectively, C ∈ (0, γ) for P−

η,α(r)), from (7.42) and
(7.43), we infer that there exist ηC , αC , rC > 0 small enough such that

±Lρ,λ,τ [P
±
η,α(r)] ≤ ±Cq−1

P±
η,α(r)

r2 log (1/r)
. (7.44)

for every r ∈ (0, rC), η ∈ (0, ηC) and α ∈ (0, αC).
Using that p (q − 1) = 1, from (7.39) and (7.44), we conclude the proof of Lemma 7.6.

• Assume that Case [N2] holds with ρ = Υ. Then,

p = 2/(q − 1), −2 (ϖ1 + ρ) + λ|ϖ1|−τ (1− τ) = |ϖ1| − λτ |ϖ1|−τ = 0.

In light of (7.40) and (7.41), we get

Lρ,λ,τ [P
±
η,α(r)] =

P±
η,α(r)

r2 log2 (1/r)
Tη,α,ν(r) (1 + o(1)) as r → 0+, (7.45)

where Tη,α,ν(r) is defined by

Tη,α,ν(r) =
(1 + τ)

2
[S±

η,α(r)]
2 + S±

η,α(r) + α2ψ′
(
[log (1/r)]−α

ν

)
[log (1/r)]−α

ν
.

Since tψ′(t) = t/(1 + t)2 ∈ (0, 1) for every t > 0, using (7.42) and (7.1), we remark that

Tη,α,ν(r) →
(1 + τ) p2

2
+ p =

2(q + τ)

(q − 1)2
= γq−1 as (η, α) → (0, 0) (7.46)

uniformly with respect to r ∈ (0, 1/e) and ν > 0.
From (7.45) and (7.46), we infer that there exist ηC , αC , rC > 0 small enough such that

±Lρ,λ,τ [P
±
η,α(r)] ≤ ±Cq−1

P±
η,α(r)

r2 log2 (1/r)
(7.47)

for every r ∈ (0, rC), η ∈ (0, ηC) and α ∈ (0, αC).
Using that p (q − 1) = 2, from (7.39) and (7.47), we end the proof of Lemma 7.6. □
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Proof of Theorem 7.2 concluded. Let αC , rC and ηC be given by Lemma 7.6. Fix
α ∈ (0,min{1, αC}) and let η ∈ (0, ηC) be arbitrary. We can assume that rC > 0 is small enough
such that BrC (0) ⊂⊂ Ω. Let ν > 0 be small (depending on u and rC) such that

max
|x|=rC

u(x) ≤ γ r−ϖ1

C [log (1/rC)]
−p

(
1 +

[log (1/rC)]
−1

ν

)
(respectively, min

|x|=rC
u(x) ≥ γ r−ϖ1

C [log (1/rC)]
−p

(
1 +

[log (1/rC)]
−1

ν

)−1

).

Since α and ν are fixed, we write P±
η instead of P±

η,α,ν . Then, P
+
η (respectively, P−

η ) in (7.37)
is a positive radial super-solution (respectively, sub-solution) of (1.1) in BrC (0) \ {0} satisfying
the above properties (i), (ii) and (iv). Finally, from Theorem 7.1, we infer that

lim
|x|→0

u(x)

P+
η (|x|)

= 0 (respectively, lim
|x|→0

P−
η (|x|)
u(x)

= 0).

Hence, P+
η (respectively P−

η ) satisfies the property (iii) as well.
As in the proof of Theorem 2.1, we use the comparison principle to conclude that u(x) ≤

P+
η (|x|) (respectively, u(x) ≥ P−

η (|x|)) for every x ∈ BrC (0) \ {0}. By letting η → 0 and then
|x| → 0, we arrive at

lim sup
|x|→0

|x|ϖ1 [log (1/|x|)]p u(x) ≤ C, (respectively, lim inf
|x|→0

|x|ϖ1 [log (1/|x|)]p u(x) ≥ C).

By letting C ↘ γ (respectively, C ↗ γ), we achieve (7.4) (respectively, (7.5)). □

8. Proof of Assertion (P0) in Theorem 1.4

Throughout this section, we assume that (1.2) holds and β ∈ (ϖ2, 0) in Case [N2].
We recall that Φϖ2(ρ)(r) is defined for r ∈ (0, 1) by

Φϖ2(ρ)(r) =

{
r−ϖ2 if ρ > Υ,

r−ϖ2 |log r|
2

1+τ if ρ = Υ.
(8.1)

Our main result in this section is the following.

Theorem 8.1. Let (1.2) hold and β ∈ (ϖ2, 0) in Case [N2].

(A) Let u be any positive sub-solution of (1.1) such that lim|x|→0 u(x)/Φϖ2(ρ)(|x|) = 0. Then,

lim sup
|x|→0

|x|ϖ1u(x) := a <∞. (8.2)

(B) Let u be any positive super-solution of (1.1) with lim|x|→0 u(x)/Φϖ2(ρ)(|x|) = ∞. Then,

for every η > 0, we have lim
|x|→0

|x|β−ηu(x) = ∞. (8.3)

In view of Theorem 8.1, we conclude the assertion in (P0) of Theorem 1.4. Indeed, let u be any
positive solution of (1.1) and b := lim sup|x|→0 u(x)/Φϖ2(ρ)(|x|). By Corollary 5.10 (if b ∈ R+)

and Corollary B.6 in Appendix B (if b = ∞), there exists

lim
|x|→0

u(x)

Φϖ2(ρ)(|x|)
= b ∈ [0,∞].

• If b = 0, then by Theorems 8.1 (A) and 4.1, we get that lim sup|x|→0 |x|ϖ1u(x) := a ∈ (0,∞).

Hence, by Corollary 5.10, we conclude (1.17).
• If b ∈ (0,∞), then by Corollary 5.10, we obtain (1.18).
• If b = ∞, then by combining Theorem 8.1 (B) with Theorem 2.1, we attain (1.19).
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The proof of Theorem 8.1 depends on whether ρ > Υ or ρ = Υ (see the definition of Φϖ2(ρ)

in (8.1)). Each of these situations is treated separately (see Sections 8.1–8.4).

8.1. Proof of Theorem 8.1 (A) when ρ > Υ. Let (1.2) hold and β ∈ (ϖ2, 0) in Case [N2].
We first assume that ρ > Υ. This implies that ϖ1 < −(λτ)1/(τ+1) < ϖ2 < 0 and

−2 (ϖ2 + ρ) + λ|ϖ2|−τ (1− τ) = |ϖ2|−τ
(
|ϖ2|1+τ − λτ

)
< 0, (8.4)

2 (ϖ1 + ρ)− λ|ϖ1|−τ (1− τ) = −|ϖ1|−τ (|ϖ1|1+τ − λτ) < 0. (8.5)

Assume that u is a positive sub-solution of (1.1) satisfying

lim
|x|→0

|x|ϖ2u(x) = 0. (8.6)

We split the proof of (8.2) into three Steps.

Step 1. For every ε > 0 small enough, we have

lim
|x|→0

|x|ϖ2−εu(x) = 0. (8.7)

Proof of Step 1. Let c > 0 be fixed arbitrary. For every η, δ > 0 and r > 0, we define

Vη,δ(r) = c r−ϖ2

(
er

η

− e−δ
)
. (8.8)

Claim 1: There exists η∗ > 0 small such that for every η ∈ (0, η∗) and δ, c > 0 arbitrary, Vη,δ
is a positive radial super-solution of (1.1) in B1(0) \ {0} such that V ′

η,δ(r) > 0 for all r ∈ (0, 1).

Proof of Claim 1. Using (8.4), we can define η∗ > 0 small such that

(e+ 1) η∗ < 2 (ϖ2 + ρ)− λ|ϖ2|−τ (1− τ) . (8.9)

We fix η ∈ (0, η∗) and let δ, c > 0 be arbitrary. Let Eδ(t) be defined for every t > 0 as follows

Eδ(t) =
tet

et − e−δ
∈ (0, et).

Remark that tE′
δ(t) = Eδ(t)− e−δ−tE2

δ (t) < Eδ(t) for every t > 0.
Let r ∈ (0, 1) be arbitrary. By differentiating Vη,δ(r) with respect to r, we find that

V ′
η,δ(r) =

Vη,δ(r)

r
[−ϖ2 + η Eδ(r

η)] > 0. (8.10)

Moreover, we have

Lρ[Vη,δ(r)] =
Vη,δ(r)

r2
[
ϖ2

2 + 2ρϖ2 − 2η (ϖ2 + ρ)Eδ(r
η) + η2E2

δ (r
η) + η2rηE′

δ(r
η)
]

<
Vη,δ(r)

r2
[
ϖ2

2 + 2ρϖ2 − 2η (ϖ2 + ρ)Eδ(r
η) + η2E2

δ (r
η) + η2Eδ(r

η)
]

=
Vη,δ(r)

r2
{
ϖ2

2 + 2ρϖ2 + η Eδ(r
η) [−2 (ϖ2 + ρ) + (e+ 1) η]

}
.

Using that λ > 0, τ ∈ (0, 1) and (8.10), we see that

λGτ (Vη,δ(r)) ≤ λ|ϖ2|1−τ Vη,δ(r)

r2

[
1 +

(1− τ) η

|ϖ2|
Eδ(r

η)

]
.

Since fρ(ϖ2) = ϖ2
2 + 2ρϖ2 + λ |ϖ2|1−τ = 0, we arrive at

Lρ,λ,τ [Vη,δ(r)] ≤
Vη,δ(r)

r2
η Eδ(r

η)
[
−2 (ϖ2 + ρ) + λ|ϖ2|−τ (1− τ) + (e+ 1) η

]
< 0

since η ∈ (0, η∗) and (8.9) holds. Hence, for every r ∈ (0, 1), we have proved that

Lρ,λ,τ [Vη,δ(r)] < 0 < rθV q
η,δ(r).
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This completes the proof of Claim 1. □

Proof of Step 1 concluded. We show that for every ε ∈ (0, η∗), we have (8.7). Let
η ∈ (ε, η∗). It is enough to show that

lim sup
|x|→0

|x|ϖ2−ηu(x) <∞. (8.11)

Let r0 ∈ (0, 1) be small such that Br0(0) ⊂⊂ Ω. We let c > 0 large such that

max
∂Br0 (0)

u ≤ c r−ϖ2
0

(
er

η
0 − 1

)
.

We now define Vη,δ(r) as in (8.8) for every δ > 0 and r ∈ (0, 1). The choice of c > 0 gives that
u ≤ Vη,δ on ∂Br0(0). The assumption (8.6) implies that

u(x) ≤ Vη,δ(|x|) for |x| → 0.

In view of the Claim, we can apply the comparison principle to find that

u(x) ≤ Vη,δ(|x|) for every 0 < |x| ≤ r0.

Since δ > 0 is arbitrary, by letting δ → 0+, we conclude that

u(x) ≤ c |x|−ϖ2

(
e|x|

η

− 1
)

for every |x| ∈ (0, r0].

Hence, lim sup|x|→0 |x|ϖ2−ηu(x) ≤ c, which proves (8.11). This finishes the proof of Step 1. □

Remark 8.2. In the proof of the Claim, it is essential that η > 0 is small enough to ensure that
Lρ,λ,τ [Vη,δ(r)] ≤ 0. Otherwise, we cannot prove that Lρ,λ,τ [Vη,δ(r)] ≤ rθV q

η,δ(r) for all r ∈ (0, 1).

Step 2. For every η > 0, we have

lim
|x|→0

|x|ϖ1+ηu(x) = 0. (8.12)

Proof of Step 2. To achieve (8.12), we use an iterative process based on the comparison with a
family of super-solutions of (1.1). The first step in this iterative scheme is based on Step 1.

Let ε > 0 be small as in Step 1. Moreover, since ϖ1 < ϖ2, we can diminish ε > 0 such that
ε < ϖ2 −ϖ1. We define a sequence {Nj}j≥1 of positive numbers as follows

N1 = −ϖ2 + ε ∈ (−ϖ2,−ϖ1) and Nj+1 =
√
2ρNj − λN1−τ

j for all j ≥ 1. (8.13)

Remark that x 7−→ 2ρx− λx1−τ is increasing for x > −ϖ2 since from (8.4), we have

2ρ− λ (1− τ)x−τ > 2ρ− λ (1− τ) |ϖ2|−τ > −2ϖ2 > 0.

Thus, we find that N2 ∈ (−ϖ2,−ϖ1) using that

ϖ2
2 = −2ρϖ2 − λ|ϖ2|1−τ < N2

2 = 2ρN1 − λN1−τ
1 < −2ρϖ1 − λ|ϖ1|1−τ = ϖ2

1.

Moreover, we see that

N2
2 = 2ρN1 − λN1−τ

1 = ϖ2
2 +

[
2ρ− λ|ϖ2|−τ (1− τ)

]
ε (1 + o(1)) as ε→ 0+.

Hence, for ε > 0 small enough, using (8.4), we get that N2
2 > (−ϖ2 + ε)2 = N2

1 , which yields
that N2 > N1. By induction, one can check that {Nj}j≥1 is an increasing sequence satisfying

−ϖ2 < Nj < Nj+1 < −ϖ1 for all j ≥ 1. (8.14)

Thus, {Nj}j≥1 converges as j → ∞ and limj→∞Nj = −ϖ1.

We only need to prove (8.12) for every η > 0 small. So, we assume that 0 < η < ϖ2 −ϖ1 − ε.
Then, there exists k = k(η) ≥ 1 such that

Nk < −ϖ1 − η ≤ Nk+1 < −ϖ1. (8.15)
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We fix α, ν > 0 small enough such that for every j = 1, . . . , k, we have

ν
(
2Nj+1 − 2ρ+ λN−τ

j (1− τ) + ν
)
+ α (Nj+1 −Nj + ν) < (Nj+1 −Nj)

(
2ρ− λN−τ

j (1− τ)
)
.

Observe that the right-hand side of the above inequality is positive in light of (8.13) and (8.14).
For every j ≥ 1, we define T1(j) and T2(j) as follows

T1(j) = N2
j − 2ρNj + λN1−τ

j ,

T2(j) = (Nj+1 −Nj + ν)
(
Nj+1 +Nj − 2ρ+ λN−τ

j (1− τ) + ν + α
)
.

(8.16)

In view of (8.13) and (8.14), we have

T1(j) < N2
j+1 − 2ρNj + λN1−τ

j = 0 for all j ≥ 1. (8.17)

From the choice of ν and α, jointly with (8.13), we find that

T1(j) + T2(j) < 0 for all j = 1, . . . , k. (8.18)

Construction of a suitable family of super-solutions of (1.1). Let c > 0 and δ > 0 be arbitrary.
For every j = 1, . . . , k, we define Vj,δ(r) for all r > 0 by

Vj,δ(r) = c rNj

(
eδ − e−rα

)Nj+1−Nj+ν

α

. (8.19)

Claim 2: For every η ∈ (0, ϖ2−ϖ1−ε), letting k = k(η) ≥ 1 as in (8.15), there exist ν, α > 0
small such that for every j = 1, . . . , k and c, δ > 0 arbitrary, the function Vj,δ(r) in (8.19) is a
positive radial super-solution of (1.1) in B1(0) \ {0} satisfying V ′

j,δ(r) > 0 for all r ∈ (0, 1).

Proof of Claim 2. For every t > 0, we define Ψδ(t) by

Ψδ(t) :=
t e−t

eδ − e−t
∈ (0, 1). (8.20)

Let j = 1, . . . , k and r > 0 be arbitrary. By differentiating (8.19) with respect to r, we get

V ′
j,δ(r) =

Vj,δ(r)

r
[Nj + (Nj+1 −Nj + ν)Ψδ(r

α)] > 0,

which implies that

λGτ (Vj,δ(r)) ≤ λN1−τ
j

Vj,δ(r)

r2

[
1 +

(1− τ) (Nj+1 −Nj + ν)

Nj
Ψδ(r

α)

]
.

Using that tΨ′
δ(t) ≤ Ψδ(t) and Ψ2

δ(t) ≤ Ψδ(t) < 1 for all t > 0, we have

Fj(r) := 2Nj − 2ρ+ (Nj+1 −Nj + ν)Ψδ(r
α) + α

rαΨ′
δ(r

α)

Ψδ(rα)
≤ Nj+1 +Nj − 2ρ+ ν + α.

Therefore, by a simple calculation, we arrive at

Lρ[Vj,δ(r)] =
Vj,δ(r)

r2
[
N2

j − 2ρNj + (Nj+1 −Nj + ν)Fj(r)Ψδ(r
α)
]

≤ Vj,δ(r)

r2
[
N2

j − 2ρNj + (Nj+1 −Nj + ν) (Nj+1 +Nj − 2ρ+ ν + α)Ψδ(r
α)
]
.

Consequently, using T1(j) and T2(j) in (8.16), we obtain that

Lρ,λ,τ [Vj,δ(r)] ≤
Vj,δ(r)

r2
[T1(j) + T2(j)Ψδ(r

α)] .

Since (8.17) holds and Ψδ(t) ∈ (0, 1) for every t > 0, using (8.18), we get

Lρ,λ,τ [Vj,δ(r)] ≤
Vj,δ(r)

r2
Ψδ(r

α) [T1(j) + T2(j)] < 0 < rθ[Vj,δ(r)]
q.

This completes the proof of Claim 2. □
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Proof of Step 2 completed. Let r0 ∈ (0, 1) be small enough such that Br0(0) ⊂⊂ Ω. For
every η ∈ (0, ϖ2−ϖ1− ε), we let k = k(η) and ν, α > 0 be as in Claim 2. Let δ > 0 be arbitrary.
Choose c > 0 large enough such that for every j = 1, . . . , k, we have

max
∂Br0 (0)

u ≤ c r
Nj

0

(
1− e−rα0

)Nj+1−Nj+ν

α

.

This ensures that u ≤ Vj,δ on ∂Br0(0) for all δ > 0 and j = 1, . . . , k.
From Step 1 and the definition of N1 in (8.13), we have

lim
|x|→0

u(x)

V1,δ(|x|)
= 0.

In light of Claim 2, we can apply the comparison principle and infer that

u(x) ≤ V1,δ(|x|) for all 0 < |x| ≤ r0.

Since δ > 0 is arbitrary, by letting δ → 0, we obtain that

u(x) ≤ c rN1

(
1− e−rα

)N2−N1+ν
α

for all 0 < |x| ≤ r0,

which shows that

lim sup
|x|→0

|x|−N2−νu(x) ≤ c. (8.21)

Hence, if k = 1, using (8.15) and (8.21), we get that lim|x|→0 |x|ϖ1+ηu(x) = 0.
If k > 1, then from (8.21), we have

lim
|x|→0

u(x)

V2,δ(|x|)
= 0.

We proceed inductively over j = 1, . . . , k − 1 to get that lim|x|→0 u(x)/Vk,δ(|x|) = 0 and, hence,
by the comparison principle, we have

u(x) ≤ Vk,δ(|x|) for all 0 < |x| ≤ r0.

By letting δ → 0 in the above inequality, we arrive at

lim sup
|x|→0

|x|−Nk+1−νu(x) ≤ c,

which together with (8.15), leads to lim|x|→0 |x|ϖ1+ηu(x) = 0. This ends the proof of Step 2. □

Step 3. The assertion of (8.2) holds.

Proof of Step 3. We use Step 2 to conclude (8.2) via the comparison principle with a suitable
family of super-solutions of (1.1). Let c > 0 be fixed. For every ε, δ > 0 and r > 0, we define

Wε,δ(r) = c r−ϖ1−ε
(
eδ − e−rε

)
. (8.22)

Claim 3: If ε ∈ (0, |ϖ1|) is small, then for all c > 0 and δ ∈ (0, 1), the function Wε,δ in
(8.22) is a positive radial super-solution of (1.1) in B1(0)\{0} and W ′

ε,δ(r) > 0 for all r ∈ (0, 1).

Proof of Claim 3. In view of (8.5), we can choose ν ∈ (0, 1) small such that

2 (ϖ1 + ρ)− λ|ϖ1|−τ (1− τ) (1− ν) < 0.

Let t∗ = t∗(ν) > 0 be small such that(
1− t

|ϖ1|

)1−τ

≤ 1− (1− τ) (1− ν) t

|ϖ1|
for all t ∈ (0, t∗). (8.23)
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We fix ε ∈ (0,min {|ϖ1|, t∗}) small enough to ensure that

2 (ϖ1 + ρ)− λ|ϖ1|−τ (1− τ) (1− ν) + ε (1 + e2) < 0. (8.24)

Let δ ∈ (0, 1) be arbitrary. For every t > 0, we define Hδ(t) by

1 > Hδ(t) := 1− t e−t

eδ − e−t
> 1− t e−t

1− e−t
> 0.

Fix r ∈ (0, 1) arbitrary. Then, we see that

W ′
ε,δ(r) =

Wε,δ(r)

r
(−ϖ1 − εHδ (r

ε)) >
Wε,δ(r)

r
(−ϖ1 − ε) > 0. (8.25)

Observe that for every t > 0, we have

−tH ′
δ(t) = (1−Hδ(t))

[
1− eδ+t + eδ+tHδ(t)

]
< eδ+tHδ(t).

Thus, H2
δ (r

ε)− rεH ′
δ(r

ε) < (1 + eδ+rε)Hδ(r
ε) < (1 + e2)Hδ(r

ε). Hence, it follows that

Lρ[Wε,δ(r)] =
Wε,δ(r)

r2
[
ϖ2

1 + 2ρϖ1 + 2 ε (ϖ1 + ρ)Hδ(r
ε) + ε2

(
H2

δ (r
ε)− rεH ′

δ(r
ε)
)]

<
Wε,δ(r)

r2
{
ϖ2

1 + 2ρϖ1 + εHδ(r
ε)
[
2 (ϖ1 + ρ) + ε(1 + e2)

]}
.

