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Drawing on the analogy between intrinsic and extrinsic geometry, we define an intrinsic quantum
code as a subspace of a group representation. We show how this abstract code rules over any
physical (extrinsic) realization by dictating its error-correction and covariant properties. By finding
one intrinsic code, we simultaneously uncover properties of all its realizations. This approach brings
whole families of fault-tolerant schemes across disparate platforms into a unified framework and
binds them through a single underlying symmetry.

INTRODUCTION

Quantum error correction is usually formulated extrin-
sically: one specifies a code subspace inside a particular
physical Hilbert space and analyzes its robustness against
a concrete set of physical errors. Yet many recent devel-
opments suggest that error-protection properties reflect
deeper algebraic and symmetry structures [2–6]. The
central premise of this Letter is that quantum error cor-
rection can instead be formulated as an intrinsic property
of a representation, independent of any specific physical
realization.

This viewpoint is directly analogous to the distinc-
tion between intrinsic and extrinsic geometry in differen-
tial geometry. A Riemannian manifold (M, g) possesses
curvature, geodesic distance, and other invariants deter-
mined entirely by its internal metric data, independent
of any embedding into a higher-dimensional Euclidean
space [7]. For example, Gauss’s Theorema Egregium [8]
famously established that the Gaussian curvature of a
surface is an intrinsic invariant: it does not change when
the surface is bent or deformed isometrically in R3.
Our framework establishes an analogous principle for

quantum codes. An intrinsic quantum code (V, I) is sim-
ply a subspace I ⊂ V where V is a representation of a
group G. Then any G-equivariant isometric embedding
of V into a physical Hilbert space H plays the role of an
isometric embedding of a manifold into an ambient Eu-
clidean space. And our main result, the Schur-Bootstrap,
serves as the quantum analog of the Theorema Egregium:
it guarantees that the “curvature of the code”—the set
of symmetry-labeled Knill-Laflamme error protection re-
lations—remains invariant under every such embedding.

This intrinsic–extrinsic correspondence provides a uni-
fying language for quantum codes. Once a code is de-
fined at the representation level, all of its error-detecting
and covariance properties automatically persist in any
physical system carrying the same group action. Rep-
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resentation theory thereby furnishes the intrinsic ge-
ometry of quantum error correction, while the hard-
ware determines only the embedding. We formalize
this principle and demonstrate it through distinct phys-
ical realizations—qubit, qudit, heterogeneous, bosonic,
spin, Æ , rigid rotor, molecular, and Landau Level sys-
tems—each representing a different embedding of the
same intrinsic code with identical protection and covari-
ant (or transversal) gate structure. This intrinsic for-
mulation unifies a wide range of quantum codes within
a single representation-theoretic framework, suggesting
new routes to hardware-independent fault-tolerance.

FIG. 1: “One Code to rule them all, One Code to find
them, One Code to bring them all, and in the

Symmetry bind them,” adapted from J.R.R. Tolkien,
The Fellowship of the Ring (1954) [1]. Figure generated

with ChatGPT-5 [9].

MAIN RESULT

Intrinsic Codes.– Let V be a unitary representation of
a group G. We call V the intrinsic Hilbert space and
define intrinsic errors as operators in L (V ) ≃ V ⊗V ∗ =⊕

ξ Wξ where Wξ ≃ ξ ⊗ Cmξ ≃ (mξ)ξ is the ξ-isotypic
subspace of L (V ) corresponding to the irreducible rep-
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resentation (irrep) ξ of G that occurs in L (V ) with mul-
tiplicity mξ. See [10, 11] for a background on represen-
tation theory.

Now let I ⊂ V be a subspace of V and let Ω : V → V
be the orthogonal projector onto I. Let E be a set of
irreps of G. Then we call I an intrinsic quantum code
for the error set E if I satisfies the Knill-Laflamme (KL)
condition for all ξ-isotypic errors for irreps ξ ∈ E , that
is, if ΩF Ω = cΩ for all F ∈ Wξ and all ξ ∈ E (and c is
a constant that only depends on the error F ).

Extrinsic Codes.– Now let H be a Hilbert space, also
carrying a unitary action of G. We call H the extrinsic
or physical Hilbert space and define extrinsic errors as
operators in L (H) = H⊗H∗. This also splits into sym-
metry sectors as H⊗H∗ =

⊕
ξ Kξ where now Kξ is the

ξ-isotypic subspace of L (H).
Let U : V ↪→ H be any G-equivariant, isometric em-

bedding of V into H. The isometric property means dis-
tances are preserved and is formally equivalent to the
condition U†U = 1V . We will denote the image of an in-
trinsic code I under such an embedding by C := U(I) ⊂
H. We call C an extrinsic quantum code (or a physical re-
alization of I). Note that if Π : H → H is the orthogonal
projector onto C then we can write Π = UΩU†.

The Schur-Bootstrap.– We will now show that extrin-
sic quantum codes automatically inherit error protection
properties from the intrinsic code (in much the same way
that an embedded Riemannian manifold inherits curva-
ture from the original intrinsic Riemannian manifold).

Define the compression map Φ : L (H) → L (V ) by
E 7→ U†E U . This map is the pullback of an extrinsic
error E ∈ L (H) to an intrinsic error U†E U ∈ L (V ).
The map Φ is G-equivariant since U is an intertwiner
between the G action on V and the G action on H. And
G-equivariance means that Schur’s lemma applies: so Φ
maps the ξ sector of L (H), denoted Kξ, into the ξ sector
of L (V ), denoted Wξ.

In particular, suppose an extrinsic error E ∈ L (H)
transforms in the irrep ξ of G. Then, by Schur’s lemma,
the corresponding intrinsic error Φ(E) = U†E U either
transforms as ξ, or Φ(E) = 0. It follows that if I is an
intrinsic quantum code for the (intrinsic) error set E then
the extrinsic quantum code C is also a quantum code for
the (extrinsic) error set E .

We can formally prove this for any extrinsic error
E ∈ Kξ for ξ ∈ E by recalling that Π = U ΩU† so that
ΠEΠ = U ΩΦ(E)ΩU† = cU ΩU† = cΠ. In words, if
the intrinsic quantum code I satisfies the KL condition
for all errors in some isotypic subspace of L (V ), then the
extrinsic quantum code C will also satisfy the KL condi-
tion for all errors in the corresponding isotypic subspace
of L (H).

