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Abstract

Cross-validation is a standard technique used across science to test how well a model predicts new
data. Data are split into K ”folds,” where one fold (i.e., hold-out set) is used to evaluate a model’s
predictive ability. Researchers typically rely on conventions when choosing K, commonly K = 5, or
80:20 split, even though the choice of K can affect inference and model evaluation. Principally, this K
should be determined by balancing the predictive accuracy (bias) and the uncertainty of this accuracy
(variance), which forms a tradeoff based on the size of the hold-out set. More training data means
more accurate models, but fewer testing data lead to uncertain evaluation, and vice versa. The challenge
is that this evaluation uncertainty cannot be estimated directly from data. We propose a procedure to
determine the optimal K by deriving a finite-sample upper bound on the evaluation uncertainty and
adopting a utility-based approach to make this tradeoff explicit. Analyses of real-world datasets using
linear regression and random forest demonstrate this procedure in practice, providing insight into implicit
assumptions, robustness, and model performance. Critically, the results show that the optimal K depends
on both the data and the model, and that conventional choices implicitly make assumptions about the
fundamental characteristics of the data. Our framework makes these assumptions explicit and provides
a principled, transparent way to select K based on the data and model rather than convention. By
replacing a one-size-fits-all choice with context-specific reasoning, it enables more reliable comparisons
of predictive performance across scientific domains.
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Introduction

In typical data analysis, the researcher has a plethora of models or hyperparameters to choose from. For
example, a researcher often has access to a set of models that generate drastically different inferences or
predictions, and the researcher must choose one of these models to make informed decisions. Which model
to use– i.e., model uncertainty– is a central issue in statistics and machine learning. To assess model perfor-
mance, a common technique used is cross-validation (CV), where a certain portion of the data is randomly
allocated to train the model, and the remaining portion is used to evaluate the model through its predic-
tions. Cross-validation, developed simultaneously and independently by Seymour Geisser and Mervyn
Stone (Christensen and Johnson, 2007), is popular, and used across a broad breadth of fields (e.g., ma-
chine learning, econometrics, genomics, and epidemiology, to name just a few), because the concept and
implementation are simple, while not being constrained to a specific data type or a domain, and theoretically
known to produce unbiased estimates of the prediction loss (see, e.g., Efron, 1983; Shao, 1993; Bates et al.,
2024). In simple terms, cross-validation tests how well a model trained on part of the data predicts the rest.
Repeating this process multiple times provides an estimate of how the model will generalize to unseen data.
The most common version is K-fold cross-validation, where the data are split into K equal-sized folds, and
the test set is constructed by removing one of them. In practice, K is determined by convention (e.g., 5-fold
CV, or 80:20 split), and does not typically differ across domain, dataset, or model. Even though this choice
of K directly affects selection and inference, there is no principled way to determine this K with theoretical
justification. Consider a concrete example: a researcher analyzing a dataset might find that Model A outper-
forms Model B using 5-fold CV, but Model B beats Model A using 10-fold CV. This could occur because
Model B is more complex than Model A, requiring more data to produce good forecasts, but it could also
occur because, particularly if the total sample size is small, the test data happened to favor Model B. In either
case, the researcher could select the wrong model and reach incorrect scientific conclusions if the number
of folds is poorly chosen. More importantly, a researcher faced with different results based on the number
of folds does not have a principled way to discern which to use.

The difficulty in determining the hold-out size is due to the inherent tradeoff that exists in cross-
validation. The more training data one has, the better the model estimation will be. Conversely, the more test
data one has, the better the performance assessment of the model will be. Given a fixed total sample size, a
tradeoff exists between the accuracy of the model and the uncertainty of the model evaluation. Consider an
extreme case where all of the data are allocated to the training set. The model is the most accurate, using all
the data to train, but there is no model evaluation (due to not having any test samples), and the uncertainty
regarding the assessment is the largest. At the other extreme, if all data are allocated to the test set, the
model cannot learn from the data and can only predict based on prior assumptions. The evaluation uncer-
tainty, however, is the smallest because all of the data are used to evaluate. This tradeoff suggests that an
optimal balance exists between having sufficient training data for learning and enough test data for reliable
evaluation. This simple thought experiment illustrates why a universal choice of K cannot exist, since the
optimal split depends on how much uncertainty one can tolerate in evaluating model accuracy.
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Our goal is to formalize this tradeoff to enable a systematic choice of K. More precisely, this tradeoff
is between the prediction loss of the model and its uncertainty regarding the prediction loss; similar to
the bias-variance tradeoff regarding model complexity. While this tradeoff has been intuited, it has never
been rigorously explicated due to the impossibility of a universal unbiased estimator for the latter uncertainty
(Bengio and Grandvalet, 2004), except for specific problem settings (e.g., Arlot and Lerasle, 2016), and only
asymptotic results have been derived for the purpose of testing model performance (Austern and Zhou, 2020;
Bayle et al., 2020; Li, 2023). While these results provide valuable asymptotic insights, they do not yield
a usable criterion for choosing K in a given dataset with finite samples. For our theoretical contribution,
we derive a finite sample upper bound (the theoretical maximum) to this uncertainty, rigorously linking it
to the prediction loss. Given this uncertainty bound, the optimal test set size can be derived by balancing
this tradeoff. We express this tradeoff using a mean-variance utility (a combined score of accuracy and
reliability) of the von Neumann-Morgenstern utility function. The optimal test set size maximizes this
utility function, given the researcher’s belief in the irreducible error in the data-generating process, which
acts as a tuning parameter.