(8.26)

Since 0 < εHδ(r
ε) < ε < t∗, using (8.23) and (8.25), we arrive at

λGτ (Wε,δ(r)) = λ|ϖ1|1−τ Wε,δ(r)

r2

(
1− ε

|ϖ1|
Hδ(r

ε)

)1−τ

≤ λ|ϖ1|1−τ Wε,δ(r)

r2

(
1− (1− τ) (1− ν)

|ϖ1|
εHδ(r

ε)

)
.

(8.27)

Using that fρ(ϖ1) = 0, from (8.24), (8.26) and (8.27), we infer that

Lρ,λ,τ [Wε,δ(r)] ≤
Wε,δ(r)

r2
εHδ(r

ε)
[
2 (ϖ1 + ρ)− λ|ϖ1|−τ (1− τ) (1− ν) + ε(1 + e2)

]
< 0.

Thus, rθW q
ε,δ(r) > 0 ≥ Lρ,λ,τ [Wε,δ(r)] for all r ∈ (0, 1). This proves Claim 3. □

Proof of Step 3 concluded. Let r0 ∈ (0, 1) be small such that Br0(0) ⊂⊂ Ω. Let ε > 0 be
small enough as in Claim 2. Fix c > 0 large such that

max
∂Br0

(0)
u ≤ c r−ϖ1−ε

0

(
1− e−rε0

)
. (8.28)

For every δ ∈ (0, 1) and all r ∈ (0, 1), we define Wε,δ(r) as in (8.22). By Step 2, we have

lim
|x|→0

u(x)

Wε,δ(|x|)
= 0.

From our choice of c > 0 in (8.28), we have u(x) ≤ Wε,δ(|x|) for all |x| = r0. In light of our
Claim 2, we can use the comparison principle to find that

u(x) ≤Wε,δ(|x|) for all 0 < |x| ≤ r0.

Since δ ∈ (0, 1) is arbitrary, by letting δ → 0 in the above inequality, we get

u(x) ≤ c|x|−ϖ1−ε(1− e−|x|ε) for every 0 < |x| ≤ r0.

This implies that lim sup|x|→0 |x|ϖ1u(x) ≤ c, which proves (8.2). Step 3 is now complete. □

From Steps 1–3, we conclude the proof of Theorem 8.1 (A) when ρ > Υ. □
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8.2. Proof of Theorem 8.1 (A) when ρ = Υ. Let (1.2) hold and β ∈ (ϖ2, 0) in Case [N2]
with ρ = Υ. This means that ϖ1 = ϖ2 = −(λτ)1/(τ+1) and, hence,

2 (ϖ2 + ρ)− λ|ϖ2|−τ (1− τ) = |ϖ2|−τ
(
λτ − |ϖ2|1+τ

)
= 0. (8.29)

Assume that u is a positive sub-solution of (1.1) satisfying

lim
|x|→0

u(x)

|x|−ϖ2 |log |x||2/(1+τ)
= 0. (8.30)

We show that

lim sup
|x|→0

|x|ϖ2u(x) <∞. (8.31)

Let C > 0 be arbitrary. For every ε > 0, we define

Zε(r) = Cr−ϖ2 [ε | log r|+ 1]
2

1+τ for all r ∈ (0, 1). (8.32)

Claim: There exists r∗ ∈ (0, 1) small such that for all ε > 0 and C > 0, the function Zε in
(8.32) is a positive radial super-solution of (1.1) in Br∗(0)\{0} and Z ′

ε(r) > 0 for all r ∈ (0, r∗).

Proof of the Claim. For arbitrary ε > 0 and t > 0, we define

ψε(t) =
2 ε

(1 + τ) (εt+ 1)
. (8.33)

Let r∗ ∈ (0, 1) be small such that (1 + τ) log (1/r∗) > 2/|ϖ2|. For r ∈ (0, r∗) arbitrary, we have

Z ′
ε(r) =

Zε(r)

r
[−ϖ2 − ψε(log (1/r))] > 0,

which implies that

λGτ (Zε(r)) = λ |ϖ2|1−τ Zε(r)

r2

[
1− 1

|ϖ2|
ψε(log (1/r))

]1−τ

≤ λ |ϖ2|1−τ Zε(r)

r2

[
1− (1− τ)

|ϖ2|
ψε(log (1/r))−

(1− τ) τ

2ϖ2
2

ψ2
ε(log (1/r))

]
.

(8.34)

Moreover, using (8.33), we see that ψ′
ε(t) = −(1 + τ)ψ2

ε(t)/2 for all t > 0 so that

Lρ[Zε(r)] =
Zε(r)

r2
[
ϖ2

2 + 2ρϖ2 + 2 (ϖ2 + ρ)ψε(log (1/r)) + ψ2
ε(log (1/r)) + ψ′

ε(log (1/r))
]

=
Zε(r)

r2

[
ϖ2

2 + 2ρϖ2 + 2 (ϖ2 + ρ)ψε(log (1/r)) +
1− τ

2
ψ2
ε(log (1/r))

]
.

Hence, using (8.29) and (8.34), we infer that

Lρ,λ,τ [Zε(r)] ≤ 0 ≤ rθZq
ε (r) for all r ∈ (0, r∗).

This completes the proof of the Claim. □

Proof of (8.31) concluded. Let r∗ ∈ (0, 1) be as in the above Claim and small so that
Br∗(0) ⊂⊂ Ω. For ε > 0 arbitrary, we define Zε as in (8.32), where C > 0 is large such that
u(x) ≤ Cr−ϖ2

∗ for all |x| = r∗. Hence, u(x) ≤ Zε(|x|) for all |x| = r∗. From (8.30), we have

lim
|x|→0

u(x)

Zε(|x|)
= 0.

In view of the Claim, we can apply the comparison principle to conclude that

u(x) ≤ Zε(|x|) for all 0 < |x| ≤ r∗.

By letting ε→ 0, we attain (8.31). This ends the proof of Theorem 8.1 (A) when ρ = Υ. □
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8.3. Proof of Theorem 8.1 (B) when ρ > Υ. Let (1.2) hold and β ∈ (ϖ2, 0) in Case [N2]
with ρ > Υ. Assume that u is a positive super-solution of (1.1) satisfying

lim
|x|→0

|x|ϖ2u(x) = ∞. (8.35)

We divide the proof of (8.3) into two Steps.

Step 1: For every ε0 > 0 small, we have lim|x|→0 |x|ϖ2+ε0u(x) = ∞.

Proof of Step 1. Fix c > 0 arbitrary. For every δ, ε > 0, we define wδ,ε(r) for r > 0 as follows

wδ,ε(r) = c r−ϖ2

(
eδ − e−rε

)−1

. (8.36)

Lemma 8.3. Let (1.2) hold and β ∈ (ϖ2, 0) in Case [N2] with ρ > Υ. Then, for every ε > 0
small, there exists cε > 0 such that for all c ∈ (0, cε) and δ ∈ (0, 1), the function wδ,ε in (8.36)
is a positive radial sub-solution of (1.1) in B1(0) \ {0} satisfying w′

δ,ε(r) > 0 for all r ∈ (0, 1).

Proof. In view of (8.4), we can fix ν ∈ (0, 1) small such that

χν := 2 (ϖ2 + ρ)− λ|ϖ2|−τ (1− τ) (1 + ν) > 0. (8.37)

Let sν > 0 be small such that(
1− s

|ϖ2|

)1−τ

≥ 1− (1− τ) (1 + ν)

|ϖ2|
s for all s ∈ (0, sν). (8.38)

Using that ϖ2 < β < 0, we let ε > 0 be small enough such that

0 < ε < εν := min

{
(β −ϖ2)(q − 1)

q
,
χν

2
, sν

}
. (8.39)

We let c ∈ (0, cε) be arbitrary, where we define cε by

cε =
( εχν

2eq+1

)1/(q−1)

. (8.40)

Let r ∈ (0, 1) be arbitrary. By differentiating (8.36) with respect to r, we get

w′
δ,ε(r) =

wδ,ε(r)

r
(−ϖ2 − εΨδ(r

ε)) > 0, (8.41)

where for every t > 0, we define Ψδ(t) ∈ (0, 1) as in (8.20), that is, Ψδ(t) = te−t/(eδ − e−t).
We conclude the proof of Lemma 8.3 by showing that wδ,ε in (8.36) satisfies

Lρ,λ,τ [wδ,ε(r)] ≥ rθwq
δ,ε(r) for all r ∈ (0, 1). (8.42)

Proof of (8.42). In view of (8.38) and (8.41), we obtain that

λGτ (wδ,ε(r)) = λ |ϖ2|1−τ wδ,ε(r)

r2

(
1− εΨδ(r

ε)

|ϖ2|

)1−τ

≥ λ |ϖ2|1−τ wδ,ε(r)

r2

(
1− (1− τ) (1 + ν)

|ϖ2|
εΨδ(r

ε)

)
.

(8.43)

By differentiating (8.41) and using that tΨ′
δ(t) ≤ Ψδ(t) for every t > 0, we arrive at

Lρ[wδ,ε(r)] =
wδ,ε(r)

r2
[
ϖ2

2 + 2ρϖ2 + 2 (ϖ2 + ρ) εΨδ(r
ε)− ε2rεΨ′

δ(r
ε)
]

≥ wδ,ε(r)

r2
{
ϖ2

2 + 2ρϖ2 + εΨδ(r
ε) [2 (ϖ2 + ρ)− ε]

}
.

(8.44)
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Since fρ(ϖ2) = ϖ2
2 + 2ρϖ2 + λ|ϖ2|1−τ = 0, from (8.43) and (8.44), it follows that

Lρ,λ,τ [wδ,ε(r)] ≥ εΨδ(r
ε)(χν − ε)

wδ,ε(r)

r2
≥ εχν

2
Ψδ(r

ε)
wδ,ε(r)

r2
. (8.45)

In the last inequality, we have used that ε < χν/2, where χν is given in (8.37).
On the other hand, the right-hand side of (8.42) satisfies

rθwq
δ,ε(r) ≤

εχν

2
Ψδ(r

ε)
wδ,ε(r)

r2
for every r ∈ (0, 1). (8.46)

Indeed, since δ, r ∈ (0, 1) and ψδ(r
ε) ≥ rε/e2, using (8.39), (8.40), and c ∈ (0, cε), we have

rθ+2 wq−1
δ,ε (r)

Ψδ(rε)
≤ e2cq−1r(β−ϖ2)(q−1)−ε

(
1− e−rε

)−(q−1)

≤ e2cq−1r(β−ϖ2)(q−1)−εqe(q−1)rε

≤ eq+1cq−1 ≤ eq+1cq−1
ε =

εχν

2
.

From (8.45) and (8.46), we conclude the proof of (8.42). This ends the proof of Lemma 8.3. □

Proof of Step 1 concluded. Let ν > 0 and εν be given as in the proof of Lemma 8.3.
We show that for every ε0 ∈ (0, εν), we have

lim
|x|→0

|x|ϖ2+ε0u(x) = ∞. (8.47)

Indeed, we fix ε ∈ (ε0, εν) and let cε be prescribed by Lemma 8.3 (see (8.40)). Choose r0 ∈ (0, 1)
small enough such that Br0(0) ⊂⊂ Ω. Fix c ∈ (0, cε) small enough such that

min
|x|=r0

u(x) ≥ c r−ϖ2
0 (1− e−rε0 )−1.

For every δ ∈ (0, 1), we define wδ,ε as in (8.36). The above choice of c ensures that u(x) ≥ wδ,ε(x)
for all |x| = r0. From the assumption (8.35), we obtain that lim|x|→0 u(x)/wδ,ε(|x|) = ∞. In
light of Lemma 8.3, we can apply the comparison principle to conclude that

u(x) ≥ wδ,ε(|x|) for all 0 < |x| ≤ r0.

By letting δ → 0 and then |x| → 0, we get that

lim inf
|x|→0

|x|ϖ2+εu(x) ≥ c > 0,

which implies (8.47) since ε0 < ε. This completes the proof of Step 1. □

Step 2: The assertion of (8.3) holds: For every η > 0, we have lim|x|→0 |x|β−ηu(x) = ∞.

Proof of Step 2. We need only consider the case of η > 0 small. Without loss of generality, we
assume that η ∈ (0, β −ϖ2). We fix ε ∈ (0, εν) small as needed so that Step 1 applies, that is,

lim
|x|→0

|x|ϖ2+εu(x) = ∞. (8.48)

We can assume that ε < β −ϖ2 − η. Otherwise, there remains nothing to prove.
To conclude Step 2, we use an iterative process similar to the one in Proposition 3.6 except

that the sequence {mj}j in (3.33) is constructed here differently. We let

m1 = −ϖ2 − ε > 0 (8.49)

and for every j ≥ 1, we define mj+1 as the unique positive solution of fj(t) = 0, where

fj(t) = λ t1−τ + t2 − 2ρmj for t > 0. (8.50)
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Now, f1 is increasing on (0,∞) with limt→0+ f1(t) = −2ρm1 < 0 and limt→∞ f1(t) = ∞. Hence,
m2 > 0 is well-defined and, by induction, we obtain the sequence of positive numbers {mj}j≥1,
which is decreasing. We only remark that m2 < m1 since f1(m1) > 0 using that

f1(m1) = λ|ϖ2|1−τ

(
1− ε

|ϖ2|

)1−τ

+ϖ2
2 + 2ρϖ2 + 2 (ϖ2 + ρ) ε+ ε2

=
[
2 (ϖ2 + ρ)− λ|ϖ2|−τ (1− τ)

]
ε+

(
1− λτ |ϖ2|−1−τ (1− τ)

2

)
ε2 + o(ε2) as ε→ 0.

By (8.4), we have 2 (ϖ2 + ρ) − λ|ϖ2|−τ (1 − τ) > 0 so that f1(m1) > 0 for small ε > 0. (Even
when ρ = Υ, for small ε > 0, we have f1(m1) > 0 since f1(m1) = ε2[(1 + τ)/2 + o(1)] as ε→ 0.)
Thus, m2 < m1 and by induction, one can show that {mj}j≥1 is decreasing and there exists

lim
j→∞

mj = ℓ0 ≥ 0,

where ℓ20−2ρℓ0+λℓ
1−τ
0 = 0. Such equation in ℓ0 has three non-negative roots: 0, −ϖ2 and −ϖ1.

Since 0 < mj < m1 = −ϖ2 − ε < −ϖ2 < −ϖ1 for all j ≥ 2, we obtain that ℓ0 = 0, namely,

lim
j→∞

mj = 0.

Hence, there exists k∗ ≥ 1 large such that for j = 1, . . . , k∗,

−β < mk∗+1 ≤ −β + η < mk∗ . (8.51)

For ν ∈ (0,mk∗+1/2) and 1 ≤ j ≤ k∗, we define

ξj(ν) := λ (mj+1 − 2ν)
1−τ

+m2
j − 2ρmj . (8.52)

Since fj(mj+1) = 0, where fj is given by (8.50) and 0 < mj+1 < mj for all 1 ≤ j ≤ k∗, we get

lim
ν→0

ξj(ν) = λm1−τ
j+1 +m2

j − 2ρmj = m2
j −m2

j+1 > 0.

We can thus fix 0 < ν < min {mk∗+1 + β,mk∗+1/2} small such that

ξj(ν) > 0 for all 1 ≤ j ≤ k∗. (8.53)

We now choose α ∈ (0, ϖ2 + ρ) arbitrary. This implies that

0 < α < ρ−mj for all 1 ≤ j ≤ k∗. (8.54)

Indeed, remark that ρ > −ϖ2 since −ϖ2 < (λτ)1/(τ+1) < Υ < ρ by virtue of the assumptions
in Case [N2] with ρ > Υ. (In fact, we have ρ > −ϖ2 also in Case [N2] with ρ = Υ since
(λτ)1/(τ+1) < Υ.) Using that ρ + ϖ2 < ρ − m1 ≤ ρ − mj for all j ≥ 1, by the choice of
α ∈ (0, ϖ2 + ρ), we obtain (8.54)

Construction of a family of sub-solutions.

From (8.53), we have ξ∗ = min1≤j≤k∗ ξj(ν) > 0. Let c ∈ (0, ξ
1/(q−1)
∗ ) be arbitrary.

For every 1 ≤ j ≤ k∗ and δ > 0, we define vj,δ in the same form as in (3.33), that is,

vj,δ(r) = c rmj

(
er

α

− e−δ
)mj+1−mj−ν

α

for all r ∈ (0, 1]. (8.55)

We show that there exists r∗ ∈ (0, 1) small such that for every 1 ≤ j ≤ k∗, the function vj,δ

in (8.55) is a positive radial sub-solution of (1.1) on 0 < |x| < r
1/α
∗ , namely,

Lρ,λ,τ [vj,δ(r)] ≥ rθvqj,δ(r) for all r ∈ (0, r
1/α
∗ ). (8.56)

Proof of (8.56). This is similar to the proof of (3.34). Let r∗ ∈ (0, 1) be small such that

B
r
1/α
∗

(0) ⊂⊂ Ω and for all t ∈ (0, r∗), we have (3.35). Let 1 ≤ j ≤ k∗ and r ∈ (0, r
1/α
∗ ) be

arbitrary. Note that in the expression of Lρ[vj,δ(r)] in (3.37), we again have that the coefficients
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of rαer
α

/(er
α − e−δ) and r2αe2r

α

/(er
α − e−δ)2 are positive (see (8.54)). Using (3.35), we recover

(3.36) and (3.38). So, using (8.52) and c ∈ (0, ξ
1/(q−1)
∗ ) with ξ∗ = min1≤j≤k∗ ξj(ν) > 0, we get

Lρ,λ,τ [vj,δ(r)]] ≥ ξj(ν)
vj,δ(r)

r2
≥ ξ∗

vj,δ(r)

r2
≥ cq−1 vj,δ(r)

r2
.

As in the proof of (3.34), by the choice of ν < mk∗+1 + β, we obtain that

rθ+2vq−1
j,δ (r) ≤ cq−1.

This completes the proof of (8.56).

Proof of Step 2 concluded. We diminish c > 0 such that c < min|x|=r
1/α
∗

u(x). We point

out that from (8.49), we have m1 = −ϖ2 − ε and (3.42) holds because of (8.48). As in the proof
of Proposition 3.6, by an inductive argument on j = 1, . . . , k∗, we obtain that

u(x) ≥ vk∗,δ(|x|) for all 0 < |x| ≤ r
1/α
∗ .

By letting δ → 0 and then |x| → 0, we regain

lim inf
|x|→0

|x|−mk∗+1+νu(x) ≥ c,

which by virtue of mk∗+1 ≤ −β + η (see (8.51)), implies that lim|x|→0 |x|β−ηu(x) = ∞. □

This completes the proof of Theorem 8.1 (B) when ρ > Υ. □

8.4. Proof of Theorem 8.1 (B) when ρ = Υ. Let (1.2) hold and β ∈ (ϖ2, 0) in Case [N2]
with ρ = Υ. Let u be a positive super-solution of (1.1) satisfying

lim
|x|→0

u(x)

|x|−ϖ2 |log |x||2/(1+τ)
= ∞. (8.57)

The same reasoning as in Step 2 in Section 8.3 leads to (8.3) provided that u satisfies

for every ε0 > 0 small, we have lim
|x|→0

|x|ϖ2+ε0u(x) = ∞. (8.58)

We point out that (8.58) corresponds to Step 1 in Section 8.3 only in statement. However,
the proof given in Section 8.3 uses essentially that ρ > Υ (in the form of (8.4)) and cannot be
applied in our context of ρ = Υ when (8.29) is valid. Moreover, instead of the assumption (8.35),
here we start with the property (8.57) (due to the change in the expression of Φϖ2(ρ) in (8.1)).

Compared with Section 8.3, the main novelty here is the derivation of (8.58). We would need
two family of sub-solutions of (1.1) to attain (8.58) (see (8.60) and (8.72)).

First, we improve (8.57) by showing in Lemma 8.4 that for every s > 2/(1 + τ), we have

lim
|x|→0

u(x)

|x|−ϖ2 |log |x||s
= ∞. (8.59)

Using (8.59) and another family of sub-solutions, we conclude (8.58) in Lemma 8.5.

Lemma 8.4. For every s > 2/(1 + τ), we have (8.59).

