ON THE CLASSIFICATION OF QUANTUM SYMMETRIES
A.S. GORDIENKO AND A.I. PEKARSKY

ABSTRACT. We show that, in order to classify Hopf algebra (co)actions on a given finite
dimensional algebra up to equivalence, one should start with the classification of the possible
cosupports (i.e. the sets of linear operators by which H* is acting) of Hopf algebra coac-
tions and then consider dual Hopf algebra actions. As an application, we classify quantum
symmetries of the set of two points and the algebra of dual numbers. In addition, we show
that the straight line does not admit an (ungraded) universal coacting Manin Hopf algebra.
Moreover, we prove that for n > 14 the full matrix algebra M,, (k) admits a nontrivial Hopf
algebra coaction such that all Hopf algebra actions with the same restriction on the cosup-
port are trivial, i.e. the cosupport may reduce under the dualization and a finite dimensional
algebra may have less equivalence classes of actions than coactions. Simultaneously, for any
n > 14, we define an elementary grading on M, (k) by an infinite group that cannot be
regraded by any finite group. (The previously known lower bound was n > 349.)

1. INTRODUCTION

When an affine algebraic group G is acting morphically on an affine algebraic variety X,
the algebra O(X) of regular functions on X is a comodule algebra over the Hopf algebra O(G)
and the module algebra over both the group Hopf algebra kG and the universal enveloping
algebra U(g) of the Lie algebra of G where k is a base field. Note that in this situation,
where one can say that G is acting on X by classical symmetries, O(X) and O(G) are
commutative and kG and U(g) are cocommutative. When a not necessarily (co)commutative
Hopf algebra H is (co)acting on a not necessarily commutative algebra A, one can interpret
this as that the quantum group H is acting by quantum symmetries on the noncommutative
space whose “algebra of functions” is A. This very general approach traces its origins back
to Yu.I. Manin’s notes on quantum groups and noncommutative geometry [34]. On the
other hand, the problem of the classification of quantum symmetries of a given algebra can
be viewed as a generalization of the problem of the classification of automorphisms, group
gradings, (skew)derivations, etc. Some recent work on Hopf actions and their properties
includes, but is not limited to the papers [8, 9, 13, 14, 15, 16, 17, 18, 21, 22, 23, 24, 31, 32].

In some cases group gradings are classified up to isomorphism and in some cases up
to equivalence, see e.g. [20]. While the classification up to equivalence may seem coarser,
the classification up to isomorphism can be essentially recovered using the notion of the
universal group of the grading introduced by J. Patera and H. Zassenhaus in 1989 [36]. The
notion of equivalence of Hopf algebra (co)actions as well as their universal (co)acting Hopf
algebras were introduced in [2]. The latter were united with the Sweedler — Manin —
Tambara universal (co)acting bi/Hopf algebras into a single theory in [3] via the notion of a
V-universal (co)acting Hopf algebra. Moreover, the Duality Theorem [3, Theorem 4.15] for
V-universal (co)acting Hopf algebra was proved. A purely categorical approach to quantum
symmetries was undertaken in [4, 5].
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While there are several general results on universal (co)acting Hopf algebras and duality
between them, the only case where all Hopf algebra actions have been completely classified
so far was the case of the algebra k[z]/(2?) of dual numbers [2, Theorem 6.7], however even
in this case the universal acting Hopf algebra was calculated only for two of three possible
equivalence classes of actions. In Section 3.4 we propose a general classification strategy for
quantum symmetries of finite dimensional algebras, which we follow in Sections 4 and 5 and
classify all quantum symmetries (both Hopf algebra actions and coactions) of the set of two
points and of k[x]/(2?). Furthermore, we calculate all the corresponding universal (co)acting
Hopf algebras.

The Duality Theorem implies that for every equivalence class of Hopf algebra actions on
a finite-dimensional algebra A there exists an equivalence class of Hopf algebra coactions on
A with the same cosupport. Therefore, there cannot be more equivalence class of actions
than coactions. The natural question arises as to whether a bijection always exists between
the sets of equivalence classes of actions and coactions. This question is equivalent to the
following: can the cosupport of the V-universal Hopf algebra action dual to a V-universal
Hopf algebra coaction plj"‘)}’f with cosupp pi‘"}’f = V become smaller than V7 In Section 7
we show that the answer is “yes”. In fact, for any n > 14, we define an elementary grading
on the full matrix algebra M, (k) by an infinite group that cannot be regraded by any finite
group and show that the action dual to the corresponding group algebra coaction is trivial.
Simultaneously, we solve another problem since the previously known lower bound for n such
that on M, (k) there exists an elementary grading that cannot be regraded by a finite group
was n > 349, see [27].

While the universal acting Hopf algebras always exist [3, Section 4.1], the universal coact-
ing Hopf algebras do not necessarily exist. The first examples were constructed in [3, Ex-
ample 4.3]. In Theorem 6.1 we show that the (ungraded) Manin universal (co)acting Hopf
algebra does not exist even for a straight line.

2. GROUP GRADINGS

We begin with group gradings, as they are an important particular case of quantum
symmetries (see the precise definition of the latter in Section 3.1 below) and many definitions
and constructions related to quantum symmetries are inspired by those of gradings.

Recall that T': A = € e AW) (direct sum of subspaces) is a grading on a (not necessarily
associative) algebra A over a field k by a group G if A9AM C AWM for all g, h € G. Then
G is called the grading group of I'. The algebra A is called graded by G.

Example 2.1. Let k be a field and let g, € G for 1 < k < n for some group G and n € N.
An elementary grading on the full matrix algebra M, (k) defined by the n-tuple (g1, ..., gn)

is the grading where for every 1 < 7,7 < n the matrix unit e;; belongs to M,, (k) (99;)

Remark 2.2. Note that such a grading is uniquely determined by defining the G-degrees of
eiit1, 1 <i<n—1. If Gisan arbitrary group and (hy,...,h,—1) is an arbitrary (n — 1)-
tuple of elements of G, then the elementary grading with e;;,; € M, (k)" can be defined

n—1
by (¢1,.-.,9n) where g; = [ h;. Furthermore, since the identity element 14 of every graded
j=i
algebra A belongs to AW elementary gradings on full matrix algebras are precisely the
gradings where the matrix units are homogeneous elements, i.e. belong to the union of the

graded components M, (k).

When studying graded algebras, one has to determine, when two graded algebras can be
considered “the same” or equivalent.
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Let
Fll Al = @ Agg), FQI A2 = @ Agg) (21)
geGh geGo
be two gradings where G; and G, are groups and A; and A, are algebras.
The most restrictive case is when we require that both grading groups coincide:

Definition 2.3 (e.g. [20, Definition 1.15]). Gradings (2.1) are isomorphic if G; = G and
there exists an isomorphism ¢: A; = A of algebras such that ¢ <A§g)> = Aég ) for all g € Gy.

In this case we say that A; and Ay are graded isomorphic.

If one studies the graded structure of a graded algebra or its graded polynomial identi-
ties [6, 7, 10, 25, 26], then it is not really important by elements of which group the graded
components are indexed. A replacement of the grading group leaves both graded subspaces
and graded ideals graded. In the case of graded polynomial identities reindexing the graded
components leads only to renaming the variables. Here we come naturally to the notion of
equivalence of gradings.

Definition 2.4 (e.g. [20, Definition 1.14]). Gradings (2.1) are equivalent, if there exists an
isomorphism ¢: A; = A, of algebras such that for every g; € G with Aggl) 2 0 there exists
g2 € G5 such that ¢ <A§91)> = AP,

Obviously, if gradings are isomorphic, then they are equivalent. It is important to notice
that the converse is not true.
However, if gradings (2.1) are equivalent and p: A; = A, is the corresponding isomor-

phism of algebras, then I';: A1 =P, (,

and the grading I's is obtained from I'; just by reindexing the homogeneous components.
Therefore, when gradings (2.1) are equivalent, we can identify I'y and I'; via ¢ and assume
that we have gradings on the same algebra. In this case we say that I'y can be regraded
by GQ.

