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ABSTRACT. In this paper, we describe the set of all positive distributional CT(RYN \ {0})-
solutions of elliptic equations with mixed reaction terms of the form
T 1—7
Ly lu] = Au— (N — 24 29) 5 0% 4 Y IVl ™" fus iRV {0},  (0.1)
B ||+

where p, A, 0 € R are arbitrary, N > 2, ¢ > 1 and 7 € [0,1). Defining 8 = (0 +2)/(¢g — 1) and
Foar(t) =t(t+2p)+AJt|1~7 for t € R, we show that (0.1) has positive solutions if and only if
foxr(B) > 0. Under this condition, we provide existence and the exact asymptotic behaviour
near zero and at infinity for all positive solutions of (0.1). We obtain that all such solutions
are radially symmetric. When 0 < —2 and p, A € R, we also find the precise local behaviour
near zero for all positive solutions of (0.1) in 2\ {0}, where Q is an open set containing 0. By
introducing the second term in L, x ,[-] with p € R, we reduce the study of (0.1) to 6 < —2
via a modified Kelvin transform. We reveal new and surprising phenomena compared with
the work of Cirstea and Farcigeanu (2021), where p = (2— N)/2 and 7 = 1. We illustrate this
fact in Case [Na]: A >0, 7 € (0,1) and p > T := [(r+1)/(27)] A1) TV when Foor(#) =0
has two negative roots wi(p) < wa(p). If B € (w2(p),0), then (0.1) yields two new families
of bounded solutions {uco,c}te>0 and {up oo,c}p,c>0 that have no analogue for 7 = 1.
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1. INTRODUCTION

A fundamental problem in the study of partial differential equations is to understand the local
behaviour of solutions. The classification of local and/or global solutions and their symmetry
properties are central themes in the study of nonlinear elliptic and parabolic equations (see,
e.g., [31] and [39]). Even for deceptively “simple-looking” semilinear elliptic problems (e.g., the
Yamabe problem), the classification of singularities can be very hard to elucidate. Yet, research
on isolated singularities has led to the development of new and significant approaches such as
the moving plane method. This is a fundamental tool for establishing symmetry in geometry
and partial differential equations (see, for example, [10]).

Serrin’s celebrated papers [28,29] for quasilinear elliptic problems of the form

div A(z,u, Vu) = B(z, u, Vu)

have generated a lot of interest. Much research has been devoted to finding suitable classification
theorems or discovering analogues of Serrin’s removability results applicable to broader contexts.

This paper falls within the scope of an extensive research program stimulated by Véron’s
question (see [38]) of addressing the singularity problem outside Serrin’s framework in [28,29].
This means considering nonlinear divergence-form problems with an isolated singularity in which
the growth of the lower order term B dominates that of A. Now, the structure of the lower order
term B and the sign of its constituents play a fundamental role in the classification of the local
behaviour of solutions. One new difficulty is, for example, the formation of “strong singularities”.
These singular solutions dominate near the singularity the “fundamental solution” of the principal
operator, which provides the asymptotic model for the so-called “weak singularities”. Weak and
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strong singularities arise even in the classification of non-negative solutions for Laplacian type
equations with super-linear power nonlinearities (see the pioneering works by Brezis and Véron
[11] and Véron [36,37]). Early generalisations of these results to p-Laplacian-type equations
Apu = ud in RNV \ {0} with 1 < p < N are due to Friedman and Véron [21] (for p—1 < ¢ <
N(p—1)/(N —p)) and Vézquez and Véron [35] (for ¢ > N(p—1)/(N —p) and 1 <p < N). For
related extensions to weighted p-Laplacian equations with more general nonlinearities, we refer
to [9,12,13,16].

The last decades have brought significant progress in the study of isolated singularities, see
Véron [39]. A key question is how the local and global classification of singularities is influenced
by gradient-dependent lower order terms. Answering this question will also shed light on the con-
ditions leading to Liouville type results, another important and related topic studied extensively.
For recent contributions in these directions, see e.g., [2-8, 13,14, 19,20, 30].

The aim of this paper is to classify the local behaviour near zero (and at infinity if Q = RY)
for the positive distributional C*(£2\ {0})-solutions of elliptic equations of the form

z-Vu uT |[Vult—"
Ly slu(e)]i= Su— (¥ = 2420 7% ¢ A5
where € is a domain in RY (N > 2) such that 0 € 2, while p, A, are any real parameters.

Unless otherwise stated, throughout this paper, we assume that

0<7<1 and g¢>1 (1.2)

In this setting, we develop a unified approach to fully classify, and prove existence of, all
positive solutions of (1.1) in RY \ {0} under optimal assumptions (see Theorem 1.1 and Corol-
lary 1.3). As a by-product, we obtain that all such solutions are radially symmetric. We make
no use of the moving plane method. Instead, with delicate constructions of many families of
barriers (sub-super-solutions) adapted to different ranges of our parameters, we classify all the
behaviours of positive solutions near zero and at infinity. Then, we prove the existence of positive
radial solutions u(x) = u(|z|) = u(r) of (1.1) in RN \ {0} with all these viable behaviours and,
in addition, u'(r) # 0 for every r € (0,00). By the comparison principle, we conclude that there
are no positive solutions of (1.1) in RY \ {0} that are non-radial.

Our results lead to a complete understanding of the set of all C*(R¥ \ {0}) solutions for other
nonlinear equations with gradient dependent terms via a change of variables (see Subsection 1.2).

To our best knowledge, the analysis of (1.1) is completely new for 7 € (0,1). Our findings
reveal surprising new phenomena compared with 7 = 1 and p = (2 — N)/2 in (1.1), the latter
being completely understood, see Subsection 1.3. Yet, prior to this work, nothing was known
about the positive solutions of (1.1) with 7 € (0,1), even for p = (2 — N)/2. By introducing
the second term in the operator L, x -[-], we generate novel techniques to contend with many
additional difficulties. In particular, when A > 0, we unveil a critical threshold for p, namely,
T=71t ()\T)%“, which is the dividing line between Case [Ny] (b) and Case [No] in (1.7).

Our techniques are amenable to generalisations to quasilinear equations and other nonlinear-
ities in the right-hand side of (1.1). This could be done by combining our methods here with
those in [12,15,16]. However, such a generalisation goes beyond the scope of this paper.

In proving the existence of positive solutions in RY \ {0}, we rely on the invariance of (1.1)
under the scaling transformation T, (for o > 0) given by

=|z/%u? inQ)\ {0}, (1.1)

0+2
g (z) = Tylu)(x) = cP u(ox), where 8= (0, q) := Ll (1.3)
q—
Thus, if u is a positive solution of (1.1) in R \ {0}, so is u,.
We show in Theorem 1.1 that f,(8) > 0 is the optimal condition for the existence of positive
solutions of (1.1) in RV \ {0} (see (1.6) for the definition of f,). Let’s assume f,(3) > 0. Remark
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that (1.1) has a positive radial solution in RY \ {0} given by
U,s(x)=Alz|™?, where A := [f,(B)]7 . (1.4)

Moreover, U, 5 is never the only positive solution of (1.1) in RV \ {0} (unlike the case T = 1
treated in [17] and recalled in Theorem 1.7). In (1.12) when 6 < —2, respectively, in (1.15) when
6 > —2, we give the structure of the set of all positive solutions of (1.1) in R™ \ {0}.

The most difficult analysis, leading to totally new findings, arises in Case [N3] of (1.7) when
fo(t) = 0 has two negative roots, say wi(p) and wa(p) (with @i (p) < wa(p)). If B € (w2(p),0)
in Case [Na], then f,(8) > 0 and the set of all positive solutions of (1.1) in RV \ {0} is

{Upﬁ} U {ub}bERJr U {Uoo,c}ceR+ U {Ub,oo,c}b,ceR+~

The solutions {teoc}eer, and {Up,oo,c}p,ccr, have no analogue for 7 = 1 (see Theorem 1.7 for a
comparison). For every b, c € R, we show that (1.1) in R\ {0} has a unique positive radial solu-
tion wee,c (respectively, up) satisfying (21) limy)—ou(x) /U, g(xz) = 1 and (i1) lim |0 u(z) = ¢
(respectively, (z2) lim|g)—ou(2)/ Py, () (|2]) = b and (i2) lim|y—eo u(x)/U, g(x) = 1). For the
definition of @, (,)(|z]), see (1.9). We prove that (1.1) in R™ \ {0}, subject to (22) and (i1), has
a unique positive radial solution up .., where b,c € R are arbitrary.

The existence of the positive solutions of (1.1) in RN\ {0} (see Sections 11, 12 and 13) requires
first classifying their behaviour near zero and at infinity (see Theorem 10.1). We develop an
iterative method for constructing more and more refined local sub-super-solutions of (1.1) both
near zero and at infinity. Then, we inductively improve the behaviour of positive solutions by a
local comparison with these sub-super-solutions until attaining the desired profile. This iterative
scheme, which is very flexible and adaptable to many situations, is an innovation that appears
here for the first time (see Subsection 1.4 for details). Our methods are susceptible to applications
to a wide class of equations admitting comparison principles and the strong maximum principle
(see [22,25,26] for such contexts).

In deciphering the behaviours near zero (or at infinity) for the positive solutions of (1.1), we
need to account for the competition arising between the operator L, x -[u] and the right-hand
side of (1.1). We point out that it is not the Laplacian alone but the operator L, » -[-] that will
be crucial in providing (through the solution(s) of L, » -[-] = 0 when they exist) the asymptotic
model(s) of reference. We observe that, like the right-hand side of (1.1), the second and third
terms in the operator L, x ;[u] don’t fit into the settings of Serrin’s papers [28,29].

Now, if v, (x) = |z|~" for |x| > 0 and 1 € R, then we see that v = v, solves

Lyox-[v] =0 in B1(0)\ {0} (orin RN\ B;(0)) (1.5)
if and only if f,(n) = 0, where for every p, A € R, we define
o) == forr(t) =t (t+2p) + A|t|'"" forallt € R. (1.6)

(To simplify notation, we will write f, instead of f, » .. The parameters A and 7 won’t change
when applying the modified Kelvin transform, see Appendix A.)

The assumption 0 < 7 < 1 gives that ¢ = 0 is always a solution of f,(t) = 0. However, a
crucial role will be played by the non-zero roots of f,(t) = 0 and their position in relation to
B :=(0+2)/(qg—1). For t <0, the function fp(t) = —t—2p+ A(—t)" " has the same sign as
fp(t). From the graph of t — fp(t) on (—00,0), we distinguish three cases:

1
Case [Ng]: (a)7=0, A>2p or (b) A>0, 7€ (0,1), p<T:= T; ()\T)""l*'l,
T

Case [Vi]: (a) 7=0, A<2p or (b) A< 0, 7€(0,1), peR, (L.7)
Case [N2]: A>0, 1€(0,1), p>T.
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e In Case [Ny], we have f; > 0 on (—o00,0). More precisely, fp(t) >A—2p>0forallt<0
in Case [No] (a) and f,(t) > f,(—(A7)Y(T+1)) =2(Y — p) > 0 for all t < 0 in Case [No] (b).

e In Case [N:], we see that f,(t) = 0 has exactly one negative root, denoted by w1 (p). (If Case
[N1] (a) holds, then w;(p) = A —2p.) We have f, > 0 on (—oo,w1(p)) and f, < 0 on (wi(p),0).

e In Case [Ns], we denote by @i (p) and wa(p) the negative roots of f,(t) = 0, where

@1(p) < —AD)YTH) < my(p)if p£ T and @i (p) = wa(p) = —(AT) T when p=T.

We have f; >0 on (—oo,w1(p)) U (w2(p),0) and fp < 0 on (w1 (p), w2(p)) when p # Y.

Notation. The negative root(s) of f;,(t) = 0 depend on p, A and 7, but to simplify notation,
we do not explicitly indicate their dependence on A and 7. To unify our presentation, we also
denote by @i (p) the unique negative root of f,(t) =0 in Case [N1]. From Section 2 onward, we
will simply write w; (respectively, ws) instead of wq(p) (respectively, wa(p)).

We use f(x) ~ g(x) as |z| — 0 (respectively, as || — 00) to mean that lim, o f(x)/g(z) =1
(respectively, lim|;|o f(2)/g(x) = 1). We set Ry = (0, 00).

In Case [N, we define W, (,)(t) for every ¢ > 1 and @, (,,)(r) for every r € (0,1) as follows

U () = =1 0) if p > T and U, () () = =) (log )57 if p= T, (1.8)

Doy (o) (1) =172 if p > T and @, (r) = r~ =2 |10g7"|1% ifp="T. (1.9)

1.1. Main results. In Theorem 1.1 (for § < —2) and Corollary 1.3 (for 6 > —2), we give the

exact structure of the set of all positive solutions of (1.1) in R\ {0}, under the optimal condition
f»(B) > 0. In particular, when 6 = —2, there are no positive solutions for (1.1) in RY \ {0}.

Theorem 1.1 (Global existence and classification, 8 < —2). Let (1.2) hold and p, \,0 € R.
e Then, (1.1) has positive solutions in RN \ {0} if and only if f,(3) > 0.
o Assume that 0 < —2 and f,(8) > 0. Then, every positive solution u of (1.1) in RN\ {0} is
radially symmetric (u(x) = u(|z|) for all x € RN\ {0}), lim,_,o+ u(r) =0 and v’ > 0 on (0, 0).
(i) For every ¢ € Ry, there ewists a unique positive solution us . of (1.1) in RN \ {0}
satisfying u(x) ~ U, g(x) as || — 0 and one of the following as |x| — co:
¢z~ in Case [N1] with 8 < w1(p),
Vo (p(|z]) in Case [Na] with B < wi(p),
u(z) ~ < ¢ log |z| if A\ =2p when 7 =0, (1.10)
c in Case [No] with X\ # 2p if T =0
or if B € (wa(p),0) in Case [Na].
(ii) If B € (wa(p),0) in Case [Na], then for every b,c € Ry, there exists a unique positive
solution uy, (respectively, up oo.c) of (1.1) in RN \ {0} satisfying
u(w) ~b®gy () (J2]) as|z] = 0 and

1.11
u(x) ~ U, g(|z|) (respectively, u(xz) ~c) as |z| = oc. (1.11)
(iii) The set of all positive solutions of (1.1) in RN \ {0} is given by
{Up,p} U{uso,cteso U{ubtvo U{up,co,ctbes0 if B € (w2(p),0) in Case [No, (1.12)
{U, 5} U{too,cteso  otherwise. '

Remark 1.2. When 5 € (w2(p),0) in Case [Nz] of Theorem 1.1, we gain two new families of
bounded positive (radial) solutions {uuc c}teso and {up oo c}oeso for (1.1) in RN \ {0}, leading
to the crossing of the graphs of uo . and up. Let b,c € Ry be arbitrary. We have upoc.c
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Uso,e and up U, g as b — 00, as well as upoo,c / Up and Uso,e U, p as ¢ — 0o. Since
lim, o+ Uoo,e(r)/up(r) = 0o and lim, o Uoo (1) /up(r) = 0, the graphs of U () and wup(r) for
r € (0,00) cross each other only once (by the strong maximum principle in Lemma A.2). Yet,
zero is a removable singularity for all positive solutions of (1.1) if # < —2, see also Remark 1.5.

By Case [N;](—p) (for j =0,1,2), we mean that Case [N;] holds with —p instead of p.

Corollary 1.3 (Global existence and classification, § > —2). Let (1.2) hold and p,\ € R. As-
sume that 8 > —2 and f,(8) > 0. Then, every positive solution u of (1.1) is radially symmetric,
lim, oo u(r) =0 and u/(r) < 0 for all v = |z| > 0.
(i) For every ¢ € Ry, there exists a unique positive solution u.qo of (1.1) in RN \ {0}
satisfying u(z) ~ U, g(x) as |x] — oo and one of the following as |x| — 0:

c|zm (=P if 8> —wi(—p) in Case [N1](—p),
Vo (—p(1/]z]) if B> —wi(—p) in Case [Na2](—p),

u(z) ~ < clog (1/]z|) if A==2p and 7 =0, (1.13)
c in Case [Nol(—p) with A # —2p if T =0,

or if B € (0, ~wa(~p)) in Case [Na](—p).

(ii) If B € (0,—wa(—p)) in Case [N2](—p), then for every b,c € Ry, there exists a unique
positive solution up o (respectively, ucop) of (1.1) in RN\ {0} satisfying

u(z) ~b®,—py(1/]2]) as|z] = oo and

1.14
u(x) ~ U, a(|z]) (respectively, u(x)~ c) as |x| — 0. (1.14)
(iii) The set of all positive solutions of (1.1) in RN \ {0} is given by
{Up,a} U {ucoteso U{tboctoso U{ucoptveso if B € (0,—w2(—p)) in Case [N2](—p), (1.15)
{U, 8} U{ucoteso  otherwise. '

We show how Corollary 1.3 follows from Theorem 1.1 using the modified Kelvin transform
u(z) = u(z/|x|?) for |z| # 0. Indeed, understanding the positive solutions of (1.1) in RY \ {0}
with § < —2 is equivalent to deciphering the positive solutions u of the equation

Lo pa[i@)] = 2 [d(@))? for € RV \ {0}, (1.16)
where p, A € R and 0= —0—4> -2 (see Appendix A). Similar to S in (1.3), we define
= = ~ ~ 1
B=(0+2)/(q—1). Note that 8 = —B, f,(8) = f—,(8) and U_, 5(r) = U, 5(1/r) = [f,(B)] 771"
for every r > 0. Hence, by restating Theorem 1.1 in equivalent terms for (1.16) and then
relabelling —p and 6, respectively, by p and 6, respectively, we arrive at Corollary 1.3.

To prove Theorem 1.1, we first need to obtain the local behaviour near zero for all positive
solutions of (1.1) (under the assumption f,(5) > 0). In Theorem 1.4 below, we completely resolve
this matter for every § < —2 and p, A € R, distinguishing between f,(8) > 0 and f,(8) < 0.

Theorem 1.4. Let (1.2) hold, p, A € R and § < —2. Let u be any positive solution of (1.1).
o Assume that f,(8) > 0.
(Py) If B € (w=2(p),0) in Case [Nz, then exactly one of the following holds as |x| — 0:
(i) u(z) ~ alz|~=*) and x - Vu(z) ~ —aw(p) x|~ ) for some a € Ry; (1.17)
(i) w(z) ~ b Py, () (|2]) and x - Vu(x) ~ —bwwa(p) P,y (|z]) for some b e Ry; (1.18)
(iii) u(z) ~ U, g(|z|). (1.19)

(Py) In the remaining situations, u satisfies (1.19) as |z| — 0.
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o Assume that f,(8) < 0.
(Z1) If B = wi(p) in Case [N;] (j =1,2) and, in addition, p # T if Case [No] holds, then

U(l‘) ~ ('wl(p) (1 — /\T‘wl(p”_T_l) ) = |z|7w1(p)

as |x] — 0.

¢-1 | log /|7

(Z3) If p="T in Case [N2] and B = wi(p) = wa(p) = — (A7) =1, then

1

2 =1 —@1(p)

u(z) ~ ( (‘”72)) i N (1.20)
(¢—1) |log |z||a—T

(N) In the remaining situations, u satisfies (1.17) as |z| — 0.

Remark 1.5. When § < —2 and p, A € R, we show that every positive solution u of (1.1) satisfies
limy,ou(z) = 0 and u € HY () can be extended as a continuous non-negative solution of
(1.1) in D'(92) (see Corollary B.4 in Appendix B). Proposition B.3 in Appendix B gives that
(z - Vu)/|z|?, u”|Vu['=7/|z|**7 and |z|’uf are locally integrable in . Moreover, if § < —2
and, in addition, € is bounded, then (1.1) has no positive solutions satisfying u = 0 on 9 (see
Corollary 9.3).

Remark 1.6. If 8 € (w2(p),0) in Case [Na|, then there are no positive solutions of (1.1) in
RV \ {0} with the profile in alternative (Py) (i) of Theorem 1.4 (see Lemma 10.4).

1.2. Applications of our results. We present two nonlinear elliptic problems with gradient-
dependent lower order terms for which our results can be applied. Let 2 be an open set in R
(N > 2) with 0 € Q. We consider the C1(Q2\ {0}) solutions of

- Vw |Vw|t=7

x
Aw + [Vw|® + p EE +A lz[1+7

= |z|fel=Dv in Q\ {0}, (1.21)

where 11, \,0 € R, ¢ > 1 and 7 € [0, 1), respectively, the positive C1(Q\ {0}) solutions v of

V(v Vou|*
P V(@) |V

A(®) +p = |z|%% in Q\ {0}, (1.22)

|z[? x>~

where 11,7,60 € R, while @ € (0,1) and ¢ = K/« > 1. For both problems, welet p = (2—N—p)/2.

When = R¥, under the optimal condition f,(8) > 0, the set of all solutions of (1.21)
(respectively, positive solutions of (1.22)) is described by Theorem 1.1 and Corollary 1.3. These
results with u = e® (respectively, with u = v* A =n/a® and 7 =1—« € (0, 1)) give the precise
asymptotic behaviour near zero and at infinity for such solutions. Furthermore, assuming 6 < —2
and no sign restriction on f,(3), the local behaviour near zero for an arbitrary solution w of (1.21)
(respectively, positive solution v of (1.22)) can be derived from Theorem 1.4.

Problems of the form (1.22) are the stationary versions of parabolic equations with fast dif-
fusion (o € (0, 1)), featuring absorption (|z|?v®) and a weighted gradient term (n]x|*~2|Vv|®).
The fast diffusion equation, u; = A(u®) with a € (0,1), is an important model for singular
nonlinear diffusion phenomena, including gas-kinetics, thin liquid film dynamics and diffusion in
plasmas (see [18,34]). Degenerate and singular parabolic equations with absorption have been
intensively studied by many authors. The main feature is the competition between the diffusion
A(v®) and the absorption, which leads to different dynamics and large time behaviour of non-
negative solutions for various regimes of the exponents (see, e.g., [1,24,41] and their references).

The understanding of the structure of all positive solutions for (1.22) opens up new avenues
for studying a wide class of parabolic equations with fast diffusion and gradient dependent terms.
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1.3. Comparison with previous works for 7 = 1. We mention related works for the case
7 = 11in (1.1). This corresponds to equations with a Hardy-type potential, which have been
actively studied for p = (2 — N)/2 and various choices of A\ and 6 (see [9,15,17,23,40]). For
example, when 6 > —2, we refer to [15] (for A < (N — 2)2/4) and [40] (for A > (N — 2)2/4).

Cirstea and Farcégeanu [17] removed the restrictions on A and 6 imposed in [15,40] and fully
classified all positive solutions for equations of the form

Bu+ A = [el i BV\ (0}, (V>3 (1.23)
where A, € Rand ¢ > 1. Let = (0 +2)/(¢ —1). If
A> N = B(N—2—p) (or, equivalently, fio_n)/2.2,1(8) > 0), (1.24)
then (1.23) has a positive radial solution given by
Us(z) = (A = X))@ Dz =8 for z € RV \ {0}. (1.25)

It was shown in [17] that (1.24) is the sharp condition for the existence of positive solutions
of (1.23). If A > (N — 2)%/4, then (1.24) holds for every 8 € R.
If A < (N —2)2/4, then (1.24) is equivalent to 8 € (—0o,p1) U (p2, ), where

N-2 [(N—-2)2 N-2 [(N—2)2
p1=pi1(A) = 5 1 —A and p2=p2(\) = 5 T 1 -A
In this case, an important role in Theorem 1.7 will be played by ¥, and ®,,, which on their
domain of definition satisfy L(2_n)/2,x,1[-] = 0. More precisely, we define
N —2)? _ N —2)2
U, (z) =z i A< %, U, (z) = |a:\_¥ log |z| if A = (T) for |x| > 1,
N —2)2 - 1 N —2)?2
O, (x) = |z| P2 if A < % O, (x) = x| 7 log {7 if A = % for |z| € (0,1).

Theorem 1.7 (See [17]). Equation (1.23) has positive solutions if and only if (1.24) holds. In
this case, every positive solution of (1.23) is radially symmetric.

o If \ > (N —2)%/4, then Uy in (1.25) is the only positive solution of (1.23).

o If \* < X\ < (N —2)2/4, then for every v € Ry, equation (1.23) has a unique positive
solution Uy (which is radially symmetric) satisfying

Uy(z) ~ Up(z) as |z] = 0 and U,(x) ~ v ¥, (z) as |x| = oo if B < p1,
Uy(z) ~ Up(x) as |x] = oo and Uy (z) ~ v Py, (z) as [x| = 0 if > pa.
Moreover, the set of all positive solutions of (1.23) is given by {Uo} U{U,}er, -

Clearly, the structure of the set of positive solutions of (1.1) in RV \ {0} with 7 € [0,1)
revealed in Theorem 1.1 and Corollary 1.3 is much richer than that for (1.23) in Theorem 1.7.

Our approach is to completely understand the case § < —2 (based on which we also elucidate
6 > —2). Indeed, when 6 < —2 and f,(8) > 0, in passing from the local behaviour near zero
for the positive solutions of (1.1) (see Theorem 1.4) to the analysis of (1.1) in RY \ {0}, all
asymptotic profiles but one will be appearing near zero, see Theorem 1.1 and Remark 1.6.

We will further develop the ideas put forward in [17] for the special case 7 = 1, p = (2—N)/2.
The method of sub-super-solutions will continue to play a crucial role in our local analysis (near
zero and at infinity). However, due to our general framework, we need many additional and non-
trivial constructions of local upper and lower barriers. We mention a few significant challenges
that appear due to the introduction in (1.1) of the term \u”|Vu|'~7/|z|*T™ with 7 € [0,1):

e We lose the linearity of the operator L, » -[-]. Unlike the case 7 = 1, we cannot conclude
anymore that the sum of two super-solutions of (1.1) is necessarily a super-solution.
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e Changes of variables used for 7 = 1 to reduce the study of positive radial solutions to
previously understood ODEs (see, e.g., [15]) are not suitable when 7 € [0,1). Unlike the case
7 =1, we could not trace any known results for ODEs that are applicable to our setting.

e The standard Kelvin transform used in [17] for 7 = 1 and p = (2— N)/2 to reduce the study
of the asymptotic behaviour at infinity (e.g., for 8 > po) to that near zero (for § < p;) is not
effective anymore if 7 € [0,1). Instead, we use the modified Kelvin transform @(z) = u(z/|z|?)
for x| # 0, which brings the need to introduce the second term in the operator L, x -[-].

e The critical situation p = T n Case [No] (when w@;(p) = wa(p) = —(A7)/T+D) adds a
new layer of complexity specific to 7 € (0,1) and A > 0: for L, » -[-] = 0 with || > 0 small (or
|z| > 1 large), it seems difficult to find an explicit positive solution that is linearly independent
from the solution |z|~®1(P), We work around this issue by providing in (1.9) an explicit positive
radial super-solution ®,,)(|z[) for [z[ > 0 small (see Lemma 5.1) respectively, an explicit radial

super-solution W(|z|) for |z| > 1 large that is asymptotically equivalent at infinity to Ve (o) (2])
in (1.8) (see Lemmas 5.2 and 5.3). We refer to Section 5 for further details.

e When 7 € (0,1), by introducing the second term in the operator L, » ,[-] with p € R, we
face additional obstacles in our construction of local sub/super-solutions compared with [17].
For the latter, where p = (2 — N)/2 and 7 = 1, there was no need to construct more than
two families of sub/super-solutions for a specific situation. However, in our general setting, new
thresholds appear for p, which require designing several delicate iterative schemes. These will
help us incrementally improve the upper and lower bounds of the solutions of (1.1) near zero
and at infinity, starting at a certain level and then proceeding by induction until reaching very
close to the desired asymptotic profile. Another family of sub/super-solutions will be needed to
bridge the gap. We illustrate this point in Subsection 1.4 when outlining the ideas in the proof
of Theorem 3.1 in Section 3.

Notation and definitions. For every » € RY \ {0}, z € [0,00) and & € RY, we define

2T €T 3

G- (x,2,€&) := P if0<7<1 and G.(z,2,&):= 2] if 7=0.

We denote by C(2\ {0}) the space of C1(2\ {0})-functions with compact support in €\ {0}.
Let LL,[u] be the following linear operator

z-Vu
Tl
Definition 1. By a solution of (1.1) we mean any non-negative function u € C*(Q\ {0}) that
satisfies (1.1) in ©Q\ {0} in the sense of distributions, that is,

L,u] :== Au— (N — 2+ 2p) (1.26)

/Vu-VngI+(N72+2p)/ %g@dl’*/\/GT(I,u,vu)gﬁdﬁﬁﬁ*/ lz|Pudpde =0
Q o |zl Q Q

for all ¢ € CH(2\ {0}). Similarly, we define a sub-solution (respectively, super-solution) of (1.1)
by replacing the equal sign in the above identity by “<” (respectively, “>”), where the resulting
inequality is to be applied to all non-negative functions ¢ € CX(Q2\ {0}).

1.4. Strategy for proving our main results. We summarise the main ideas in the proofs of
Theorems 1.4 and 1.1.

In the first part of this paper, we classify all the behaviours near zero for the positive solutions
of (1.1), assuming § < —2 and p,A € R. In Section 2, we only assume that f,(5) > 0 and
using suitable sub/super-solutions (Lemma 2.2) and the a priori estimates in Lemma B.1 (see
Appendix B), we prove in Theorem 2.1 that every positive sub-solution u of (1.1) satisfies

limsup |z%u(z) < A, where A = [£,(8)]77 . (1.27)

|z|—0
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In turn, given any positive super-solution u of (1.1) such that

for every n > 0, we have |li‘rnO |z ~"u(z) = oo, (1.28)
xT|—

we establish the optimal lower bound

lim inf |2z|%u(z) > A. (1.29)
|z|—0

In Section 3, we show that when 6 < —2 and f,(3) > 0, excluding 3 € (w2(p),0) in Case [Na],
we always have (1.28) for every positive super-solution u of (1.1) (see Theorem 3.1). The assertion
of (P;) in Theorem 1.4 follows from Theorems 2.1 and 3.1. We split the proof of Theorem 3.1
into two parts. In the first part, we impose an additional assumption, 8 < —p, when A > 0 and
7 € (0,1). For any § > 0 small and o > 0, we construct a family {ws « }s>0 of positive radial sub-
solutions of (1.1) on annuli {§ < |#| < 71()} such that lim;|_¢ |z|°~* (lims~ 0 ws,a (|2])) = ¢ > 0,
ws,o(|z|) is zero for |z| = ¢ and is dominated by u(z) for |z| = r1(a) (see Lemma 3.2). By the
comparison principle, u > wso in {0 < |z| < m(a)}. Letting § — 0 and |z| — 0, we get
(1.28). The additional restriction imposed in the first part will be removed in the second part,
see Section 3.2. But unlike the first part of the proof of Theorem 3.1, it seems very difficult to
obtain (1.28) with just one family of sub-solutions. This difficulty appears specifically to A > 0
and 7 € (0,1). We propose a new approach, which we adapt also in later sections to deal with
similar challenges for other ranges of our parameters. We carefully design an iterative scheme,

the starting point of which is to establish that (see Lemma 3.4)

for every n > 0 small ‘l}mo |z| =P u(x) = oo.
xT|—

This first step requires a modification of the sub-solutions ws,. The purpose of the iterative
scheme is to incrementally improve the lower bounds for the super-solution u, ensuring also that
the process leads to (1.28) after a finite number of steps, say k.. To determine k., we let My = p
and construct a suitable decreasing sequence {Mj}r>1 that converges to 0 if p < T and to
—w1(p) (which is less than —3) when p > T (in Case [N3]). So, there exists k. > 1 large such
that My, 11 < —f < My, . At each stage j = 1,..., k, of the iteration, we devise a new family of
positive radial sub-solutions {v; s}s>0 of (1.1) for 0 < |z| < r/* such that vj5(|x|) is dominated
by u(zx) for |z| = e/ lim,_gs v vj,5(r) € (0,00) and lim,_,o r™+1 7 (lims_,o vj 5(r)) = ¢ > 0
for sufficiently small v > 0. The definition of v; 5 involves m; and m;1, which help us measure
the jump from one step of the iteration to the next. We define m; to be very close to M; (for
1 <j < k) with my = p—e and my, 41 = —B (1 +¢e'/*) for small enough ¢ > 0. By the
choice of m; < p and the starting point (Lemma 3.4), we have lim ;o u(z)/v1 5(|7|) = co. By
the comparison principle, u(z) > v 5(x) for all 0 < |z| < ri/e Letting 6 — 0 and |z| — 0, we
improve the estimate to liminf|,_ [z[~™>""u(x) > ¢ > 0. This ensures that u(x) dominates
ve 5(|z|) for |z| > 0 small and, by the comparison principle, for all 0 < |z| < ri/e By induction

onj=1,...,k. and the definition of my, +1, we arrive at (1.28).
In Section 4, we show that whenever 5 € (wi(p),0) in Case [N1] or Case [Ng], then every

positive super-solution of (1.1) satisfies
lim inf |2 P u(z) > 0. (1.30)
|z|—0

We first prove a weaker version of (1.30): for every n > 0, we have limj,|_,o |z|=* (P ~u(z) = occ.
When T < p < AY/(+D in Case [N3], then we conclude the latter property by modifying the
proof of Lemma 3.4 (see Proposition 4.5). In turn, in Case [Ny] or if p > AV 7+ in Case [Ny],
then we fix u € (0,7) and in (4.5) we construct positive radial sub-solutions {us}s>o of (1.1) in
{6 < |z| < 1/e}, which vanish on || = § and are dominated by w(z) on |x| = 7o for g € (0,1/e),
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where B,,(0) cC Q. Since lim,_,o+ 7= )| logr|*(lims_o us(r)) = ¢ > 0, we obtain the desired
weaker property via the comparison principle (see Proposition 4.2). Finally, we fix e > 0 small and
reach (1.30) by comparing u with positive radial sub-solutions {zsc }s5e(0,1) of (1.1) in B,._(0)\{0}
satisfying the following: lim, o 7@~z (r) = ¢ > 0, u(x) > 2zs.(|z|) on |z| = r. (for every
§ € (0,1)) and lim,_,o+ 7@ (lims_, 25 (7)) = ¢ > 0 (see Section 4.2).

