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Abstract. Let H be a complex, separable Hilbert space (of finite or infinite dimension),
and let U(H) denote the group of unitary operators on H. A symmetry is, by definition,
a unitary operator J with J2 = I. Denote by Symk(H) the subset of U(H) consisting
of those operators expressible as a product of k symmetries. It is known that U(H) =
Sym4(H) if dim H = ∞, while the only additional condition in finite dimensions is that
the determinant be ±1. Of all the sets Symk(H) with k ∈ {1, 2, 3, 4}, the case k = 3
has been the most stubborn to characterise. Among other things, we investigate which
elements of Sym3(H) possess exactly two eigenvalues in the setting where H is finite-
dimensional. We also consider the problem: when is the unitary orbit of an operator T ,
i.e., the set

{U∗TU : U ∈ U(H)}
the same as its Symk-orbit, i.e., the set

{U∗TU : U ∈ Symk(H)}?
Clearly, the cases of interest are when k ≤ 3.

1. Introduction

1.1. Let H be a complex Hilbert space, and denote by B(H) the algebra of bounded linear
operators acting on H. We shall write U(H) = {U ∈ B(H) : U is unitary} for the set of
all unitary operators acting on H. For X ⊆ B(H), U(X ) = {U∗XU : X ∈ X , U ∈ U(H)}
denotes the unitary orbit of X . When X = {X} is a singleton set, we abbreviate the notation
to U(X). If U(X ) ⊆ X , we say that X is invariant under unitary conjugation. An
operator J ∈ B(H) is said to be a symmetry if J = J∗ = J−1. It was R.V. Kadison
who first raised the question of which operators may be expressed as a finite product of
symmetries [7]. Since each symmetry is unitary, any such product must result in a unitary
operator.

1.2. Notation. For k ∈ N, set

Symk(H) = {V ∈ B(H) : V = J1J2 · · · Jk : Jj is a symmetry, 1 ≤ j ≤ k}.

The set Sym1(H) of symmetries on H is easily seen to be invariant under unitary conjuga-
tion, from which it in turn follows that V ∈ Symk(H) if and only if U(V ) ⊆ Symk(H), k ≥ 1.
A classical result of Halmos and Kakutani shows that we need only consider Symk(H) for
1 ≤ k ≤ 4.
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1.3. Theorem. [7] If H is an infinite-dimensional Hilbert space, then every unitary oper-
ator on H is a product of four symmetries. That is,

U(H) = Sym4(H).

Furthermore, if ω is a primitive third root of unity in C, then ωI ∈ U(H) \ Sym3(H).

When dim H = d < ∞, it is easy to see that J ∈ Sym1(H) satisfies det J ∈ {−1, 1}, and
thus V ∈ Symk(H) also satisfies det V ∈ {−1, 1}. The second author of the present paper
showed that this is the only obstruction for a unitary operator to lie in Sym4(H).

1.4. Theorem. [16, Theorem 3] Let d ∈ N and V ∈ U(Cd). The following statements are
equivalent:

(a) det V ∈ {−1, 1}.
(b) V = J1J2J3J4, where J1J2 and J3J4 ∈ Sym2(Cd) commute with one another.

1.5. Over the years, a number of people have extended these results to more general set-
tings. For example, Fillmore [6] showed that if M is a properly infinite von Neumann
algebra, then every unitary operator in M is a product of at most four symmetries in M.
Thakare and Baliga [19] extended Fillmore’s theorem to properly infinite AW ∗-algebras.
In the case of a type II1 factor von Neumann algebra M, it was shown by Broise [2] that
every unitary element of M is a product of finitely many symmetries, while Dowerk and
Thom demonstrated that sixteen factors are sufficient for any such unitary. Recent work of
Bhat, Nayak and Shankar [1, Theorem 3.9] demonstrates that every unitary in a type II1
von Neumann algebra M (factor or not) is a product of at most six symmetries from M.
In the same paper, they also prove that the set of products of three symmetries from an
arbitrary von Neumann algebra M is not norm-dense in the set of unitaries in M.

In the setting of C∗-algebras, Zhang [20] has shown (amongst many other things) that if
A is a unital C∗-algebra with real rank zero and topological stable rank one, and if n ≥ 2
is an integer, then every unitary element of Mn(A) can be factored as a product of at most

2⌈ lnn
ln 2

⌉ symmetries from Mn(A) and a diagonal unitary. For a unital purely infinite simple

C∗-algebra A, Leen [12] proved that every unitary in the identity component of the unitary
group of A is a product of finitely many symmetries in A. In the case where A = Mn(C(X))
(and where X is a finite compact metric space), Phillips [14, Theorem 3.9] characterized
which unitaries in A could be written as a finite product of symmetries in A.

1.6. Of course, a unitary operator V lies in Sym1(H) if and only if σ(V ) ∈ {−1, 1}, or
equivalently, if σ(V ) ⊆ R. Davis [4, Theorem 6.3], Radjavi and Williams [18, Theorem 3]
characterised Sym2(H) as those unitary operators V which are similar to their adjoints.
If H = Cd, Radjavi and Williams [18, Theorem 1] showed that this is equivalent to the
condition that the matrix for V is unitarily equivalent to a matrix with real entries, and
Carlson [3, Theorem 2] showed that this happens if and only if V is a product of two
hermitian matrices.

1.7. Whereas the characterisations of Sym1(H),Sym2(H) and Sym4(H) are entirely satis-
factory, no characterisation of Sym3(H) currently exists. The results of the current paper
suggest that such a characterisation will likely be very complicated if it can indeed be de-
termined. In Section Three below, we analyse a class of unitary operators V ∈ Sym3(Cd)
whose spectrum consists of exactly two non-real eigenvalues.
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1.8. We are also interested in “simplifying” the unitary orbits of operators. Recall that the
unitary orbit of a given operator T is the set of its unitary conjugates:

U(T ) = {U∗TU : U ∈ U(H)}.
We are interested in the question of whether or not it is possible to use a smaller set, e.g.
Sym3(H) or Sym2(H), instead of U(H) in order to generate U(T ).

2. A standard form for symmetries relative to a decomposition of the space

2.1. In the next section, we shall investigate the question of which unitary operators with
two distinct eigenvalues may be written as the product of three symmetries. In order to do
this, we shall need to know more about the matrix form of a symmetry relative to certain
decompositions of the underlying Hilbert space. We recall that the point spectrum σp(T )
of an operator T ∈ B(H) is the set of eigenvalues of T .

2.2. Proposition. Let H be a Hilbert space and suppose H = H1 ⊕ H2. Suppose that
J ∈ B(H) is a symmetry, and that relative to this decomposition,

J =

[
J1 J2
J∗
2 J4

]
.

If 1 ̸∈ σp(J
2
1 )∪σp(J

2
4 ), then dim H1 = dim H2, and after identifying these two spaces, there

exists a unitary operator V = V0 ⊕ I ∈ B(H1 ⊕H2) such that

V ∗JV =

[
M N
N −M

]
,

where M = M∗, and N = (I −M2)
1
2 is injective with dense range.

Proof. Since J2 = I, we see that J2
1 + J2J

∗
2 = IH1 , or equivalently, J2J

∗
2 = IH1 − J2

1 . Now
∥J1∥ ≤ 1 and 1 ̸∈ σp(J

2
1 ), so that ker J2J

∗
2 = ker(IH1 − J2

1 ) = {0}. Hence J∗
2 is injective, or

equivalently J2 has dense range.
Similarly, J∗

2J2 = IH2 − J2
4 , and 1 ̸∈ σp(J

2
4 ), so that ker J2 = {0}. Thus J2 is injective

with dense range. From this it follows that dim H1 = dim H2. Let us identify these two

spaces and think of J =

[
J1 J2
J∗
2 J4

]
∈ M2(B(K)), where K ≃ H1 ≃ H2.

Let J2 = V0|J2| now denote the polar decomposition of J2, and observe that the fact that
J2 has trivial kernel and dense range implies that V0 is unitary. Define M := V ∗

0 J1V0 = M∗,
N := |J2| ≥ 0. Set V := V0 ⊕ I, so that V ∈ M2(B(K)) is also unitary. Then

K := V ∗JV =

[
M N
N J4

]
.

But K is clearly a symmetry (since J is a symmetry and V is unitary), which leads to the
equations

(eq1) M2 +N2 = I; and
(eq2) MN +NJ4 = 0.

Since N ≥ 0 and since by (eq1), N2 = (I−M2), we see that N is the unique positive square

root of (I −M2), i.e. N = (I −M2)
1
2 . (Note that M = M∗ and that ∥M∥ ≤ 1, and so this

is well-defined.). In particular, it follows that NM = MN .
From (eq2) we now conclude that 0 = MN +NJ4 = N(M +J4). Recalling that ker N =

ker J2 = {0}, we conclude that J4 = −M , as required.
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2.3. Remark. With the hypotheses of the above Proposition, suppose now that d :=
dim H < ∞. Since M is self-adjoint, we may choose a basis for K ≃ H1 ≃ H2 which
diagonalises M , and which therefore simultaneously diagonalises N . In this case, we find
that

J ≃ ⊕d/2
j=1

[
mj nj

nj −mj

]
,

where 0 < nj , mj ∈ (−1, 1) and m2
j + n2

j = 1.

It is worth observing that in this setting, tr (J) = 0.

2.4. Proposition. Let H be a Hilbert space and suppose H = H1 ⊕ H2. Suppose that
J ∈ B(H) is a symmetry, and that relative to this decomposition,

J =

[
J1 J2
J∗
2 J4

]
.

Then there exist complementary subspaces Mk,Nk of Hk, k = 1, 2, such that relative to the
decomposition H = (M1 ⊕N1)⊕ (N2 ⊕M2), we have

J =


D1 0 0 0
0 J11 J21 0
0 J∗

21 J22 0
0 0 0 D2

 ,

where Dj = D∗
j has spectrum contained in {−1, 1}, and η ∈ σp(Jkk) implies that |η| < 1,

k = 1, 2. Moreover, dim N1 = dim N2, and by identifying these two spaces with a fixed
Hilbert space K, we see that there exists a unitary operator V ∈ B(K) such that relative to
the decomposition H = M1 ⊕K ⊕K ⊕M2, we have that

J ≃ D1 ⊕
[
M N
N −M

]
⊕D2,

where M = M∗, and N = (I −M2)
1
2 is injective with dense range.

Proof. Note that J1 = J∗
1 and J4 = J∗

4 . Let

• M1 := E(J1; {−1, 1}) = span{ker (J1 − I), ker (J1 + I)} and

• M2 := E(J4; {−1, 1}) = span{ker (J4 − I), ker (J4 + I)}.
Let Nj = Hj ⊖ Mj , j = 1, 2. Note that J is a symmetry, and thus J has norm one.

From this it easily follows that M1 and M2 are reducing for J , as well as for J1 and J4
respectively. In other words, relative to the decomposition H = M1 ⊕N1 ⊕N2 ⊕M2, we
have

J =


D1 0 0 0
0 J11 J21 0
0 J∗

21 J22 0
0 0 0 D2

 ,

where Dk is a symmetry acting on Mk, k = 1, 2, and as such, σ(Dk) ⊆ {−1, 1}, k = 1, 2.

Since J is a symmetry, so is J0 :=

[
J11 J21
J∗
21 J22

]
. Clearly σp(Jkk)∩{−1, 1} = ∅ by definition

of Mk, k = 1, 2. Since Jkk = J∗
kk and ∥Jkk∥ ≤ 1, this implies that η ∈ σp(Jkk) implies

η ∈ (−1, 1), k = 1, 2.
The last statement is now an immediate consequence of Proposition 2.2.
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We shall refer to the above decomposition of J as the standard decomposition of J
relative to H = H1 ⊕H2.

2.5. Remarks.

(a) Let us now adopt the hypotheses and notation of Proposition 2.4 and further suppose
that d := dim H < ∞. Set rk := dim Mk, sk := dim Nk, k = 1, 2. We may then
conclude that there exist orthonormal bases for Mk,Nk, k = 1, 2 relative to which

J ≃


D1 0 0 0
0 M N 0
0 N −M 0
0 0 0 D2

 ,

Dj are diagonal symmetries, M = M∗ and 0 < N are diagonal with N invertible
and M2 +N2 = Is1 .

(b) In Proposition 2.2 and Remark 2.3, we observed that if H = Cs⊕Cs (for some fixed

s ≥ 1) and J =

[
J1 J2
J∗
2 J4

]
∈ Sym1(C2s) is such that 1 ̸∈ σp(J

2
1 ) ∪ σp(J

2
4 ), then there

exists V ∈ U(Cs) such that

(V ⊕ Is)
∗J(V ⊕ Is) =

[
M N
N −M

]
,

where M and N are commuting diagonal matrices with N positive and M2 +N2 =
Is. As such, we concluded that tr (J) = 0.

We now obtain a converse to this result that doesn’t require the condition that
1 ̸∈ σp(J

2
1 ) ∪ σp(J

2
4 ).

2.6. Lemma. Let s ∈ N, d = 2s and J ∈ Sym1(Cd). Suppose that tr (J) = 0. Then there
exist unitary operators W1,W2 ∈ U(Cs) such that with W := W1 ⊕W2,

W ∗JW =

[
M N
N −M

]
,

where M,N are diagonal operators acting on Cs.
Proof. This follows easily from Proposition 2.2 and Proposition 2.4.