If Ay = As and g in Definition 2.4 is the identity map, we say that ['; and 'y are realizations
of the same grading on A as, respectively, a G- and an Ga-grading.

For a grading I': A=, AW we denote by supp' := {g € G | A¥ #£ 0} its support.

ot (Aég)> is a G-grading on A; isomorphic to 'y

Remark 2.5. Each equivalence between gradings I'y and [I's induces a bijection
suppI'y = supp I's.

Each group grading on an algebra can be realized as a G-grading for many different
groups G, however it turns out that there is one distinguished group among them [20,
Definition 1.17], [36].

Definition 2.6. Let I' be a group grading on an algebra A. Suppose that I' admits a
realization as a Gp-grading for some group Gr. Denote by s the corresponding embedding
suppl" < Gr. We say that (Gr,sr) is the universal group of the grading I' if for any
realization of I' as a grading by a group G with ¢: suppl’ < G there exists a unique
homomorphism ¢: Gr — G such that the following diagram is commutative:

supp I’ L Gr

[
I
Nv

G

Remark 2.7. For each grading I" one can define a category Cr where the objects are all pairs
(G, 1) such that G is a group and I" can be realized as a G-grading with ¢: suppl’ — G
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being the embedding of the support. In this category the set of morphisms between (G, )
and (G, 19) consists of all group homomorphisms f: G; — G5 such that the diagram below
is commutative:

supp I’ _n G4

DN

G
Then (G, #r) is the initial object of Cr.

Remark 2.8. Tt is easy to see that if I': A = @QESUPPFA(Q) is a group grading, then the
universal group Gr of the grading I' is isomorphic to Fisuppr)/N where Fgppry is the free
group on the set [suppI'] := {[g] | ¢ € suppI'} and N is the normal closure of the words
[g][h][t]~" for pairs g,h € suppl such that AWAM £ 0 where t € suppD is defined by
AW AN C AW,

The classification of gradings on a given algebra A up to equivalence may seem coarser
than the classification up to isomorphism. However, if we know the classification up to
equivalence and calculate the universal groups of the corresponding gradings, we can recover
the classification up to isomorphism by restricting the grading groups to the subgroups
generated by the supports.

3. QUANTUM SYMMETRIES

3.1. (Co)module algebras. We refer the reader to [1, 19, 30, 35] for an account on Hopf
algebras and their (co)actions on algebras.

Let A be a (not necessarily associative) algebra and let H be a Hopf algebra over a field k.
A k-linear map ¢: H ® A — A is called an H-action on A if ¥ defines on A a structure of
a left H-module and

h(ab) = (haya)(he)b) for all a,b € A, h e H (3.1)

where we use Sweedler’s notation Ah = h(;y ® h(z) (the summation sign is omitted) for the
comultiplication A: H — H ® H. The algebra A endowed with v is called an H-module
algebra. If there exists an identity element 14 € A such that hla = e(h)1,4 for all h € H,
then A and ¢ will be called a unital H-module algebra and a unital H-action, respectively.

Example 3.1. Let GG be a group and let k be a field. Denote by kG the group algebra of G
over k. Recall that kG is a Hopf algebra where the comultiplication A: kG — kG ® kG,
the counit : kG — kG and the antipode S: kG — kG are the linear maps defined on the
elements of the standard basis of kG as follows: Ag := g ® g, e(g) := 1, Sg := g~ ! for all
g € GG. Then a kG-module algebra is precisely an algebra on which the group G is acting by
automorphisms.

Example 3.2. Let g be a Lie algebra over a field k. Recall that the universal enveloping
algebra U(g) of g is a Hopf algebra where the comultiplication A: U(g) — U(g) ® U(g)
and the counit ¢: U(g) — U(g) are the unital algebra homomorphisms and the antipode
S: U(g) — U(g) is the unital algebra anti-homomorphism defined on the standard generators
of U(g) as follows: Av :=v®14+1®wv, e(v) := 0, Sv:= —v for all v € g. Then a U(g)-module
algebra is precisely an algebra on which the Lie algebra g is acting by derivations.

Again, let A be a (not necessarily associative) algebra and let H be a Hopf algebra over
a field k. A k-linear map p: A - A ® H is called an H-coaction on A if p defines on A a
structure of a right H-comodule and

plab) = a)bo) ® aq)yba)
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for all a,b € A where we use Sweedler’s notation p(a) = a() ® a1y and the summation sign is
again omitted. In other words, p: A — A® H is an algebra homomorphism. The algebra A
endowed with p is called an H-comodule algebra. If there exists an identity element 14 € A
such that p(14) = 14 ® 1y, then A and p will be called a unital H-comodule algebra and a
unital H-coaction, respectively.

Example 3.3. Let [': A = @geG A be a grading on an algebra A over a field k by a group

G. Define the linear map p: A — A® kG by p(a) :=a®g for all a € A9 and g € G. Then
p is a kG-coaction on A. Conversely, if p: A - A® kG is a kG-coaction on some algebra A,
then I': A= P, A9 is a G-grading where AW := {a € A| p(a) =a® g} for all g € G.

Example 3.4. Recall that the algebra O(G) of regular functions on an affine alge-
braic group G over a field k is a Hopf algebra where the unital algebra homomorphisms
A: O(G) - OG) ® O(G) and S: O(G) — O(G) correspond to the multiplication
G x G — G and taking the inverse (—)~': G — G, respectively. The counit : O(G) — k is
defined by e(f) := f(1¢g) for all f € O(G). Suppose G x X — X is a G-action on an affine
algebraic variety X by morphisms. Then the corresponding unital algebra homomorphism
p: O(X) = O(X) ® O(G) defines on the algebra O(X) of regular functions on X a struc-
ture of an O(G)-comodule algebra. Conversely, every coaction p: O(X) — O(X) ® O(G)
corresponds to a G-action on X by morphisms, see the details, e.g., in [1, Chapter 4].

Hopf algebra (co)actions on an algebra A are called quantum symmetries of A. If A is
a unital associative algebra, then we assume (co)actions to be unital too. If X is an affine
algebraic variety, then quantum symmetries of O(X) are called quantum symmetries of X.

3.2. Equivalence of (co)actions. Let p: A — B ® @ be a linear map for some vector

k
spaces A, B, @ over a field k. Define the map p¥: @*® A — B by pY(A®a) := > Aqi)b;
i=1

k
for all a € A and A € Q" where p(a) = > b;® ¢, k€ Zy, b; € B, ¢; € Q.

=1
Let v: H® A — A be an H-action for some Hopf algebra H and an algebra A over a
field k. Then the unital subalgebra cosupp v := {¢(h ® (=)) | h € H} C Endy(A) is called
the cosupport of 1.
Let p: A - A® H be an H-coaction for some Hopf algebra H and an algebra A over a
field k. Then the unital subalgebra cosupp p := {p¥(A® (—)) | A € H*} C Endk(A) is called
the cosupport of p.

Example 3.5. If [': A = @QGG AW is a grading on an algebra A by a group G and
p: A — A® kG is the corresponding kG-coaction, then cosupp p consists of all linear oper-
ators A — A that are scalar on each graded component AW . Hence cosupp p is isomorphic
to the algebra of all functions supp G — k with the pointwise operations.

Definition 3.6. Let ¢;: H;® A; — A; be H;-actions for some Hopf algebras H; and algebras
A; over a field k. We say that an algebra isomorphism ¢: A; = Aj is an equivalence of 1
and 1, if @ (cosupp ) = cosupp 1 where the isomorphism ¢: Endy(A;) = Endy(As) is
defined by @(f) := @ fp~! for all f € Endy(A;).

Definition 3.7. Let p;: A; — A;®H; be H;-coactions for some Hopf algebras H; and algebras
A; over a field k. We say that an algebra isomorphism ¢: A; = A, is an equivalence of p,
and po if @ (cosupp p1) = cosupp ps.