In Section 5, we give sufficient conditions for a positive radial super-solution ® of L, » [®] =0
for || > 0 small to be an asymptotic model near zero for a given positive solution u of (1.1).

In Section 6, we prove the assertion (N) in Theorem 1.4: if 8 € (wi(p),0) in Case [N]
or 5 € (wi(p),w2(p)] in Case [Na] with p > T, then for every positive solution u of (1.1),
there exists a € Ry so that limy,_o |2|®*Pu(z) = a (see Theorem 6.1). Since (1.30) holds, by
Theorem 5.5, it remains to prove imsupi,_,q |z|Z1(Pu(z) = a < co. We use lim|; o |2|Pu(z) =
0 (Corollary 2.3) and a comparison with suitable super-solutions (see Proposition 6.2).

In Section 7, we establish the assertions of (Z;) and (Z2) in Theorem 1.4. We adapt the
ideas in the proof of Theorem 4.1 to show that every positive super-solution u of (1.1) satisfies
lim inf|,| o |2|71(P) | log |z||Pu(x) > 0, where p = 1/(q — 1) (respectively, p = 2/(¢ — 1)) in
the settings of (Z;) (respectively, (Z2)) in Theorem 1.4. By comparison with adequate super-
solutions, we derive that limsupj,_,o |z|=1(P)| log |z||Pu(z) < oo for every positive sub-solution
u of (1.1). We obtain the optimal constants by following the same strategy as in Theorem 2.1,
adapting the construction of sub-super-solutions to our case.

Section 8 is devoted to the proof of the trichotomy stated in (Pp) of Theorem 1.4. We compare
a positive solution u of (1.1) with ®,(,) via b = limsup o u(2)/ P, () (|2]). If b € Ry, then
the alternative (ii) in (Pp) follows from Theorem 5.5. We show that the alternative (i) and (iii)
in (Py) corresponds to b = 0 and b = oo, respectively, see Theorem 8.1. We need different
arguments when p = T (see Sections 8.2 and 8.4) compared with p > T (see Sections 8.1 and
8.3) given the different expression of ®,,). We illustrate the ideas for p > T. If b = 0,
then we show that for every € > 0, we have lim;_,o |z|Z2(P)=2y(2) = 0 by a comparison with
suitable super-solutions of (1.1). This is the starting point for an iterative scheme leading to
im0 |z|=1(P)+1y(x) = 0 for n > 0 arbitrary. Finally, by another construction of radial super-
solutions, we get limsupj,|_ |z|Z1(Py(z) = a < co. We conclude the alternative (i) in (Pp) of
Theorem 1.4 from Theorem 5.5. If b = co (for p > T), then by a comparison with suitable radial
sub-solutions of (1.1), we show that for every gy > 0 small, lim,| |2|72(P)*0u(z) = co. This
is the first step in an iterative scheme to incrementally improve the lower bound to attain (1.28).
We set up the iterative scheme in the spirit of Proposition 3.6, although we need to alter the
definition of {m;}. From (1.27) and (1.29), we obtain the alternative (iii) in (Py) of Theorem 1.4.

In the second part of the paper, we prove the optimal condition, f,(8) > 0, for the existence of
positive solutions of (1.1) in RY \ {0} and fully describe the set of all such solutions for 6 < —2.

In Section 9, we show that if f,(5) < 0, then there are no positive solutions of (1.1) in
RN\ {0}. Indeed, assuming u to be such a solution, we prove that lim,|_ [#|?u(z) = 0, which
by the modified Kelvin transform, yields lim ;| |z|%u(z) = 0. This leads to a contradiction.

To complete the proof of Theorem 1.1, we need two major ingredients, apart from Theorem 1.4.
First, we reveal all the asymptotic profiles at infinity that can coexist with those at zero for the
positive solutions of (1.1) in RN\ {0} other than U, . This is done in Theorem 10.1 in Section 10.
The behaviours at infinity are many and split according to various regimes of the parameters.
The strategy for proving Theorem 10.1 is summarised in Section 10.1. Second, for each of
the possibilities presented in Theorem 10.1, we show that there exists a positive (increasing)
radial solution of (1.1) in RY \ {0} which, by the comparison principle, turns out to be unique.
These existence and uniqueness results, also stated in (i) and (ii) of Theorem 1.1, are proved in
Theorems 11.1, 12.1 and 13.1 in Sections 11, 12 and 13, respectively.
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In Appendix A, we show the effect that the modified Kelvin transform has on a positive
solution u of (1.1) in B1(0) \ {0}, leading to Corollary 1.3 being a consequence of Theorem 1.1.
For the reader’s convenience, we give two strong maximum principles (Lemmas A.1 and A.2) and
two comparison principles (Lemmas A.3 and A.4) often used in the paper. By the comparison
principle, we mean either Lemma A.3 or Lemma A./4 as explained in Remark A.6 in Appendiz A.

In Appendix B we collect a few results such as the a priori estimates in Lemma B.1, gradient
estimates and a spherical Harnack-type inequality in Proposition B.3, the proofs of which are
obtained by combining well-known techniques. Such results have previously appeared in related
contexts (see, for example, [13,15,16,21]), although we need to adjust their proofs because of
the introduction of the term Au|Vu|'~7 /|z|'T7. We also include other auxiliary results invoked
in the paper (Corollaries B.5 amd B.6, Lemma B.7), which rely on ideas similar to those in [15].

In Appendix C, we capture the classification in Theorem 1.4 for each Case [N;] with j = 0,1,2
(see Table 1). The findings of our Theorem 1.1 and Corollary 1.3 are summed up in Table 2.

Acknowledgements. The research of the first two authors was supported by the Australian
Research Council (ARC) under grant DP220101816. The second author was also partially sup-
ported by the ARC grant DP190102948.

Part 1. Proof of Theorem 1.4
2. SHARP UPPER BOUNDS WHEN f,(5) >0
Our main result in this section is as follows.

Theorem 2.1. Let (1.2) hold and p, A\, 8 € R be such that f,(8) > 0. We obtain the following.

(a) Ewery positive sub-solution u of (1.1) satisfies (1.27).

(b) Ifw is a positive super-solution of (1.1) such that (1.28) holds, then u satisfies the optimal
(lower) inequality (1.29).

(¢) For any positive solution u of (1.1), we have the following dichotomy:

either lim |z|’u(z) =0 or lim u=) =
|| =0 |z|—0 Up,ﬁ(m)

(2.1)

Proof. We prove the assertions of (a) and (b) simultaneously. Suppose that u is a positive sub-
solution of (1.1) in relation to (a) (respectively, a positive super-solution of (1.1) satisfying (1.28)
in relation to (b)). Let rg € (0,1) be small such that B,,(0) CC Q.

For (a), to obtain the optimal inequality (1.27) (respectively, (1.29) for (b)), we fix C' > A
(respectively, C' € (0, A)) arbitrary and for n¢ > 0 chosen small (depending on C'), we construct a
one-parameter family {P?;r tne(ome) (respectively, { Py }ye(o,nc)) of positive radial super-solutions
(respectively, sub-solutions) of (1.1) in B;(0) \ {0} satisfying:

(i) (PF)(r) # 0 for every r € (0,1);
(i) u(z) < P (|x|) (respectively, u(x) >

(iil) u(x) < P;f(|z]) (respectively, u(z) >

(iv) limyy) o |2]° (limy 0 P (J2])) = C.

The properties (i)—(iii) will be satisfied for each n € (0,7¢). Then, the comparison principle
(see Remark A.6 in Appendix A) gives that u(x) < P,/ (|z]) (respectively, u(z) > P, (|z])) for
all z € B, (0) \ {0}. Since n € (0,7n¢c) was arbitrary, by letting n — 0, we arrive at

P (|z])) for all z € 9B, (0);
P

x x
x , (|z])) for every [x| > 0 small enough;

< li + i > i - < ro.
u(z) < %1{% Py (|z|) (respectively, u(z) > %{r%) Py (|z])) for every 0 < |z| <7

In view of (iv), we have limsup,,|_,q [z[Pu(z) < C (respectively, liminf |, |z|?u(z) > C). By
letting C' N\, A (respectively, C' ' A), we conclude (1.27) (respectively, (1.29)).
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The crucial ingredient in the proof is the construction of {P,f}ne(omc) with the properties
(i)—(iv). For the motivation behind such a construction, see [17, Section 5.1], where 7 = 1 and
p = (2 — N)/2. Here, we introduce a simpler family of sub-super-solutions than in [17].

Construction of a family {Pr,i}ne(o,nc) with the properties (i)—(iv).

We fix v > 0 small (depending on u and rg) such that
lrrllax u(z) < Araﬂ(l +1ro/v) (respectively, lrrllin u(zx) > Araﬂ(l +7o/v)7h).
z|=ro x|=ro

Let n and a be positive constants. We define

TO{

0,0,V v

+1
PE (r):=Cr AT (1 + ) for every r € (0,1], (2.2)

where C' > A for P, (r) and C € (0,A) for P, ,(r). Then, by Lemma 2.2, there exist

n,0,v n,o,V

Ne, ac > 0 such that by fixing o € (0, min{1, ac}) and letting n € (0,7¢) arbitrary, we have

Lo Pyan(l2))] < 2’ [Plo ,(J2)]? in B1(0)\ {0}, (2:3)
Lo Pyraw(2)] = 121’ [Py o, (2] in B1(0)\ {0}.
Since o and v are fixed, we simply write P instead of P,fow in (2.2). Then, P,/ (respectively,

P,") is a positive radial super-solution (respectively, sub-solution) of (1.1) in B (0)\{0} satisfying
properties (i), (ii) and (iv) (at the beginning of the proof of Theorem 2.1). Finally, we derive (iii)
from lim, 0 u(z)/P, (|z[) = 0, which follows from Lemma B.1 in Appendix B. On the other

hand, P, satisfies (iii) because of the assumption (1.28), which yields lim,| o P, (|z])/u(z) = 0.

Lemma 2.2 (Sub-super-solutions). Let (1.2) hold and f,(8) > 0. Set A = [f,(B)]/(@~ 1.
Then, for every C > A for P, () and every C € (0,A) for P, (r), there exist small
ne,ac € (0,]8]/3) such that for every n € (0,n¢), o € (0,a¢) and v > 0 arbitrary, we have
(PE, ) (r) #0 for all v € (0,1) and (2.3) holds.

.,V

Proof. The assumption f,(3) > 0 implies that 8 # 0. We fix C > A for P/, , and C' € (0,A)
for P, ,, where v > 0 is arbitrary. In what follows, we let r € (0,1), while o, € (0, |8|/3) are

n,a,v?

small enough (depending on C). We define ¥y, 4, (1), V;.0.,(r) and ZE, () by

no,v

7,.()(

bns0) = (14 ) €00, Vyalr) == 1=+ @y, (0)]/6

ZEur) = (=) 1= ak2(8+p)) £ 2[5+ p £ (7 — )] y.alr) + 0262 . (r) (1 - ¢a> |

For simplicity of notation, we drop the subscript v from P,faw U,y Vi,a, and Zfiwj. Note

that lim, 4)—(0,0) Zf,fa(r) = lim(;,0)—(0,0) Vin.a(r) = 0 uniformly in » € (0,1). Using that
B2 + 208 + MB[T = £,(8),
we choose ¢ € (0,]5]/3) and ac € (0,|5]/3) small to ensure that |V, ()| < 1/2 and
B2 +2pB + Zt o (r) + MBI+ Vyya(r)]' ™" < €771 in the case of Pr,
B 4 2p83 + Zy o(1) + ANBIMTIL = Vi (r)|'™7 > C77F in the case of P,
for every r € (0,1), n € (0,n¢) and « € (0, a¢). Using L,[-] introduced in (1.26), we arrive at
PE,0)
(P;l,:a)/(r) =-p % (1+ Vn,a(r)) #0, 25)
2.5
(Pra)(r) _ Pypa(r)
Lol Pra(r)] = (Pa)"(r) + (1 — 2p) —* = 5= B2+ 208+ Z o (r)] -

(2.4)
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It follows that

Lo [PE,(r)] = (P () TI(Py) ()7

T1+T

Lo Pya(r)] + A
:t ( ) 2 1—7 1-71
= (6% +2p8 + Zy o (r) + MBI TIL £ Vi ()1 7]
We conclude (2.3) from (2.6) using (2.2) and (2.4). The proof of Lemma 2.2 is complete. O

(¢) For any positive solution u of (1.1), using Lemma B.1 in Appendix B, we have
either |lim |z[Pu(z) =0 or limsup |z|’u(z) € (0,00). (2.7)
z|—=0

| |z]—0
Since f,(8) > 0, we get that, for every ¢ € (0,A], the function c|z|=? is a positive radial sub-
solution of (1.1) in RV \ {0}. Hence, in the latter case of (2.7), by Corollary B.5 in Appendix B,
we have liminf|, o |z[°u(z) > 0 so that (1.28) holds. By (a) and (b) above, we find that
lim; |0 |z|?u(z) = A. This ends the proof of Theorem 2.1. O

Corollary 2.3. Let (1.2) hold and f,(8) < 0 with 8 # 0. Then, every positive sub-solution u of
(1.1) satisfies limy, 0 |z[Pu(z) = 0.

Proof. Let C > 0 be arbitrary. For n,a, v > 0, we define P, , as in (2.2). Then, since f,(8) <0

and B # 0, the proof of Lemma 2.2 gives the existence of small constants n¢, ac > 0 such that
(2.4) holds for every r € (0,1), n € (0,n¢), a € (0,a¢) and v > 0. Hence, the function P, , is

n,0,V

a positive radial super-solution of (1.1) in B;1(0) \ {0}. The proof of Theorem 2.1 (a) yields that
lim sup ;o [z[Pu(z) < C. By letting C \, 0, we conclude that lim,_ |z[°u(z) = 0. O

Remark 2.4. If § = 0 in Corollary 2.3, then we later prove that limg_ou(z) = 0 for every

positive solution u of (1.1), see Proposition 9.2.

3. PROOF OF ASSERTION (P;) IN THEOREM 1.4
From Theorem 2.1 and Theorem 3.1 below, we conclude the claim of (P;) in Theorem 1.4.

Theorem 3.1. Let (1.2) hold, B < 0 and f,(8) > 0 in Case [N;] with j € {0,1,2}. In addition,
in Case [Na], we assume 8 < woy. Let u be any positive super-solution of (1.1). Then,

for every n > 0, we have |li‘mo |2[#~"u(z) = oco. (3.1)
z|—

3.1. Proof of Theorem 3.1: Part I. Let u be a positive super-solution of (1.1) in the frame-
work of Theorem 3.1. If Case [INy](b) or Case [N3] holds, then we assume, in addition, that

B<—p. (3.2)
Let ae > 0 be fixed and r, € (0,log2) be small such that B /o (0) cC Q. To obtain (3.1), we

compare v with a suitable family of sub-solutions {wéa}ée(o /0y Of (I.)ind < |z| < ri/e.

For ¢ € (0, A] fixed and every § € (O,r*/ ), we define

w0 (r) = cr P (era - e§a> for all r € [4, ri/a]. (3.3)
By Lemma 3.2, w;s,o in (3.3) is a positive sub-solution of (1.1) in § < |z] < ri/®, that is,
Lpaqrlwsa(r)] >r (wg,a(r))q for every 6 <r < ri/e (3.4)

Moreover, using that 8 < 0, we find that w ,(r) > 0 for every r € (9, ri/a) since

W o (r) = =Br~tws o(r) + car ol (3.5)
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We diminish ¢ = c(a,u) > 0 in (3.3), for example, ¢ = min {A,min __ 1/a u(z)} to ensure

|z|=
that u > ws, on BBT1/a(O). Then, since ws,o = 0 on dB;(0), by the comparison principle, we

get u(x) > ws o(|z|) for every § < |z| < ri/e. By letting 6 — 0 and then |z| — 0, we get

lim inf |z|°~®u(z) > ¢ > 0. (3.6)

|z|—0

Since a > 0 is arbitrary, from (3.6) we conclude the proof of Part I of Theorem 3.1.
Lemma 3.2. For anyc € (0,A], a >0 and ¢ € (O,Ti/a), letting ws, as in (3.3), we have (3.4).

Proof. Let r € (6, ri/a) be arbitrary. We will write ws instead of w; . Since 7, € (0,log2) and
¢ € (0,A], using that ¢ > 1 and 8= (0+2)/(q¢ — 1), we have

P2 ) = (e = 5)T < AT = (8 = BB 20 + MBI (3)
Hence, we conclude (3.4) by showing that
L [ws(r)] > AT s (r) /2. (3.8)
Using (3.5), we obtain that
L,[ws(r)] = B (8 + 2p) 1 2ws(r) + (=2p — 28 + @) acer™PTe=2e™  ca?r2a=F=2e"

we (r) (1 acr—hta )1 (3.9)

|1—7'
r
7"2

WEl(r)

e Bl

——e
|8l ws (r)

Proof of (3.8) in Case [Ny](a) or Case [N;].

We use that (1+a)'~7 < 1+ (1 — 7)a for every a > 0 with equality when 7 = 0. Hence, since
either 7 =0 or A <0, from (3.9), we infer that

3 W5 () [ws(r)['77
T1+T

From the first identity in (3.9) and (3.10), we have

> MBI 2ws(r) + NBITT (1 — 1) acerBTa2em” (3.10)

Lpr[ws(r)] > AT 2ws(r) + e Bor PHo—2em” (3.11)

where B, := —2p — 28+ AB|7"(1 — 7) + a. Remark that 8 < 0 and f,(8) > 0 imply that
Bo = f,(8)/1B] —B—=A7|B]"" +a >0 (as 7 =0 or A <0). Thus, (3.11) implies (3.8).

Proof of (3.8) in Case [Ny|(b) or Case [N]. Here, we also assume (3.2). Note that (3.10)
does not apply since A > 0 and 7 € (0,1). From (3.9) and the assumption § < —p, we find that

Lylus(r)) > 38+ 20) wsr)fo? s ABNBONT 5 yygpery oy 2

By adding these inequalities and using (3.7), we conclude (3.8).
The proof of Lemma 3.2 is now complete. (|

Remark 3.3. Let (1.2) hold, 8 < 0 and f,(8) > 0. If p <0 in Case [Ny](b), then (3.2) always
holds. In Case [Ny], we have A/ (7+1) > T. Moreover, when

p > AYUTHD in Case [Ny, (3.12)

then fp(—p) = f,(=p)/p=Ap"" —p<0sothat w; < —p < —(AT)V/TD < @y (and @y = —p
when p = AY/("t1)), This means that when (3.12) holds, then (3.2) is equivalent to 8 < ;.
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3.2. Proof of Theorem 3.1: Part II. Let u be a positive super-solution of (1.1) in the
framework of Theorem 3.1. In this part, we address the remaining ranges of 3 in Case [Ny](b)
and Case [N3], namely,

0<—B<p<T (in Case [Ng](b)) and 8 € (—p, 1) for T < p < AT (in Case [N2]) (3.13)

and show that u satisfies (3.1). We reach this aim in Proposition 3.6 by a new iterative scheme,
which after finitely many steps leads to (3.1). The starting point of this scheme is the following.

Lemma 3.4. Let ¢ > 1, A > 0 and 7 € (0,1). If0 < p < AYU+) and B > —p, then every
positive super-solution u of (1.1) satisfies

for every n > 0 small, |li‘mO || =P u(x) = oo. (3.14)
z|—

Remark 3.5. In Lemma 3.4, we don’t need § < 0. Also in Case [N3], we don’t require 5 < woy
since we don’t use f,(5) > 0. Reasoning as in Part I, by replacing 8 by —p in the definition of
ws,o in (3.3) and using that f,(—p) = —p? + Ap' =7 > 0, we get only that for every n > 0,

lim |z|”?7"u(z) = oo.
|z]—0

Hence, we need to construct another family of sub-solutions to reach (3.14).
Proof. Since 0 < p < AY0+7) and B > —p, we can choose 0 < a < min{p, p+ 3} small such that
coi=p" (AT =1) =20 2a+A(1—7)p "] e>0. (3.15)

Let t, € (0,1) be small such that (1 —¢)!=™ > 1 —2(1 — 1)t for every t € (0,t,). We diminish
a > 0 such that ae < pt,. Observe that as e — 07,

fo(=(+e)p) = (2= 1)+ X1 +e) T p T =p> (N = 1) + A (1= 7) p' (1 + o(1)).
Hence, we fix € € (0, «/p) small such that
fo(=(A4e)p) > p* (Ap7 71 = 1) (3.16)
Claim: For every n € (0, — pe), we have (3.14).

Proof of the Claim. We show that for every ¢ € (0, ci/(q_l)) and § > 0, the function z; is
a positive radial sub-solution of (1.1) in B1(0) \ {0}, where we define

N -1
zs(r) = ertee (e" - e_6> for all » € (0,1). (3.17)
Let § > 0 be arbitrary. We need to prove that zs5 satisfies
Lpa-lzs(r)] > rP24(r) for all 7 € (0,1). (3.18)
Proof of (3.18). Fix r € (0,1) arbitrary. Using (3.17), A > 0 and 0 < ae < pt, < p, we get
r) = (1 ) () arte’ >0 3.19
26(7') ( +5)P r (1+€)p(8ra _6_5) ) ( )
27 (r)|z5(r) T 17 25(r) 2(1—71)ar*e™
AL > (1 1— : 3.20
rl+r = [( + E) p] r2 (1 + E)P (era — 675) ( )

On the other hand, since ep <  and r € (0, 1), we find that

z5(1) {p2(€2 - a2ep 4 a (14 1)) ree™” }

Lolzs(r)] > 2

er — e—9¢
o (3.21)
- zs(r) {p2(82 _1)- da’r®e }

r2 er® — 6—5
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By adding the inequalities in (3.20) and (3.21), then using (3.15) and (3.16), we arrive at

2020+ A(1—7) p~T]r¥e’” z5(r)
— 5 > Cx .

Lyarlzs(r)] > 20 [fp<—p<1 )

r2 ert —e r2

On the other hand, since 0 <« < p+ 3, ¢ > 1 and ¢ € (0, ci/(qfl))

7,,9+2Zg*1(r) _ qul <e’l‘(1 o 675)
This completes the proof of (3.18). O

Let o € (0,1) be small such that B, (0) CC Q. We diminish ¢ > 0 in (3.17) such that
¢ < minj,|—, u(z). Thus, since @ < p, we have z5(ro) < crg”™*™* < ¢ < u(z) for all |z| = ro.
By Remark 3.5, we have lim|,|_o u(2)/2s(|z]) = co so that by the comparison principle, we get
u(z) > zs(|x|) for all 0 < |z| < rg and § > 0. By letting § — 0 and then |z| — 0, we obtain

liminf |z|*7?7u(z) > ¢ > 0. (3.22)
|z|—0

, we have

1—
qr(qfl)(ﬂ+p+€p) < I pla= DB tpter—a) <

Since n € (0, a — pe), from (3.22) we infer (3.14). This proves the Claim and Lemma 3.4. O

We are now ready to complete the proof of Theorem 3.1 by establishing the following result.
Proposition 3.6. Let g > 1, A\ >0 and 7 € (0,1). If (3.13) holds, then u satisfies (3.1).

Proof. We assume that either 0 < —3 < p < Y or 8 € (—p, 1) for T < p < A/ (7+1),
Define {M},}1>1 as follows:

for every k > 1. (3.23)

My, (2p — Mk)) ﬁ
A

My=p and My = (

Since p < A"+ by induction, My, € (0, p) for every k > 2 and { M}, }1>1 is decreasing. Indeed,
My = (p?/N)V=7) < p= M;. Assuming that M, < p for k > 2, then

PHTMET < AMYT = My(2p — My) < p?

so that My41 < p. Hence, M}, € (0, p) for every k > 2.
Assuming that My < Mjy_; for k > 2, we find

MM = M) = (M), — My_1) (2p — My, — My_1) < 0,

which implies that M1 < Mj. Hence, { M} }r>1 is decreasing and limy_, o My = Mo € [0, p).
Letting £ — oo in (3.23), we get f,(—Ms) = 0. In fact,

limg_yoo M =0 if p <Y (in Case [No(b)), (3.24)

limg oo My = —p < = if T < p < A/TFD (in Case [Ny)). (3.25)

For (3.24), we use that f,(t) = t* + 2pt + A[t|'"7 > 0 for every t < 0 so that M., = 0. For

(3.25), using that y — y (2p — y) is increasing on (0, p), M;, € (0, p) for k > 2 and f,(w;) =0,

by (3.23), My = p > —w; and induction, we find that M) > —w; for all k > 1. As the negative

roots of f, are wy and wy with w; < wy, we conclude (3.25).
Hence, there exists k. > 1 large such that

Mk*—&-l < —ﬁ < Mk*. (326)
Fix n > 0 arbitrary. In what follows, let ¢ € (0,1) be small as needed. In particular,
18] = (3.27)
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We define my, for every 1 < k < k, + 1 as follows
my=p—e, m,= M (1 + 51/(k_1)) for 2<k <k, and my, 1 = -0 <1 + El/k*) . (3.28)
We let € > 0 small enough to ensure that my41 < my, for every 1 < k < k, and
m? —2pm; + )\m};f >0 foralll<j<k,. (3.29)
Indeed, we have m? — 2pm; + Ama~" > 2. By the definition of {My}r>1 in (3.23), we find that

m? — 2pm; + XmlTT = M? — 2pM; + AM T + AM T (1—7)e7 (1 + o(1))

=AM T (1-7)e7(1+0(1)) >0 ase—0"
for every 2 < j < k, — 1. Similarly, when j = k., in (3.29), using (3.26), we get

mi, — 2pmy, + Amy T = MZ = 2pMy, + AB"T + MBI (1 7) R (14 0(1)) (3.30)
> MBI (1= 1) et (140(1)) ase— 0.

Hence, for € > 0 fixed small enough, we have (3.29).
From (3.28) and the choice of € > 0, we have |8|/2 < my,+1/2 < my/2 for all 1 < k < k,.
Let v > 0 be sufficiently small such that

0 < v < |B| min{e/*~ 1/2},

m? — 2pm; + A (mjpq —20) 77 > %(m? —2pm; + Amj;{) forall1<j<k,. (331)
Construction of a family of sub-solutions. Fix a € (0,¢) and ¢ > 0 such that
a1 < % min (m = 2om; + M ). (3.32)
For every 1 < j < k, and ¢ > 0, we define v; 5(r) by
myp1=my v
vjs(r) =cr™ (era - e*§> : for all r € (0, 1]. (3.33)

We show that there exists r, € (0,1) small such that for every 1 < j < k,, the function V.5
/

in (3.33) is a positive radial sub-solution of (1.1) on 0 < |z| < ri/®, namely,

Ly -vjs(r)] > rev?’(;(r) for all r € (O,Ti/a). (3.34)
Proof of (3.34). We fix 7. € (0,1) small such that B 1/.(0) CC Q and for all t € (0,7.),

t t
LS v for every 1 < j < k. (3.35)
et —1 m; —mjy1 +v

Let 1 < j < k, be arbitrary. In what follows, we understand that r € (0, Ti/ “) is arbitrary.
Using (3.35) and mj4+1 < m;, we find that

v;,5(1) roer™
vis(r) = == (mj + (mj1 —my —v) M)
vis(r roer”
> %() (mj + (mj+1 — mj — I/) o _ 1) (336)

) Ujﬁ(r)

> (mj+1 —2v > 0.
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Moreover, we obtain that

,r,aero‘
er® — e 90

)] :vjﬁ(r)

. {m? = 2pm; +[2(m; — p) + a+ ar®] (mj1 —mj — v)

Lp[vjs(r
(3.37)

2c 21
rere
+(mj —mjy1 +v) (mj —mjp1 +a+v) M} .

Our choice of a € (0,¢) yields @ < p—my < p —m; . Since m;y1 < m;, we see that in
the expression of L,[v; s5(r)], the coefficients of r®e™” /(™" —e™%) and r2®e®™" /(e — e7%)? are
positive. Thus, we obtain that

Lyfoy5(r)] 2 250 (m — 2pm,) .

This, jointly with (3.36), implies that

v;s(r r
Lo [vjs(r)] > %2() [m? —20m; + X(mj1 —2v)" } . (3.38)
Hence, in view of (3.31) and (3.32), we get that
. 1 ,
L, -[vjs(r)] > Yis(r) L min (m? —2pm; + )\mj_zf) > cqflijQ(r). (3.39)

r2  21<5<k. r

By our choice of v > 0 and (3.28), we have
v < _ﬁgl/k* = Mk, 11 —|—ﬁ§m]’+1+ﬁ, (3 40)
0+24+ (mj1—v)(g—1)>0+2—F(qg—1)=0. '

Hence, we see that
(’HL]'+17"7L]'7V)((171)
1 _ (o e _ o
r0+21};¥6 (r) =1c1 Lpmy(a=1)+0+2 (er —e 0

(mjt1—m;—v)(a=1)
< 4= 1pm;(a=1)+0+2 (er"‘ 1 E
< A pf 2t mi—)(e-1) < 0=l for gl € (0, ri/a).

This and (3.39) prove that for every 1 < j < k,, the function v;s in (3.33) satisfies (3.34).

Proof of Proposition 3.6 concluded. We let ¢ > 0 in (3.33) small enough such that
c< minlzl:rl/a u(z). Hence,
vjs(|z]) <u(z) for every |z| = ri/® and all 1 < j < k,. (3.41)
From Lemma 3.4, we have lim|,;|_¢ || 7"T¢u(x) = oo if ¢ > 0 is small enough. Hence, recalling
that my = p — ¢, we find that

u(z) > v1,5(|z]) for |x| >0 close to zero. (3.42)

By (3.41) with j =1 and the comparison principle (see (3.36)), we obtain that

u(z) > vy s(]z]) forall 0 < |z| < ri/e
By letting § — 0 and then |z| — 0, we arrive at liminf|,_,q [|7"2 " u(z) > ¢. This shows that
u(z) > va,5(|z|) for |x| > 0 close to zero. In view of (3.34) with j = 2 and (3.41), we again
can use the comparison principle to infer that u(z) > vq 5(|z]) for all 0 < |z| < ri/®. Then, by

induction on j = 1,...,k,, we find that

w(z) > v, s(|z]) forall 0 < |z < ri/®.



20 HUYUAN CHEN, FLORICA C. CIRSTEA, AND ALEKSANDAR MILADINOVIC

Passing to the limit 6 — 0, we arrive at

lim inf |z| 7"+ u(z) > ¢, (3.43)
|z|—0

where my, 41 = —B (14 /%) < n—p (see (3.27) and (3.28)). Consequently, from (3.43), we get

lim| ;0 |z|#~"u(x) = co. Since n > 0 was arbitrary, we conclude the proof of Proposition 3.6. [

In view of Subsections 3.1 and 3.2, the proof of Theorem 3.1 is complete. O

4. SHARP LOWER BOUNDS WHEN 3 > @i IN CASE [N;| wiTH j € {1,2}

Theorem 4.1. Let (1.2) hold. Assume that 8 > wy in either Case [N1] or Case [N3]. Then,
every positive super-solution u of (1.1) satisfies

liminf |z u(z) > 0. (4.1)

|z]—0
To establish (4.1) under the assumptions of Theorem 4.1, we first show that

for every n > 0, we have |lilm || Tu(z) = oo. (4.2)
z|—0

e For Case [N1], as well as Case [Nz] with w; < —p, we obtain (4.2) from Proposition 4.2.
e For Case [N3] with @ > —p, we conclude (4.2) from Proposition 4.5.

In Section 4.1, we state and prove Propositions 4.2 and 4.5. Using these ingredients, we give
the proof in Theorem 4.1 in Section 4.2.

4.1. Critical ingredients for proving Theorem 4.1.

Proposition 4.2. Let (1.2) hold and 8 > w; in Case [N;] with j € {1,2}. In Case [Na], we
also assume wy < —p. Let u be any positive super-solution of (1.1). Then,

for every n > 0, we have ‘li‘m |z |log |z||" u(z) = . (4.3)
z|—0

Proof. Let u > 0 be arbitrary. We define ¢y = co(p) > 0 by

[,u|w1|]‘1711 inf (rw1_5|logr|“7th) in Case [N],

colp) = e (1)
(g + 1)) T T'E(lél,g/e] (r 17X log r| 1—q) in Case [Na].
Let ¢ € (0,¢0) and 6 € (0,1/e) be arbitrary. For every § < r < 1/e, we define us(r) by
us(r) == cr~ =" [|logr|™* — |log 8| #] . (4.5)

Lemma 4.3. In the framework of Proposition 4.2, the function ug in (4.5) is a positive sub-
solution of (1.1) on {6 < |z| < 1/e}.

Proof. In what follows, we show that
Ly [us(r)] > r? (us(r))? for every § < r < 1/e. (4.6)
Let 6 <r < 1/e be arbitrary. We remark that
wy(r) = o | r~tus(r) + cur ™ 7= logr| T# > || tus () > 0. (4.7)
After a routine calculation, we see that

pA1

ugs(r)
T log(1/n)]

5 +eur ™ T logr| M =2 (p+ @)

Ly[us(r)] = @1 (w1 + 2p)
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e If Case [IN7] holds, then since A < 0 or 7 = 0, by using (4.7), we find that

ul (r)|uh ()| o r ey 9w e
A us (r)lus(r) 7 )Lli(T ) > Moy |7 M (r) = Mooy |[* T2 us (1) + Aeplooy | TTr 2 log | TR
e If Case [Ns] holds, then using (4.7), we get

3 U ()lus(r)[T

pE > Mooy M7 2us (r).