2

2.7. Definition. Let d ∈ N and J ∈ Sym1(Cd). We shall say that J is balanced if
tr (J) ∈ {0, 1}.

2.8. Proposition. Let d ∈ N and V ∈ Sym2(Cd). Then there exist J1, J2 ∈ Sym1(Cd)
such that V = J1J2 and J2 is balanced.

If W ∈ Sym3(Cd), then there exist J1, J2, J3 ∈ Sym1(Cd) such that W = J1J2J3, and
both J2 and J3 are balanced.
Proof. Recall that for any t ≥ 1, Sym2(Ct) = {W ∈ U(Ct) : W ≃ W ∗}. In our case it
follows that there exist 0 ≤ p, q ∈ Z such that d = 2p+ q and

V ≃ ⊕p
j=1

[
αj 0
0 βj

]
⊕ ξIq,

where ξ ∈ {−1, 1}, and for 1 ≤ j ≤ p, either

(i) αj ̸∈ {−1, 1} and βj = αj , or
(ii) αj ∈ {−1, 1} and βj = −αj .
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If αj ̸∈ {−1, 1}, then βj = αj and so αj ⊕ βj = KjLj , where Kj =

[
0 αj

αj 0

]
, and

Lj =

[
0 1
1 0

]
. Clearly Kj and Lj are symmetries, and tr (Lj) = 0.

If αj ∈ {−1, 1}, then βj = −αj and so (αj⊕βj) = KjLj , where Kj = I2 and Lj = αi⊕βi.
Again, Kj and Lj are symmetries, and tr (Lj) = 0.

As for ξIq, we write q = 2a + b, where b ∈ {0, 1}. Let Kp+1 = ξ((Ia ⊕ −Ia) ⊕ Ib), and
let Lp+1 = (Ia ⊕−Ia)⊕ Ib. Then ξIq = Kp+1Lp+1, each of Kp+1 and Lp+1 are symmetries,
and tr (Lp+1) = 1.

We complete this part of the proof by setting J1 = ⊕p+1
j=1Kj and J2 = ⊕p+1

j=1Lj .

The statement involving W ∈ Sym3(Cd) now follows immediately from the above, since
by definition of Sym3(Cd), there exist Q1 ∈ Sym1(Cd) and V ∈ Sym2(Cd) such that W =
Q1V . By the first half of the proof, we may write V = Q2J3, where Q2, J3 ∈ Sym1(Cd) and
J3 is balanced. But then Q1Q2 ∈ Sym2(Cd), and so from above, we may rewrite Q1Q2 as
J1J2 with J1, J2 ∈ Sym1(Cd) where J2 is balanced. This completes the proof.

2

It should be clear that if W ∈ U(Cd) is a product of n symmetries, then W may be
written as a product of one symmetry and n− 1 balanced symmetries.

3. Unitary elements with small spectrum in Sym3(Cd)

3.1. An ambitious, and at this point seemingly intractable, goal is to try to completely
characterise those operators acting upon a finite-dimensional, complex Hilbert space which
can be expressed as the product of three symmetries. Let 2 ≤ d ∈ N. Since Sym3(Cd) is
invariant under unitary conjugation, and since – up to unitary equivalence – every unitary
operator is completely determined by its eigenvalues and their algebraic multiplicities (or
equivalently their geometric multiplicities), the problem reduces to characterising which
sets {(αj , µj)}kj=1 ⊆ T× N of complex numbers and their multiplicities may appear as the

spectrum of an element V ∈ Sym3(Cd).
We shall obtain a measure of the complexity of this task by considering the following

case of the general problem: for which α ̸= β ∈ T \ {−1, 1} can we find V ∈ Sym3(Cd)
such that σ(V ) = {α, β}? To simplify the problem even further, we introduce a condition
which – for lack of a better term – we refer to as a “purity” condition. Condition (ii) below
ensures that no direct summand of V can be expressed as a product of three symmetries,
while the first condition is a consequence of the fact that the determinant of a symmetry,
and thus of every element of Sym3(Cd), must be real.

3.2. Condition (P). Let 2 ≤ d ∈ N be an integer and suppose that d = r + s for some
s ≤ r ∈ N. We say that α ̸= β ∈ T satisfy Condition (P) if

(i) αrβs ∈ {−1, 1}, and
(ii) if i, j ∈ N and αiβj ∈ {−1, 1}, then i+ j ≥ d.

Note: observe that (ii) implies that α, β ̸∈ {−1, 1}.

The proofs of our main results below will require the dimension d of the underlying space
to be at least three. For that reason, we now dispense with the case where d = 2. This we
can do by citing the following result from [16].
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3.3. Proposition. Let V ∈ U(C2), and suppose that σ(V ) = {α, β} for some α ̸= β ∈
T \ {−1, 1}. Then V ∈ Sym3(C2) if and only if det(V ) ∈ {−1, 1}.

3.4. We now turn our attention to the case where the dimension d of the underlying Hilbert
space is at least 3. In this case, the parity of the dimension plays a major role in the
description of those unitary operators admitting two distinct, non-real eigenvalues which
lie in Sym3(Cd).

Let α ̸= β ∈ T, 1 ≤ s ≤ r ∈ N and d := r+ s. Suppose that V := αIr ⊕ βIs ∈ Sym3(Cd).
By Proposition 2.8, we may write V = J1J2J , where J1, J2 and J are symmetries and J
is balanced. As such, the operator Z := V J = J1J2 ∈ Sym2(Cd), from which it follows
that Z ≃ Z∗. As we shall soon see, we shall be able to decompose Z as a direct sum
Z = Z0 ⊕ Y , where, for an appropriate choice of d0 ∈ N, mj ∈ (−1, 1), and nj ∈ (0, 1]
satisfying m2

j + n2
j = 1, 1 ≤ j ≤ d0, we have

Y ≃ ⊕d0
j=1Yj ,

where each Yj =

[
αmj αnj

βnj −βmj

]
, 1 ≤ j ≤ d0. Understanding the spectrum of Y , and thus

of each Yj , is crucial to our analysis, and so we begin with a few results that apply in both
the even-dimensional and the odd-dimensional settings.

3.5. Lemma. Let m ∈ (−1, 1), n ∈ (0, 1], and suppose that m2 + n2 = 1. Let α ̸= β ∈ T

and Y =

[
αm αn
βn −βm

]
. If θ ∈ σ(Y ), then −αβθ ∈ σ(Y ).

Proof. An easy computation shows that Y is unitary, whence θ ∈ T. Write σ(Y ) = {θ, η}.
By considering the determinant of Y , we obtain:

θ · η = (−αβ),

or equivalently,

η = (−αβ)θ.

2

3.6. Lemma. Suppose that zj = eiθj ∈ T, where θj ∈ [0, 2π), 1 ≤ j ≤ 4. Suppose
furthermore that z1 ̸= z2 and z3 ̸= z4. The following are equivalent.

(a) (z4 − z3)/(z2 − z1) ∈ R;
(b) (θ4 + θ3)− (θ2 + θ1) ∈ 2πZ; and
(c) z3z4 = z1z2.

Moreover,

|z4 − z3
z2 − z1

| < 1 if and only if |
sin θ4−θ3

2

sin θ2−θ1
2

| < 1.

Proof. The equivalence of (b) and (c) is routine, and the proof is omitted.
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As to the equivalence of (a) and (b), consider first that by the “sum-to-product” formulae,
for a, b ∈ [0, 2π),

eia − eib = cos a− cos b+ i(sin a− sin b)

= −2 sin
a+ b

2
sin

a− b

2
+ i2 cos

a+ b

2
sin

a− b

2

= 2 sin
a− b

2
(cos(

a+ b

2
+

π

2
) + i sin(

a+ b

2
+

π

2
))

= 2 sin
a− b

2
ei(

a+b
2

+π
2
).

Therefore,

z4 − z3
z2 − z1

∈ R if and only if
ei(

θ4+θ3
2

+π
2
)

ei(
θ2+θ1

2
+π

2
)
∈ R

if and only if (
θ4 + θ3

2
+

π

2
)− (

θ2 + θ1
2

+
π

2
) ∈ πZ

if and only if (θ4 + θ3)− (θ2 + θ1) ∈ 2πZ.
Finally,

|z4 − z3
z2 − z1

| < 1 if and only if |
2 sin θ4−θ3

2

2 sin θ2−θ1
2

| < 1

if and only if |
sin θ4−θ3

2

sin θ2−θ1
2

| < 1.

2

3.7. Lemma. Let 3 ≤ d ∈ N be an integer and suppose that d = r+ s for some s ≤ r ∈ N.
Suppose that α ̸= β ∈ T satisfy condition (P).

Let Z = Z0 ⊕ Y ∈ Sym2(Cd), and suppose that

(i) {α} ⊆ σ(Z0) ⊆ {α,−α, β,−β}; and
(ii) θ ∈ σ(Y ) implies that (−αβ)θ ∈ σ(Y ).

Let d0 := ⌊d−1
2 ⌋, and for 1 ≤ j ≤ d0, define the set Ωj(α) := {(−αβ)j−1α, (−αβ)jα}. Then

Ω1(α) ∪ Ω2(α) ∪ · · · ∪ Ωd0(α) ⊆ σ(Y ),

where the elements of both sides of this equation are counted according to multiplicity.
Proof. Observe that the condition that Z ∈ Sym2(Cd) implies that Z ≃ Z∗, and thus

(iii) γ ∈ σ(Z) implies that γ ∈ σ(Z).

Step 1.
We begin with the observation that if 1 ≤ j ≤ d0, then

(−αβ)j−1α ̸∈ {−α, α,−β, β}.

Indeed, if (−αβ)j−1α ∈ {−α, α}, then
αj+1βj−1 ∈ {−1, 1},

whereas if (−αβ)j−1α ∈ {−β, β}, then
αjβj ∈ {−1, 1}.
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But (j + 1) + (j − 1) = j + j = 2j ≤ 2d0 < d, contradicting condition (ii) of condition (P).

Step 2.
We now proceed by induction to show that Ωj(α) ⊆ σ(Y ), 1 ≤ j ≤ d0.

First note that α ∈ σ(Z0) ⊆ σ(Z). By condition (iii) listed immediately before Step 1

of the proof, α ∈ σ(Z). By Step 1, α = (−αβ)0α ̸∈ {−α, α,−β, β}. Thus α ∈ σ(Y ). By
condition (ii) of the hypotheses, (−αβ)α ∈ σ(Y ), proving that

Ω1(α) = {α, (−αβ)α} ⊆ σ(Y ).

Now suppose that 1 ≤ κ ≤ d0 − 1 and that Ωκ(α) = {(−αβ)κ−1α, (−αβ)κα} ⊆ σ(Y ) ⊆
σ(Z). By condition (iii) above, (−αβ)κα ∈ σ(Z). By Step 1, (−αβ)κα ̸∈ {−α, α,−β, β}.
Thus (−αβ)κα ∈ σ(Y ). By condition (ii) of the hypotheses,

Ωκ+1(α) = {(−αβ)κα, (−αβ)κ+1α} ⊆ σ(Y ).

It therefore follows that Ω1(α) ∪ Ω2(α) ∪ · · · ∪ Ωd0(α) ⊆ σ(Y ), which proves the result.

2

3.8. Proposition. Let 3 ≤ d ∈ N be an integer and suppose that d = r + s for some
s ≤ r ∈ N. Suppose that α ̸= β ∈ T satisfy condition (P).

Let V := αIr ⊕ βIs ∈ Sym3(Cd), H1 = ker (V − αId) and H2 = ker (V − βId). Write
V = J1J2J where J ∈ Sym1(Cd) is balanced, and let

J =


D1 0 0 0
0 M N 0
0 N −M 0
0 0 0 D2


be the standard decomposition of J relative to Cd = H1 ⊕H2 = (M1 ⊕N1) ⊕ (N2 ⊕M2).
Finally, suppose that dim M1 > 0. Then, either

(a) d is odd, dim M1 = 1 and dim M2 = 0; or
(b) d is even and dim (M1 ⊕M2) = 2.

Remark. The form of the operator Z appearing in Step 1 of this proof will be referred to
multiple times in the subsequent results of this section.

Proof. As in Lemma 3.7, we set d0 = ⌊d−1
2 ⌋.

Step 1.
By Proposition 2.8, we may write V = J1J2J , where tr(J) ∈ {0, 1}. Thus, Z := V J =

J1J2 lies in Sym2(Cd), and as such, the non-real eigenvalues of Z will appear in conjugate
pairs. That is, the spectrum of Z and Z∗ agree, counted according to algebraic multiplicity.

Set r1 := dim M1 > 0, r2 := dim N1 = dim N2, and s2 := dim M2. Relative to this
decomposition, we have

V =


αIr1 0 0 0
0 αIr2 0 0
0 0 βIr2 0
0 0 0 βIs2

 , J =


D1 0 0 0
0 M N 0
0 N −M 0
0 0 0 D2

 .

Moreover,M = diag(m1,m2, . . . ,mr2) andN = diag(n1, n2, . . . , nr2) are diagonal matrices
with M2 + N2 = Ir2 , −1 < mj < 1 for 1 ≤ j ≤ r2, and σ(Dj) ⊆ {−1, 1}, j = 1, 2. By



10

multiplying J and J2 by −1 if necessary, we may assume without loss of generality that
1 ∈ σ(D1). It is also not hard to see that by conjugating both V and J by a diagonal
unitary of the form C := Ir1 ⊕C0⊕ Ir2 ⊕ Is1 , we may assume without loss of generality that
0 < N . That is, C∗V C = V , while C∗JC has the prescribed form. We therefore assume
that V and J a priori satisfy these conditions.

For 1 ≤ k ≤ r2, set

Yk =

[
αmk αnk

βnk −βmk

]
,

and define Z0 = (αD1 ⊕ βD2). Since 1 ∈ σ(D1), we have that α ∈ σ(Z0) = ασ(D1) ∪
β σ(D2) ⊆ {−α, α,−β, β}.