Now let G be the subgroup of G preserving I as a sub-
space, and let G0 be the subgroup of G fixing I point-
wise. That is, G preserves the codespace I while G0 acts
like the identity on the codespace. Then we say that I is

G-covariant for the quotient group G := G/G0 [12, 13]. In
words, the covariant group G contains those logical oper-
ations that can be implemented by the symmetry group
G (analogous to the transversal gate group for multi-
qudit codes). Because the embedding U is G-equivariant
it follows that C is also G-covariant. In particular if some
element g ∈ G enacts a logical operation ĝ ∈ G on I (via
the G-action of V ) then g ∈ G will also enact the logical
operation ĝ ∈ G on C (via the G-action of H).
We have thus proven the following theorem, our main

result of this Letter. We have dubbed it the “Schur-
Bootstrap” because the preceding proof was a direct ap-
plication of Schur’s lemma and it provides a mechanism
for “bootstrapping” intrinsic error protection to extrinsic
error protection.

Theorem (Schur-Bootstrap). If I ⊂ V satisfies the
Knill-Laflamme condition for all errors in some isotypic
subspace of L (V ), then any physical realization U(I) =
C ⊂ H will satisfy the Knill-Laflamme condition for all
errors in the corresponding isotypic subspace of L (H).
Moreover, if I is G-covariant then C is also G-covariant.

Specializing to the case that V is an irrep of G =
SU(q), we define the intrinsic distance d of an intrin-
sic code I ⊂ V as follows. For each irrep ξ of SU(q),
let

ord(ξ) := min{ t ≥ 0 : ξ ⊂ Ad⊗t } (1)

be the smallest tensor power of the adjoint representation
in which ξ appears. We say that I has intrinsic distance
d if it satisfies the KL condition for every irrep sector ξ
with ord(ξ) < d, i.e. for all irreps that occur in Ad⊗t

with t < d.

Corollary (Multi-qudit Schur–Bootstrap). If I has in-
trinsic distance d, then for any SU(q)–equivariant iso-
metric embedding U : V ↪→ H into a multi-qudit Hilbert
space H ∼= (Cq)⊗n, the subspace C := U(I) is a multi-
qudit code of distance d. Moreover, if I is G–covariant,
then C implements G transversally.

This corollary dramatically generalizes our previous
“Dicke–Bootstrap” result [14] and complements the re-
cent work of [15]. For fundamental SU(q) qudits, single-
site errors transform in q ⊗ q = 1 ⊕ Ad, and weight-t
errors live in Ad⊗t up to trivial factors. Thus the intrin-
sic distance coincides with the usual Hamming distance
when V is realized inside (Cq)⊗n.

APPLICATION

The simplicity of the Schur-Bootstrap belies its broad
and powerful reach. To illustrate this, we examine a min-
imal intrinsic code and show how it manifests in a variety
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of physical (extrinsic) realizations. More examples of in-
trinsic codes are provided in the Supplemental Material
[16].

Consider the 5-dimensional irrep V = 5 of G = SU(2).
Label the basis for this space as you would a ququint:
|0⟩ , |1⟩ , |2⟩ , |3⟩ , |4⟩. Intrinsic errors on this space live in
L (V ) = 5 ⊗ 5 = 1 ⊕ 3 ⊕ 5 ⊕ 7 ⊕ 9. There is a 2-
dimensional intrinsic quantum code I ⊂ V for the error
set E = {1,3} given by the codewords:

|0̄⟩ = 1√
2
(|0⟩+ |4⟩), |1̄⟩ = |2⟩ . (2)

Indeed this code satisfies the intrinsic KL condition for
1 (spanned by the identity matrix 1) and 3 (spanned
by the 5-dimensional representations of J+, J−, and Jz).
And so it has intrinsic distance d = 2. We will refer to
this intrinsic code by its parameters as {{V,dim(I), d}} =
{{5, 2, 2}} where the group G being used is implicit in V .

This intrinsic code is covariant for G = S3, where
S3 is the symmetric group on 3-letters. In particu-
lar, the 5-dimensional representation of the determinant-
1 Hadamard gate H = −iH enacts the logical gate

R :=
(

1/2
√
3/2√

3/2 −1/2

)
. And the 5-dimensional representa-

tion of the determinant-1 phase gate S = e−iπ/4S imple-
ments the logical Pauli gate −Z.

Example 1: Qubit Codes

Four-Qubit Realization.– In the physical Hilbert space
of four qubits, H = 2⊗4, the 5 irrep of SU(2) ap-
pears exactly once as the permutation–invariant sub-
space Sym4(C2) ∼= 5. The unique SU(2)–intertwiner
U : 5 ↪→ H identifies |w⟩ with the Dicke state [17–20]
of Hamming weight w,

|0⟩ 7→ |0000⟩
|1⟩ 7→ 1

2 (|0001⟩+ |0010⟩+ |0100⟩+ |1000⟩)

|2⟩ 7→ |0011⟩√
6

+ |0101⟩√
6

+ |1001⟩√
6

+ |1100⟩√
6

+ |1010⟩√
6

+ |0110⟩√
6

|3⟩ 7→ 1
2 (|1110⟩+ |1101⟩+ |1011⟩+ |0111⟩)

|4⟩ 7→ |1111⟩ . (3)

So the intrinsic {{5, 2, 2}} code gets mapped under U to
a particular permutation invariant multi-qubit code [21–
23] which previously appeared in [24–27]:

|0⟩ = 1√
2
(|0000⟩+ |1111⟩)

|1⟩ = |0011⟩√
6

+ |0101⟩√
6

+ |1001⟩√
6

+ |1100⟩√
6

+ |1010⟩√
6

+ |0110⟩√
6

.

(4)

Since the intrinsic code satisfies the KL condition for
the 1 and 3 sectors of L (V ), the SU(2)–equivariant em-
bedding Schur–Bootstraps this to H: any physical error
in the 1 or 3 symmetry sectors of L (H) is detected.