A key insight of our approach is recognizing that any choice of K implicitly assumes the level of
irreducible noise in the data-generating process. Thus, choosing K = 5 assumes one noise level and
K = 10 assumes another. Current practice makes these choices by convention without examining what
they imply about the fundamental characteristics of the data. We make these implicit assumptions explicit,
transforming convention into a transparent, data-informed decision.

In the following, we formalize this tradeoff, derive theoretical results for its components, and apply it to
real data.

Definitions and main theoretical result

To derive our central theoretical results, we first define the notation, data-generating assumptions, and ex-
plicate cross-validation, including its key theoretical properties. For the data generating assumptions, we
consider cases where the irreducible error is symmetric (e.g., Gaussian) and homoskedastic (equal variabil-
ity across observations), and where it is asymmetric (e.g., Gamma) or heteroskedastic (unequal variability
across observations). Given the definitions, we derive the theoretical upper bound of the predictive accuracy
uncertainty for both assumptions.

Denote the training set sample size as n and the test set sample size as m. The total sample size is
n +m = N . Given a fixed total sample size, an increase in n means a decrease in m, and vice versa. The
central question is determining m that best balances model accuracy and evaluation certainty.

For K-fold cross-validation, the test set size is m = N/K, where N is divided into {C1, ..., Ck, ..., CK}
sets. The test set is Ck and the training set is denoted as C−k = {C1, ..., Ck−1, Ck+1, ..., CK} to represent
the divided dataset minus the test set, Ck. The training set consists of {(Yi, Xi)}ni=1 and the test set consists
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of {(Yj , Xj)}n+m
j=n+1. Throughout, we assume that the response follows the data-generating process

Yi = f(Xi) + εi,

where the outcome is generated from some function of covariates, f(Xi), and consider cases where εi is
symmetric and homoskedastic, and where it is asymmetric or heteroskedastic. Together, this covers most
problems encountered in data analysis.

For notational simplicity, we denote data and predictions on the test set as Ck and the training set as
C−k. We consider the squared error loss,

L̂k (µ̂k) =
1

m
∥µ̂k − yk∥2Rm − 1

m
∥ε∥2Rm

=
1

m

∑
j∈Ck

{(
f̂−k (xj)− yj

)2
− ε2j

}
,

where µ̂k =
[
f̂−k (xn+1) , ..., f̂−k (xn+m)

]⊤
is the prediction generated from the model trained on the

training set, C−k, to predict the test set, Ck, and yk = [yn+1, ..., yn+m]⊤, εk = [εn+1, · · · , εn+m]⊤. The
K-fold cross-validation loss is

L̂k (µ̂k) =
1

K

K∑
k=1

{
1

m
∥µ̂k − yk∥2Rm − 1

m
∥εk∥2Rm

}
.

In other words, these expressions quantify how close the model’s predictions are to the true data-generating
process, averaged over all test sets. The fundamental tradeoff in cross-validation is that as n increases, f̂−k

becomes more accurate (more learning), but the uncertainty of L̂k (µ̂k) increases, due to a decrease in m.
Cross-validation is popular due to its ease of use (only requiring data splitting, training, and predicting),

but also due to its theoretical properties, namely that it is an unbiased estimate of the prediction loss (and a
conditional unbiased estimate of pure loss):

EY

[
1

m
∥µ̂k − yk∥2Rm − 1

m
∥ε∥2Rm

∣∣∣∣x] =
1

m
∥µ̂k − µk∥2Rm , (1)

EY

[
1

K

K∑
k=1

{
1

m
∥µ̂k − yk∥2Rm − 1

m
∥εk∥2Rm

}∣∣∣∣∣X
]
≈

1

mK
∥µ̂k − µk∥2RmK , (2)

for the basic cross-validation and K-fold cross-validation, respectively, where µk = [f(xn+1), ..., f(xn+m)]

denotes the vector of true response functions, and σ2 = E[ε2] is the irreducible error. While this loss can be
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empirically estimated, except for the irreducible error, the variance of this loss,

Var
[
L̂m (µ̂k)

]
= EY

[(
1

m
∥µ̂k − yk∥2Rm − 1

m
∥ε∥2Rm

− EY

[
1

m
∥µ̂k − yk∥2Rm − 1

m
∥ε∥2Rm

∣∣∣∣x])2
∣∣∣∣∣x
]

has been previously unknown, and the empirical variance of the loss is known to severely underestimate
the variance due to overlapping samples. This makes the explicit expression of the variance, and thus the
tradeoff, unknown.