Proof. Let α, η, c > 0 be fixed arbitrarily. For every δ > 0, we define

wδ(r) = c r−ϖ2 | log r|
2

1+τ
(
δ + | log r|−α

)−η
for all r ∈ (0, 1/e). (8.60)

Claim: For any α ∈ (0, 1) and η > 0, there exist r∗ ∈ (0, 1/e) and c∗ > 0 such that for every
c ∈ (0, c∗) and δ ∈ (0, 1), the function wδ in (8.60) is a positive radial sub-solution of (1.1) in
Br∗(0) \ {0} and w′

δ(r) > 0 for every r ∈ (0, r∗).
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Proof of the Claim. Let α ∈ (0, 1) and η > 0 be fixed. We define C∗ > 0 as follows

C∗ =
(1− τ) τ (1 + τ) 2τ+2

3! |ϖ2|3

(
2

1 + τ
+ αη

)3

. (8.61)

Let r∗ ∈ (0, 1/e) be small such that for all r ∈ (0, r∗), we have

1

| log r|

(
2

1 + τ
+ α η

)
<

|ϖ2|
2
, (8.62)

α (1− α) η | log r|1−α > 2C∗ (1 + | log r|−α) . (8.63)

Let c ∈ (0, c∗) be arbitrary, where c∗ > 0 is defined by

c∗ =

(
C∗

M∗

) 1
q−1

and M∗ = sup
r∈(0,r∗)

r(β−ϖ2)(q−1)| log r|3+(q−1)( 2
1+τ +αη). (8.64)

We point out that M∗ ∈ (0,∞) since β ∈ (ϖ2, 0).
Let r ∈ (0, r∗) and δ ∈ (0, 1) be arbitrary. For t > 0, we define Fδ(t) by

Fδ(t) =
2

1 + τ
+
αη t

δ + t
∈
(
0,

2

1 + τ
+ αη

)
. (8.65)

Our choice of r∗ > 0 such that (8.62) holds gives that

Fδ(| log r|−α)

|ϖ2|| log r|
∈ (0, 1/2) for all r ∈ (0, r∗). (8.66)

Thus, by differentiating (8.60) with respect to r, we get

w′
δ(r) =

wδ(r)

r

(
−ϖ2 −

Fδ(| log r|−α)

| log r|

)
>

|ϖ2|
2

wδ(r)

r
> 0. (8.67)

Hence, in view of (8.65) and (8.66), we obtain that

λGτ (wδ(r)) = λ |ϖ2|1−τ wδ(r)

r2

(
1− Fδ(| log r|−α)

|ϖ2| | log r|

)1−τ

≥ λ |ϖ2|1−τ wδ(r)

r2

(
1− (1− τ)Fδ(| log r|−α)

|ϖ2| | log r|
− (1− τ)τ F 2

δ (| log r|−α)

2ϖ2
2 log2 r

− C∗

| log r|3

)
.

where C∗ > 0 is defined in (8.61). Using (8.67), we arrive at

Lρ(wδ(r)) =
wδ(r)

r2

[
ϖ2

2 + 2ρϖ2 +
2 (ϖ2 + ρ)Fδ(| log r|−α)

| log r|

+
F 2
δ (| log r|−α)− Fδ(| log r|−α)− α| log r|−αF ′

δ(| log r|−α)

log2 r

]
.

For t > 0, we define Jδ(t) as follows

Jδ(t) =
1 + τ

2
F 2
δ (t)− Fδ(t)− α tF ′

δ(t). (8.68)

Since Case [N2] holds with ρ = Υ, we have β1 = ϖ2 = −(λτ)1/(1+τ) and (8.29) holds. Hence,

Lρ,λ,τ (wδ(r)) ≥
wδ(r)

r2 | log r|3
[
| log r| Jδ(| log r|−α)− C∗

]
. (8.69)

Recall that α, δ ∈ (0, 1). In view of (8.65) and (8.68), we find that

Jδ(t) =
αη t

δ + t

(
1− αδ

δ + t

)
+

(1 + τ)

2

α2η2t2

(δ + t)2
>
α (1− α) η t

δ + t
≥ α (1− α) η t

1 + t
.
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This, jointly with (8.63), implies that

| log r| Jδ(| log r|−α) ≥ 2C∗ for all r ∈ (0, r∗).

Therefore, using (8.69), we infer that

Lρ,λ,τ (wδ(r)) ≥ C∗
wδ(r)

r2 | log r|3
for all r ∈ (0, r∗).

On the other hand, from the definition of wδ in (8.60) and (8.64), we have

rθwq
δ(r) ≤

wδ(r)

r2
cq−1r(β−ϖ2)(q−1)| log r|(q−1)( 2

1+τ +αη) ≤ C∗
wδ(r)

r2 | log r|3
for all r ∈ (0, r∗).

This completes the proof of the Claim. □

Proof of Lemma 8.4 concluded. Let s > 2/(1 + τ) be arbitrary. Fix α ∈ (0, 1) and η > 0
such that αη > s− 2/(1 + τ). Let r∗ ∈ (0, 1/e) and c∗ > 0 be given by the Claim.

We choose c ∈ (0, c∗) small enough such that

min
|x|=r∗

u(x) ≥ cr−ϖ2
∗ | log r∗|αη+2/(1+τ).

Let δ ∈ (0, 1) be arbitrary. This choice of c yields that u(x) ≥ wδ(|x|) for all |x| = r∗.
Moreover, from (8.57), we have

lim
|x|→0

u(x)

wδ(|x|)
= ∞.

Hence, by the comparison principle, we infer that u(x) ≥ wδ(|x|) for all 0 < |x| ≤ r∗. By letting
δ → 0 and then |x| → 0, we arrive at

lim inf
|x|→0

|x|ϖ2 | log |x||−
2

1+τ −αηu(x) ≥ c > 0.

Since α η > s− 2/(1 + τ), we readily conclude (8.59). This ends the proof of Lemma 8.4. □

Based on Lemma 8.4, we are ready to conclude (8.58) in our next result.

Lemma 8.5. For every ε0 > 0 small enough, we have lim|x|→0 |x|ϖ2+ε0u(x) = ∞.

Proof. Fix µ > 2/(1 + τ) and choose ν > 0 small such that

ν ∈
(
0,

1 + τ − 2/µ

1− τ

)
.

Let sν > 0 be small enough such that for all s ∈ (0, sν),(
1− s

|ϖ2|

)1−τ

≥ 1− (1− τ)

|ϖ2|
s− (1− τ) τ (1 + ν)

2ϖ2
2

s2. (8.70)

We show that for every ε0 ∈ (0,min {sν , β −ϖ2}), we have

lim
|x|→0

|x|ϖ2+ε0u(x) = ∞. (8.71)

We fix α = α(µ, ν) > 0 small such that ε0 < αµ < min {sν , β −ϖ2}. Let c > 0 be arbitrary.
For every δ > 0 and r ∈ (0, 1), we define

zδ(r) =
c

δµ
r−ϖ2 logµ(1 + δ/rα). (8.72)

Claim: There exists cµ > 0 such that for every c ∈ (0, cµ) and δ > 0, the function zδ in (8.72)
is a positive radial sub-solution of (1.1) in B1(0) \ {0} and z′δ(r) > 0 for every r ∈ (0, 1).
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Proof of the Claim. For every t > 0, we define J(t) as follows

J(t) =
t

(t+ 1) log (t+ 1)
∈ (0, 1). (8.73)

We have Mµ ∈ (0,∞), where we set

Mµ = sup
t∈(0,∞)

(1 + t)2
(
log (1 + t)

t

)µ(q−1)+2

. (8.74)

Let c ∈ (0, cµ) be arbitrary, where cµ > 0 is defined by

cµ =

[
α2µ2

Mµ

(
1 + τ − (1− τ) ν

2
− 1

µ

)] 1
q−1

. (8.75)

In what follows, we let r ∈ (0, 1). From (8.72) and using that 0 < αµ < β −ϖ2 < |ϖ2|, we get

z′δ(r) =
zδ(r)

r
(−ϖ2 − αµJ(δ/rα)) > 0. (8.76)

Since αµ ∈ (0, sν) and J(t) ∈ (0, 1), from (8.70) and (8.76), we infer that

λGτ [zδ(r)] = λ|ϖ2|1−τ zδ(r)

r2

(
1− αµ

|ϖ2|
J(δ/rα)

)1−τ

≥ λ|ϖ2|1−τ zδ(r)

r2

(
1− (1− τ)αµ

|ϖ2|
J(δ/rα)− (1− τ) τ (1 + ν) (αµ)2

2ϖ2
2

J2(δ/rα)

)
.

By a standard calculation, we obtain that

Lρ[zδ(r)] =
zδ(r)

r2
[
ϖ2

2 + 2ρϖ2 + 2 (ϖ2 + ρ)αµJ(δ/rα) + (αµ)2J2(δ/rα) + α2µJ ′(δ/rα) δ/rα
]
.

Using that fρ(ϖ2) = 0 and (8.29), we see that

Lρ,λ,τ [zδ(r)] ≥
zδ(r)

r2

[
α2µ2

(
1− (1− τ) (1 + ν)

2

)
J2(δ/rα) + α2µJ ′(δ/rα) δ/rα

]
. (8.77)

From the definition of J in (8.73), we get that

tJ ′(t) =
t

(1 + t)2 log (1 + t)
− J2(t) > −J2(t) for all t > 0.

Using this fact in (8.77), we arrive at

Lρ,λ,τ [zδ(r)] ≥
zδ(r)

r2
α2µ2

(
1 + τ − (1− τ) ν

2
− 1

µ

)
J2(δ/rα).

On the other hand, using (8.74), αµ < β −ϖ2 and q > 1, we get

rθzqδ (r) =
zδ(r)

r2
cq−1r(β−ϖ2−αµ)(q−1)

(
log (1 + δ/rα)

δ/rα

)µ(q−1)

≤ zδ(r)

r2
cq−1r(β−ϖ2−αµ)(q−1)Mµ J

2(δ/rα)

≤ zδ(r)

r2
cq−1Mµ J

2(δ/rα) for all r ∈ (0, 1).

Since c ∈ (0, cµ) with cµ given in (8.75), we readily conclude that

Lρ,λ,τ [zδ(r)] ≥ rθzqδ (r) for all r ∈ (0, 1).

This finishes the proof of the Claim. □
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Proof of Lemma 8.5 concluded. Let r0 ∈ (0, 1) be small such that Br0(0) ⊂⊂ Ω. Let

cµ > 0 be as in the Claim. Choose c ∈ (0, cµ) small such that min|x|=r0 u(x) ≥ c r−ϖ2−αµ
0 . This

ensures that u(x) ≥ zδ(|x|) for all |x| = r0 and δ > 0. In view of Lemma 8.4, we find that

lim
|x|→0

u(x)

zδ(|x|)
= 0 for every δ > 0.

Hence, by the comparison principle, we infer that

u(x) ≥ zδ(|x|) for all 0 < |x| ≤ r0 and δ > 0.

By letting δ → 0 and then |x| → 0, we arrive at

lim inf
|x|→0

|x|ϖ2+αµu(x) ≥ c > 0. (8.78)

Since ε0 < αµ < β −ϖ2, from (8.78), we attain (8.71). □

In light of Lemma 8.5, using the same proof as in Step 2 in Section 8.3, we conclude (8.3).
This finishes the proof of Theorem 8.1 (B) when ρ = Υ. □

Part 2. Proof of Theorem 1.1

9. Optimal condition for the existence of global solutions

The main result of this section is the following.

Theorem 9.1. Let (1.2) hold. Then, (1.1) has positive solutions in RN \ {0} if and only if
fρ(β) > 0.

If fρ(β) > 0, then (1.1) has at least one positive solution in RN \ {0}, see Uρ,β in (1.4). We
conclude Theorem 9.1 from Proposition 9.5, which relies essentially on Proposition 9.2 below.

Proposition 9.2. Let (1.2) hold and fρ(β) ≤ 0. Then, every positive solution u of (1.1) satisfies
lim|x|→0 |x|βu(x) = 0.

Proof. By Corollary 2.3, it remains to study the case β = 0. Let u be any positive solution of
(1.1). Let r0 > 0 be small such that B4r0(0) ⊂⊂ Ω. Let d1 > 1 be as in Proposition B.3. By the
proof of Lemma 5.13, there exists a positive radial solution V of (1.1) in Br0(0) \ {0} such that

u(x)/d1 ≤ V (|x|) ≤ u(x) for every 0 < |x| ≤ r0. (9.1)

We show that every positive radial solution v of (1.1) in Br0(0)\{0} satisfies limr→0+ v(r) = 0.
Indeed, since θ = −2, we see that v is a positive solution of the following ODE

v′′(r) + (1− 2ρ)
v′(r)

r
+ λ vτ (r)

|v′(r)|1−τ

r1+τ
= r−2vq(r) for 0 < r < r0. (9.2)

Observe that there exists r1 ∈ (0, r0) such that v′(r) ̸= 0 for every r ∈ (0, r1). Indeed, if
v′(r∗) = 0 for some r∗ ∈ (0, r0), then v

′′(r∗) > 0 so that r∗ is a local minimum. As v has no local
maximum on (0, r0), it follows that v

′ has at most one critical point on (0, r0). This shows that
v′ has constant sign on (0, r1) for some r1 ∈ (0, r0). Hence, in view of Theorem 1.4, there exists

lim
r→0+

v(r) ∈ [0,∞).

Assume by contradiction that limr→0+ v(r) ∈ (0,∞). We define Y (r) by

Y (r) =
rv′(r)

v(r)
for every r ∈ (0, r1). (9.3)
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By a simple calculation, we find that

rY ′(r) = −Y 2(r) + 2ρY (r) + vq−1(r)− λ|Y (r)|1−τ .

We show that Y ′(r) ̸= 0 for any r > 0 sufficiently small. We reason by contradiction. Suppose
that Y ′(rk) = 0 for all k ≥ 2, where {rk}k≥2 is a sequence of positive numbers decreasing to zero
as k → ∞. We assume that rk+1 < rk ≤ r1 for all k ≥ 2. Then, we obtain that

r2k Y
′′(rk) = (q − 1) [v(rk)]

q−1Y (rk) for all k ≥ 2.

Hence, since q > 1, all the critical points rk (k ≥ 2) of Y will be local minima points for Y if
v′ > 0 on (0, r1) (respectively, local maxima points if v′ < 0 on (0, r1). This is a contradiction.

Thus, Y ′(r) ̸= 0 for every r > 0 sufficiently small. Since limr→0+ v(r) ∈ (0,∞), we infer that
there exists limr→0+ Y (r) = 0. We multiply (9.2) by r2 and taking r → 0+, we arrive at

lim
r→0+

r2 v′′(r) = lim
r→0+

[v(r)]q ∈ (0,∞).

This is a contradiction with limr→0+ rv
′(r) = 0. The proof of limr→0+ v(r) = 0 is now complete.

This fact, jointly with (9.1), implies that lim|x|→0 u(x) = 0. □

Consequently, when β ≤ 0, we obtain the following non-existence result for (1.1) on a bounded
domain Ω, subject to a homogeneous Dirichlet boundary condition on ∂Ω.

Corollary 9.3. Let Ω ⊂ RN be a bounded domain such that 0 ∈ Ω. Let (1.2) hold, ρ, λ ∈ R and
θ ≤ −2. Then, (1.1), subject to u = 0 on ∂Ω, has no positive C2(Ω \ {0})∩C(Ω \ {0})-solutions.

Proof. Assume that u is a positive C2(Ω \ {0}) ∩ C(Ω \ {0})-solution of (1.1), subject to u = 0
on ∂Ω. Then, lim|x|→0 u(x) = 0 by Corollary B.4 (for θ < −2) and Proposition 9.2 (for θ = −2).
Hence, by setting u(0) = 0, then maxΩ u = u(x∗) > 0 for some x⋆ ∈ Ω \ {0}. Since ∆u(x⋆) ≤ 0
and ∇u(x⋆) = 0, the left-hand side (right-hand side) of (1.1) at x = x⋆ would be non-positive
(positive). This is a contradiction. □

Corollary 9.4. Let (1.2) hold and ρ, λ, θ ∈ R. Let u be any positive solution of (1.1) in Ω,

where Ω is a domain such that RN \BR(0) ⊆ Ω for some R > 0.

(i) If fρ(β) ≤ 0, then lim|x|→∞ |x|βu(x) = 0.

(ii) If fρ(β) > 0, then either lim|x|→∞ |x|βu(x) = 0 or lim|x|→∞ |x|βu(x) = Λ.

Proof. We apply the modified Kelvin transform as in the Appendix A, then use Proposition 9.2
and Theorem 2.1 (c) to conclude the claims of (i) and (ii), respectively. □

Proposition 9.5. Let (1.2) hold. If fρ(β) ≤ 0, then (1.1) in RN \ {0} has no positive solutions.

Proof. Assume by contradiction that u is a positive C1(RN \ {0})-solution of (1.1). Then, by
Proposition 9.2 and Corollary 9.4, we have

lim
|x|→0

|x|βu(x) = 0, lim
|x|→∞

|x|βu(x) = 0. (9.4)

• Assume that β ̸= 0. Since fρ(β) ≤ 0, we see that ε|x|−β is a super-solution of (1.1) in
RN \ {0}. Hence, from (9.4) and the comparison principle, it follows that

u(x) ≤ ε|x|−β for every |x| > 0.

By letting ε→ 0, we get u ≡ 0 in RN \ {0}, which is a contradiction.

• If β = 0, then (9.4) gives that lim|x|→0 u(x) = lim|x|→∞ u(x) = 0 and hence, u achieves its

positive global maximum at some point x∗ ∈ RN \ {0}. Let ε > 0 be small and R > 0 be large
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such that x∗ ∈ Dε,R := {x ∈ RN : ε < |x| < R} and u|∂Dε,R
< u(x∗). Then, by Proposition B.3

and the elliptic regularity theory, u ∈ C2(Dε,R) is a classical solution of (1.1) on Dε,R and

0 < |x∗|−2[u(x∗)]
q = Lρ,λ,τ [u(x∗)] = ∆u(x∗) ≤ 0,

which is a contradiction. This completes the proof of Proposition 9.5. □

10. Classification of solutions in RN \ {0} (Theorem 10.1)

Throughout this section, we assume that (1.2) holds, θ < −2 and fρ(β) > 0.
In Theorem 10.1 below, we reveal all the behaviours at infinity that can coexist with those

near zero for the positive solutions of (1.1) in RN \ {0}.

Theorem 10.1. Let (1.2) hold, θ < −2 and fρ(β) > 0. Let u be any positive solution of (1.1)
in RN \ {0} other than Uρ,β in (1.4).

• Assume that β ∈ (ϖ2, 0) in Case [N2]. Then, we have the following three possibilities:

(I) Either u(x) ∼ bΦϖ2(ρ)(|x|) as |x| → 0 for some b ∈ R+ and u(x) ∼ Uρ,β(|x|) as |x| → ∞;
(II) Or u(x) ∼ Uρ,β(|x|) as |x| → 0 and lim|x|→∞ u(x) = c for some c ∈ R+;
(III) Or, there exist b, c ∈ R+ such that u(x) ∼ bΦϖ2(ρ)(|x|) as |x| → 0 and lim|x|→∞ u(x) = c.

• In the remaining situations, we have

(II′) u(x) ∼ Uρ,β(|x|) as |x| → 0 and there exists c ∈ R+ such that

lim
|x|→∞

|x|ϖ1u(x) = c in Case [N1] with β < ϖ1, (10.1)

lim
|x|→∞

u(x)

Ψϖ1(ρ)(|x|)
= c in Case [N2] with β < ϖ1, (10.2)

lim
|x|→∞

u(x)

log |x|
= c if λ = 2ρ when τ = 0, (10.3)

lim
|x|→∞

u(x) = c in Case [N0] with λ ̸= 2ρ if τ = 0. (10.4)

Remark 10.2. In Theorems 11.1, 12.1 and 13.1, we conclude the non-trivial task of proving
that each of the asymptotic profiles in the classification of Theorems 10.1 (at zero and at infinity
taken together) is actually realised by a unique positive radial solution.

10.1. Strategy for proving Theorem 10.1. Let u be any positive solution of (1.1) in RN \{0}
other than Uρ,β . In Proposition 10.3, we establish the conclusion of (II)′ in Theorem 10.1 when
λ = 2ρ and τ = 0. We next discuss the approach for the remaining situations. We define

c :=



lim sup
|x|→∞

|x|ϖ1u(x) in Case [N1] with β < ϖ1,

lim sup
|x|→∞

u(x)

Ψϖ1(ρ)(|x|)
if Case [N2] with β < ϖ1,

lim sup
|x|→∞

u(x) in Case [N0] with λ ̸= 2ρ if τ = 0

or if β ∈ (ϖ2, 0) in Case [N2].

(10.5)

We show that c ̸= 0 for every positive solution of (1.1) in RN \ {0} (see Proposition 10.5).
Then, we have a dichotomy: either c ∈ (0,∞) or c = ∞.

♢ Assume that c ∈ (0,∞). Then, by applying Theorem 5.5 (see also Remark 5.6) and
Theorem 5.7, in conjunction with the modified Kelvin transform (see the Appendix A), we reach
the claims in (10.1) and (10.4), as well as lim|x|→∞ u(x) = c if β ∈ (ϖ2, 0) in Case [N2]. For the
proof of (10.2), see Corollary 5.12.
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♢ Assume that c = ∞. Then, we prove (see Theorem 10.6) that

u(x) ∼ Uρ,β(x) as |x| → ∞. (10.6)

In view of (10.6) and since u is different from Uρ,β , we cannot have lim|x|→0 u(x)/Uρ,β(x) = 1.
Otherwise, letting ε > 0 arbitrary, by the comparison principle and (10.6), we would get

(1− ε)Uρ,β(x) ≤ u(x) ≤ (1 + ε)Uρ,β(x) for every |x| > 0.

By letting ε→ 0, we would arrive at u ≡ Uρ,β in RN \ {0}, which is a contradiction.
• Suppose that β ∈ (ϖ2, 0) in case [N2]. Then, by Theorem 1.4 and Lemma 10.4 in Subsec-

tion 10.3, we have a dichotomy near zero:

either (a) lim
|x|→0

u(x)

Uρ,β(x)
= 1 or (b) lim

|x|→0

u(x)

Φϖ2(ρ)(|x|)
= b for some b ∈ R+. (10.7)

Hence, we have the alternative (I) in Theorem 10.1 when c = ∞ (as only (10.7) (b) is possible)
and the alternatives (II) and (III) if c ∈ (0,∞).

• In the remaining three situations of (10.5), only (10.7) (a) holds (see Theorem 1.4). So, we
reach the conclusions in (II)′ in Theorem 10.1 since only c ∈ (0,∞) is possible.