Since @y < 0 satisfies f,(w1) = 0 (and, in addition, p + w1 < 0 in Case [N3]), we arrive at

cp|wy|r2 7 | log | TH if Case [N1] holds,
pr)\ﬂ'[u(s(r)] Z 2w -2 . (49)
e (p+1)r Ylogr|™# if Case [N3] holds.
On the other hand, the right-hand side of (4.6) is bounded above by
cIrf=a=1 | Jog r| M4, (4.10)

Since ¢ € (0, co(p)) with ¢o(p) given in (4.4), we deduce that for each r € (4,1/e), the quantity
in (4.10) is less than or equal to the right-hand side of (4.9). This proves (4.6). O

Proof of Proposition 4.2 completed. Let u be any positive super-solution of (1.1). Fix
ro € (0,1/e) such that B,,(0) CC Q. We let ¢ = ¢, € (0,co(p)) small such that

c, <ry' min wu.
=70 9B, (0)

This implies that u > us on B, (0). Since us = 0 on dBs(0) and (4.6) holds, using (4.7) and
the comparison principle, we get u(z) > us(|x|) for all § < |z| < rg. By letting § — 0, we have

w(x) > ¢, |z|"FHlog (1/]x])]™#  for every x € B, (0) \ {0}. (4.11)
Let n > 0 be arbitrary. By choosing p € (0,7), from (4.11), we conclude the proof of (4.3). O

Remark 4.4. In the framework of Proposition 4.2, we cannot conclude (4.1) from (4.11) by
letting 1 — 0 since ¢, € (0,¢o(p)) and co(p) — 0 as pp — 07, see (4.4).

Proposition 4.5. Let (1.2) hold and 8 > w1 > —p in Case [N2]. Then, every positive super-
solution u of (1.1) satisfies (4.2).

Proof. The assumption w; > —p in Case [Ny] implies that T < p < AY(+D_ Indeed, if we

assume p > A\/(7+tD then fp(—p) = Ap” 7 — p <0, leading to w; < —p < wa, a contradiction.

Therefore, the assumptions in Lemma 3.4 are satisfied so that (3.14) is valid (see also Remark 3.5).
Let n > 0 be arbitrary. We fix 19 > 0 small such that

0 < no < min{n,p+w} (4.12)

We adapt the ideas in the proof of Proposition 3.6, replacing 8 there by w; — 9. We define
{Mp}r>1 as in (3.23). As before {My}r>1 is decreasing and since we are in Case [N3], we have

lim My = —w < —wy + 1p- (413)

k—o0

Recall that My = p > —w; + 19. In view of (4.12) and (4.13), there exists k. > 1 such that
My, 41 < —w1 410 < M, .
Let € € (0,1) be small as needed. Instead of (3.27), we let £ > 0 satisfy

1
(—w1 +m0) eF+ <1 —1no. (4.14)
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In (3.28), (3.30), (3.31) and (3.40) we replace 8 by w; —n9. Hence, using that —wwy+ng > —w; >
—fB, we recover that 0 +2 4+ (mj41 —v) (g —1) > 0 for every 1 < j < k,. All the arguments in
the proof of Proposition 3.6 hold, leading to (3.43), namely,

lim inf |z| ="+ Ty (z) > ¢, (4.15)
|z|—0
where here my, 11 = (—w1 +19) (1 +'/*+). From (4.14) and (4.15), we conclude (4.2). O

4.2. Proof of Theorem 4.1. We assume that 8 > w; in either Case [N1] or Case [Na]. Let u
be a positive super-solution of (1.1). We show that u satisfies (4.1).
From Propositions 4.2 and 4.5, we know that

for every n > 0, it holds lim |z|®* "Tu(z) = oco. (4.16)

|z]—0

We fix € > 0 small. Then, we let ry € (0,1) be small as needed such that B,,(0) cC Q. To
finish the proof of Theorem 4.1, we need to construct a family of positive radial sub-solutions
{25, }se(0,1) of (1.1) in B, (0) \ {0}, where 7. € (0,7¢) is independent of 4, such that

(A) For each 0 € (0,1), we have lim;|_o+ u(x)/2s(|2]) = 00;

(B) For some constant ¢ > 0, we have lim, o+ 7™ (lims_,o+ 25(r)) = c.

(C) For every r € (0,7¢) and each 4 € (0,1), we have z;_(r) > 0.

The construction of the sub-solutions {25 }sc(0,1) is non-trivial and challenging because we
need the property (B) to hold, whereas || =% is a super-solution of (1.1) since L, » -[|z|~®'] = 0.

Construction of {z5¢}s>0 satisfying the properties (A)—-(C).

Let € > 0 and ¢ > 0 be fixed. For every § € (0,1) and r,t > 0, we define

N
25e(r) == crtT1 (1 —e " ) ,

_ te !
Cl—et

In view of (4.16), we readily see that z5. in (4.17) satisfies the property (A). The property (B)
is easily verified. By differentiating zs.(r) with respect to r, we get

() = |w1|z5,a(7“) (1 N 5@5(7@) > 0. (4.18)

r |1 |

(4.17)
h(t)

€(0,1) and ¢s(t):==1—(1—=9)h(t) €(0,1).

Hence, the property (C) also holds. Remark that 1 —e~% > te™t for every ¢t > 0, which implies

that ¢s(t) > 0 for every t > 0. Moreover, for every ¢ € (0,1), we have
/ _ (1 B 6) e_t —t

In Lemma 4.6 below, we show that there exist r. € (0,1) and ¢. > 0 such that for all ¢ € (0, ¢¢)
and 0 € (0,1), the function zs, in (4.17) a sub-solution of (1.1) in B,_(0) \ {0}, namely,

Lparlzse(r)] > 1 (25.(r))9  for every 0 < r < 7. (4.20)

Assuming (4.20), we complete the proof of Theorem 4.1 as follows. If necessary, we diminish
¢ € (0,c.) such that min,—, u(z) > ¢ (r.)*"® (1 — e~ (")")~1. This ensures that

w(x) > z5.(|z|) for all x € 9B,_(0) and every ¢ € (0,1).

From (4.16) and the property (A), we have u(z) > zs5.(|z|) for every |z| > 0 small, where
0 € (0,1) is arbitrary. Using (C) and the comparison principle (see Remark A.6), we find that

uw(x) > z5(|z|) for every 0 < |z| <r. and all § € (0,1).
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Now, using the property (B), we get liminf|,_o [2|7*u(x) > ¢ > 0, which proves (4.1).
It remains to establish Lemma 4.6, which is stated next.

Lemma 4.6. Under the assumptions of Theorem 4.1, for every e > 0 small, there exist constants
ce >0 and re € (0,79) such that for all ¢ € (0,c.) and 6 € (0,1), the function z5. in (4.17) is a
positive radial sub-solution of (1.1) in B,_(0) \ {0}.

Proof. We fix € > 0 small as needed (see (4.31)). To simplify the writing, we drop the subscript
¢ when referring to zs.. Let 7 € (0,1) be arbitrary. Using (4.18) and (4.19), we obtain that

Lyfzs(r)] = 28 [ + 2pm1 — 22 (1 + ) 9(r°) + 2630°) + 207} ()]

) (4.21)
Z5\T
> ‘;2 (@] 4 2pw1 — 2e (w1 + p) s(r®) + %93 (r7)] .
Moreover, we have
1—7
_,zs(r ews(re

Since f,(w1) = @w? + 2pw1 + Alw1|' ™7 = 0 and either Case [N;] or Case [N2] holds, we have
A1 7 (1= 7) = 2@y — 2p = |@a|(1 = Arfen |7 Y). (1.23)
In Case [N:], as well as in Case [N3] with p > T, we have
|1 |(1 = ATl |7 = (g — 1)y > 0. (4.24)
e Let Case [N1] hold. Then, we obtain that

NG, (25(r) 2 Ay 7 220 (1 n €<1—T>%<T>> ,

2 |1 |

Using (4.21) and (4.23), we see that

Loarlzs(r)] > Zig“) eps(r®) [N | (1= 7) — 21 — 2p)]

V

) (4.25)
=(qg— 1)7‘1_1%5905(7"5).

e Let Case [Ny] hold. We point that @y = —(A7)Y/ 7+ if p = T. Thus, we have
Mt |T7T(1=7) = 2w — 2p = |wi| (1 = Al | T771) =0if p=T. (4.26)
Fix v € (0,1). Let t,, > 0 be small such that

1—7
t 1- 1-— 1
<1 + ) >1+ ( T)t _ T)g +v) t? for every t € (0,t,). (4.27)

We let € € (0,t,). Since ¢s(r°) € (0,1), using (4.22), (4.27) and A > 0, we obtain that
_ 2s(r 1—7 o T=-7)1+v .
NG (25(r)) > Mo |! i( ) (1 + ( ) eps(r) — Td=n(+y) 2% (r )) . (4.28)

2 |1 | 2w

From (4.21), (4.27), (4.24) (when p > T) and (4.26) (when p = T), it follows that

Loarlss)] 2 (0= )77 20 e, 0%) itp> T,

(4.29)

Y

L7 [25(7)] 25(r) e2p2(r°) [1 — W ifp="T.

r2
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Proof of Lemma 4.6 concluded. We define a > 0 as follows
a=(qg—1)y9"" in Case [NVy], as well as in Case [No] with p > T,
(1—7)(1+v) (4.30)

a=1- 5 in Case [Na] when p = T.
Since ¢ > 1, w; < 0 and B € (w1,0), we can fix € > 0 small such that
0ce< =l (2*3_“1). (4.31)
Let ¢ € (0, c.) be arbitrary, where ¢, > 0 is defined by
Ce = (%1) = in Case [N1] as well as Case [N3] with p > T,
(4.32)

AR
Ce = (5> in Case [Na] with p =T,

Observe that ¢s(t) > lims_,0 ws(t) := @o(t) for each t > 0 and every ¢ € (0,1). In Case [N]
and also in Case [Ny] with p > T, we have proved that for every r € (0,1) and ¢ € (0,1),

Loarlzs(r)] > sa%(rg)zig) > eapo(r®) Zi(2r), (4.33)
whereas in Case [N3] with p = T, we have

Ly rleo(r)) 2 ) 20 > agh(pe) 24 (1.34)
On the other hand, the right-hand side of (4.20) is given by

r(25(r))e = 01 pOH2H(E—=)(a—1) (1 — e‘TE>(6_1)(q_1) Z‘ig)
< a1 O+ 2H(E—m1)(a-1) (1 _ efrs)_(q_l) 25(27").

In view of (4.31) and 8= (0 +2)/(q — 1), we get '

9 (25(r))? < d~pelatD) (1 — e*’j)_(q_l) Z‘;(;). (4.35)

To compare the right-hand sides of (4.33) (respectively, (4.34)) and (4.35), we remark that
t9(1 — e—t)—(q—l) tatl(1 — e—t)—(q—l)

li =2 d I
arcel 1—h(t) e I (1 —h(t)? ’
where h(t) is defined in (4.17). Thus, there exists t. € (0,1) small such that for all ¢ € (0,%,),
t9(1—e =@ < 3(1 — h(t)) and 91 (1 —e )"0 < 5(1 — h(t))?. (4.36)
Hence, from (4.32), (4.35) and (4.36), we see that for every r € (0, ti/e),
P(zs(r))? < 3e7030°) 2 < cagrey 20 (4.37)

in Case [N], as well as in Case [Na] with p > T.
In turn, if Case [N3] holds with p = Y, then for every r € (0, ti/a), we have

_ zs(r zs(r

P(as(r))? < 5 e oo(r?) 20 < a2

By combining (4.33) and (4.37) in Case [IN1], as well as in Case [ N3] with p > T, respectively,
using (4.34) and (4.38) in Case [Na] with p = T, we arrive at (4.20), where 7. = ti/e,

The proof of Lemma 4.6 (and, hence, of Theorem 4.1) is now complete. O

(4.38)
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5. ASYMPTOTIC PROFILES VIA SOLUTIONS (SUPER-SOLUTIONS) OF L, 5 -[-] =0

5.1. On the operator L, » -[-]. We give useful properties of ®,(,) and ¥, () in Case [N].
o If p > T in Case [N], the functions W, (,)(r) and @, () (r) defined for every r > 0 by

w1 w2

Ve (p(r)=r" and P, (r) =7r"72,
are positive radial solutions of L, » ,[] = 0 in RY \ {0}.

In the rest of this subsection, we assume Case [No] with p = T, that is,

A>0, 7€(0,1) andp:TzT;—_l()\T)H%. (5.1)

Then, ®,(,) : (0,1) = (0,00) and ¥, (, : (1,00) = (0, 00) are given by (see (1.9) and (1.8))
Py () (1) = 172 [log (1/7)] ¥ for every r € (0,1), (5.2)
Ve (o) () =177 (log t)l%f for every ¢ > 1. (5.3)

Our arguments rely frequently on explicit positive radial super-solutions ® of
Ly [®(z)] =0 for |z] > 0 small (5.4)
or positive radial super-solutions ¥ of

Lox-[¥(z)] =0 for |z|> 1 large. (5.5)

e The function & = &, (,) in (5.2) is a positive radial super-solution of (5.4) (see Lemma 5.1).

e For every a € (0,2/(1 + 7)), it can be checked that ¥ = U, (r) =~ (logr)* (defined for
r > 1) is a positive radial super-solution of (5.5). This result does not extend to v = 2/(1 + 7).

o If 3 < @y, then ¥ (,) in (5.3) is a sub-solution of (1.1) for |z| > 1 large (see Lemma 5.2).

e For (5.5), we provide a positive radial super-solution that is asymptotically equivalent to
Ve (o (|7]) as |z] — oo, see Lemma 5.3. This fact plays a critical role in Corollary 5.12. When
B < wi, we will use Lemma 5.3 to rule out the existence of positive solutions u of (1.1) in
RN\ {0} satisfying lim| ;|00 u(2) /U, () (J2]) = 0 (see Proposition 10.5).

Note that under the assumptions in (5.1), for j = 1,2, we have
w1 =wy = M)V f (@) = w? + 2pw; + Ao, |77 =0,
2(wj+p)=A1—7) ;|77

Lemma 5.1. Let p =T in Case [N2]. Then, there exists v € (0,1) such that ®,,) in (5.2) is
a positive radial super-solution of (5.4) for 0 < |z| <r. and ®_  \(r) >0 for all v € (0,7.).

(5.6)

Proof. Fix r, € (0,1) such that log (1/r.) > 2/[(1 4+ 7) |wz]]. Let r € (0,r,) be arbitrary. Then,
) (r) 2 1
! = = (- ) >0 5.7
eatp) (1) =, P2 {7 log (1) o0
Moreover, it follows that

Doy () (7)
7/.2

d(wa+p) 1 2(1—7) 1
(1+7) log(1/r)  (1+7)%log?(1/r)

-7 (1 _ 2 ! N
+ |2 (1 (1+ 7)|ow2] log (1/T)> 1 .

Using (5.6) and (1 —¢)!™" <1—(1—7)e —7(1—7)¢e?/2 for every € € (0,1), we get
Loy [Py (|2])] <0 for every |z] € (0,74).
This finishes the proof of Lemma 5.1. ]

Ly [@esy ()] = [wz 2y +
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Lemma 5.2. Let (1.2) hold and B < wy in Case [Na] with p = Y. Then, there exists R, > 1
such that the function U, () in (5.3) is a positive radial sub-solution of (1.1) in RN \ Bg_(0).

Proof. For the reader’s convenience, we provide the calculations. For every ¢ > 0 small, we have

r(l-7)t2 1(1-7%)¢

A+ " >14+(1—7)t— 5 + 3 (5.8)
Since 8 < wy and g > 1, there exists R, > 1 large such that
6+2—(q—1)w 34201 l-7
r Ylogr)>™ 177 < —————— forallr > R,. (5.9)

~ (L4 7)? e

If necessary, we increase R, > 1 to ensure that (5.8) holds for every 0 < ¢ < 2/[(1+7)|w1]log R.].
Fix r > R, arbitrary. By differentiating (5.3), we have

v (r) 2
’ @1(p)
= 1
Wl(P)(r) "W1| r |: + (1 +T>|W1‘ 10g7":|
Ve () (1) 4 (w1 + p) 2(1-17)
L,[¥ = 2P0 1 15?42 - .
o[ ()] r2 @it (1+7)logr (1+7)2(logr)?|’ (5.10)
U (r) 2 1=r
)\GT /] =\ 1—7 *@i(p) 1 .
V1 (7)] [l 72 + (14 7)|wy| logr
By the choice of R,, we find that
- 2 T Lo 20-n -7 r(1-7)
(1+7)|ww] logr (1+7)|wi| logr (14 7)2w? (logr)?2 (14 7)2|w|3(logr)3"

Using this fact, jointly with (5.9) and (5.10), we arrive at

N (r) (1—-7)
L. [¥ > —=10) > 0y 11
pr (Yoo (p) (7)) > 2 (14 7)?|wi|(logr)? — TV () (1) (5.11)

for every r > R,. This completes the proof of Lemma 5.2. d

Lemma 5.3. Assume Case [No] with p =Y. Then, there exists Ry > 1 large such that

U(r) ="y, (r)=r""" (log 7’)1% +r %tlogr for everyr >1 (5.12)

is a positive radial super-solution of L, x -[¥] =0 in RN \ B, (0).

Remark 5.4. (a) In (5.12), we could take the coefficient of 7~ log r to be any positive constant
C, in which case the constant Ry > 1 will also depend on C. B
(b) If in each term of ¥, we replace logr by log (rR;), then the new ¥ is a positive super-

solution of L, » [] = 0 in RM \ B1(0).

Proof. Fix r > 1 arbitrary. We define B(r) as follows

1 T
PBr)= 1+ ——=
< (logr)H*)

1—71

2 1

1+ — + +
(logr)7r (L4 7)[@willogr * (logr)T=
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By a routine calculation, we arrive at

1 2 1
1+ + + ,

V(r) = —wy 7= (logr) ™7
=@ (logr)

1t

(logr)# (L4 7)|@willogr = (logr) T

L,[¥(r)] = r~ =72 (log r) 75 w2 A(@tp)  2(@mi+p)
B ()] =

2
wi +2pw; + — —
1 (logr)}jf (1+7)logr (log ) e

W () [ W ()7
B T

We next use that (1+6)" < 1+7b—7(1 —7)b?/2 and (1+b)"7 <1+(1 —7)b—7 (1 — 7)b?/2
for every b > 0. Hence, by taking R; > 1 large enough, we see that for every » > R;, we have

w)s(u o - T“L)ﬂ)
(logr) ™ 2(logr) T

NG [B(r)] = A = Mot [T 72 (log 1) T B(r).

27
. 1—7 2(1—1) o Tt(l-17) +(1_T)(1_W)
(log 7) 7 (1+7)|wi|logr o (log 1) B (log r)l%f

§<1+( 1L, 2= de7 7(131)7))

log r)}% (L+7)[@illogr  (logr) g (logr) T+
In light of (5.6), we arrive at

11—
T ( 5 T) T—w1—2 (
This completes the proof of Lemma 5.3. O

]LP’A,T[{IVI(T)] < Aot logr)% <0 for every r > Rj.

5.2. Asymptotic models provided by L, » ,[-] = 0.

Theorem 5.5. Let (1.2) hold and p,\,0 € R. Let u be any positive solution of (1.1).
Let @ : (0,2r9) — (0,00) be a positive Ct-function for some small ro > 0 such that

Loas[®(r)] <0 forallr e (0,r9), (5.13)
Tim e () =0, T ! ;’(/g) = —neR\ {0}, (5.14)
lilril‘i%p ;(ﬁ?) = pu € (0,00). (5.15)
If f,(n) <0, then we have
b quL((J;)I) —pand i}go]m S (516

Proof. Without loss of generality, we can assume that ro > 0 is small such that By, (0) CC Q
and ®'(r) # 0 for all r € (0,79) in view of (5.14). For r € (0, 1) fixed, we define

Vi (§) = zgff)) for every £ € RY with 0 < |€| < ro/r, (5.17)

We show that for every & € RY \ {0}, we have
lim V(&) = pl€]™", lm VV, (&) = — -2, 5.18
Jim Vi (€) = plé] Jim YV () = —pun [€]7"7¢ (5.18)
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Proof of (5.18). By the comparison principle, using (5.13) and ®'(r) # 0 for all » € (0,79),
we can find a constant d > 0, depending only on 7o, i, N, q, 8, p, \, 7 and ®(rg), such that
u(r) <d®(|z|) for all 0 < |z| < rp. (5.19)

(We can take d = max {2y, Cory 7 /®(ro)}, where Cy is given by (B.1).)
We write ®(r) = r="L(r) for r € (0,79), where L € C*((0,7¢)) is a normalised slowly varying
function, that is, lim, g+ 7L'(r)/L(r) = 0. It is known that

lir(r)lJr L(rs)/L(r) =1 uniformly on each compact s-set in (0, 00).
r—

Thus, from (5.17) and (5.19), we get

L(r|€])
L(r)

In light of Proposition B.3, there exist positive constants ds, ds and « € (0, 1), depending only

on N,q,0,p, X and 7 such that (B.13) and (B.14) hold, which imply that

0< V(&) <dlg™"

for all 0 < €] < 7o/ (5.20)

Vi) (€) Vi () + Vi (&) 1§ €|
VVir) (€)] < da <|;| and  [VV()(€) — V) (€)] < 4, V10 |£<|i+a ) (5.21)
for every &, &' in RY such that 0 < |¢] < |€/| < ro/r. Observe that Vir) is a positive solution of
Lo [Viry (€)] = 1772771 (1) €7V (€)  for 0 < [¢] < ro/r. (5.22)

Since lim,_,+ r/2®9=1(r) = 0 (from (5.14)), using (5.20) and (5.21), for every sequence {7, }n>1
decreasing to 0, there exists a subsequence {r, },>1 such that

Virs) =V in Ol (RY \ {0}), (5.23)
where V is a non-negative C*(RY \ {0}) solution of
Loa-[V(€)] =0 in D'(RY\ {0}). (5.24)
We next show that V(&) = p|€|~7 for all £ € RV \ {0}. To this end, we define
u(z)
v(r) = sup ——~ for every r € (0,79). 5.25

By (5.15) and Lemma B.7 in Appendix B, we have lim,_,o+ v(r) = p € (0,00). For each n > 1,
let &, € S¥71 (the unit sphere in RY) be such that v(r,) = u(r,&,,)/®(r,). Without loss of
generality, by passing to a subsequence, relabelled {&, },>1, we can assume that &, — & €

SN=1 as n — oo. Using the definitions of V{,) and v(r), we see that for all n > 1,
L(ry|&
€Vin,(€) < oD TS for all 0 < ] < o

‘grn |77V(rn)(£rn) = v(rn)’
By letting n — co, we obtain that
|E["V(€) < p for every € € RV \ {0} and V(&) = p € (0, 00). (5.26)

Then, by the strong maximum principle in Lemma A.1 applied to the non-negative C* (R \ {0})
solution V' of (5.24), we infer that V' > 0 in R \ {0}. The assumption f,(n) < 0 yields that

Lo [pl€l™" = nfo(n) €772 <0 for every |z| > 0.

By Lemma A.2 (see Appendix A) applied to the positive C(RY \ {0})-solutions u; (&) = V (£)
and uy (&) = p|€|7" of (5.24) with |Vuy(€)| # 0 for all € € RV \ {0}, we conclude that

V(€)= p|€™" for all € € R\ {0}.
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Thus, using (5.23), for every £ € RY \ {0}, we obtain that
Tim Vi,,(€) = ulé] ™ and lim YV, (€) = —punlé| 2.

Since {7, },>1 was an arbitrary sequence decreasing to zero, we conclude the proof of (5.18).
Letting €] =1 and = 7€ in (5.18), we reach (5.16). O

Remark 5.6. If 7 = 0 in Theorem 5.5, then in (5.14), we can take any n € R. Indeed, when
n = 0, then we use the comparison principle in Lemma A.4 and conclude that V = p in RV \ {0}
as in the proof of Theorem 5.7 under the assumptions of (aq).

We next extend the conclusions of Theorem 5.5 to cover the case & = 1.

Theorem 5.7. Let (1.2) hold, p, A € R and 6 > —2. Assume any one of the following situations:
(a1) Let 7=0.
(az) Let A >0 and 7 € (0,1).
Let u be a positive solution of (1.1) satisfying liminf |, _,ou(z) = £ € (0,00) or, equivalently,
limsupy, o u(z) = p € (0,00). Then, there exists lim,| o u(r) =€ = p.

Remark 5.8. In Corollary B.5 (see Appendix B), we prove that liminf|,_ou(z) € (0,00)
is equivalent to limsup, _,ou(x) € (0,00). If such a solution exists, then necessarily 6 > —2.
Indeed, if 0 < —2, then lim|, o u(z) = 0 for every positive solution u of (1.1) (see Proposition 9.2
if # = —2 and Lemma B.1 in Appendix B if § < —2).

Proof. We adapt the proof of Theorem 5.5, taking ®(r) = 1 for every r > 0. Clearly, from the
assumption 6 > —2, we see that (5.14) holds with n = 0. However, we need to modify some
arguments since here ®'(r) = 0 for every r > 0.
Let 79 > 0 be small such that By,,(0) CC Q and
/2 <wu(x) <2u forevery 0 < |z| < ro.
Let r € (0,70) be fixed. For every 0 < [§| < ro/r, we define V(,y(€) as in (5.17), that is,

Vi) (€) = u(ré) € [£/2,24). (5.27)
As before, we find that for every sequence {7, },>1 decreasing to 0, there exists a subsequence
{rn}n>1 such that V. ) — V in C} (RY \ {0}), where V is a positive C* (R \ {0})-solution of
(5.24). We treat each of the situations (a;) and (as) separately.

(a1) Let 7 = 0. Let v be as in (5.25) with ® = 1. As in the proof of Theorem 5.5, we recover
that lim,_,o+ v(r) = p (see Remark B.8). From (5.26) with n = 0, we deduce that

V(&) =p for every &€ € RV \ {0}
by applying the strong maximum principle in [26, Theorem 2.5.1, p. 34] to Z = p — V, which is
a non-negative C1(R™ \ {0})-solution of
x-VZ(x) )\|VZ(:L')\

AZ(x) — (N =2+ 2p) FE z

=0 for every € RV \ {0}.

The rest of the argument in the proof of Theorem 5.5 carries over.

(az) Let A > 0 and 7 € (0,1). We define 2(r) = minj,—, u(z) for every r € (0,7¢). Since
liminf, o+ 2(r) = £ = liminf ;o u(x), we prove that lim,_,o+ 2(r) = £ by establishing that
limsup z(r) = ¢. (5.28)
r—0t

Proof of (5.28). We use our assumptions to construct suitable positive radial sub-solutions
(respectively, super-solutions) of (1.1) in B, (0) \ {0} for small r, € (0,79).
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For every ¢; > 0, we define ¢y = ¢3(c1,0, A, ¢, 7) > 0 as follows

1—7 (] 7 o

By a simple calculation, we obtain that for every ¢ € R satisfying |c| > ¢5 (respectively, |¢| < ¢2),
there exists r. = r.(c1,¢) € (0,79) small such that

Sere(r)=c1+ crt=r >0 for every r € (0,74) (5.30)
and S, . is a positive radial sub-solution (respectively, super-solution) of (1.1) in B, (0)\ {0}.

Let 4 := limsup,_, g+ 2(r). Suppose by contradiction that £y > ¢. Let {r,},>1 be a sequence
of positive numbers decreasing to 0 as n — oo with lim, . 2(r,) = £o.

Fix € > 0 small such that £ + ¢ < £y. In what follows, we need a positive radial sub-solution
of (1.1) in B,,(0) \ {0}; thus in the definition of S, .(r), we take ¢; = £ + € and fix ¢ € R with
le| > ca. Since 8 > —2 and 7 € (0,1), we have lim, ,o+ S¢, (1) =c1 =+ < {.

Let ng > 1 be large so that r,, < r. and z(r,) > S, c(r) for all n > ny. Thus, for every
n > ng, we have u(z) > 2(r,) > S, (|z|) for every x € 9B, (0). Since S, .(r) # 0 for every
r € (0,74), by the comparison principle (see Remark A.6), for all n > ng, we get

uw(x) > Se, o(|z]) for every 1, < x| <1y
By letting n — oo, we get liminf|; o u(z) > £+ ¢, which is a contradiction. O
To conclude that lim|, o u(z) = £, it is enough to show that
V(€) =+t forall € RY\{0}. (5.31)

Proof of (5.31). For each n > 1, let £, € SV¥~! be such that z(r,,) = u(r,&,,). Hence, up to
a subsequence, relabelled {¢,, },>1, we have &, — & € SV 1 as n — oo. Then, for each n > 1,

Vie) (&) > 2(rp|§]) forall 0 < [€] <7o/rn and Vi (&) = 2(rn).

By letting n — oo, we arrive at V(&) > £ for every £ € RV \ {0} and V(&) = £ € (0,00).

We define W (z) = V(z) — £ > 0 for every x € RV \ {0}. Then, we get that W € C*(RY \ {0})
is a non-negative distribution solution of
v VW()  (W(@)+ 0" VW (z)['""

+ A

|| ||
Since A > 0, the strong maximum principle holds (see [26, Theorem 2.5.1, p. 34]). Thus, since
W (&) = 0 for & € SV~1, we obtain that W(x) = 0 for every x € RN \ {0}. Hence, for
every & € RN\ {0}, we attain (5.31), which leads to lim,_,o+ V(,)(€) = £. This proves that
lim ;o u(x) = £. The proof of Theorem 5.7 is complete. O

AW — (N —2+2p) =0 in RV {0}.

Remark 5.9. Under the assumptions of (as) in Theorem 5.7, we could not extend the argument
in part (a1). Indeed, we see that Z = p — V is a non-negative C*(RY \ {0})-solution of
z-VZx) |\ [Z@)]|VZ()'""

AZ(x) — (N — 2+ 2p) FE —A FEs =0 for every z € RV \ {0}.

When A > 0 and 7 € (0,1), then the conditions for applying the strong maximum principle
([26, Theorem 2.5.1, p. 34]) would not have been satisfied.

Corollary 5.10. Let (1.2) hold and p, A\, 6 € R. Let u be an arbitrary positive solution of (1.1).
(a) If B > @1 in Case [N;] with j = 1,2 and limsup, _,o [2|" u(z) = a € (0, 00), then

lim |z|"*u(z) =a and lim |2z Vu(z) = —aw;. (5.32)
|| =0 |z|—0
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(b) If B> w2 in Case [Na] and imsup,,_o u(x)/Pwy () (|2]) = b € (0,00), then

lim —————=b and lim —— = —bws.
|| =0 <I>W2(p)(|$|) x| —0 (DWQ(P)(|$|)

(For the definition of ®,(,, see (1.9).)

Proof. We apply Theorem 5.5 with ®(r) = r=% for (a) and ®(r) = ®,(,)(r) for (b) (see also
Lemma 5.1 when p = T in Case [Na]). O

Remark 5.11. By applying the modified Kelvin transform, we can restate Corollary 5.10 in
terms of the behaviour at infinity for the positive solutions of (1.1) in a domain of RY containing
RN\ Br(0) for some R > 0.

Corollary 5.12. Let (1.2) hold. Assume that 8 < wy in Case [N2]. Let u be a positive solution
of (1.1) in a domain of RN containing RN \ Br(0) for some R > 0. If u satisfies

u(z)

limsup ————— :=c € (0, 0), (5.33)
where W, (, is given by (1.8), then we have
lim __ul@ =c¢ and lim & Vul@) = —cw. (5.34)
|z|—o00 \Ifwl(p)(|$|) || —o0 \Ilwl(p)(‘xb

Proof. We apply the modified Kelvin transform (see Appendix A). We let v(z) = u(z/|z|?) for
0 < |z| < 1/R. Then, defining # = —0 — 4 and p = —p, we find that v is a positive solution of
Lya-v] = |x|5vq(sc) for every 0 < |z| < 1/R. (5.35)
For every r € (0,1), we define
O(r) =r=t (log(l/r))l% +r¥log(1/r) itp="T, ®r)=r"rifp>T.
o If p =7, then Lemma 5.3 gives ro € (0, 1) small such that
L. [®(r)] <0 for every r € (0,79).

o If p> 7T, then L; ) - [®(r)] = 0 for every r € (0,1).
In either case, the assumption (5.33) means that lim sup|,_,o v(z)/®(|z]) = ¢ € (0, 00). Hence,
we conclude (5.34) from Theorem 5.5 applied to v satisfying (5.35). O

Lemma 5.13. Let (1.2) hold. Assume that p € R, § > =2, 7 =0 and A = —2p. Let u be any
positive solution of (1.1) and c := limsupy,_,o u(x)/log (1/|z]).

(i) If ¢ = oo, then with B = (0+2)/(¢—1) > 0 and f,(B) as in (1.6), we have
lim |aPu(z) = BT = [f,(B)]7T = A. (5.36)

|x|—0
(ii) If c € (0,00), then
lim ——————
le|—0 log (1/]z])
(iii) If c =0, then there exists lim ;o u(z) € [0, 00).

=c (5.37)

Remark 5.14. When Q = RY in Lemma 5.13, we show later in Proposition 10.3 that the
alternative (iii) cannot occur. In addition, when ¢ = oo, then u = U, 5 in RV \ {0}.
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Proof. Note that L, x -[log (1/|z|)] = 0 for every 0 < |z| < 1 since 7 =0 and A = —2p.