If p: Ay = A, is an equivalence of some (co)actions, then we will call the (co)actions

equivalent via . Again, we can always identify A; and Ay and assume that ¢ is the identity
map.
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It turns out that the notion of equivalence introduced above is indeed a generalization of
the corresponding notion for gradings:

Theorem 3.8 ([2, Theorem 3.7]). Let T1: Ay = @ A and Ty: Ay = @ AY be two
geG1 g€Ga
gradings where Gy and Gy are groups and A; and As are algebras over a field k. De-

note by p;: A; — A; ® kG, the corresponding kG;-coactions. Then an algebra isomorphism
©: Ay = Ag is an equivalence of p1 and po if and only if ¢ is an equivalence of 'y and T's.

3.3. V-universal (co)acting Hopf algebras. Let A be an algebra over a field k and let
V' C Endi(A) be some unital subalgebra.

Definition 3.9. A pair (D”H(A V), HOpf) is called a V-universal acting Hopf alge-

bra if -H(A,V) is a Hopf algebra, wHOpf. “H(AV)® A — A is an ;H(A,V)-action,
cosupp z/;HOpf C V and for every H-action ¢: H ® A — A, where H is a Hopf algebra and

cosupp Y g V', there exists a unique Hopf algebra homomorphism ¢ making the diagram

below commutative:

YA

H®A
|

P®id 4 | £
v d)Hop

H(AV)® A

The V-universal acting Hopf algebra exists for every V' C Endy(A), see [3, Section 4.1].
Let ¢: H® A — A be a Hopf algebra action. Then .H (A, cosupp ) is called the universal
Hopf algebra of the action .

Definition 3.10. A pair <7—[D(A V), pf?/pf> is called a V-universal coacting Hopf alge-

bra if H" (A V) is a Hopf algebra, pHOpf A — AR H(A V) is an H"(A,V)-coaction,

cosupp py A V f C vV and for every H-coaction p: A— A® H, where H is a Hopf algebra and
cosupp p C V', there exists a unique Hopf algebra homomorphism ¢ making the diagram

below commutative:

Hopf
Payv

A—= AR H" (A,V)

I ida ®¢
Y

A®H

p

The V-universal coacting Hopf algebra H"(A, V) exists for every V C Endy(A) pointwise
finite dimensional, i.e. such that dim{f(a) | f € Endx(A)} < 400 for every a € A, and
closed in the finite topology [3, Theorem 4.10]. If A is finite dimensional, H"(A, V') exists
for every V' C Endg(A) since in this case all subspaces of Endi(A) are pointwise finite
dimensional and closed in the finite topology.

Remark 3.11. Let p: A — A ® H be a Hopf algebra coaction. Then H"(A, cosupp p) is
called the universal Hopf algebra of the coaction p. By [3, Theorem 2.11], cosupp p is point-
wise finite dimensional and closed in the finite topology, i.e. H"(A, cosupp p) always exists.

Moreover, by the universal property of its coaction ,oilzg’sfupp ot A — A® H(A,cosupp p),

we have cosupp pfzopsfupp , = cosupp p. Therefore, in order to prove that a Hopf algebra H
together with its coaction py: A — A ® Hy, where cosupp pg = cosupp p, is a universal Hopf
algebra of p, it is sufficient to check that there exists a unique Hopf algebra homomorphism
¢: Hy — H; such that p; = (id4 ®¢)po for all Hopf algebra coactions p;: A — A® Hy where
cosupp p; = cosupp p. The universal properties of both Hy and H” (A, cosupp p) then would
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imply that there exists a Hopf algebra isomorphism of Hy and H"(A, cosupp p) compatible
with their coactions, and py is universal not only among p; with cosupp p; = cosupp p, but
among p; with cosupp p; C cosupp p too.

Let A be a unital algebra over a field k. Denote by V;(A) the unital subalgebra of Endy(A)
that consists of all k-linear operators A — A for which 1, is an eigenvector.
Proposition 3.12 below is dual to [2, Proposition 5.3]:

Proposition 3.12. Let p: A - A® H be a coaction for a unital algebra A and a Hopf
algebra H over a field k such that cosupp p C Vi(A). Then p is a unital coaction.

Proof. Consider the decomposition of p(14) with respect to bases of A and H where the
basis of A includes 14. If any basis elements of A different from 1,4 were to appear in this
decomposition, then, considering the linear functions A € H* dual to the basis elements of
H, it would be possible to find some A € H* such that 14 would not be an eigenvector
for (id4 ®\)p. Hence the condition cosupp p C Vi (A) implies that p(14) = 14 ® h for some
he H. Then 1,®Ah = (p®idy)p(la) = 14®@h®@h. Thus h is group-like and, in particular,
invertible. At the same time

La@h=p(la) =p(1%) = 1500 =1, @ 1*.
Hence h? = h and h = 1. Therefore, p is a unital coaction. O

The proposition above implies that the Vj(A)-universal coacting Hopf algebra
H" (A, Vi(A)) (if it exists) is universal among all unital coactions on A and therefore co-
incides with Manin (ungraded) universal coacting Hopf algebra aut(A) [34] (see also [37,
Corollary 2.8.5]). In [3, Example 4.20] the first example of an algebra A was constructed such
that H" (A, V1(A)) did not exist. In Theorem 6.1 below we show that even H" (k|[x], Vi (k[z]))
does not exist where k[z] is the algebra of polynomials in z, i.e. the algebra of regular func-
tions on the straight line.

Theorem 3.13 below relates V-universal coacting Hopf algebras and universal groups of
gradings:

Theorem 3.13 ([2, Theorem 4.11]). Let I': A = @D, ¢ AW be a grading on an algebra A
by a group G. Denote by p: A - A ® kG the corresponding kG-coaction. Let Gr be the
universal group of I' and let pr: A — A ® kGt be the corresponding kKGr-coaction. Then
cosupp pr = cosupp p and (KGr, pr) is the (cosupp p)-universal coacting Hopf algebra.

Given a unital associative algebra A denote by A° its finite (or Sweedler) dual. Recall that
A° is the subspace of A* which consists of all linear functions A € A* such that Ker A O [ for
some two-sided ideal I C A, dim(A/I) < 400. (I depends on A.) Denote by s4: A° — A*
the corresponding embedding. If H is a Hopf algebra, then H° is a Hopf algebra too. If H
is finite dimensional, then H° = H*.

An important role in the classification of quantum symmetries is played by the Duality
Theorem below:

Theorem 3.14 ([3, Theorem 4.15]). Let A be an algebra over a field k and let V' C Endy(A)
be a unital pointwise finite dimensional subalgebra closed in the finite topology. Then
(pi‘iff)v(%HD(Avv) ®ida): H'(A,V)°®@ A — A is an H"(A,V)°-action and the unique ho-
momorphism 0H°PE: (A, V)° — H(A, V) of Hopf algebras making the diagram

wHopf
HA V)@ A or B
A
9H0pf®idA | T (p;lo‘})f)v
[ sy ®id '
WAV @AY (A V) @ A
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commutative is an 1somorphism.

Categorical versions of the definitions, existence and duality theorems mentioned in this
section can be found in [4, 5].

3.4. Outline of the classification strategy. The Duality Theorem 3.14 suggests using
the following strategy in the classification of quantum symmetries.
If¢: H® A — Ais a Hopf algebra action on a finite dimensional algebra A, then

Hopf Hopf .
COSUppw = wA ((zcl))suppw = cosupp (IOA(;gsupp w) <%HJ(A cosupp ¢) ® ldA) -

pf
cosupp pia° cosuppy = COSUPp Y,

. Hopf o

i.e. COSUPD Py cosuppy = COSUPP ¢ and there always exists a coaction with the same support as
an action. Therefore, when studying quantum symmetries on finite dimensional algebras, one
should start with coactions. Another reason for this is that universal coacting Hopf algebras
are usually easier to describe (see [2, Theorem 4.8] and [3, Theorem 3.16 and Section 4.2])
than the universal acting Hopf algebras.