Thus Z ≃ Z0⊕Y , where Y =

[
αM αN
βN −βM

]
≃ ⊕r2

k=1Yk. Moreover, σ(Z) = σ(Z0)∪σ(Y ),

with the eigenvalues counted according to algebraic multiplicity. If θ ∈ σ(Y ), then θ ∈ σ(Yj)

for some 1 ≤ j ≤ r2, and so (−αβ)θ ∈ σ(Yj) ⊆ σ(Y ) by Lemma 3.5.

By Lemma 3.7, if Ωj(α) := {(−αβ)j−1α, (−αβ)jα}, 1 ≤ j ≤ r2, then

Ω1(α) ∪ Ω2(α) ∪ · · · ∪ Ωr2(α) ⊆ σ(Y ).

Step 2.
The idea behind the proof of the Proposition is to prove that this forces r2 = d0, and to do

this, we must show that each Ωj(α) occurs separately in the count according to multiplicity
of the eigenvalues of Y . To do this, we shall apply two separate pairings to the eigenvalues
of Z. The first pairing is a consequence of the fact that the non-real eigenvalues of Z must
occur in conjugate pairs, counted according to multiplicity. This is a result of the fact that
Z ≃ Z∗. The second pairing arises because of the fact that Y is a direct sum of 2 × 2
matrices, each of which has eigenvalues of the form {θ, (−αβ)θ} for some θ ∈ C.

It is worth noting that if 1 ≤ j ≤ d0 − 1, then (−αβ)jα ̸∈ {−1, 1} by condition (P), as
2j + 1 ≤ 2(d0 − 1) + 1 < d.

Step 3.
We know that α ∈ σ(Z), and thus α ∈ σ(Z). As we have seen in Step 1 of Lemma 3.7,

this forces α ∈ σ(Y ) = ∪r2
j=1σ(Yj). By relabelling the indices of the Yj ’s if necessary,

we may assume without loss of generality that α ∈ σ(Y1). By Lemma 3.5, we have that
(−αβ)α ∈ σ(Y1), and is distinct from {α, α} counted according to multiplicity. That is,
σ(Y1) = Ω1(α), and counted according to multiplicity, {α}∪Ω1(α) consists of three elements
of σ(Z). But the non-real eigenvalues of Z occur in conjugate pairs, which implies that the
second element of Ω1(α), namely (−αβ)α (unless d0 = 1, in which case σ(Z) = {α}∪Ω1(α);
as otherwise 1 ≤ d0−1 - see the last remark of Step 2) must be paired with a new eigenvalue

(−αβ)α of Z (and a fortiori of Y ). Without loss of generality, (−αβ)α ∈ σ(Y2), and by
Lemma 3.5, this forces σ(Y2) = Ω2(α). That is,

{α} ∪ Ω1(α) ∪ Ω2(α)

consists of five distinct elements of σ(Z) when counted according to multiplicity.
The argument now repeats: the second element of Ω2(α), namely (−αβ)2α ∈ σ(Y2) ⊆

σ(Z), and (unless d0 = 2), this forces (−αβ)2α ∈ σ(Z). Since the first four elements of
{α} ∪ Ω1(α) ∪ Ω2(α) have already been paired, (−αβ)2α ∈ σ(Y ) must occur as a distinct
element of σ(Y ), which after reindexing if necessary, we may assume comes from Y3. This
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in turn forces σ(Y3) = Ω3(α), and so

{α} ∪ Ω1(α) ∪ Ω2(α) ∪ Ω3(α)

consists of seven distinct elements of σ(Z) when counted according to multiplicity.
By Lemma 3.7, we see that process continues until we have shown that

{α} ∪ Ω1(α) ∪ Ω2(α) ∪ · · · ∪ Ωd0(α)

consists of 2d0 + 1 distinct elements of σ(Z) when counted according to multiplicity, and
without loss of generality, σ(Yj) = Ωj(α), 1 ≤ j ≤ d0.

Step 4.
It therefore follows that r2 ≥ d0. But then

d = r1 + 2r2 + s2 = (2r2) + (r1 + s2) ≥ 2d0 + (r1 + s2).

• If d is odd, then d0 =
d− 1

2
, which yields d ≥ 2(d−1

2 ) + (r1 + s2) = d − 1 + (r1 +

s2). Given that r1 ≥ 1, we conclude that s2 = 0. Stated otherwise, in this case,
dim M1 = 1 and dim M2 = 0.

• If d is even, then d0 =
d− 2

2
, which yields d ≥ (d−2)+(r1+s2). Given that r1 ≥ 1,

we either have dim M1 = r1 = 2 and dim M2 = s2 = 0; or dim M1 = r1 = 1 =
s2 = dim M2. Either way, since M1 and M2 are orthogonal, dim (M1 ⊕M2) = 2.

2

3.9. Remark. We may summarise the situation as follows:

Let 3 ≤ d ∈ N be an integer and suppose that d = r + s for some s ≤ r ∈ N. Suppose
that α ̸= β ∈ T satisfy condition (P).

If V := αIr ⊕ βIs ∈ Sym3(Cd), then without loss of generality, one of four things takes
place, namely:

(a) d is odd, r− s = 1, D1 = I1 acts on a space of dimension 1, and D2 is absent. That
is, dim M1 = 1, and dim M2 = 0.

(b) d is even, r − s = 2, D1 ≃ I1 ⊕−I1 ∈ Sym1(C2), and D2 is absent.
(c) d is even, r = s, D1 = I1, and D2 = −I1. That is, dim M1 = 1 = dim M2.
(d) d is even, and r = s, and dim M1 = dim M2 = 0.

In cases (b) and (c), the fact that tr(D1 ⊕ D2) = 0 is a consequence of the fact that
tr(J) = 0. As we shall see, each of these four scenarios is possible, but each also places
further restrictions upon the choice of α and β. But first, we require a technical Remark.

3.10. Remark. Let d0 ∈ N, and suppose that α, β ∈ T satisfy αd0+1βd0 ∈ {−1, 1}. We
claim that the condition

(∗) |1− α2j+1β2j−1| < |α− β|, 1 ≤ j ≤ d0

is equivalent to the condition

(∗∗) |1− (αβ)2j−1| < |α− β|, 1 ≤ j ≤ d0.
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Indeed, fixing 1 ≤ j ≤ d0, we find that

|1− α2j+1β2j−1| = |1− α−2j−1β−2j+1|

= |1− α2d0−2j+1β2d0−2j+1|

= |1− α2k−1β2k−1|

where k := d0 − j + 1. Since {d0 − j + 1 : 1 ≤ j ≤ d0} = {1, 2, . . . , d0}, we see that (∗) and
(∗∗) are equivalent.

Case One: The odd-dimensional setting

3.11. Theorem. Let 3 ≤ d ∈ N be an odd integer and suppose that d = r + s for some

s < r ∈ N. Suppose that α ̸= β ∈ T satisfy condition (P), and set d0 =
d− 1

2
.

Let V := αIr ⊕ βIs ∈ U(Cd). The following statements are equivalent:

(a) V ∈ Sym3(Cd).
(b) r = d0 + 1, s = d0, and

|1− (αβ)2j−1| < |α− β|, 1 ≤ j ≤ d0.

Proof.
(a) implies (b). By Proposition 3.8, we see that V = J1J2J ∈ Sym3(Cd) implies that
r = d0 + 1 and s = d0. Furthermore, without loss of generality

Z := V J ≃ αI1 ⊕ (⊕d0
j=1Yj),

where each Yj is of the form

[
αmj αnj

βnj −βmj

]
as in Step 1 of the proof of Proposition 3.8,

and σ(Yj) = Ωj(α) := {(−αβ)j−1α, (−αβ)jα}, 1 ≤ j ≤ d0.

Next, for each 1 ≤ j ≤ d0, we have

tr (Yj) = (−αβ)j−1α+ (−αβ)jα,

and thus

|1− α2j+1β2j−1| = |tr (Yj)| = |(α− β)mj | < |α− β|, 1 ≤ j ≤ d0.

By Remark 3.10, this is equivalent to the condition

|1− (αβ)2j−1| < |α− β|, 1 ≤ j ≤ d0.

(b) implies (a).
The proof of the sufficiency of condition (b) to imply that V = αId0+1⊕βId0 ∈ Sym3(Cd)

is mostly a matter of reverse-engineering the argument of Proposition 3.8, along with an
application of Lemma 3.6.

To that end, suppose that (b) holds, and for 1 ≤ j ≤ d0, consider

mj :=
(−1)j−1αjβj−1 + (−1)jαj+1βj

α− β
= (−1)j−1α

jβj−1 − αj+1βj

α− β
.
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It follows immediately from Lemma 3.6 that each mj ∈ R, and the hypotheses of (b) imply

that |mj | < 1 for all 1 ≤ j ≤ d0. Let nj :=
√

1−m2
j , so that 0 < nj and m2

j + n2
j = 1,

1 ≤ j ≤ d0.

Set Yj :=

[
αmj αnj

βnj −βmj

]
, 1 ≤ j ≤ d0 and Y = ⊕d0

j=1Yj . Then an application of

Lemma 3.5 shows that σ(Yj) = Ωj(α), 1 ≤ j ≤ d0. Since αd0+1βd0 ∈ {−1, 1}, we see
that σ(Yd0)∩{−1, 1} ̸= ∅, and hence if we define Z = αI1⊕Y , then σ(Z) = σ(Z∗), counted
according to multiplicity.

Since αI1 and Y are easily seen to be unitary, it therefore follows that Z ∈ Sym2(Cd),
and with J defined as in Step 1 of the proof of Proposition 3.8, we see that J ∈ Sym1(Cd),
from which we conclude that ZJ = αId0+1 ⊕ βId0 ∈ Sym3(Cd).

2

3.12. Example. Theorem 3.11 allows us to produce explicit examples of unitary operators
in Sym3(Cd) which have only two points α, β in their spectrum, where α, β ∈ T satisfy
condition (P).

Suppose that d0 = 2, and d = 2d0 + 1 = 5. Let

α = ei
58
360

2π, β = ei
183
360

2π.

Then α3β2 = −1, and αiβj ∈ {−1, 1} implies that i+ j ≥ d. We claim that

V = αI3 ⊕ βI2 ∈ Sym3(C5).

By Theorem 3.11, it suffices to check that

|αβ − 1

β − α
| < 1 and |(αβ)

3 − 1

β − α
| < 1.

By Lemma 3.6, this in turn reduces to the problem of verifying that

|
sin argαβ−0

2

sin arg β−argα
2

| < 1 and |
sin arg (αβ)3−0

2

sin arg β−argα
2

| < 1,

where arg(z) is the main value of the argument of the complex number z, which is the

unique number in [0, 2π) such that ei arg(z) = z for z ̸= 0.
Note that

arg (αβ)− 0

2
=

120.5

360
2π,

arg (αβ)3 − 0

2
=

1.5

360
2π,

arg β − argα

2
=

62.5

360
2π.

Thus, by the elementary fact that sin θ is an increasing function on [0, π2 ],

| sin argαβ − 0

2
| = sin

120.5

360
2π = sin(π − 120.5

360
2π)

= sin
59.5

360
2π

< sin
62.5

360
2π = | sin 62.5

360
2π|,

and

| sin arg (αβ)3 − 0

2
| = sin

1.5

360
2π < sin

62.5

360
2π = | sin 62.5

360
2π|.

By Theorem 3.11, we conclude that V ∈ Sym3(C5).
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Case Two: The even-dimensional setting, dim M1 = 2 and dim M2 = 0.

The following proof is very similar to that of the previous case.

3.13. Theorem. Let 4 ≤ d ∈ N be an even integer and suppose that d = r + s for
some s < r ∈ N. Suppose that α ̸= β ∈ T satisfy condition (P). Let d0 = d−2

2 , and

V := αIr ⊕ βIs ∈ U(Cd). The following statements are equivalent:

(a) V ∈ Sym3(Cd).
(b) r = d0 + 2, s = d0, α

rβs = (−1)d0+1, and

|1− α2j+1β2j−1| < |α− β|, 1 ≤ j ≤ d0.

Proof.
(a) implies (b). By Remark 3.9 (b), we see that V ∈ Sym3(Cd) implies that r = d0 + 2
and s = d0. Furthermore, writing V = J1J2J , where tr (J) = 0, we find that without loss
of generality

Z := V J = αD1 ⊕ (⊕d0
j=1Yj),

where D1 ≃ I1 ⊕−I1 ∈ Sym1(C2), and σ(Yj) = Ωj(α) := {(−αβ)j−1α, (−αβ)jα}, 1 ≤ j ≤

d0. As before, each Yj is of the form

[
αmj αnj

βnj −αmj

]
, wheremj ∈ (−1, 1) and nj =

√
1−m2

j ,

1 ≤ j ≤ d0.

Next, for each 1 ≤ j ≤ d0, we have

tr (Yj) = (−αβ)j−1α+ (−αβ)jα,

and thus

|1− α2j+1β2j−1| = |tr (Yj)| = |(α− β)mj | < |α− β|, 1 ≤ j ≤ d0.

The fact that the eigenvalues of Z come in conjugate pairs also implies that

−α = (−1)d0αd0+1βd0 ,

so that αd0+2βd0 = (−1)d0+1.

(b) implies (a).
As in the previous case, the proof of the sufficiency of conditions (b) to imply that

V = αId0+1 ⊕ βId0−1 ∈ Sym3(Cd) is mostly a matter of reverse-engineering the argument
of Proposition 3.8, along with an application of Lemma 3.6.