(i) Let ¢ = oo. By Corollary B.6 (see also Remark B.8), we get
lim ————

o]0 log (1/]x])

Fix ro € (0,1) such that B,,(0) CC Q. Let d; > 1 be a constant as in the spherical Harnack-
type inequality of Proposition B.3. Using a similar argument to [15, Lemma 6.4], (for every

positive solution u of (1.1)), we construct a positive radial solution V' of (1.1) in B,,(0) \ {0}
such that

- . (5.38)

u(z)/dy < V(|z]) <ulx) for every 0 < |x| < 9. (5.39)
For the reader’s convenience, we provide the details. Fix ng > 1 large such that 1/n¢ < rq. For
every integer n > ng, we consider the following boundary value problem

Lya-[v] = |z|%v?  for every 1/n < |z| < 7o,
v(x) 8Bl?/lnn(0)u or |z /n, (5.40)
v(x) 8115};1)?0)” or || =19

Remark that u (respectively, u/dy) is a positive super-solution (respectively, sub-solution) of
(5.40). Let V,, be the mazimal positive solution of (5.40) with respect to the pair (u/dy,u) of
sub-super-solutions of (5.40). By the radial symmetry of the domain and the data in (5.40), as
well as the invariance of the problem under rotations, we obtain that V,, is radially symmetric.
Moreover, by the sub-super-solutions method and the maximality property of V,,, we have

u(@)/dy < Via(Jo]) < Va(lo]) < u(e) for every 1/n < |a] < ro.

For every 0 < r < rg, we define
Vir)= ILm Vi (r). (5.41)
By virtue of Proposition B.3, we infer that V,, — V in CL _(B,,(0) \ {0}) and V is a positive
radial solution of (1.1) in B,,(0) \ {0} satisfying V'(ro) = minyp, (o) u and (5.39).
From (5.38) and (5.39), we see that
lim Vi) = 00. (5.42)
r—o0+ log (1/7)

Moreover, there exists a small constant r; € (0,7¢) such that V'(r) < 0 for every r € (0,r7).
Indeed, if V'(r,) = 0 for some r, € (0,70), then AV (r,) = r[v(r,)]? > 0.
We have obtained that V is a positive radial solution of

AV = |z|°V? in D, (0)\ {0}, (5.43)

where by D, (0) we denote the open ball in R? centered at 0 and radius 71. Since V satisfies
(5.42), from [16, Theorem 1.1], it follows that
lim PPV (r) = BT = [£,(8)]7T = A, (5.44)
r—07+

Using (5.39), we obtain that
lim inf |2z|%u(z) > A.

|z|—0
In (5.40), we replace mingp, ,, (o) ¥ by maxsp, , (o) v and mingp, (o) v by maxsp, (o) u. With
this change in (5.40), we let v,, be the minimal positive solution with respect to the pair (u, d;u)
of sub-super-solutions. Then, as before, v,, is radially symmetric and

u(z) < vp(z) < vppr(z) < dju(z)  for every 1/n < |z| < ro.
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We define v(r) = limy, 00 Un () for 0 < r < rg. For r; > 0 small enough, we obtain that v is a
positive radial solution of (5.43) satisfying (5.42) and u(x) < v(|z]) < dyu(z) for all 0 < |z| < 7.
Therefore, (5.44) holds for v instead of V' so that

limsup |z|Pu(x) < A.
|z]—0

This concludes the proof of (5.36).
(ii) Let ¢ € (0,00). By Theorem 5.5 with ®(r) = log (1/r) and Remark 5.6, we obtain (5.37).

(iii) Let ¢ = 0. We first show that limsup,_,ou(z) < co. Assume the contrary. Then,
by Corollary B.5, we have lim|, o u(x) = oo. Following exactly the same ideas as in part (i),
we obtain that V' in (5.41) is a positive radial solution of (5.43) satisfying lim, o+ V(r) = oo
and (5.39). By [16, Theorem 1.1], we have either (5.44) or there exists u € (0,00) such that
lim, o+ V(r)/log (1/r) = p. Either of these situations leads to a contradiction with ¢ = 0.

Hence, limsup),|_,o u(z) < co. This, jointly with Theorem 5.7 leads to lim/,| o u(z) € [0, 00).
The proof of Lemma 5.13 is now complete. ]

6. PROOF OF ASSERTION (N) IN THEOREM 1.4
The main result in this section is the following.

Theorem 6.1. Let (1.2) hold. Assume that either 8 € (w1,0) in Case [N1] or B € (w1, wa] in
Case [Na| with p > Y. Then, for every positive solution u of (1.1), there exists a € Ry such that

lim |z["*u(z) =a and lim |z|"'z - Vu(z) = —aw;. (6.1)
|z]—0 |z|—0

Proof. Let u be any positive solution of (1.1). By Corollary 5.10, we get (6.1) by showing that

a = limsup |z u(z) € (0, 00). (6.2)
|z|—0

In light of Theorem 4.1, we have a > 0. It remains to prove that a < co. This is done next.
Proposition 6.2. In the settings of Theorem 6.1, every positive sub-solution u of (1.1) satisfies

lim sup |z|* u(x) < oo. (6.3)
|z|—0
Let € > 0 be arbitrary. For every r > 0, we define V.(r) by
e+ Mr==1 in Case [IVq],
Va(r) = | | (6.4
er P 4 Mr=®' in Case [Ny] with p > T.

Lemma 6.3. For arbitrary M > 0 and R > 0, the function V. in (6.4) is a positive radial
super-solution of (1.1) in Br(0)\ {0}.

Proof. We separate the proof of Case [N1] from that in Case [Na].
e If Case [N1](b) holds (that is, A < 0 and 7 € (0,1)), we find that
Ly [Ve(r)] S L a-[Mr~=]=0<r(V.(r))? foreachr > 0. (6.5)

o If Case [Ny](a) holds (that is, 7 = 0 and A < 2p), then we recover (6.5) in which the first
inequality becomes equality. Thus, in Case [N7], from (6.5), we see that, for every M > 0, the
function V; is a positive radial super-solution of (1.1) in Bg(0) \ {0} with R > 0 arbitrary.
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e In Case [N3] (when p # T), by a standard computation, for every r > 0, we arrive at
Ly [Ve(r)] =Mooy (w1 +2p) 1~ "2 + e (B + 2p) r P72
wi—B\ T er@1—B B l=7
AM|a =2 (14 1 2) .
 AMen | < TTm LV
Using that A > 0, w; < 5 <0 and f,(8) < 0= f,(w1), we obtain that

w1 —f
Ly [Ve(r)] < Mwi (@1 + 2p)r™ ™72 + eB(B + 2p)r™ P72 4 AM [ooy |71 =172 (1 - ETM )

= Mr== 72 f,(w1) +erP2f,(B)
=er P21, (B8) <0 <rO[Ve(r)]?
for every r > 0. This concludes the proof of Lemma 6.3 in Case [N;] with j € {1,2}. O

Proof of Proposition 6.2 concluded. Let rg € (0,1/¢e) be small such that B,,(0) CC {.
In the definition of V, we fix M > Mj large as needed, depending on w and ¢, such that

<V = Mry ™. 6.6
e () < Volro) = Mrg (66)

Thus, for every e > 0, we have u < V; on 9B,,(0).
From Corollary 2.3, we have
lim |z|%u(z) = 0. (6.7)
|| =0
In view of (6.7), we infer that for every e > 0, there exists 7. € (0,79) small such that
u(z) <elz|™ < Ve(|z|) forall 0 < |z| < r..

Using that V; is a positive radial super-solution in B,,(0) \ {0} and V/(r) # 0 for all r € (0,ro),
by the comparison principle, we arrive at u(z) < V() for all 0 < |z| < r¢. By letting ¢ — 0, we
conclude the proof of Proposition 6.2. d
7. PROOF OF ASSERTIONS (Z1) AND (Z2) IN THEOREM 1.4

Throughout this section, we let § = w; < 0 in Case [N;] with j € {1,2}. We define

1 B <|w1|(1)\7w1|Tl)
— =

q—1

>  in Case [N1] orif p > T in Case [No],
1 (7.1)
2 2(g+71)\ " . .
D qilaﬁ’ ((ql)Z) if p in Case [Na]
Theorem 7.1. Let (1.2) hold and B = w in Case [N;] with j € {1,2}. Let p be given by (7.1).
(A) Every positive super-solution u of (1.1) satisfies

lim inf |2|®*|log |z||P u(z) > 0. (7.2)
|z|—0

(B) Every positive sub-solution u of (1.1) satisfies

lim sup |z|®* |log |z||” u(x) < oo. (7.3)
|z]—0

Theorem 7.2. Let (1.2) hold and B = w; in Case [N;] with j € {1,2}.
(a) Then, every positive sub-solution u of (1.1) satisfies

lim sup |z|%*|log |z||P u(x) < 7. (7.4)

|z|—0
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(b) Every positive super-solution u of (1.1) satisfies

lim inf |2|®*|log |z||P u(z) > ~. (7.5)
|z]—0

7.1. Proof of Theorem 7.1 (A). We adapt the ideas in the proof of Theorem 4.1. We divide
the proof into three Steps.

Step 1. Let u be any positive super-solution of (1.1). Then,

for every n > 0, we have |li‘m || () = 0. (7.6)
z|—0

Proof of Step 1. We distinguish two situations:

e For Case [Vy], as well as Case [No] with p > A\/("+1)  we gain (7.6) via Proposition 7.3.
e For Case [N,] with T < p < A("+1) | we have already proved (7.6) in Proposition 4.5.

Proposition 7.3. Let (1.2) hold and 3 = w, in either Case [N] or Case [Na] with p > \/(T+1),
Then, every positive super-solution u of (1.1) satisfies

lim inf o 2= log |2[|"/“" u(z) > 0 in Case [Ny, (7.7)
lim inf |, o |2[®* [log |2[|*“" u(z) >0 in Case [Ns). (7.8)

Proof. We imitate the proof of Proposition 4.2 in which we assign the following meaning to pu:

1/(g—1) if B = in Case [Ny],
n= B . . . . 1/(r+1) (7'9)
2/(qg—1) if B =w; in Case [Na] with p > A .
We define ¢y = ¢o(p) > 0 as follows
co = [p |wl|]q%1 in Case [N1], c¢o=[p(p+ 1)]‘1%1 in Case [N3]. (7.10)

Let ¢ € (0,¢9) and 6 € (0,1/e) be arbitrary. For every 6 <r < 1/e, we let us(r) be as in (4.5).
The proof of Lemma 4.3 and of (4.11) in Proposition 4.2 remain valid if we understand that g
and ¢g have here the meaning in (7.9) and (7.10), respectively. From (4.11), we readily conclude
the proof of Proposition 7.3. O

This completes the proof of Step 1. |
Step 2. Construction of a suitable family of sub-solutions {zsc}sc0,1/2) of (1.1).
Proof of Step 2. Let € > 0 and ¢ > 0 be fixed. For every ¢ € (0,1/2) and r € (0, 1), we define

. 5—1
25 e(r) i=crf71 (1 —e " 1ogP(1/r)) . (7.11)

Lemma 7.4. Under the assumptions of Theorem 7.1, there exists ¢, > 0 such that for every
e > 0 small, there exists r. € (0,1) such that for all c € (0,¢,) and § € (0,1/2), the function zs5 ¢
in (7.11) a sub-solution of (1.1) in B,_(0)\ {0} and, moreover, z5 (r) > 0 for every r € (0,7¢).

Proof. The calculations are in the spirit of Lemma 4.6. Let a > 0 be given by (4.30). We set

1
_ (oY@ By
o= (2) (2) '
We fix ¢ € (0,¢.) and € > 0 small as needed in both Case [N;] and Case [N3]. Let § € (0,1/2)
be arbitrary. We define h and s as in (4.17). For every r € (0, 1), we define

p

Tse(r) =e+ (6 —1)h(r®log’(1/r)) (5 - k)g(l/r)) > 0.
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Remark that using s in (4.17), we have

p(1—=06)h(r®logh(1/r)) P
T. = “logP(1 . 12
5.e(r) = eps(r®log”(1/r)) + Tog (1/7) <t e (1) (7.12)
In Case [N3], we let v € (0,1) and ¢, > 0 small enough such that (4.27) holds. Moreover, we
fix e € (0,t,/2) and r, € (0,1/e) small such that

p

— <1, /2.
log (1/71,) /
Hence, in Case [Na], we have T .(r) < t, for all r € (0,7,) so that from (4.27), we find that
Tse(r)\' ™" 1-7 Tl-7)1+v) ,
1 : >1+ —-T - =T . 7.13
(14 7=) 2 e T - TR g (7.13)

Since lim;_,o+ h(t) = 1 (see (4.17)), there exists t, > 0 small such that

t

m < 21/((]—1) for all ¢t € (0, t*)

Let r. € (0,1) be small enough such that r¢log?(1/r) < ¢, for every r € (0,7.). In addition,
in case [Na], we let 1. < 7,. So, for every ¢ € (0,¢,) and r € (0,r.), we get

— e~ logP(1/r

€logP(1/r -1 _ _
11 <1 r¢log (1/ ) )) < a(p/2):0(q 1) [h (TE logp(l/T))]p(q 1).

In both Case [N;] and Case [N3], using that wy = 3, for all r € (0,7.), we get that

0 g G-l 1.p q—1 /9 —r°log?(1/r)\(6—1)(q—1) 25,(7)
r'zd (r)y=c¢c r&logf(1/r 1—ce
575( ) [ g ( / )} ( ) r2 1ng(q71) (1/7“)

< a1 r¢logP(1/r) a1 25.¢(T) (7.14)

- 1 — e—rclogP(1/r) r2 logp(q—l) (1/7) ’

< o (PP 10g” (/)Y 25 (r)

- 2 log (1/7) r2
From (7.12), using that ¢ € (0,1/2), we have

Ts.(r) log(1/r) > p(1—06) h(rflogh(1/r)) > gh(rs log?(1/7)). (7.15)
To conclude the proof of Lemma 7.4, it suffices to show that

Ly rlzse ()] > “Zj;;(” [T5.(n)P @™ for all r € (0,r.). (7.16)

Indeed, by combining (7.14), (7.15) and (7.16), we arrive at
Lprl2se(r)] > r(z5.(r)]9 for all r € (0,7:) and 6 € (0,1/2).
Hence, 75 in (7.11) a sub-solution of (1.1) in B,_(0) \ {0}.
Proof of (7.16). Fix r € (0,7¢). Defining s as in (4.17) and differentiating (7.11), we get

z5.(r) = |w1|w (1+Ts5.(r)) > 0. (7.17)

r
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Using (7.17) and (4.19), in a similar way to (4.21), we obtain that

Lol )] = 257 [ 4 201 =2 @) Ty ) 4 T3(0) 4 DRG0 LD

» 2
+ (6 — 1) B (r®logP(1/r)) ¢ log? (1/7) <E - log(l/r)) ] .

(7.18)
From the definition of h in (4.17), we find that
—t —t
, e t(l—et—1t)
Hence, using that 0 € (0,1/2) and h(t) > 0 for all ¢ > 0, we get
25 (T
L,[zs.e(r)] > 6’;:72() [@] + 2pww1 — 2 (w1 + p) Ts(1)] - (7.19)
Moreover, in Case [N3], from (7.18), we need a more precise inequality, namely
25e(r) 1o _ 2
L,[zs.(r)] > - (@] + 2pw1 — 2 (w1 + p) Tse(r) + T (7)] - (7.20)
e Let Case [V1] hold. In this case, we see that
1—r Z§,E(T) (1-1)
AG(25:(1)) > X 2 1+ o] Ts.(r)
This, jointly with (7.19), (4.24) and (7.12), leads to
_125e(r
Lparlser)] > (g = 179 2507 ), (r.21)

r2
Since a = (¢ — 1)v*~! and p(q — 1) = 1, from (7.21), we conclude (7.16) in Case [Ny].
e Let Case [Na] hold. From our choice of v, € and 7, using (7.13) and (7.17), we have

T(l=7)(14v), .,

—7) T2.(r)| . (7.22)

AcxaAw>zAwﬂ“”Ty)P+(l Ty (r) -

2T 2w}

Similar to Lemma 4.6, from (7.20) and (7.22), we infer that

Lparlzse(m)] > (g—1) vq_lz%(r)Ta,e(r) if p> 7,
A=) (4 0)] zel) o (7.23)

Loarlzsc(r)] = |1 - B ’742 Ts.(r) ifp=T.
In view of the definition of @ in (4.30), from (7.23) we conclude the proof of (7.16). O
This finishes the proof of Step 2. O

Step 3. Every positive super-solution u of (1.1) satisfies (7.2).

Proof of Step 3. Let € > 0 be small and z5.(r) for r € (0,r) be given as in Lemma 7.4. If
necessary, we diminish ¢ € (0, ¢,) such that

€ P -1

min w(z) > ¢ (r.)°" = (1 _ o (re)" log (1/T5))

|z|=re
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This ensures that u(x) > z5.(|z]) for all z € dB,_(0) and every 6 € (0,1/2). From Step 1,
we have u(z) > z5(|z|) for every |z| > 0 small, where § € (0,1/2) is arbitrary. In view of
Lemma 7.4, we can apply the comparison principle (Remark A.6) to find that

u(z) > zs(|z]) for every 0 < |z| <r. and all § € (0,1/2).

By letting § — 0 and then |z| — 0, we get liminf|, ¢ |2[** [log (1/|2[)]" u(z) > ¢ > 0, which
proves (7.2). This finishes the proof of Step 3. O

From Steps 1-3, we conclude the proof of Theorem 7.1 (A). O

7.2. Proof of Theorem 7.1 (B). Let u be any positive sub-solution of (1.1). Corollary 2.3
yields (6.7). We construct a suitable family of super-solutions {V:}.s¢ of (1.1) that dominate u
near zero and on 9B, (0) for ro > 0 small (and independent of €).

We fix M > 0 a large constant. Let € > 0 be arbitrary. For every r € (0,1/e], we define
e+ Mr== |logr|™? in Case [Ny],

Ve(r) := ~ (7.24)
o [5+M|10g r|7"| in Case [Na).

Lemma 7.5. There exists My > 0 large, depending only on \,7,p and q, such that for every
M > My, the function V, in (7.24) is a positive radial super-solution of (1.1) in By,.(0) \ {0}.

Proof. In the definition of V. in (7.24), we let M > My, where

1
T
My = { 1 (q —wy + |)\||w1|_7>} in Case [N;] or Case [Na] with p > T,

¢g—1\g—1
n (7.25)
2 "
M, = ((174_2) in Case [Na] with p =T
(¢—=1)
We show that V. satisfies
Ly [Ve(r)] < rP[Vo(r)]  (and, moreover, V!(r) # 0) for every r € (0,1/e). (7.26)

Proof of (7.26) in Case [N;]. Let V. be as in (7.24) corresponding to Case [N7].
Let r € (0,1/e) be arbitrary. For simplicity, we write V to mean V. with e = 0, namely,

Vo(r) = Mr—=" [log (1/7“)]71/((171) . (7.27)

Then, V.(r) = € + Vo(r). The choice of My in (7.25), jointly with w; = 8 = (24 6)/(¢ — 1),
yields

() 2 ) = o) (L - w7, (7.28)

where ¢(r) is defined by

1
o) = T (7.29)
In view of (7.28) and ¢(r) € (0,1/(¢ — 1)) for all r € (0,1/e), we attain (7.26) by showing that
Ve
Ly Ve)] < 200 (<1 + Wl +96(r). (7.30)
Proof of (7.30). It is clear that
_ Vo(r)

V() = Vo) = 2 (@i + 6(r) > 0. (731)



NONLINEAR ELLIPTIC EQUATIONS WITH MIXED REACTION TERMS 39

Since 7¢'(r) = ¢(r)/[log (1/r)] = (¢—1) ¢*(r), by differentiating V(1) with respect to r, we have

Vo) = 20 [ () 4w — ) + (- 1) 2(0)].

r

Consequently, using the definition of L,[-] in (1.26), we arrive at

LVr)] = 2 [ (1 +20) — 2+ ) 6(0) + 060 (7.32)

Using (7.31) and the positivity of ¢(r), we see that

Vo) [22 (- +00] T v

Gr(Ve(r) = G-(Vo(r)) = e > 5o (mm o) T (7.33)

Recall that @y < 0 satisfies f,(ww1) = 0, that is, @ (@1 + 2p) + A|w@:1|' ™7 = 0.
4 Let Case [N1](b) hold, that is, A < 0 and 7 € (0,1). From (7.32) and (7.33), it follows that

Ly lVe(r)] < Y00 [y (@1 4 29) A (4 00) " 2 (@1 + ) 0(r) + 4 %)) . (739

Then, we have @y + 2p = A|ww1|™" < 0. Thus, (7.34) yields that
Vo(r Vo(r .
o0 o) [-2(@1 + ) + 06 = o) (~amn + M| + (1)

This proves (7.30) in Case [N1](b).

¢ Let Case [Ny](a) hold, that is, 7 = 0 and A < 2p. In this case, w; = A — 2p. Then, all
inequalities in (7.33) and (7.34) become equalities, implying that

Vo(r Vo(r
Lo Ve] = 2000y (2, 43 = 20+ 060 = 200 (—em1 + o)
So, we recover (7.30), completing the proof of (7.26) in Case [Ny].

Proof of (7.26) in Case [Nz] with p > Y. Let V_ be as in (7.24) corresponding to Case [Na]
with p > Y. Let r € (0,1/e) be arbitrary. We define Vy(r) = lim._,¢ Vz(r), which has the same
expression as in (7.27). Let ¢ be given by (7.29). Then, by a simple calculation, we get

Lo [Ve(r)] <

V! (r) = Vi(,r) (—m + ‘éé:iqﬁ(r)) > 0.
Moreover, we have
L Vo)) = V() + (1= 2) YD 4 RETIVE T

= L0 (1) + 260 -2 @1+ )+ 0000

where T¢(r) is defined by

T.(r) := w1 (w1 + 2p) + M@ |7 (1 T Tfi’j?ﬁg) -

Since 7 € (0,1), we have (1 4+ a)'=" <1+ a (1 —7) for every a > 0. Hence, using that ; < 0
and @? + 2pw; + M@ |77 = 0, along with the assumption A > 0 in Case [Nz], we find that

(r
(r)

=

Te(r) < Awn |77 (1 =7) ¢(r)

(7.36)

o
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From (7.35) and (7.36), jointly with » € (0,1/e), we infer that

Ly [Ve(r)] < 20)

50 Nen [T (1= 7) = 2(@1 + p) + g (r)]
Yo0r) o) Ao |~ (1= 7) — 2 (01 + ) + 4/ (g — 1)] -

<
,

Since A > 0 and A|w1|™" = w1 + 2p, we find that

Vo(r
L V)] < 20 600) (oo + /(g — 1)
On the other hand, using that @y = 8= (0 +2)/(q — 1), we see that

PV > P [Vo(n)]? = MO=12 [log (1/r)] 7T = (¢ — 1) mo— Y2l0)

o).

Clearly, (7.26) holds by choosing M > My, where M, is given by (7.25). Hence, V. (defined in

(7.24) in Case [N2] with p > T) is a positive radial super-solution of (1.1) in By,.(0) \ {0}.

Proof of (7.26) in Case [N2] with p = Y. Let V. be as in (7.24) corresponding to Case [Na]

with p =Y. Let 7 € (0,1/¢e) be arbitrary. We define Vy(r) and ¢(r) by

Vo(r) = lim V.(r) = Mr~=" [log (1/r)]72/(q71) and o(r) = 2

=0 (¢ —1)log(1/r)"

With similar calculations to those in Case [N3] with p > T, we find that

Ly lVel] = 2 [0y 4 120 ptr) (21 - 20+ Tt )

where T, (r) is defined by

1—7
Ts(r) _ w% + 2pw + )\|w1|17‘r <1 + ‘P(T) VO(T))

|y | Ve(r)
< @i+ 2pw1 + A@ | T+ AT (1-7) W(T)“Z)Ez:;
= M| (1= 7)ol AT,

Since p = T, we have Aw;|~7 (1 — 7) — 21 — 2p = 0. Consequently, we arrive at

VO(;)@(T) Moot |77 (1= 7) = 2w — 2p + % ‘p(r)]

2q

Fn= 2(q(q—+1)12‘)M?“’“”‘2 <1og i) o

Lo r[Ve(r)] <

In light of @y = (0 +2)/(q — 1), we infer that
PV 2 V()] = M2 logr| T
Therefore, by defining M as in (7.25) and taking M > My, we conclude (7.26).
This ends the proof of Lemma 7.5 in Case [N;] with j € {1,2}.

0

To complete the proof of Theorem 7.1 (B), we proceed exactly as in the proof of Proposition 6.2

(after Lemma 6.3). We skip these details.

O
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7.3. Proof of Theorem 7.2. Let u be a positive super-solution of (1.1) (respectively, sub-
solution of (1.1) satisfying (7.2)). Let ro € (0,1/e) be small enough such that B,,(0) CC .
We follow the same strategy as for proving (a) and (b) in Theorem 2.1, where A and 8 need to
be replaced by 7 in (7.1) and w;, respectively. We show only the modifications regarding the
construction of the family {P;}ne(omc) (respectively, { P }e(0,nc)) of super-solutions (respec-
tively, sub-solutions) of (1.1) in B, (0) \ {0}. Here, rc € (0,79) is a small constant depending
on the fixed constant C' with C' > v in the case of P,/ (respectively, C' € (0,7) for P,). The
functions {Pﬁt}ne(omc) will satisfy the following properties (for every n € (0,n¢) in (i)—(iii)):

(i) (PF)(r) # 0 for every r € (0,7¢);

(i) u(z) < P (|x|) (respectively, u(x) > P, (|z])) for all x € 0B, (0);

(iif) u(z) < Pf(|2]) (vespectively, u(x) > P, (|z])) for every |z| > 0 small enough;

(iv) Timyg o 2@ [log(1/|2])]” (limy 0 Py (J2])) = C.

Let C,n, o and v be positive constants. For every r € (0,1/e), we define P%V(r) as follows

_ +1
_ 1 @
PE(r) = Cr—= [log | 7+ <1+"’g’”') . (7.37)

na,v Py
Here, instead of Lemma 2.2, we show the following.

Lemma 7.6 (Sub-super-solutions). In the framework of Theorem 7.2, for every C >~ (respec-
tively, C € (0,7)), there exist nc,rc,ac > 0 such that for every n € (0,n¢), a € (0,a¢) and
arbitrary v > 0, the function P, , (respectively, P, ) in (7.37) is a positive radial super-
solution (sub-solution) of (1.1) in B (0)\ {0} and (PF,,) (r) >0 for all v € (0,7¢).

Proof. Let n,a € (0,p/3) and v > 0 be arbitrary. For every ¢t > 0, we define 9(¢t) =t/(1+1t) €
(0,1). For every r € (0,1/e), we define

Sia,y(r)=p$niaw<W) cElp—n—apt+tnta). (7.38)

To simplify the notation, we drop the subscript v from P*_  and S

n,0,V 00"

Let r € (0,1/e) be arbitrary. Since 8 = wy, from (7.37), we see that

L Pia)
1 (P (1)1 = 20010

Pra(r)

> icq_l o
= r2

—a\ £(g—1)
log (1 «
[log (1/7)]—PEM(@=D (1 + M)
v
(7.39)
[log (1/r)]7#10=Y.
By differentiating (7.37) with respect to r, we get

) PO [y S
(Pn,a) (r) = e r [1 * |1 | 10%(1/7‘)] 7

which implies that

AG-(Bifa(r) = A |72 w1 log (1/7)

_ 1 Pralr) (1-7)85a(r)  (A—7)7[S5a(r)]
=\ w1 ”Tz [1 o log (L) 27 logQZl/r) (1 +0(1))]

PE,(r) SE.r) N\
[ itztn)
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as r — 01. Moreover, we find that

PE (1) 2(w1 +p)
+ _ Ino 2 1LTP) ot
Lo (Pya(r)) = nrz wi +2pwn — Wsn,a(”
(S0P + Sia(r) + a2y (Lol ) lenze ] (741
+ 5 .
log™(1/r)
Recall that f,(w1) = @i + 2pw; + A1 |~ = 0. From (7.38), we observe that
S;foé(r) —p as(na)—(0,0) (7.42)

uniformly with respect to r € (0,1/e) and v > 0.
e Assume that either Case [N7] holds or p > T in Case [Na]. Then, using (7.1), we have
p=1/(g—1), —2(@1+p)+ N7 (1= 7) = 1] = M| = (g— 1) 7oL,
It follows that

q-1 Pa(r) Sia(r)
Lo [Py (r)] = (qg— 1)y 2 log (1/r)

r
Since C' > v in the definition of P, (r) (respectively, C' € (0,v) for P, (r)), from (7.42) and
(7.43), we infer that there exist n¢, ac,rc > 0 small enough such that

Pya(r)

(1+0(1)) asr—0T. (7.43)

L5 [P, (r)] < 2097 A4
p»/\ﬂ'[ n,a(r)] < xC r2 log (1/7,_) (7 )
for every r € (0,7¢), n € (0,n¢) and a € (0, o).
Using that p (¢ — 1) =1, from (7.39) and (7.44), we conclude the proof of Lemma 7.6.
e Assume that Case [N3] holds with p = T. Then,
p=2/(¢=1), —2(@+p)+ Ao "(1-7) =] = Arf@| " =0.
In light of (7.40) and (7.41), we get
Pra(r)
+ _ e +
Lp,)\J[Pma(r)] = WTW’Q’V(T) (1 + 0(1)) asr — 0 5 (745)
where T, o, (r) is defined by
1+7 log (1/7)]7*\ [log (1/r)]~¢
Tys1) = S 185 (P 4 53 + a2y (L2ULL2 ) R CILE,
Since ty'(t) = t/(1 +t)? € (0,1) for every t > 0, using (7.42) and (7.1), we remark that
1 2 2
Tynr) > ST = FED 00 s () = (00) (7.46)

uniformly with respect to r € (0,1/e) and v > 0.
From (7.45) and (7.46), we infer that there exist nc, ac, ¢ > 0 small enough such that

Pya(r)

+L, [Pt (P < xCe7l DO 7.47
parlPia(r)] < 0T e (1.47

for every r € (0,7¢), n € (0,n¢) and a € (0, ac).
Using that p (¢ — 1) = 2, from (7.39) and (7.47), we end the proof of Lemma 7.6. O
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Proof of Theorem 7.2 concluded. Let ac, r¢ and ne be given by Lemma 7.6. Fix
a € (0,min{1, ac}) and let n € (0, nc) be arbitrary. We can assume that rc > 0 is small enough
such that B,.(0) CC Q. Let v > 0 be small (depending on u and r¢) such that

s u(e) <976 log 1/re)]* (14 AL

|z|=rc v

—1\ 1
(respectively, min wu(z) > yr;%" [log (1/rc)] " (1 + [log(l/rc)]> ).

|z|=rc v

Since v and v are fixed, we write Pni instead of Pniﬂ’u. Then, P,/ (respectively, P,") in (7.37)
is a positive radial super-solution (respectively, sub-solution) of (1.1) in B, (0) \ {0} satisfying
the above properties (i), (ii) and (iv). Finally, from Theorem 7.1, we infer that

P (|x
im Ti(x) =0 (respectively, lim —7 (la) =0).
lz|—=0 Py (|z|) |z]—

0 u(x)
Hence, P,/ (respectively P,") satisfies the property (iii) as well.

As in the proof of Theorem 2.1, we use the comparison principle to conclude that u(x) <
P (Jz]) (respectively, u(z) > P, (|z])) for every x € B,.(0) \ {0}. By letting n — 0 and then
|z| — 0, we arrive at

lim sup |z|** [log (1/|z|)]” uw(x) < C, (respectively, lilminf |z|** [log (1/|z])]F w(z) > C).
—

|z|—0 z|—0

By letting C' N\, v (respectively, C' ), we achieve (7.4) (respectively, (7.5)). O

8. PROOF OF ASSERTION (F) IN THEOREM 1.4

Throughout this section, we assume that (1.2) holds and g € (s, 0) in Case [Na].
We recall that @, (,)(r) is defined for » € (0,1) by

Dy (1) = {

Our main result in this section is the following.

Theorem 8.1. Let (1.2) hold and 5 € (w2,0) in Case [Na].
(A) Letu be any positive sub-solution of (1.1) such thatlim |, u(x)/ @, (|2]) = 0. Then,

r 2 ifp>T,
T2 |10g7°|1+% ifp=".

lim sup |z|* u(z) 1= a < co. (8.2)
|z|—0

(B) Let u be any positive super-solution of (1.1) with lim|, o u(z)/ P,y (|2]) = c0. Then,

for every n > 0, we have llilmo |z|?~"u(x) = oo. (8.3)
xT|—

In view of Theorem 8.1, we conclude the assertion in (Py) of Theorem 1.4. Indeed, let u be any
positive solution of (1.1) and b := limsup ,_,o u(®)/Pw,(y (|z]). By Corollary 5.10 (if b € R} )
and Corollary B.6 in Appendix B (if b = 00), there exists

lim ——————
=0 Py () (|2])

e If b = 0, then by Theorems 8.1 (A) and 4.1, we get that limsup,_,o [z|®*u(z) := a € (0, c0).
Hence, by Corollary 5.10, we conclude (1.17).

o If b € (0,00), then by Corollary 5.10, we obtain (1.18).

e If b = oo, then by combining Theorem 8.1 (B) with Theorem 2.1, we attain (1.19).

=be€ [0,00].



44 HUYUAN CHEN, FLORICA C. CIRSTEA, AND ALEKSANDAR MILADINOVIC

The proof of Theorem 8.1 depends on whether p > T or p = T (see the definition of @,
in (8.1)). Each of these situations is treated separately (see Sections 8.1-8.4).

8.1. Proof of Theorem 8.1 (A) when p > Y. Let (1.2) hold and 5 € (w3,0) in Case [Na].
We first assume that p > Y. This implies that w; < —(A7)"/"*+D < @y < 0 and

=2 (g + p) + A|w2| 7 (1 = 7) = |wa| 7 (Jwa|"T7 — A7) <0, (8.4)
2(w1+p) = M| 77 (1 = 7) = —|w1 | (| |*T7 — A7) < 0. (8.5)

Assume that u is a positive sub-solution of (1.1) satisfying
|}:i\130 |z|72u(x) = 0. (8.6)

We split the proof of (8.2) into three Steps.