Hence, given a finite dimensional algebra A, we first determine all unital subalgebras
V' C Endyg(A) that are cosupports of Hopf algebra coactions. For such V' the universal
property of H"(A, V) implies that cosupp pHon V. Then we try to find a Hopf algebra
action ¢: H® A — A such that cosupp¢ = V. If such ¢ exists, then cosupp ¢, y; Hopf _ 1/ and

“H(A V) 2 H(A,V)°. If such ¢ does not exist, then cosupp wH of _. 1, GV and

HEOPE = OPT = (P gy @ 1da),

i.e. the corresponding umversal action appears for another choice of V.
In Section 4 and 5 we give two examples where this strategy makes it possible to completely
classify the quantum symmetries.

4. SET OF TWO POINTS

The algebra of regular functions on the set of two points is isomorphic to the direct product
k x k of two copies of the base field k. Note that 1y, = (1,1). Let e := (1,0).

Lemma 4.1. Let p: k xk — (k x k) ® H be an arbitrary unital H-coaction where H is a
Hopf algebra. Define c,h € H by p(e) = lyxx @ h+ e ® c. Then c is invertible,
h®>=h, hc+ch+c=c,
Ac=c®c, Ah=h®c+1gQh,
e(e)=1, e(h)=0,
Sce=c¢t', Sh=—hct
Proof. By the unitality of p, we have p(lyxxx) = lkxx ® 1p.
The equality e? = e implies that
Lixk®@h+e®c=p(e) = p(e?) = ple)* = (Lluxk ®h+e®@¢)* = Ly @ h* +e® (he+ ch+c?),
i.e. h? =h and hc+ch+ % =c.
At the same time, from (idgxx ®A)p = (p ® idy)p it follows that
Lixk A+ e@Ac =11 @ Ilg @ h+ L ®h®c+e®c®ec,

ie. Ah=h®c+1g®h, Ac=c®c.
Finally, by the counitality of a comodule, e = €(h)1yxx +£(c)e, i.e. e(h) =0 and e(c) = 1.
Note that c is a group-like element. Hence c is invertible and Sc = ¢~. Moreover,

0=ce(h)ly = (Shay)hw) = (Sh)c+h
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implies Sh = —hc™ 1. O

Theorem 4.2. Consider the free unital algebra k{c,d,h) over a field k with free generators
c,d, h, i.e. the algebra of polynomials in the non-commuting variables c,d, h. Denote by I
the ideal of k{c,d, h) generated by the elements

cd—1, de—1, h*—h, hc+ch+c—c

Define A: k{c,d,h) — k{c,d,h) @ k{c,d,h) and €: k{c,d,h) — k as the unital algebra
homomorphisms such that

Ac=c®c, Ad=d®d, Ah=h®c+1®h,

e(c)=¢e(d)=1, e(h)=0.
Define S: k{c,d, h) — Kk{c,d,h) as the unital algebra anti-homomorphism such that
Sc=d, Sd=c, Sh=—hd.
Then
SICI, e(I)=0, AICI®K(e,dh)+kle,dh) oI

and the algebra k(c,d,h)/I with the induced maps A,e,S is a Hopf algebra. Finally,
k{c,d, h)/I =H"(k x k, Vi(k x k)), the Manin universal coacting Hopf algebra on k x k.

Proof. Since A and ¢ are defined as unital algebra homomorphisms, it is sufficient to check
the coassociativity and the counit axioms on the generators c,d,h. An easy verification
shows that k{c,d, h) is a coalgebra and therefore a bialgebra.

Note that

Alcd—1)=cd®@cd—1®1=(cd—1)®@cd+1® (cd—1) € I @ k{c,d,h) +k(c,d,h) @ 1.
The same is true for (de — 1) too. Moreover,
AR*—h)=h @ +h®@ch+h@hc+10h* —h®@c—1®h
=R -h) @ +h®(hc+ch+c —c)+1® (h* —h) € I @k(c,d,h) + Kk{c,d,h) @ I,

A(hc+ch+c? —c)=hc@cF+c@hc+ch®@ +c@ch+*®c —c®c
=(hc+ch+c—c)@+c®@ (he+ch+c? —c) € I@kle,d, h) +kic,d h) @ 1.

Hence I is a biideal and k(c,d, h)/I is a bialgebra.
Note that S(ed — 1) =de—1€ I, S(de — 1) = c¢d — 1 € I. Moreover,

dh+hd—d+1 = d(hc+ch+c®—c)d+dh(1—cd)+(1—de)hd+dc(1—cd)+(1—de)—d(1—cd) € 1.
Hence
S(h* — h) = hdhd + hd = h(dh + hd — d + 1)d — (h* — h)d* € I.
Finally,
S(he+ch+c¢* —¢) = —dhd — hd* + d* —d = —(dh + hd —d + 1)d € I.

Therefore, ST C I and S is correctly defined on k{c,d, h)/I. An explicit verification shows
that S is indeed the antipode and k(c,d, h)/I is a Hopf algebra.
Define the unital homomorphism

p:kxk— (kxk)®k{c,d h)/I

such that p(e) := lyxx ® h+ e ® ¢ where @ := a + I for all a € k(c,d, h). Then p is a unital
coaction. Lemma 4.1 implies that p is universal among all unital coactions on k x k. 0
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Recall that the Sweedler algebra H4 over a field k is the Hopf algebra that is generated
as a unital algebra by elements ¢ and v where ¢* = 1, v* = 0, ve = —cv, Hy = (1, ¢, v, cv)y,
Sc=rc, Sv=—cv, Ac = c®c, Av =cRu+v®1, e(c) =1, e(v) = 0. Note that if chark = 2,
then —1 = 1 is no longer a primitive root of unity, but still (c®@ v +v ® 1)2 = 0, i.e. the
Sweedler algebra is defined for any char k.

Theorem 4.3. Let k{c,d,h), I, A, ¢, S be the same as in Theorem J.2. Denote by I
the ideal of k{c,d,h) generated by the element ¢* — 1. Then k{c,d,h)/(I + 1) is a four-
dimensional Hopf algebra with the basis 1,¢, h,ch. Furthermore, k{c,d,h)/(I + I) is iso-
morphic to the Sweedler algebra Hy if chark # 2.

Proof. Again, it is easy to see that I + I; is a biideal and S(I + I;) C I + I;. Hence
k(c,d,h)/(I + I,) is indeed a Hopf algebra. The relations on ¢ and h imply that
k(c,d,h)/(I+ 1)) is the linear span of 1,¢, h,h. In order to prove that 1,¢, h,ch are linearly
independent, it is sufficient to provide a unital associative algebra with such relations where
the corresponding elements are indeed linearly independent.

Let ke; @ ke be the algebra that is the direct product of two copies of the base field k,
e1eg = ege; = 0, €2 = ey, €3 = ey. Let (a,b)y be the two-dimensional ke; @ keo-bimodule
where eja = aey = a, esb = bey = b, esa = ae; = e;b = bes = 0. Using these structures,
define on ke; @ key @ (a, b)y the structure of an algebra such that (a,b)? = 0. This algebra
is associative with the identity element e; + e5. Moreover, if we denote ¢; ;= a+ b+ e; — eq,
hy := es, then ¢; and h; satisfy the same relations as ¢ and h, which implies that

k(c,d,h)/(I + ;) = ke, & key & (a, b)y

as algebras, they are both four-dimensional, and 1,¢ h,éh is indeed a basis in
k{c,d,h)/(I + I). i

Suppose chark # 2. Then the map ¢ +— ¢ and v — 1%6 + ¢h induces an isomorphism of
Hopf algebras H, and k{c,d, h)/(I + I). O

Theorem 4.4. Let k be a field. Then every unital Hopf algebra coaction on kxk is equivalent
via idy . to one of the following four unital coactions:

(1) p1: kxk = (kxk)®k, pi(a)=a®1 for all a € k x k. The cosupport cosupp p;
18 one-dimensional and consists of all scalar operators on k x k.