Instead of determining the exact variance, we derive its upper bound. The upper bound serves as the
upper limit on what the variance of the predictive accuracy can be, and is considered the worst-case scenario.
For the symmetric, homoskedastic case, this upper bound is “tight,” meaning that the bound is close to the
unbiased variance.

We first provide the upper bound for the case in which the errors, εi, are symmetric and homoskedastic.

Theorem 1. Assume that εi is symmetrically distributed and homoskedastic. Then, the variance of the loss
is,

EY

[(
1

m
∥µ̂k − yk∥2Rm − 1

m
∥ε∥2Rm

− EY

[
1

m
∥µ̂k − yk∥2Rm − 1

m
∥ε∥2Rm

∣∣∣∣x])2
∣∣∣∣∣x
]

=4
1

m2
C (2,m)σ2

∑
j∈Ck

(
f̂−k(xj)− f(xj)

)2
≦4

1

m2
σ2

∑
j∈Ck

(
f̂−k(xj)− f(xj)

)2 (3)

where

C (s, t) =
1

2t
1

ts/2

t∑
r=0

(
t

r

)
|t− 2r|s ≤ 2s/2√

π
Γ

(
s+ 1

2

)
.

The right-hand side of (3) is what bounds the variance from above. Intuitively, Theorem 1 states that as
the test-set size increases, the uncertainty in model evaluation shrinks, up to a calculable upper limit. Since
the bound is on the constant C (s, t), the bound is tight, and close to the unbiased estimator. The proof of
this theorem is given in the Appendix.

Note that the upper bound depends on three variables: the model bias, 1
m

(∑
j∈Ck

(
f̂−k(xj)− f(xj)

)2)
,

irreducible error, σ2, and the hold-out size, m. Intuitively, this theorem tells us that when test samples are
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more numerous (larger m), the uncertainty in our estimate of predictive accuracy shrinks due to the extra
1
m , though at the cost of model accuracy from fewer training samples.

The model bias is the difference between the prediction and the data minus irreducible error, and can be
estimated from the empirical cross-validation loss, given the specification of the irreducible error.

In many real datasets, errors may not be symmetrically distributed (e.g., binary outcomes), or evenly
distributed (e.g., income data vary more among high earners). Theorem 2 relaxes the earlier assumptions to
cover such cases.

When ε is not symmetric, or when εj are independently distributed but heteroskedastic, we have the
following upper bound:

Theorem 2. Let σ2
j = E

[
ε2j

]
, we have

EY

[(
1

m
∥µ̂k − yk∥2Rm − 1

m
∥ε∥2Rm

− EY

[
1

m
∥µ̂k − yk∥2Rm − 1

m
∥ε∥2Rm

∣∣∣∣x])2
∣∣∣∣∣x
]

≦16
1

m2
C (2,m)

∑
j∈Ck

σ2
j

(
f̂−k(xj)− f(xj)

)2
≦16

1

m2

∑
j∈Ck

σ2
j

(
f̂−k(xj)− f(xj)

)2 .

If the error is not symmetric, the bound worsens as the constant term goes from 4 to 16. If the error is
heteroskedastic, σ changes to σj . Apart from those changes, the intuition is identical to Theorem 1. The
proof of this theorem is given in the Appendix.

Together, the two theorems cover a broad set of problems, while the former provides an improved bound
for a more specific case.

Determining K

With the loss and its upper bound variance, we have an explicit tradeoff. To determine the optimal point of
tradeoff, we adopt the mean-variance utility within the von Neumann-Morgenstern expected utility frame-
work:

Utility (n,m) = −

E
[
L̂k (µ̂k)

]
︸ ︷︷ ︸

Loss

+Var
[
L̂k (µ̂k)

]
︸ ︷︷ ︸

Risk

 . (4)

Here, this ‘utility’ simply measures the overall quality of a split. A higher utility means a better balance
between accuracy and uncertainty. While there are other forms of utility, we select this utility due to its
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simplicity and ease of interpretation, particularly how its analogous to the bias-variance tradeoff.
Based on the above, our proposed strategy for determining K involves four main steps:

Step 1: Estimate the model’s empirical prediction loss for several training/test splits;

Step 2: Estimate how uncertain the losses in Step 1 are from the upper bound in Theorem 1 or 2;

Step 3: Combine both into a single ‘utility’ measure;

Step 4: Choose the K that maximizes utility (the best tradeoff).

To set up the above strategy, we first prepare the expected negative utility under mean-variance:

EX,Y

[
1

m
∥µ̂k − yk∥2Rm − 1

m
∥ε∥2Rm

]
+ EY

[(
1

m
∥µ̂k − yk∥2Rm − 1

m
∥ε∥2Rm

− EY

[
1

m
∥µ̂k − yk∥2Rm − 1

m
∥ε∥2Rm

∣∣∣∣x])2
∣∣∣∣∣x
]
,

where the first term is the loss and the second term is the uncertainty. To calculate the above, we first need
to estimate the two terms as a function of m.