In particular, weight–0 and weight–1 errors (transform-
ing as 1 and 3) are detected, so the code has distance
d = 2.Indeed, this extrinsic code is precisely the permu-
tation–invariant subcode of the [[4, 2, 2]] stabilizer code.
What went previously unnoticed is that this protection

extends to all errors transforming as 1 or 3, irrespective
of weight. For example, a weight-2 error on a fixed pair
of qubits transforms as 3 ⊗ 3 = 1 ⊕ 3 ⊕ 5, but only
the 5 sector is “bad” (i.e., doesn’t automatically satisfy
the KL condition). So intrinsic codes offer protection
even beyond the low weight errors, a phenomenon similar
to what happens for stabilizer codes, where high weight
errors that anticommute with a stabilizer generator are
still detectable.
Because the intrinsic code I is G = S3 covariant then

we can implement S3 on C transversally. For example,
S⊗4 implements logical Z and H⊗4 implements logical
R.
Six-Qubit Realizations.– For six qubits, H = 2⊗6, the

embedding U : 5 ↪→ H is no longer unique: the irrep
5 appears with multiplicity five. Each embedding there-
fore defines a distinct ((6, 2, 2)) realization of the intrinsic
code {{5, 2, 2}}. Because any normalized linear combina-
tion of these five equivalent subspaces again transforms
as 5, the set of embeddings forms the complex projective
manifold CP 4.
Equivalently, every point z = [z1: · · · :z5] ∈ CP 4 speci-

fies coefficients zi defining an embedding Uz =
∑5

i=1 zi Ui

and hence a different extrinsic ((6, 2, 2)) code. For ex-
plicit codewords, see the Supplemental Material [16].
Every code obtained in this way has distance d = 2

and is G = S3-covariant, for example, S⊗6 and H⊗6, enact
logical −Z and R, respectively. The same construction
extends to all even n ≥ 6: for example, the multiplicity
of 5 in 2⊗8 is 20, giving a CP 19 family of ((8, 2, 2)) codes,
while in ten qubits it is 75, yielding a CP 74 family. Thus,
for each even n ≥ 6, the intrinsic code {{5, 2, 2}} admits a
continuous moduli space of extrinsic realizations param-
eterized by CPm−1, where m is the multiplicity of 5 in
2⊗n.

Example 2: Spin Codes

Under the embedding U : |w⟩ 7→ | 2
w-2 ⟩ where | j

m ⟩ is
the angular-momentum basis, we can realize the intrinsic
code I as the j = 2 spin code

|0⟩ = 1√
2
(| 2

-2 ⟩+ | 22 ⟩), |1⟩ = | 20 ⟩ . (5)

This realization employs a single spin-2 particle, illustrat-
ing that even an individual quantum system can host
a nontrivial error-detecting code. The code detects in-
finitesimal SU(2) rotations to first order in perturbation
theory and thus possesses spin distance d = 2 in the sense
of [2, 14]. The logical operations −Z and R correspond



4

respectively to the physical spin rotations D(j)(S) and
D(j)(H), both of which can be implemented experimen-
tally via controlled magnetic-field pulses generating the
appropriate Zeeman Hamiltonian [2].

Example 3: Qudit Codes

The intrinsic code {{5, 2, 2}} can also be embedded into
multiple qutrits rather than qubits, so long as the phys-
ical system realizes each qutrit as the irrep 3 of SU(2)
(for example, spin-1 atoms [28], Nitrogen-Vacancy cen-
ters [29, 30], NMR [31], and certain trapped ions [32]).
For two qutrits, H = 3⊗2 = 1 ⊕ 3 ⊕ 5. The unique
SU(2)-equivariant isometric embedding of 5 into H is

|0⟩ 7→ |00⟩
|1⟩ 7→ 1√

2
(|01⟩+ |10⟩)

|2⟩ 7→ 1√
6
(|02⟩+ 2|11⟩+ |20⟩)

|3⟩ 7→ 1√
2
(|12⟩+ |21⟩)

|4⟩ 7→ |22⟩. (6)

The resulting extrinsic code is

|0̄⟩ = 1√
2
(|00⟩+ |22⟩),

|1̄⟩ = 1√
6
(|02⟩+ 2|11⟩+ |20⟩). (7)

Extrinsic errors on H transform as

3⊗2 ⊗ 3⊗2 = (3)1 ⊕ (6)3 ⊕ (6)5 ⊕ (3)7 ⊕ 9. (8)

The KL condition is indeed satisfied for all errors in the
1 and 3 sectors, but not for errors in 5. Hence this code
is not distance-2 in the conventional multi-qudit sense:
a single-qutrit error transforms as 1 ⊕ 3 ⊕ 5, and full
distance-2 protection would require detecting errors in
the 5 sector as well. This illustrates that the Schur-
Bootstrap preserves representation-theoretic error pro-
tection but not always conventional weight-based error-
protection. For example, in order to get a qudit code with
distance 2 you would have had to start with an intrinsic
code I with intrinsic distance 3.

Nevertheless, we motivate and define a perturbative
notion of distance for qudit (and heterogeneous) quan-
tum codes in the Supplemental Material [16], called depth
d. We show that if I has intrinsic distance d then the
extrinsic code has depth d = d as well. For example, the
depth of the above two-qutrit code is d = 2. We argue
that in certain cases, the traditional weight-based notion
of distance is too strong and depth is more appropriate.

The physical G-action on H is by Dj=1(g)⊗Dj=1(g),
so logical Z and R are implemented transversally
by Dj=1(S)⊗Dj=1(S) and Dj=1(H)⊗Dj=1(H).

Example 4: Heterogeneous Codes

Our framework naturally produces heterogeneous
codes–also called mixed-alphabet or composite codes
[3, 33–36]–in which the individual subsystems are qudits
with differing local dimensions. In the present context,
each qudit in the composite system may be regarded as
residing in an irrep of SU(2), with its local dimension
determined by the spin of that representation. These
codes are less explored but arise naturally from the Schur-
Bootstrap.

Consider the Hilbert space of a qubit-ququart system
H = 2 ⊗ 4, both realized using particles that transform
under SU(2). The unique SU(2)-equivariant embedding
U : 5 ↪→ 2 ⊗ 4 is

|0⟩ 7→ |00⟩,

|1⟩ 7→
√
3
2 |01⟩+ 1

2 |10⟩,
|2⟩ 7→ 1√

2
(|02⟩+ |11⟩),

|3⟩ 7→ 1
2 |03⟩+

√
3
2 |12⟩

|4⟩ 7→ |13⟩. (9)

The resulting extrinsic code under the Schur-Bootstrap
is

|0̄⟩ = 1√
2
(|00⟩+ |13⟩), |1̄⟩ = 1√

2
(|02⟩+ |11⟩). (10)

Extrinsic errors transform as

(2⊗ 4)⊗ (2⊗ 4) = (2)1⊕ (4)3⊕ (4)5⊕ (3)7⊕ 9. (11)

The code satisfies the Knill–Laflamme conditions for all
1 and 3 components but not for 5 or 7, so it is again not
distance-2 in the conventional weight-based sense. But
again, the depth is d = 2 (see the Supplemental Material
[16]), and in particular, it detects any error on the qubit,
and any 1 or 3 error on the ququart. Logical operators
are implemented transversally as

ZL : S⊗Dj=3/2(S), RL : H⊗Dj=3/2(H). (12)

Similar to this example, there is also a heterogeneous
realization of {{5, 2, 2}} in a qubit-qubit-qutrit system 2⊗
2 ⊗ 3 and a CP 1 worth of embeddings in a qubit-qutrit-
ququart system 2 ⊗ 3 ⊗ 4.