(2a) (if chark # 2) pan = Ay, the comultiplication in the group Hopf algebra kCy where
Cy = (c) is the cyclic group of order 2 and the isomorphism k x k = kCy is defined
by (1,1) — 1, (1,=1) — c. In other words, ps, corresponds to the standard Cs-
grading on kCs. The cosupport cosupp ps. is two-dimensional and consists of all
linear operators on k x k that have diagonal matrices in the basis (1,1), (1, —1).

(2b) (if chark = 2) po, = Axxk where the structure of a Hopf algebra on k x k is defined
by Ae := e® lxk+ lkxk ®e, e(e) : =0, Se =e¢, e := (1,0). The cosupport cosupp pay,
15 two-dimensional and consists of all linear operators on k x k that have matrices
from the subalgebra {( o g) ‘ a, e ]k} i the basis 1y, €.

(3) p3: kx k — (k x k) @ kic,d, h)/I where ps(e) := lixx @ h +e® ¢ and k{c,d,h)/I
1s the Hopf algebra from Theorem 4.2. The cosupport cosupp ps s three-dimensional
and consists of all linear operators on k x k that have upper triangular matrices in
the basis 1y, e. This class of equivalent coactions has a representative with a finite
dimensional coacting Hopf algebra, namely, it is sufficient to replace k{c,d, h)/I with
k{c,d,h)y/(I + I,) (see Theorem 4.3). If chark # 2, then this class contains the
Hy-coaction ps,: k x k — (k x k) ® Hy where p3,(1,—1) = (1,-1) @ c+ (1,1) @ v.

Finally, the coactions p,, and the corresponding Hopf algebras are (cosupp py,)-universal for
w =1,2a,2b,3.
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Remark 4.5. Hopf algebras from the cases 2a and 2b are both isomorphic to (kCs)*.

Proof of Theorem /.4. Consider an arbitrary unital H-coaction p: k x k — (k x k) ® H
where H is a Hopf algebra. Define the elements ¢ and h as in Lemma 4.1.

Note that both 15 and ¢ are group-like elements. Therefore they either coincide or are lin-
early independent. (See e.g. [19, Proposition 1.4.14].) Suppose ¢ = 1. Then, by Lemma 4.1,
he +ch + ¢ = ¢, i.e. 2h = 0. If h = 0, which is always the case if chark # 2, then
ple) = e®1y, i.e. cosupp p is the linear span of idyxj and we are in the case 1. The coaction
p1 is obviously universal.

When char k = 2, it is still possible that ¢ = 1y, but h # 0. The condition €(h) = 0 implies
that in this case 1y and h are linearly independent. Applying different linear functions
(1g, h)ix — k, which can be extended to elements of H*, we see that cosupp p = cosupp pap,.
By Lemma 4.1 the element h satisfies the same relation h? = h and has the same values of
the counit and the comultiplication as e from the Hopf algebra structure on k x k in the
case 2b. By Remark 3.11, the coaction pop, is universal.

Now we assume that 15 and c are linearly independent. If / is a linear combination of 1y
and ¢, then h commutes with ¢, and the relation hc + ch + ¢ = ¢ implies that 2h = 1 — ¢,
which is impossible if char k = 2. Suppose chark # 2. Then h = IHT*C and ¢ = 1y since
h? = h. In the basis (1,1) = lyxx and (1, —1) = 2e — 1j; we have p(1,—-1) = (1,-1) ® c.
Applying elements of H*, we see that in this case cosupp p consists of all linear operators
that have diagonal matrices in the basis (1,1), (1,—1), i.e. we are in the case 2a. The
coaction po, is universal by Remark 3.11, since the linear span of 1z and ¢ in H is a Hopf
algebra isomorphic to kCs.

Suppose that 1y, ¢ and h are linearly independent. Applying elements of H*, we see that
we are in the case 3. By Lemma 4.1 and Theorem 4.2, the coaction p3 is indeed universal. [J

Now we are following the strategy described in Section 3.4:

Theorem 4.6. Let k be a field. Then every unital Hopf algebra action on k x k is equivalent
to one of the following three unital actions:

(1) Y1: k@ (kxk) > kxk ¢1(A®a) = Aa for all \ € k, a € k x k. The cosupport
cosupp ¥ is one-dimensional and consists of all scalar operators on k x k.

(2) o: kCy @ (k x k) — k x k where o(c)(a, ) = (B,a) for all o, € k. The
cosupport cosupp Vs is two-dimensional. If chark # 2, then cosupp 1o consists of all
linear operators on k x k that have diagonal matrices in the basis (1,1),(1,—1). If
chark = 2, then cosupp ¥ consists of all linear operators on k x k that have matrices
from the subalgebra {( o g) ‘ a, e lk} in the basis 1y, €.

(3) 3 = p3 (ewieany/r @ iduxi) where ps: k x k = (k x k) ® k(c,d, h)/I is the coaction
from Theorem 4.4 and k(c,d,h)/I is the Hopf algebra from Theorem 4.2. The co-
support cosupp Y3 is three-dimensional and consists of all linear operators on k x k
that have upper triangular matrices in the basis lyxy,e. If chark # 2, then this
class of equivalent actions contains the Hy-action vs,: Hy ® (k x k) — k x k where

w3a(c)(a75) = (ﬁua); w?’a(U)(@?ﬁ) = (Oé - B,OJ - /B) fOT’ all O‘JB € k.
Finally, the actions vy and the corresponding Hopf algebras are (cosupp ¥y )-universal for
k=1,2,3.

Proof. Consider an arbitrary unital H-action ¢: H ® (k x k) — k x k.  Let
V' := cosupp®. Then by Theorem 3.14 the V-universal acting Hopf algebra -H(k x k, V)

is isomorphic to (H“(k x k,V))° where its universal action ¥poP' coincides with
(pf;’]{ffv)v(%w(wkv) ® idgkxk). Recall that for the action ¢ we have cosuppvy = V', which

implies that cosupp ¥y Pt = cosupp pLoP® = V. Therefore, V must coincide with one of
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the possible cosupports listed in Theorem 4.4. At the same time, each equivalence class of
coactions in Theorem 4.4 has a representative with a finite dimensional Hopf algebra. Hence
for k x k the cosupport of the universal action dual to the universal coaction cannot become
smaller than the cosupport V' of the coaction and for every char k we still have three cases.
In the cases 1 and 2 we calculate the dual of the V-universal coacting Hopf algebra and its
coaction, taking into account that (kCy)* = kC; for chark # 2 and (kC3)* is isomorphic to
the Hopf algebra from the case 2b of Theorem 4.4 if chark = 2.

An explicit verification shows that ¢s,: Hy ® (k x k) — k x k is indeed an action and, if
char k # 2, for each basis in k x k where the identity element (1, 1) is the first basis vector,
cosupp ¥3, consists of all the operators that have upper triangular matrices. 0]

Remark 4.7. Recall that if chark # 2, then Hy = H} where the isomorphism is defined by
10140, 01 — ey V= Oy — Oy, CU > Oy + Oy and 01, Oc, 0y, Oy € HJ is the basis dual
to 1, ¢, v, cv, however py, # 1s,. In fact, one could define ¥3,(v)(c, 5) = ()\(a —B), Ma —B))
and p3a(1,—1) = (1,-1) ® ¢+ (1,1) ® pv for any fixed A\, u € k\{0}. Then we would have
p?i/a = 13, for 2\ = —H-

Remark 4.8. (Co)actions on kxk were classified in Theorems 4.4 and 4.6 up to an equivalence
via idgxk. However, Aut(k x k) = Cy where ¢(«, ) = (B,a) for all o, € k. All the
cosupports in Theorems 4.4 and 4.6 are stable under this Aut(k x k)-action, which means
that in fact we have the classification up to an arbitrary equivalence.