(Step 1) The first term (prediction loss) can be estimated empirically using the empirical cross-validation
loss:

E
[
L̂k (µ̂k)

∣∣∣x] ∼ 1

m
∥µ̂k − yk∥2Rm − σ2, (5)

where σ2 is the irreducible error. To determine this loss as a function of m, or find the “loss curve,” we
need the empirical loss at, at least, three points: m = 0, m = N , and 0 < m < N . These reference
points anchor the curve that relates test-set size to model performance, allowing us to interpolate how loss
changes with m. While estimating the loss is possible when m = 0, this estimate requires model class
specific calculations can be too involved (discussed later). Instead, we estimate the loss at m = 1, or leave-
one-out cross-validation (LOOCV). Since we can assume that the drop-off in loss from m = 0 to m = 1

is minimal, the LOOCV works as a good stand-in. Estimating the loss when m = N is also possible, but
it is unrealistic that the optimal test size lies near n = 0, so instead we use some minimal number for the
model to produce reasonable predictions (in our example, we use K = 2), which we call leave-most-out
cross-validation (LMOCV). Finally, we calculate some 0 < m < N , e.g., 5-fold CV. Each loss is denoted
as L̂LOO, L̂LMO, and L̂5−fold, and sample size as mLOO, mLMO, and m5−fold, respectively. Since the loss

is monotone decreasing, the curve can be estimated as EL̂(m) = m
log(β)
log(α) (L̂LMO − L̂LOO) + L̂LOO − σ2,

where β =
L̂5−fold−L̂LOO

L̂LMO−L̂LOO
and α =

m5−fold−mLOO

mLMO−mLOO
. While there are other ways to estimate this curve, the

above empirically fits well and satisfies all constraints. From this, we have the loss curve. Note that the
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estimation of the loss curve can be avoided entirely if the researcher is only interested in finding the optimal
K within a limited set of K (e.g., K = 4, 5, 10, 20).

(Step 2) Given the loss curve, EL̂(m), the upper bound of the variance curve, VL̂(m), is calculated as:

VL̂(m) = 4
1

m
σ2EL̂(m)

Again, σ2 is the irreducible noise of the data. This formula shows how uncertainty decreases as test-set size
increases, providing a way to quantify the tradeoff illustrated earlier.

(Step 3) Finally, the utility can be calculated as,

Utility(m) =−
(
EL̂(m) + VL̂(m)

)
.

(Step 4) Given σ2, the optimal test set size is what maximizes this utility (or minimizes EL̂(m) + VL̂(m)).

Making implicit assumptions explicit: the role of σ2

A central element of our approach– and of any cross-validation procedure– is the irreducible noise of the
data-generating process, σ2. Every choice of K implicitly assumes some value of σ2, and conventional
approaches leave this assumption unexamined. For example, choosing K = 5 for a particular dataset and
model implies a specific belief about this noise that differs from K = 10. Our framework makes this implicit
assumption explicit and operational.

In practical terms, σ2 reflects how noisy or unpredictable the data are. In physical sciences, σ2 may be
small (e.g., controlled experiments), whereas it can be large in social sciences. For example, in a typical
biological experiment, where measurement variability is roughly 10% of total signal, a good estimate could
be σ2 ≈ 0.1, while in a social survey, responses vary widely; σ2 ≈ 1 − 2. Since the estimation of σ2

requires the knowledge of the true model, and thus makes cross-validation unnecessary, the optimal hold-
out size should be viewed as conditional on the researcher’s beliefs about the level of noise (e.g., high in
social sciences, low in deterministic systems). While the ability to choose σ2 may seem too subjective, it is
important to note that the researcher is implicitly assuming some σ2 whenever they choose K. Rather than
viewing this as a limitation, this framing allows for the researcher to conduct a useful sensitivity analysis, or
“reverse engineer” implicit noise levels under conventional hold-out splits. In other words, σ2 is a “knob”
that the researcher can “tune,” allowing for the researcher to take an implicit assumption and relax it by
exploring other assumptions. For example, by varying σ2 over a plausible range, researchers can examine
how the optimal test set changes, and identify robustness ranges where splits remain near-optimal (e.g., “for
all σ2 ∈ [0.5, 2.0], 5-fold CV remains near-optimal”). Reverse engineering σ2 allows the researcher to
interpret the choice of K in terms of underlying assumptions about data quality. Both uses provide ways
to understand σ2 from a predictive perspective. Since the researcher is already assuming some σ2 when
they conduct K-fold CV, treating σ2 as a tuning parameter allows the researcher to reveal their implicit
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assumptions and explore other assumptions.
A more holistic view is to examine how the optimal test size changes given a wide range of σ2. This re-