Step 1. For every € > 0 small enough, we have
lim |z|®2"fu(z) = 0. (8.7)

|z|—0
Proof of Step 1. Let ¢ > 0 be fixed arbitrary. For every n,d > 0 and r > 0, we define
Vios(r) =cr=™2 (ew7 - e_‘s) . (8.8)

Claim 1: There exists 1. > 0 small such that for everyn € (0,7.) and §,c > 0 arbitrary, V,, s
is a positive radial super-solution of (1.1) in B1(0)\ {0} such that V; s(r) >0 for all v € (0,1).

Proof of Claim 1. Using (8.4), we can define 7, > 0 small such that

(e+1)ne <2 (w2 +p) — Awa| 7 (1—1). (8.9)
We fix € (0,7.) and let §,c > 0 be arbitrary. Let Ejs(t) be defined for every ¢ > 0 as follows
tet .
Eé(t) = m S (0,6 )

Remark that tE}(t) = Es(t) — e °tE2(t) < Es(t) for every t > 0.
Let r € (0,1) be arbitrary. By differentiating V;, 5(r) with respect to r, we find that

() = Vn+(r) [—wa +n Es(r")] > 0. (8.10)
Moreover, we have
Lo[Vas(r)] = Vn;i(r) (@3 + 2pwz — 21 (w2 + p) Bs(r") + 0> B3 (r") + n*r" E5(r)]
< V050D (22 4 2y — 20 (a4 ) E3(07) + P ER07) 4+ 72 E5(07)]
_ Vaslr)

5 {ws + 20me + 0 Bs () [=2(@2 + p) + (e + 1) ]}
Using that A > 0, 7 € (0,1) and (8.10), we see that

Vi s(r 1-—
)\GT(VVJ,5(T)) < )\|w2|177 7]:;52( ) 1+( T)nE(;(T'n) .

Since f,(w2) = @3 + 2p w2 + A|wa|' ™7 = 0, we arrive at

Ly Vo) < V258 55(57) (2.3 4 ) 4 Ml (1) + (e + 1)) <0

since n € (0,7,) and (8.9) holds. Hence, for every r € (0,1), we have proved that
Lo [Vas(r)] <0< TGV;;],(;(T).
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This completes the proof of Claim 1. O

Proof of Step 1 concluded. We show that for every e € (0,7.), we have (8.7). Let
1 € (g,m:). It is enough to show that

lim sup |22 " Tu(z) < 0. (8.11)

|z|—0

Let 79 € (0,1) be small such that B,,(0) CC 2. We let ¢ > 0 large such that

—_ n
max u < cry "2 (eTU - 1) )
9B, (0)

We now define V;, 5(r) as in (8.8) for every 6 > 0 and r € (0,1). The choice of ¢ > 0 gives that
u <V, 5 on 0B,,(0). The assumption (8.6) implies that

uw(z) < Vys5(lz]) for |z| — 0.
In view of the Claim, we can apply the comparison principle to find that
u(xz) < Vi s5(|z|)  for every 0 < |z| < ro.
Since § > 0 is arbitrary, by letting § — 0T, we conclude that
u(z) < clz|” ™2 (e‘zln - 1) for every |z| € (0, 79].
Hence, limsupy,|_,o [2|¥2>7"u(z) < ¢, which proves (8.11). This finishes the proof of Step 1. [

Remark 8.2. In the proof of the Claim, it is essential that n > 0 is small enough to ensure that
Lpar[Vas(r)] <0. Otherwise, we cannot prove that L, x +[V;,5(r)] < TQVT;I)(;(T) for allr € (0,1).

Step 2. For every n > 0, we have
lim |z[®* T u(z) = 0. (8.12)

|x|—0

Proof of Step 2. To achieve (8.12), we use an iterative process based on the comparison with a
family of super-solutions of (1.1). The first step in this iterative scheme is based on Step 1.

Let € > 0 be small as in Step 1. Moreover, since w; < ws, we can diminish € > 0 such that
€ < wy — wi. We define a sequence {N;};>1 of positive numbers as follows

Ny =—wy+¢€(—wy,—w1) and Njpg=1/2pN; —AN/"7 forallj>1 (8.13)

Remark that & — 2px — Az!~7 is increasing for x > —ws since from (8.4), we have
20= A1 —=7)z7 " >2p—-A(1—7)|w2|77 > —2w > 0.
Thus, we find that Ny € (—ws9, —w;) using that
wa = —2pwy — Nwa|'7T < Ni =2pN; — AN} 7 < —2pw; — Mw|' ™" = wi.
Moreover, we see that
N2 =2pN; — AN; 7 = wi + (20— A|wa| T(1—7)]e(140(1)) ase—07.

Hence, for € > 0 small enough, using (8.4), we get that N3 > (—wy + ¢)? = N3, which yields
that Ny > Np. By induction, one can check that {N;},>1 is an increasing sequence satisfying

—wy < Nj < Nj+1 < —w1 for allj > 1. (814)
Thus, {N,};>1 converges as j — oo and lim; o, N; = —w;.

We only need to prove (8.12) for every n > 0 small. So, we assume that 0 < 1 < wy —w; —e.
Then, there exists k = k(n) > 1 such that

N < —wy — 1 < Nggp < —woy. (8.15)
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We fix a, v > 0 small enough such that for every j = 1,...,k, we have
14 (2Nj+1 — 2/7 —+ )\Nj_T(l — T) + V) + « (Nj+1 — Nj —+ I/) < (Nj+1 — N]) (2,0 — )\NJ»_T(l — T)) .
Observe that the right-hand side of the above inequality is positive in light of (8.13) and (8.14).
For every j > 1, we define T3 (j) and T»(j) as follows

Ty(j) = N2 = 2pN; + AN},

To(j) = (Njy1 = Nj+v) (Njy1 + Nj =20+ AN, 7(1 = 7) + v+ ). (8.16)
In view of (8.13) and (8.14), we have
Ti(j) < Ny —2pN; + AN} "7 =0 forall j > 1. (8.17)
From the choice of v and «, jointly with (8.13), we find that
T1(j)+T2(j) <0 forallj=1,... k. (8.18)

Construction of a suitable family of super-solutions of (1.1). Let ¢ > 0 and § > 0 be arbitrary.
For every j =1,...,k, we define Vj 5(r) for all r > 0 by
Nj+1—-Njtv

a

Vis(r) =cr™i (66 - efra) (8.19)

Claim 2: For everyn € (0,wy—w; —¢), letting k = k(n) > 1 as in (8.15), there exist v, > 0
small such that for every j =1,...,k and ¢,d > 0 arbitrary, the function V;s(r) in (8.19) is a
positive radial super-solution of (1.1) in B1(0) \ {0} satisfying V} ;(r) >0 for all v € (0,1).

Proof of Claim 2. For every t > 0, we define Us(t) by

Telt) e te !
Let j =1,...,k and r > 0 be arbitrary. By differentiating (8.19) with respect to r, we get

V‘)(; r o
Vi5() = 50 [ 4 (N = N ) 0500 > 0,

which implies that
_Vis(r) (1-7)(Njp1 — N, +v)
1—7 34,6 Jj+ J
MG (Vys(r) < ANJ ™7 =252 11 4 7
Using that tW5(t) < Us(t) and U2(t) < Us(t) < 1 for all ¢t > 0, we have
v (r)
\115(7“0‘)

\115(7”&)
Fj(r) :=2N; = 2p+ (Nj41 — Nj +v) ¥5(r*) + « <Njgy1+N; —=2p+v+a.

Therefore, by a simple calculation, we arrive at
Vjs(r)

Lo[Vis(r)] = =25 [N} = 2pNj + (Nj1 = Nj +v) Fy(r) @s(r®)]
ij 5(T) 2 ey
S 7’2 [Nj —2pNj+(Nj+1—Nj+V)<Nj+1+Nj—2p+l/+Oz)\I’§(T )]
Consequently, using 71 (j) and T(j) in (8.16), we obtain that

Lo V)] < 250 [135) 4 1) w50

Since (8.17) holds and ¥(t) € (0,1) for every ¢ > 0, using (8.18), we get
Vis(r . ,
LpoaVjs(r)] < %()‘1’5(7"&) [T1(5) + T2(5)] < 0 < r’[V;s(r)]".

This completes the proof of Claim 2. O
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Proof of Step 2 completed. Let 9 € (0,1) be small enough such that B,,(0) CC Q. For
every n € (0,ws —wy —¢), we let k = k() and v, > 0 be as in Claim 2. Let § > 0 be arbitrary.
Choose ¢ > 0 large enough such that for every j =1,..., k, we have
Njp1-Nj+v
N o @

max u<cry’ (1—6 0)
9B, (0)
This ensures that u < Vj 5 on 0B,,(0) forall 6 >0 and j=1,...,k.

From Step 1 and the definition of N7 in (8.13), we have

L u(x)
lim ——— =
|z|—0 V1’5(|£CD
In light of Claim 2, we can apply the comparison principle and infer that

u(z) < Vis(lz|) forall 0 < |z| <.

Since § > 0 is arbitrary, by letting § — 0, we obtain that

No—Nj+v
u(z) < er (1 - e_ra> B for all 0 < |z| < 7o,
which shows that
lim sup |z| V27 u(z) < c. (8.21)

|z]—0
Hence, if k = 1, using (8.15) and (8.21), we get that lim,|_,o || T7u(z) = 0.
If k£ > 1, then from (8.21), we have

1m —-—F
|z|—0 V275(|.’,ED

We proceed inductively over j =1,...,k — 1 to get that lim,ou(z)/Vk,s(|z|) = 0 and, hence,
by the comparison principle, we have

u(z) < Vis(lz]) forall 0 < |z] < ro.
By letting § — 0 in the above inequality, we arrive at

lim sup ||~ N1y (z) < ¢,
|z|—0

which together with (8.15), leads to lim|,_¢ 2| T"u(z) = 0. This ends the proof of Step 2. O
Step 3. The assertion of (8.2) holds.

Proof of Step 3. We use Step 2 to conclude (8.2) via the comparison principle with a suitable
family of super-solutions of (1.1). Let ¢ > 0 be fixed. For every €, > 0 and r > 0, we define

Wes(r)=cr==17¢ (66 - e*’”a) . (8.22)
Claim 3: Ife € (0,|wy]) is small, then for all ¢ > 0 and 6 € (0,1), the function W s in
(8.22) is a positive radial super-solution of (1.1) in B1(0)\{0} and W/ ;(r) >0 for allr € (0,1).
Proof of Claim 3. In view of (8.5), we can choose v € (0, 1) small such that
2(w1+p) = A | T (1—-7)(1—-v) <0.
Let t, = t.(v) > 0 be small such that

1—7
<1 _ t) <1- A=nA =0t ¢ nte (0,t,). (8.23)
| ooy | |1
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We fix € € (0, min {|c1|, t« }) small enough to ensure that

2(wy4p) = Mo T(A—7)(1—v)+e(1+€*) <0. (8.24)
Let 6 € (0,1) be arbitrary. For every ¢t > 0, we define Hs(t) by
tet te?
1> Hs(t)i=1— " >1—
> Hs(t) ity o= >0
Fix r € (0,1) arbitrary. Then, we see that
W, w.
Ls(r) = %(T) (—wy —eHs (1)) > %(r) (—w1 —e) > 0. (8.25)

Observe that for every ¢ > 0, we have

H(t) = (1 — Hs(t)) [1 — T + 2T Hy(t)] < 2T Hy(2).
Thus, HZ(r¢) — rEH(;( $) < (14 e7°) Hs(r®) < (1 + €2) Hs(r¢). Hence, it follows that
)

L Wes(r)) = 250 (2 1 2w 1 22 (1 + ) Hir?) + <2 (HE() — v Hy(r°) o
8.26
We.s(r -
< T’iz() {w% + 2pwoy + & Hs(r%) [2 (w1 +p)+e(l+ 62)]} .
Since 0 < eHs(r®) < € < t,, using (8.23) and (8 25), we arrive at
1—71
NG, (We5(r)) = )\|w1|1_7 <1 = ‘ ))
a a (8.27)
< Moo |7 ” (1 U=y g (7’5)).
|w1|

Using that f,(ww;) = 0, from (8.24), (8.26) and (8.27), we infer that

Wes(r)

LpxrWes(r)] < =5 Hs(r*) [2(w1 + p) = Newa |77 (1 = 7) (1 —v) +e(1 + )] <0.

r

Thus, T0W§5(T) >0>1L,x-[Wes(r)] for all » € (0,1). This proves Claim 3. O

Proof of Step 3 concluded. Let 7y € (0, 1) be small such that B,,(0) CC Q. Let € > 0 be
small enough as in Claim 2. Fix ¢ > 0 large such that

max u<crg ¢ (1 - e_rg) . (8.28)
9By (0)
For every 6 € (0,1) and all r € (0,1), we define W, 5(r) as in (8.22). By Step 2, we have

: u(x)
lim ———
|z|—0 W575(|ID

From our choice of ¢ > 0 in (8.28), we have u(z) < W, 5(|z|) for all |x| = 7. In light of our
Claim 2, we can use the comparison principle to find that

u(z) < Wes(lz|) forall 0 < |z| < ro.

=0.

Since § € (0,1) is arbitrary, by letting § — 0 in the above inequality, we get
u(z) < clz] 71— e 1) for every 0 < || < ro.
This implies that limsup,_,o [2|"'u(x) < ¢, which proves (8.2). Step 3 is now complete.

From Steps 1-3, we conclude the proof of Theorem 8.1 (A) when p > T.
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8.2. Proof of Theorem 8.1 (A) when p = Y. Let (1.2) hold and 3 € (w2, 0) in Case [Ns]

with p = Y. This means that @; = ws = — (A7) ("t and, hence,
2(wa +p) = ANwa| 7 (1 = 7) = |wa| 7 (A = |@2|'*7) = 0. (8.29)
Assume that u is a positive sub-solution of (1.1) satisfying
u(z)
=0. 8.30
|z|=0 || =2 |log |$H2/(1+T) (8.30)
We show that
lim sup |z|*2u(z) < oco. (8.31)
|z|—0
Let C' > 0 be arbitrary. For every € > 0, we define
Z.(r) = Cr==2[¢|logr| + 1] for all 7 € (0,1). (8.32)

Claim: There exists r« € (0,1) small such that for all e > 0 and C > 0, the function Z. in
(8.32) is a positive radial super-solution of (1.1) in B, (0)\{0} and Z.(r) > 0 for allrT € (0,71.).

Proof of the Claim. For arbitrary € > 0 and ¢t > 0, we define
2¢e
)= ———.
ve(®) (1+7)(et+1)
Let r. € (0,1) be small such that (1 + 7)log (1/r«) > 2/|ws|. For r € (0,r,) arbitrary, we have

201 = 2 (o —wog (1) > 0

(8.33)

which implies that

1-7
AGo(Zu(r) = Mmal' ) 1= Lo (1)
" 2| (8.34)
_Z 1— 1—
< Ml 2 (1= C= g /) - L w0g ).
Moreover, using (8.33), we see that ¢ (t) = —(1 + 7)¥2(t)/2 for all ¢ > 0 so that
Ze /
Lyl2:(0)] = 22 [ 4 2pms + 2 (2 + p) velog (1/r) + 02 (log (1)) + o (log (1/r)]
= 20 |+ 2pmn + 2+ ) log (1) + 25T 0 (1)
Hence, using (8.29) and (8.34), we infer that
Lpa-[Z:(r)] <0<7?Zi(r) for all r € (0,7,).
This completes the proof of the Claim. g

Proof of (8.31) concluded. Let r, € (0,1) be as in the above Claim and small so that
B,.(0) cC Q. For € > 0 arbitrary, we define Z. as in (8.32), where C > 0 is large such that
u(z) < Cr =2 for all |z| = r.. Hence, u(z) < Z.(|z|) for all |z| = r.. From (8.30), we have

%0 Z.(al)
In view of the Claim, we can apply the comparison principle to conclude that
u(z) < Z(|z]) for all 0 < |z| < r..
By letting ¢ — 0, we attain (8.31). This ends the proof of Theorem 8.1 (A) when p = Y. O
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8.3. Proof of Theorem 8.1 (B) when p > T. Let (1.2) hold and 8 € (w2, 0) in Case [Ns]
with p > Y. Assume that u is a positive super-solution of (1.1) satisfying

lim |z[®2u(x) = . (8.35)

|z|—0
We divide the proof of (8.3) into two Steps.

Step 1: For every eg > 0 small, we have lim,)_,o [z[®>T0u(z) = oc.

Proof of Step 1. Fix ¢ > 0 arbitrary. For every §,e > 0, we define ws (1) for r > 0 as follows
-1
wee(r) =cr™™2 <e5 —e " ) . (8.36)

Lemma 8.3. Let (1.2) hold and 5 € (ws,0) in Case [Na] with p > Y. Then, for every e > 0
small, there exists cc > 0 such that for all ¢ € (0,¢c) and § € (0,1), the function wse in (8.36)
is a positive radial sub-solution of (1.1) in B1(0) \ {0} satisfying wg (r) >0 for all r € (0,1).

Proof. In view of (8.4), we can fix v € (0,1) small such that
Xy :=2(wa+p)—ANw2| "1 —-7)(1+v)>0. (8.37)
Let s, > 0 be small such that

(1 ) st|>1—7 — A-nl+v) s forall s € (0,s,). (8.38)

Using that we < 5 < 0, we let € > 0 be small enough such that

_ 1)
0<e<e, ::min{(ﬁwz)(q),é,s,,}. (8.39)
We let ¢ € (0, c.) be arbitrary, where we define ¢, by
exy \1/(a=1)
Let r € (0,1) be arbitrary. By differentiating (8.36) with respect to r, we get
wh (r) = wiel) () cws(re)) > 0, (8.41)

r

where for every ¢ > 0, we define Ws(t) € (0,1) as in (8.20), that is, Us(t) = te™t/(e® —e™*).
We conclude the proof of Lemma 8.3 by showing that ws . in (8.36) satisfies

Ly rlwse(r)] > rewg’e(r) for all r € (0,1). (8.42)
Proof of (8.42). In view of (8.38) and (8.41), we obtain that

€ 1—7
NG (wse(r)) = )\|w2|1_7w5,5(r) (1 e Ws(r ))

r2

1|w2| ' (8.43)
2/\|w2|177—w57€(r) 1— (1-7)( +V)€\115(7”5) )
r2 ||
By differentiating (8.41) and using that tW}(¢t) < Us(t) for every ¢ > 0, we arrive at
Lylwse(r)] = w(s%z(r) [03 + 2pws + 2 (w2 + p) e Us(r®) — 2r°W5(r°)] B4t
8.44
> We(r) {@3 + 2pws + e Us(r°) [2 (w2 + p) — €]} -

sl 7"2
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Since f,(w2) = @3 4 2pw2 + A|ws|' ™7 = 0, from (8.43) and (8.44), it follows that

Lyarlwse(r)] = € Ua(r¥) (x — €) “’5;;“") > X gy0) wé;;‘”. (8.45)

In the last inequality, we have used that € < x, /2, where x, is given in (8.37).
On the other hand, the right-hand side of (8.42) satisfies

ws < (7)
2

rewg)s(r) < 8)2@ Us(re) for every r € (0,1). (8.46)
Indeed, since §,7 € (0,1) and 5(r) > r€/e?, using (8.39), (8.40), and c € (0, c.), we have
2 ()

s (7’5)

S eQCq_lr(ﬁ_w2)(q_l)—€ (1 _ e—rg)i(qil)

< 2l 1p(B—w2)(g—1)—eq(¢—1)r°

+ + X
q+1.9-1 qt+l.g-1 _ ZAV
<elTc <e'elT = 5 "

From (8.45) and (8.46), we conclude the proof of (8.42). This ends the proof of Lemma 8.3. [J
Proof of Step 1 concluded. Let v > 0 and ¢, be given as in the proof of Lemma 8.3.
We show that for every ¢g € (0,¢,), we have

lim |x|®2Fe0y(z) = oco. (8.47)
|z|—0

Indeed, we fix € € (g¢,¢,) and let ¢, be prescribed by Lemma 8.3 (see (8.40)). Choose ro € (0,1)
small enough such that B,.,(0) CC Q. Fix ¢ € (0, ¢.) small enough such that

min u(z) > crg “2(1 — e 70)7L,
lz|=ro

For every 6 € (0,1), we define ws . as in (8.36). The above choice of ¢ ensures that u(x) > ws ()
for all |z| = 7. From the assumption (8.35), we obtain that lim, o u(z)/wsc(|z]) = co. In
light of Lemma 8.3, we can apply the comparison principle to conclude that

u(z) > wse(Jz|) for all 0 < |z] < 1.
By letting 6 — 0 and then |z| — 0, we get that

liminf |z|2 " u(z) > ¢ > 0,
|z]—0

which implies (8.47) since g9 < €. This completes the proof of Step 1. O
Step 2: The assertion of (8.3) holds: For every n > 0, we have lim ;o |z|?~"u(x) = oco.
Proof of Step 2. We need only consider the case of > 0 small. Without loss of generality, we
assume that n € (0,5 — w2). We fix € € (0,¢,) small as needed so that Step 1 applies, that is,

lim |2|®2eu(x) = oco. (8.48)
|z|—0

We can assume that € < f — wy — 1. Otherwise, there remains nothing to prove.
To conclude Step 2, we use an iterative process similar to the one in Proposition 3.6 except
that the sequence {m;}; in (3.33) is constructed here differently. We let

miy = —twg—¢e >0 (849)
and for every j > 1, we define m;41 as the unique positive solution of f;(¢) = 0, where

fi(t) =Xt"T + 42 —2pm; fort > 0. (8.50)
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Now, fi is increasing on (0, 00) with lim;_,o+ f1(t) = —2pmy < 0 and lim;_, » f1(t) = oo. Hence,
mg > 0 is well-defined and, by induction, we obtain the sequence of positive numbers {m;};>1,
which is decreasing. We only remark that mo < my since f1(m;) > 0 using that
1—7
€
fi(my) = Mwo |7 (1 - ) + @3 + 2pwg + 2 (e + p) e + 2

|2
A —1=m(1 -
_ [2(w2+p))\w2|7(17)]5+<1 T|’W2| 5 ( ’7')
By (8.4), we have 2 (ws + p) — Mwz2|"7(1 — 7) > 0 so that fi(my) > 0 for small ¢ > 0. (Even
when p = T, for small € > 0, we have fi(m1) > 0 since fi(m1) =?[(1+7)/2+o0(1)] as ¢ — 0.)
Thus, mo < m; and by induction, one can show that {m;};>1 is decreasing and there exists

> €2 +o(e?) ase — 0.

hm m; = EQ Z O,

j—o0
where 2 —2pl —I—/\Eé_T = 0. Such equation in £y has three non-negative roots: 0, —wy and —ww; .
Since 0 < m; < my = —wy —e < —wy < —w for all j > 2, we obtain that ¢y = 0, namely,

lim m; = 0.
j—o0

Hence, there exists k, > 1 large such that for j =1,..., ki,

—B<mp,41 < =B+n<my,. (8.51)
For v € (0,mg,4+1/2) and 1 < j < k,, we define
&) = Mmypr —20)' T +m? — 2pm;. (8.52)

Since fj(mj41) = 0, where f; is given by (8.50) and 0 < mj;1 < m; for all 1 < j < k., we get

. _ 1—-7 2 _ C— 2 2
gg%gj(u) =Am; +m;—2pm; =mj —mj >0.

We can thus fix 0 < v < min {my, +1 + 0, Mk, +1/2} small such that

&(v)>0 foralll<j<k,. (8.53)
We now choose « € (0, + p) arbitrary. This implies that
0<a<p—m; foralll<j<k,. (8.54)

Indeed, remark that p > —wy since —ws < ()\T)l/(7+1) < T < p by virtue of the assumptions
in Case [N2] with p > Y. (In fact, we have p > —wy also in Case [Na] with p = T since
(A\)Y/+1) < Y.) Using that p + e < p—my < p—my for all j > 1, by the choice of
a € (0,2 + p), we obtain (8.54)

Construction of a family of sub-solutions.

From (8.53), we have &, = mini<j<g, {;(v) > 0. Let c € (O,fi/(q_l)) be arbitrary.

For every 1 < j <k, and § > 0, we define v; s in the same form as in (3.33), that is,

miy1—m;—v
o

vjs(r) =cr™ (era - e*‘s) for all r € (0, 1]. (8.55)

We show that there exists r, € (0,1) small such that for every 1 < j < k,, the function V5.6
/

in (8.55) is a positive radial sub-solution of (1.1) on 0 < |z| < ri/*, namely,

Lo -vjs(r)] > revjq-,é(r) for all r € (O,T‘i/a). (8.56)
Proof of (8.56). This is similar to the proof of (3.34). Let r, € (0,1) be small such that

B 1/2(0) €C © and for all t € (0,7,), we have (3.35). Let 1 < j < k, and r € (0,72/) be
arbitrary. Note that in the expression of L,[v;s(r)] in (3.37), we again have that the coefficients
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of r%e™" /(™" —e%) and r2*e?™" /(e"” —e~?)? are positive (see (8.54)). Using (3.35), we recover
(3.36) and (3.38). So, using (8.52) and ¢ € (O,Ei/(qfl)) with &, = mini<j<g, () > 0, we get

Ly arlogs )] 2 €50 250 > g, 280 5 o isl0),

As in the proof of (3.34), by the choice of v < my, 11 + 8, we obtain that
7“0*21)?;1(7“) <t
This completes the proof of (8.56).

Proof of Step 2 concluded. We diminish ¢ > 0 such that ¢ < min‘zlzrl/a u(z). We point

out that from (8.49), we have m; = —wy — & and (3.42) holds because of (8.48). As in the proof
of Proposition 3.6, by an inductive argument on j = 1,..., k,, we obtain that

w(z) > vg, s(|z]) forall 0 < |z] < i/,
By letting 6 — 0 and then |z| — 0, we regain

lim inf 2| k21 y(2) > ¢,
|z|—0

which by virtue of my, 41 < —8+n (see (8.51)), implies that lim,|_ [z~ "u(z) = cc.
This completes the proof of Theorem 8.1 (B) when p > T.

8.4. Proof of Theorem 8.1 (B) when p = Y. Let (1.2) hold and 8 € (w2,0) in Case [Na]
with p = Y. Let u be a positive super-solution of (1.1) satisfying
u(z)

2150 |z| =2 [log |z[|*/¢

5 = oo (8.57)

The same reasoning as in Step 2 in Section 8.3 leads to (8.3) provided that u satisfies

for every €9 > 0 small, we have ‘l}mo 2|2 e0u(z) = oo. (8.58)
x| —

We point out that (8.58) corresponds to Step 1 in Section 8.3 only in statement. However,
the proof given in Section 8.3 uses essentially that p > T (in the form of (8.4)) and cannot be
applied in our context of p = T when (8.29) is valid. Moreover, instead of the assumption (8.35),
here we start with the property (8.57) (due to the change in the expression of ®,(,) in (8.1)).

Compared with Section 8.3, the main novelty here is the derivation of (8.58). We would need
two family of sub-solutions of (1.1) to attain (8.58) (see (8.60) and (8.72)).

First, we improve (8.57) by showing in Lemma 8.4 that for every s > 2/(1 + 7), we have

u(z)

0 T g T~ o
Using (8.59) and another family of sub-solutions, we conclude (8.58) in Lemma 8.5.
Lemma 8.4. For every s > 2/(1+ 1), we have (8.59).
Proof. Let a,mn,c > 0 be fixed arbitrarily. For every é > 0, we define
ws(r) = cr~2|logr| T (6+ [logr|~*)™" forall 7 € (0,1/e). (8.60)

Claim: For any o € (0,1) and n > 0, there exist v, € (0,1/e) and c. > 0 such that for every
c € (0,¢cy) and 6 € (0,1), the function ws in (8.60) is a positive radial sub-solution of (1.1) in
B,.(0)\ {0} and wj(r) > 0 for every r € (0,7,).
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Proof of the Claim. Let « € (0,1) and i > 0 be fixed. We define C > 0 as follows

1—7)r(1+7)27%2 [ 2 ?
C, = . 8.61
3! |ws |3 1—|—7’+Oﬁ7 (8:61)
Let . € (0,1/e) be small such that for all r € (0,r.), we have
1 2 |’(D2|
—_— — 8.62
|logr|<1+r+an)< 2 (8.62)
a(l—a)n|logr|}=* >2C, (1+|logr|~®). (8.63)
Let ¢ € (0, ¢,) be arbitrary, where ¢, > 0 is defined by
C.\ 1
Cy = < *> and M, = sup r(67w2)(q*1)|logr|3+(‘171)(1%+a"). (8.64)
M, re(0,ry)
We point out that M, € (0,00) since § € (w2, 0).
Let r € (0,7.) and d € (0,1) be arbitrary. For ¢ > 0, we define Fj(t) by
2 ant 2
Fs5(t) = — 0 8.65
(1) 1+T+5+t€(’1+ +a0 (8.65)
Our choice of r, > 0 such that (8.62) holds gives that
Fi(|logr|™*)
———————=¢€(0,1/2) for all r € (0,74). 8.66
e 0/ 0.r.) (5.66)
Thus, by differentiating (8.60) with respect to r, we get
/ ws(r) Es([logr[™®)\ _ || ws(r)
=——= | —w2 — > > 0. 8.67
ws(r) r < 2 [log 7| 2 T (8:67)
Hence, in view of (8.65) and (8.66), we obtain that
_ws(r Fs(|logr|™®) -
G- N = 1—
alr)) = Al r2 ( Tl logr]
> )\|wQ|1*T (1 (1-7)Fs(|logr|™®) (1 — 7)1 FZ(|logr|~®) G 3) .
|| |log 7| 2w3 log®r |log 7|
where C, > 0 is defined in (8.61). Using (8.67), we arrive at
_ws(r) [ 2 (w2 + p) Fs(|logr[™")
L(us(r)) = “5 |8 + 2912 + 2l
L F5 (Nogr|™®) = Fy(|logr|™®) — allog 7|~ Fy(] 10g7“|_a)} .
log?® r
For ¢t > 0, we define Js(t) as follows
1
Ts(t) = ;T F2(t) — F3(t) — atFL(t). (8.68)
Since Case [N»] holds with p = T, we have 8; = wy = —(A7)Y/(+7) and (8.29) holds. Hence,
ws(r) —a
Ly (ws(r)) > TTlog1TF [[logr|Js(|logr|~®) — C.]. (8.69)

Recall that «, ¢ € (0,1). In view of (8.65) and (8 68), we find that

Js(t) =

o0+t 0+t 2 (6+t) 0+t - 1+1¢

22 _ _
ant (1_ a6> (1+7) a*nt >a(1 a)nt>a(1 a)nt.
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This, jointly with (8.63), implies that
|[logr| Js(|logr|~*) > 2C, for all r € (0,r,).
Therefore, using (8.69), we infer that

ws (r)
2 | log 7|3

On the other hand, from the definition of ws in (8.60) and (8.64), we have

Lo (ws(r)) > C. for all 7 € (0, 7).

,],,ng(r) < wigr) cq—lr(ﬁ—wz)(Q—1)| logr|(471)(1+%+oﬂl) < C*”“Zﬁ)(;)m for all r € (077“*),
This completes the proof of the Claim. (|

Proof of Lemma 8.4 concluded. Let s > 2/(1 + 7) be arbitrary. Fix a € (0,1) and n > 0
such that anp > s—2/(1+ 7). Let r,. € (0,1/e) and ¢, > 0 be given by the Claim.
We choose ¢ € (0, ¢,) small enough such that

min u(z) > cry 2 |logr, |2/ (+7),

x| =r.

Let 6 € (0,1) be arbitrary. This choice of ¢ yields that u(xz) > ws(|z|) for all |z| = r..
Moreover, from (8.57), we have
u(x)

im ———
lz|—0 ws (|2])

Hence, by the comparison principle, we infer that u(x) > ws(|z|) for all 0 < |z| < r,. By letting
0 — 0 and then || — 0, we arrive at

lim inf |2|®2|log |||~ 757 ~*Mu(z) > ¢ > 0.
|z]—0

Since am > s —2/(1 + 7), we readily conclude (8.59). This ends the proof of Lemma 8.4. O
Based on Lemma 8.4, we are ready to conclude (8.58) in our next result.
Lemma 8.5. For every ey > 0 small enough, we have lim|g_,o [z[">T*0u(z) = occ.

Proof. Fix u > 2/(1+ 7) and choose v > 0 small such that
1 -2

- <0, +T/ﬂ) ,
1—171

Let s, > 0 be small enough such that for all s € (0,s,),

1-7

We show that for every e € (0, min {s,, 8 — w2}), we have

lim |x|®2Fe0y(z) = oco. (8.71)
|z|—0

We fix a = a(p, ) > 0 small such that eg < ap < min{s,, 8 —ws}. Let ¢ > 0 be arbitrary.
For every 0 > 0 and r € (0, 1), we define

25(r) = 6%7“71”2 logh (1 + 6/r%). (8.72)

Claim: There exists c, > 0 such that for every c € (0,¢,) and § > 0, the function zs in (8.72)
is a positive radial sub-solution of (1.1) in B1(0) \ {0} and z5(r) > 0 for every r € (0,1).
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Proof of the Claim. For every t > 0, we define J(t) as follows
t
J(t) =

(t+1)log(t+1)
We have M, € (0,00), where we set

€ (0,1). (8.73)

n(g—1)+2
M, = sup (1+1)? (W> . (8.74)
te(0,00) t
Let ¢ € (0,c,) be arbitrary, where ¢, > 0 is defined by
2 (1+r7—(1-7)v 1 T
R
In what follows, we let r € (0,1). From (8.72) and using that 0 < au < 8 — ws < |wa|, we get
Z(r) = Z@‘T(’”) (s — apJ(8/r%)) > 0. (8.76)
Since ap € (0,s,) and J(t) € (0,1), from (8.70) and (8.76), we infer that
1—7
zs(r e
AGi Lo = Al 250 (1= 2 6/0e))
r ||
1-— 1-—- 1 2
2/\‘w2|17725(r) 1— ( T)au(](é/ra)_ ( T)T( <|2>I/)(Ot,u,) J2(6/,r,a) .
r2 |2 203

By a standard calculation, we obtain that

Ly (es(r)] = 20 [ 4 2pms + 2 (2 + p)agnd (6/1%) + (0p)2T(0/r™) + 02 ' (3/1) /).