5. DUAL NUMBERS

Fix the basis 1 := 1 + (z?) and T := z + (2?) in the algebra k[z]/(z?) of dual numbers
over a field k.

Lemma 5.1. Let p: klz]/(2?) = klz]/(2?) ® H be an arbitrary unital H-coaction where H
is a Hopf algebra. Define c,h € H by p(z) =1 Q@ h+ T ® c. Then c is invertible,

h*=0, hc+ch=0,
Ac=c®c, Ah=h®c+1g®h,
e(c)=1, e(h)=0,
Se=c¢t, Sh=—hc!
Proof. The proof is completely analogous to the proof of Lemma 4.1. 0

Theorem 5.2. Consider the free unital algebra k{c,d,h) over a field k with free generators
c,d, h, i.e. the algebra of polynomials in the non-commuting variables c,d, h. Denote by Iy
the ideal of k{c,d,h) generated by the elements

cd—1, de—1, h® hc+ch.
Define A: k{c,d,h) — k{c,d,h) ® k(c,d,h) and €: k{c,d,h) — k as the unital algebra

homomorphisms such that
Ac=c®c, Ad=d®d, Ah=h®c+1®h,
e(c)=¢e(d)=1, e(h)=0.
Define S: k{c,d, h) — Kk{c,d,h) as the unital algebra anti-homomorphism such that
Sc=d, Sd=c, Sh=—hd.

Then
SI() - .[0, 8(]0) = 07 AIO - IO ® lk<C, d, h> + ﬂ((C, d, h) & ]0
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and the algebra k(c,d, h)/Iy with the induced maps A,e,S is a Hopf algebra. Finally,
k{c,d,hy/Iy = H° (k[z]/(z?), Vi(k[z]/(2?))), the Manin universal coacting Hopf algebra on
klz]/(2?).

Proof. In Theorem 4.2 above we have noticed that k(c,d, h) is a bialgebra and shown that

Aed —1),A(dc — 1) € Iy @ k{c,d, h) + k(c,d, h) @ I.

Note that

AR =R @F+h® (ch+he)+1@h* € I @k(c,d,h) +k{c,d, h) ® I,

A(hc+ch) =hc®@c®+c®@hc+ch®c +c®ch
= (he+ch) @ + c® (he+ ch) € Iy @ k{c,d, h) + Kk{c,d, h) @ I.

Hence [ is a biideal and k{c, d, h)/I, is a bialgebra.
Again, S(cd —1) =dc—1 € Iy, S(dc — 1) = c¢d — 1 € 1. Moreover,

Hence

dh + hd = d(hc + ch)d + dh(1 — cd) + (1 — de)hd € I,

S(h?) = hdhd = h(dh + hd)d — h*d* € I,.

Finally,

S(hc + ch) = —dhd — hd® = —(dh + hd)d € I,.

Therefore, SIy C Iy and S is correctly defined on k(c, d, h)/Iy. An explicit verification shows
that S is indeed the antipode and k{c,d, h)/I, is a Hopf algebra.

Define the unital homomorphism p: klz]/(2?) — k[z]/(2?) ® k{c,d,h)/I, such that
p(Z) = 1®h+ 2z ®e¢ where a := a + Iy for all a € k{c,d,h). Then p is a unital coac-
tion. Lemma 5.1 implies that p is universal among all unital coactions on k[z]/(x?). O

Theorem 5.3. Let k be a field. Then every unital Hopf algebra coaction on k[z]/(z?) is
equivalent via idyjy)/(2) to one of the following five unital coactions:

(1) p1: k[z]/(2?) — k[z]/(2*) @ Kk, p1(a) = a® 1 for all a € Kk[z]/(x*). The cosupport

cosupp p; is one-dimensional and consists of all scalar operators on k|x]/(z?).

(2) (if chark = 2) py = Aypuj/(u2) where the structure of a Hopf algebra on k[z]/(x?) is

defined by AT =T ®1+1® =z, () := 0, ST = Z. The cosupport cosupp pa is
two-dimensional and consists of all linear operators on k[z]/(z?*) that have matrices
from the subalgebra {( o g) ‘ a, e lk} in the basis 1, .

(3) (if chark = 2) ps3 g = Axe,, the comultiplication in the group Hopf algebra kCy where

Cy = {c) is the cyclic group of order 2 and the isomorphism klz]|/(z*) = kCy is
defined by 1 +— 1, T +— 0(1 + ¢), 0 € k\{0} is a fived element. In other words, psg
corresponds to the standard Cy-grading on kCy. The cosupport cosupp psg @s two-
dimensional and consists of all linear operators on k|z]/(x?) that have matrices from

the subalgebra {( o e(agﬂ) ) ’ a, € ]k} in the basis 1, 7.

(4) pa: k[x]/(2?) = k[z]/(2*) @ kCy where py(T) = T ® ¢ where Co, = (c) is the infinite

cyclic group and kCo = Kk[c,c ], the algebra of the Laurent polynomials, i.e. py

corresponds to the Cy-grading on k[x|/(z*) where T € (ﬂ{[.r]/(xQ))(c). The cosupport
cosupp py is two-dimensional and consists of all linear operators on klx]/(x?) that
have diagonal matrices in the basis 1,Z. This class of equivalent coactions has a rep-

resentative with a finite dimensional coacting Hopf algebra, namely, the kCy-coaction
paa: k[z]/(2%) — Kk[z]/(2*) @ kCy where ps(T) =T R c.
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(5) ps: k[z]/(z?) — kl[z]/(2?) @ k{c,d,h)/Iy where ps(T) = 1 @ h + T ® ¢ and
k{c,d, h)/Iy is the Hopf algebra from Theorem 5.2. The cosupport cosupp ps is three-
dimensional and consists of all linear operators on klz]/(x?) that have upper tri-
angular matrices in the basis 1,Z. This class of equivalent coactions has a repre-
sentative with a finite dimensional coacting Hopf algebra, namely, the Hj-coaction
psa: klz]/ (%) — k[z]/(2?) @ Hy where ps.(Z) =T @ c+ 1 ® cv.

Finally, the coactions pi, p2, ps.g, pa, p5 and the corresponding Hopf algebras are V-universal
for their cosupports V.

Remark 5.4. In the case chark # 2 the classification of the coactions above first appeared
in an (unpublished) undergraduate project of Vladimir Nikitenko.

Proof of Theorem 5.3. Consider an arbitrary unital H-coaction p: k[z]/(2?) — k[x]/(2*)@H
where H is a Hopf algebra. Define the elements ¢ and h as in Lemma 5.1.

Again, both 1y and c are group-like elements. Therefore they either coincide or are linearly
independent. Suppose ¢ = 1. Then 2h = 0 since, by Lemma 5.1, hc +ch = 0. If h = 0,
which is always the case if chark # 2, then p(z) = Z ® 1y, i.e. cosupp p is the linear span
of idg[)/(22) and we are in the case 1. The coaction p; is obviously universal.

When char k = 2, it is still possible that ¢ = 1, but h # 0. The condition e(h) = 0 implies
that in this case 1y and h are linearly independent. Applying different linear functions
(1y, h)ix — k, which can be extended to elements of H*, we see that cosupp p = cosupp ps.
By Lemma 5.1 the element h satisfies the same relation h? = 0 and has the same values of
the counit and the comultiplication as Z from the Hopf algebra structure on k[z]/(z?) in the
case 2. By Remark 3.11, the coaction ps is universal.

Now we assume that 15 and c are linearly independent. Suppose h = aly + B¢ for some
a, € k. Then h commutes with ¢, and the relation hc + ch = 0 implies that 2h = 0.