To that end, suppose that (b) holds, and for 1 ≤ j ≤ d0, consider

mj :=
(−1)j−1αjβj−1 + (−1)jαj+1βj

α− β
= (−1)j−1α

jβj−1 − αj+1βj

α− β
.

It follows immediately from Lemma 3.6 that each mj ∈ R, and the hypotheses of (b) imply

that |mj | < 1 for all 1 ≤ j ≤ d0. Let nj :=
√
1−m2

j , so that 0 < nj and m2
j + n2

j = 1,

1 ≤ j ≤ d0.

Set Yj :=

[
αmj αnj

βnj −βmj

]
, 1 ≤ j ≤ d0 and Y = ⊕d0

j=1Yj . Then an application of

Lemma 3.5 shows that σ(Yj) = Ωj(α), 1 ≤ j ≤ d0. Set D1 = I1 ⊕ −I1, so that
σ(αD1) = {α,−α}, and finally set Z := αD1 ⊕ Y .
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The above construction allows us to pair the first eigenvalue (namely α) coming from
αD1 with the first eigenvalue of Y1, and to pair the second eigenvalue of Yj with the first
eigenvalue of Yj+1, 1 ≤ j ≤ d0 − 1 to obtain d0 conjugate pairs of eigenvalues of Z.

The remaining pair of eigenvalues of Z are −α (coming from αD1) and (−1)d0αd0+1βd0 ,
the second eigenvalue of Yd0 . But the hypothesis of (b) that αd0+2βd0 = (−1)d0+1 implies
that

(−1)d0αd0+1βd0 = −α.

Thus the eigenvalues of Z appear in conjugate pairs, so that Z ∈ Sym2(Cd). Defining J
as in Proposition 3.8, we find that V := ZJ ∈ Sym3(Cd).

2

3.14. Example. Let us consider the setting where d = 8, r = 5, s = 3, and d0 = 3.

Let α = e2πi/16, and set β = −α. Observe that α5β3 = −α8 = 1 = (−1)d0+1. If

j + k < 8, then αjβk = ±e(j+k)2πi/16 ̸∈ {−1, 1}. In particular, |1 − α2j+1β2j−1| < 2 =
|α− β|, 1 ≤ j ≤ d0. Let V = αI5 ⊕ βI3 ∈ U(C8), and note that det(V ) = 1. By Theorem
3.13, V ∈ Sym3(C8).

Case Three: The even-dimensional setting, dim M1 = 1 = dim M2.

3.15. Remark. We now consider case (c) of Remark 3.9, so that d is even, r = s and
dim M1 = 1 = dim M2. We begin by observing that this case only occurs if the dimension
d of the underlying space is not divisible by 4.

Indeed, in case (c) of Remark 3.9 we have that D1 = I1 = −D2. Maintaining the same
notation we have been using above, we find that

Z := V J = (αI1 ⊕−βI1)⊕ Y,

where Y = ⊕d0
j=1Yj , and d0 := d

2 − 1. The only way that we can have Z ≃ Z∗ is if the
non-real eigenvalues of Z appear in conjugate pairs, in which case the second eigenvalue of
Yd0 , namely (−αβ)d0α, is paired with −β, or to be more precise,

(−αβ)d0α = −β.

If d is divisible by 4, then d0 is odd, and so (−1)d0 = −1. This implies that

αd/2βd/2 = αd0+1βd0+1 = 1,

and thus

(α)d/4(β)d/4 ∈ {−1, 1},

contradicting condition (P).
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3.16. Theorem. Let 4 ≤ d ∈ N be an even integer and suppose that d = r + s for some
s ≤ r ∈ N. Suppose that α ̸= β ∈ T satisfy condition (P). Let V := αIr ⊕ βIs. The
following statements are equivalent:

(a) V ∈ Sym3(Cd), and dim M1 = 1 in the standard decomposition of J from Proposi-
tion 3.8.

(b) d is not divisible by 4, s = d/2 = r, αd/2βd/2 = −1, and with d0 = d/2− 1,

|1− α2j+1β2j−1| < |α− β|, 1 ≤ j ≤ d0.

Proof.

(a) implies (b). By Proposition 3.8 and Remark 3.9, we must have r = s = d/2.
Moreover,

Z = (αI1 ⊕−βI1)⊕ Y,

where Y = ⊕d0
j=1Yj and σ(Yj) = Ωj(α), 1 ≤ j ≤ d0.

In order for the non-real eigenvalues of Z to appear in conjugate pairs (which is
necessary as Z ∈ Sym2(Cd), the second eigenvalue of Yd0 , namely (−αβ)d0α must
be paired with the second eigenvalue of Z0, namely −β. More precisely,

(−αβ)d0α = −β.

From this and the fact that d0 is even, it follows that

αd/2βd/2 = αd0+1βd0+1 = −1.

Finally, the trace condition on each Yj always holds, namely:

|tr(Yj)| = |(−αβ)j−1α+ (−αβ)jα| = |(α− β)mj | < |α− β|, 1 ≤ j ≤ d0,

which, as we have seen more than once, is equivalent to the inequality listed in (b)
above.

(b) implies (a).

Set Z0 = αI1 ⊕ −βI1, and for 1 ≤ j ≤ d0, choose Yj =

[
αmj αnj

βnj −βmj

]
such

that the eigenvalues of Yj are Ωj(α) = {(−αβ)j−1α, (−αβ)jα}, 1 ≤ j ≤ d0. Let

Z = Z0 ⊕ Y , where Y = ⊕d0
j=1Yj . The condition αd/2βd/2 = −1 implies that the

second eigenvalue of Yd0 is paired with the second eigenvalue of Z0, whereas the first
eigenvalue of Z0 is paired with the first eigenvalue of Y1 and the second eigenvalue
of Yj is paired with the first eigenvalue of Yj+1, 1 ≤ j ≤ d0 − 1.

In other words, Z ≃ Z∗ and therefore Z ∈ Sym2(Cd). With J =


1 0 0 0
0 M N 0
0 N −M 0
0 0 0 −1

,
we see that J ∈ Sym1(Cd), and ZJ = V ∈ Sym3(Cd).

2

3.17. Example. Let us consider the setting where d = 10.

Let α = e2πi/20, and set β = −α. Observe that α5β5 = −α10 = −1. If j + k < 10, then
αjβk = ±e(j+k)2πi/20 ̸∈ {−1, 1}. Here d0 = 4 as well. In particular, |1− α2j+1β2j−1| < 2 =
|α− β|, 1 ≤ j ≤ d0.
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Let V = αI5 ⊕ βI5 ∈ U(C10). Clearly det(V ) = α5β5 = −1. Then by Theorem 3.16,
V ∈ Sym3(C10).

Case Four: The even-dimensional setting, dim M1 = 0 = dim M2.

3.18. Before embarking on the last case, we shall prove an analogue of Lemma 3.7. Given

k ∈ N, α, β ∈ T and ζ ∈ C, we define ∆k(ζ) := {(−αβ)k−1ζ, (−αβ)kζ}.

3.19. Lemma. Let 4 ≤ d ∈ N be an even integer and suppose that d = r + s for some
s ≤ r ∈ N. Suppose that α ̸= β ∈ T satisfy condition (P).

Let d0 := d
2 and suppose that Y = ⊕d0

j=1Yj, where each Yj ∈ U(C2) has the property that

there exists ηj ∈ T for which σ(Yj) = ∆1(ηj). Finally, suppose that Y ∈ Sym2(Cd).

(a) If ξ ∈ σ(Y ) ∩ {−1, 1} ̸= ∅, then σ(Y ) = ∪d0
j=1∆j(ξ), and (−αβ)d0 ∈ {−1, 1}.

(b) If σ(Y ) ∩ {−1, 1} = ∅ and θ ∈ σ(Y ), then σ(Y ) = ∪d0
j=1∆j(θ), and (−αβ)d0 = 1.

Proof. The statement that Y ∈ Sym2(Cd) implies that Y ≃ Y ∗, and thus the non-real
eigenvalues of Y must appear in conjugate pairs, counted according to algebraic multiplicity.
In the proof below, the phrase “without loss of generality” will always be meant to signify
“after a permutation of the indices, if required”.

(a) Suppose that ξ ∈ σ(Y ) ∩ {−1, 1} ̸= ∅; without loss of generality, ξ ∈ σ(Y1). Then,
by hypothesis, σ(Y1) = ∆1(ξ), implying that (−αβ)ξ = (−αβ)ξ ∈ σ(Y1) ⊆ σ(Y ).
Note that (−αβ)ξ ̸∈ R, for otherwise αβ ∈ {−1, 1}, contradicting the condition (P)
hypothesis. Since (−αβ)ξ must be paired with a non-real eigenvalue of Y , we see

that (−αβ)ξ ∈ σ(⊕d0
j=2Yj). Without loss of generality, (−αβ)ξ ∈ σ(Y2), and thus

σ(Y2) = {(−αβ)ξ, (−αβ)2ξ} = ∆2(ξ) = ∆1((−αβ)ξ).

If σ(Y2) ∩ {−1, 1} ̸= ∅, then (−αβ)2ξ ∈ {−1, 1}, and so by the condition (P)
hypothesis, d0 = 2 and we are done. Otherwise, σ(Y2) ∩ {−1, 1} = ∅ and the
process continues.

In general, suppose that 1 ≤ κ < d0 and that we have shown that σ(⊕κ
j=1Yj) =

∪κ
j=1∆j(ξ), and that σ(Yj)∩ {−1, 1} = ∅, 2 ≤ j ≤ κ. For 1 ≤ j ≤ κ− 1, the second

eigenvalue of Yj , namely (−αβ)jξ, is paired with the first eigenvalue (−αβ)
j
ξ of

Yj+1. Since σ(Yκ) ∩ {−1, 1} = ∅, the second eigenvalue of Yκ, namely (−αβ)κξ,

cannot stand alone, and thus must be paired with an eigenvalue of σ(⊕d0
κ+1Yj). We

conclude that without loss of generality, (−αβ)κ+1ξ ∈ σ(Yκ+1) ⊆ σ(Y ), and thus
σ(Yκ+1) = ∆κ+1(ξ). If κ+ 1 < d0, then

σ(Yκ+1) ∩ {−1, 1} = ∆κ+1(ξ) = {(−αβ)κξ, (−αβ)κ+1ξ} ∩ {−1, 1} = ∅

follows easily from condition (P).

As such, this process repeats d0 times, implying that ⊕d0
j=1∆j(ξ) = σ(Y ).

Finally, the second eigenvalue (−αβ)jξ of Yj and thus the first eigenvalue (−αβ)jξ
of Yj+1 are not real for 1 ≤ j ≤ d0 − 1, while the first eigenvalue of Y1, namely ξ is
real, which implies that the second eigenvalue of Yd0 must be real. In other words,

(−αβ)d0ξ ∈ {−1, 1}.

From this the desired conclusion follows.
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(b) The proof is very similar to that of (a). Suppose σ(Y ) ∩ {−1, 1} = ∅ and that
θ ∈ σ(Y ). Without loss of generality, we may assume that θ ∈ σ(Y1), and thus
σ(Y1) = ∆1(θ) = {θ, (−αβ)θ}.

Note that σ(Y1)∩ {−1, 1} = ∅ by hypothesis, and thus (−αβ)θ ̸∈ σ(Y1). Indeed,

if (−αβ)θ = θ, then αβ = −1, contradicting condition (P), while (−αβ)θ = (−αβ)θ

implies that (−αβ)θ ∈ {−1, 1}, a contradiction. Thus (−αβ)θ ∈ σ(⊕d0
j=2Yj). With-

out loss of generality, (−αβ)θ ∈ σ(Y2) = ∆1((−αβ)θ) = ∆2(θ).
Since σ(Y ) ∩ {−1, 1} = ∅ by hypothesis, this means that the second eigenvalue

of Y2, namely (−αβ)2θ, has yet to be paired and the process continues.
In general, suppose that 1 ≤ κ < d0 and that we have shown that σ(⊕κ

j=1Yj) =

∪κ
j=1∆j(θ). For 1 ≤ j ≤ κ − 1, the second eigenvalue of Yj , namely (−αβ)jθ, is

paired with the first eigenvalue (−αβ)
j
θ of Yj+1. Since σ(Yκ) ∩ {−1, 1} = ∅, the

second eigenvalue of Yκ, namely (−αβ)κθ, cannot stand alone. Also, it cannot be
paired with the first eigenvalue θ of Y1, for otherwise (−αβ)κθ = θ implies that
(αβ)κ = 1, contradicting condition (P). Thus (−αβ)κθ must be paired with an

eigenvalue of σ(⊕d0
κ+1Yj). We conclude that without loss of generality, (−αβ)κ+1θ ∈

σ(Yκ+1) ⊆ σ(Y ), and thus σ(Yκ+1) = ∆κ+1(θ).

As such, this process repeats d0 times, implying that ⊕d0
j=1∆j(ξ) = σ(Y ).

Since none of the eigenvalues of Y are real, and since the only eigenvalues we
have yet to pair are the first eigenvalue of Y1 and the second eigenvalue of Yd0 , we
find that

θ = (−αβ)d0θ,

and so

(−αβ)d0 = 1.

2

3.20. Next, we require the following elementary Lemma. Recall that the Hausdorff met-
ric distH(·, ·) on the space X = {A ⊆ C : ∅ ̸= A compact} is defined by

distH(A,B) = max(max
a∈A

dist(a,B),max
b∈B

dist(A, b)),

where, for C ∈ X, we set dist(x,C) := min{|x− c| : c ∈ C}.

3.21. Lemma. Let 4 ≤ d ∈ N be an even integer and set r = s = d0 = d
2 . Suppose that

α ̸= β ∈ T satisfy condition (P). Define

f : T → R
γ 7→ max

1≤j≤d0
|(αβ)2j−1 − γ|.