Example 5: Bosonic Codes

A single bosonic mode has Fock states |n⟩ (n≥ 0) with
ladder operators a, a† and number operator n̂ = a†a [37–
39]. For two modes (a, b), the subspace with fixed total
excitation n1+n2 = N carries the spin-j = N/2 irrep of
SU(2) under the Schwinger mapping [40–42].
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The intrinsic code {{5, 2, 2}} is realized in the two-mode
manifold with total excitation number N = 4 via the
embedding U : |k⟩ 7→ |k, 4− k⟩. The logical states are

|0̄⟩ = 1√
2
(|0, 4⟩+ |4, 0⟩), |1̄⟩ = |2, 2⟩ . (13)

This is precisely the Chuang–Leung–Yamamoto (CLY)
code (see equation 3.1 of [43]). Because it is an extrinsic
realization of the intrinsic code, it satisfies the KL condi-
tion for any error transforming as 1 or 3, including the
dephasing errors J+, J−, Jz, as well as many other errors
discussed in the Supplemental Material [16].

This provides a continuous-variable realization of the
intrinsic {{5, 2, 2}} code in the two-mode Hilbert space
H = L2(R2). Within the fixed-N manifold, logical gates
RL and ZL correspond to SU(2) rotations, which can
be implemented experimentally using linear-optical net-
works of beam splitters and phase shifters [44–46].

Example 6: Æ Codes

A heterogeneous diatomic molecule (a linear rotor) has
rotational Hilbert space H = L2(S2) with decomposition
L2(S2) =

⊕
ℓ≥0 (2ℓ+ 1) under SO(3). The intrinsic code

{{5, 2, 2}} appears in the ℓ = 2 sector, with logical states

|0̄⟩ = 1√
2

(
Y 2
−2 + Y 2

2

)
, |1̄⟩ = Y 2

0 . (14)

Because this subspace transforms as the spin–2 irrep of
SU(2), it detects all first-order errors transforming as 3,
including first-order rotational errors (J±, Jz) and first-

order momentum-kicks ŶL=1
M (the spherical tensor op-

erators [47]). Thus the intrinsic code structure imme-
diately determines which perturbations the rotor em-
bedding suppresses. This code is an example of an
absorption-emission Æ code [48], a special case of a lin-
ear rotor code [47]. A similar idea to the Schur-Bootstrap
in this case was examined in [49].

Example 7: Rigid Rotor Codes

A rigid rotor (asymmetric polyatomic molecule) has
rotational Hilbert space H = L2(SO(3)), which decom-
poses into angular-momentum sectors labeled by ℓ under
the Peter–Weyl theorem. Each sector carries indepen-
dent left and right SU(2) actions, corresponding to lab-
fixed and body-fixed rotations, and thus supports two
natural classes of errors: left/right rotational perturba-
tions (JL

i , J
R
i ) and orientation (momentum-kick) errors

generated by rank-L Wigner–D operators.
The intrinsic code {{5, 2, 2}} embeds naturally into

the ℓ = 2 manifold, yielding a generalized absorp-
tion–emission (AE) code. A left-embedded realization
protects against all first-order right rotations, and by the
Schur-bootstrap also detects all first-order left rotations

and rank-1 orientation perturbations, since these trans-
form in 3 of SU(2). Analogous right-embedded and diag-
onal embeddings exist, each implementing the logical S3

symmetry by physical rotations. Further details appear
in the Supplemental Material [16].

Example 8: Molecular Codes

Molecules with rotational symmetry K ⊂ SO(3) have
rotational Hilbert space H = L2(SO(3)/K), which de-
composes into angular-momentum sectors labelled by ℓ.
The intrinsic code {{5, 2, 2}} embeds whenever the ℓ = 2
spin–2 irrep appears with multiplicity, yielding a family
of molecular realizations.
As a concrete example, sulfur dioxide SO2 has sym-

metry group K = C2, and the ℓ = 2 sector contains
three copies of the spin–2 irrep. Thus the intrinsic code
gives rise to a CP 2 family of extrinsic molecular codes.
Because these embeddings lie entirely in the left rota-
tional sector, they protect against all first-order left ro-
tations, all right rotations, and all rank–1 orientation
(momentum-kick) errors, which transform in the 3 of
SU(2). The logical S3 action can be implemented covari-
antly using left rotations. Detailed analysis and further
examples, such as encoding a qubit in a 12C60 buckyball,
are given in the Supplement [16].

Example 9: Landau Level Codes

A charged particle constrained to the surface of a
sphere threaded by a magnetic monopole has a rotational
Hilbert space organized into Landau levels, each of which
forms an SU(2) irrep. The intrinsic code {{5, 2, 2}} ap-
pears whenever the spin–2 irrep occurs, which happens
for integral monopole charge j with j ≤ 2. In these cases
the extrinsic codewords take the form∣∣0〉 = 1√

2

(
jY

2
−2 + jY

2
2

)
,

∣∣1〉 = jY
2
0 , (15)

where jY
ℓ
m are the monopole harmonics. Since the spin–2

manifold transforms as the 3 under small rotations, these
embeddings detect all first-order rotational errors and all
first-order momentum-kick perturbations.
In the lowest Landau level limit the physical Hilbert

space collapses to a single spin-j multiplet, so only ro-
tational errors remain; the corresponding intrinsic code
appears for j = 2. Further details are given in the Sup-
plemental Material [16].
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CONCLUSION

We have shown that quantum error correction admits
an intrinsically representation-theoretic formulation: a
code is simply a subspace of a representation V that sat-
isfies the Knill–Laflamme conditions for symmetry sec-
tors of L (V ). The Schur–Bootstrap then guarantees
that any G–equivariant embedding of V into a physi-
cal Hilbert space H produces a code with exactly the
same symmetry-resolved error protection and covariant
gate structure. The essential properties of these codes
are fixed already at the intrinsic level, independent of
hardware or platform.

The minimal intrinsic code {{5, 2, 2}} of SU(2) il-
lustrates this unifying mechanism: qubit, qudit, spin,
bosonic, absorption–emission, rigid-rotor, molecular, and
Landau-level codes are all revealed as different embed-
dings of a single intrinsic structure.

More broadly, intrinsic codes offer a kind of com-
pactification of fault-tolerant schemes. The same order-
ϵ error suppression achieved by a four–qubit code can
be “compressed” into two higher–dimensional sites—or
even a single five–level system—without altering its log-
ical gate group or perturbative distance. This inter-
polation between architectures suggests that the de-
sign of covariant quantum codes can be reduced to
a tractable representation-theoretic problem on low-
dimensional spaces, opening a systematic path for the
discovery of new codes and transversal gate structures
across a variety of platforms.