Suppose h = 0, which is always the case if chark # 2. Applying elements of H*, we see
that in this case cosupp p consists of all linear operators that have diagonal matrices in the
basis 1, Z, i.e. we are in the case 4. The coaction p, is universal by Remark 3.11, since the
linear span of all powers of ¢ in H is a homomorphic image of kC.

Suppose chark = 2 and h # 0. From the relation h? = 0 we obtain that o?1y + $%c? = 0.
Hence ¢? = 1, o® = /32, which in the case of chark = 2 implies that a = 5. Let § := oo = 3.
Then p(Z) = 1®6(1 + ¢) + T ® c. Applying elements of H*, we see that in this case
cosupp p = cosupp p3¢. The coaction ps is universal by Remark 3.11, since the linear span
of 15 and ¢ in H is a Hopf algebra isomorphic to kCj.

Suppose that 1y, ¢ and h are linearly independent. Applying elements of H*, we see that
we are in the case 5. Lemma 5.1 and Theorem 5.2 imply that the coaction ps is indeed
universal. 0

The proof of Theorem 5.5 below is completely analogous to the proof of Theorem 4.6
above:

Theorem 5.5. Let k be a field. Then every unital Hopf algebra action on klx]/(x?) is
equivalent to one of the following five unital actions:

(1) ¥1: k @ k[z]/(z*) — Kklz]/(2?), v1(A ® a) = Xa for all X € k, a € klz]/(z?).
The cosupport cosupp ¥y is one-dimensional and consists of all scalar operators on
K[zl (2?).

(2) (if chark = 2) 1y : k[z]/(2?) @ k[z]/(z*) — k[z]/(2?), where the structure of a Hopf
algebra on k[z]/(x?) was defined in the case 2 of Theorem 4.4, and 1y(z)(z) = 1. The
cosupport cosupp ¢, consists of all linear operators on k[z]/(x?) that have matrices
from the subalgebra {( o g) ‘ a, e lk} in the basis 1, 7.
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(3) (if chark = 2) ¥34: (k x k) @ k[z]/(2?) — Kk[z]/(2?), where the structure of a
Hopf algebra on k x k = (kCy)* was defined in the case 2b of Theorem /.4, and
Ysg(a, B)(1) = B1, Ysg(a, 8)(Z) = 8(a + B)1 + az for all o, B € k, 6 € k\{0} is a

fized element. The cosupport cosupp s g consists of all linear operators on k|x|/(z?)

that have matrices from the subalgebra {( o 9(0‘;’8) ) ‘ a, e Ik} in the basis 1, 7.

(4) V1 (kCo)° @ klz]/(2?) — Kk[z]/(x*) where ¥4(N)(Z) = Xc)T for all X € (kCo)°.
The cosupport cosupp ¥y is two-dimensional and consists of all linear operators on
k[z]/(x?) that have diagonal matrices in the basis 1,%. If chark # 2, then this class
of equivalent actions contains the kCy-action ¢y, : kCo@k([x]/(2?) — Kk[z]/(2?) where
Uaa(€)(T) = —Z.

(5) s = p3 (s(ed.ny /1o @1dia)/(2)) where ps: kla]/(2?) — (Kk[z]/(2?))@k(c, d, h) /1 is the
coaction from Theorem 5.3 and k(c,d,h)/I is the Hopf algebra from Theorem 5.2.
The cosupport cosupp V5 s three-dimensional and consists of all linear operators on
k[z]/(x?) that have upper triangular matrices in the basis 1,x. If chark # 2, then this
class of equivalent actions contains the Hy-action vs,: Hy @ k[z]/(2?) — k[z]/(2?)
where Vs,(c)(T) = =T, 15.(v)(T) = 1. (Note that s, = py. if we identify Hy and H}
via the isomorphism from Remark 4.7.)

Finally, the actions Y1, Y2, V30,%4,105 and the corresponding Hopf algebras are V -universal
for their cosupports V.

Remark 5.6. In the case char k # 2 the actions above were first classified in [2, Theorem 6.7].

Remark 5.7. Recall that if we identify A € k[c,c™'|* with the sequence \, := A (c"), where
n € Z, then \ € klc,c™1]° if and only if the sequence \ satisfies some recurrence relation.
Denote by k* the group of invertible elements of the field k. The sequences (n*y™),,, where
k € Z,, v € k*, form a basis in k[c,c ']°. Note that (n), is a primitive element and
(u™), are group-like elements of klc,c7']°. Hence we have a Hopf algebra isomorphism
(kCoo)® = k[c, c71]° 2 k[t] @ kk* where At =t @1+ 1®¢t, (n*y"), = t* @ for all v € k*,
k € Z,. Under this isomorphism ¢4(t* @ v)(z) = ~z.

Remark 5.8. (Co)actions on k[x]/(2?) are classified in Theorems 5.3 and 5.5 up to an equiv-
alence via idy 2. Note that Aut(k[z]/(z?)) = k* where v -1 :=1and v-7 := 7
for all v € k*. All the cosupports in Theorems 5.3 and 5.5 are stable under this
Aut(k[x]/(x?))-action except the ones in the case 3, which can be identified for different
6 by the Aut(k[z]/(z?))-action. This means that, up to an equivalence via an arbitrary
isomorphism, we have exactly five different classes of equivalent coactions and five ones of
actions. They are all listed in Theorems 5.3 and 5.5.

We conclude this section by proving that the Manin universal coacting Hopf algebras of
the set of two points and of the dual numbers are different.

Theorem 5.9. The Hopf algebras k{c,d, h)/I from Theorem 4.2 and k{c,d, h) /1y from The-
orem 5.2 are not isomorphic for any field k.

Proof. Suppose k(c,d,h)/I = k({c,d,h)/Iy. In the case 4 of Theorem 5.3 we have shown
that the Hopf algebra kC., = k[t,¢™!] is a homomorphic image of k{c, d, h)/I. Therefore,
there exists a surjective Hopf algebra homomorphism ¢: k{c,d, h)/I — k[t,t~!]. Recall that
different group-like elements are linearly independent, which implies that {t" | n € Z} is the
set of group-like elements in k[t,#7!]. Being a coalgebra homomorphism, ¢ maps group-like
elements to group-like elements. Thus ¢(¢) = t* for some k € Z. The algebra k[t,t7!] is
commutative, hence the relation hé + ¢h + & = ¢ implies that 2¢0(h) = (1) — ¢(©).
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If chark # 2, then p(h) = 3(¢(1) — ¢(€)), and from relation h* = h it follows that
0(@)? = (1), ie. t?* = 1. Hence k = 0, p(h) = 0, p(¢) = 1 and the image of ¢ is

one-dimensional, which contradicts the surjectivity of .

If chark # 2, then ¢(¢) = ¢(1) =1, i.e. (h) is a primitive element of the group algebra
k[t,t71]. An explicit check shows that in every group algebra there are no nonzero primitive

elements. Hence again ¢(h) = 0, ¢(¢) = 1, which contradicts the surjectivity of .
Therefore, k(c,d, h)/I 2 k{(c,d, h)/I,. O

6. STRAIGHT LINE
Recall that k[x] is the algebra of regular functions on the straight line over a field k.

Theorem 6.1. The (ungraded) Manin universal coacting Hopf algebra H" (k[x], Vi(k[x])) on
k[x] does not exist for any field k.

Proof. Suppose that H"(k[x], V1 (k[z])) does exist. Let

PPy ey Kl = Kl ® HO(K[a], Vi (K[]))

be the corresponding universal coaction. Then pkH[Z]‘"f/l(k[x])(x) =

hy, € 17 (K], Vi (K[z])).