Using that f,(w2) = 0 and (8.29), we see that

2
From the definition of J in (8.73), we get that
t
tJ'(t) = — J*(t) > —J*(t) forallt>0.
®) (1+1¢)2 log(1+¢) () > () forallt>

Using this fact in (8.77), we arrive at

Lo+[zs(r)] > %7”7(27’)042#2 <1 +7-(1-71v ;) J2(5/r%).

Ly lzs(r)] = 20 {a2/¢2 (1 _a=nd+y ”>> J(6/r) + o2 (5/r%) 5/7~a] RNEX 5

2
On the other hand, using (8.74), apu < 8 — w9 and ¢ > 1, we get

1 14 §/re n(g—1)
rf2i(r) = Zi(;) I 1p(B—m2—ap)(g—1) ( Og((;;a/r )>
25(7") - — Ty —a — «
r- L AR LM ULy

%T(;)cq_lMM J2(5/r*)  for all r € (0,1).

IN

Since ¢ € (0, ¢,,) with ¢, given in (8.75), we readily conclude that
Lya-[zs(r)] > rP28(r) forall v € (0,1).
This finishes the proof of the Claim. O
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Proof of Lemma 8.5 concluded. Let 7y € (0,1) be small such that B,,(0) CC Q. Let
¢, > 0 be as in the Claim. Choose ¢ € (0, ¢,) small such that min|g—,, u(z) > cry >~ **. This
ensures that u(x) > zs(|z|) for all |x| =g and § > 0. In view of Lemma 8.4, we find that

u(z)

11m
|z|—0 Z5(|.I'D

=0 for every § > 0.

Hence, by the comparison principle, we infer that
u(x) > zs(|x|) for all 0 < |z| < rg and § > 0.

By letting 6 — 0 and then |z| — 0, we arrive at

lim inf |2|®2 T u(z) > ¢ > 0. (8.78)
|z]—0
Since g9 < ap <  — wa, from (8.78), we attain (8.71). O

In light of Lemma 8.5, using the same proof as in Step 2 in Section 8.3, we conclude (8.3).
This finishes the proof of Theorem 8.1 (B) when p=T. O

Part 2. Proof of Theorem 1.1
9. OPTIMAL CONDITION FOR THE EXISTENCE OF GLOBAL SOLUTIONS
The main result of this section is the following.

Theorem 9.1. Let (1.2) hold. Then, (1.1) has positive solutions in RN \ {0} if and only if
fo(B) > 0.

If £,(8) > 0, then (1.1) has at least one positive solution in R \ {0}, see U, 5 in (1.4). We
conclude Theorem 9.1 from Proposition 9.5, which relies essentially on Proposition 9.2 below.

Proposition 9.2. Let (1.2) hold and f,(8) < 0. Then, every positive solution u of (1.1) satisfies

Proof. By Corollary 2.3, it remains to study the case 5 = 0. Let u be any positive solution of
(1.1). Let 79 > 0 be small such that By, (0) CC Q. Let di > 1 be as in Proposition B.3. By the
proof of Lemma 5.13, there exists a positive radial solution V of (1.1) in B,,(0) \ {0} such that

w(x)/dr <V(|z]) <wu(z) for every 0 < |z| < rg. (9.1)

We show that every positive radial solution v of (1.1) in B, (0)\ {0} satisfies lim, o+ v(r) = 0.

Indeed, since 8 = —2, we see that v is a positive solution of the following ODE
/ ’ 1—7
o' (r)+ (1 - 2p)m + /\UT(T)% =7r"2(r) for 0 < r < ro. (9.2)
r reTT

Observe that there exists r; € (0,r9) such that v'(r) # 0 for every r € (0,71). Indeed, if
v'(ry) = 0 for some 7, € (0,79), then v”(r,) > 0 so that r, is a local minimum. As v has no local
maximum on (0,79), it follows that v’ has at most one critical point on (0,r¢). This shows that
v" has constant sign on (0,71) for some r1 € (0,79). Hence, in view of Theorem 1.4, there exists

li € [0, 00).
Jim v(r) € [0, 00)

Assume by contradiction that lim, ,o+ v(r) € (0, 00). We define Y (r) by

Y(r)= rv(r) for every r € (0,71). (9.3)

v(r)
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By a simple calculation, we find that
rY'(r) = =Y2(r) + 2pY (r) + v (r) = N[V (r)|} 7.

We show that Y’(r) # 0 for any r > 0 sufficiently small. We reason by contradiction. Suppose
that Y/ (ry) = 0 for all &k > 2, where {r;},>2 is a sequence of positive numbers decreasing to zero
as k — oo. We assume that riy11 < rp < rp for all £ > 2. Then, we obtain that

2 Y"(ry) = (g — 1) [o(r)]9 'Y (ry) for all k > 2.

Hence, since ¢ > 1, all the critical points r; (k > 2) of Y will be local minima points for Y if
v' >0 on (0,71) (respectively, local maxima points if v' < 0 on (0,r1). This is a contradiction.
Thus, Y'(r) # 0 for every r > 0 sufficiently small. Since lim, o+ v(r) € (0,00), we infer that

there exists lim,_,o+ Y (r) = 0. We multiply (9.2) by r? and taking r — 0%, we arrive at

lim 720" (r) = li 7 ¢ (0,00).

Jim r®0"(r) = lim [o(r)]7 € (0, 00)
This is a contradiction with lim,_,g+ 7v'(r) = 0. The proof of lim,_,g+ v(r) = 0 is now complete.
This fact, jointly with (9.1), implies that lim |, u(x) = 0. O

Consequently, when 8 < 0, we obtain the following non-existence result for (1.1) on a bounded
domain 2, subject to a homogeneous Dirichlet boundary condition on 0f2.

Corollary 9.3. Let Q C RN be a bounded domain such that 0 € 2. Let (1.2) hold, p, A\ € R and
0 < —2. Then, (1.1), subject to u = 0 on 99, has no positive C*(2\ {0})NC(Q\ {0})-solutions.

Proof. Assume that u is a positive C2(Q2\ {0}) N C(Q\ {0})-solution of (1.1), subject to u =0
on 9. Then, lim;_,o u(x) = 0 by Corollary B.4 (for < —2) and Proposition 9.2 (for § = —2).
Hence, by setting u(0) = 0, then maxgu = u(x,) > 0 for some z, € 2\ {0}. Since Au(z,) <0
and Vu(z,) = 0, the left-hand side (right-hand side) of (1.1) at = z, would be non-positive
(positive). This is a contradiction. O

Corollary 9.4. Let (1.2) hold and p,\,0 € R. Let u be any positive solution of (1.1) in €,
where Q is a domain such that RN \ Br(0) C Q for some R > 0.

(i) If £,(B) <0, then lim ;o0 |2 u(z) = 0.

(i) If f,(B) > 0, then either lim|y| o0 |#|Pu(x) = 0 or limpy o0 || u(z) = A.

Proof. We apply the modified Kelvin transform as in the Appendix A, then use Proposition 9.2
and Theorem 2.1 (c) to conclude the claims of (i) and (ii), respectively. O

Proposition 9.5. Let (1.2) hold. If f,(8) <0, then (1.1) in RN\ {0} has no positive solutions.

Proof. Assume by contradiction that u is a positive C*(RY \ {0})-solution of (1.1). Then, by
Proposition 9.2 and Corollary 9.4, we have

limO lz|u(z) =0, lim |z|’u(z) = 0. (9.4)
(o)

|z — |z —

e Assume that 3 # 0. Since f,(8) < 0, we see that e|z|=? is a super-solution of (1.1) in
RY \ {0}. Hence, from (9.4) and the comparison principle, it follows that

u(z) < elz|™?  for every |z| > 0.
By letting € — 0, we get u = 0 in RY \ {0}, which is a contradiction.

o If 3 =0, then (9.4) gives that lim, o u(x) = lim|;|o u(x) = 0 and hence, u achieves its
positive global maximum at some point z, € RV \ {0}. Let £ > 0 be small and R > 0 be large
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such that z, € D, g :={z € RV : ¢ < |z| < R} and u|sp, , < u(z.). Then, by Proposition B.3
and the elliptic regularity theory, u € C?(D, r) is a classical solution of (1.1) on D, g and
0 < Ja| ?[u(2:)] = Ly [u(zs)] = Au(z) <0,

which is a contradiction. This completes the proof of Proposition 9.5. O

10. CLASSIFICATION OF SOLUTIONS IN RY \ {0} (THEOREM 10.1)

Throughout this section, we assume that (1.2) holds, § < —2 and f,(3) > 0.
In Theorem 10.1 below, we reveal all the behaviours at infinity that can coexist with those
near zero for the positive solutions of (1.1) in R \ {0}.

Theorem 10.1. Let (1.2) hold, 6 < —2 and f,(8) > 0. Let u be any positive solution of (1.1)
in RV \ {0} other than U, g in (1.4).
o Assume that 8 € (ws,0) in Case [Na]|. Then, we have the following three possibilities:
(I) Either u(x) ~ b @, () (|2]) as x| — 0 for some b € Ry and u(x) ~ U, g(|x|) as [z — oo;
(IT) Oru(x) ~ U, p(|z|) as [z| = 0 and lim |, u(x) = ¢ for some c € Ry ;
(ITI) Or, there exist b,c € Ry such that u(x) ~ b, () (|2]) as || — 0 and lim|, o u(z) = c.
e In the remaining situations, we have

(II') w(z) ~ U, 5(|z|) as |z| — 0 and there exists c € Ry such that
lim |z|*u(x) = ¢ in Case [N1] with 8 < wh, (10.1)

ol
u(

x) . .
lim ————— =c¢ in Case [N3] with 8 < wy, (10.2)
lel—0e Wy () (|21)
im u(@) =c if A\ =2p when 7 =0, (10.3)
|z| oo log | ]
lim wu(z) =c in Case [No] with A # 2p if T = 0. (10.4)

|z|—o00

Remark 10.2. In Theorems 11.1, 12.1 and 13.1, we conclude the non-trivial task of proving
that each of the asymptotic profiles in the classification of Theorems 10.1 (at zero and at infinity
taken together) is actually realised by a unique positive radial solution.

10.1. Strategy for proving Theorem 10.1. Let u be any positive solution of (1.1) in R\ {0}
other than U, 3. In Proposition 10.3, we establish the conclusion of (II)" in Theorem 10.1 when
A =2p and 7 = 0. We next discuss the approach for the remaining situations. We define

limsup || u(x) in Case [N1] with § < wy,

|z] =00

: u(z) . .

limsup ———2—— if Case [Ns] with 8 < @,
limsupu(z) in Case [No] with A #2pif 7 =0

|z] =00

or if 5 € (w2, 0) in Case [N3].

We show that ¢ # 0 for every positive solution of (1.1) in RY \ {0} (see Proposition 10.5).
Then, we have a dichotomy: either ¢ € (0,00) or ¢ = oco.

¢ Assume that ¢ € (0,00). Then, by applying Theorem 5.5 (see also Remark 5.6) and
Theorem 5.7, in conjunction with the modified Kelvin transform (see the Appendix A), we reach
the claims in (10.1) and (10.4), as well as lim ;|0 u(z) = ¢ if § € (w2, 0) in Case [Na]. For the
proof of (10.2), see Corollary 5.12.
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¢ Assume that ¢ = co. Then, we prove (see Theorem 10.6) that
uw(x) ~U,g(x) as |z] — oc. (10.6)
In view of (10.6) and since u is different from U, g, we cannot have lim ;o u(x)/U, g(x) = 1.
Otherwise, letting £ > 0 arbitrary, by the comparison principle and (10.6), we would get
1-e)U,p(z) <u(z) < (1+¢e)U,p(z) forevery |z| > 0.
By letting € — 0, we would arrive at u = U, 5 in R \ {0}, which is a contradiction.

e Suppose that 5 € (w2,0) in case [N3]. Then, by Theorem 1.4 and Lemma 10.4 in Subsec-
tion 10.3, we have a dichotomy near zero:

u(z)

o) A gD
Hence, we have the alternative (I) in Theorem 10.1 when ¢ = oo (as only (10.7) (b) is possible)
and the alternatives (II) and (III) if ¢ € (0, 00).

e In the remaining three situations of (10.5), only (10.7) (a) holds (see Theorem 1.4). So, we
reach the conclusions in (II)" in Theorem 10.1 since only ¢ € (0, 00) is possible.

either (a) lim = b for some b € R. (10.7)

lz|—0 U, g(x)

10.2. Classification of global solutions when A = 2p and 7 = 0. We prove the following.

Proposition 10.3. Let (1.2) hold, § < —2, A =2p and 7 = 0. Let u be any positive solution of
(1.1) in RN \ {0} other than U, g. Then, (10.7) (a) holds and there ezists ¢ € Ry such that

= (10.8)

im =
|z| =00 log | 2]

Proof. By Theorem 1.4, we know that (10.7) (a) holds. We need to establish only (10.8) for
some ¢ € Ry. To this end, we apply the modified Kelvin transform in the Appendix A, that is,
v(T) = u(x) with ¥ = z/|z|?. Hence, v is a positive solution of

Lyx-[v@)] = [7%07F) in R\ {0}, (10.9)
where p = —p, =—-0—4>-2and 7 =0. We define
u(z) v(T)

¢ := limsup = limsup —————.
2] —oo 10g |2 70 log (1/|z])
We distinguish three cases: ¢ € (0,00), ¢ = 00 and ¢ = 0 (only the former is possible).
e Let ¢ € (0,00). Lemma 5.13 applied to v leads to (10.8).
e Let ¢ = 0o. Since A = —2p and 7 = 0, by applying Lemma 5.13 to v, we obtain that

v(z) ~ U-p, () = Upp(x) as [z] = 0.

This means that u(z) ~ U, g(z) as |x| — co. Hence, u = U, g in R \ {0}, which is not possible.

e Let ¢ = 0. By Lemma 5.13, we conclude that there exists

lim v(Z) = lim wu(z) = p € [0,00).
|Z|—0 |z|—o00

If 4 = 0, then using that lim,_,ou(x) = 0, we get a contradiction as in the proof of Theo-
rem 9.5 (with 5 = 0 there).

If 1 € (0,00), then again we get a contradiction. More precisely, by the comparison principle
(see Lemma A.4), we obtain that u is the only positive solution of (1.1) in RY \ {0} satisfying
u(x) ~ U,p(|z]) as [z] — 0 and lim|y o u(z) = p. Hence, u is radially symmetric and,
moreover, u'(r) > 0 for every r = |z| > 0. Consequently, u is a positive solution of

’
u”(r) + m = rguq('r) for every r > 0.
r
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This implies that (ru/(r))" > 0 for every » > 0. As p € (0,00), we infer that there exists
lim, _, oo 7/ (r) = 0 and ru/(r) < 0 for every r > 0. This contradicts u'(r) > 0 for every r > 0.
Hence, neither ¢ = 0 nor ¢ = oo can occur. This finishes the proof of Proposition 10.3. |

10.3. Non-existence results. In Lemma 10.4, we show that if 8 € (w3, 0) in Case [N3], then
(1.1) in R \ {0} has no positive solutions satisfying the alternative (Py) (i) of Theorem 1.4.
Furthermore, assuming that 6 < —2, f,(8) > 0 and A # 2p if 7 = 0, we prove in Proposition 10.5
that (1.1) in R™ \ {0} has no positive solutions with ¢ = 0, where ¢ is given by (10.5).

Lemma 10.4 (Non-existence). Let (1.2) hold. If § € (w2,0) in Case [N3], then there are no
positive solutions of (1.1) in RN \ {0} satisfying
lim u(z)

el A (10.10)
z[=0 Doy () (| 2])

Proof. Assume by contradiction that u is a positive solution of (1.1) in RY \ {0} satisfying
(10.10). Since § € (w2, 0), by Theorem 1.4, we get that

lim |z|*2u(x) = 0. (10.11)

|| =00
We distinguish two cases:

(I) Let p > Y. Then, ®,(,)(r) = r~=2 for every r > 0. Let € > 0 be arbitrary. Hence, from
(10.10) and (10.11), there exist . > 0 small and R, > 0 large such that u(x) < e|x| =2 for every
|z| € (0,7.] U[Rs,00). By the comparison principle, we obtain u(x) < g|z|~®2 for all |z| > 0.
Letting ¢ — 0, we get u =0 in RY \ {0}, which is a contradiction.

(IT) Let p = Y. Then, we have ®,,(r) = r~72 [log (1/7“)]1% for r € (0,1).

Let £ > 0 be arbitrary. From (10.11), there exists R. > 1 large such that

u(z) <elz|=%* for every |z| > R.. (10.12)
Let r,. € (0,1) be given by Lemma 5.1. Without loss of generality, we assume that
R, > max{1/e,1/r,}.

For every 0 < r < R., we define ®.(r) as follows

Do) = ———— 1~ [log (R/r)] 77 (10.13)
[log R+
In particular, ®.(R.) = eRZ 2 so that using (10.12), we get
u(z) < ®.(|z|) for every |z| = R.. (10.14)
By virtue of Lemma 5.1, we infer that ®.(r) > 0 for every r € (0, R.) and
Lpar[®(|2])] <0 < |z|? [@.(|z])]? for every |z| € (0, R.). (10.15)

From (10.10) and the definition of ®. in (10.13), we obtain that
_ u(z
lil‘r_rgo ‘I’EE|$)|) =0. (10.16)

In light of (10.14)—(10.16), we can use the comparison principle to conclude that
u(z) < ®.(|z|) for every 0 < |z| < R.. (10.17)
Fix 2 € RV \ {0} arbitrary. By letting & > 0 small enough, we have 0 < |z| < 1/e < R..
Then, letting € — 0 in (10.17), we obtain that u(z) = 0, which is a contradiction. O

Proposition 10.5. Let (1.2) hold, < —2 and f,(8) > 0. Assume that X # 2p when 7 = 0. Let
u be any positive solution of (1.1) in RN \ {0}. Then, defining c as in (10.5), we have c # 0.
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Proof. Assume by contradiction that there exists a positive solution u of (1.1) in RY \ {0} for
which ¢ = 0, where c¢ is given by (10.5). If Case [Np] holds or if 5 € (tw2,0) in Case [Na], then
we reach a contradiction as in the proof of Proposition 9.5 (with S = 0 there).

It remains to analyse the case when 8 < w; in Case [N;] with j = 1,2. We show that we
arrive at a contradiction by distinguishing two cases:

(I) Assume either Case [Ni] or p > T in Case [N3]. In either of these situations, our assumption
that ¢ = 0 (see also the definition of W (,y in (1.8)) implies that u satisfies

lim |z[®*u(xz) = 0. (10.18)
|z|— 00
By Theorem 1.4 and 8 < wi, we get
lim |z|*'u(xz) = 0. (10.19)
|z]|—0

We reach a contradiction as in the proof of Lemma 10.4 (Case (I)). Let € > 0 be arbitrary. Thus,
using (10.18), we can find 7. > 0 small and R, > 1 large such that
u(z) < elx|™F  for every |z| € (0,7:] U[R.,00). (10.20)

Recalling that L, x -[|z|~®*] = 0 for every |z| > 0, by the comparison principle, we conclude
that (10.20) is true for every |z| > 0. By letting ¢ — 0, we get u = 0, which is a contradiction.

(IT) We now let p = T in Case [N2]. Then, ¥, (,)(r) = r~%* (log ) F) for every r > 1.
We adapt the proof of Lemma 10.4 pertaining to p = Y. However, we need to pay attention
to the fact that here ¥ is mot a super-solution of
L,y -] =0 for|z|>1 large. (10.21)
On the contrary, W, (,) is a sub-solution of (1.1) for |z| > 1 large (see Lemma 5.2). Hence,
instead of ¥
U(|z]) ~ W

w1(p)

w1 (p)» We will work with a positive radial super-solution U(|z]) of (10.21) such that

w1 (p)(|2]) as [x] = oco. For every r > 1, we define U(r) as in (5.12), that is,

U(r) = ‘I’wl (r) =r=7* (log r)% +7r “logr.

Then, by Lemma 5.3, U is a positive super-solution of (10.21) for |z| > Ry with R; > 1 large.
Let € > 0 be arbitrary. As in Case (I), we have (10.19) so that for r. > 0 small, it holds

u(z) <elz|”F  for every 0 < |z| < r.. (10.22)

If necessary, we diminish 7. so that 0 < r. < min{e,1/R;}. For every r > r., we define Z.(r) by

Hence, from (10.22), we have

u(z) < Z(|z]) for every |z| = re. (10.23)
Moreover, since 7/r2 > 1/r. > Ry for every r > r., by Lemma 5.3, it follows that
Lpar [Ee(|z])] <0 < |2|?[Zc(|z])]?  for every |z| > re. (10.24)
In view of our assumption that ¢ = 0, we have
m 42 (10.25)

From (10.23)—(10.25) and the comparison principle, we conclude that
u(z) < E(|z]) for every |z| > re. (10.26)
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Fix z € RN\ {0} arbitrary. Remark that lim. o Z.(|]x|) = 0 using that 0 < r. < ¢. Letting e — 0
in (10.26), we get u(x) = 0, which is a contradiction. This ends the proof of Proposition 10.5. O

10.4. The case ¢ = co. Here, our main result is the following.

Theorem 10.6. Let (1.2) hold, 6 < —2 and f,(8) > 0. Assume that A # 2p when 7 = 0. Let

u be any positive solution of (1.1) in a domain of RN containing RN \ Br(0) for some R > 0.
Then, if c in (10.5) satisfies ¢ = oo, then we have u(x) ~ U, g(|z|) as || = oo.

The claim of Theorem 10.6 follows by combining Propositions 10.7 and 10.8.

Proposition 10.7. In the framework of Theorem 10.6, we assume that B < wi in Case [N;]
with j = 1,2. If ¢ in (10.5) satisfies ¢ = oo, then u(x) ~ U, 5(|z|) as |z| = oo.

Proof. By Corollary 9.4, to conclude that u(xz) ~ U, g(|z|) as |x| — oo, it suffices to show that
lim inf |z|Pu(z) > 0. (10.27)

|z|—o00

The idea for proving (10.27) is to construct a family {zs}s¢(0,1) of positive radial sub-solutions
of (1.1) for |x| > 1 with the following properties (for every ¢ € (0,1) except for (4)):

. . 11m U(z)
(1) 25(R) < min, ule); @ %D

)

(10.28)

(3) 25(r) # 0 for every r > 1;  (4) lim P <5l_i>r(l)1+ 2’5(7’)) =¢o € (0,00).

By the first three properties of {z5}s>0, we can apply the comparison principle to obtain
zs(z]) < w(z) for all R <|z| < oo and every ¢ € (0,1).
Then, letting § — 0T and using the property (4) of z5, we arrive at (10.27).

In Case [Na], we need to treat the case p = T separately due to the different definition of
Vo, (p) in (1.8). Hence, we divide the proof of (10.27) into two Steps.

Step 1. Proof of (10.27), assuming either Case [N1] or p # Y in Case [Ng].
By our assumptions (see (10.5)), the modified Kelvin transform and Corollary B.6, we get
lim |z u(x) = . (10.29)

|z|—o00

Construction of the family of sub-solutions {zs}s~0.
Since we assumed p # T when Case [Na] occurs, we see that

B<w < -V <@y <0, (10.30)

In Case [N1], we have AT7 = 0 as either 7 =0 or A < 0 in Case [Ny].
We fix o > 0 small such that

0<a<min{lw| (1= A7|w |77, (@ = B)(g— 1)} (10.31)

We define two positive constants b, and ¢, as follows
(w1-8)(a=1)
1— 1 - q

1— —t
bo := sup et( ¢ ) ,
0<t<1 t
_1
_ (@ = B)(lm| = A7 | T —a)\ T
ba '

(10.32)

(03
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Fix ¢g € (0,¢4) arbitrary. For every §,r > 0, we define

_ o @18
r %e " e

Qs(r) = ————= and zs(r) = cor= =1 (65 —e "
el —e "

(10.33)

The properties (2)—(4) in (10.28) are easily checked for zs in (10.33). Let R > 1 be large such
that RY \ Br(0) CC €. By choosing ¢q € (0,¢,) small (depending on u and R) such that

_ w18

coR™™1 (1 — eiR_(y) :

< min u(z),

|z|=R
we ensure that the first property in (10.28) is satisfied by z; for every § > 0.
We next show that for arbitrary ¢y € (0,¢,) and every 6 > 0, the function zs in (10.33) is a
positive radial sub-solution of (1.1) in RY \ B;(0), that is,
Ly lzs(|2))] > |2|°[z5(|2])]¢  for every |z| > 1. (10.34)

Proof of (10.34). Let r > 1 be arbitrary. By the choice of « in (10.31), (10.33) and the
definition of b, in (10.32), we see that

1_ (=1-B)(a=1)

w1 o q-1 0+2
b >e TS z%_@T . (10.35)
T cd Qs(r)

By a simple calculation, we find that

40 = 20 [y 1 (w0~ ) Qslr)] > 0,
Qi) = o2

r

)\G-,—[Z5(7”)] _ )\lw1|1—7—z<;(7”) (1 + (wl _B) Qé(’l")) _T.

2 |1

[r=* =1+ Qs(r)],

It follows that

z5(r
Loles(r)) = 23 {2 4+ 2 + (a1 = ) [2 (1 + ) — a+ar~] Qs(r) o)
+ (@1 = B) (w1 — B+ ) Q5(r)} .
We recall that f,(ww1) = 0, that is, @i + 2pw; + A|wi|! 77 = 0.
e If Case [IV1] occurs, then either A < 0 or 7 = 0, which implies that
zZ§5\r w1 —
Mmmmzxmmf59<ufl meo.
r |1 |
Therefore, using (10.36) and 8 < w; < 0, we arrive at
zs(r
Ly l25(r)] 2 (0~ B) (~m1 — o) 20 050r)
e In Case [N3], using that 8 < w; and A > 0, we obtain that
17 25(r) (1—7) (@ —B) TA-7) (@ —B)"
MG {e(r)] 2 N7 2 14 BB oy - TR SR k)|

This, jointly with (10.36), implies that

Lo rl25(r)] 2 (@1 8) (~=1 ~ Meler |~ ) 20 g500)
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In both Case [N7] and Case [N3], using (10.31) and (10.32), we find that

z5(r)

Lo [25(r)] > &by 2 Qs(r),
which, together with ¢y € (0, ¢, ) and (10.35), proves the claim of (10.34). O
This completes the proof of Step 1. ]

Step 2: Proof of (10.27), assuming that p =Y in Case [Na].

In this case, by our assumption that ¢ = co and Corollary B.6, we obtain that
‘ l‘im |z|** (log \:c|)71+% u(z) = oo. (10.37)
Tr|—0o0

To reach (10.27), we need to update the construction of the family {z5}s~0 of positive radial
sub-solutions of (1.1) for |z| > 1 to satisfy the properties (1)—(4). The construction is done in
two stages (as explained below) because it seems difficult to obtain property (4) directly without
first improving (10.37) as follows

‘ llim |z|** (log |z|) " "u(z) = 0o for every n > 2/(1+ 7). (10.38)
T|—00
We fix s > 2/(1 4+ 7) and let ¢, @ > 0 be as small as needed (depending on our choice of s).
For every ¢ € (0, 1), we define z; s of the form
z5.5(r) = ;—Sr_wl log®(140r®) for every r > 1. (10.39)
We next find the right conditions that ensure (10.34) for zs = 25 5 and every ¢ € (0, 1).
Since = (04 2)/(q — 1), from (10.39), we see that

s(g=1)

P02,071 () = g1 p(as= @ tB)(a-1) (log (2"' 5ra)> _ (10.40)
) rr»Oé

For every t > 0, we define J(t) as in (8.73). Then, for arbitrary r > 1, we obtain that

() = 220

2§ —wy +asJ(6rY)] >0,
«
L,[zs,s(r)] = z[;):Q(T) [w% + 2pw; — 2as (wy + p) J(67%) + (5% — ) J*(67%) + o’s i]f;ro)‘] .
Moreover, since A > 0, we find that
1—7
NG [za0(r)] = e 72850 (14 98 55,0y
’ r? |1 |
. Zs.s(7) as 7(1—-7)a?s? ,
> 1—7 <0, o ay o .
> Vel 72 1 (- ) 8 sy - T T ey
Using that @? + 2pw; + A|w1|! ™7 =0 and @y = wq = —(/\7')1/(”‘1), we arrive at
s 1+7) J(6r*)
S 026 28 (r) s ( _ 2/5 ) ]
Lpaqr(zss(r)] > a®s 2 5 1) J°(6rY) + Toor0 (10.41)

Construction of the family {zs}sc(0,1) of positive sub-solutions of (1.1) for |z| > 1.

We next prove (10.27) in two stages by a suitable choice of s, o and ¢ in (10.39):

e First, by taking s = 2/(1+7), a satisfying (10.44) and 0 < ¢p < R¥'~** min,—g u(z) such
that (10.45) holds, we establish (10.38) based on the comparison principle.

e Second, in (10.39), we fix s > 2/(1+7), @ = (w1 — B)/s and 0 < ¢o < R’ min|,_p u(x)
such that (10.47) holds. Then, for every ¢ > 0, we show that z5 s in (10.39) is a positive radial
sub-solution of (1.1) for |z| > 1 and satisfies all the desired properties (1)—(4) in (10.28).
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Proof of (10.38). Our starting point is (10.37) so that to guarantee the second property in
(10.28), we cannot take s > 2/(1+ 1) at this stage (only later after establishing (10.38)). Hence,
in the definition of z5, in (10.39), we must start with s = 2/(1 + 7), which means that the
coefficient of J2(6r%) in the right-hand side of (10.41) becomes zero. Consequently, to obtain
(10.34) for z5 = z5,5, we shall see that a restriction arises on the choice of & (the second inequality
in (10.44)), which prevents us from taking o = (w; — 8)/s. Thus, by the comparison principle,
we don’t get (10.27) in the first place, only (10.38). We give the details below.

From (10.41) with s = 2/(1 4 7), we get

s(r) J(6r®)  z55(r)  as ore
S 026 20 (r) _ 2 )
Loarlas ()] 2 s e e = T Ty 6ro) log (14 677)

Thus, by taking s = 2/(1+7) in (10.39), the function zs s becomes a positive radial sub-solution
of (1.1) in RV \ B;(0) whenever we have

2

s ore 042 g1
100 log (11 67) > 02200 (r) forall v > 1. (10.42)

For every t > 0, we define

s(g—1)+1
M, (t) = t(q—1)(5—wla76)(1 + )2 (W) )

t
In view of (10.40), the inequality in (10.42) is equivalent to
5(‘1*1)(1”1&_[1*8)08719315(5 r®) < a?s for every r > 1 and ¢ € (0,1). (10.43)

We therefore need to choose o > 0 small to ensure that the power of ¢ (in the left-hand of
(10.43)) is non-negative and sup,~ o M, (t) < oo, namely,

wy — f

S

0<a< and a<(¢—1)(w—f). (10.44)

Finally, in (10.39), we take ¢o > 0 satisfying
a’s ) 71
0<co<cqs, Wherecys:i=|——"—7= . 10.45
o= e (e 10:45)

With such choices of « and ¢, we regain (10.34) for z5 = 25, and arbitrary 6 € (0,1).
Since wy < 0, we see that z§ (r) > 0 for every r > 1. By diminishing c¢o = co(R,u) > 0 so
that co R**~%1 < minj,—g u(z), we also obtain that

z5s <u on OBgr(0) forall 6 € (0,1).

Hence, zs s satisfies the properties (1)—(3) in (10.28).
Using (10.37) and the comparison principle, we infer that

u(x) > z5s(|z|) forall |z >1 andd € (0,1).
For fixed |z| > 1, by passing to the limit § — 0%, we arrive at u(x) > co|x|**~*1. Thus, we have

lim inf ||~ u(z) > c. (10.46)

|| =00

However, unless it happens that 1 +7 < 2 (g — 1), we cannot take as = w; — 8 because of the
second inequality in (10.44). In any case, from (10.46), we conclude (10.38). O
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Proof of (10.27) completed. In the definition of zs s in (10.39), we fix s > 2/(1 + 7) and
take o = (wy — B)/s. For every t > 0, we define

IOg (1 + t))s(q—1)+2
7t .

M (t) = (1+1)? (
Clearly, we have sup,. o M (t) € (0,00). We choose ¢y > 0 such that
1
s(147) a—T1
a’s (T — 1)

supy.o M (t)

co € (0,¢q,5), where cq = (10.47)

We can fix any s > 2/(1 + 7) and we still guarantee the second property in (10.28) with
25 = 25,5 because we have proved (10.38). The effect of this choice of s is that the coefficient of
J%(6r) in the right-hand side of (10.41) is now positive and, hence,

Ly [25,5(r)] > s (5 (1; T _ 1) Z‘*iﬁ” J2(57). (10.48)

Since as = wy — B, from (10.40) and our choice of ¢y in (10.47), we find that

1
o (5(2+T) _ 1) J2(57%) > 17220 (1) for all 7 > 1 and § > 0,

We thus obtain that zs s is a positive radial sub-solution of (1.1) for |z| > 1 and every § > 0. The
properties (1)—(4) in (10.28) are easily verified by zs = z5s. This ends the proof of Step 2. O

From Step 1 and Step 2, we conclude the proof of Proposition 10.7. g

Proposition 10.8. In the framework of Theorem 10.6, we assume that either Case [No] holds
with A # 2p if T =0 or § € (wa,0) in Case [Na]. If ¢ in (10.5) satisfies ¢ = oo, that is,

¢ = limsup u(z) = oo, (10.49)

|z|—o00
then u(z) ~ U, g(|z]) as |z| — oo.
Proof. By our assumptions, we have
A>2p when 7 =0. (10.50)

In view of Theorem 2.1 and the modified Kelvin transform, it suffices to prove that if the
positive solution u of (1.1) in RN \ Br(0) satisfies (10.49), then

for every n > 0, | lim |z Tu(z) = cc. (10.51)

z|—o00
(I) In addition, if 7 # 0, then we suppose that
BT —2p > 0. (10.52)

(When 7 = 0, we have strict inequality in (10.52) because of (10.50).) Then, we can directly
prove (10.51) by means of the comparison principle with a suitable family of positive radial
sub-solutions {vs}s>o of (1.1) in RN \ Bg(0). For every € > 0 small, we have

C.:=20(B+e)+A|B+e|" >0 (10.53)
Let € € (0,|6]|) and o = «e(e) > 0 be fixed as small as needed. In particular, let @ > 0 satisfy
€.