ACKNOWLEDGMENTS

We thank Victor Albert and Anthony Leverrier for
helpful conversations on bosonic codes, molecular codes,
codes made from mixed irreps, and other types of covari-
ant quantum codes outside of the multiqudit framework.

[1] J. R. R. Tolkien, The Fellowship of the Ring, The Lord
of the Rings, Vol. 1 (George Allen & Unwin, 1954).

[2] J. A. Gross, Designing codes around interactions: The
case of a spin, Phys. Rev. Lett. 127, 010504 (2021).

[3] A. Denys and A. Leverrier, Quantum error-correcting
codes with a covariant encoding, Phys. Rev. Lett. 133,
240603 (2024).

[4] Y. Wang, Y. Xu, and Z.-W. Liu, Tessellation codes: En-
coded quantum gates by geometric rotation, Phys. Rev.
Lett. 135, 140602 (2025).

[5] E. Kubischta and I. Teixeira, Family of quantum codes
with exotic transversal gates, Phys. Rev. Lett. 131,
240601 (2023).

[6] E. Kubischta and I. Teixeira, Quantum codes from
twisted unitary t-groups, Phys. Rev. Lett. 133, 030602
(2024).

[7] J. M. Lee, Introduction to Riemannian manifolds, 2nd
ed., Graduate texts in mathematics (Springer Interna-
tional Publishing, Cham, Switzerland, 2019).

[8] C. F. Gauss, Disquisitiones Generales Circa Superfi-
cies Curvas (Dieterich, Göttingen, 1828) göttingen: Di-
eterich, 1828; translated in General Investigations of
Curved Surfaces, Princeton Univ. Press (1902).

[9] OpenAI, Chatgpt (GPT-5) model (2025), large lan-
guage model, accessed via https://chat.openai.com

Nov 2025.
[10] W. Fulton and J. Harris, Representation theory, 1st ed.,

Graduate texts in mathematics (Springer, New York,
NY, 1999).

[11] H. Georgi, Lie algebras in particle physics, 2nd ed.,
Vol. 54 (Perseus Books, Reading, MA, 1999).

[12] P. Faist, S. Nezami, V. V. Albert, G. Salton,
F. Pastawski, P. Hayden, and J. Preskill, Continu-
ous symmetries and approximate quantum error correc-
tion, Physical Review X 10, 10.1103/physrevx.10.041018
(2020).

[13] P. Hayden, S. Nezami, S. Popescu, and G. Salton, Error
correction of quantum reference frame information, PRX
Quantum 2, 10.1103/prxquantum.2.010326 (2021).

[14] E. Kubischta and I. Teixeira, Permutation-invariant
quantum codes with transversal generalized phase gates,
IEEE Transactions on Information Theory 71, 485
(2025).

[15] A. Aydin, V. V. Albert, and A. Barg, Quantum
error correction beyond SU(2): spin, bosonic, and
permutation-invariant codes from convex geometry
(2025), arXiv:2509.20545 [quant-ph].

[16] See supplemental material which includes references [14,
15, 21, 50–52, 56, 58? ? ? –60].

[17] R. H. Dicke, Coherence in spontaneous radiation pro-
cesses, Phys. Rev. 93, 99 (1954).
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Supplemental Material

Parameterizing 6 qubit realizations of the {{5, 2, 2}}
code

The basis for the moduli space of extrinsic ((6, 2, 2))
codes can be found using the GroupMath package [50]
in Mathematica [51]. In the computational basis, the
logical state |0⟩ may be written as

|0⟩ = c1(|100000⟩ − |011111⟩) + c2(|010000⟩ − |101111⟩)
+ c3(|001000⟩ − |110111⟩) + c4(|000100⟩ − |111011⟩)
+ c5(|000010⟩ − |111101⟩) + c6(|000001⟩ − |111110⟩),

(1)

where the six coefficients ck are linear functions of the
parameters z1, · · · , z5:

c1 =
1

2

√
5

3
z1,

c2 = − z1

2
√
15

+

√
2

5
z2,

c3 =
1

60

(
−2

√
15 z1 − 3

√
10 z2 + 15

√
6 z3

)
,

c4 =
1

60

(
−2

√
15 z1 − 3

√
10 z2 − 5

√
6 z3 + 20

√
3 z4

)
,

c5 =
1

60

(
−2

√
15 z1 − 3

√
10 z2 − 5

√
6 z3 − 10

√
3 z4 − 30 z5

)
,

c6 =
1

60

(
−2

√
15 z1 − 3

√
10 z2 − 5

√
6 z3 − 10

√
3 z4 + 30 z5

)
.

(2)

We have not written |1⟩ for brevity but it also depends
on a choice of z = (z1, . . . , z5). We can check the weight
enumerators [52] to find

A = ( 1 0 fA
1 (z) 0 fA

2 (z) 0 fA
3 (z) )

B = ( 1 0 fB
1 (z) 8 fB

2 (z) 24 fB
3 (z) ). (3)

Here fA
i and fB

i are polynomial functions of z = [z1 :
z2 : z3 : z4 : z5] ∈ CP 4. So we see that for any choice
of z, indeed we get a ((6, 2, 2)) code. And one can check
that there are no choice of z such that fA

1 (z) = fB
1 (z)

(i.e., there isn’t some singular d = 3 code hidden within
these).

Perturbative Order and Depth

This appendix formalizes the notion of perturbative
order used in the main text and explains how intrin-
sic distance d of an intrinsic code maps, via the Schur–
Bootstrap, to a physical error-suppression exponent d for
any G–equivariant realization. Let G be the physical

symmetry group and let Ad denote its adjoint representa-
tion, describing the leading (infinitesimal) perturbations.
We assign ord(1) = 0 and ord(Ad) = 1, and for any irrep
ξ of G define

ord(ξ) := min{ t ≥ 0 : ξ ⊂ Ad⊗t }. (4)

If each qudit transforms as the fundamental irrep q of
SU(q), then q⊗q = 1⊕Ad so any small single-site error
can schematically be written 1 + ϵAd. Two sites give