10.2. Classification of global solutions when λ = 2ρ and τ = 0. We prove the following.

Proposition 10.3. Let (1.2) hold, θ < −2, λ = 2ρ and τ = 0. Let u be any positive solution of
(1.1) in RN \ {0} other than Uρ,β. Then, (10.7) (a) holds and there exists c ∈ R+ such that

lim
|x|→∞

u(x)

log |x|
= c. (10.8)

Proof. By Theorem 1.4, we know that (10.7) (a) holds. We need to establish only (10.8) for
some c ∈ R+. To this end, we apply the modified Kelvin transform in the Appendix A, that is,
v(x̃) = u(x) with x̃ = x/|x|2. Hence, v is a positive solution of

Lρ̃,λ,τ [v(x̃)] = |x̃|θ̃vq(x̃) in RN \ {0}, (10.9)

where ρ̃ = −ρ, θ̃ = −θ − 4 > −2 and τ = 0. We define

c := lim sup
|x|→∞

u(x)

log |x|
= lim sup

|x̃|→0

v(x̃)

log (1/|x̃|)
.

We distinguish three cases: c ∈ (0,∞), c = ∞ and c = 0 (only the former is possible).
• Let c ∈ (0,∞). Lemma 5.13 applied to v leads to (10.8).
• Let c = ∞. Since λ = −2ρ̃ and τ = 0, by applying Lemma 5.13 to v, we obtain that

v(x̃) ∼ U−ρ,−β(x̃) = Uρ,β(x) as |x̃| → 0.

This means that u(x) ∼ Uρ,β(x) as |x| → ∞. Hence, u ≡ Uρ,β in RN \ {0}, which is not possible.
• Let c = 0. By Lemma 5.13, we conclude that there exists

lim
|x̃|→0

v(x̃) = lim
|x|→∞

u(x) = µ ∈ [0,∞).

If µ = 0, then using that lim|x|→0 u(x) = 0, we get a contradiction as in the proof of Theo-
rem 9.5 (with β = 0 there).

If µ ∈ (0,∞), then again we get a contradiction. More precisely, by the comparison principle
(see Lemma A.4), we obtain that u is the only positive solution of (1.1) in RN \ {0} satisfying
u(x) ∼ Uρ,β(|x|) as |x| → 0 and lim|x|→∞ u(x) = µ. Hence, u is radially symmetric and,
moreover, u′(r) > 0 for every r = |x| > 0. Consequently, u is a positive solution of

u′′(r) +
u′(r)

r
= rθuq(r) for every r > 0.
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This implies that (ru′(r))′ > 0 for every r > 0. As µ ∈ (0,∞), we infer that there exists
limr→∞ ru′(r) = 0 and ru′(r) < 0 for every r > 0. This contradicts u′(r) > 0 for every r > 0.

Hence, neither c = 0 nor c = ∞ can occur. This finishes the proof of Proposition 10.3. □

10.3. Non-existence results. In Lemma 10.4, we show that if β ∈ (ϖ2, 0) in Case [N2], then
(1.1) in RN \ {0} has no positive solutions satisfying the alternative (P0) (i) of Theorem 1.4.
Furthermore, assuming that θ < −2, fρ(β) > 0 and λ ̸= 2ρ if τ = 0, we prove in Proposition 10.5
that (1.1) in RN \ {0} has no positive solutions with c = 0, where c is given by (10.5).

Lemma 10.4 (Non-existence). Let (1.2) hold. If β ∈ (ϖ2, 0) in Case [N2], then there are no
positive solutions of (1.1) in RN \ {0} satisfying

lim
|x|→0

u(x)

Φϖ2(ρ)(|x|)
= 0. (10.10)

Proof. Assume by contradiction that u is a positive solution of (1.1) in RN \ {0} satisfying
(10.10). Since β ∈ (ϖ2, 0), by Theorem 1.4, we get that

lim
|x|→∞

|x|ϖ2u(x) = 0. (10.11)

We distinguish two cases:
(I) Let ρ > Υ. Then, Φϖ2(ρ)(r) = r−ϖ2 for every r > 0. Let ε > 0 be arbitrary. Hence, from

(10.10) and (10.11), there exist rε > 0 small and Rε > 0 large such that u(x) ≤ ε|x|−ϖ2 for every
|x| ∈ (0, rε] ∪ [Rε,∞). By the comparison principle, we obtain u(x) ≤ ε|x|−ϖ2 for all |x| > 0.
Letting ε→ 0, we get u ≡ 0 in RN \ {0}, which is a contradiction.

(II) Let ρ = Υ. Then, we have Φϖ2(ρ)(r) = r−ϖ2 [log (1/r)]
2

1+τ for r ∈ (0, 1).
Let ε > 0 be arbitrary. From (10.11), there exists Rε > 1 large such that

u(x) ≤ ε|x|−ϖ2 for every |x| ≥ Rε. (10.12)

Let r∗ ∈ (0, 1) be given by Lemma 5.1. Without loss of generality, we assume that

Rε > max {1/ε, 1/r∗}.
For every 0 < r ≤ Rε, we define Φε(r) as follows

Φε(r) =
ε

[logRε]
2

1+τ

r−ϖ2
[
log
(
R2

ε/r
)] 2

1+τ . (10.13)

In particular, Φε(Rε) = εR−ϖ2
ε so that using (10.12), we get

u(x) ≤ Φε(|x|) for every |x| = Rε. (10.14)

By virtue of Lemma 5.1, we infer that Φ′
ε(r) > 0 for every r ∈ (0, Rε) and

Lρ,λ,τ [Φε(|x|)] ≤ 0 < |x|θ [Φε(|x|)]q for every |x| ∈ (0, Rε). (10.15)

From (10.10) and the definition of Φε in (10.13), we obtain that

lim
|x|→0

u(x)

Φε(|x|)
= 0. (10.16)

In light of (10.14)–(10.16), we can use the comparison principle to conclude that

u(x) ≤ Φε(|x|) for every 0 < |x| ≤ Rε. (10.17)

Fix x ∈ RN \ {0} arbitrary. By letting ε > 0 small enough, we have 0 < |x| < 1/ε < Rε.
Then, letting ε→ 0 in (10.17), we obtain that u(x) = 0, which is a contradiction. □

Proposition 10.5. Let (1.2) hold, θ < −2 and fρ(β) > 0. Assume that λ ̸= 2ρ when τ = 0. Let
u be any positive solution of (1.1) in RN \ {0}. Then, defining c as in (10.5), we have c ̸= 0.
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Proof. Assume by contradiction that there exists a positive solution u of (1.1) in RN \ {0} for
which c = 0, where c is given by (10.5). If Case [N0] holds or if β ∈ (ϖ2, 0) in Case [N2], then
we reach a contradiction as in the proof of Proposition 9.5 (with β = 0 there).

It remains to analyse the case when β < ϖ1 in Case [Nj ] with j = 1, 2. We show that we
arrive at a contradiction by distinguishing two cases:

(I) Assume either Case [N1] or ρ > Υ in Case [N2]. In either of these situations, our assumption
that c = 0 (see also the definition of Ψϖ1(ρ) in (1.8)) implies that u satisfies

lim
|x|→∞

|x|ϖ1u(x) = 0. (10.18)

By Theorem 1.4 and β < ϖ1, we get

lim
|x|→0

|x|ϖ1u(x) = 0. (10.19)

We reach a contradiction as in the proof of Lemma 10.4 (Case (I)). Let ε > 0 be arbitrary. Thus,
using (10.18), we can find rε > 0 small and Rε > 1 large such that

u(x) ≤ ε|x|−ϖ1 for every |x| ∈ (0, rε] ∪ [Rε,∞). (10.20)

Recalling that Lρ,λ,τ [|x|−ϖ1 ] = 0 for every |x| > 0, by the comparison principle, we conclude
that (10.20) is true for every |x| > 0. By letting ε→ 0, we get u ≡ 0, which is a contradiction.

(II) We now let ρ = Υ in Case [N2]. Then, Ψϖ1(ρ)(r) = r−ϖ1 (log r)
2/(1+τ)

for every r > 1.
We adapt the proof of Lemma 10.4 pertaining to ρ = Υ. However, we need to pay attention

to the fact that here Ψϖ1(ρ) is not a super-solution of

Lρ,λ,τ [Ψ] = 0 for |x| > 1 large. (10.21)

On the contrary, Ψϖ1(ρ) is a sub-solution of (1.1) for |x| > 1 large (see Lemma 5.2). Hence,

instead of Ψϖ1(ρ), we will work with a positive radial super-solution Ψ̃(|x|) of (10.21) such that

Ψ̃(|x|) ∼ Ψϖ1(ρ)(|x|) as |x| → ∞. For every r > 1, we define Ψ̃(r) as in (5.12), that is,

Ψ̃(r) = Ψ̃ϖ1(r) = r−ϖ1 (log r)
2

1+τ + r−ϖ1 log r.

Then, by Lemma 5.3, Ψ̃ is a positive super-solution of (10.21) for |x| > R1 with R1 > 1 large.
Let ε > 0 be arbitrary. As in Case (I), we have (10.19) so that for rε > 0 small, it holds

u(x) ≤ ε |x|−ϖ1 for every 0 < |x| ≤ rε. (10.22)

If necessary, we diminish rε so that 0 < rε < min {ε, 1/R1}. For every r ≥ rε, we define Ξε(r) by

Ξε(r) =
ε

[log (1/rε)]
2

1+τ

{
r−ϖ1

[
log

(
r

r2ε

)] 2
1+τ

+ r−ϖ1 log

(
r

r2ε

)}
.

Hence, from (10.22), we have

u(x) ≤ Ξε(|x|) for every |x| = rε. (10.23)

Moreover, since r/r2ε > 1/rε > R1 for every r > rε, by Lemma 5.3, it follows that

Lρ,λ,τ [Ξε(|x|)] ≤ 0 < |x|θ[Ξε(|x|)]q for every |x| > rε. (10.24)

In view of our assumption that c = 0, we have

lim
|x|→∞

u(x)

Ξε(|x|)
= 0. (10.25)

From (10.23)–(10.25) and the comparison principle, we conclude that

u(x) ≤ Ξε(|x|) for every |x| ≥ rε. (10.26)
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Fix x ∈ RN \{0} arbitrary. Remark that limε→0 Ξε(|x|) = 0 using that 0 < rε < ε. Letting ε→ 0
in (10.26), we get u(x) = 0, which is a contradiction. This ends the proof of Proposition 10.5. □

10.4. The case c = ∞. Here, our main result is the following.

Theorem 10.6. Let (1.2) hold, θ < −2 and fρ(β) > 0. Assume that λ ̸= 2ρ when τ = 0. Let

u be any positive solution of (1.1) in a domain of RN containing RN \ BR(0) for some R > 0.
Then, if c in (10.5) satisfies c = ∞, then we have u(x) ∼ Uρ,β(|x|) as |x| → ∞.

The claim of Theorem 10.6 follows by combining Propositions 10.7 and 10.8.

Proposition 10.7. In the framework of Theorem 10.6, we assume that β < ϖ1 in Case [Nj ]
with j = 1, 2. If c in (10.5) satisfies c = ∞, then u(x) ∼ Uρ,β(|x|) as |x| → ∞.

Proof. By Corollary 9.4, to conclude that u(x) ∼ Uρ,β(|x|) as |x| → ∞, it suffices to show that

lim inf
|x|→∞

|x|βu(x) > 0. (10.27)

The idea for proving (10.27) is to construct a family {zδ}δ∈(0,1) of positive radial sub-solutions
of (1.1) for |x| > 1 with the following properties (for every δ ∈ (0, 1) except for (4)):

(1) zδ(R) ≤ min
|x|=R

u(x); (2) lim
|x|→∞

u(x)

zδ(|x|)
= ∞;

(3) z′δ(r) ̸= 0 for every r > 1; (4) lim
r→∞

rβ
(

lim
δ→0+

zδ(r)

)
= c0 ∈ (0,∞).

(10.28)

By the first three properties of {zδ}δ>0, we can apply the comparison principle to obtain

zδ(|x|) ≤ u(x) for all R ≤ |x| <∞ and every δ ∈ (0, 1).

Then, letting δ → 0+ and using the property (4) of zδ, we arrive at (10.27).

In Case [N2], we need to treat the case ρ = Υ separately due to the different definition of
Ψϖ1(ρ) in (1.8). Hence, we divide the proof of (10.27) into two Steps.

Step 1. Proof of (10.27), assuming either Case [N1] or ρ ̸= Υ in Case [N2].

By our assumptions (see (10.5)), the modified Kelvin transform and Corollary B.6, we get

lim
|x|→∞

|x|ϖ1u(x) = ∞. (10.29)

Construction of the family of sub-solutions {zδ}δ>0.
Since we assumed ρ ̸= Υ when Case [N2] occurs, we see that

β < ϖ1 < −(λτ)1/(τ+1) < ϖ2 < 0. (10.30)

In Case [N1], we have λ+τ = 0 as either τ = 0 or λ < 0 in Case [N1].
We fix α > 0 small such that

0 < α < min {|ϖ1|
(
1− λ+τ |ϖ1|−τ−1

)
, (ϖ1 − β)(q − 1)}. (10.31)

We define two positive constants bα and cα as follows

bα := sup
0<t<1

et
(
1− e−t

t

)1− (ϖ1−β)(q−1)
α

,

cα =

(
(ϖ1 − β)(|ϖ1| − λ+τ |ϖ1|−τ − α)

bα

) 1
q−1

.

(10.32)
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Fix c0 ∈ (0, cα) arbitrary. For every δ, r > 0, we define

Qδ(r) =
r−α e−r−α

eδ − e−r−α and zδ(r) = c0 r
−ϖ1

(
eδ − e−r−α

)−ϖ1−β
α

. (10.33)

The properties (2)–(4) in (10.28) are easily checked for zδ in (10.33). Let R > 1 be large such

that RN \BR(0) ⊂⊂ Ω1. By choosing c0 ∈ (0, cα) small (depending on u and R) such that

c0R
−ϖ1

(
1− e−R−α

)−ϖ1−β
α ≤ min

|x|=R
u(x),

we ensure that the first property in (10.28) is satisfied by zδ for every δ > 0.
We next show that for arbitrary c0 ∈ (0, cα) and every δ > 0, the function zδ in (10.33) is a

positive radial sub-solution of (1.1) in RN \B1(0), that is,

Lρ,λ,τ [zδ(|x|)] ≥ |x|θ[zδ(|x|)]q for every |x| > 1. (10.34)

Proof of (10.34). Let r > 1 be arbitrary. By the choice of α in (10.31), (10.33) and the
definition of bα in (10.32), we see that

bα ≥ er
−α

(
1− e−r−α

r−α

)1− (ϖ1−β)(q−1)
α

≥
zq−1
δ (r)

cq−1
0

rθ+2

Qδ(r)
. (10.35)

By a simple calculation, we find that

z′δ(r) =
zδ(r)

r
[−ϖ1 + (ϖ1 − β)Qδ(r)] > 0,

Q′
δ(r) = α

Qδ(r)

r

[
r−α − 1 +Qδ(r)

]
,

λGτ [zδ(r)] = λ|ϖ1|1−τ zδ(r)

r2

(
1 +

(ϖ1 − β)

|ϖ1|
Qδ(r)

)1−τ

.

It follows that

Lρ[zδ(r)] =
zδ(r)

r2
{
ϖ2

1 + 2ρϖ1 + (ϖ1 − β)
[
−2 (ϖ1 + ρ)− α+ α r−α

]
Qδ(r)

+ (ϖ1 − β) (ϖ1 − β + α)Q2
δ(r)

}
.

(10.36)

We recall that fρ(ϖ1) = 0, that is, ϖ2
1 + 2ρϖ1 + λ|ϖ1|1−τ = 0.

• If Case [N1] occurs, then either λ ≤ 0 or τ = 0, which implies that

λGτ [zδ(r)] ≥ λ|ϖ1|1−τ zδ(r)

r2

(
1 +

(ϖ1 − β)

|ϖ1|
Qδ(r)

)
.

Therefore, using (10.36) and β < ϖ1 < 0, we arrive at

Lρ,λ,τ [zδ(r)] ≥ (ϖ1 − β) (−ϖ1 − α)
zδ(r)

r2
Qδ(r).

• In Case [N2], using that β < ϖ1 and λ > 0, we obtain that

λGτ [zδ(r)] ≥ λ|ϖ1|1−τ zδ(r)

r2

[
1 +

(1− τ) (ϖ1 − β)

|ϖ1|
Qδ(r)−

τ (1− τ) (ϖ1 − β)
2

2ϖ2
1

Q2
δ(r)

]
.

This, jointly with (10.36), implies that

Lρ,λ,τ [zδ(r)] ≥ (ϖ1 − β)
(
−ϖ1 − λτ |ϖ1|−τ − α

) zδ(r)
r2

Qδ(r).
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In both Case [N1] and Case [N2], using (10.31) and (10.32), we find that

Lρ,λ,τ [zδ(r)] ≥ cq−1
α bα

zδ(r)

r2
Qδ(r),

which, together with c0 ∈ (0, cα) and (10.35), proves the claim of (10.34). □

This completes the proof of Step 1. □

Step 2: Proof of (10.27), assuming that ρ = Υ in Case [N2].

In this case, by our assumption that c = ∞ and Corollary B.6, we obtain that

lim
|x|→∞

|x|ϖ1 (log |x|)−
2

1+τ u(x) = ∞. (10.37)

To reach (10.27), we need to update the construction of the family {zδ}δ>0 of positive radial
sub-solutions of (1.1) for |x| > 1 to satisfy the properties (1)–(4). The construction is done in
two stages (as explained below) because it seems difficult to obtain property (4) directly without
first improving (10.37) as follows

lim
|x|→∞

|x|ϖ1(log |x|)−ηu(x) = ∞ for every η > 2/(1 + τ). (10.38)

We fix s ≥ 2/(1 + τ) and let c0, α > 0 be as small as needed (depending on our choice of s).
For every δ ∈ (0, 1), we define zδ,s of the form

zδ,s(r) =
c0
δs
r−ϖ1 logs(1 + δ rα) for every r > 1. (10.39)

We next find the right conditions that ensure (10.34) for zδ = zδ,s and every δ ∈ (0, 1).
Since β = (θ + 2)/(q − 1), from (10.39), we see that

rθ+2zq−1
δ,s (s) = cq−1

0 r(αs−ϖ1+β)(q−1)

(
log (1 + δ rα)

δ rα

)s(q−1)

. (10.40)

For every t > 0, we define J(t) as in (8.73). Then, for arbitrary r > 1, we obtain that

z′δ,s(r) =
zδ,s(r)

r
[−ϖ1 + αsJ(δ rα)] > 0,

Lρ[zδ,s(r)] =
zδ,s(r)

r2

[
ϖ2

1 + 2ρϖ1 − 2αs (ϖ1 + ρ) J(δ rα) + α2(s2 − s)J2(δ rα) + α2s
J(δ rα)

1 + δrα

]
.

Moreover, since λ > 0, we find that

λGτ [zδ,s(r)] = λ|ϖ1|1−τ zδ,s(r)

r2

(
1 +

αs

|ϖ1|
J(δ rα)

)1−τ

≥ λ|ϖ1|1−τ zδ,s(r)

r2

[
1 + (1− τ)

αs

|ϖ1|
J(δ rα)− τ (1− τ)α2s2

2ϖ2
1

J2(δ rα)

]
.

Using that ϖ2
1 + 2ρϖ1 + λ|ϖ1|1−τ = 0 and ϖ1 = ϖ2 = −(λτ)1/(τ+1), we arrive at

Lρ,λ,τ [zδ,s(r)] ≥ α2s
zδ,s(r)

r2

[(
s (1 + τ)

2
− 1

)
J2(δ rα) +

J(δ rα)

1 + δ rα

]
. (10.41)

Construction of the family {zδ,s}δ∈(0,1) of positive sub-solutions of (1.1) for |x| > 1.
We next prove (10.27) in two stages by a suitable choice of s, α and c0 in (10.39):
• First, by taking s = 2/(1+ τ), α satisfying (10.44) and 0 < c0 ≤ Rϖ1−αs min|x|=R u(x) such

that (10.45) holds, we establish (10.38) based on the comparison principle.
• Second, in (10.39), we fix s > 2/(1 + τ), α = (ϖ1 − β)/s and 0 < c0 ≤ Rβ min|x|=R u(x)

such that (10.47) holds. Then, for every δ > 0, we show that zδ,s in (10.39) is a positive radial
sub-solution of (1.1) for |x| > 1 and satisfies all the desired properties (1)–(4) in (10.28).
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Proof of (10.38). Our starting point is (10.37) so that to guarantee the second property in
(10.28), we cannot take s > 2/(1+ τ) at this stage (only later after establishing (10.38)). Hence,
in the definition of zδ,s in (10.39), we must start with s = 2/(1 + τ), which means that the
coefficient of J2(δrα) in the right-hand side of (10.41) becomes zero. Consequently, to obtain
(10.34) for zδ = zδ,s, we shall see that a restriction arises on the choice of α (the second inequality
in (10.44)), which prevents us from taking α = (ϖ1 − β)/s. Thus, by the comparison principle,
we don’t get (10.27) in the first place, only (10.38). We give the details below.

From (10.41) with s = 2/(1 + τ), we get

Lρ,λ,τ [zδ,s(r)] ≥ α2s
zδ,s(r)

r2
J(δ rα)

1 + δ rα
=
zδ,s(r)

r2
α2s

(1 + δ rα)2
δ rα

log (1 + δ rα)
.