O<a<min{(|ﬁ_€),(|ﬁ|—a)(q—l)}. (10.54)




68 HUYUAN CHEN, FLORICA C. CIRSTEA, AND ALEKSANDAR MILADINOVIC

We define ¢, > 0 as follows
c. = [€ (|8 =)l 7. (10.55)
For arbitrary § > 0 and ¢y € (0, ¢.], we define
vs(r) = co (6 + r_a)% for every r > 0.
For every § > 0, we show that vs is a positive radial sub-solution of (1.1) in R \ B;(0), that is,
Ly [vs(|z))] > |2|°[vs(|z])]?  for every |z| > 1. (10.56)
Indeed, let || = r > 1 be arbitrary. Using (10.54) and (10.55), we see that

2
9 r—¢ r-¢ B+e)adr—@
(B+e) <6+r‘0‘) ERrET= (6 +7r=a)?

vs(r)

Lo lvs(r)] = =75

> [~ (181 - )] 20T > o),

which proves the claim of (10.56).

Proof of (10.51) concluded. We diminish ¢y > 0 to ensure that ¢oR?1=¢ < min,_z u(2).
Hence, for any § > 0, we get vs(|z]) < u(zx) for all |z| = R. By our assumption (10.49), we have

u(x)

1m
|z| =00 1)5(|£L'|)

Clearly, v§(r) > 0 for every r > 0. Hence, by the comparison principle, we infer that
u(z) > vs(Jz|) for all |z| > R and § > 0.

By letting § — 07, we find that liminf ;oo |2|°Tu(z) > ¢o > 0. For n > 0 arbitrary, by letting

e € (0,7n) be small enough, we conclude (10.51). O
(IT) We assume that (10.52) is not satisfied, that is,
208+ M\BITT < 0. (10.57)

It remains to prove (10.51) in Case [Ng] (b), as well as when § € (w2, 0) in Case [Na]. Since
B < 0and A > 0, from (10.57) we have p > 0 and

—B>(2p/N) 7.
As in Part (I) in which we replace 8 by —[2p/A]~1/7, we find that
2p)—1/7

for every n >0, lim |x\7’_(7
|z|— 00

u(z) = 0. (10.58)
To reach (10.51) from (10.58), we need to apply an iterative process of comparing the solution
u with suitable families of sub-solutions.
Our assumption gives the positivity of fp(ﬁ), namely,
Fo(B)=~B—2p+ 8|7 > 0.

If B € (w2, 0) in Case [N3], then since t — fp(t) is increasing on [cw2,0) and wy < B < 0, we
have

]?p(t) > fp(ﬁ) for every f <t < 0.
If Case [No] (b) holds, then we always have

inf i (t) = Jo(~(n)/ D) = 2(X — p) > 0.



NONLINEAR ELLIPTIC EQUATIONS WITH MIXED REACTION TERMS 69

We define ¢, > 0 as follows

Cy = fp(ﬂ) lfﬂ € (w270) in Case [NQ]v (1059)
2(Y —p) if Case [Ny] (b) holds.
Fix € > 0 and a = a(e) > 0 small enough such that
20/\ —-1/7 »
O<6<(p/2)min{zp,1} and 0<a<emin{g—1,1}. (10.60)
We define an increasing sequence of positive numbers {m;},;>1 with lim;_, m; = oo, where
20\ 7 1/20\ "7
my = (/\p) —e> 3 ()\p) and mjy1 =my +je for every j > 1. (10.61)

The assumption in (10.57) and the choice of my gives that m; < ms < —f.
Let k£ > 1 be such that m; + ke < =8 <my + (k + 1) &, that is,

k= {_mlg_ﬁ] —1, (10.62)

where [-] in (10.62) stands for the integer part. Thus, using also (10.59), we have

ﬁ;(mj) >c, forevery 1l <j<k.

1
_1\ 71
ce (2p\ 7
— [ — . 10.
0<c0<<4<)\) ) (10.63)

For ¢ > 0 fixed arbitrary and every r > 0, we define v, 5(r) as follows

We fix ¢g > 0 such that

RS Sl

v 5(r) =cor™ (8 +1r%) g for1<j<k-1,
Bmy

vps(r) =cor™ (§+r7) ©

Claim: For every 1 < j < k, the function v; 5 is a radial sub-solution of (1.1) in R \ B;(0).

Proof of the Claim. Only for the purpose of unifying the calculations, we will redefine my41 =
—B — e (if mp4o > —f). Then, vy s has the same form as v;; with j = k. Observe that with
this new definition of my, 1, we have

B+mjt1+e<0 forall1<j<k—-1 and B+mpi1+e=0.

Hence, by our choice of a in (10.60), we see that

Cg_lvjfy) ) —T— —a 2 v s(r)]? for every r > 1 and 1 < j < k. (10.64)

Fix 1 < j <k. Let r > 1 be arbitrary. It follows that

v;.5(r) (Mjp1 —mj +e)r—®
) = 250 [ 4 (s b ITT
v;,5(r) ad_\ (mjp—m;+e)r
Lol ) = 57 = 2gm + (2m =2 - 520 ) (st

(Mmy41 —my +e)r™>
(8 +r=a)?
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Under the situations of (II), we have A > 0. Hence,

AG [vjs(r)] = A

vj5(r) m; + (M1 — m; + S gt s (r).
72 d+r—« J 72

Consequently, we arrive at
(2m; —2p— ) (mjqp1 —mj +e)r @

S .8(r)
04r—a

Lparlvjs(r)] 2 =3

[m? — 2pm; + )\m;fT +

Since m? — 2pm; + )\m;*T =m; ﬁ(—mj) > 0, we find that

vjs(r) r=®

Lporlt ) 2 500 257 (10.65)
where we define ;. o as follows
Nica=m>—20m; +Ami T+ (2m; — 20— a) (M1 —m; +¢
Jhes j P j (2m; P ) (mj 41 i te) (10.66)

> (2mjpim; —m; — 2pmj + )\m}_T) +2(m; —p—e)e.
1
Thus, since mj;q > m; > % (z—f) T, we get

-7

2 1—-7 2
2mjpamy —mG — 2pmyq + AmgT" > my — 2pmy + Amym

e, <2p>i ' (10.67)

=mj f,(m;) > 3

=2
Using (10.60) and (10.67) in (10.66), jointly with (10.63), we arrive at

1 1
« (20 7 « (20 7 — .
Njea > & (2P — 2pe > G (2P > cd b for every 1 < j < k. (10.68)
= 2 \ A 4 \A
In view of (10.64), (10.65) and (10.68), we conclude the proof of the Claim. O

Proof of (10.51) concluded. We diminish ¢g > 0 such that ¢coR™” < min, | u(z). Hence,
u>v;s ondBr(0) foreveryl<j<kandd>0.
In view of (10.58) and the definition of m4 in (10.61), we get

lim )
|z|—00 1}175(|1‘|)

Thus, using the Claim and the comparison principle, we infer that
u(z) > v1,5(|z|) for all |z| > R and § > 0.
By letting § — 0%, we find that liminf |, 2|72 u(z) > co > 0, leading to
lim M =00
|z]—o0 1}275(|1‘|)

By induction over j =1,...,k, we get u(z) > vy s(|z|) for all |z] > R and § > 0 so that

lim inf |z|%u(z) > ¢o > 0. (10.69)

|z|—o00
This ends the proof of (10.51) under the assumption (10.57). O

The proof of Proposition 10.8 is now complete. O
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11. EXISTENCE; ALTERNATIVE (I) IN THEOREM 10.1

Theorem 11.1 (Existence, Alternative (I) in Theorem 10.1). Let (1.2) hold and 8 € (w2, 0) in
Case [Na]. Then, for each b € Ry, there is a unique positive solution uy, of (1.1) in RN \ {0}
such that

, u(z) , u(z)
lim —————=b and lim ———=1. (11.1)
210 @z ) ([]) lal=c0 Up,5(]])

Moreover, w, is radially symmetric and uj(r) > 0 for every r > 0.
Remark 11.2. In Theorem 11.1, for every b > 0, we have u, = T,[u;] with o = b1/ (B==2),

Proof. Let (1.2) hold and § € (w2, 0) in Case [N3]. Fix a > 0 arbitrary. For every integer k > a,
we consider the boundary value problem

Loao[v] = [x®0? in Doy :={z e RY: a <|z| <k}, (11.2)

v(z) = (1/2)Upp(lz]) on dDap, '
Then, (1/2)U, s (respectively, U, 3) is a positive sub-solution (respectively, super-solution) of
(11.2). By the method of sub-super-solutions, we obtain the existence of the minimal positive
solution of (11.2), say vgk, where the minimality is understood with respect to the above-
mentioned pair of sub-super-solutions. By the invariance of (11.2) under rotations and the
symmetry of the domain and the boundary conditions, we infer that v, j is radially symmetric.
Moreover, by the sub-super-solutions method, we conclude that

(1/2) Up p(l2]) < var(|7]) < vap+1(]z]) < Upp(lz]) for all @ € Dq . (11.3)

For every r > a, we define v, (r) = limy_, o0 vg k(). Then, by Proposition B.3, we obtain that

L (RN\ B,(0)) and v, is a positive radial solution of (1.1) in RN \ B,(0).
Using (11.3), we see that

(1/2)U, g(r) < we(r) <U,p(r) forall r € (a,o0).
This, jointly with Corollary 9.4, implies that that

Vak — Vg in O

lim Va(r)
r—o0 Uy (1)

Let r = inf{s > 0: v, is a positive radial solution of (1.1) for |z| > s}.

—1. (11.4)

Claim: We have r = 0, that is, v, is a positive radial solution of (1.1) in R¥ \ {0}.
Proof of the Claim. Assume by contradiction that r > 0. As v, is a radial solution of (1.1)
for |z| > r, we have
‘lf‘r

! !
o)+ (1—2p) 22 4y [va(r)r% =1, (r)]? for all > r. (11.5)
r reTT
o If v/ (r.) = 0 for some r, > r, then r, would be a local minimum point for v, (since

vl (r.) > 0) and, hence, v, (r) < 0 for every r € (r,r.) and v, (r) > 0 for every r > r,.
o Alternatively, if v/, (r) # 0 for every r > r, then v/, (r) > 0 for all > r in view of (11.4).
In either of these cases, we have that there exists lim,~ , v4(r) € [0, 00]. We next show that

li{n va(r) € (0, 00). (11.6)
Proof of (11.6). If lim,\, va(r) = 0, then from (11.4), we get lim ;|00 |72 v4(x) = 0.
Then, for arbitrary § > 0, there exist r < R1(d) < Rz(d) such that
v (r) < dr~F2  for every r € (r, R1(5)] U [R2(d), 00).
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By applying the comparison principle, we conclude that v,(r) < §r~ =2 for every r > r. By
letting § — 0, we arrive at v, = 0 on (r, 00), reaching a contradiction.

On the other hand, for every r € (r,a], the graphs of v,(r) and U, g(r) have no points
of intersection. Otherwise, from (11.4) and the comparison principle, we would obtain that
va(r) = U, g(r) for every r > ry for some r1 € (r,a). This is impossible since

va(a) = (1/2) Uy 5(a) < Up,p(a). (11.7)
Consequently, by the comparison principle, we have
0 < va(r) <U,p(r) forevery r>r. (11.8)
This concludes the proof of (11.6).

We define Y (r) = rv},(r)/va(r) for every r > r. With the same argument as in the proof of
Proposition 9.2, we derive that Y'(r) # 0 for every r > r close enough to r (using that for such
r, we have v/ (r) does not vanish and thus Y (r) has the same sign as v/ (r)).

Therefore, there exists lim,_,, Y(r), which together with (11.6), yields that there exists
lim,_,, v, (r) (potentially infinite). We next show that

. ’
}L}Ir;va(r) eR. (11.9)
Assume by contradiction that lim, , v/,(r) = —oo or +o00. Recall that A > 0 in Case [N;]. Now,
we multiply (11.5) by 71727 and let » \, r to obtain that

d
}1\%% [r172P0), (r)] = —cc.
Hence, there exists limy , 717270/ (1), which would necessarily imply that lim,~, v/ ,(r) = oc.
We next divide (11.5) by v/, (r) and let r \, r to find that
" 2 _ 1
hm Ua (T) — p .
VA r
Let L > 0 be large such that L > (1 — 2p)/r. Then, lim,~[v/(r) + Lv}(r)] = oo, which
implies that r — v/, (r)+ L v, (r) is increasing for r € (r,r+0) if § > 0 is small enough. However,
this is impossible since lim,~, v}, (r) = co. This finishes the proof of (11.9).
In light of (11.6) and (11.9), we infer that r = 0. This completes the proof of the Claim. O

The proof of the Claim (see (11.8)) gives that 0 < v, (r) < U, g(r) for every r > 0 and thus
vh(r) >0 forall r > 0.
Moreover, by Theorem 2.1, we have (2.1), which in our case leads to

lim 7Pv,(r) = 0. (11.10)
r—0+
Indeed, if we were to have lim, g+ vo(r)/U, g(r) = 1, then from (11.4) and the comparison
principle, we would get v,(r) = U, g(r) for all » > 0. This is a contradiction with (11.7).
Hence, (11.10) holds. By Theorem 1.4 and Lemma 10.4, there exists b € (0, 00) such that

lim — ")y
r—0t CI)wQ(p) (7”)

Hence, for some b € (0,00), problem (1.1) in RY \ {0}, subject to (11.1), has a positive
solution, relabelled u;. Remark that, in addition, w;, is radially symmetric and satisfies uy (1) > 0
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for every r > 0. If 4, were to be another positive solution (not necessarily radial) of (1.1) in
RN\ {0}, subject to (11.1), then we would have
up() L up(x)

im — =1 and lim = =1
|0 Up () || o0 Up ()

Then, by the comparison principle, we conclude that u, = 1, in RY \ {0}.
Letting o > 0 arbitrary and T, as in (1.3), we obtain that Ty [up] is the unique positive solution
of (1.1) in RM \ {0}, subject to
lim ————— =bo? ™ and lim ——— =1. 11.11
150 @y (1) 1520 Ty (110 ()

Since B > wo, it is clear that by varying o > 0, the first limit in (11.11) can be any positive
number. This completes the proof of Theorem 11.1. O

12. EXISTENCE; ALTERNATIVES (II) AND (II') IN THEOREM 10.1

In this section, in the framework of Theorem 1.1, we prove that for every ¢ € R, there exists
a unique positive solution us . of (1.1) in R\ {0} with the properties stated in Theorem 1.1 (i).
These properties correspond to the alternative (II) of Theorem 10.1 if 5 € (w3, 0) in Case [Na].
Otherwise, the properties in (II)" of Theorem 10.1 will apply for us,c.

Theorem 12.1. Let (1.2) hold, 0 < —2 and f,(8) > 0. Then, for every c € Ry, there exists
a unique positive solution e . of (1.1) in RN \ {0} satisfying u(z) ~ U, s(x) as |x| — 0 and
(1.10) as |z| — co. Moreover, uo o is radially symmetric and ul, . >0 on (0,00).

Remark 12.2. In Theorem 12.1, for every ¢ > 0, we have too,c = T [too,1] With o = A/ (B=w1)
if § < w in Case [N;] with j =1,2 and 0 = ¢'/8 in the remaining situations.

Proof. As in the proof of Theorem 11.1, we fix K > a > 0. Let v, be the minimal positive
(radial) solution of (11.2) with respect to the pair (U, 5/2,U, g) of sub-super-solutions of (11.2).
We let a = 1/n for every large integer n > 1 satisfying 1/n < k.

By the sub-super-solutions method, we infer that

(1/2) Upp(|2]) < vr/mi(lz]) < v1jmanyn(lz]) < U p(la)) (12.1)
for all 2 € Dy = {z € RN : 1/n < |z| < k}. We keep k fixed. For every r € (0, k), we define
Vi(r) = limy, 00 V15,5 (7). As before, by Proposition B.3, we obtain that

Vi — Ve in Clo(Be(0)\ {0}) asn — oo

and Vj, is a positive radial solution of (1.1) in By(0) \ {0}.
In view of (12.1), we find that

(1/2) U, p(r) < Vi(r) < U,p(r) forall r € (0,k). (12.2)
From (12.2) and Theorem 2.1 (c¢), we conclude that
Vi(r) (12.3)

r—0+ U, 5(1) B
Let 7 =sup{s > 0: Vj is a positive radial solution of (1.1) for 0 < |z| < s}.
Claim: We have 7 = oo, that is, Vj is a positive radial solution of (1.1) in RV \ {0}.
Proof of the Claim. Assume by contradiction that 7 < oo. Here, since lim,_,o+ Vi(r) = 0,
the only possibility is that V}/(r) > 0 for every r € (0,7) (using that Vi (r) cannot have any local

minimum point on (0,7)). Thus, there exists lim, ~ Vj(r) € (0,00). This limit is finite from
(12.2) when k =7. If k < 7, then for every r € (k,7), the graphs of Vi (r) and U, s(r) have no
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points of intersection. Otherwise, from (12.3) and the comparison principle, we would find that
Vi(r) = U, g(r) for every r € (0, k], which is a contradiction with

Vi(k) = (1/2) Up,p(k) < Up (k).
‘We must have
0 < Vi(r) <U,p(r) forallre(0,7).

We define Y () = rV]/(r) /Vi(r) for every r € (0,7). Following the reasoning in Proposition 9.2,
we derive that Y'(r) # 0 for every 0 < r < T close enough to 7.

So, there exists lim, »z Y (r) (possibly, oo). Thus, there exists lim, - V/(r) € [0,00]. To
conclude the Claim, it remains to rule out the case lim, ~ V/(r) = cc.

Similar to the proof of (11.9), we assume by contradiction that lim, ~z V}/(r) = oco.

o If Case [Ny] (b) holds or if 8 € (s, 0) in Case [Na], then A > 0 so that we get

. d 1—-2py// _
llfrr% o [r Vi(r)] = —oo.

So, 7+ r1=2PV/(r) is decreasing for r € (F —4,7) for § > 0 small, which is a contradiction with
lim, -7 r'=2°V}/(r) = co. Hence, we have lim, -V} (r) € [0, 00).

o If Case [INy] (a) or Case [N:] (a) holds, then 7 = 0 and V}, is a positive solution of
V/
V() + (1= 2p+ ) k;’“

o If Case [Ny] (a) holds, then A > 2p. So, (12.4) yields that lim, ~ V/'(r) = —oo. Thus,
r+— VJ/(r) is decreasing on (7 — 4, 7) for 6 > 0 small, which contradicts lim, = V}/(r) = oo.

o If Case [V1] (a) holds, then A < 2p. Multiplying (12.4) by »*~2 and taking r /7, we find
that lim, ~ £ [rA=2°V}/(r)] = —oo. Hence, r — r*=2/V}/(r) is decreasing on (¥ — §,7) for § >0
small, which is a contradiction with lim, »=r*=2PV/(r) = oco.

o If Case [IV1] (b) holds, then A < 0 and 7 € (0,1). It follows that

) =7 [Ve(r)]? for all 7 > (0,7). (12.4)

L (r1 V() . 2pr—1 .
D A PTVi(r) == v € (0,00).

In particular, r — [r1=2PV/(r)]” — 27vr is decreasing on (T — 6,7) for § > 0 small, which a
contradiction with lim, ~r!=2/V/(r) = occ.

We have now exhausted all the possible situations. Hence, we have lim, - V/(r) € [0, c0).
This completes the proof of the Claim. g

We cannot have lim, o Vi (7) /U, g(r) = 1 (as this would imply Vi (r) = U, g(r) for all » > 0,
which is impossible). Hence, using Theorem 10.1, we find that for some ¢ € (0, 00), problem
(1.1) in RN \ {0}, subject to u(z) ~ U, g(x) as |x| — 0 and (1.10) as |z| — oo, has a positive
solution Vj, relabelled 4o, .. Moreover, uo  is radially symmetric and

uly, (r) >0 for every r > 0.

co,c

Similar to the proof of Theorem 11.1, by the comparison principle, we conclude that us, . is
the only positive solution of (1.1) in R \ {0} with the same properties near zero and at infinity.
By letting o > 0 arbitrary and applying the transformation 7, to usc ., we can extend the
conclusion to every constant ¢ > 0. This finishes the proof of Theorem 12.1. g
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13. EXISTENCE; ALTERNATIVE (IIT) IN THEOREM 10.1

Theorem 13.1 (Existence, Alternative (III) in Theorem 10.1). Let (1.2) hold and 5 € (w2,0)

in Case [Na]. For every b,c € Ry, there is a unique positive solution up o . of (1.1) in RV \ {0}
satisfying

—————=b and lim u(x)=c. 13.1

[0 Py () (|2]) || =00 (z) (13.1)

In addition, up,co,c is radially symmetric and w, .. .(r) >0 for all T = |z[ > 0.
Proof. We assume that (1.2) holds and 5 € (w2, 0) in Case [N3].

Lemma 13.2. For every constant b > 0, there exists a sequence {c;};>1 decreasing to zero as
j — oo such that (1.1) in RN \ {0}, subject to lim|,_¢ 5 u(z 5= b and lim| 400 u(z) = ¢5,

Wz(p)(h"
has a unique positive solution up c.c; for every j > 1. Moreover, for every j > 1, the solution

Up,00,c; 18 Tadially symmetric and Ué,oo,cj (r) > 0 for all r > 0.

Proof. We fix b > 0 arbitrary. By Theorem 11.1, there exists a unique positive solution wu; of
(1.1) in RN \ {0} satisfying (11.1). In addition, u, is radially symmetric and uj(r) > 0 for each
r > 0. Thus, we have

lim L(T) =b and lim up(r) =
r—0 cI)Wz(P) (’r‘) r—00 P;/B(r)

Let o > 1 be arbitrary and T, be the scaling transformation as in (1.3). We now define

(13.2)

up o (1) = 02 P T, [up)(r) = 0™2uy(or)  for every r > 0.
Since T, [up] is a positive radial solution of (1.1) in RY \ {0} and wy < 8 < 0, using (13.2) and
o > 1, we get that u, is a positive radial sub-solution of (1.1) in R™ \ {0} satisfying
lim 2oy and g Selr)
r—0 (I)WQ(p) (r) oo Pﬁ(r)

In light of (13.2) and (13.3), we infer from the comparison principle that up »(r) < up(r) for all
r > 0. Moreover, from the strong maximum principle (see Lemma A.2), we have

=072 P <1, (13.3)

Up,o (1) < up(r) forall r > 0.
We now use a similar argument to the one in Theorem 12.1. More precisely, let & > 0 and
n > 1 be a large integer so that 1/n > k. We consider the boundary value problem
{Lp)\,g[l)] = |x|0vq inDyypp={zr e RN : 1/n < |z| < k), (13.4)
v(x) = up,o(x) on 9Dy, -

Here, up, , (respectively, up) is a positive radial sub-solution (respectively, super-solution) of
(13.4). Let vy, ko be the minimal positive solution of (13.4) with respect to the above pair of
sub-super-solutions. Then, as in the proof of Theorem 11.1, vy, 1 » is radially symmetric and

Up,o () < Unkyo (1) < Ung1k,0(1) <up(r) forall1/m <r <k. (13.5)
For every r € (0,k), we define Vj, »(r) = limy—yo0 Un ko (7). By repeating the arguments in the
proof of Theorem 12.1 (with the super-solution U, g there replaced by us here), we see that V;, ,
is a positive radial solution of (1.1) in RY \ {0} satisfying
Vieo(r) <up(r) for all r € (0, 00).
We let n — oo in (13.5), then use (13.2) and (13.3) to gain that
Vi,o
lim —2o ) (r)

=b. (13.6)
r—0 (I)wz (p) (’I")
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Now, lim, o0 Vi,o(r) /U, (1) = 1 is not possible as the comparison principle and (13.2) would
lead to V(1) = up(r) for all » > 0, which is a contradiction with Vi (k) = up»(k) < up(k).
Hence, Theorem 10.1 implies that

lim Vj ,(r) = M, for some constant M, > 0.

r—00
As before, since lim,_,¢ Vi () = 0, we infer that Vk’ﬁ(r) > 0 for every r > 0.

We have thus obtained that Vj, is a positive radial solution of (1.1) in RY \ {0}, subject to
lim ;|0 % = b and lim|;|, u(z) = M,. By the comparison principle, we obtain that
any positive solution for such a problem must coincide with Vj .

Proof of Lemma 13.2 concluded. We point out that we don’t know the value of the
positive constant M,. However, using (13.2), we can choose k > 0 large such that

(1/2) U, p(r) < up(r) < U, p(r) forall r > k.
This gives that
(1/2) 62780, 5(k) < Vio (k) = up o (k) = 0™2up(ck) < 027U, 5(k).
We now choose an increasing sequence {o;};>1 with lim; ., 0; = co such that ¢; > 1 and
Ojt1 > 21/(671”1)03- for every j > 1.

With this choice, we establish that Vi ., (k) decreases as j increases. More precisely, we have
Wy — 1 wo — .
Vi, (k) < 0727 °U, 5(k) < 505 U, 5(k) < Vi, (k) for all j > 1. (13.7)

On the other hand, Vi o, ., and V} 5, are both positive radial solutions of (1.1) in RY \ {0} and
share the same asymptotic behaviour near zero, in view of (13.6). Moreover,

Vk’)(,j (r) >0 foreveryr >0 and j > 1.
Therefore, by the comparison principle and the strong maximum principle, we must have
Viojr (1) < Vio, (1) for all 7 > 0.

Consequently, My, ,, = lim, o Vio,,, (1) <limy o0 Vi o, (1) = M, for every j > 1.

Observe from (13.7) that lim; o Vi,o, (k) = 0 using that @y < 8 and lim;_,, 0; = co.

For every r > 0, we define Vi oo (7) = lim; o0 Vo, (7). Then, Vi o is a non-negative radial
solution of (1.1) in R\ {0}, which satisfies V, o (k) = 0. By the strong maximum principle (see
Lemma A.1), it follows that

lim M, =0.

j—o0

By relabelling M, = c¢; and Vi o, = Up,c0,c; for j > 1, we conclude the proof of Lemma 13.2. [

In view of the invariance of (1.1) under the transformation 7, (¢ > 0) in (1.3), Lemma 13.2
gives that for every ¢ > 0, there exists a sequence {b;};>1 decreasing to 0 as j — oo such that
for every j > 1, equation (1.1) in R \ {0}, subject to

hm —_—
2|0 Py () (|2])

has a unique positive solution up; c0,.. Moreover, for every j > 1, the solution up, . is symmetric
and ;. (r) >0 for all r > 0.

=b; and lim u(z)=c (13.8)

|z|—o00

Lemma 13.3. Let j > 1 and ¢ > 0 be arbitrary. Then, for every b € (bj,c0), there exists a
unique positive solution up oo . of (1.1) in RN\ {0}, subject to (13.1). Moreover, up o . is radially
symmetric and ug,oo,c(r) > 0 for every r > 0.
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Proof. For j > 1 fixed, let b € (bj,00) be arbitrary. It is enough to construct a positive radial

solution wp so,c of (1.1) in RY \ {0}, subject to (13.1). Then, uj, ., .(r) > 0 for every r > 0.

Hence, by the comparison principle, up, o, Will be the only positive solution for that problem.
By Lemma 13.2, there exists ¢y € (0,¢) such that (1.1) in RY \ {0}, subject to

lim _ulz) =b and lim wu(z) = ¢ (13.9)
210 Py () (7)) || 00
has a unique positive solution up cc,c,. In addition, up o ¢, is radially symmetric and
Uy o (1) >0 for all 7 > 0.
Let uy, be as in Theorem 11.1, namely, the unique positive solution of (1.1) in R\ {0} satisfying
u(z)

| )
lim ———~—— =5 and lim
|z|—0 waQ(p)(|£B|) |z| =00 Upﬁ(x)

—1. (13.10)

By Theorem 12.1, there exists a unique positive solution u, . of (1.1) in RY \ {0} satisfying

i =1 and lim wu(x) =c. 13.11
lz|]—0 U, 5(x) || — 0o (z) ( )

Moreover, up and s . are radially symmetric and min{wu;,(r), ul, .(r)} > 0 for all 7 > 0.
By the comparison principle, we have

Max{Up,co,co (7), Ub;,00,c(1) } < minfuy(r), teo,o(r)}  for every r > 0. (13.12)

By the strong maximum principle (see Lemma A.2), the above inequality is strict for every r > 0.
Since b > b; > 0 and ¢g € (0,¢), from (13.8) and (13.9), we get

: b :
w:—>1 and limw:c—oem,l).
r—0+ ubj,oo,c(r) bj r—00 Ubj,oo,c('r') c

Thus, there exists 71 > 0 such that up co,c,(r1) = Up;,c0,c(r1). Moreover, by the comparison
principle, jointly with the strong maximum principle, it follows that

Ub,o0,c0 (1) > Ub; 00,c(r) for every r € (0,71) and up oo, (1) < Up;,00,c(r) for all 7 > ry.

Let n,k > 1 be large integers such that 1/n < r; < k. Our aim is to construct a positive
radial solution W, of (1.1) in By(0) \ {0} satisfying

hm -
2|0 Doy () (|2])

To this end, we consider the boundary value problem

=b and u(r) = up; coc(|z]) on |z| =K. (13.13)

L,xelw] = |z/’w?  in Dyjpyi={r € RN : 1/n < |z| <k},
W(T) = Upco,c(|z]) oOn 2| =1/n, (13.14)
w(x) = Up; co,c(|z]) on |z| = k.
Observe that up o, (respectively, up) is a positive radial sub-solution (respectively, super-
solution) of (13.14). Using (13.12) and the method of sub-super-solutions, we obtain that (13.14)

has a minimal positive solution wy p, 1 with respect to the pair (up 00,¢o, 4p) Of sub-super-solutions.
Moreover, similar to (11.2), we infer that wy y k is radially symmetric and

Ub,00,c0(T) < Wp o (1) < Wppt1,6(1) <up(r) for every 1/n <r < k. (13.15)
For every r € (0, k), we define W}, ;. (r) = limy,— 00 Wp,n k(7). By letting n — oo in (13.15), we get
Ub,00,c0 (1) < Wh (1) < up(r) for every r € (0, k). (13.16)
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Since uy, satisfies the same asymptotic condition near zero as up co,¢, (see (13.9) and (13.10)), it
follows that W, is a positive radial solution of (1.1) in B (0)\ {0} satisfying (13.13). Moreover,
since lim, o+ Wy, = 0, we must have Wy, (r) > 0 for all r € (0,k). Hence, W} is the only
positive solution of (1.1) in Bg(0) \ {0} satisfying (13.13).

By the comparison principle and and (13.12), we find that
U 00,e(T) S Wh (1) < Wpp1(r) < oo ,e(r)  for every 7 € (0, K]. (13.17)
For every r > 0, we now define up o0 (") by

Ub,o0,e(r) = lm Wi (r). (13.18)

Since up; o0,c(r) and U () converge to ¢ as r — oo, by letting k — oo in (13.17), then r — oo,
we arrive at lim,_, o Up 00,c(1) = ¢. Moreover, passing to the limit & — oo in (13.16), we find that

lim 7’%,00@(7“)

=b.
r—0 cI)Wz(P) (T‘)

Hence, up o (given by (13.18)) is a positive radial solution of (1.1) in RN \ {0}, subject to
(13.1). Such a problem cannot have any other positive solutions (as explained at the beginning
of the proof). The proof of Lemma 13.3 is now complete. d

Since b; \, 0 as j — oo, from Lemma 13.3, we conclude the proof of Theorem 13.1. g

Appendices

A. AUXILIARY RESULTS

A.1. The modified Kelvin transform. Let (1.2) hold and p,\,§ € R. Assume that u is a
positive solution of (1.1) in B1(0) \ {0}. For 0 < |z| < 1, we define

v(@) = u(z) with 7 = 2/|z|?.
Then, by letting 0=—0-— 4, we see that v(Z) is a positive solution of

V(@) 0@ V@]
|E‘2 |'i-’|1+r

Loprr[o(@)] = Av(F) — (N —2—2p) =@’ 0@ (A1)

for 7 € RN \ B1(0). Indeed, for every 1 < j < N, we have

Ou g OV " ~
8ch = |x\26—@ -2z, 7 - Vu(z),
which implies that z - Vu(z) = =7 - Vou(Z) and |Vu(z)| = |Z|*|Vo(Z)], as well as
x - Vu(z)

Au(z) +2(2 - N) = |7)*Av(Z).

||

We define 8 = (6 +2)/(q — 1). Then, we have
B=-p and f,(B)=f, ()

Hence, if f_,(B) > 0, then a positive radial solution U_ 5(%) of (A.1) in RN \ {0} is given by

U_, 5(@) = o775 = [, (B) 7 |2~ = U,.p(x).
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A.2. Strong maximum principles and comparison principle. Using (1.2), we first show
in Lemma A.1 that the strong maximum principle applies for (1.1).