(1+ϵAd)⊗2 = 11+ϵ(Ad⊗1+1⊗Ad)+ϵ2(Ad⊗Ad) (5)

which coincides exactly with weight-0, weight-1, and
weight-2 errors. Hence for multi-qudit systems built
from multiple fundamental representations of SU(q) the
perturbative order coincides with error weight and a
distance-d code has logical errors of order O(ϵd).
For systems not built from fundamental representa-

tions of SU(q), such as spin-1 atoms (3 of SU(2)), then
the space of errors contains multiple irreps with different
perturbative orders inside the same weight class. For a
spin-1 system, 3 ⊗ 3 = 1 ⊕ 3 ⊕ 5 where ord(1) = 0,
ord(3) = 1, and ord(5) = 2 corresponding to scalar
shifts, linear type errors, and quadratic (tensor) pertur-
bations. Thus a small local error can schematically be
written 1 + ϵ3 + ϵ2 5. And for two sites:

(1 + ϵ3 + ϵ25)⊗2 = 11 + ϵ(31 + 13)

+ ϵ2(51 + 15 + 33) + ϵ3(35 + 53) + ϵ4(55). (6)

The conventional weight-1 sector contains 31, 13, 51,
and 15. However, these are order-ϵ and order-ϵ2 errors.
So a code may fail to protect against all weight-1 errors
yet still suppress every order-ϵ error. In this way con-
ventional distance d is too coarse for heterogeneous or
higher-spin platforms. We therefore say a code has depth
d if the KL condition holds for all ξ with ord(ξ) < d.
Equivalently, the leading logical error scales as O(ϵd).
Depth coincides with distance for fundamental SU(q) qu-
dits but is strictly finer for higher-spin and heterogeneous
systems.
If an intrinsic code has intrinsic distance d, then

any G–equivariant realization obtained by the Schur–
Bootstrap has depth d = d so intrinsic distance fixes
the physical perturbative suppression exponent univer-
sally across all hardware embeddings. The two spin-1
example in the main text illustrates this: the extrinsic
realization inside 3 ⊗ 3 has conventional distance d = 1
but detects all order-ϵ error sectors (31 and 13), so its
logical errors scale as ϵ2 and the depth is d = 2. The
qubit–ququart embedding 2 ⊗ 4 has d = 1 but depth
d = 2 for the same reason.
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Depth also clarifies the “compactification” phe-
nomenon discussed in the main text: the intrinsic
{{5, 2, 2}} code has d = 2 and thus all of its extrin-
sic realizations—four-qubit, two-qutrit, qubit–ququart,
or single-spin-2—achieve order-O(ϵ2) suppression. What
changes is only the number of sites and the local
Hilbert-space dimension. Depth therefore provides a
representation-theoretic measure of physical performance
that is intrinsic to the code and independent of the hard-
ware.

Bosonic Codes (Detailed Analysis)

For two modes (a, b), physical noise separates into
two natural classes. Loss/gain errors (amplitude-
damping–type processes) are generated by a, a†, b, b†,
while number-preserving (dephasing) errors are gener-
ated by the Schwinger operators

J+ = a†b, J− = ab†, Jz = 1
2 (a

†a− b†b). (7)

Consider first the number-preserving sector. The op-
erator n̂ transforms as the trivial irrep 1, and the set
{J+, J−, Jz} transforms as 3, so each satisfies the KL
condition for the intrinsic {{5, 2, 2}} code. The same ar-
gument applies to all higher-order dephasing terms that
transform in 1 or 3. For example, the second-order com-
mutator

[J+, Jz] = J+Jz − JzJ+ ∈ 3 (8)

is also detectable.
Next consider loss/gain errors—exactly the sort of

amplitude damping errors originally addressed by the
Chuang–Leung–Yamamoto construction. Single-loss op-
erators {a, b} transform as 2 ≃ 2 and single-gain oper-
ators {a†, b†} as 2. However, L (V ) on this code space
decomposes as

L (V ) = 1 ⊕ 3 ⊕ 5 ⊕ 7 ⊕ 9, (9)

so no 2 component acts nontrivially on I. Thus all single-
loss and single-gain errors automatically satisfy the KL
condition.

Second-order loss/gain processes such as a†a, b†b, a†b,
and b†a transform as

2 ⊗ 2 = 1 ⊕ 3, (10)

and are therefore also detectable. Finally, any cubic (or
more generally any odd-order) product of {a, b, a†, b†} de-
composes entirely into even-dimensional irreps of SU(2),
none of which appear in L (V ), so such operators act
trivially on the code.

Together these observations show how the Schur-
bootstrap and representation-theoretic analysis reveals
substantially broader error-detecting capabilities than
previously recognized.

Rigid Rotor Codes (Detailed Analysis)

Consider an asymmetric polyatomic molecule (or a
rigid rotor) which has rotational Hilbert space H =
L2(SO(3)) [47]. From the Peter-Weyl theorem this can
be decomposed as

L2(SO(3)) =
⊕
ℓ≥0

(2ℓ+ 1) ⊗ (2ℓ+ 1). (11)

Here ℓ is an integer representing the total angular mo-
mentum. And the left quantum number −ℓ ≤ m ≤ ℓ
is the space-fixed projection (onto the lab’s z-axis) while
the right quantum number −ℓ ≤ k ≤ ℓ is the body-
fixed projection (onto the molecule’s z-axis). There is
an orthonormal angular momentum basis for this space
denoted | ℓmk ⟩.
There are two independent SU(2) rotations on this

space: a left SU(2)L rotation and a right SU(2)R ro-
tation. The left action rotates the molecule about a lab-
fixed axis (and affects the quantum number m). The
right action rotates the molecule about a body-fixed axis
(and affects the quantum number k). It follows that there
are both left and right rotational errors generated by the
angular momentum operators JL

i and JR
i respectively.

Moreover, there are momentum-kick errors D̂L
MK corre-

sponding to the Wigner-D matrices (that Lie generate
the “position” or “orientation” operators).
Unlike the linear rotor, there are many different em-

beddings of the intrinsic {{5, 2, 2}} code into this space.
For example, The intrinsic code {{5, 2, 2}} can be realized
inside the ℓ = 2 sector two natural ways:

5L ⊗ 5R
∼= (5)5L or 5L ⊗ 5R

∼= (5)5R. (12)

Each embedding is parameterized by a CP 4 family
of possible choices. A left-embedded code automati-
cally protects against all right-rotational errors JR

i , and
vice-versa. In addition, by the Schur-Bootstrap, left-
embedded codes also detect all first-order left rotations
JL
i and first-order momentum kicks D̂L=1

MK , since these
transform in 3 of SU(2). Analogous statements hold for
the right embeddings.
There is also a diagonal embedding. For any ℓ ≥ 1,

the tensor product (2ℓ+ 1)⊗ (2ℓ+ 1) contains a unique
copy of 5. For example, when ℓ = 1 the embedding
|k⟩ 7→ |