Thus, by taking s = 2/(1+ τ) in (10.39), the function zδ,s becomes a positive radial sub-solution

of (1.1) in RN \B1(0) whenever we have

α2s

(1 + δ rα)2
δ rα

log (1 + δ rα)
≥ rθ+2zq−1

δ,s (r) for all r > 1. (10.42)

For every t > 0, we define

Ms(t) = t(q−1)(s−ϖ1−β
α )(1 + t)2

(
log (1 + t)

t

)s(q−1)+1

.

In view of (10.40), the inequality in (10.42) is equivalent to

δ(q−1)(
ϖ1−β

α −s)cq−1
0 Ms(δ r

α) ≤ α2s for every r > 1 and δ ∈ (0, 1). (10.43)

We therefore need to choose α > 0 small to ensure that the power of δ (in the left-hand of
(10.43)) is non-negative and supt>0 Ms(t) <∞, namely,

0 < α ≤ ϖ1 − β

s
and α < (q − 1) (ϖ1 − β) . (10.44)

Finally, in (10.39), we take c0 > 0 satisfying

0 < c0 ≤ cα,s, where cα,s :=

(
α2s

supt>0 Ms(t)

) 1
q−1

. (10.45)

With such choices of α and c0, we regain (10.34) for zδ = zδ,s and arbitrary δ ∈ (0, 1).
Since ϖ1 < 0, we see that z′δ,s(r) > 0 for every r > 1. By diminishing c0 = c0(R, u) > 0 so

that c0R
αs−ϖ1 ≤ min|x|=R u(x), we also obtain that

zδ,s ≤ u on ∂BR(0) for all δ ∈ (0, 1).

Hence, zδ,s satisfies the properties (1)–(3) in (10.28).
Using (10.37) and the comparison principle, we infer that

u(x) ≥ zδ,s(|x|) for all |x| ≥ 1 and δ ∈ (0, 1).

For fixed |x| ≥ 1, by passing to the limit δ → 0+, we arrive at u(x) ≥ c0|x|αs−ϖ1 . Thus, we have

lim inf
|x|→∞

|x|ϖ1−αsu(x) ≥ c0. (10.46)

However, unless it happens that 1 + τ < 2 (q − 1), we cannot take αs = ϖ1 − β because of the
second inequality in (10.44). In any case, from (10.46), we conclude (10.38). □
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Proof of (10.27) completed. In the definition of zδ,s in (10.39), we fix s > 2/(1 + τ) and
take α = (ϖ1 − β)/s. For every t > 0, we define

Ms(t) = (1 + t)2
(
log (1 + t)

t

)s(q−1)+2

.

Clearly, we have supt>0 Ms(t) ∈ (0,∞). We choose c0 > 0 such that

c0 ∈ (0, cα,s), where cα,s :=

α2s
(

s(1+τ)
2 − 1

)
supt>0 Ms(t)


1

q−1

. (10.47)

We can fix any s > 2/(1 + τ) and we still guarantee the second property in (10.28) with
zδ = zδ,s because we have proved (10.38). The effect of this choice of s is that the coefficient of
J2(δ rα) in the right-hand side of (10.41) is now positive and, hence,

Lρ,λ,τ [zδ,s(r)] ≥ α2s

(
s (1 + τ)

2
− 1

)
zδ,s(r)

r2
J2(δ rα). (10.48)

Since αs = ϖ1 − β, from (10.40) and our choice of c0 in (10.47), we find that

α2s

(
s (1 + τ)

2
− 1

)
J2(δ rα) ≥ rθ+2zq−1

δ,s (r) for all r > 1 and δ > 0.

We thus obtain that zδ,s is a positive radial sub-solution of (1.1) for |x| > 1 and every δ > 0. The
properties (1)–(4) in (10.28) are easily verified by zδ = zδ,s. This ends the proof of Step 2. □

From Step 1 and Step 2, we conclude the proof of Proposition 10.7. □

Proposition 10.8. In the framework of Theorem 10.6, we assume that either Case [N0] holds
with λ ̸= 2ρ if τ = 0 or β ∈ (ϖ2, 0) in Case [N2]. If c in (10.5) satisfies c = ∞, that is,

c = lim sup
|x|→∞

u(x) = ∞, (10.49)

then u(x) ∼ Uρ,β(|x|) as |x| → ∞.

Proof. By our assumptions, we have

λ > 2ρ when τ = 0. (10.50)

In view of Theorem 2.1 and the modified Kelvin transform, it suffices to prove that if the
positive solution u of (1.1) in RN \BR(0) satisfies (10.49), then

for every η > 0, lim
|x|→∞

|x|β+ηu(x) = ∞. (10.51)

(I) In addition, if τ ̸= 0, then we suppose that

λ|β|−τ − 2ρ ≥ 0. (10.52)

(When τ = 0, we have strict inequality in (10.52) because of (10.50).) Then, we can directly
prove (10.51) by means of the comparison principle with a suitable family of positive radial

sub-solutions {vδ}δ>0 of (1.1) in RN \BR(0). For every ε > 0 small, we have

Eε := 2ρ (β + ε) + λ |β + ε|1−τ
> 0. (10.53)

Let ε ∈ (0, |β|) and α = α(ε) > 0 be fixed as small as needed. In particular, let α > 0 satisfy

0 < α < min

{
Eε

(|β| − ε)
, (|β| − ε)(q − 1)

}
. (10.54)
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We define cε > 0 as follows

cε := [Eε − (|β| − ε)α]
1

q−1 . (10.55)

For arbitrary δ > 0 and c0 ∈ (0, cε], we define

vδ(r) = c0
(
δ + r−α

) β+ε
α for every r > 0.

For every δ > 0, we show that vδ is a positive radial sub-solution of (1.1) in RN \B1(0), that is,

Lρ,λ,τ [vδ(|x|)] ≥ |x|θ[vδ(|x|)]q for every |x| > 1. (10.56)

Indeed, let |x| = r > 1 be arbitrary. Using (10.54) and (10.55), we see that

Lρ,λ,τ [vδ(r)] =
vδ(r)

r2

[
(β + ε)2

(
r−α

δ + r−α

)2

+ Eε
r−α

δ + r−α
+

(β + ε)α δ r−α

(δ + r−α)2

]

≥ [Eε − (|β| − ε)α]
vδ(r)

r2
r−α

δ + r−α
≥ rθvqδ(r),

which proves the claim of (10.56).

Proof of (10.51) concluded. We diminish c0 > 0 to ensure that c0R
|β|−ε ≤ min|x|=R u(x).

Hence, for any δ > 0, we get vδ(|x|) ≤ u(x) for all |x| = R. By our assumption (10.49), we have

lim
|x|→∞

u(x)

vδ(|x|)
= ∞.

Clearly, v′δ(r) > 0 for every r > 0. Hence, by the comparison principle, we infer that

u(x) ≥ vδ(|x|) for all |x| ≥ R and δ > 0.

By letting δ → 0+, we find that lim inf |x|→∞ |x|β+εu(x) ≥ c0 > 0. For η > 0 arbitrary, by letting
ε ∈ (0, η) be small enough, we conclude (10.51). □

(II) We assume that (10.52) is not satisfied, that is,

2ρβ + λ|β|1−τ < 0. (10.57)

It remains to prove (10.51) in Case [N0] (b), as well as when β ∈ (ϖ2, 0) in Case [N2]. Since
β < 0 and λ > 0, from (10.57) we have ρ > 0 and

−β > (2ρ/λ)
− 1

τ .

As in Part (I) in which we replace β by −[2ρ/λ]−1/τ , we find that

for every η > 0, lim
|x|→∞

|x|η−(
2ρ
λ )

−1/τ

u(x) = ∞. (10.58)

To reach (10.51) from (10.58), we need to apply an iterative process of comparing the solution
u with suitable families of sub-solutions.

Our assumption gives the positivity of f̃ρ(β), namely,

f̃ρ(β) = −β − 2ρ+ λ|β|−τ > 0.

If β ∈ (ϖ2, 0) in Case [N2], then since t 7−→ f̃ρ(t) is increasing on [ϖ2, 0) and ϖ2 < β < 0, we
have

f̃ρ(t) ≥ f̃ρ(β) for every β ≤ t < 0.

If Case [N0] (b) holds, then we always have

inf
t<0

f̃ρ(t) = f̃ρ(−(λτ)1/(τ+1)) = 2 (Υ− ρ) > 0.
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We define c∗ > 0 as follows

c∗ =

{
f̃ρ(β) if β ∈ (ϖ2, 0) in Case [N2],

2 (Υ− ρ) if Case [N0] (b) holds.
(10.59)

Fix ε > 0 and α = α(ε) > 0 small enough such that

0 < ε <
(2ρ/λ)−1/τ

2
min

{
c∗
4ρ
, 1

}
and 0 < α < εmin {q − 1, 1}. (10.60)

We define an increasing sequence of positive numbers {mj}j≥1 with limj→∞mj = ∞, where

m1 =

(
2ρ

λ

)− 1
τ

− ε >
1

2

(
2ρ

λ

)− 1
τ

and mj+1 = m1 + jε for every j ≥ 1. (10.61)

The assumption in (10.57) and the choice of m1 gives that m1 < m2 < −β.
Let k ≥ 1 be such that m1 + kε < −β ≤ m1 + (k + 1) ε, that is,

k =

[
−m1 − β

ε

]
− 1, (10.62)

where [·] in (10.62) stands for the integer part. Thus, using also (10.59), we have

f̃ρ(mj) ≥ c∗ for every 1 ≤ j ≤ k.

We fix c0 > 0 such that

0 < c0 <

(
c∗
4

(
2ρ

λ

)− 1
τ

) 1
q−1

. (10.63)

For δ > 0 fixed arbitrary and every r > 0, we define vj,δ(r) as follows

vj,δ(r) = c0 r
mj
(
δ + r−α

)−mj+1−mj+ε

α for 1 ≤ j ≤ k − 1,

vk,δ(r) = c0 r
mk
(
δ + r−α

) β+mk
α .

Claim: For every 1 ≤ j ≤ k, the function vj,δ is a radial sub-solution of (1.1) in RN \B1(0).

Proof of the Claim. Only for the purpose of unifying the calculations, we will redefine mk+1 =
−β − ε (if mk+2 > −β). Then, vk,δ has the same form as vj,k with j = k. Observe that with
this new definition of mk+1, we have

β +mj+1 + ε < 0 for all 1 ≤ j ≤ k − 1 and β +mk+1 + ε = 0.

Hence, by our choice of α in (10.60), we see that

cq−1
0

vj,δ(r)

r2
r−α

δ + r−α
≥ rθ[vj,δ(r)]

q for every r > 1 and 1 ≤ j ≤ k. (10.64)

Fix 1 ≤ j ≤ k. Let r > 1 be arbitrary. It follows that

v′j,δ(r) =
vj,δ(r)

r

[
mj +

(mj+1 −mj + ε) r−α

δ + r−α

]
> 0,

Lρ[vj,δ(r)] =
vj,δ(r)

r2

[
m2

j − 2ρmj +

(
2mj − 2ρ− αδ

δ + r−α

)
(mj+1 −mj + ε) r−α

δ + r−α

+
(mj+1 −mj + ε) r−2α

(δ + r−α)
2

]
.
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Under the situations of (II), we have λ > 0. Hence,

λGτ [vj,δ(r)] = λ
vj,δ(r)

r2

[
mj +

(mj+1 −mj + ε) r−α

δ + r−α

]1−τ

≥ λm1−τ
j

vj,δ(r)

r2
.

Consequently, we arrive at

Lρ,λ,τ [vj,δ(r)] ≥
vj,δ(r)

r2

[
m2

j − 2ρmj + λm1−τ
j +

(2mj − 2ρ− α) (mj+1 −mj + ε) r−α

δ + r−α

]
.

Since m2
j − 2ρmj + λm1−τ

j = mj f̃ρ(−mj) > 0, we find that

Lρ,λ,τ [vj,δ(r)] ≥ Hj,ε,α
vj,δ(r)

r2
r−α

δ + r−α
, (10.65)

where we define Hj,ε,α as follows

Hj,ε,α = m2
j − 2ρmj + λm1−τ

j + (2mj − 2ρ− α) (mj+1 −mj + ε)

≥
(
2mj+1mj −m2

j − 2ρmj+1 + λm1−τ
j

)
+ 2 (mj − ρ− ε) ε.

(10.66)

Thus, since mj+1 > mj >
1
2

(
2ρ
λ

)− 1
τ , we get

2mj+1mj −m2
j − 2ρmj+1 + λm1−τ

j > m2
j − 2ρmj+1 + λmjm

−τ
j+1

= mj f̃ρ(mj) ≥
c∗
2

(
2ρ

λ

)− 1
τ

.
(10.67)

Using (10.60) and (10.67) in (10.66), jointly with (10.63), we arrive at

Hj,ε,α >
c∗
2

(
2ρ

λ

)− 1
τ

− 2ρε >
c∗
4

(
2ρ

λ

)− 1
τ

> cq−1
0 for every 1 ≤ j ≤ k. (10.68)

In view of (10.64), (10.65) and (10.68), we conclude the proof of the Claim. □

Proof of (10.51) concluded. We diminish c0 > 0 such that c0R
−β ≤ min|x|=R u(x). Hence,

u ≥ vj,δ on ∂BR(0) for every 1 ≤ j ≤ k and δ > 0.

In view of (10.58) and the definition of m1 in (10.61), we get

lim
|x|→∞

u(x)

v1,δ(|x|)
= ∞.

Thus, using the Claim and the comparison principle, we infer that

u(x) ≥ v1,δ(|x|) for all |x| ≥ R and δ > 0.

By letting δ → 0+, we find that lim inf |x|→∞ |x|−m2−εu(x) ≥ c0 > 0, leading to

lim
|x|→∞

u(x)

v2,δ(|x|)
= ∞.

By induction over j = 1, . . . , k, we get u(x) ≥ vk,δ(|x|) for all |x| ≥ R and δ > 0 so that

lim inf
|x|→∞

|x|βu(x) ≥ c0 > 0. (10.69)

This ends the proof of (10.51) under the assumption (10.57). □

The proof of Proposition 10.8 is now complete. □
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11. Existence; Alternative (I) in Theorem 10.1

Theorem 11.1 (Existence, Alternative (I) in Theorem 10.1). Let (1.2) hold and β ∈ (ϖ2, 0) in
Case [N2]. Then, for each b ∈ R+, there is a unique positive solution ub of (1.1) in RN \ {0}
such that

lim
|x|→0

u(x)

Φϖ2(ρ)(|x|)
= b and lim

|x|→∞

u(x)

Uρ,β(|x|)
= 1. (11.1)

Moreover, ub is radially symmetric and u′b(r) > 0 for every r > 0.

Remark 11.2. In Theorem 11.1, for every b > 0, we have ub = Tσ[u1] with σ = b1/(β−ϖ2).

Proof. Let (1.2) hold and β ∈ (ϖ2, 0) in Case [N2]. Fix a > 0 arbitrary. For every integer k > a,
we consider the boundary value problem{

Lρ,λ,θ[v] = |x|θvq in Da,k := {x ∈ RN : a < |x| < k},
v(x) = (1/2)Uρ,β(|x|) on ∂Da,k,

(11.2)

Then, (1/2)Uρ,β (respectively, Uρ,β) is a positive sub-solution (respectively, super-solution) of
(11.2). By the method of sub-super-solutions, we obtain the existence of the minimal positive
solution of (11.2), say va,k, where the minimality is understood with respect to the above-
mentioned pair of sub-super-solutions. By the invariance of (11.2) under rotations and the
symmetry of the domain and the boundary conditions, we infer that va,k is radially symmetric.
Moreover, by the sub-super-solutions method, we conclude that

(1/2)Uρ,β(|x|) ≤ va,k(|x|) ≤ va,k+1(|x|) ≤ Uρ,β(|x|) for all x ∈ Da,k. (11.3)

For every r ≥ a, we define va(r) = limk→∞ va,k(r). Then, by Proposition B.3, we obtain that

va,k → va in C1
loc(RN \Ba(0)) and va is a positive radial solution of (1.1) in RN \Ba(0).

Using (11.3), we see that

(1/2)Uρ,β(r) ≤ va(r) ≤ Uρ,β(r) for all r ∈ (a,∞).

This, jointly with Corollary 9.4, implies that that

lim
r→∞

va(r)

Uρ,β(r)
= 1. (11.4)

Let r = inf{s > 0 : va is a positive radial solution of (1.1) for |x| > s}.

Claim: We have r = 0, that is, va is a positive radial solution of (1.1) in RN \ {0}.

Proof of the Claim. Assume by contradiction that r > 0. As va is a radial solution of (1.1)
for |x| > r, we have

v′′a(r) + (1− 2ρ)
v′a(r)

r
+ λ [va(r)]

τ |v′a(r)|1−τ

r1+τ
= rθ[va(r)]

q for all r > r. (11.5)

• If v′a(r∗) = 0 for some r∗ > r, then r∗ would be a local minimum point for va (since
v′′a(r∗) > 0) and, hence, v′a(r) < 0 for every r ∈ (r, r∗) and v

′
a(r) > 0 for every r > r∗.

• Alternatively, if v′a(r) ̸= 0 for every r > r, then v′a(r) > 0 for all r > r in view of (11.4).
In either of these cases, we have that there exists limr↘r va(r) ∈ [0,∞]. We next show that

lim
r↘r

va(r) ∈ (0,∞). (11.6)

Proof of (11.6). If limr↘r va(r) = 0, then from (11.4), we get lim|x|→∞ |x|ϖ2 va(x) = 0.
Then, for arbitrary δ > 0, there exist r < R1(δ) < R2(δ) such that

va(r) ≤ δ r−ϖ2 for every r ∈ (r,R1(δ)] ∪ [R2(δ),∞).
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By applying the comparison principle, we conclude that va(r) ≤ δ r−ϖ2 for every r > r. By
letting δ → 0, we arrive at va ≡ 0 on (r,∞), reaching a contradiction.

On the other hand, for every r ∈ (r, a], the graphs of va(r) and Uρ,β(r) have no points
of intersection. Otherwise, from (11.4) and the comparison principle, we would obtain that
va(r) = Uρ,β(r) for every r > r1 for some r1 ∈ (r, a). This is impossible since

va(a) = (1/2)Uρ,β(a) < Uρ,β(a). (11.7)

Consequently, by the comparison principle, we have

0 < va(r) ≤ Uρ,β(r) for every r > r. (11.8)

This concludes the proof of (11.6).

We define Y (r) = rv′a(r)/va(r) for every r > r. With the same argument as in the proof of
Proposition 9.2, we derive that Y ′(r) ̸= 0 for every r > r close enough to r (using that for such
r, we have v′a(r) does not vanish and thus Y (r) has the same sign as v′a(r)).

Therefore, there exists limr→r Y (r), which together with (11.6), yields that there exists
limr→r v

′
a(r) (potentially infinite). We next show that

lim
r→r

v′a(r) ∈ R. (11.9)

Assume by contradiction that limr↘r v
′
a(r) = −∞ or +∞. Recall that λ > 0 in Case [N2]. Now,

we multiply (11.5) by r1−2ρ and let r ↘ r to obtain that

lim
r↘r

d

dr

[
r1−2ρv′a(r)

]
= −∞.

Hence, there exists limr↘r r
1−2ρv′a(r), which would necessarily imply that limr↘r v

′
ε,a(r) = ∞.

We next divide (11.5) by v′a(r) and let r ↘ r to find that

lim
r↘r

v′′a(r)

v′a(r)
=

2ρ− 1

r
.

Let L > 0 be large such that L > (1 − 2ρ)/r. Then, limr↘r[v
′′
a(r) + Lv′a(r)] = ∞, which

implies that r 7−→ v′a(r)+Lva(r) is increasing for r ∈ (r, r+δ) if δ > 0 is small enough. However,
this is impossible since limr↘r v

′
a(r) = ∞. This finishes the proof of (11.9).

In light of (11.6) and (11.9), we infer that r = 0. This completes the proof of the Claim. □

The proof of the Claim (see (11.8)) gives that 0 < va(r) ≤ Uρ,β(r) for every r > 0 and thus

v′a(r) > 0 for all r > 0.

Moreover, by Theorem 2.1, we have (2.1), which in our case leads to

lim
r→0+

rβva(r) = 0. (11.10)

Indeed, if we were to have limr→0+ va(r)/Uρ,β(r) = 1, then from (11.4) and the comparison
principle, we would get va(r) = Uρ,β(r) for all r > 0. This is a contradiction with (11.7).

Hence, (11.10) holds. By Theorem 1.4 and Lemma 10.4, there exists b ∈ (0,∞) such that

lim
r→0+

va(r)

Φϖ2(ρ)(r)
= b.

Hence, for some b ∈ (0,∞), problem (1.1) in RN \ {0}, subject to (11.1), has a positive
solution, relabelled ub. Remark that, in addition, ub is radially symmetric and satisfies u′b(r) > 0
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for every r > 0. If ũb were to be another positive solution (not necessarily radial) of (1.1) in
RN \ {0}, subject to (11.1), then we would have

lim
|x|→0

ub(x)

ũb(x)
= 1 and lim

|x|→∞

ub(x)

ũb(x)
= 1.