Lemma A.1 (Strong Maximum Principle, I). Let N > 2 and w be a domain withw C RN \ {0}.
Let (1.2) hold and p,\,0 € R be arbitrary. Assume that u (respectively, v) is any non-negative
C(w) (distributional) solution of

Loarlu] <|z|u? inw (respectively, TL,x,[v] <0 inw). (A.2)
Then, u (respectively, v) is either positive in w or identically zero in w.
Proof. For every x € RV \ {0}, 2 > 0 and £ € RY, we define

Bi(x,2,€) = Ba(z,2,€) — |2|°2%  and Ba(x,2,€) = — (N — 2 + 2p) Txé +AG (2, 2,€).

Since ¢ > 1 and 7 € [0, 1), by Young’s inequality yields for j = 1,2, we find that

>3 4 Z € 0
1Bj(@,2,8)| < [N =24 2p|=5 + A (775 + (1 —=7)= | + 2"z
! |z| |2 |z
for every z € RV \ {0}, 0 < 2 < 1 and |€| < 1. Hence, for every compact K in RY \ {0}, there
exist non-negative constants b; and b, such that

Bj(z,2,8) > —bi|€| —byz forallze K, 0<z<1, |¢] <1,
where j = 1,2. From (A.2), u (respectively, v) is a non-negative C'*(w) solution of
Au+ By(z,u,Vu) <0 inw (respectively, Av+ By(z,v,Vv) <0 in w). (A.3)
The conditions in the strong maximum principle of Theorem 2.5.1 in [26, p. 34] are satisfied

for (A.3) in every compact K in RY \ {0}. This implies that if there exists 29 € w such that
u(xg) = 0 (respectively, v(zg) = 0), then necessarily u = 0 in w (respectively, v = 0 in w). O

We will use (see Theorem 5.10) the following strong maximum principle.

Lemma A.2 (Strong Maximum Principle, I1). Let N > 2, (1.2) hold, p,\,0 € R and w C RN
be a domain such that w C RN \ {0}. Assume that uj,us € Cl(w) are positive distributional
solutions of

Loaru1] >0 inw and L,x-[us] <0 inw. (A4)

(Alternatively, instead of (A.4), we may also assume that
Lparlui] > [z)%ud inw and L, [us] < |z|%ud inw.) (A.5)
If uy <wg inw and |[Vui| + [Vug| > 0 in w, then either uy = ug in w or u; < uz in w.

Proof. We point out that we cannot conclude the proof by applying Lemma A.1 to us — u since
the operator IL, x ;[-] is nonlinear (when X # 0) by the assumption 7 € [0,1).

Let w = {z € w: ui(x) = uz(z)}. Then, ' is relatively closed with respect to w. We
assume that w’ # () and let zy € W’ be arbitrary. Since w is open, there exists € > 0 small
such that B:(zo) CC w. Recall that us — u; > 0 in w and thus uy — u; achieves its minimum
0 at p € w. This, jointly with the assumption that |Vui(zo)| + [Vuz(z)| > 0, implies that
|Vui(zo)| = |[Vua(zo)| > 0. If necessary, we diminish € > 0 to ensure that for some m > 0 small,
we have minga(mo) uj > m and minga(zo) [Vuj| > m for j =1,2.

Let ﬁ(w, z,€) be a scalar function that is continuously differentiable in the variables z € R
and € € RY such that when z > m/2 and |£| > m/2, we have
€T - é T |£|1_T

B(Z‘,Z’é) = (N — 2+QP)W — AZ |x|1+7.
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(If (A.5) is assumed instead of (A.4), then we also include —|z|?2¢ in the definition of B(z, 2, £).)
Hence, using (A.4), we see that u; and ug are positive C!(B.(x¢)) distributional solutions of

Aug — é(z,ul,Vul) >0 in B:(xo),

Aug — é(m,uQ,Vug) <0 in Be(zo)-
Since w1 < ug in Be(xo) and ui(xg) = ua(xo), by [27, Theorem 1], we get u1 = ug in B:(zp).
This shows that w’ is relatively open in w. So, w’ = w, which yields that u; = us in w. O

We next recall two comparison principles that are used frequently in this paper.

Lemma A.3 (Comparison principle, I). Let D be a bounded domain in RN with N > 2. Let
B(x,2,€6) : D x R x RN — R be continuous in D x R x RN and continuously differentiable

with respect to & for |€| > 0 in RN. Assume that E(I,Z,Q is non-decreasing in z for fired
(,€) € D x RN, Let uy; and uy be non-negative C*(D) N C(D) (distributional) solutions of

~

Auy — B(z,u1,Vui) >0 in D,
~ (A.6)
Aug — B(x,ug, Vug) <0 in D.
Suppose that |Vui|+ |Vus| > 0 in D and either supp |[Vui| < 0o orsupp |Vug| < co. Ifuy < ug
on 0D, then uy < ug in D.

Proof. The conclusion follows from [25, Theorem 10.1] by taking A(z, u, Vu) = V. O

Lemma A.4 (Comparison principle, IT). Let D be a bounded domain in RN with N > 2. Assume
that E(L 2,€) : D xR xRN — R is locally Lipschitz continuous with respect to &€ in D x R x RN
and is non-decreasing in z for fized (v,€) € D x RV,

Let uy and ug be (distribution) solutions in C1(D) of (A.6). If

uy <ug+M ondD,
where M is a positive constant, then uy < us + M in D.

Proof. We apply Corollary 3.5.2 to Theorem 3.5.1 in [26]. O

Remark A.5. Theorem 3.5.1 in [26], like Theorem 10.1 in [25], is essentially Theorem 10.7(i)
in [22] except that the functions A and B in [25,26] are allowed to be singular at € = 0. This is
compensated in [25, Theorem 10.1] by the additional condition that |Vui| + [Vug| > 0 in D.

Remark A.6. Let p,\,0 € R, 7 € [0,1) and ¢ > 1. Let D be a bounded domain in RY
(N > 2) such that D C RV \ {0}. Assume that uy,us € C1(D)NC(D) are positive distributional
solutions of L, x -[u1] > |#|%uf in D and L, ,[us] < |z|%ud in D such that u; < ug on dD. In
addition, when 7 € (0,1) and A # 0, we also assume that |Vui| + |Vug| > 0 in D and either
supp |Vuy| < oo or supp, [Vus| < co. Then, we have u; < ug in D. This follows from Lemma A.4
if 7 =0 orif A = 0. Otherwise, we apply Lemma A.3 to u; and ug if A < 0, respectively to
wy = log (Cuy) and we = log (Cug) if A > 0, where C' > 0 is a large constant so that Cu; > 1 on
D for j = 1,2. Indeed, if A > 0, then the conditions in Lemma A.3 will be satisfied by w; and
wy since |Vwq| + |Vwsz| > 0in D, wy < wy on 0D and

z - Vw V|1 ~7 .
Aw; + |V, |2 — (N — 2+ 2p) e Ly )\‘ |x1|+7 > C19g)fela—Dwr i D,

- Vw YVwsy|t—" .
Buty + [Vuaf? = (N 22 T2 4 AT < @m0

Thus, we get w1 < ws in D, which yields that u; < us in D.
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B. A PRIORI ESTIMATES AND CONSEQUENCES

Assuming (1.2) and letting AT be the positive part of A, we define Cy = Co(N, q,0,p, \,7) by

1

1 2 1 -1

Cp = 27T [61 ((q+1)+N+N—2+2,0|+(1—7’)/\+>+47')\+:| . (B.1)
q— q—

Lemma B.1 (4 priori estimates). Let (1.2) hold and p,A\,0 € R. Let ro > 0 satisfy Ba,,(0) CC

Q. Then, letting Cy be as in (B.1), every positive sub-solution u of (1.1) satisfies

u(z) < Colz| P for all 0 < |z| < 7. (B.2)

Proof. We adapt the ideas in [15, Lemma 4.1] (see also [17, Lemma 4.2]), where p = (2 — N)/2
and 7 = 1. Fix 29 € RY with 0 < |zg| < ro. For every z € By /2(0), we define

2
P(x) = Co |zo| P [C(x)] 71, where ¢(z) :=1— (M> . (B.3)

|zl
Let u be any positive sub-solution of (1.1). We would like to show that
u(z) < P(x) for every x € By /2(x0). (B.4)

Then, since Cy is independent of xg, we obtain (B.2) by taking x = x¢ in (B.4).

We remark that in proving (B.4), we need to make some adjustments compared with [15,17].
For the equations studied in the latter, P was a super-solution in B, 2(z0) for a suitable
constant Cy and then (B.4) was derived from the comparison principle in Lemma A.4 (using
that P = co on dB|,|/2(w0)). However, because of the introduction of G, (z,u, Vu), we would
not be able to apply Lemma A.4 directly to (1.1) when 0 < 7 < 1. Instead, we would need to
apply Lemma A.3. This is not feasible since |VP(z()| = 0 and we have no information on the
gradient of u at xy. Hence, we cannot verify the condition |VP(x)| + |[Vu(z)| > 0 at x = zg.

We overcome the above issue by applying Lemma A.4 to the modified equation

L,[v] + AT <’7’v +(1-7) |Vv|) = |z|®v?  in By, /2(0). (B.5)

|2 ||

We observe that u is a sub-solution of (B.5), using Young’s inequality when A\ > 0.
We next show that P is a super-solution of (B.5), namely,

P(x VP(x )
L,[P]+ At <T |a§|2) +(1- T)|x(|)|> < |x|973q(x) in By, /2(20)- (B.6)
Indeed, for every = € Bj,|/2(70), we have
Tﬂ +(1- T)i‘vp| <Coldr+(1—-71) 16 ()] o ,
B E 1) Tl B
16Co [8(g+1) o — o [C(w)) 7 |
A = N LAY -
Pla) = oo | P ool v | KL
which yields that the left-hand side of (B.6) is bounded from above by
16 (2(q+1) B R ] K@)
Co [q_l( o E N IN =2 20 (1= A ) arA | S (B.8)

On the other hand, since 1/2 < |z|/|zg| < 2 for each = € By,|/2(x0), we obtain that

2q

6 _%ql x)| a1
Pt = o () S 227 e S (B.9)

[wol ) lol?+2 |zo|7+2
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Using the definition of Cy in (B.1), we see that the quantity in (B.8) is equal to the right-hand
side of the inequality in (B.9). Hence, we conclude (B.6).

Proof of (B.4). If A <0, then we immediately get (B.4) by applying Lemma A.4 in relation
to u and P being, respectively, a positive sub-solution and super-solution of (B.5) such that
P(xz) = oo as |z — xo|  |xo|/2. However, when A > 0 we need a small trick to apply the
comparison principle in Lemma A.4 given that the function

t
t—s |zt — AT —
|z[?
fails to be non-decreasing in ¢ on [0, 00) for fixed x € B, 2(70). We let Ci > 0 be a positive
large constant, depending on u and zg, such that we have C,u > 1 and C.P > 1 in By, 2(0)-
Then, log (C,u) and log (C,P) are, respectively, a positive sub-solution and super-solution of
T Vuw .
Ly[w] + [Vw|? + AW +A(1-71) E (CP 9z D in By, o (o).

The assumptions in Lemma A.4 are now satisfied so that log(C.u) < log(C.P) in By, /2(0).
This yields (B.4) also when A > 0, completing the proof of Lemma B.1. O

Since the constant Cy in (B.1) is independent of the domain, from Lemma B.1 we obtain
global a priori estimates for all positive solutions of (1.1).

Corollary B.2 (Global a priori estimates). Let = RY and (1.2) hold. Then, given Cy as in
(B.1), every positive sub-solution u of (1.1) satisfies
u(z) < Colz|™?  for all x € RN\ {0}. (B.10)

Proposition B.3. Let (1.2) hold and p,\,0 € R. Then, there exist constants d; > 0 with
j€40,1,2,3} and o € (0,1), all of which depending only on N, q,0, p, \ and T, such that for every
positive solution u of (1.1) with By, (0) CC Q and every z,z’ € RN with 0 < |z| < |2/| < 7o,

\Vu(z)| < do |77, (B.11)
lmlaix u(z) < dy IH‘liin u(z) for allr € (0,7¢) [spherical Harnack inequality]  (B.12)
u(x
[Vu(z)] < do |(x|)’ (B.13)

u(z) + u(z’)

|[Vu(z) — Vu(z")] < ds D (B.14)

|| T+e |
Proof. Let rg > 0 be such that By, (0) CC 2. We prove that there exists a constant dy > 0,
depending only on N, ¢, 0, p, A and 7, such that every positive solution u of (1.1) satisfies (B.11).
We follow the argument in [13, Lemma 3.8], taking g(z) = Cp x| 7.
Fix 29 € RN such that 0 < |zg| < r¢g < 1/2. We define v,, : B1(0) — (0,00) by
Vay (1) = |mo|Pu(zo + |20| y/2) for every y € B1(0). (B.15)
It follows that v,, satisfies the following equation
—Av(y) + E(y7v(y)7 Vou(y)) =0 for every y € B1(0), (B.16)
where B(y, z,€) is defined for y € B;(0), z > 0 and &€ € RY by
(N =2+2p) |zo| (w0 + 3lwoly) & A2T|€]M |ao|™H

B(y,z,€) = - -
2|$0+%\1‘0|y|2 27+ 2o + §|zo| Y| i

) (B.17)
|x0 + %\x0| y’ 24
4|xo|?
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Since |zo|/2 < |z + |zo| y/2| < 3|xg|/2 for all y € B;(0), from Lemma B.1 and (B.15), we get
ol \7 _gis
Vg (Y) L Co | 77— ) <27 Ch. (B.18)
|z + 5|w0l ¥l

For all y € B1(0) and & € RY, we have

| By v (1), )] < IN =2+ 2] 1€] + A€ (v () + 21172 (v (). (B.19)

Hence, from (B.18) and (B.19), there exists a positive constant A, depending only on N, ¢, 6, p, A
and 7 such that

B(y, vy (), 8)| < A1(1+ |€])? for all y € B1(0) and € € RY. (B.20)

Using (B.18) and applying Theorem 1 in Tolksdorf [32], we obtain constants a € (0,1) and C' > 0,
both depending only on N, ¢,0, p, A and 7 such that ||Vuvy, Hcﬂﬂ(m) < C. In particular, we

have |Vu,,(0)] < C, which proves the inequality in (B.11) with dy = 2C.

Proof of (B.12). By Harnack’s inequality (see [33, Theorem 1.1]) applied to vy, we obtain a
positive constant c¢;, depending only on N, ¢q, 6, p, A and 7 such that

sup vy, <cp inf wv,, or, equivalently, sup u<c¢ inf  w.

By/3(0) B1/3(0) Blzg)/6(z0) Bizg/6(20)

By a standard covering argument (see [21]), we conclude (B.12) with d; = ¢{°.
Moreover, using (B.12) and reasoning exactly as in [13, Corollary 3.10], we infer that for every
0 < a < b <3/2, there exists a constant Cy, > 0, depending only on N, ¢, 0, p, A and 7 such that

max u(zr) < Cqp min  wu(z) for every r € (0,r¢). (B.21)

ar<|z|<br ar<|z|<br
We emphasise that C, ; here is independent of ry.
Proof of (B.13). We adapt the definition of v,, in (B.15) replacing |zo|? by 1/u(xo), i.e.,
u(zo + |zo| y/2)
Vg ="
o(y) (o)

In light of (B.21) with a = 1/2, b = 3/2 and r = ||, we obtain a constant Ay > 0, depending
only on N, q,0,p, A and 7 such that

for every y € B1(0). (B.22)

V20 | oo (B, (0)) < Ao-

Observe that vy, in (B.22) satisfies (B.16) with the definition of B(y, z,£) slightly adjusted.
More precisely, the last term in the right-hand side of (B.17) must be here multiplied by
|20 209~ (). Because of Lemma B.1, we have |zo|2u4~ " (x0) < CZ" and hence, we recover
(B.20), where A; > 0 is a constant depending only on N, q,0,p, A and 7. With the same argu-
ment as for (B.11), we conclude that |Vv,,(0)] < Ag for a constant Ay > 0, depending only on
N,q,0,p, X and 7. This completes the proof of (B.13).

Proof of (B.14). We can now modify a standard argument in [21, Lemma 1.1] (see also [16]).
For every fixed u € (0,79/3), we define

u(p§)

maXaB“ (0) U

U, (€)= forall§ eT:={ycRY: 1< |yl <4}

Then, ¥, € L>*(T") N H*(T) is a weak solution of
-AV,+B,=0 inT,
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where B, (£) is defined for £ € T' by

- VL6 YOIV
B,(&) = pft? =hglowe N—212p)S VIO B
In view of (B.13) and (B.21), it is easy to see that
[Wullpeery < C1 and || Bullpeery < Oy, (B.23)

where C7 and C5 are positive constants that depends only on N, ¢, 8, p, A and 7.
Hence, using (B.13) and (B.23), by the C1:®-regularity result of Tolksdorf [32], there exist
constants a € (0,1) and C' > 0, both depending only on N, q, 6, p, A and 7, such that

[V, coar-y < C, where I = {y e RV : 2 < |y| < 3.75}.

For = € B,,(0) \ {0}, there exists p € (0, r0/3) such that 2u < |z| < 3u.
Let z, 2’ € B, (0) \ {0} be such that |z| < |z/|.
If |z| < |2'| < 5|z|/4, then for & = z/p and & = 2/, by using (B.21), we find that

maxsp,, (o) U ~Maxyp, (0) U Csu(zx)

V(@) - Vu(e')| = V9, (€)= 0,(€)] < OO0 o < 2o
for some constant C's > 0, depending only on N, q,0,p, A\, 7,(,n and d;.
If |2/ > 5|x|/4, then |x — a/|* > (|2'] — |z])* > (|x]|/4)* so that from (B.13), we get
/ u(z) | u(a) u() + u(z') a
[Vu(z) — Vu(z")| < da <|a:|+ 2] < 4d, W|x—x| .
This concludes the proof of (B.14) and of Proposition B.3. O

If 8 < 0, then Proposition B.3 implies that the origin is a removable singularity for every
positive solution u of (1.1). More precisely, we have.

Corollary B.4 (Removable singularities). Let (1.2) hold, p, A\ € R and 6§ < —2. Then, every

positive solution u of (1.1) satisfies lim, o u(z) =0, u € HY (Q) and
z-Vu 0 Ly
Loaqrlu] = Au— (N —2+2p) e + AG(z,u,Vu) = |z|”u?  in D'(Q). (B.24)

Proof. If u is a positive solution of (1.1), then by (B.2), we get lim ;o u(z) = 0 since § < 0.
Hence, by defining 1(0) = 0, we have u € C(Q2). Now, u € C*(Q2\ {0}) and by Proposition B.3,
we have |Vu(z)? < C?z|72=% € L} _(Q) using that —23 — 2 > —2 > —N. Consequently,

uw € HL (Q). It remains to show (B.24). Let ¢ € C}(£2) be arbitrary. We prove that

/Vu~Vgodx+(N—2+2p)/ ngdm)\/GT(fy,u,VU)g@dm+/ |z|Pudp dz = 0. (B.25)
Q Q Q Q

Proof of (B.25). For every £ > 0 small, let w. be a non-decreasing and smooth function on
[0, 00) such that w.(r) € (0,1) for r € (g, 2¢), w.(r) =1 for r > 2¢ and w.(r) = 0 for r € [0,¢].
Since pw. € CH(Q\ {0}, by using pw. as a test function for (1.1), we get

/ Vu-V(pw)de + (N -2+ 2p)/ %wwg dx
& @ (B.26)
— )\/ G, (z,u, Vu) pw, dx +/ |gc\‘9uq<pwE dx = 0.

Q Q
As @ — Bg = =B —2 > —N, we have |z|7#=2 € L] (R™). So, by Proposition B.3 and

loc

¢ € CHQ), we infer that (z - Vu) ¢/|z|?, G-(,u, Vu)p, |7|/°ulp and Vu - Vi are in L1(Q).
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Since w, is radially symmetric (w(z) = w(r) with r = |x|), we see that
/ Vu - V(pw,)de = / w:Vu-Vodr+ Je, Jo:= / o(x) w;(\:r:|)M de.  (B.27)
Q Q Q

|z

|
We next show that lim._,o J. = 0. Indeed, since w.(r) = 0 for every r € (0,e] U [2g,00), by
Proposition B.3, there exist positive constants C, Co (independent of €) such that

2e
PARSe) / |~ ! (|2f) dz = Cy / / |5l (|2]) dS () diy
{e<]|z|<2¢e} e 9B, (0) (B28)

2¢e
= (5(2)PHN"2 5 0ase — 0.

€

2e
< Cz/ NP2l (n) dn < Con™ P 2w, (n)
£

Thus, in view of (B.27) and (B.28), by letting ¢ — 0 in (B.26), we arrive at (B.25). O

We next give consequences of the spherical Harnack-type inequality in Proposition B.3.

Corollary B.5. Let (1.2) hold and p,\,0 € R. Let u be any positive solution of (1.1).
(a) If imsup, o u(z) > 0, then liminf|; o u(z) > 0.
(b) If limsupy, o u(z) = oo, then lim|, o u(x) = oo.
(c) Let w be a positive radial sub-solution of (1.1) in B, (0)\ {0} for some small ro > 0.
When 7 # 0, we also assume that |Vu(x)| + |w'(Jz])| > 0 for all 0 < |z| < ro. Then,

lim sup @) >0 implies that 1iminfM
-0 w(|z) jel=0 w(|])

> 0.

Proof. (a) Assume that limsupy,_,ou(z) > 0. Let {z,},>1 be a sequence in RN \ {0} with
{lzn|}n>1 decreasing to 0 as n — oo and limy, o0 u(z,,) = liminf ;o u(z).

We reason by contradiction and suppose that liminf|,|_,ou(z) = 0. Let ro > 0 be small such
that Bay,(0) CC Q. Let ng > 1 be large enough so that 0 < |x,41] < |zn| < 1o for every n > ny.
Then, by the spherical Harnack-type inequality in Proposition B.3, we have

u(xy,) > ‘ I‘nl‘n Iu(m) > dil | I‘nflix Iu(:c) for all n > ny. (B.29)
For each n > 1, we define D,, = {z € RN : |z,,41| < |z| < |z4|}. Since lim,,_, o maxyp, u(x) = 0
and lim supy,|_,o u(z) > 0, we infer that for large enough n, the maximum of u over D,, is reached
at some point x.(n) € D,. It follows that Au(z.(n)) < 0 and Vu(z.(n)) = 0, implying that
0> L, [u(@(n))] = |2.(n)|%u(z.(n)) > 0, which is a contradiction.

(b) Assume that lim sup),|_,o u(x) = co. Suppose by contradiction that lim inf,| o u(z) < co.
We take {z,, },>1 and D,, as in part (a). From (B.29), we get that lim sup,,_,,, maxsp,, u(z) < co.
Consequently, for large enough n, there exists x.(n) € D, such that maxg u(z) = u(z.(n)),
leading to a contradiction as in (a).

(c) Assume that limsup, _ou(z)/w(|z]) = L > 0. We diminish 79 > 0 to ensure that
By, (0) CC Q. We choose a sequence {x,},>1 in RY such that {|x,|},>1 decreases to 0 with
0 < |zn| < 1o for all n > 1 and lim, o0 w(zy)/w(|zy,|) = L. Then, for every 6 € (0, L), there
exists ny = nq1(0) > 1 such that

u(xy) > dw(|z,|) for all n > ny.
By (B.12) in Proposition B.3, we find that
min u(x) > (1/dy) Ilnax ‘u(x) > (1/dy) u(zy,) > (6/d1) w(|zy|) for all n > ny.

|z|=|zn] lz|=|zn
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Fix 6 € (0,min{L,d;}). Observe that for every p € (0,1), we have that pw is also a positive
radial sub-solution of (1.1) in B,,(0) \ {0}. Then, for each n > ny, by the comparison principle,
we get u > (0/d1)w on Dy, :={x € RN : |z,| <2 <|z,,|}. By letting n — oo, we see that

w(z) > (§/dy) w(|z]) for every 0 < z < |zp, |- (B.30)
This proves that liminf|, o u(z)/w(|z|) > 0. O

Corollary B.6. Let (1.2) hold and p,\,0 € R. Let u be any positive solution of (1.1). Assume
that S is a positive C1-function on (0,7q) for some 1o > 0 small such that
Lo-S(z))] <0 and [S'(Jz])| + |[Vu(z) >0  for all |z| € (0,7). (B.31)
We have the following:
(a) If iminf|, o u(z)/S(|2z]) = 0, then lim), o u(z)/S(|z]) = 0;
(b) If ansupi, o u(z)/S(|z]) = oo then lim,( o u(z)/S(|z]) = sc.

Proof. Without loss of generality, by diminishing 7o > 0, we can assume that By, (0) CC Q.
Let u be any positive solution of (1.1). We prove the assertions of (a) and (b) by adapting the
method in [15, Corollary 4.5]. Let liminf|, o u(x)/S(|z|) := £. We choose a sequence {z, }n>1
in RY such that {|z,|},>1 decreases to 0 with 0 < |z,,| < 7 for all n. > 1 and

nlgr;ou(xn)/SanD = L.
Assume that ¢ # co. Then, for every § > £, there exists ny = nq(d) > 1 such that
w(zy) < 05(|xy|) for all n > ny. (B.32)
Let dy > 0 be given by Proposition B.3. Then, we obtain that
max u(z) < diu(z,) < d16S(|zn]) for all n > ny.

|$|:|In|
By our assumption of S, we find that L, x ;[d16S] = d16L, » -[S] < 0 in B,,(0) \ {0}. Hence,
for each n > ny, by the comparison principle on D,, := {z € RN : |z,| < x < |z,,|}, we get
u < d16S on D,,. As |x,| = 0 as n — oo, we arrive at
u(z) < di6S(jz|) for every 0 < z < |xp,|. (B.33)

Hence, if 0 < £ < oo, then limsup,,_,o u(x)/S(|z|) < d1d for every § € (¢, 00).
(a) If £ =0, then by taking arbitrary 6 > 0, we get lim ;o u(z)/S(|z[) = 0.
(b) The above argument shows that ¢ < co implies that limsup,_,o u(z)/S(|z]) < oco.
This completes the proof of Corollary B.6. O

Lemma B.7. Let (1.2) hold and p, A\, 0 € R. Let u be any positive solution of (1.1). Assume
that for ro > 0 small enough, S is a positive C*-function on (0,7¢) such that (B.31) holds. Then,

lim sup (@) =p € (0,00) implies that lim sup u(z) =pu
lzl—0 S(|z])

r—07F lz|=r S(‘.’BD
Proof. Assume that limsup,_ou(z)/S(|z[) = p € (0,00). Let ro > 0 be small such that
By, (0) CC Q. Define v(r) = sup, =, u(z)/S(|z|) for every r € (0,r9). We show that
lim, _,o+ v(r) = p. Since limsup, _, g+ v(r) = p, it remains to show that
liminf o(r) = p. (B.34)

r—0+t

We reason by contradiction and assume that there exists a sequence {r, },>1 of positive numbers
decreasing to 0 such that lim, e v(r,) = po € [0, u). Fix € > 0 small such that puo +¢ < p.
Let ng > 1 be large such that

rn <ro and wo(r,) <pug+e forall n>ng. (B.35)



87

For every n > ng, we set D,, = {z € RN : r,, < |x| < 7p,,}. Since limsup, o+ v(r) = p > po +¢,
we infer that there exist 7. € (0,7,,) and z, € RY with |z,| = r. such that
v(ry) = u(xy)/S(|zs]) > po + €. (B.36)
Let n, > ng be large such that z, € D,,,. From the definition of v and (B.35), we get
ulps, (o) < (to +¢€)S(rn) for all n > ng.

Observe that (1o +€) S is a positive radial super-solution of (1.1) in B,,(0) \ {0} since
Ly l(st0 +2) S(al)] = (0 + &) Lyar[S(a])] < 0 < 2] S(al) for all 0 < Ja] < ro.
Moreover, in view of (B.31), we can apply the comparison principle and find that
w(x) < (po +¢)S(jz|) for every x € D,,,.
When ¢ =z, € D, , we obtain a contradiction with (B.36). This proves (B.34). O

Remark B.8. (a) When 7 = 0 in Corollary B.6 and Lemma B.7, we don’t need the second
inequality in (B.31) since we can apply the comparison principle in Lemma A.4.

(b) We will apply Lemma B.7 for an arbitrary positive solution u of (1.1) by taking a suitable
positive C'-function S on (0,79) such that the first inequality in (B.31) holds and, in addition,
|S”(r)] > 0 for every r € (0,7¢) (the latter inequality is needed when 7 € (0,1)).

C. SUMMARY OF OUR CLASSIFICATION RESULTS

In Table 1, we present the findings of Theorem 1.4 for each Case [N;] with j =0,1,2

Case [No] (a) let 7=0, A > 2p

or Case [No] (b) let A >0, 7€ (0,1), p<T.
o If 3 <0, then u(z) ~ U, g(x) as |z| — 0.

[Mi] (@) let 7=0, A< 2p

or [N1](b) let A <0, 7€ (0,1), p€R.

o If B € (—o0,wi(p)), then u(z) ~ U, g(z) as |x| — 0.

PN VICE) -
@1(p)| (1 — Arl@1(p)| w) ! || ~=1)

Assume Case [Ng], that is, {

Assume Case [NV], that is, {

.If/BZWI(p),then U(Z')N q—l W as |ZL'|—>O
o If B € (wi(p),0), then u(z) ~ a|z| 7+ as |z| — 0 for some a € Ry.
Assume Case [N, that is, A >0, 7 € (0,1) and p > T.
o If B € (—o0,w1(p)), then u(z) ~ U, g(z) as |z| — 0.
o If 3 =wi(p) and p # T, then
Lo Va1 -
ww) o (ELOLO M @I e
q-1 | log |[|*/{a=1) '
_ 2(g+ 1)\ a7
.Ifﬁ—WI()andP—T thenu() W) Wa8|x|—>0

o If B € (wi(p), w2(p)] (for p# T), then u(x) ~ a x|+ as |z| — 0 for some a € Ry.
o If 8 € (w2(p),0), then as |z] — 0, we have the following trichotomy:
(i) Either u(z) ~ a|z|~®1) for some a € Ry;

(i) Or u@) ~ bDeyiay = {2 N
ii) Or u(z) ~ b P, z|) =

2(p) bMrﬁ'z(p)uog‘xH?/(lﬁL-r) ifp="1T
(iii) Or u(zx) ~ U, 5(|x|).

TABLE 1. Complete classification of the behaviour near zero for an arbitrary
positive solution u of (1.1), where p, A € R, 7 € [0,1),0 < =2 and ¢ > 1

for some b € Ry;
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The contents of Theorem 1.1 and Corollary 1.3 are captured in Table 2.

Eq. (1.1) in R™ \ {0} has positive solutions if and only if f,(8) > 0. In this case,
every positive solution u of (1.1) in R \ {0} is radial.

Let <0 in Case [No]. Then, for every ¢ € R4, there exists a unique positive
radial solution ueo,. of (1.1) in R™ \ {0} such that u(x) ~ U, g(z) as |z| — 0

cloglz| ifA=2pand7T=0
and u(z) ~

otherwise as [a] — co.

Let 8 < wi(p) in Case [Ni]. Then, for every ¢ € R, there is a unique positive
radial solution ueo . of (1.1) in RY \ {0} such that u(x) ~ U, g(x) as |z| — 0
and u(z) ~ c|z| =) as |z| — oo.

Let 8 < wi(p) in Case [Nz]. Then, for every ¢ € Ry, there exists a unique positive
radial solution ueo, of (1.1) in R™ \ {0} such that u(x) ~ U, g(x) as |z| — 0

and u(z) ~ c¥q, () (x) as |z| = co.

Let S € (w2(p),0) in Case [Na].

e For every ¢ € R4, there exists a unique positive radial solution tes,. of (1.1)

in RY \ {0} such that u(z) ~ U, s(z) as x| — 0 and u(z) ~ c as |z| — oco.

e For every b € R4, there exists a unique positive radial solution up of (1.1) in

RY \ {0} such that u(z) ~ b®y,(,)(|z]) as |z| = 0 and u(z) ~ U, 5(z) as |z| — oo.

e For every b, c € Ry, there exists a unique positive radial solution u, oc,c of (1.1)

in R™ \ {0} such that u(z) ~ b Py, (x) as || — 0 and u(z) ~ c as |z| — oco.

Let 8> 0 in Case [No](—p). Then, for every ¢ € R4, there exists a unique positive

radial solution w0 of (1.1) in R™ \ {0} such that u(z) ~ U, s(z) as |z| — oo

{clog (1/]|z]) ifA=-2pand T=0
c

and u(z) ~ otherwise

as |z| — 0.

Let 8> —wi(—p) in Case [N1](—p). Then, for every c € R4, there is a unique positive
radial solution uc, of (1.1) in R \ {0} such that u(z) ~ U, g(z) as |z| = oo
and u(z) ~ cz[7* ") as |z| — 0.

Let 8> —wi(—p) in Case [N2](—p). Then, for every c € R4, there exists a unique
positive radial solution u. o of (1.1) in R \ {0} such that u(z) ~ U, g(x) as |z| = oo
and u(x) ~ eV (_,)(1/|z]) as |z] — 0.

Let € (0,—w2(—p)) in Case [N2](—p).

e For every ¢ € R, there exists a unique positive radial solution u.,o if (1.1)

in RV \ {0} such that u(z) ~ U, s(z) as |z| — oo and u(x) ~ ¢ as |z| — 0.

e For every b € Ry, there exists a unique positive solution up e of (1.1) in RY \ {0}
such that u(z) ~ b®,(—,)(1/]z]) as |z| = oo and u(zx) ~ U, g(x) as |z| — 0.

e For every b, c € Ry, there exists a unique positive radial solution u.,0,s of (1.1)

in R™ \ {0} such that u(z) ~b®,,»(1/|z]) as |z| = co and u(x) ~ c as |z| — 0.
Otherwise, there are no positive solutions of (1.1) in RY \ {0} (since f,(8) < 0). ‘

TABLE 2. Complete classification and existence of all positive solutions u of
(1.1) in RN\ {0} other than U, 5, where p,\,0 € R, 7 € [0,1) and ¢ > 1
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