(
1

mk

)
⟩ is

|0⟩ 7→ |
(

1
−1,−1

)
⟩ ,

|1⟩ 7→ 1√
2

(
|
(

1
0,−1

)
⟩+ |

(
1

−1,0

)
⟩
)
,

|2⟩ 7→ 1√
6

(
|
(

1
1,−1

)
⟩+ 2 |

(
1
0,0

)
⟩+ |

(
1

−1,1

)
⟩
)
,

|3⟩ 7→ 1√
2

(
|
(

1
0,1

)
⟩+ |

(
1
1,0

)
⟩
)
,

|4⟩ 7→ |
(

1
1,1

)
⟩ . (13)
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The resulting extrinsic codewords are∣∣0〉 = 1√
2

(
|
(

1
−1,−1

)
⟩+ |

(
1
1,1

)
⟩
)
,∣∣1〉 = 1√

6

(
|
(

1
1,−1

)
⟩+ 2 |

(
1
0,0

)
⟩+ |

(
1

−1,1

)
⟩
)
. (14)

This diagonal embedding protects against both first-
order left and right rotations. Momentum-kick oper-
ators D̂L

MK transform in the reducible representation
(2ℓ+ 1)⊗ (2ℓ+ 1), and the code detects any irreducible
component that appears in 3. For each ℓ ≥ 1, exactly
one such 3 appears.

All three realizations—left, right, and diago-
nal—constitute generalized absorption–emission (AE)
rotor codes. Each implements the logical group S3

covariantly through physical rotations of the molecule.

Molecular Codes (Detailed Analysis)

Let K ⊂ SO(3) be the rotational symmetry group of a
molecule. The rotational Hilbert space is

H = L2(SO(3)/K), (15)

which decomposes, by the Peter–Weyl theorem, as

L2(SO(3)/K) =
⊕
ℓ≥0

(2ℓ+ 1) ⊗MK
ℓ . (16)

Here MK
ℓ is the multiplicity space consisting of the K-

fixed vectors in the body-fixed irrep (2ℓ+ 1). The basis
states are written | ℓ

mκ ⟩, where κ indexes an orthonormal
basis of MK

ℓ .
For sulfur dioxide SO2, the symmetry group isK = C2,

the cyclic group of order 2 (and each oxygen can be taken
to have spin-0 so that nuclear degrees of freedom can be
neglected). A computation shows

MC2

ℓ = {−ℓ,−ℓ+ 2, . . . , ℓ− 2, ℓ}, (17)

so κ = k must be even. Thus the multiplicity in the ℓ
sector is ℓ+1 for even ℓ and ℓ for odd ℓ. So the multiplicity
of 5 within L2(SO(3)/C2) is 3 and thus the intrinsic code
corresponds under the Schur-Bootstrap to a CP 2 worth
of extrinsic codes within this molecule

|w⟩ 7→
∣∣ 2
w−2 κ

〉
, κ ∈ {−2, 0, 2}. (18)

The corresponding extrinsic codewords are∣∣0〉 =
∑

κ∈{−2,0,2}

zκ√
2

(∣∣ 2
−2,κ

〉
+
∣∣ 2
2,κ

〉)
,

∣∣1〉 =
∑

κ∈{−2,0,2}

zκ
∣∣ 2
0,κ

〉
, (19)

where [z−2 : z0 : z2] ∈ CP 2.

All embeddings detect any first-order left rotation,
since these transform in the 3 of SU(2). Because the
code lies entirely in the left sector, it also detects all
right rotations. D̂L=1

MK errors likewise transform in 3 and
are detectable. The logical S3 action is implemented co-
variantly using left rotations.

Buckyball Codes

The most naturally occurring Buckminsterfullerene
(buckyball) is composed of 60 12C atoms (each with
nuclear spin-0), denoted 12C60. Its rotational symme-
try group is the icosahedral group I ⊂ SO(3) (order
60). So the rotational Hilbert space is H = L2(SO(3)/I)
which decomposes into irreps under SO(3) (or equiva-
lently SU(2)) as

L2(SO(3)/I) = 1 ⊕ 13 ⊕ 21 ⊕ 25 ⊕ 31 ⊕ · · · . (20)

The smallest non-trivial irrep is 13 (corresponding to the
lowest non-trivial rotational energy). So if we can find
intrinsic codes within the irrep 13 of SU(2), then we will
have found, for the first time, quantum codes within the
buckyball’s rotational symmetry.
Qutrit Code.– Using a computerized search, we have

found a {{13, 3, 2}} intrinsic SU(2) code as follows:∣∣0〉 = −
√

21
80 |1⟩+

|3⟩√
10

+
√

63
440 |5⟩ −

√
63
176 |9⟩ −

√
3
22 |11⟩∣∣1〉 = |0⟩

4
√
11

+
√

21
55 |2⟩ −

3|4⟩
4
√
5
+ 3|8⟩

4
√
5
−

√
21
55 |10⟩ −

|12⟩
4
√
11∣∣2〉 =

√
3
22 |1⟩+

√
63
176 |3⟩ −

√
63
440 |7⟩ −

|9⟩√
10

+
√

21
80 |11⟩.

(21)

This code is T -covariant where T is the order 12 tetra-
hedral group.
Then via the Schur-Bootstrap, this corresponds to an

extrinsic qutrit code within the lowest non-trivial energy
level of a buckyball. It can detect any 1st-order left rota-
tion since those transform in 3 of SU(2) and it can protect
against any right rotation (since the code lives entirely
within the left sector). Interestingly, the momentum-kick

operators D̂L
MK are already protected up to and including

5th-order because of the symmetry of the Hilbert space
(which is not a property of the code but of the Hilbert
space itself). Lastly, any gate from T can be implemented
by left rotations of the molecule.
Qubit Code.– Using a computerized search, we have

found also found a {{13, 2, 3}} intrinsic SU(2) code as
follows. Let

v =
3
√
611808967 + 9900

√
3807314905

1050
,

w = v +
104929

1102500v
− 11

150
,

D =
49w3

66
+

49w2

120
+ w + 1. (22)
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Then the intrinsic codewords are∣∣0〉 = 1√
D

(
7w3/2
√
66

|1⟩ − 7w
2
√
30

|4⟩+
√
w |7⟩+ |10⟩

)
,∣∣1〉 = 1√

D

(
|2⟩+

√
w |5⟩ − 7w

2
√
30

|8⟩+ 7w3/2
√
66

|11⟩
)
. (23)

This code is S3 covariant where S3 is the symmetric group
on 3 letters.

Then via the Schur-Bootstrap, this corresponds to an
extrinsic qubit code within the lowest non-trivial energy
level of a buckyball that can correct any first order error
(whether it is rotational or a momentum kick). Any gate
from S3 can be implemented by rotations of the molecule.