lation defines the Pareto frontier, which summarizes all optimal tradeoffs between accuracy and uncertainty
for different assumed noise levels. The Pareto frontier is analogous to modern portfolio theory, where one
specifies the risk aversion parameter, λ, to calculate the efficient frontier of the optimal portfolio (i.e., what
is the optimal portfolio proportion given risk aversion). Thus, choosing σ2 is similar to choosing between
high-risk, high-return and low-risk, low-return investments. In this sense, choosing σ2 can be viewed as the
researcher’s risk tolerance regarding the tradeoff. If the researcher prefers lower uncertainty around the pre-
diction loss, they should choose a lower σ2, and vice versa. Note that, when calculating the Pareto frontier,
there is a point where σ2 is too large and the frontier cuts off. This is an– albeit loose– upper bound on
σ2, calculated from the model and data. This provides some idea regarding what the most risk-averse σ2 is,
from which we can calculate the “safest” K for cross-validation.

For the heteroskedastic errors, σ2 should be specified as σ2 = max(σ2
j ). This is conservative, though

necessary due to heteroskedasticity inducing further uncertainty.

Real-wold example: Abalone age prediction

To demonstrate our approach in practice, we apply it to a regression problem using the Abalone dataset
(Nash et al., 1994). The Abalone dataset has N = 4, 177 observations with eight covariates, and the goal is
to predict the age of the abalone based on these features. We consider two models, a linear regression model
and a random forest model, for comparison to estimate the optimal test set size, due to the latter being a
more complex (nonlinear) model compared to the former.

Step 1: Estimate loss curve

First, we calculate the LOOCV squared error loss, L̂LOO, by removing one sample for testing (m = 1) and
using the rest (n = 4, 176) to train the models. This produces a loss value of 4.9394 for the linear model
and 4.6379 for the random forest.

Second, we calculate the LMOCV squared error loss, L̂LMO, by removing half of the samples (m =

2, 088) for testing and using the rest (n = 2, 089) to train the models. This produces a loss value of 4.9594
for the linear model and 5.0571 for the random forest.

Third, we calculate the LMOCV squared error loss, L̂5−fold, by removing 1/5th of samples (m = 835)
for testing and using the rest (n = 3, 342) to train the models. This produces a loss value of 4.9426 for the
linear model and 4.6692 for the random forest.

Plugging this into the loss curve function, we obtain EL̂(m) = m2.00100.0200 + 4.9394 − σ2 for the
linear model and EL̂(m) = m2.78980.4192 + 4.6379− σ2 for the random forest.

The estimated loss curve, with σ2 = 1, is visualized in Figure 1, which shows how prediction loss
changes with the size of the test set. The flatness of the curve for the linear model means its performance
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Figure 1: Abalone data: Estimated loss curve for the linear model and random forest. The y-axis is the
estimated mean squared error under different hold-out data sizes (m: x-axis). σ2 is the irreducible error,
which is set to σ2 = 1.

stabilizes quickly, while the steeper curve for the random forest shows that complex models need more
training data.

Step 2: Calculate variance curve

After assessing how model accuracy changes, we next examine how the uncertainty of this evaluation be-
haves. Given the estimated loss curve in Step 1, we can directly calculate the upper bound of the variance
curve as

VL̂(m) = 4
1

m
σ2EL̂(m).

The calculated variance curve, with σ2 = 1, is visualized in Figure 2. The variance is extremely
high when m = 1, because the evaluation is based on a single data point, and there is a large amount
of uncertainty regarding whether this one sample is representative of the population. As m increases, the
uncertainty decreases, as there are more data to assess the predictive ability of a model. Compared to the
loss curve, the variance curve is less contrastive, though it follows a similar pattern to the loss curve in terms
of the difference between the two models.
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Figure 2: Abalone data: Estimated variance curve for the linear model and random forest. The y-axis is the
calculated upper bound of the variance of the loss under different hold-out data sizes (m: x-axis). σ2 is the
irreducible error, which is set to σ2 = 1.

Step 3: Calculate the mean-variance utility

Given both the loss curve and the variance curve, we can calculate the negative utility,

EL̂(m) + VL̂(m),

and whatever minimizes this value, given some value of σ2, is the optimal test set size.
Figure 3 summarizes how the overall utility changes with test-set size under different noise assumptions

(σ2 = {0.01, 0.1, 1}). The lowest point on each curve marks the best choice of K, as it minimizes the
negative utility (and maximizes the utility). For the linear model, the optimal test set ranges between roughly
200 and 950 samples; for the random forest, between 150 and 450. The optimal test set size is different
between the two models, reflecting the difference in model complexity. In particular, the linear model is
a faster learner, requiring fewer data for training and allocating more for testing. The optimal test size of
the linear model also varies more than the random forest given the specification of σ2. Notably, except for
the linear model with σ2 = 1, neither model has the optimal test size around K = 5. Given these results,
a researcher using the random forest with this data should not be using K = 5 because the model has not
learned enough for accurate predictions.
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Figure 3: Abalone data: Negative utility of the linear model (left) and random forest (right), for σ2 =
{0.01, 0.1, 1}. Dashed lines are the minimal point under each σ2.