Then

min
γ∈T

f(γ) = |ei
d0−1
d0

π − 1|.

Proof. Set Γ = {(αβ)2j−1 : 1 ≤ j ≤ d0}, and observe that for all γ ∈ T, f(γ) = distH(γ,Γ).
Since αd0βd0 ∈ {−1, 1}, we have (αβ)2d0 = (αβ)d = 1. Suppose that there exist 1 ≤ p <

q ≤ d0 such that (αβ)2p = (αβ)2q. Then (αβ)2(q−p) = 1. Hence (αβ)q−p ∈ {−1, 1}, but
2(q − p) < 2q ≤ 2d0 = d, which contradicts condition (P). Thus,

(αβ) · Γ = {((αβ)2)j : 1 ≤ j ≤ d0}
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has d0 elements. Since (αβ)2d0 = 1, all the elements listed in the above set are exactly the
vertices of an inscribed regular d0-polygon of T. Consequently, Γ is the vertex set of an
inscribed regular d0-polygon of T.

When d0 is even, it follows from elementary plane geometry that f(γ) attains its minimum
value if and only if γ is the middle point of an arc whose endpoints are two adjacent vertices
of the inscribed regular d0-polygon. Hence,

f(γ) = min
γ∈T

distH(γ,Γ) = |ei
d0−1
d0

π − 1|.

When d0 is odd, then, once again by elementary plane geometry, f(γ) attains its minimum
value if and only if γ is a vertex of the inscribed regular d0-polygon. Hence,

f(γ) = min
γ∈T

distH(γ,Γ) = |ei
d0−1
d0

π − 1|.

2

3.22. Theorem. Let 4 ≤ d ∈ N be an even integer and suppose that d = r + s for some
s = r ∈ N. Suppose that α ̸= β ∈ T satisfy condition (P). Let d0 := d

2 , V := αIr ⊕ βIs ∈
U(Cd). Then V ∈ Sym3(Cd) and dim M1 = 0 = dim M2 in the standard decomposition of
J from Proposition 3.8 if and only if one of the following three conditions holds:

(a) d is divisible by 4, (αβ)d0 = −1, and

|(αβ)2j−1 − 1| < |α− β|, 1 ≤ j ≤ d0;

(b) d is not divisible by 4, and

|(αβ)2j−1 − 1| < |α− β|, 1 ≤ j ≤ d0; or

(c) d is not divisible by 4, (−αβ)d0 = 1, and

|ei
d0−1
d0

π − 1| < |α− β|.
Proof. We begin by proving the necessity of these conditions. As we have seen multiple
times already, this implies that

Z := V J = Y = ⊕d0
j=1Yj ,

where Yj =

[
αmj αnj

βnj −βmj

]
for some mj ∈ (−1, 1), nj ∈ (0, 1] for which m2

j + n2
j = 1,

1 ≤ j ≤ d0. In particular, Z ∈ Sym2(Cd) and thus Z ≃ Z∗, implying that the non-real
eigenvalues of Z occur in conjugate pairs, counted according to multiplicity.

Case 1. d ∈ 4N.
If d ∈ 4N, then we cannot have (−αβ)d0 = 1, otherwise (−αβ)d/4 ∈ {−1, 1}, contradicting

our minimality assumptions.

• Subcase 1.1 Suppose that d ∈ 4N and σ(Z)∩{−1, 1} ̸= ∅, say ξ ∈ σ(Z)∩{−1, 1}.
Since Y = Z, we may apply Lemma 3.19 to conclude that

σ(Z) = σ(Y ) = ∪d0
j=1∆j(ξ),

and
(−αβ)d0 ∈ {−1, 1}.

As noted above, if d ∈ 4N, then we cannot have (−αβ)d0 = 1, and so (αβ)d0 =
(−αβ)d0 = −1.



20

Note that for 1 ≤ j ≤ d0,

|Tr(Yj)| = |(−αβ)jξ + (−αβ)j−1ξ|
= |(−αβ)2j−1 + 1|
= |(α− β)mj |
< |α− β|.

• Subcase 1.2. Now suppose that d ∈ 4N and that σ(Z) ∩ {−1, 1} = ∅.

Let θ ∈ σ(Y ). By Lemma 3.19, we conclude that – after reindexing each of the Yj ’s
if necessary – we may assume that σ(Yj) = ∆j(θ), 1 ≤ j ≤ d0. Now the eigenvalues
of Y = Z appear in conjugate pairs, counted according to multiplicity, and the
second eigenvalue of Yj is paired with the first eigenvalue of Yj+1 for 1 ≤ j ≤ d0−1.
Since σ(Y ) ∩ R = ∅, it follows that the second eigenvalue of Yd0 is paired with the
first eigenvalue of Y1, i.e.

(−αβ)d0θ = θ.

But then (−αβ)d0 = 1, and so

(αβ)d0/2 ∈ {−1, 1},

contradicting condition (P).

Conclusion.
(a) If d ∈ 4N, then (−αβ)d0 = −1, and

|(αβ)2j−1 − 1| = |(−αβ)2j−1 + 1| < |α− β|, 1 ≤ j ≤ d0.

Case 2. d ∈ 4N+ 2.

• Subcase 2.1 d ∈ 4N+ 2 and σ(Z) ∩ {−1, 1} ̸= ∅.
Now suppose that d ∈ 4N + 2, and suppose that ξ ∈ σ(Z) ∩ {−1, 1} ̸= ∅. By

Lemma 3.19,

σ(Z) = σ(Y ) = ∪d0
j=1∆j(ξ),

and

(−αβ)d0 ∈ {−1, 1}.

Note that for 1 ≤ j ≤ d0,

|Tr(Yj)| = |(−αβ)jξ + (−αβ)j−1ξ|
= |(−αβ)2j−1 + 1|
= |(α− β)mj |
< |α− β|.
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• Subcase 2.2. Now suppose that d ∈ 4N+ 2 and that σ(Z) ∩ {−1, 1} = ∅.

Let θ ∈ σ(Z) = σ(Y ). By Lemma 3.19,

σ(Z) = σ(Y ) = ∪d0
j=1∆j(θ),

and

(−αβ)d0 = 1.

As before, for 1 ≤ j ≤ d0,

|Tr(Yj)| = |(−αβ)jθ + (−αβ)j−1θ|
= |(−αβ)2j−1 + θ2|
= |(αβ)2j−1 − θ2|
= |(α− β)mj |
< |α− β|.

By Lemma 3.21, it follows that

|ei
d0−1
d0

π − 1| < |α− β|.

Conclusion. If d ∈ 4N+ 2, then (−αβ)d0 ∈ {−1, 1}, and either
(b) σ(Y ) ∩ {−1, 1} ̸= ∅, in which case

|(αβ)2j−1 − 1| = |(α− β)mj | < |α− β|, 1 ≤ j ≤ d0; or

(c) σ(Y ) ∩ {−1, 1} = ∅, in which case

|ei
d0−1
d0

π − 1| < |α− β|, 1 ≤ j ≤ d0.

Next we will prove the sufficiency of these conditions. As always, this is essentially
reverse-engineering the necessary conditions.

• Suppose that (a) holds, namely: d ∈ 4N, (αβ)d0 = −1, and

|(αβ)2j−1 − 1| < |α− β|, 1 ≤ j ≤ d0.

Define

mj =
(−1)j(αβ)

j−1
[(αβ)2j−1 − 1]

α− β
=

(−αβ)j−1 + (−αβ)j

α− β
, 1 ≤ j ≤ d0.

Then

|mj | = |(αβ)
2j−1 − 1

α− β
| < 1, 1 ≤ j ≤ d0.

By Lemma 3.6, mj ∈ R, whence mj ∈ (−1, 1), and we define nj =
√
1−m2

j ,

1 ≤ j ≤ d0. Now

J := ⊕d0
j=1

[
mj nj

nj −mj

]
is a symmetry with tr (J) = 0. Consider

V = ⊕d0
j=1

[
α 0
0 β

]
≃ αId0 ⊕ βId0 .
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For 1 ≤ j ≤ d0, define

λ
(j)
1 = (−αβ)j−1, λ

(j)
2 = (−αβ)j .

Then it is straightforward to check that

λ
(j)
1 + λ

(j)
2 = (α− β)mj = tr (

[
α 0
0 β

] [
mj nj

nj −mj

]
),

and

λ
(j)
1 · λ(j)

2 = −αβ = det(

[
α 0
0 β

] [
mj nj

nj −mj

]
).

Hence, σ(

[
α 0
0 β

] [
mj nj

nj −mj

]
) = {λ(j)

1 , λ
(j)
2 }, 1 ≤ j ≤ d0.

Now,

λ
(j)
2 λ

(j+1)
1 = 1, ∀1 ≤ j ≤ d0 − 1,

while
λ
(1)
1 = 1, λ

(d0)
2 = (−αβ)d0 = −1.

Therefore, V J is a unitary whose non-real eigenvalues come in conjugate pairs. In
particular, V J ∈ Sym2(Cd), and therefore V = (V J)J ∈ Sym3(Cd).

• Next suppose that (b) holds: i.e., that d ∈ 4N+ 2, and

|(αβ)2j−1 − 1| < |α− β|, 1 ≤ j ≤ d0.

The proof of this case is essentially identical to that above. The sole exception is

that λ
(d0)
2 can be either 1 or −1, depending upon the value of (−αβ)d0 .

• Finally, suppose that (c) holds: i.e., that d ∈ 4N+ 2, (−αβ)d0 = 1, and

|ei
d0−1
d0

π − 1| < |α− β|.
By Lemma 3.21, there exists θ ∈ T, such that

max
1≤j≤d0

|(αβ)2j−1 − θ2| < |α− β|.

By continuity of the function f of Lemma 3.21, we may also assume that θ /∈ R.
For 1 ≤ j ≤ d0, set

mj :=
(−1)j(αβ)

j−1
θ[(αβ)2j−1 − θ2]

α− β
=

(−αβ)j−1θ + (−αβ)jθ

α− β
,

so that for each 1 ≤ j ≤ d0,

|mj | = |(αβ)
2j−1 − θ2

α− β
| < 1.

By Lemma 3.6, mj ∈ R, whence mj ∈ (−1, 1), 1 ≤ j ≤ d0. Define nj =
√
1−m2

j ,

1 ≤ j ≤ d0. Then

J := ⊕d0
j=1

[
mj nj

nj −mj

]
is a symmetry with tr (J) = 0. Consider

V := ⊕d0
j=1

[
α 0
0 β

]
≃ αId0 ⊕ βId0 .

Then V J = ⊕d0
j=1

[
αmj αnj

βnj −βmj

]
.



23

For 1 ≤ j ≤ d0, define

λ
(j)
1 = (−αβ)j−1θ, λ

(j)
2 = (−αβ)jθ.

As was the case earlier, it is straightforward to verify that for all 1 ≤ j ≤ d0,

λ
(j)
1 + λ

(j)
2 = (α− β)mj = tr (

[
αmj αnj

βnj −βmj

]
),

and

λ
(j)
1 · λ(j)

2 = −αβ = det(

[
αmj αnj

βnj −βmj

]
).

Hence, σ(

[
αmj αnj

βnj −βmj

]
) = {λ(j)

1 , λ
(j)
2 }, 1 ≤ j ≤ d0.

Now,

λ
(j)
2 λ

(j+1)
1 = 1, ∀1 ≤ j ≤ d0 − 1,

while

λ
(1)
1 · λ(d0)

2 = θ · (−αβ)d0θ = (−αβ)d0 = 1.

Therefore, V J is a unitary whose eigenvalues are all non-real and come in conjugate
pairs, implying that V J ∈ Sym2(Cd). But then V ∈ Sym3(Cd), completing the
proof.

2

3.23. Theorem. Let 4 ≤ d ∈ N be an even integer and suppose that d = r + s for some
r = s ∈ N. Suppose that α ̸= β ∈ T satisfy condition (P). Let V := αIr ⊕ βIr ∈ U(Cd).
Then V ∈ Sym3(Cd) if and only if one of the following four conditions holds:

(a) d is divisible by 4, (αβ)r = −1, and

|(αβ)2j−1 − 1| < |α− β|, 1 ≤ j ≤ r;

(b) d is not divisible by 4, and

|(αβ)2j−1 − 1| < |α− β|, 1 ≤ j ≤ r;

(c) d is not divisible by 4, (αβ)r = −1, and

|ei
r−1
r

π − 1| < |α− β|.

(d) d is not divisible by 4, (αβ)r = −1,

|1− α2j+1β2j−1| < |α− β|, 1 ≤ j ≤ r − 1.

Proof. Suppose that V ∈ Sym3(Cd). Write V = J1J2J where J ∈ Sym1(Cd) is balanced,
by Proposition 3.8 and Remark 3.9, either dimM1 = 0 = dimM2, or dimM1 = 1 =
dimM2. Then by applying Theorem 3.22 and Theorem 3.16 respectively, we can deduce
the desired conclusions.

2

We now provide an alternate version of Theorem 3.23.
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3.24. Theorem. Let 4 ≤ d ∈ N be an even integer and suppose that d = r + s for some
r = s ∈ N. Suppose that α ̸= β ∈ T satisfy condition (P). Let V := αIr ⊕ βIr ∈ U(Cd).
Then V ∈ Sym3(Cd) if and only if one of the following three conditions holds:

(i) d is divisible by 4, (αβ)r = −1, and

|ei
r−1
r

π − 1| < |α− β|.

(ii) d is not divisible by 4, and

|ei
r−1
r

π − 1| < |α− β|.