Then, by the comparison principle, we conclude that ub ≡ ũb in RN \ {0}.
Letting σ > 0 arbitrary and Tσ as in (1.3), we obtain that Tσ[ub] is the unique positive solution

of (1.1) in RN \ {0}, subject to

lim
|x|→0

u(x)

Φϖ2(ρ)(|x|)
= b σβ−ϖ2 and lim

|x|→∞

u(x)

Uρ,β(||x)
= 1. (11.11)

Since β > ϖ2, it is clear that by varying σ > 0, the first limit in (11.11) can be any positive
number. This completes the proof of Theorem 11.1. □

12. Existence; Alternatives (II) and (II′) in Theorem 10.1

In this section, in the framework of Theorem 1.1, we prove that for every c ∈ R+, there exists
a unique positive solution u∞,c of (1.1) in RN \{0} with the properties stated in Theorem 1.1 (i).
These properties correspond to the alternative (II) of Theorem 10.1 if β ∈ (ϖ2, 0) in Case [N2].
Otherwise, the properties in (II)′ of Theorem 10.1 will apply for u∞,c.

Theorem 12.1. Let (1.2) hold, θ < −2 and fρ(β) > 0. Then, for every c ∈ R+, there exists
a unique positive solution u∞,c of (1.1) in RN \ {0} satisfying u(x) ∼ Uρ,β(x) as |x| → 0 and
(1.10) as |x| → ∞. Moreover, u∞,c is radially symmetric and u′∞,c > 0 on (0,∞).

Remark 12.2. In Theorem 12.1, for every c > 0, we have u∞,c = Tσ[u∞,1] with σ = c1/(β−ϖ1)

if β < ϖ1 in Case [Nj ] with j = 1, 2 and σ = c1/β in the remaining situations.

Proof. As in the proof of Theorem 11.1, we fix k > a > 0. Let va,k be the minimal positive
(radial) solution of (11.2) with respect to the pair (Uρ,β/2, Uρ,β) of sub-super-solutions of (11.2).
We let a = 1/n for every large integer n ≥ 1 satisfying 1/n < k.

By the sub-super-solutions method, we infer that

(1/2)Uρ,β(|x|) ≤ v1/n,k(|x|) ≤ v1/(n+1),k(|x|) ≤ Uρ,β(|x|) (12.1)

for all x ∈ D1/n,k = {x ∈ RN : 1/n < |x| < k}. We keep k fixed. For every r ∈ (0, k), we define
Vk(r) = limn→∞ v1/n,k(r). As before, by Proposition B.3, we obtain that

v1/n,k → Vk in C1
loc(Bk(0) \ {0}) as n→ ∞

and Vk is a positive radial solution of (1.1) in Bk(0) \ {0}.
In view of (12.1), we find that

(1/2)Uρ,β(r) ≤ Vk(r) ≤ Uρ,β(r) for all r ∈ (0, k). (12.2)

From (12.2) and Theorem 2.1 (c), we conclude that

lim
r→0+

Vk(r)

Uρ,β(r)
= 1. (12.3)

Let r = sup {s > 0 : Vk is a positive radial solution of (1.1) for 0 < |x| < s}.

Claim: We have r = ∞, that is, Vk is a positive radial solution of (1.1) in RN \ {0}.

Proof of the Claim. Assume by contradiction that r < ∞. Here, since limr→0+ Vk(r) = 0,
the only possibility is that V ′

k(r) > 0 for every r ∈ (0, r) (using that Vk(r) cannot have any local
minimum point on (0, r)). Thus, there exists limr↗r Vk(r) ∈ (0,∞). This limit is finite from
(12.2) when k = r. If k < r, then for every r ∈ (k, r), the graphs of Vk(r) and Uρ,β(r) have no



74 HUYUAN CHEN, FLORICA C. CÎRSTEA, AND ALEKSANDAR MILADINOVIC

points of intersection. Otherwise, from (12.3) and the comparison principle, we would find that
Vk(r) = Uρ,β(r) for every r ∈ (0, k], which is a contradiction with

Vk(k) = (1/2)Uρ,β(k) < Uρ,β(k).

We must have

0 < Vk(r) ≤ Uρ,β(r) for all r ∈ (0, r).

We define Y (r) = rV ′
k(r)/Vk(r) for every r ∈ (0, r). Following the reasoning in Proposition 9.2,

we derive that Y ′(r) ̸= 0 for every 0 < r < r close enough to r.
So, there exists limr↗r Y (r) (possibly, ∞). Thus, there exists limr↗r V

′
k(r) ∈ [0,∞]. To

conclude the Claim, it remains to rule out the case limr↗r V
′
k(r) = ∞.

Similar to the proof of (11.9), we assume by contradiction that limr↗r V
′
k(r) = ∞.

• If Case [N0] (b) holds or if β ∈ (ϖ2, 0) in Case [N2], then λ > 0 so that we get

lim
r↗r

d

dr

[
r1−2ρV ′

k(r)
]
= −∞.

So, r 7−→ r1−2ρV ′
k(r) is decreasing for r ∈ (r− δ, r) for δ > 0 small, which is a contradiction with

limr↗r r
1−2ρV ′

k(r) = ∞. Hence, we have limr↗r V
′
k(r) ∈ [0,∞).

• If Case [N0] (a) or Case [N1] (a) holds, then τ = 0 and Vk is a positive solution of

V ′′
k (r) + (1− 2ρ+ λ)

V ′
k(r)

r
= rθ[Vk(r)]

q for all r > (0, r). (12.4)

⋄ If Case [N0] (a) holds, then λ ≥ 2ρ. So, (12.4) yields that limr↗r V
′′
k (r) = −∞. Thus,

r 7−→ V ′
k(r) is decreasing on (r − δ, r) for δ > 0 small, which contradicts limr↗r V

′
k(r) = ∞.

⋄ If Case [N1] (a) holds, then λ < 2ρ. Multiplying (12.4) by rλ−2ρ and taking r ↗ r, we find
that limr↗r

d
dr [r

λ−2ρV ′
k(r)] = −∞. Hence, r 7−→ rλ−2ρV ′

k(r) is decreasing on (r − δ, r) for δ > 0

small, which is a contradiction with limr↗r r
λ−2ρV ′

k(r) = ∞.
• If Case [N1] (b) holds, then λ < 0 and τ ∈ (0, 1). It follows that

lim
r↗r

(r1−2ρ V ′
k(r))

′

(r1−2ρV ′
k(r))

1−τ
= −λ lim

r↘r
r−2ρτ−1Vk(r) := ν ∈ (0,∞).

In particular, r 7−→ [r1−2ρV ′
k(r)]

τ − 2τνr is decreasing on (r − δ, r) for δ > 0 small, which a
contradiction with limr↗r r

1−2ρV ′
k(r) = ∞.

We have now exhausted all the possible situations. Hence, we have limr↗r V
′
k(r) ∈ [0,∞).

This completes the proof of the Claim. □

We cannot have limr→∞ Vk(r)/Uρ,β(r) = 1 (as this would imply Vk(r) = Uρ,β(r) for all r > 0,
which is impossible). Hence, using Theorem 10.1, we find that for some c ∈ (0,∞), problem
(1.1) in RN \ {0}, subject to u(x) ∼ Uρ,β(x) as |x| → 0 and (1.10) as |x| → ∞, has a positive
solution Vk, relabelled u∞,c. Moreover, u∞,c is radially symmetric and

u′∞,c(r) > 0 for every r > 0.

Similar to the proof of Theorem 11.1, by the comparison principle, we conclude that u∞,c is
the only positive solution of (1.1) in RN \ {0} with the same properties near zero and at infinity.

By letting σ > 0 arbitrary and applying the transformation Tσ to u∞,c, we can extend the
conclusion to every constant c > 0. This finishes the proof of Theorem 12.1. □
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13. Existence; Alternative (III) in Theorem 10.1

Theorem 13.1 (Existence, Alternative (III) in Theorem 10.1). Let (1.2) hold and β ∈ (ϖ2, 0)
in Case [N2]. For every b, c ∈ R+, there is a unique positive solution ub,∞,c of (1.1) in RN \ {0}
satisfying

lim
|x|→0

u(x)

Φϖ2(ρ)(|x|)
= b and lim

|x|→∞
u(x) = c. (13.1)

In addition, ub,∞,c is radially symmetric and u′b,∞,c(r) > 0 for all r = |x| > 0.

Proof. We assume that (1.2) holds and β ∈ (ϖ2, 0) in Case [N2].

Lemma 13.2. For every constant b > 0, there exists a sequence {cj}j≥1 decreasing to zero as

j → ∞ such that (1.1) in RN \ {0}, subject to lim|x|→0
u(x)

Φϖ2(ρ)(|x|)
= b and lim|x|→∞ u(x) = cj,

has a unique positive solution ub,∞,cj for every j ≥ 1. Moreover, for every j ≥ 1, the solution
ub,∞,cj is radially symmetric and u′b,∞,cj

(r) > 0 for all r > 0.

Proof. We fix b > 0 arbitrary. By Theorem 11.1, there exists a unique positive solution ub of
(1.1) in RN \ {0} satisfying (11.1). In addition, ub is radially symmetric and u′b(r) > 0 for each
r > 0. Thus, we have

lim
r→0

ub(r)

Φϖ2(ρ)(r)
= b and lim

r→∞

ub(r)

Uρ,β(r)
= 1. (13.2)

Let σ > 1 be arbitrary and Tσ be the scaling transformation as in (1.3). We now define

ub,σ(r) = σϖ2−βTσ[ub](r) = σϖ2ub(σr) for every r > 0.

Since Tσ[ub] is a positive radial solution of (1.1) in RN \ {0} and ϖ2 < β < 0, using (13.2) and
σ > 1, we get that ub,σ is a positive radial sub-solution of (1.1) in RN \ {0} satisfying

lim
r→0

ub,σ(r)

Φϖ2(ρ)(r)
= b and lim

r→∞

ub,σ(r)

Uρ,β(r)
= σϖ2−β < 1. (13.3)

In light of (13.2) and (13.3), we infer from the comparison principle that ub,σ(r) ≤ ub(r) for all
r > 0. Moreover, from the strong maximum principle (see Lemma A.2), we have

ub,σ(r) < ub(r) for all r > 0.

We now use a similar argument to the one in Theorem 12.1. More precisely, let k > 0 and
n ≥ 1 be a large integer so that 1/n > k. We consider the boundary value problem{

Lρ,λ,θ[v] = |x|θvq in D1/n,k := {x ∈ RN : 1/n < |x| < k},
v(x) = ub,σ(x) on ∂D1/n,k.

(13.4)

Here, ub,σ (respectively, ub) is a positive radial sub-solution (respectively, super-solution) of
(13.4). Let vn,k,σ be the minimal positive solution of (13.4) with respect to the above pair of
sub-super-solutions. Then, as in the proof of Theorem 11.1, vn,k,σ is radially symmetric and

ub,σ(r) ≤ vn,k,σ(r) ≤ vn+1,k,σ(r) ≤ ub(r) for all 1/n ≤ r ≤ k. (13.5)

For every r ∈ (0, k), we define Vk,σ(r) = limn→∞ vn,k,σ(r). By repeating the arguments in the
proof of Theorem 12.1 (with the super-solution Uρ,β there replaced by ub here), we see that Vk,σ
is a positive radial solution of (1.1) in RN \ {0} satisfying

Vk,σ(r) ≤ ub(r) for all r ∈ (0,∞).

We let n→ ∞ in (13.5), then use (13.2) and (13.3) to gain that

lim
r→0

Vk,σ(r)

Φϖ2(ρ)(r)
= b. (13.6)
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Now, limr→∞ Vk,σ(r)/Uρ,β(r) = 1 is not possible as the comparison principle and (13.2) would
lead to Vk,σ(r) ≡ ub(r) for all r > 0, which is a contradiction with Vk,σ(k) = ub,σ(k) < ub(k).
Hence, Theorem 10.1 implies that

lim
r→∞

Vk,σ(r) =Mσ for some constant Mσ > 0.

As before, since limr→0 Vk,σ(r) = 0, we infer that V ′
k,σ(r) > 0 for every r > 0.

We have thus obtained that Vk,σ is a positive radial solution of (1.1) in RN \ {0}, subject to
lim|x|→0

u(x)
Φϖ2(ρ)(|x|)

= b and lim|x|→∞ u(x) = Mσ. By the comparison principle, we obtain that

any positive solution for such a problem must coincide with Vk,σ.

Proof of Lemma 13.2 concluded. We point out that we don’t know the value of the
positive constant Mσ. However, using (13.2), we can choose k > 0 large such that

(1/2)Uρ,β(r) ≤ ub(r) ≤ Uρ,β(r) for all r ≥ k.

This gives that

(1/2)σϖ2−βUρ,β(k) ≤ Vk,σ(k) = ub,σ(k) = σϖ2ub(σk) ≤ σϖ2−βUρ,β(k).

We now choose an increasing sequence {σj}j≥1 with limj→∞ σj = ∞ such that σ1 > 1 and

σj+1 > 21/(β−ϖj)σj for every j ≥ 1.

With this choice, we establish that Vk,σj
(k) decreases as j increases. More precisely, we have

Vk,σj+1
(k) ≤ σϖ2−β

j+1 Uρ,β(k) <
1

2
σϖ2−β
j Uρ,β(k) ≤ Vk,σj

(k) for all j ≥ 1. (13.7)

On the other hand, Vk,σj+1
and Vk,σj

are both positive radial solutions of (1.1) in RN \ {0} and
share the same asymptotic behaviour near zero, in view of (13.6). Moreover,

V ′
k,σj

(r) > 0 for every r > 0 and j ≥ 1.

Therefore, by the comparison principle and the strong maximum principle, we must have

Vk,σj+1
(r) < Vk,σj

(r) for all r > 0.

Consequently, Mσj+1 = limr→∞ Vk,σj+1(r) < limr→∞ Vk,σj (r) =Mσj for every j ≥ 1.
Observe from (13.7) that limj→∞ Vk,σj

(k) = 0 using that ϖ2 < β and limj→∞ σj = ∞.
For every r > 0, we define Vk,∞(r) = limj→∞ Vk,σj

(r). Then, Vk,∞ is a non-negative radial

solution of (1.1) in RN \{0}, which satisfies Vk,∞(k) = 0. By the strong maximum principle (see
Lemma A.1), it follows that

lim
j→∞

Mσj
= 0.

By relabellingMσj = cj and Vk,σj = ub,∞,cj for j ≥ 1, we conclude the proof of Lemma 13.2. □

In view of the invariance of (1.1) under the transformation Tσ (σ > 0) in (1.3), Lemma 13.2
gives that for every c > 0, there exists a sequence {bj}j≥1 decreasing to 0 as j → ∞ such that
for every j ≥ 1, equation (1.1) in RN \ {0}, subject to

lim
|x|→0

u(x)

Φϖ2(ρ)(|x|)
= bj and lim

|x|→∞
u(x) = c (13.8)

has a unique positive solution ubj ,∞,c. Moreover, for every j ≥ 1, the solution ubj ,∞,c is symmetric
and u′bj ,∞,c(r) > 0 for all r > 0.

Lemma 13.3. Let j ≥ 1 and c > 0 be arbitrary. Then, for every b ∈ (bj ,∞), there exists a
unique positive solution ub,∞,c of (1.1) in RN \{0}, subject to (13.1). Moreover, ub,∞,c is radially
symmetric and u′b,∞,c(r) > 0 for every r > 0.



NONLINEAR ELLIPTIC EQUATIONS WITH MIXED REACTION TERMS 77

Proof. For j ≥ 1 fixed, let b ∈ (bj ,∞) be arbitrary. It is enough to construct a positive radial
solution ub,∞,c of (1.1) in RN \ {0}, subject to (13.1). Then, u′b,∞,c(r) > 0 for every r > 0.
Hence, by the comparison principle, ub,∞,c will be the only positive solution for that problem.

By Lemma 13.2, there exists c0 ∈ (0, c) such that (1.1) in RN \ {0}, subject to

lim
|x|→0

u(x)

Φϖ2(ρ)(|x|)
= b and lim

|x|→∞
u(x) = c0 (13.9)

has a unique positive solution ub,∞,c0 . In addition, ub,∞,c0 is radially symmetric and

u′b,∞,c0(r) > 0 for all r > 0.

Let ub be as in Theorem 11.1, namely, the unique positive solution of (1.1) in RN \{0} satisfying

lim
|x|→0

u(x)

Φϖ2(ρ)(|x|)
= b and lim

|x|→∞

u(x)

Uρ,β(x)
= 1. (13.10)

By Theorem 12.1, there exists a unique positive solution u∞,c of (1.1) in RN \ {0} satisfying

lim
|x|→0

u(x)

Uρ,β(x)
= 1 and lim

|x|→∞
u(x) = c. (13.11)

Moreover, ub and u∞,c are radially symmetric and min{u′b(r), u′∞,c(r)} > 0 for all r > 0.
By the comparison principle, we have

max{ub,∞,c0(r), ubj ,∞,c(r)} ≤ min{ub(r), u∞,c(r)} for every r > 0. (13.12)

By the strong maximum principle (see Lemma A.2), the above inequality is strict for every r > 0.
Since b > bj > 0 and c0 ∈ (0, c), from (13.8) and (13.9), we get

lim
r→0+

ub,∞,c0(r)

ubj ,∞,c(r)
=

b

bj
> 1 and lim

r→∞

ub,∞,c0(r)

ubj ,∞,c(r)
=
c0
c

∈ (0, 1).

Thus, there exists r1 > 0 such that ub,∞,c0(r1) = ubj ,∞,c(r1). Moreover, by the comparison
principle, jointly with the strong maximum principle, it follows that

ub,∞,c0(r) > ubj ,∞,c(r) for every r ∈ (0, r1) and ub,∞,c0(r) < ubj ,∞,c(r) for all r > r1.

Let n, k ≥ 1 be large integers such that 1/n < r1 < k. Our aim is to construct a positive
radial solution Wb,k of (1.1) in Bk(0) \ {0} satisfying

lim
|x|→0

u(x)

Φϖ2(ρ)(|x|)
= b and u(x) = ubj ,∞,c(|x|) on |x| = k. (13.13)

To this end, we consider the boundary value problem
Lρ,λ,θ[w] = |x|θwq in D1/n,k := {x ∈ RN : 1/n < |x| < k},
w(x) = ub,∞,c0(|x|) on |x| = 1/n,

w(x) = ubj ,∞,c(|x|) on |x| = k.

(13.14)

Observe that ub,∞,c0 (respectively, ub) is a positive radial sub-solution (respectively, super-
solution) of (13.14). Using (13.12) and the method of sub-super-solutions, we obtain that (13.14)
has a minimal positive solution wb,n,k with respect to the pair (ub,∞,c0 , ub) of sub-super-solutions.
Moreover, similar to (11.2), we infer that wb,n.k is radially symmetric and

ub,∞,c0(r) ≤ wb,n,k(r) ≤ wb,n+1,k(r) ≤ ub(r) for every 1/n < r < k. (13.15)

For every r ∈ (0, k), we define Wb.k(r) = limn→∞ wb,n,k(r). By letting n→ ∞ in (13.15), we get

ub,∞,c0(r) ≤Wb,k(r) ≤ ub(r) for every r ∈ (0, k). (13.16)
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Since ub satisfies the same asymptotic condition near zero as ub,∞,c0 (see (13.9) and (13.10)), it
follows that Wb,k is a positive radial solution of (1.1) in Bk(0)\{0} satisfying (13.13). Moreover,
since limr→0+ Wb,k = 0, we must have W ′

b,k(r) > 0 for all r ∈ (0, k). Hence, Wb,k is the only

positive solution of (1.1) in Bk(0) \ {0} satisfying (13.13).

By the comparison principle and and (13.12), we find that

ubj ,∞,c(r) ≤Wb,k(r) ≤Wb,k+1(r) ≤ u∞,c(r) for every r ∈ (0, k]. (13.17)

For every r > 0, we now define ub,∞,c(r) by

ub,∞,c(r) = lim
k→∞

Wb,k(r). (13.18)

Since ubj ,∞,c(r) and u∞,c(r) converge to c as r → ∞, by letting k → ∞ in (13.17), then r → ∞,
we arrive at limr→∞ ub,∞,c(r) = c. Moreover, passing to the limit k → ∞ in (13.16), we find that

lim
r→0

ub,∞,c(r)

Φϖ2(ρ)(r)
= b.

Hence, ub,∞,c (given by (13.18)) is a positive radial solution of (1.1) in RN \ {0}, subject to
(13.1). Such a problem cannot have any other positive solutions (as explained at the beginning
of the proof). The proof of Lemma 13.3 is now complete. □

Since bj ↘ 0 as j → ∞, from Lemma 13.3, we conclude the proof of Theorem 13.1. □

Appendices

A. Auxiliary results

A.1. The modified Kelvin transform. Let (1.2) hold and ρ, λ, θ ∈ R. Assume that u is a
positive solution of (1.1) in B1(0) \ {0}. For 0 < |x| < 1, we define

v(x̃) = u(x) with x̃ = x/|x|2.

Then, by letting θ̃ = −θ − 4, we see that v(x̃) is a positive solution of

L−ρ,λ,τ [v(x̃)] = ∆v(x̃)− (N − 2− 2ρ)
x̃ · ∇v(x̃)

|x̃|2
+ λ

vτ (x̃) |∇v(x̃)|1−τ

|x̃|1+τ
= |x̃|θ̃ vq(x̃) (A.1)

for x̃ ∈ RN \B1(0). Indeed, for every 1 ≤ j ≤ N , we have

∂u

∂xj
= |x̃|2 ∂v

∂x̃j
− 2 x̃j x̃ · ∇v(x̃),

which implies that x · ∇u(x) = −x̃ · ∇v(x̃) and |∇u(x)| = |x̃|2|∇v(x̃)|, as well as

∆u(x) + 2 (2−N)
x · ∇u(x)

|x|2
= |x̃|4∆v(x̃).