Choose any m € N such that 2m > n and consider the coaction p,,: klz] — k[z] ® Hy
defined as the unital algebra homomorphism such that p,,(z) := 2 ®c+2*™ ® cv. The unital
coaction p,, is indeed a coaction since p,, () = x*®1. At the same time, there exists no Hopf
algebra homomorphism ¢: H"(klz], Vi(k[z])) — Hy such that p, = (idkpy ®90)pf[gff1(k[x])
since 2m > n. We get a contradiction. Therefore H"(k|[x], V}(k[z])) does not exist. O

z* @ hy, for some n € Z,
0

n

k

7. THE COSUPPORT MAY REDUCE UNDER THE DUALIZATION

Given a Hopf algebra coaction p: A — A® H, the dual action p¥ (s ®ids): H°® A — A
cannot have a larger cosupport. Below we prove necessary and sufficient conditions for a
coaction resulting from a finite grading and the dual action to have the same cosupport.

Theorem 7.1. Let I': A = @geG A9 be a grading by a group G on an algebra A over a
field k such that the support supp ' is finite. Let p: A — A® kG be the corresponding kG-
coaction, i.e. p(a) :=a®g for alla € A¥, g € G. Then cosupp p = cosupp(p" (>tuc ®ida))
if and only if there exists an ideal I C kG, dim(kG/I) < +oo, such that the images of
supp ' are linearly independent in kG /1.

Proof. The algebra cosupp p consists of all k-linear operators A — A that are scalar on each
AW while cosupp(pv(%]kg ® id A)) is the subalgebra of cosupp p that consists of all such
operators that correspond to A € A°. Let supp' = {g1,...,9s}

Suppose cosupp p = cosupp(pv(%lkg ® idA)). Then there exists \; € (kG)° such that
Ni(gj) = 045 == { (1) g i ; i.’ By the definition of (kG)°, there exist ideals I; C kG such that
dim(kG/1;) < 400 and [; C Ker A;. Denote I := I; N---N [;. Then dim(kG/I) < +o0
and )\; induce \; € (kG/I)* such that \;(g;) = &;; where g; is the image of g; in kG/I. In
particular, gy, ..., gs are linearly independent.

Suppose now that gi,...,gs are linearly independent in kG/I for some ideal I C kG
where dim(kG/I) < 4oo. Choose any )\; € (kG/I)* such that \(g;) = d;;. Denote
by \; € (kG)* the induced linear functions, which are zero on I. Then \; € (kG)° and
P’ (A @ (=)),...,pY(As ® (—)) form a basis in both cosupp p and cosupp(p” (s @ ida)).
Hence cosupp p = cosupp (pv(%]kg ®1id A)). O
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Corollary 7.2. If cosupp p = cosupp(p" (stxc ® id4)) and |suppT| > 2, then there ezists a
nontrivial finite dimensional representation of G.

Proof. 1t is sufficient to consider the linear representation ¢: G — GL(kG/I) of G on kG/I
by the left multiplication:

e(g)t+1):=gt+1forall g,t €G. (7.1)
0

Theorem 7.3. Let G be a finitely generated group that has no nontrivial finite quotients

and let k be a field. Then (kG)° = ke = k as Hopf algebras where e: kG — k is the counit
(augmentation) of kG.

Proof. Let A € (kG)°. Denote by I a two-sided ideal of kG such that A(/) = 0 and
dim(kG/I) < 4o00. Again, consider the linear representation ¢: G — GL(kG/I) defined
by (7.1). As it was noticed in [11, Proposition 2.5], by [33, Theorems VII and VIII|, G has
no nontrivial finite dimensional linear representations, i.e. ¢(g)(t+1)=t+1 forall g,t € G.
Hence gt —t € I for all g,t € G and Kere C [ since the augmentation ideal Kere is the
linear span of the elements g — 1 where g € G. Therefore, A = ac for some a € k. 0

Remark 7.4. For finite fields k Theorem 7.3 above follows from [1, Exercise 2.5]. An example
of a specific simple group G depending on an arbitrary field k such that (kG)° = ke = k
was first given in [12, Lemma 2.7].

Now we are ready to give an example of an algebra A and a unital subalgebra V' C Endy(A)
such that the cosupport of 1, Hopf 4o strictly less than the cosupport of pHOpf.

Theorem 7.5. Let k be an arbitrary field and let G be an infinite finitely presented group
that has no nontrivial finite quotients. (E.g. G is the Higman group or one of the Thompson
simple groups, see (28, 29].) Consider an elementary grading T' on the full matriz algebra
M, (k) for some n € N such that the universal group of I' is isomorphic to G. (Such a
grading exists by [27, Theorem 4.3|.) Denote by p: M, (k) — M, (k) @ kG the corresponding
coaction and let V := cosupp p. Then

Hopf

cosupp ¥, = kida, ) &V = cosupp p. (7.2)

Remark 7.6. Theorem 7.5 implies that the cosupport of the dual action of a coaction may
reduce and can be trivial at all.

Proof of Theorem 7.5. By Theorem 3.13, the universal coaction pﬁzl()ﬂf)y coincides with p
since the universal group of I' is isomorphic to G itself. By the Duality Theorem 3.14,
the universal action wﬁ‘)‘(’ﬂf v coincides with pY(sexe @ M, (k)), i.e. JH(M,(k),V) = (kG)°.
However, by Theorem 7.3, (kG)° = ke =k, i.e. wH(’pf is trivial and

Hopf

cosupp p" (3xc @ M, (k)) = cosupp ¢, = kida, ) S V = cosupp p.

O

Sometimes the number n that appears in [27, Theorem 4.3] can be reduced by a careful
analysis of concrete relations:

Theorem 7.7. Let GG be the Higman group, i.e. the group with the generators a,b, c,d subject
to the relations

a'ba=b* b lcb=c? ¢ lde=d? d'ad = a* (7.3)
and let k be an arbitrary field. Then for every n > 14 there exists an elementary G-grading
[ on M, (k) such that:
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(1) G is the universal group of T';

(2) T is not equivalent to any grading by a finite group;

(3) if p: M,(k) — M,(k) ® kG is the corresponding coaction and V := cosupp p,
then (7.2) holds.

Proof. Define the elementary G-grading on M, (k) by
e1s € Mp(K) (@), gy € Mu(L)®, €51 € M, (K)@,
ess € My() () esg € M()©,  egr € M, (k)®,
ers € My (k) (), egg € Mu(1)@, 910 € M, (K),
€10,11 € Mn(ﬂ()(dil), e11,12 € Mn<]k)(a)7 €12,13 € Mn(ﬂ{)(d)7
13,14 € Mn(]k)(“fl), erpi1 € M, (k)Y for 14 <r <n— 1.
Then
ear, 1213 € Mo(K) W, e5q € Mu(K)®,  egr € Mo(K)'9,  e1110 € M, (k).
Note that the relations (7.3) imply that

€15 = €12€23€34€45 € Mn(ﬂ{)(b), €48 = €45€56€67€78 € Mn<1k>(0)7

d a
€7,11 = €78€89€9 10€10,11 € Mn(ﬂ{)( ), €10,14 = €10,11€11,12€12,13€13,14 € Mn(ﬂ{)( ).

Suppose I' is regraded by some group G. Denote by T' the corresponding grad-
ing and by a,b,¢,d the elements of G such that es, esq, €1014, €11.12,€1413 € M, (%)@,

€15, €23, €54, €67 € Mn(lk)(b), €48, €56, €57, €910 € My ()@, €711, es9, 1110, €1213 € Mn(lk)<d)-
Then the multiplication rule for matrix units implies that

€12, €13,14 € Mn(]k)(dil), €45 € Mn(]k)(*l),

€78 € Mn(ﬂ{)(ﬁl), 10,11 € Mn(]k)(dll)a
a'ba =0 bleb=¢2%, ¢ lde=d2, d'ad = a?
and the elements of supp I’ belong to the subgroup of G generated by a, b, ¢, d. Therefore,
there exists a unique group homomorphism G' — G that maps the elements of supp I to the
corresponding elements of supp I'. Thus G = Gr.

Since the Higman group G has no nontrivial finite quotients [28], T' cannot be regraded
by any finite group. Property (3) follows from Theorem 7.5. O
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