Figure 4: Abalone data: Pareto frontier for the linear model and random forest. Dashed lines denote sample
size that equals K = 4, 5, 10, 20.

Step 4: Calculate the Pareto frontier

Once the utility is calculated, we can obtain the Pareto frontier by varying σ2. This is done by calculating
the minimal test set size under σ2, while varying σ2 until the minimal test set size peaks. The Pareto frontier
for this data set is given in Figure 4.

The frontier maxes out at around σ2 = 2.25 ∼ 2.5, which is the loose upper bound of the irreducible
noise. Comparing the two models, we see that the random forest has a much gradual curve than the linear
model. This shows that, no matter what the belief of σ2 is, the random forest requires a certain (large)
amount of data for training. The linear model, with its steep curve, shows that, because the model is simple
enough to require fewer data for training, the optimal sample size is sensitive to the specification of σ2.
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Table 1: Description of datasets used to compare optimal hold-out size. N is the total sample size and p is
the number of covariates

Description Source Domain Target N p
Abalone: Age of abalone Nash et al. (1994) Biology Rings 4,177 8
Concrete: Concrete compressive strength Yeh (1998) Materials Engineering Concrete strength 1,030 8
Servo: Simulation of a servo system Ulrich (1986) Engineering Rise time 167 4
Diabetes: Diabetes study Efron et al. (2004) Medicine Disease progression score 442 10
Income: Census income Becker and Kohavi (1996) Social Science log(Income) 32,561 5

As a result, K = 4, 5 is never optimal for the random forest, but is for the linear model if we assume that
σ2 = 0.7 ∼ 1.6. The linear model is a faster learner and requires fewer data to be “certain” compared to
the more complex random forest. We can then calculate the implicit σ2 under different K, or analyze how
different models learn the data.

The key takeaway is that, even for a common dataset, the optimal K varies between models. Using a
conventional split for both models, thus, can mislead model evaluation if the implicit assumption of σ2 is
drastically different.

Comparison with different datasets

To further illustrate how the optimal test size differs by model and dataset, we expand the analysis to five
benchmark datasets (including the Abalone data in the previous section) that span multiple domains. The
descriptions of datasets are given in Table 1. The datasets span diverse domains, from engineering, biology,
to social science, with total sample sizes from 167 to over 32,561. This range enables us to compare how
optimal test-set sizes differ when data noise levels vary across fields.

Table 2 summarizes the optimal test-set sizes across five datasets, two models, and three noise levels.
Overall, the observations in the Abalone application are consistent for the other datasets: the optimal test
set size increases as σ2 increases, and the linear model requires fewer training data than the random forest
(because the linear model is a faster learner). The exception to this observation is with the Diabetes
dataset, where the random forest requires more test data than the linear model (for σ2 = 0.01).

Note that there were instances where the empirical loss was less than σ2 = 1, denoted by “-” (for
Diabetes, RF, and Income, LM and RF). These entries provide valuable diagnostic information that the
data are telling us that σ2 = 1 is inconsistent with the observed model performance. If a researcher truly
believed σ2 ≥ 1 for these datasets, they should question whether their models are overfitting or whether
their noise assumptions are incorrect. For valid analysis, one should only consider σ2 < 1. This diagnostic
capability is precisely what conventional K selection obscures.

An important result is that, for all datasets and models considered, the optimal test-set size is neither
leave-one-out (LOOCV), nor 2-fold. In most cases, the optimal K is in the range of 4 − 20, depending on
the model and assumption on σ2. This is somewhat in line with conventional wisdom, though the variability
given the data, model, and σ2 is quite stark. The results show that the best K varies widely depending on the
dataset and model, ranging roughly from 4 to 20 folds. This variability highlights why a fixed choice (e.g.,
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Table 2: The optimal hold-out size for five datasets, for both linear model (LM) and random forest (RF),
under varying noise levels, σ2 = {0.01, 0.1, 1}. Entries with “-” indicate that the estimated loss was smaller
than the irreducible noise.

N Model σ2= 0.01 0.1 1

Abalone 4,177
LM 221 473 951
RF 143 260 450

Concrete 1,030
LM 44 114 299
RF 17 34 69

Servo 167
LM 6 16 21
RF 5 12 -

Diabetes 442
LM 16 46 133
RF 21 38 71

Income 32,561
LM 1,675 4,165 -
RF 1,412 2,053 -

5-fold CV) can be misleading. In practical terms, this means researchers should test several K values rather
than assume one default, especially when the dataset size or expected noise level differs across studies.