(iii) d is not divisible by 4, (αβ)r = −1,

|1− α2j+1β2j−1| < |α− β|, 1 ≤ j ≤ r − 1.

Proof. We will prove this theorem by comparing conditions (a), (b) (c), (d) of Theorem 3.23
and conditions (i), (ii), (iii) herein.

• Suppose that d is divisible by 4, (αβ)r = −1. Then r is even. Recall the proof
of Lemma 3.21, Γ is the vertex set of an inscribed regular r-polygon, where Γ =
{(αβ)2j−1 : 1 ≤ j ≤ r}. Since 1 = (αβ)2r, 1 is the middle point of an arc whose
endpoints are two adjacent vertices of this inscribed regular r-polygon. Hence

|ei
r−1
r

π − 1| = max
1≤j≤r

|(αβ)2j−1 − 1|.

Therefore, the condition (a) of Theorem 3.23 is actually the same as condition (i).
• Suppose condition (b) of Theorem 3.23 holds. That is, d is not divisible by 4, and

|(αβ)2j−1 − 1| < |α− β|, 1 ≤ j ≤ r.

By Lemma 3.21,

|ei
r−1
r

π − 1| ≤ max
1≤j≤r

|(αβ)2j−1 − 1| < |α− β|.

Hence the condition (ii) holds. It is clear that the condition (ii) holds if the condition
(c) of Theorem 3.23 holds.

• Suppose that condition (ii) holds. Then r is odd.
(1) If (αβ)r = 1. Then Γ is the vertex set of an inscribed regular r-polygon, where

Γ = {(αβ)2j−1 : 1 ≤ j ≤ r}. Since 1 = (αβ)r = (αβ)2
r+1
2

−1 ∈ Γ, 1 is a vertex
of this inscribed regular r-polygon. Hence by the proof of Lemma 3.21,

|ei
r−1
r

π − 1| = max
1≤j≤r

|(αβ)2j−1 − 1| < |α− β|.

Then the condition (b) of Theorem 3.23 holds.
(2) If (αβ)r = −1. Then the condition (c) of Theorem 3.23 holds.

• The condition (d) of Theorem 3.23 is identical to the condition (iii).

2
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3.25. Example. Suppose that d = 2d0 = 8, ε =
√
2π

1000 , and let

α = ei(π+ε), β = ei(
π
4
−ε).

Then (αβ)4 = −1, and it is routine to verify that if i, j ∈ N and αiβj ∈ {−1, 1}, then
i+ j ≥ 8. Let V = αI4 ⊕ βI4, and note that det(V ) = −1. We claim that V ∈ Sym3(C8).

Observe that

| sin
(
argα− arg β

2

)
| = | sin(3π

8
+ ε)| = sin(

3π

8
+ ε) > sin(

3π

8
) = | sin

(
4−1
4 π

2

)
|.

By Lemma 3.6,

|ei
4−1
4

π − 1| < |α− β|.
Thus, according to Theorem 3.24(i), V = αI4 ⊕ βI4 ∈ Sym3(C8).

We point out that the same argument works if we replace ε above by any positive number

0 < ζ <
√
2π

1000 , as long as ζ
π is irrational.

3.26. Example. Suppose that d = 2d0 = 6, ε =
√
2π

1000 , and let

α = ei(π+ε), β = ei(
π
3
−ε).

Then α3β3 = 1, and as before, if i, j ∈ N, then αiβj ∈ {−1, 1} implies that i + j ≥ 6. Let
V = αI3 ⊕ βI3, then det(V ) = 1. We claim that V ∈ Sym3(C6).

To see this, note that

| sin
(
argα− arg β

2

)
| = | sin(π

3
+ ε)| = sin(

π

3
+ ε) > sin(

2π

6
) = | sin

(
3−1
3 π

2

)
|,

and thus by Lemma 3.6,

|ei
3−1
3

π − 1| < |α− β|.
It follows from Theorem 3.24(ii) that V = αI3 ⊕ βI3 ∈ Sym3(C6).

3.27. Example. Assume that d = 2r = 2s = 6, and set ε =
√
2π

1000 . Set

α = ei(π+
π
6
+ε), β = ei(

π
2
−ε).

Then α3β3 = −1, αiβj ∈ {−1, 1} implies that i + j ≥ 6. Let V = αI3 ⊕ βI3, then
det(V ) = −1. We claim that V ∈ Sym3(C6). Note that

| sin
(
argα− arg β

2

)
| = | sin(π

3
+ ε)| = sin(

π

3
+ ε),

| sin
(
arg(α3β)

2

)
| = | sin

(
3(π + π

6 + ε) + (π2 − ε)

2

)
| = sin(ε),

and

| sin
(
arg(α5β3)

2

)
| = | sin

(
5(π + π

6 + ε) + 3(π2 − ε)

2

)
| = sin(

π

3
− ε).

Therefore, by Lemma 3.6,

|α3β − 1|
|α− β|

=
| sin

(
arg(α3β)−0

2

)
|

| sin
(
argα−arg β

2

)
|
< 1,
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and

|α5β3 − 1|
|α− β|

=
| sin

(
arg(α5β3)−0

2

)
|

| sin
(
argα−arg β

2

)
|
< 1.

So by Theorem 3.24(iii), V = αI3 ⊕ βI3 ∈ Sym3(C6).
Alternatively, note that

| sin
(
argα− arg β

2

)
| = sin(

π

3
+ ε) > sin(

2π

6
) = | sin

3−1
3 π

2
|.

By Lemma 3.6,

|ei
3−1
3

π − 1| < |α− β|.

By Theorem 3.24(ii), V = αI3 ⊕ βI3 ∈ Sym3(C6).

It is reasonable to ask which compact sets can occur as the spectra of elements of
Sym3(H), whether H is finite- or infinite-dimensional. The results of this section provide
an interesting set of examples.

3.28. Lemma. Let p ≥ 3 be a prime number, and α be a primitive p-th root of unity. Set
β = −α, r = p+1

2 , and s = p−1
2 . Then V = αIr ⊕ βIs ∈ Sym3(Cp).

Proof. Note that αrβs = (−1)sαp = (−1)s. Suppose that i, j ∈ N and that αiβj ∈ {−1, 1}.
Then αi+j ∈ {−1, 1}. Since p ≥ 3 is a prime number, and α is a primitive p-th root of
unity, it follows that i+ j ≥ p. That is, α ̸= β ∈ T satisfy condition (P). In particular,

|1− (αβ)2j−1| < 2 = |α− β|, 1 ≤ j ≤ s.

By Theorem 3.11, V = αIr ⊕ βIs ∈ Sym3(Cp).

2

3.29. Proposition. Let H be a separable, infinite-dimensional complex Hilbert space and
E := {α ∈ C : α ̸= 1, αp = 1 for some prime number p ≥ 3}. Suppose that K is a non-
empty compact subset of T which is symmetric with respect to the origin (i.e. K = −K)
and that K ∩ E is dense in K. Then there exists V ∈ Sym3(H) such that σ(V ) = K.
Proof. Since {−1, 1}∩E = ∅, it follows that K ̸= {−1, 1}. Write K∩E = {αk}∞k=1 (where
we allow αi = αj with i ̸= j).

For k ∈ N, there exists a prime number pk ≥ 3, such that αpk = 1. Set rk = pk+1
2 and

sk = pk−1
2 . By Lemma 3.28, Vk = (αk)Irk ⊕ (−αk)Isk ∈ Sym3(Cpk), k ∈ N.

The operator V := ⊕∞
k=1Vk ∈ B(H) is unitary, and it is routine to verify that V ∈

Sym3(H) because each Vk ∈ Sym3(Cpk). Since K = −K,

K = K ∩ E = {αk : k ≥ N} ⊂ σ(V ) = {αk,−αk : k ≥ N} ⊂ K ∪ (−K) = K.

Therefore, σ(V ) = K.

2
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4. General unitary matrices in Sym3(Cd)

4.1. The previous section illustrates just how complicated the structure of Sym3(Cd) is.
At the moment, a complete description of those unitary matrices which lie in this set seems
beyond reach. Despite this, a number of partial results have been obtained. For example,
the second author [15] has shown that if Ψm := {e2πit : m−1

4 < t < m
4 }, 1 ≤ m ≤ 4, then no

unitary operator V ∈ B(H) whose spectrum is contained in a single Ψm can lie in Sym3(H).

In this section, we obtain a number of results which impose necessary conditions for a
unitary operator V to lie in Sym3(Cd). Our first conditions require the notion of the length
of a product of reflections.

4.2. Definition. By a reflection in U(Cd) we mean a symmetry which is a rank-one
perturbation of the identity operator Id. We denote by ref(Cd) the set of all reflections in
U(Cd), and we define∏

(ref(Cd)) := {R1R2 · · ·Rm : m ≥ 1 and Rj ∈ ref(Cd), 1 ≤ j ≤ m}.

Given W ∈
∏
(ref(Cd)), we define the length of W to be

ℓ(W ) := min{m : W = R1R2 · · ·Rm : Rj ∈ ref(Cd), 1 ≤ j ≤ m}.

4.3. In [17, Theorem 9], the second author showed that l(W ) ≤ 2d − 1 for any unitary
matrix W ∈ U(Cd) whose determinant is real.

Let W ∈ U(Cd). Then there exist uniquely determined real numbers

0 ≤ α1 ≤ α2 ≤ · · · ≤ αd < 2π

such that W is unitarily equivalent to the diagonal matrix D := diag(eiα1 , eiα2 , . . . , eiαd).
We refer to α1, α2, . . . , αd as the angles of W , and we define

κ(W ) =

∑d
i=1 αi

π
.

The following theorem is due to Djoković and Malzan [5].

4.4. Theorem. [Djoković and Malzan] Let d ∈ N. If W ∈ U(Cd) and det(W ) ∈
{−1, 1}, then

ℓ(W ) = max{κ(W ), κ(W ∗)}.

4.5. Lemma. If W ∈ Sym2(Cd), then ℓ(W ) ≤ d.
Proof. Since W ∈ Sym2(Cd), W is unitarily equivalent to W ∗. As the length ℓ(W ) of W
is invariant under unitary equivalence, we may assume that

W =



eiα1

ei(2π−α1)

. . .
. . .

eiαr

ei(2π−αr)


⊕ Is ⊕ (−It),
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where 0 < α1 ≤ · · · ≤ αr < π, and 2r + s + t = d. Note that κ(W ) = κ(W ∗). Hence, by
Theorem 4.4,

ℓ(W ) = κ(W ) =
r · 2π + t · π

π
≤ 2r + t ≤ d.

2

4.6. Proposition. If d ∈ N and W ∈ Sym3(Cd), then ℓ(W ) ≤ d+ ⌊d2⌋.
Proof. Write W = J1J2J3, where Jj ∈ Sym1(Cd), j = 1, 2, 3. Since W = J1(−J2)(−J3)
and

min{rank (J3 − Id), rank (−J3 − Id)} ≤ ⌊d
2
⌋,

we may assume without loss of generality that rank (J3 − Id) ≤ ⌊d2⌋. Thus, ℓ(J3) ≤ ⌊d2⌋.
According to the definition of the length of W and Lemma 4.5,

ℓ(W ) ≤ ℓ(J1J2) + ℓ(J3) ≤ d+ ⌊d
2
⌋.

2

The above Proposition allows us to provide an alternate proof to a finite-dimensional
version of [15, Corollary 2]. For 1 ≤ m ≤ 4, let

Ψm :=

{
eiθ :

(m− 1)π

2
< θ <

mπ

2

}
.

4.7. Corollary. Let d ∈ N. No unitary matrix whose spectrum is a subset of one of the
four open arcs Ψm, 1 ≤ m ≤ 4 lies in Sym3(Cd).
Proof. Suppose that W ∈ U(Cd). Then it routine to see that the following conditions are
equivalent;

• W ∈ Sym3(Cd) • −W ∈ Sym3(Cd)
• W ∗ ∈ Sym3(Cd) • −W ∗ ∈ Sym3(Cd)

If det(W ) /∈ {−1, 1}, then W is not a finite product of symmetries, and so we may assume
that det(W ) ∈ {−1, 1}.

(i) If σ(W ) ⊆ Ψ4, then by Theorem 4.4,

ℓ(W ) ≥ κ(W ) >
3π
2 · d
π

=
3d

2
≥ d+ ⌊d

2
⌋.

By Proposition 4.6, W /∈ Sym3(Cd).
(ii) If σ(W ) ⊆ Ψ1, then σ(W ∗) ⊆ Ψ4. By (i), W ∗ /∈ Sym3(Cd), whence W /∈ Sym3(Cd).
(iii) If σ(W ) ⊆ Ψ2, then σ(−W ) ⊆ Ψ4. By (i), −W /∈ Sym3(Cd), whence W /∈

Sym3(Cd).
(1) If σ(W ) ⊆ Ψ3, then σ(−W ∗) ⊆ Γ4. By (i), −W ∗ /∈ Sym3(Cd), whence W /∈

Sym3(Cd).

2

Proposition 4.6 is a useful device for producing examples of unitary operators in U(Cd)
whose determinant is real, but which do not lie in Sym3(Cd).
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4.8. Proposition. Let 3 ≤ d ∈ N, W ∈ U(Cd) and suppose that det(W ) ∈ {−1, 1}.
Suppose furthermore that W ≃ ⊕k

j=1(e
iθjImj ), where π < θ1 < · · · < θk < 2π. Then

ℓ(W ) + ℓ(−W ) = 3d.

In particular, if d is odd or ℓ(W ) ̸= d+ ⌊d2⌋, then W /∈ Sym3(Cd).
Proof. First, observe that

W ∗ ≃ ⊕k
j=1(e

i(2π−θj)Imj ), −W ≃ ⊕k
j=1(e

i(θj−π)Imj ), and −W ∗ ≃ ⊕k
j=1(e

i(3π−θj)Imj ).