Remarks.– Although we have only demonstrated qubit
and qutrit codes with distance 3 and 2 respectively, you
can create codes of any dimension and with any distance
(that can correct arbitrary order errors) by finding intrin-
sic codes within higher irreps (energy levels), for example
21, 25, 31, etc.

Landau Level Codes (Detailed Analysis )

Consider a particle of electric charge q constrained to
the surface of a sphere of radius R threaded by a magnetic
monopole of charge BR2, with qB > 0. Defining

j =
qBR2

ℏ
, (24)

the Dirac quantization condition ensures that j is integer
or half-integer. Let χj denote the one-dimensional rep-
resentation of U(1) of weight 2j. The physical Hilbert

space is the induced representation H = Ind
SU(2)
U(1) χj [53].

The resulting SU(2) decomposition is

H =
⊕
ℓ≥j

(2ℓ+ 1), (25)

with ℓ having the same parity as j. Each (2ℓ+ 1) is a
Landau level of energy ℓ and is spanned by the monopole
spherical harmonics jY

ℓ
m for ℓ ≥ j and |m| ≤ ℓ [54]. The

case j = 0 reproduces the ordinary spherical harmonics
L2(S2).

Two classes of physical errors act on this system: (i)
rotational errors generated by Ji, and (ii) momentum-

kick errors generated by j Ŷ
L
M , which transform as the

(2L+ 1) of SU(2).
The intrinsic code {{5, 2, 2}} occupies the spin–2 irrep.

Thus an extrinsic realization exists exactly when j is in-
tegral and j ≤ 2, so that 5 appears once in H. The
codewords are

|0⟩ = 1√
2

(
jY

2
−2 + jY

2
2

)
,

|1⟩ = jY
2
0 , (26)

for j = 0, 1, 2. These detect all first-order rotations and
rank-1 momentum kicks because both classes of operators
transform in the 3 under SU(2).

As noted in [55], taking B → ∞ and R → 0 while

fixing j = qBR2

ℏ isolates the lowest Landau level. In
this limit the Hilbert space reduces to the single spin-j
multiplet spanned by jY

j
m, and the only physical errors

are rotational. For j = 2, the intrinsic code appears in
the LLL via

|0⟩ = 1√
2
(2Y

2
−2 + 2Y

2
2 ),

|1⟩ = 2Y
2
0 . (27)

This code detects all first-order rotational perturbations
from the 3 sector.

Intrinsic {{14, 2, 3}} Code

There is an SU(2) intrinsic {{14, 2, 3}} code:∣∣0〉 =
√
5

112

(
13

√
2 + 2

√
11
)
|0⟩+

√
13

112

(
10− 3

√
22
)
|4⟩

−
√
65

112

(
6 +

√
22

)
|8⟩+

√
65

112

(√
2− 2

√
11

)
|12⟩∣∣1〉 =

√
5

112

(
13

√
2 + 2

√
11
)
|13⟩+

√
13

112

(
10− 3

√
22

)
|9⟩

−
√
65

112

(
6 +

√
22

)
|5⟩+

√
65

112

(√
2− 2

√
11

)
|1⟩ . (28)

Indeed this code has intrinsic distance d = 3 meaning it
can correct any linear combination of the 14-dimensional
representations of J+, J−, and Jz. Equivalently, it can
detect errors from 1, 3, and 5.
The 14 dim representations of the special Pauli X and

Z gates implement logical special X and Z respectively.
Moreover, the 14 dim gate S3† implements logical special
phase S and the 14 dim inverse Hadamard H† implements
logical special Hadamard H. Thus this code is covariant
for the single qubit Clifford group 2O.

• Multi-qubit : There is a unique embedding of
14 into 2⊗13. So this corresponds to a unique
((13, 2, 3)) code that can implement the single qubit
Clifford gates transversally. This code is permuta-
tion invariant and originally found in [56].

• Higher multi-qubit : The irrep 14 appears with mul-
tiplicity in 2⊗n for all odd n for n ≥ 15. For ex-
ample, when n = 15 the multiplicity is 14 so there
is a CP 13 moduli space of ((15, 2, 3)) codes, when
n = 17 the multiplicity is 119 so there is a CP 118

moduli space of ((17, 2, 3)) codes. In fact it can be
shown that the multiplicityµ of 14 in 2⊗n for odd
n is

µ =
28

n+ 15

(
n

n−13
2

)
∼ O(2n). (29)

So in general there is a CPµ−1 moduli space of
these ((n, 2, 3)) Clifford transversal codes and the
moduli space is growing exponentially in n.
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• Multi-qudit : There is a CP 3 moduli space of codes
in 4⊗5 and a CP 1 worth of codes in 6⊗3. Each has
depth d = 3 and is Clifford transversal.

• Heterogeneous: There are many different heteroge-
neous realizations. For example, each of the fol-
lowing is an example of a physical Hilbert space H
that has a single copy of 14:

– (2 sites): 78

– (3 sites): 466

– (4 sites): 4445

– (5 sites): 24444

– (7 sites): 2333333

Again each of the extrinsic codes with these Hilbert
spaces has depth d = 3 and is Clifford transversal.
In the H = 2333333, the extrinsic code even has
conventional distance d = 2.

• Spin version: We can always treat an SU(2) irrep
as a large spin, in this case j = 13/2, using the
embedding |k⟩ 7→ |j, j − k⟩.

• Bosonic: There is an extrinsic embedding into the
two mode subspace with fixed excitation N = 13.

The code detects both 1st and 2nd order dephasing
errors and up to 5th order gain/loss errors.

• Landau Levels: There is a Landau-Level extrinsic
code that can detect either: (1) 2nd order rotations,
(2) 2nd order momentum kicks, or (3) a 1st order
rotation together with a 1st order momentum kick.

Note there are no Æ , rigid rotor, or molecular embed-
dings for this code since it is an even-dimensional irrep of
SU(2). However, if electronic or nuclear spin is present,
chemists often consider the “rotational double group” in
which case the even dimensional irreps of SU(2) would
show up and an embedding would be possible [57].

Related Work

Every permutation invariant (PI) quantum code can
be thought of as an extrinsic realization of some intrinsic
code (that is, the converse of the Schur-Bootstrap holds
in this case). A proof is given in [15]. But even in this
case the benefit of the intrinsic picture is that one can
then realize that same code in a variety of other settings,
and it also proves that permutation invariant codes can
always detect many errors of higher weight, vastly gener-
alizing the analysis in [22] of higher weight errors detected
by 9-qubit PI codes. See also [14, 21, 58–60] for many
different examples of PI codes.
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