Finally, we reverse engineer to estimate the implicit σ2, given a specific K fold. The results, with
K = {4, 5, 10, 20}, is reported in 3. Overall, the results are in line with earlier results: the implied σ2 varies
amongst models and data, and for each K. Within K, the implicit σ2 for both models is somewhat consistent,
particularly for large K. However, the implicit σ2 drastically differs with differing K. Furthermore, for the
random forest, the implicit σ2 does not exist for K = 4, 5 (except for the Diabetes dataset), and does not
exist for K = 10 for the Servo and Income datasets. This means that, if a researcher chooses those K for
those datasets, there does not exist an implied σ2, and thus the optimal hold-out size does not exist. From
a researcher’s perspective, this narrows down the potential K in a data-driven manner. Reverse engineering
σ2, thus, greatly aids in determining K by removing some K from the candidates. Given a smaller set of K,
the researcher can select a K that best fits their assumption regarding the noise. These findings reinforce that
optimal K is context-specific and that reverse-engineering σ2 can guide researchers toward data-consistent
choices.

Computational considerations

While conceptually straightforward, the proposed method can be computationally demanding because it
requires multiple rounds of model fitting. At a minimum, cross-validation has to be performed three times,
which can be too prohibitive for more complex machine learning methods, such as neural networks. To
decrease computation cost, one can avoid full cross-validation to approximate the prediction loss. For
example, a 5-fold CV can be assessed with only one test set, rather than the full five. Although there
are some accuracy concerns with this approximation, it is fairly robust as long as the test set is not wildly
inconsistent with the training set.
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Table 3: The implicit σ2 for five datasets, for both linear model (LM) and random forest (RF), under varying
K, K = {4, 5, 10, 20}. Entries with “-” indicate that the implied σ2, under that K, is greater than the upper
bound of σ2, i.e., these K values are too small for the model to learn effectively from these data.

Model K = 4 5 10 20

Abalone
LM 1.5284 0.6160 0.0683 0.0084
RF - - 0.6847 0.0418

Concrete
LM 0.6960 0.4054 0.0770 0.0149
RF - - 4.1242 0.3783

Servo
LM - - 0.0908 0.0114
RF - - - 0.0267

Diabetes
LM 0.6732 0.4061 0.0898 0.0196
RF 5.3339 2.1891 0.1602 0.0115

Income
LM - - 0.0493 0.0094
RF - - - 0.0225

Modern parallel computing alleviates many of these concerns, but some large-scale machine learning
methods might still find this computationally prohibitive. In some cases, one can use the theoretical conver-
gence rate of the model as a stand-in. The difficulty, however, is in deriving these rates for all of the models
considered. Another way is to use an approximate model that is less computationally intensive but retains
the core characteristics.

The most computationally intensive cross-validation is the LOOCV. As mentioned above, we can calcu-
late the Stein’s unbiased risk estimator (SURE) when m = 0. Since µ̂ is generally a function of y, µ̂ (y),
from Stein’s equality, we have

E
[
ε⊤µ̂ (x)

∣∣∣x] = E

[
σ2

n+m∑
i=1

∂µ̂

∂yi
(xi)

∣∣∣∣∣X
]
.

Then, the SURE is,

1

n
ŜURE =

1

n
∥µ̂− y∥2Rn+m + 2σ2 1

n+m

n+m∑
i=1

∂µ̂

∂yi
(xi) . (6)

This formula provides an analytic shortcut to estimate prediction risk without retraining the model for every
possible test split. While div can be calculated for simpler models (e.g., linear models), it is quite prohibitive
for more complex models, such as neural networks. Whether one uses LOOCV or SURE depends on the
computational cost and mathematical availability.
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Discussion

The K-fold cross-validation procedure can be viewed as a balance between two competing goals: model
accuracy and evaluation certainty. Based on this tradeoff, we devise a strategy based on multi-objective
optimization to determine the optimal K in K-fold cross-validation. Our proposed strategy is easily im-
plemented through basic cross-validation estimates and is optimized based on the researcher’s belief in
the irreducible noise. Through regression exercises, we demonstrate how the optimal test set size can be
estimated, and how that informs each model’s predictive ability, sensitivity to assumptions regarding the ir-
reducible error, and how conventional splits can mislead evaluation. Our proposed method can be applied to
many statistical problems, but is particularly useful (due to a tighter bound) for regression problems where
the errors are symmetrically distributed and homoskedastic.

For applied scientists, the main takeaway is conceptual: there is no universal best K. Instead, K should
be chosen based on data quality and model complexity, similar to how one adjusts sample size or significance
levels in experimental design.

The fundamental contribution of this work is not eliminating the need for assumptions in cross-validation,
which is impossible, but making existing hidden assumptions explicit and actionable. Every choice of K
in conventional practice implicitly embeds beliefs about the irreducible noise, model learning rates, and
acceptable uncertainty levels. Rather than relying on these implicit assumptions, our framework provides
tools to align cross-validation design with domain knowledge and data characteristics. This not only allows
researchers to explicate and test their assumptions, but also improves transparency in scientific research.