We define β̃ = (θ̃ + 2)/(q − 1). Then, we have

β̃ = −β and f−ρ(β̃) = fρ(β).

Hence, if f−ρ(β̃) > 0, then a positive radial solution U−ρ,β̃(x̃) of (A.1) in RN \ {0} is given by

U−ρ,β̃(x̃) = [f−ρ(β̃)]
1

q−1 |x̃|−β̃ = [fρ(β)]
1

q−1 |x|−β = Uρ,β(x).
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A.2. Strong maximum principles and comparison principle. Using (1.2), we first show
in Lemma A.1 that the strong maximum principle applies for (1.1).

Lemma A.1 (Strong Maximum Principle, I). Let N ≥ 2 and ω be a domain with ω ⊂ RN \{0}.
Let (1.2) hold and ρ, λ, θ ∈ R be arbitrary. Assume that u (respectively, v) is any non-negative
C1(ω) (distributional) solution of

Lρ,λ,τ [u] ≤ |x|θuq in ω (respectively, Lρ,λ,τ [v] ≤ 0 in ω). (A.2)

Then, u (respectively, v) is either positive in ω or identically zero in ω.

Proof. For every x ∈ RN \ {0}, z ≥ 0 and ξ ∈ RN , we define

B̃1(x, z, ξ) = B̃2(x, z, ξ)− |x|θzq and B̃2(x, z, ξ) = − (N − 2 + 2ρ)
x · ξ
|x|2

+ λGτ (x, z, ξ).

Since q > 1 and τ ∈ [0, 1), by Young’s inequality yields for j = 1, 2, we find that

|B̃j(x, z, ξ)| ≤ |N − 2 + 2ρ| |ξ|
|x|

+ |λ|
(
τ
z

|x|2
+ (1− τ)

|ξ|
|x|

)
+ |x|θz

for every x ∈ RN \ {0}, 0 < z ≤ 1 and |ξ| ≤ 1. Hence, for every compact K in RN \ {0}, there
exist non-negative constants b1 and b2 such that

B̃j(x, z, ξ) ≥ −b1|ξ| − b2z for all x ∈ K, 0 < z ≤ 1, |ξ| ≤ 1,

where j = 1, 2. From (A.2), u (respectively, v) is a non-negative C1(ω) solution of

∆u+ B̃1(x, u,∇u) ≤ 0 in ω (respectively, ∆v + B̃2(x, v,∇v) ≤ 0 in ω). (A.3)

The conditions in the strong maximum principle of Theorem 2.5.1 in [26, p. 34] are satisfied
for (A.3) in every compact K in RN \ {0}. This implies that if there exists x0 ∈ ω such that
u(x0) = 0 (respectively, v(x0) = 0), then necessarily u ≡ 0 in ω (respectively, v ≡ 0 in ω). □

We will use (see Theorem 5.10) the following strong maximum principle.

Lemma A.2 (Strong Maximum Principle, II). Let N ≥ 2, (1.2) hold, ρ, λ, θ ∈ R and ω ⊂ RN

be a domain such that ω ⊂ RN \ {0}. Assume that u1, u2 ∈ C1(ω) are positive distributional
solutions of

Lρ,λ,τ [u1] ≥ 0 in ω and Lρ,λ,τ [u2] ≤ 0 in ω. (A.4)

(Alternatively, instead of (A.4), we may also assume that

Lρ,λ,τ [u1] ≥ |x|θuq1 in ω and Lρ,λ,τ [u2] ≤ |x|θuq2 in ω.) (A.5)

If u1 ≤ u2 in ω and |∇u1|+ |∇u2| > 0 in ω, then either u1 ≡ u2 in ω or u1 < u2 in ω.

Proof. We point out that we cannot conclude the proof by applying Lemma A.1 to u2 −u1 since
the operator Lρ,λ,τ [·] is nonlinear (when λ ̸= 0) by the assumption τ ∈ [0, 1).

Let ω′ = {x ∈ ω : u1(x) = u2(x)}. Then, ω′ is relatively closed with respect to ω. We
assume that ω′ ̸= ∅ and let x0 ∈ ω′ be arbitrary. Since ω is open, there exists ε > 0 small
such that Bε(x0) ⊂⊂ ω. Recall that u2 − u1 ≥ 0 in ω and thus u2 − u1 achieves its minimum
0 at x0 ∈ ω. This, jointly with the assumption that |∇u1(x0)| + |∇u2(x0)| > 0, implies that
|∇u1(x0)| = |∇u2(x0)| > 0. If necessary, we diminish ε > 0 to ensure that for some m > 0 small,
we have minBε(x0)

uj ≥ m and minBε(x0)
|∇uj | ≥ m for j = 1, 2.

Let B̂(x, z, ξ) be a scalar function that is continuously differentiable in the variables z ∈ R
and ξ ∈ RN such that when z ≥ m/2 and |ξ| ≥ m/2, we have

B̂(x, z, ξ) = (N − 2 + 2ρ)
x · ξ
|x|2

− λzτ
|ξ|1−τ

|x|1+τ
.



80

(If (A.5) is assumed instead of (A.4), then we also include −|x|θzq in the definition of B̂(x, z, ξ).)
Hence, using (A.4), we see that u1 and u2 are positive C1(Bε(x0)) distributional solutions of

∆u1 − B̂(x, u1,∇u1) ≥ 0 in Bε(x0),

∆u2 − B̂(x, u2,∇u2) ≤ 0 in Bε(x0).

Since u1 ≤ u2 in Bε(x0) and u1(x0) = u2(x0), by [27, Theorem 1], we get u1 ≡ u2 in Bε(x0).
This shows that ω′ is relatively open in ω. So, ω′ = ω, which yields that u1 ≡ u2 in ω. □

We next recall two comparison principles that are used frequently in this paper.

Lemma A.3 (Comparison principle, I). Let D be a bounded domain in RN with N ≥ 2. Let

B̂(x, z, ξ) : D × R × RN → R be continuous in D × R × RN and continuously differentiable

with respect to ξ for |ξ| > 0 in RN . Assume that B̂(x, z, ξ) is non-decreasing in z for fixed
(x, ξ) ∈ D × RN . Let u1 and u2 be non-negative C1(D) ∩ C(D) (distributional) solutions of{

∆u1 − B̂(x, u1,∇u1) ≥ 0 in D,

∆u2 − B̂(x, u2,∇u2) ≤ 0 in D.
(A.6)

Suppose that |∇u1|+ |∇u2| > 0 in D and either supD |∇u1| <∞ or supD |∇u2| <∞. If u1 ≤ u2
on ∂D, then u1 ≤ u2 in D.

Proof. The conclusion follows from [25, Theorem 10.1] by taking Â(x, u,∇u) = ∇u. □

Lemma A.4 (Comparison principle, II). Let D be a bounded domain in RN with N ≥ 2. Assume

that B̂(x, z, ξ) : D×R×RN → R is locally Lipschitz continuous with respect to ξ in D×R×RN

and is non-decreasing in z for fixed (x, ξ) ∈ D × RN .
Let u1 and u2 be (distribution) solutions in C1(D) of (A.6). If

u1 ≤ u2 +M on ∂D,

where M is a positive constant, then u1 ≤ u2 +M in D.

Proof. We apply Corollary 3.5.2 to Theorem 3.5.1 in [26]. □

Remark A.5. Theorem 3.5.1 in [26], like Theorem 10.1 in [25], is essentially Theorem 10.7(i)

in [22] except that the functions Â and B̂ in [25,26] are allowed to be singular at ξ = 0. This is
compensated in [25, Theorem 10.1] by the additional condition that |∇u1|+ |∇u2| > 0 in D.

Remark A.6. Let ρ, λ, θ ∈ R, τ ∈ [0, 1) and q > 1. Let D be a bounded domain in RN

(N ≥ 2) such that D ⊂ RN \{0}. Assume that u1, u2 ∈ C1(D)∩C(D) are positive distributional
solutions of Lρ,λ,τ [u1] ≥ |x|θuq1 in D and Lρ,λ,τ [u2] ≤ |x|θuq2 in D such that u1 ≤ u2 on ∂D. In
addition, when τ ∈ (0, 1) and λ ̸= 0, we also assume that |∇u1| + |∇u2| > 0 in D and either
supD |∇u1| <∞ or supD |∇u2| <∞. Then, we have u1 ≤ u2 in D. This follows from Lemma A.4
if τ = 0 or if λ = 0. Otherwise, we apply Lemma A.3 to u1 and u2 if λ < 0, respectively to
w1 = log (Cu1) and w2 = log (Cu2) if λ > 0, where C > 0 is a large constant so that Cuj > 1 on

D for j = 1, 2. Indeed, if λ > 0, then the conditions in Lemma A.3 will be satisfied by w1 and
w2 since |∇w1|+ |∇w2| > 0 in D, w1 ≤ w2 on ∂D and

∆w1 + |∇w1|2 − (N − 2 + 2ρ)
x · ∇w1

|x|2
+ λ

|∇w1|1−τ

|x|1+τ
≥ C1−q|x|θe(q−1)w1 in D,

∆w2 + |∇w2|2 − (N − 2 + 2ρ)
x · ∇w2

|x|2
+ λ

|∇w2|1−τ

|x|1+τ
≤ C1−q|x|θe(q−1)w2 in D.

Thus, we get w1 ≤ w2 in D, which yields that u1 ≤ u2 in D.
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B. A priori estimates and consequences

Assuming (1.2) and letting λ+ be the positive part of λ, we define C0 = C0(N, q, θ, ρ, λ, τ) by

C0 := 2
|θ|
q−1

[
16

q − 1

(
2 (q + 1)

q − 1
+N + |N − 2 + 2ρ|+ (1− τ)λ+

)
+ 4τλ+

] 1
q−1

. (B.1)

Lemma B.1 (A priori estimates). Let (1.2) hold and ρ, λ, θ ∈ R. Let r0 > 0 satisfy B2r0(0) ⊂⊂
Ω. Then, letting C0 be as in (B.1), every positive sub-solution u of (1.1) satisfies

u(x) ≤ C0 |x|−β for all 0 < |x| ≤ r0. (B.2)

Proof. We adapt the ideas in [15, Lemma 4.1] (see also [17, Lemma 4.2]), where ρ = (2−N)/2
and τ = 1. Fix x0 ∈ RN with 0 < |x0| ≤ r0. For every x ∈ B|x0|/2(x0), we define

P(x) := C0 |x0|−β [ζ(x)]
− 2

q−1 , where ζ(x) := 1−
(
2 |x− x0|

|x0|

)2

. (B.3)

Let u be any positive sub-solution of (1.1). We would like to show that

u(x) ≤ P(x) for every x ∈ B|x0|/2(x0). (B.4)

Then, since C0 is independent of x0, we obtain (B.2) by taking x = x0 in (B.4).
We remark that in proving (B.4), we need to make some adjustments compared with [15,17].

For the equations studied in the latter, P was a super-solution in B|x0|/2(x0) for a suitable
constant C0 and then (B.4) was derived from the comparison principle in Lemma A.4 (using
that P = ∞ on ∂B|x0|/2(x0)). However, because of the introduction of Gτ (x, u,∇u), we would
not be able to apply Lemma A.4 directly to (1.1) when 0 < τ < 1. Instead, we would need to
apply Lemma A.3. This is not feasible since |∇P(x0)| = 0 and we have no information on the
gradient of u at x0. Hence, we cannot verify the condition |∇P(x)|+ |∇u(x)| > 0 at x = x0.

We overcome the above issue by applying Lemma A.4 to the modified equation

Lρ[v] + λ+
(
τ
v

|x|2
+ (1− τ)

|∇v|
|x|

)
= |x|θvq in B|x0|/2(x0). (B.5)

We observe that u is a sub-solution of (B.5), using Young’s inequality when λ > 0.
We next show that P is a super-solution of (B.5), namely,

Lρ[P] + λ+
(
τ
P(x)

|x|2
+ (1− τ)

|∇P(x)|
|x|

)
≤ |x|θPq(x) in B|x0|/2(x0). (B.6)

Indeed, for every x ∈ B|x0|/2(x0), we have

τ
P
|x|2

+ (1− τ)
|∇P|
|x|

≤ C0

(
4τ + (1− τ)

16

q − 1

)
[ζ(x)]−

2q
q−1

|x0|β+2
,

∆P(x) =
16C0

q − 1

[
8(q + 1)

q − 1

|x− x0|2

|x0|2
+Nζ(x)

]
[ζ(x)]−

2q
q−1

|x0|β+2
,

(B.7)

which yields that the left-hand side of (B.6) is bounded from above by

C0

[
16

q − 1

(
2(q + 1)

q − 1
+N + |N − 2 + 2ρ|+ (1− τ)λ+

)
+ 4τλ+

]
[ζ(x)]−

2q
q−1

|x0|β+2
. (B.8)

On the other hand, since 1/2 ≤ |x|/|x0| < 2 for each x ∈ B|x0|/2(x0), we obtain that

|x|θPq(x) = (C0)
q

(
|x|
|x0|

)θ
[ζ(x)]−

2q
q−1

|x0|β+2
≥ 2−|θ|(C0)

q [ζ(x)]
− 2q

q−1

|x0|β+2
. (B.9)
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Using the definition of C0 in (B.1), we see that the quantity in (B.8) is equal to the right-hand
side of the inequality in (B.9). Hence, we conclude (B.6).

Proof of (B.4). If λ ≤ 0, then we immediately get (B.4) by applying Lemma A.4 in relation
to u and P being, respectively, a positive sub-solution and super-solution of (B.5) such that
P(x) → ∞ as |x − x0| ↗ |x0|/2. However, when λ > 0 we need a small trick to apply the
comparison principle in Lemma A.4 given that the function

t 7−→ |x|θtq − λτ
t

|x|2

fails to be non-decreasing in t on [0,∞) for fixed x ∈ B|x0|/2(x0). We let C∗ > 0 be a positive
large constant, depending on u and x0, such that we have C∗u > 1 and C∗P > 1 in B|x0|/2(x0).
Then, log (C∗u) and log (C∗P) are, respectively, a positive sub-solution and super-solution of

Lρ[w] + |∇w|2 + λ
τ

|x|2
+ λ (1− τ)

|∇w|
|x|

= (C∗)
1−q|x|θe(q−1)w in B|x0|/2(x0).

The assumptions in Lemma A.4 are now satisfied so that log(C∗u) ≤ log(C∗P) in B|x0|/2(x0).
This yields (B.4) also when λ > 0, completing the proof of Lemma B.1. □

Since the constant C0 in (B.1) is independent of the domain, from Lemma B.1 we obtain
global a priori estimates for all positive solutions of (1.1).

Corollary B.2 (Global a priori estimates). Let Ω = RN and (1.2) hold. Then, given C0 as in
(B.1), every positive sub-solution u of (1.1) satisfies

u(x) ≤ C0 |x|−β for all x ∈ RN \ {0}. (B.10)

Proposition B.3. Let (1.2) hold and ρ, λ, θ ∈ R. Then, there exist constants dj > 0 with
j ∈ {0, 1, 2, 3} and α ∈ (0, 1), all of which depending only on N, q, θ, ρ, λ and τ , such that for every
positive solution u of (1.1) with B4r0(0) ⊂⊂ Ω and every x, x′ ∈ RN with 0 < |x| ≤ |x′| < r0,

|∇u(x)| ≤ d0 |x|−β−1, (B.11)

max
|x|=r

u(x) ≤ d1 min
|x|=r

u(x) for all r ∈ (0, r0) [spherical Harnack inequality] (B.12)

|∇u(x)| ≤ d2
u(x)

|x|
, (B.13)

|∇u(x)−∇u(x′)| ≤ d3
u(x) + u(x′)

|x|1+α
|x− x′|α. (B.14)

Proof. Let r0 > 0 be such that B4r0(0) ⊂⊂ Ω. We prove that there exists a constant d0 > 0,
depending only on N, q, θ, ρ, λ and τ , such that every positive solution u of (1.1) satisfies (B.11).

We follow the argument in [13, Lemma 3.8], taking g(x) = C0 |x|−β .
Fix x0 ∈ RN such that 0 < |x0| < r0 < 1/2. We define vx0

: B1(0) → (0,∞) by

vx0(y) := |x0|βu(x0 + |x0| y/2) for every y ∈ B1(0). (B.15)

It follows that vx0
satisfies the following equation

−∆v(y) + B̃(y, v(y),∇v(y)) = 0 for every y ∈ B1(0), (B.16)

where B̃(y, z, ξ) is defined for y ∈ B1(0), z ≥ 0 and ξ ∈ RN by

B̃(y, z, ξ) =
(N − 2 + 2ρ) |x0|

(
x0 +

1
2 |x0| y

)
· ξ

2
∣∣x0 + 1

2 |x0| y
∣∣2 − λ zτ |ξ|1−τ |x0|τ+1

2τ+1
∣∣x0 + 1

2 |x0| y
∣∣τ+1

+

∣∣x0 + 1
2 |x0| y

∣∣θ zq
4 |x0|θ

.

(B.17)
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Since |x0|/2 ≤ |x0 + |x0| y/2| ≤ 3|x0|/2 for all y ∈ B1(0), from Lemma B.1 and (B.15), we get

vx0(y) ≤ C0

(
|x0|

|x0 + 1
2 |x0| y|

)β

≤ 2|β| C0. (B.18)

For all y ∈ B1(0) and ξ ∈ RN , we have

|B̃(y, vx0
(y), ξ)| ≤ |N − 2 + 2ρ||ξ|+ |λ||ξ|1−τ (vx0

(y))τ + 2|θ|−2(vx0
(y))q. (B.19)

Hence, from (B.18) and (B.19), there exists a positive constant A1, depending only on N, q, θ, ρ, λ
and τ such that ∣∣∣B̃(y, vx0(y), ξ)

∣∣∣ ≤ A1(1 + |ξ|)2 for all y ∈ B1(0) and ξ ∈ RN . (B.20)

Using (B.18) and applying Theorem 1 in Tolksdorf [32], we obtain constants α ∈ (0, 1) and C > 0,
both depending only on N, q, θ, ρ, λ and τ such that ∥∇vx0

∥
C0,α(B1/2(0))

≤ C. In particular, we

have |∇vx0
(0)| ≤ C, which proves the inequality in (B.11) with d0 = 2C.

Proof of (B.12). By Harnack’s inequality (see [33, Theorem 1.1]) applied to vx0
, we obtain a

positive constant c1, depending only on N, q, θ, ρ, λ and τ such that

sup
B1/3(0)

vx0
≤ c1 inf

B1/3(0)
vx0

or, equivalently, sup
B|x0|/6(x0)

u ≤ c1 inf
B|x0|/6(x0)

u.

By a standard covering argument (see [21]), we conclude (B.12) with d1 = c101 .
Moreover, using (B.12) and reasoning exactly as in [13, Corollary 3.10], we infer that for every

0 < a < b ≤ 3/2, there exists a constant Ca,b > 0, depending only on N, q, θ, ρ, λ and τ such that

max
ar≤|x|≤br

u(x) ≤ Ca,b min
ar≤|x|≤br

u(x) for every r ∈ (0, r0). (B.21)

We emphasise that Ca,b here is independent of r0.

Proof of (B.13). We adapt the definition of vx0
in (B.15) replacing |x0|β by 1/u(x0), i.e.,

vx0
(y) =

u(x0 + |x0| y/2)
u(x0)

for every y ∈ B1(0). (B.22)

In light of (B.21) with a = 1/2, b = 3/2 and r = |x0|, we obtain a constant A0 > 0, depending
only on N, q, θ, ρ, λ and τ such that

∥vx0∥L∞(B1(0)) ≤ A0.

Observe that vx0
in (B.22) satisfies (B.16) with the definition of B̃(y, z, ξ) slightly adjusted.

More precisely, the last term in the right-hand side of (B.17) must be here multiplied by

|x0|2+θuq−1(x0). Because of Lemma B.1, we have |x0|2+θuq−1(x0) ≤ Cq−1
0 and hence, we recover

(B.20), where A1 > 0 is a constant depending only on N, q, θ, ρ, λ and τ . With the same argu-
ment as for (B.11), we conclude that |∇vx0

(0)| ≤ A2 for a constant A2 > 0, depending only on
N, q, θ, ρ, λ and τ . This completes the proof of (B.13).

Proof of (B.14). We can now modify a standard argument in [21, Lemma 1.1] (see also [16]).
For every fixed µ ∈ (0, r0/3), we define

Ψµ(ξ) :=
u(µ ξ)

max∂Bµ(0) u
for all ξ ∈ Γ := {y ∈ RN : 1 < |y| < 4}.

Then, Ψµ ∈ L∞(Γ) ∩H1(Γ) is a weak solution of

−∆Ψµ +Bµ = 0 in Γ,
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where Bµ(ξ) is defined for ξ ∈ Γ by

Bµ(ξ) = µθ+2( max
∂Bµ(0)

u)q−1|ξ|θΨq
µ(ξ) + (N − 2 + 2ρ)

ξ · ∇Ψµ(ξ)

|ξ|2
− λ

Ψτ
µ(ξ)|∇Ψµ(ξ)|1−τ

|ξ|1+τ
.

In view of (B.13) and (B.21), it is easy to see that

∥Ψµ∥L∞(Γ) ≤ C1 and ∥Bµ∥L∞(Γ) ≤ C2, (B.23)

where C1 and C2 are positive constants that depends only on N, q, θ, ρ, λ and τ .
Hence, using (B.13) and (B.23), by the C1,α-regularity result of Tolksdorf [32], there exist

constants α ∈ (0, 1) and C̃ > 0, both depending only on N, q, θ, ρ, λ and τ , such that

∥∇Ψµ∥C0,α(Γ∗) ≤ C̃, where Γ∗ = {y ∈ RN : 2 < |y| < 3.75}.