Thus

ℓ(W ) = max{κ(W ), κ(W ∗)}

= max{
∑k

j=1mjθj

π
,

∑k
j=1mj(2π − θj)

π
}

=

∑k
j=1mjθj

π
,

while

ℓ(−W ) = max{κ(−W ), κ(−W ∗)}

= max{
∑k

j=1mj(θj − π)

π
,

∑k
j=1mj(3π − θj)

π
}

=

∑k
j=1mj(3π − θj)

π
.

Thus

ℓ(W ) + ℓ(−W ) =

∑k
j=1mjθj +

∑k
j=1mj(3π − θj)

π
=

3π(
∑k

i=1mj)

π
= 3d.

• If d is odd, then 2(d+ ⌊d2⌋) < 3d, so one of ℓ(W ) and ℓ(−W ) is larger than d+ ⌊d2⌋.
By Proposition 4.6, W /∈ Sym3(Cd);

• if d is even and ℓ(W ) ̸= d+ ⌊d2⌋, then either ℓ(W ) or ℓ(−W ) is larger than d+ ⌊d2⌋.
By Proposition 4.6 once again, W /∈ Sym3(Cd).

This completes the proof.

2

4.9. Remark. Suppose that d ∈ N is even and write d = 2d0. Suppose that W ∈ U(Cd) is
of the form

W ≃ diag(eiθ1 , eiθ2 , . . . , eiθd), where π < θ1 ≤ θ2 ≤ · · · ≤ θd < 2π.

If W ∈ Sym3(Cd), then det(W ) = (−1)d0 .

Indeed, suppose first that d0 is odd, say d0 = 2k + 1 for some k ∈ N. Then d = 4k + 2.
By Proposition 4.8, if W ∈ Sym3(Cd), then

ℓ(W ) = ℓ(−W ) = d+ ⌊d
2
⌋ = 3d

2
= 3(2k + 1).

But then

det(W ) =

d∏
j=1

eiθj = ei
∑d

j=1 θj = e
3dπi
2 = e3(2k+1)πi = −1 = (−1)d0 .
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If d0 is even, say d0 = 2k for some k ∈ N, then d = 4k and again,

ℓ(W ) = ℓ(−W ) = d+ ⌊d
2
⌋ = 3d

2
= 6k.

In this instance,

det(W ) = e
3dπi
2 = e6kπi = 1 = (−1)d0 .

4.10. Example. Let ε := 1
100 , and set α1 := e

17
12

πi, α2 := e(
17
12

π+ε)i, α3 := e(
17
12

π−ε)i.

Finally, let β := e
15
8
πi, and define

V = diag(α1, α2, α3, β, β) ∈ U(C5),

and let W := V ⊕ V ∈ U(C10).

First observe that the eigenvalues of V all lie in the lower half-plane, and so the analysis
of the above Remark applies. Next, note that det(V ) = 1. Thus det(W ) = 1 as well.
Observe furthermore that 10/2 is odd. By the above Remark with d = 10, d0 = 5, if
W ∈ Sym3(C10), then det(W ) = (−1)5 = −1. Hence W ̸∈ Sym3(C10).

We finish this section with a minor result concerning operators in Sym2(C3) with up to
three distinct eigenvalues.

4.11. Proposition. Suppose that α, β, γ ∈ T, αβ γ ∈ {−1, 1}, and that ϱ := α+β+γ ∈ R.
Then {α, β, γ} ∩ {−1, 1} ̸= ∅, and

diag(α, β, γ) ∈ Sym2(C3).

Proof. Assume, without loss of generality, that αβ γ = 1. (Otherwise, we multiply every-
thing by −1.) Note that then

αβ + βγ + γα = γ + α+ β = α+ β + γ = ϱ = ϱ.

Thus p(x) := (x− α)(x− β)(x− γ) is of the form

p(x) = x3 − ϱx2 + ϱx− 1 = 0,

and so 1 is a root of p(x).
By relabelling if necessary, we may assume that α = 1. Since αβ γ = 1, it then follows

that γ = β.
But then U := diag(α, β, γ) is unitarily equivalent to U∗, and so U ∈ Sym2(C3).

2

5. Symmetric orbits

5.1. One of the most important notions of equivalence of operators on a finite-dimensional
space is that of unitary equivalence. We have already seen that every unitary operator
V ∈ U(Cd) with det(V ) = ±1 can be written as a product of four symmetries; i.e. U(Cd) =
Sym4(Cd), and this leads us to formulate the concept of the Symk-orbit of T , k = 1, 2, 3, 4,
defined as follows.
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5.2. Definition. Given d ∈ N, T ∈ B(Cd) and 1 ≤ k ≤ 4, we define

Symk(T ) := {W ∗TW : W ∈ Symk(Cd)},
and refer to this as the Symk-orbit of T .

We note that when k = 4, T · Sym4(Cd) = U(Cd), and thus Sym4(T ) = U(T ) for all
T ∈ B(Cd).

5.3. Remark. Fixing 1 ≤ k ≤ 3, consider the relation T1 ≡k T2 if T2 ∈ Symk(T1). It is
not hard to see that this relation is both reflexive and symmetric. Because Symk(Cd) is not
a group, however, there is no reason to believe that it should be transitive.

5.4. Our main goal in this section is to prove that if d ∈ N and T ∈ B(Cd), then Sym1(T ) =
U(T ) if and only if T is normal and has at most two eigenvalues.

As it turns out, determining when Sym2(T ) = U(T ) or Sym3(T ) = U(T ) appears to be
quite difficult, even if T is a normal (and therefore diagonalisable) operator. We shall have
more to say about this below.

Before beginning our analysis of the Symk-orbit of an operator, we need to define the
notion of the unitary commutant of a subset of B(H). At this stage, the definitions and
arguments apply to operators acting upon both finite-dimensional and infinite-dimensional
Hilbert spaces, and we formulate our first results in full generality.

5.5. Definition. Let H be a complex Hilbert space and ∅ ̸= S ⊆ B(H). We define the
unitary commutant of S to be

ΓU (S) := {U ∈ U(H) : UT = TU for all T ∈ S} = U(H) ∩ S ′.

When S = {T} is a singleton set, we abbreviate this to ΓU (T ).

It is routine to verify that ΓU (S) is a group.

The following Proposition is rather elementary, but it will prove very useful.

5.6. Proposition. Let H be a complex Hilbert space, 1 ≤ k ≤ 4, and suppose that T ∈
B(H). If R ∈ Symk(H), U ∈ U(H) and R∗TR = U∗TU , then R∗XR = U∗XU for all
X ∈ C∗(T ).

As a consequence, If Symk(T ) = U(T ), then Symk(X) = U(X) for all X ∈ C∗(T ).
Proof. Let U ∈ U(H) and choose R ∈ Symk(H) such that R∗TR = U∗TU . Then R∗T ∗R =
(R∗TR)∗ = (U∗TU)∗ = U∗T ∗U . A routine calculation shows that p(x, y) is a polynomial
in two non-commuting variables, then

R∗p(T, T ∗)R = U∗p(T, T ∗)U.

In the finite-dimensional setting, every element of C∗(T ) is of the form p(T, T ∗) for some
such polynomial, completing the proof.

In the infinite-dimensional setting, X ∈ C∗(T ) implies that X = limn pn(T, T
∗) for some

sequence pn(x, y) of such polynomials, and thus

R∗XR = R∗(lim
n

pn(T, T
∗))R = lim

n
R∗(pn(T, T

∗)R

= lim
n

U∗(pn(T, T
∗))U

= U∗(lim
n

pn(T, T
∗))U

= U∗XU.

The last statement clearly follows from this.
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2

5.7. Lemma. Let H be a complex Hilbert space, T ∈ B(H), and 1 ≤ k ≤ 4. The following
statements are equivalent.

(a) U(H) = ΓU (T ) · Symk(H) · ΓU (T ) := {GJH : G,H ∈ ΓU (T ), J ∈ Symk(H)}.
(b) U(H) = ΓU (T ) · Symk(H) := {GJ : G ∈ ΓU (T ), J ∈ Symk(H)}.
(c) U(T ) = Symk(T ).

Proof.

(a) implies (b). Suppose that U = GJH, where G,H ∈ ΓU (T ) and J ∈ Symk(H).
Then U = (GH)(H∗JH), and GH ∈ ΓU (T ), H∗JH ∈ Symk(T ), so that U ∈
ΓU (T ) · Symk(H). Thus U(H) ⊆ ΓU (T ) · Symk(H), and the reverse inclusion is
trivial.

(b) implies (c). Suppose that U(H) = ΓU (T ) · Symk(H). Given U ∈ U(H), choose
V ∈ ΓU (T ) and J ∈ Symk(H) such that U = V J .

Then

U∗TU = J∗V ∗TV J = J∗V ∗V TJ = J∗TJ ∈ Symk(T ).

Since U ∈ U(H) was arbitrary, U(T ) ⊆ Symk(T ), whence U(T ) = Symk(T ).
(c) implies (a). Now suppose that U(T ) = Symk(T ). Given U ∈ U(H), find JU ∈

Symk(H) such that
U∗TU = J∗

UTJU .

Then T (UJ∗
U ) = (UJ∗

U )T , so that G := UJ∗
U ∈ ΓU (T ). From this we see that

U = GJUI ∈ ΓU (T ) ·Symk(H) ·ΓU (T ). Since U ∈ U(H) was arbitrary, we are done.

2

5.8. Lemma. Let H be a complex Hilbert space, m ≥ 3, and suppose that H = ⊕m
j=1Hj,

where Hj ̸= {0}, 1 ≤ j ≤ m. Denote by Pj the orthogonal projection of H onto Hj for all
j. Then there exists U ∈ U(H) such that

rankP3UP1 ̸= rankP1UP3.

Proof. Choose unit vectors e ∈ H1, f ∈ H2 and g ∈ H3 and set M := span{e, f, g}.
Define the unitary operator U = V ⊕W , where V = g ⊗ e∗ + e⊗ f∗ + f ⊗ g∗ ∈ B(M), and
W = I|M⊥ . It is routine to verify that U is unitary.

Furthermore, P3UP1 = g ⊗ e∗ has rank one, while P1UP3 = 0.

2

5.9. Proposition. Let H be a complex Hilbert space and T ∈ B(H). If there exists a
normal operator N ∈ C∗(T ) such that σ(N) has at least three components, then

U(T ) ̸= Sym1(T ).

Proof. We shall argue by contradiction. Suppose to the contrary that N ∈ C∗(T ), σ(N)
has at least three components Ω1,Ω2,Ω3, and that U(T ) = Sym1(T ). Write H = H1 ⊕
H2 ⊕H3, where H1 := H(N ; Ω1), H2 := H(N ; Ω2), and H3 := (H1 ⊕H2)

⊥ are the spectral
subspaces for N arising from the Spectral Theorem. With respect to the decomposition
H = H1 ⊕H2 ⊕H3, we may write

N = N1 ⊕N2 ⊕N3,

where σ(Ni) ∩ σ(Nj) = ∅, 1 ≤ i ̸= j ≤ 3.



33

By Lemma 5.8, there exists U ∈ U(H) such that with

rankP3UP1 ̸= rankP1UP3,

where Pj denotes the orthogonal projection of H onto Hj , 1 ≤ j ≤ 3.
Now, by Lemma 5.7,

U(H) = ΓU (T ) · Sym1(T ).

Choose V ∈ ΓU (T ) and J ∈ Sym1(H) such that U = V J . By Fuglede’s Theorem, since
V T = TV , we find that V ∈ C∗(T )′, and hence V N = NV . But the fact that the spectra
of N1, N2 and N3 are disjoint then implies that V = V1 ⊕ V2 ⊕ V3, where each Vj ∈ U(Hj),
1 ≤ j ≤ 3. Write J = [Jij ] relative to the same decomposition of H, and observe that the
fact that J = J∗ implies that rankJ13 = rankJ∗

13 = rankJ31.
Thus

rankP3(V J)P1 = rankV3J31 = rankJ31 = rankJ13 = rankV1J13 = rankP1(V J)P3,

from which we conclude that V J ̸= U , a contradiction. It follows that U(T ) ̸= Sym1(T ).

2

Recall that if d ∈ N and T ∈ B(Cd), then there exist non-negative integers p, dj and µj

such that the unital C∗-algebra C∗(T ) generated by T is unitarily equivalent to

⊕p
j=1Mdj (C)

(µj).

5.10. Proposition. Let d ≥ 2 and T ∈ B(Cd). Write C∗(T ) = ⊕p
j=1Mdj (C)(µj). If p ≥ 3

or if there exists 1 ≤ j ≤ p such that dj ≥ 3, then Sym1(T ) ̸= U(T ).
Proof. Suppose p ≥ 3. Then N := ⊕p

j=1jI
(µj)
dj

∈ C∗(T ), and N has p ≥ 3 distinct

eigenvalues. By Proposition 5.9,

U(T ) ̸= Sym1(T ).

If dj ≥ 3 for some 1 ≤ j ≤ p, then let Ni = 0, 1 ≤ i ̸= j ≤ p, and let Nj :=

diag(1, 2, . . . , dj). Set N = ⊕p
j=1N

(µj)
j . Then N ∈ C∗(T ) is normal and N has dj ≥ 3

distinct eigenvalues. Once again, by Proposition 5.9, Sym1(T ) ̸= U(T ).
2

5.11. From above, we see that if 2 ≤ d ∈ N, T ∈ B(Cd) and U(T ) = Sym1(T ), then p ≤ 2
and dj ≤ 2, j = 1, 2. We are therefore left with four cases to consider in terms of the
structure of C∗(T ). Let us first deal with the two cases where U(T ) ̸= Sym1(T ).