Our approach has several limitations. The most important thing is the computational cost of estimating
the cross-validation loss. While we have discussed reducing this cost by reducing the number of test sets
in cross-validation, another approach is to use the convergence rate of each model, though this requires
knowledge of this rate, which can be difficult to obtain. As discussed above, whether one reduces the
number of test sets, uses the convergence rate, or SURE to avoid LOOCV, depends on the availability of
computational resources and theoretical understanding.

Finally, as seen in the results of our analysis, it is not always necessary to obtain exact optimal test
set sizes. Our results show that, for the Abalone data, there is a reasonable range for which little utility
is lost by deviating from the optimal size. The key result is that the optimal size will rarely be LOOCV,
or something like a 2-fold CV, but somewhere in between. Instead of relying on a single conventional K
across models and datasets, we recommend identifying a reasonable range of K values tailored to specific
problem types or data domains. This is similar to having different significance levels for statistical testing
for different domains. The main takeaway is that there is no one-size-fits-all for cross-validation, and it
should be considered on a domain-by-domain, dataset-by-dataset, and model-by-model basis.

As a general heuristic, our results indicate that K should be large if the researcher believes that the
irreducible noise is small (e.g., physics compared to economics), or the model is complex and requires
more data for training. Conversely, K can be large, which has the benefit of reducing computation, if the
irreducible noise is large or the model is simple. The difficulty lies in the middle ground, e.g., when the
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noise is large but the model is complex, or when both the noise and model are moderate. For these cases,
the optimal K should be calculated, or, at the very least, a reasonable range of K should be explored (e.g.,
K = {5, 10}).

Future work could explore automatic or adaptive methods that estimate the optimal K directly from
data, making cross-validation more user-friendly for non-specialist researchers.

More broadly, this framework invites researchers across disciplines to think of cross-validation not as a
fixed recipe, but as a design decision tuned to their data and scientific goals.
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Appendix

Proof of Theorem 1

Proof. First, we introduce the following theorem:

Theorem 3. (Theorem 1. of Whittle (1960)) Let the random variables z1, z2, . . . , zn be statistically indepen-
dent, and each assume the values ±1 with respective probabilities 1

2 . Then, for any set of real coefficients
bj , s ≥ 2,

E

∣∣∣∣∣∣
n∑
j

bjzj

∣∣∣∣∣∣
s ≤ C (s, n)

∑
j

b2j

s/2

(7)

where C (s.n) = 1
2n

1
ns/2

∑n
k=0

(
n

k

)
|n− 2k|s. The equality sign holds in (7) if s = 2 or if all the bj

have equal modulus, but not otherwise.

From direct calculation, we have(
1

m
∥µ̂k − yk∥2Rm − 1

m
∥ε∥2Rm

− EY

[
1

m
∥µ̂k − yk∥2Rm − 1

m
∥ε∥2Rm

∣∣∣∣x])2

=

(
1

m
2ε⊤ (µ̂k − µk)

)2

We now aim to obtain, E
[(

1
m2ε⊤k (µ̂k − µk)

)2∣∣∣x]. Within the x-given expectation operator, the (µ̂k − µk)

term can be treated as a constant. Let E± [·] denote an expectation with respect to the sign of the ε. Since ε

is symmetric, we have

E

∣∣∣∣∣∣
m∑
j=1

εj (µ̂j − µj)

∣∣∣∣∣∣
2∣∣∣∣∣∣x


= E

E±

∣∣∣∣∣∣
m∑
j=1

sgn (εj) |εj | (µ̂j − µj)

∣∣∣∣∣∣
2∣∣∣∣∣∣x

∣∣∣∣∣∣x
 .
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and from (7), we have

E

E±

∣∣∣∣∣∣
m∑
j=1

sgn (εj) |εj | (µ̂j − µj)

∣∣∣∣∣∣
2∣∣∣∣∣∣x

∣∣∣∣∣∣x


=E

C (2,m)

∣∣∣∣∣∣
m∑
j=1

|εj |2 (µ̂j − µj)
2

∣∣∣∣∣∣
∣∣∣∣∣∣x


=C (2,m)σ2

∑
j∈Ck

(
f̂−k(xj)− f(xj)

)2 .

Further, since C (2,m) is monotone increasing regarding m, we have

C (2,m) ≤ lim
m→∞

C (2,m) =
2√
π
e−x2

x2 =
2√
π
Γ

(
3

2

)
= 1.

Proof of Theorem 2

Proof. When ε is not symmetric, let ε̃j be the copy of εj (sampled from the same distribution, independently
from εj). Then from the symmetry of εj − ε̃j , we have

E

∣∣∣∣∣∣
m∑
j=1

εj (µ̂j − µj)

∣∣∣∣∣∣
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m∑
j=1

(εj − ε̃j) (µ̂j − µj)
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2∣∣∣∣∣∣x

 .

As with the case when εj is symmetric, from (7), we have

E
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∣∣∣∣∣∣x
 .

Further, from the Minkowski inequality,

E
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]
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E
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19



Therefore,
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