For x ∈ Br0(0) \ {0}, there exists µ ∈ (0, r0/3) such that 2µ ≤ |x| ≤ 3µ.
Let x, x′ ∈ Br0(0) \ {0} be such that |x| ≤ |x′|.
If |x| ≤ |x′| < 5|x|/4, then for ξ = x/µ and ξ′ = x′/µ, by using (B.21), we find that

|∇u(x)−∇u(x′)| =
max∂Bµ(0) u

µ
|∇Ψµ(ξ)−∇Ψµ(ξ

′)| ≤ C̃
max∂Bµ(0) u

µα+1
|x−x′|α ≤ C3 u(x)

|x|α+1
|x−x′|α

for some constant C3 > 0, depending only on N, q, θ, ρ, λ, τ, ζ, η and d1.
If |x′| ≥ 5|x|/4, then |x− x′|α ≥ (|x′| − |x|)α ≥ (|x|/4)α so that from (B.13), we get

|∇u(x)−∇u(x′)| ≤ d2

(
u(x)

|x|
+
u(x′)

|x′|

)
≤ 4d2

u(x) + u(x′)

|x|α+1
|x− x′|α.

This concludes the proof of (B.14) and of Proposition B.3. □

If β < 0, then Proposition B.3 implies that the origin is a removable singularity for every
positive solution u of (1.1). More precisely, we have.

Corollary B.4 (Removable singularities). Let (1.2) hold, ρ, λ ∈ R and θ < −2. Then, every
positive solution u of (1.1) satisfies lim|x|→0 u(x) = 0, u ∈ H1

loc(Ω) and

Lρ,λ,τ [u] = ∆u− (N − 2 + 2ρ)
x · ∇u
|x|2

+ λGτ (x, u,∇u) = |x|θ uq in D′(Ω). (B.24)

Proof. If u is a positive solution of (1.1), then by (B.2), we get lim|x|→0 u(x) = 0 since β < 0.

Hence, by defining u(0) = 0, we have u ∈ C(Ω). Now, u ∈ C1(Ω \ {0}) and by Proposition B.3,
we have |∇u(x)|2 ≤ C2

1 |x|−2β−2 ∈ L1
loc(Ω) using that −2β − 2 > −2 ≥ −N . Consequently,

u ∈ H1
loc(Ω). It remains to show (B.24). Let φ ∈ C1

c (Ω) be arbitrary. We prove that∫
Ω

∇u ·∇φdx+(N−2+2ρ)

∫
Ω

x · ∇u
|x|2

φdx−λ
∫
Ω

Gτ (x, u,∇u)φdx+
∫
Ω

|x|θuqφdx = 0. (B.25)

Proof of (B.25). For every ε > 0 small, let wε be a non-decreasing and smooth function on
[0,∞) such that wε(r) ∈ (0, 1) for r ∈ (ε, 2ε), wε(r) = 1 for r ≥ 2ε and wε(r) = 0 for r ∈ [0, ε].

Since φwε ∈ C1
c (Ω \ {0}, by using φwε as a test function for (1.1), we get∫

Ω

∇u · ∇(φwε) dx+ (N − 2 + 2ρ)

∫
Ω

x · ∇u
|x|2

φwε dx

− λ

∫
Ω

Gτ (x, u,∇u)φwε dx+

∫
Ω

|x|θuqφwε dx = 0.

(B.26)

As θ − βq = −β − 2 > −N , we have |x|−β−2 ∈ L1
loc(RN ). So, by Proposition B.3 and

φ ∈ C1
c (Ω), we infer that (x · ∇u)φ/|x|2, Gτ (x, u,∇u)φ, |x|θuqφ and ∇u · ∇φ are in L1(Ω).
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Since wε is radially symmetric (w(x) = w(r) with r = |x|), we see that∫
Ω

∇u · ∇(φwε) dx =

∫
Ω

wε∇u · ∇φdx+ Jε, Jε :=

∫
Ω

φ(x)w′
ε(|x|)

∇u(x) · x
|x|

dx. (B.27)

We next show that limε→0 Jε = 0. Indeed, since w′
ε(r) = 0 for every r ∈ (0, ε] ∪ [2ε,∞), by

Proposition B.3, there exist positive constants C1, C2 (independent of ε) such that

|Jε| ≤ C1

∫
{ε<|x|<2ε}

|x|−β−1w′
ε(|x|) dx = C1

∫ 2ε

ε

∫
∂Bη(0)

|x|−β−1w′
ε(|x|) dS(x) dη

≤ C2

∫ 2ε

ε

ηN−β−2w′
ε(η) dη ≤ C2η

N−β−2wε(η)
∣∣∣2ε
ε

= C2(2ε)
−β+N−2 → 0 as ε→ 0.

(B.28)

Thus, in view of (B.27) and (B.28), by letting ε→ 0 in (B.26), we arrive at (B.25). □

We next give consequences of the spherical Harnack-type inequality in Proposition B.3.

Corollary B.5. Let (1.2) hold and ρ, λ, θ ∈ R. Let u be any positive solution of (1.1).

(a) If lim sup|x|→0 u(x) > 0, then lim inf |x|→0 u(x) > 0.

(b) If lim sup|x|→0 u(x) = ∞, then lim|x|→0 u(x) = ∞.

(c) Let w be a positive radial sub-solution of (1.1) in Br0(0) \ {0} for some small r0 > 0.
When τ ̸= 0, we also assume that |∇u(x)|+ |w′(|x|)| > 0 for all 0 < |x| < r0. Then,

lim sup
|x|→0

u(x)

w(|x|)
> 0 implies that lim inf

|x|→0

u(x)

w(|x|)
> 0.

Proof. (a) Assume that lim sup|x|→0 u(x) > 0. Let {xn}n≥1 be a sequence in RN \ {0} with

{|xn|}n≥1 decreasing to 0 as n→ ∞ and limn→∞ u(xn) = lim inf |x|→0 u(x).
We reason by contradiction and suppose that lim inf |x|→0 u(x) = 0. Let r0 > 0 be small such

that B4r0(0) ⊂⊂ Ω. Let n0 ≥ 1 be large enough so that 0 < |xn+1| < |xn| < r0 for every n ≥ n0.
Then, by the spherical Harnack-type inequality in Proposition B.3, we have

u(xn) ≥ min
|x|=|xn|

u(x) ≥ 1

d1
max

|x|=|xn|
u(x) for all n ≥ n0. (B.29)

For each n ≥ 1, we define Dn = {x ∈ RN : |xn+1| < |x| < |xn|}. Since limn→∞ max∂Dn u(x) = 0
and lim sup|x|→0 u(x) > 0, we infer that for large enough n, the maximum of u over Dn is reached

at some point x∗(n) ∈ Dn. It follows that ∆u(x∗(n)) ≤ 0 and ∇u(x∗(n)) = 0, implying that
0 ≥ Lρ,λ,τ [u(x∗(n))] = |x∗(n)|θu(x∗(n)) > 0, which is a contradiction.

(b) Assume that lim sup|x|→0 u(x) = ∞. Suppose by contradiction that lim inf |x|→0 u(x) <∞.

We take {xn}n≥1 andDn as in part (a). From (B.29), we get that lim supn→∞ max∂Dn
u(x) <∞.

Consequently, for large enough n, there exists x∗(n) ∈ Dn such that maxDn
u(x) = u(x∗(n)),

leading to a contradiction as in (a).
(c) Assume that lim sup|x|→0 u(x)/w(|x|) = L > 0. We diminish r0 > 0 to ensure that

B4r0(0) ⊂⊂ Ω. We choose a sequence {xn}n≥1 in RN such that {|xn|}n≥1 decreases to 0 with
0 < |xn| ≤ r0 for all n ≥ 1 and limn→∞ u(xn)/w(|xn|) = L. Then, for every δ ∈ (0, L), there
exists n1 = n1(δ) ≥ 1 such that

u(xn) ≥ δ w(|xn|) for all n ≥ n1.

By (B.12) in Proposition B.3, we find that

min
|x|=|xn|

u(x) ≥ (1/d1) max
|x|=|xn|

u(x) ≥ (1/d1)u(xn) ≥ (δ/d1)w(|xn|) for all n ≥ n1.
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Fix δ ∈ (0,min{L, d1}). Observe that for every µ ∈ (0, 1), we have that µw is also a positive
radial sub-solution of (1.1) in Br0(0) \ {0}. Then, for each n > n1, by the comparison principle,
we get u ≥ (δ/d1)w on Dn := {x ∈ RN : |xn| < x < |xn1

|}. By letting n→ ∞, we see that

u(x) ≥ (δ/d1)w(|x|) for every 0 < x < |xn1
|. (B.30)

This proves that lim inf |x|→0 u(x)/w(|x|) > 0. □

Corollary B.6. Let (1.2) hold and ρ, λ, θ ∈ R. Let u be any positive solution of (1.1). Assume
that S is a positive C1-function on (0, r0) for some r0 > 0 small such that

Lρ,λ,τ [S(|x|)] ≤ 0 and |S′(|x|)|+ |∇u(x)| > 0 for all |x| ∈ (0, r0). (B.31)

We have the following:

(a) If lim inf |x|→0 u(x)/S(|x|) = 0, then lim|x|→0 u(x)/S(|x|) = 0;
(b) If lim sup|x|→0 u(x)/S(|x|) = ∞, then lim|x|→0 u(x)/S(|x|) = ∞.

Proof. Without loss of generality, by diminishing r0 > 0, we can assume that B4r0(0) ⊂⊂ Ω.
Let u be any positive solution of (1.1). We prove the assertions of (a) and (b) by adapting the
method in [15, Corollary 4.5]. Let lim inf |x|→0 u(x)/S(|x|) := ℓ. We choose a sequence {xn}n≥1

in RN such that {|xn|}n≥1 decreases to 0 with 0 < |xn| ≤ r0 for all n ≥ 1 and

lim
n→∞

u(xn)/S(|xn|) = ℓ.

Assume that ℓ ̸= ∞. Then, for every δ > ℓ, there exists n1 = n1(δ) ≥ 1 such that

u(xn) ≤ δS(|xn|) for all n ≥ n1. (B.32)

Let d1 > 0 be given by Proposition B.3. Then, we obtain that

max
|x|=|xn|

u(x) ≤ d1u(xn) ≤ d1δS(|xn|) for all n ≥ n1.

By our assumption of S, we find that Lρ,λ,τ [d1δS] = d1δ Lρ,λ,τ [S] ≤ 0 in Br0(0) \ {0}. Hence,
for each n > n1, by the comparison principle on Dn := {x ∈ RN : |xn| < x < |xn1

|}, we get
u ≤ d1δS on Dn. As |xn| → 0 as n→ ∞, we arrive at

u(x) ≤ d1δS(|x|) for every 0 < x < |xn1 |. (B.33)

Hence, if 0 ≤ ℓ <∞, then lim sup|x|→0 u(x)/S(|x|) ≤ d1δ for every δ ∈ (ℓ,∞).

(a) If ℓ = 0, then by taking arbitrary δ > 0, we get lim|x|→0 u(x)/S(|x|) = 0.
(b) The above argument shows that ℓ <∞ implies that lim sup|x|→0 u(x)/S(|x|) <∞.
This completes the proof of Corollary B.6. □

Lemma B.7. Let (1.2) hold and ρ, λ, θ ∈ R. Let u be any positive solution of (1.1). Assume
that for r0 > 0 small enough, S is a positive C1-function on (0, r0) such that (B.31) holds. Then,

lim sup
|x|→0

u(x)

S(|x|)
= µ ∈ (0,∞) implies that lim

r→0+
sup
|x|=r

u(x)

S(|x|)
= µ.

Proof. Assume that lim sup|x|→0 u(x)/S(|x|) = µ ∈ (0,∞). Let r0 > 0 be small such that

B4r0(0) ⊂⊂ Ω. Define v(r) = sup|x|=r u(x)/S(|x|) for every r ∈ (0, r0). We show that

limr→0+ v(r) = µ. Since lim supr→0+ v(r) = µ, it remains to show that

lim inf
r→0+

v(r) = µ. (B.34)

We reason by contradiction and assume that there exists a sequence {rn}n≥1 of positive numbers
decreasing to 0 such that limn→∞ v(rn) = µ0 ∈ [0, µ). Fix ε > 0 small such that µ0 + ε < µ.

Let n0 ≥ 1 be large such that

rn < r0 and v(rn) ≤ µ0 + ε for all n ≥ n0. (B.35)
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For every n > n0, we set Dn = {x ∈ RN : rn < |x| < rn0}. Since lim supr→0+ v(r) = µ > µ0+ ε,
we infer that there exist r∗ ∈ (0, rn0

) and x∗ ∈ RN with |x∗| = r∗ such that

v(r∗) = u(x∗)/S(|x∗|) > µ0 + ε. (B.36)

Let n∗ > n0 be large such that x∗ ∈ Dn∗ . From the definition of v and (B.35), we get

u|∂Brn (0) ≤ (µ0 + ε)S(rn) for all n ≥ n0.

Observe that (µ0 + ε)S is a positive radial super-solution of (1.1) in Br0(0) \ {0} since

Lρ,λ,τ [(µ0 + ε)S(|x|)] = (µ0 + ε)Lρ,λ,τ [S(|x|)] ≤ 0 ≤ |x|θSq(|x|) for all 0 < |x| < r0.

Moreover, in view of (B.31), we can apply the comparison principle and find that

u(x) ≤ (µ0 + ε)S(|x|) for every x ∈ Dn∗ .

When x = x∗ ∈ Dn∗ , we obtain a contradiction with (B.36). This proves (B.34). □

Remark B.8. (a) When τ = 0 in Corollary B.6 and Lemma B.7, we don’t need the second
inequality in (B.31) since we can apply the comparison principle in Lemma A.4.

(b) We will apply Lemma B.7 for an arbitrary positive solution u of (1.1) by taking a suitable
positive C1-function S on (0, r0) such that the first inequality in (B.31) holds and, in addition,
|S′(r)| > 0 for every r ∈ (0, r0) (the latter inequality is needed when τ ∈ (0, 1)).

C. Summary of our classification results

In Table 1, we present the findings of Theorem 1.4 for each Case [Nj ] with j = 0, 1, 2.

Assume Case [N0], that is,

{
Case [N0] (a) let τ = 0, λ ≥ 2ρ

or Case [N0] (b) let λ > 0, τ ∈ (0, 1), ρ < Υ.

• If β < 0, then u(x) ∼ Uρ,β(x) as |x| → 0.

Assume Case [N1], that is,

{
[N1] (a) let τ = 0, λ < 2ρ

or [N1] (b) let λ < 0, τ ∈ (0, 1), ρ ∈ R.
• If β ∈ (−∞, ϖ1(ρ)), then u(x) ∼ Uρ,β(x) as |x| → 0.

• If β = ϖ1(ρ), then u(x) ∼

(
|ϖ1(ρ)|

(
1− λτ |ϖ1(ρ)|−τ−1

)
q − 1

)1/(q−1)
|x|−ϖ1(ρ)

| log |x||1/(q−1)
as |x| → 0.

• If β ∈ (ϖ1(ρ), 0), then u(x) ∼ a |x|−ϖ1(ρ) as |x| → 0 for some a ∈ R+.

Assume Case [N2], that is, λ > 0, τ ∈ (0, 1) and ρ ≥ Υ.
• If β ∈ (−∞, ϖ1(ρ)), then u(x) ∼ Uρ,β(x) as |x| → 0.
• If β = ϖ1(ρ) and ρ ̸= Υ, then

u(x) ∼

(
|ϖ1(ρ)|

(
1− λτ |ϖ1(ρ)|−τ−1

)
q − 1

)1/(q−1)
|x|−ϖ1(ρ)

| log |x||1/(q−1)
as |x| → 0.

• If β = ϖ1(ρ) and ρ = Υ, then u(x) ∼
(
2 (q + τ)

(q − 1)2

)1/(q−1) |x|−ϖ1(ρ)

| log |x||2/(q−1)
as |x| → 0.

• If β ∈ (ϖ1(ρ), ϖ2(ρ)] (for ρ ̸= Υ), then u(x) ∼ a |x|−ϖ1(ρ) as |x| → 0 for some a ∈ R+.
• If β ∈ (ϖ2(ρ), 0), then as |x| → 0, we have the following trichotomy:

(i) Either u(x) ∼ a |x|−ϖ1(ρ) for some a ∈ R+;

(ii) Or u(x) ∼ bΦϖ2(ρ)(|x|) =

{
b |x|−ϖ2(ρ) if ρ ̸= Υ

b |x|−ϖ2(ρ)| log |x||2/(1+τ) if ρ = Υ
for some b ∈ R+;

(iii) Or u(x) ∼ Uρ,β(|x|).

Table 1. Complete classification of the behaviour near zero for an arbitrary
positive solution u of (1.1), where ρ, λ ∈ R, τ ∈ [0, 1), θ < −2 and q > 1
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The contents of Theorem 1.1 and Corollary 1.3 are captured in Table 2.

Eq. (1.1) in RN \ {0} has positive solutions if and only if fρ(β) > 0. In this case,
every positive solution u of (1.1) in RN \ {0} is radial.

Let β < 0 in Case [N0]. Then, for every c ∈ R+, there exists a unique positive
radial solution u∞,c of (1.1) in RN \ {0} such that u(x) ∼ Uρ,β(x) as |x| → 0

and u(x) ∼
{
c log |x| if λ = 2ρ and τ = 0

c otherwise
as |x| → ∞.

Let β < ϖ1(ρ) in Case [N1]. Then, for every c ∈ R+, there is a unique positive
radial solution u∞,c of (1.1) in RN \ {0} such that u(x) ∼ Uρ,β(x) as |x| → 0

and u(x) ∼ c|x|−ϖ1(ρ) as |x| → ∞.

Let β < ϖ1(ρ) in Case [N2]. Then, for every c ∈ R+, there exists a unique positive
radial solution u∞,c of (1.1) in RN \ {0} such that u(x) ∼ Uρ,β(x) as |x| → 0
and u(x) ∼ cΨϖ1(ρ)(x) as |x| → ∞.

Let β ∈ (ϖ2(ρ), 0) in Case [N2].
• For every c ∈ R+, there exists a unique positive radial solution u∞,c of (1.1)
in RN \ {0} such that u(x) ∼ Uρ,β(x) as |x| → 0 and u(x) ∼ c as |x| → ∞.
• For every b ∈ R+, there exists a unique positive radial solution ub of (1.1) in
RN \ {0} such that u(x) ∼ bΦϖ2(ρ)(|x|) as |x| → 0 and u(x) ∼ Uρ,β(x) as |x| → ∞.
• For every b, c ∈ R+, there exists a unique positive radial solution ub,∞,c of (1.1)
in RN \ {0} such that u(x) ∼ bΦϖ2(ρ)(x) as |x| → 0 and u(x) ∼ c as |x| → ∞.

Let β > 0 in Case [N0](−ρ). Then, for every c ∈ R+, there exists a unique positive
radial solution uc,0 of (1.1) in RN \ {0} such that u(x) ∼ Uρ,β(x) as |x| → ∞

and u(x) ∼
{
c log (1/|x|) if λ = −2ρ and τ = 0

c otherwise
as |x| → 0.

Let β > −ϖ1(−ρ) in Case [N1](−ρ). Then, for every c ∈ R+, there is a unique positive
radial solution uc,0 of (1.1) in RN \ {0} such that u(x) ∼ Uρ,β(x) as |x| → ∞
and u(x) ∼ c|x|ϖ1(−ρ) as |x| → 0.

Let β > −ϖ1(−ρ) in Case [N2](−ρ). Then, for every c ∈ R+, there exists a unique
positive radial solution uc,0 of (1.1) in RN \ {0} such that u(x) ∼ Uρ,β(x) as |x| → ∞
and u(x) ∼ cΨϖ1(−ρ)(1/|x|) as |x| → 0.

Let β ∈ (0,−ϖ2(−ρ)) in Case [N2](−ρ).
• For every c ∈ R+, there exists a unique positive radial solution uc,0 if (1.1)
in RN \ {0} such that u(x) ∼ Uρ,β(x) as |x| → ∞ and u(x) ∼ c as |x| → 0.
• For every b ∈ R+, there exists a unique positive solution ub,∞ of (1.1) in RN \ {0}
such that u(x) ∼ bΦϖ2(−ρ)(1/|x|) as |x| → ∞ and u(x) ∼ Uρ,β(x) as |x| → 0.
• For every b, c ∈ R+, there exists a unique positive radial solution uc,0,b of (1.1)
in RN \ {0} such that u(x) ∼ bΦϖ2(−ρ)(1/|x|) as |x| → ∞ and u(x) ∼ c as |x| → 0.

Otherwise, there are no positive solutions of (1.1) in RN \ {0} (since fρ(β) ≤ 0).

Table 2. Complete classification and existence of all positive solutions u of
(1.1) in RN \ {0} other than Uρ,β , where ρ, λ, θ ∈ R, τ ∈ [0, 1) and q > 1
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[21] A. Friedman and L. Véron, Singular solutions of some quasilinear elliptic equations, Arch. Rational Mech.
Anal. 96 (1986), no. 4, 359–387.

[22] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, Second, Grundlehren

der Mathematischen Wissenschaften, vol. 224, Springer-Verlag, Berlin, 1983.
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[36] L. Véron, Comportement asymptotique des solutions d’équations elliptiques semi-linéaires dans RN , Ann.
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