(i) p = 1, d1 = 2.

In this case, C∗(T ) = M2(C)(µ1), where µ1 = d/2, and T is not a normal operator.
Using the canonical shift of basis, we may write an arbitrary element X ∈ C∗(T ) as

X =

[
x11Iµ1 x12Iµ1

x21Iµ1 x22Iµ1

]
,

where xij ∈ C is arbitrary. We argue by contradiction. Suppose that U(T ) =

Sym1(T ). Then, given U ∈ U(Cd), we can find JU ∈ Sym1(Cd) such that U∗TU =
J∗TJ , and thus U∗XU = J∗XJ for all X ∈ C∗(T ). In particular, X(UJ∗) =
(UJ∗)X for all X ∈ C∗(T ).
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But the commutant of C∗(T ) is the set of operators of the form Y ⊕ Y , where
Y ∈ Mµ1(C). Thus

V := UJ∗ =

[
V0 0
0 V0

]
for some unitary operator V0 ∈ Mµ1(C). We will now exhibit a specific unitary
operator U for which this decomposition is impossible.

Choose c, s ∈ (0, 1) such that c2 + s2 = 1. Let U :=

[
cIµ1 −sIµ1

sIµ1 cIµ1

]
. Then U is

unitary.

Suppose that J =

[
J1 J2
J3 J4

]
is a symmetry, and that

V := UJ∗ =

[
V0 0
0 V0

]
for some unitary operator V0.

The fact that J is a symmetry implies that J = J∗ and thus J3 = J∗
2 and J1, J2

are self-adjoint. Thus[
J1 J2
J3 J4

]
= J = V ∗U =

[
cV ∗

0 −sV ∗
0

sV ∗
0 cV ∗

0

]
.

That in turn implies that cV ∗
0 is self-adjoint, and since 0 < c < 1, that requires that

V0 be self-adjoint.
But since J3 = J∗

2 , we also infer that −sV0 = (−sV ∗
0 )

∗ = (sV ∗
0 ) = sV0, a contra-

diction, as V0 ̸= 0.
(ii) p = 2, max(d1, d2) = 2.

Without loss of generality, we may assume that d1 = 2. Let N1 =

[
1 0
0 2

]
and

N2 = 3Id2 . ThenN := N
(µ1)
1 ⊕N

(µ2)
2 ∈ C∗(T ) is normal andN has three eigenvalues.

By Proposition 5.9, U(T ) ̸= Sym1(T ).

5.12. The two remaining cases are

(i) p = 1, d1 = 1.

In this case, C∗(T ) = C(µ1), implying that T = αId for some α ∈ C. It is clear
that U(T ) = {T} = Sym1(T ) in this case.

(ii) p = 2, d1 = d2 = 1.
In this case, there exist α ̸= β ∈ C and 1 ≤ k ≤ d− 1 such that T ≃ αIk ⊕βId−k.

The proof in this case is somewhat more involved, and will require some auxiliary
definitions and results.

5.13. Definition. Let 1 ≤ k ≤ d ∈ N and T = [tij ] ∈ Md(C). If Λ ⊆ {1, 2, . . . , d} is a set
with k elements, then the k × k matrix

TΛ := [tij ]i,j∈Λ

is called the principal submatrix of T of order k, determined by Λ.

We shall require the following result, which is Theorem 2.20 of [13].

5.14. Theorem. Let d ∈ N and T ∈ Md(C) be a matrix of rank r. Let ε > 0. Then
there exists a unitary matrix U ∈ Md(C) satisfying ∥U − Id∥ < ε such that all principal
submatrices of U∗TU of order less than or equal to r are invertible.
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5.15. Lemma. Let 2 ≤ d ∈ N and Y ∈ U(Cd). Suppose that Cd = H1 ⊕ H2, and with

respect to this decomposition, let us write Y =

[
Y1 Y2
Y3 Y4

]
. Suppose furthermore that Y1 and

−Y4 are invertible and positive. Then Y ∈ Sym1(Cd).
Proof. It is not hard to see that by restricting our attention to W⊥, where W :=
span{ker(Y − I), ker(Y + I)}, it is sufficient to consider the case where 0 < Y1 < IH1

and 0 < −Y2 < IH2 , as the restriction of Y to W is itself a symmetry. Furthermore, by
interchanging the indices of H1 and H2 and replacing Y by −Y if necessary, we may assume
without loss of generality that dim H1 ≤ dim H2.

Let us write M = Y1 and note that 0 < M < IH1 . Define N := (I −M2)
1
2 .

The equations Y ∗Y = I = Y Y ∗ imply that

M2 + Y2Y
∗
2 = IH1 = M2 + Y ∗

3 Y3,

or equivalently,
|Y ∗

2 |2 = N2 = |Y3|2.
It follows from the polar decomposition that there exist co-isometries W,V : H2 → H1 such
that Y2 = NV and Y3 = W ∗N . Thus

IH2 = Y3Y
∗
3 + Y 2

4 = W ∗N2W + Y 2
4 ,

= Y ∗
2 Y2 + Y 2

4 = V ∗N2V + Y 2
4 .

In particular,
Y4 = −W ∗MW = −V ∗MV.

Thus

Y =

[
M NV

W ∗N −W ∗MW

]
.

But Y unitary also implies that

0 = Y3M + Y4Y
∗
2 = (W ∗N)(M) + (−V ∗MV )(V ∗N).

That is,
0 = W ∗(NM)− V ∗(MN) = (W ∗ − V ∗)MN.

Since MN is invertible, W ∗ = V ∗, or equivalently, W = V .
But then Y is unitary and

Y ∗ =

[
M NW

W ∗N −W ∗MW

]
= Y,

implying that Y is indeed a symmetry.

2

5.16. Lemma. Let d ∈ N and suppose that Cd = H1 ⊕H2, where H1,H2 are subspaces of

Cd. Suppose that U =

[
U1 U2

U3 U4

]
∈ U(Cd). Then there exist unitary operators X = X1⊕IH2

and Z = IH1 ⊕ Z4 in B(Cd) such that

XUZ ∈ Sym1(Cd).

Proof. Case one: U1, U4 are invertible.
Using polar decomposition in the finite-dimensional setting, we may write U1 = R1|U1|

and U4 = |U∗
4 |R4 where R1 ∈ U(H1) and R4 ∈ U(H2). Set X := R∗

1 ⊕ IH2 and Z :=
IH1 ⊕−R∗

4.
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Letting Y1 = |U1|, Y2 = −R∗
1U2R

∗
4, Y3 = U3 and Y4 = −|U4|∗, we find that

Y :=

[
Y1 Y2
Y3 Y4

]
=

[
R∗

1 0
0 IH2

] [
U1 U2

U3 U4

] [
IH1 0
0 −R∗

4

]
= XUZ.

By Lemma 5.15, Y ∈ Sym1(Cd).

Case two: a reduction to the first case.

By Theorem 5.14, we can find a sequence Qn :=

[
Qn1 Qn2

Qn3 Qn4

]
of unitary operators such

that

• Qn1, Qn4 are invertible, and
• U = limnQn.

By Case one, for each n ≥ 1 we can find unitary operators Xn = Xn1 ⊕ IH2 and Zn :=
IH1 ⊕ Zn4 such that

Yn := XnUZn ∈ Sym1(Cd).

By the compactness of the unit ball of B(Cd), we can then drop to a subsequence (Ynk
)k

such that
X := lim

k
Xnk

, Z := lim
k

Znk

both exist. Clearly X = X1⊕ IH2 and Z = IH1 ⊕Z4 for some X1 ∈ U(H1) and Z4 ∈ U(H2).
But then

Y := XUZ = lim
k

Xnk
Qnk

Znk

lies in the closure of Sym1(Cd). Since Sym1(Cd) is already closed, Y ∈ Sym1(Cd), complet-
ing the proof.

2

5.17. Proposition. Let 2 ≤ d ∈ N and suppose that N ∈ B(Cd) is a normal operator with
two distinct eigenvalues. Then Sym1(N) = U(N).
Proof. By hypothesis, we may write Cd = H1 ⊕H2 such that with respect to this decom-
position, N = αIH1 ⊕ βIH2 with α ̸= β ∈ C.

Note that
ΓU (N) = {Z1 ⊕ Z4 : Z1 ∈ U(H1), Z4 ∈ U(H2)}.

Let U ∈ U(Cd). By Lemma 5.16, there exist X,Z ∈ ΓU (N) such that Y := XUZ ∈
Sym1(Cn). By Lemma 5.7, U(N) = Sym1(N).

2

Together these results imply the following.

5.18. Theorem. Let d ∈ N and T ∈ Md(C). Then Sym1(T ) = U(T ) if and only if T is
normal and has at most two eigenvalues.
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An apéritif: Sym2-orbits in low dimensions

5.19. Having determined the class of operators T ∈ B(Cd) for which Sym1(T ) coincides
with U(T ), it is reasonable to ask when Sym2(T ) = U(T ) or Sym3(T ) = U(T ). While
the second of these questions is made particularly difficult because of the fact that we do
not have a reasonable characterisation of Sym3(Cd), the fact that Sym2(Cd) is so tractable
suggests that resolving the first of these questions should be much simpler. Nevertheless,
the problem appears to be difficult, and even for normal operators N ∈ B(Cd), we have
only been able to obtain results when N has at most four distinct eigenvalues.

5.20. Proposition. Let T = ⊕4
i=1λiIdi ∈ Md(C) with λ1, λ2, λ3, λ4 being distinct, where

d =
∑4

i=1 di. Then

U(T ) = Sym2(T ).

Proof. By Lemma 5.7, it suffices to show that

U(Cd) = ΓU (T ) · Sym2(Cd).

By Theorem 5.14, V(Cd) is dense in U(Cd), where
V(Cd) := {V : V ∈ U(Cd), all principle submatrices of V are invertible}.

Note that ΓU (T ) · Sym2(Cd) ⊂ U(Cd), and ΓU (T ) · Sym2(Cd) is closed. To finish the
proof, we only need to show that

V(Cd) ⊂ ΓU (T ) · Sym2(Cd).

Set H1 = Cd1 ⊕Cd2 , and H2 = Cd3 ⊕Cd4 . Set T1 = λ1Id1 ⊕λ2Id2 , and T2 = λ3Id3 ⊕λ4Id4 .
Then T = T1 ⊕ T2.

Given V ∈ V(Cd), with respect to Cd = H1 ⊕H2, we write

V =

[
V1 V2

V3 V4

]
,

where V1 and V3 are invertible. Using polar decomposition in finite-dimensional setting, we
may write V1 = R1|V1|, V4 = R4|V4|, where R1 ∈ U(H1), R4 ∈ U(H2). Now set

Y :=

[
Y1 Y2
Y3 Y4

]
=

[
R∗

1 0
0 −R∗

4

] [
V1 V2

V3 V4

]
=

[
|V1| R∗

1V2

−R∗
4V3 −|V4|

]
.

By Lemma 5.15, Y ∈ Sym1(Cd).
By Theorem 5.18,

Sym1(Ti) = U(Ti), i = 1, 2.

Then by Lemma 5.7, U(Hi) = ΓU (Ti) · Sym1(Hi), i = 1, 2. Hence, we could choose Wi ∈
ΓU (Ti), Ji ∈ Sym1(Hi), i = 1, 2, such that R1 = W1J1 and −R4 = W2J2. Observe that
W1 ⊕W2 ∈ ΓU (T ) and J1 ⊕ J2 ∈ Sym1(Cd). Now

V =

[
R1 0
0 −R4

]
Y =

[
W1 0
0 W2

] [
J1 0
0 J2

]
Y ∈ ΓU (T ) · Sym2(Cd).

2

Using a similar argument, we can obtain the following corollary.

5.21. Corollary. Let T = ⊕3
i=1λiIdi ∈ B(Cd) with λ1, λ2, λ3 being distinct, where d =∑3

i=1 di. Then

U(T ) = Sym2(T ).
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5.22. Despite considerable effort, we have not yet resolved the question of whether or not
Sym2(N) = U(N) (or even Sym3(N) = U(N)) whenN is a normal (and thus diagonalisable)
operator in B(Cd) when d ≥ 5. Indeed, suppose that D is a diagonal operator with respect
to some orthonormal basis E := {ek : 1 ≤ k ≤ d}, and to simplify the problem even
further, consider the case where D admits d distinct eigenvalues. In this case, the unitary
commutant ΓU (D) = D(Cd), the set of diagonal operators with respect to E . By Lemma 5.7,
the question of whether Sym2(D) = U(D) is equivalent to the question: given U ∈ U(Cd),
can we find a diagonal, unitary operator B such that the non-real eigenvalues of BU appear
in conjugate pairs?

To see why this seemingly innocuous question may be more difficult than it seems, we
are tempted to draw a parallel with the well-known conjecture of Horn [8] regarding the
spectrum of the sum of two hermitian operators, which was eventually resolved by Kly-
achko [9] and independently by Knuston and Tao [10]. Given unitary operators U and V
in U(Cd), we may find hermitian matrices H,K ∈ Md(C) such that U = eiH and V = eiK .

Of course, the equation UV = ei(H+K) does not hold unless U and V commute (in which
case the answer to our original problem is easily seen to be “yes”), but the analogy suggests
that calculating the possible spectra of operators of the form UV in general may be akin to
calculating the possible spectra of H +K. We hope that the solution to the multiplicative
version of this problem for unitaries will not require thirty-six years to solve, as did the
Horn Conjecture.
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