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Abstract. We show that, in order to classify Hopf algebra (co)actions on a given finite
dimensional algebra up to equivalence, one should start with the classification of the possible
cosupports (i.e. the sets of linear operators by which H∗ is acting) of Hopf algebra coac-
tions and then consider dual Hopf algebra actions. As an application, we classify quantum
symmetries of the set of two points and the algebra of dual numbers. In addition, we show
that the straight line does not admit an (ungraded) universal coacting Manin Hopf algebra.
Moreover, we prove that for n ⩾ 14 the full matrix algebra Mn(k) admits a nontrivial Hopf
algebra coaction such that all Hopf algebra actions with the same restriction on the cosup-
port are trivial, i.e. the cosupport may reduce under the dualization and a finite dimensional
algebra may have less equivalence classes of actions than coactions. Simultaneously, for any
n ⩾ 14, we define an elementary grading on Mn(k) by an infinite group that cannot be
regraded by any finite group. (The previously known lower bound was n ⩾ 349.)

1. Introduction

When an affine algebraic group G is acting morphically on an affine algebraic variety X,
the algebraO(X) of regular functions onX is a comodule algebra over the Hopf algebraO(G)
and the module algebra over both the group Hopf algebra kG and the universal enveloping
algebra U(g) of the Lie algebra of G where k is a base field. Note that in this situation,
where one can say that G is acting on X by classical symmetries, O(X) and O(G) are
commutative and kG and U(g) are cocommutative. When a not necessarily (co)commutative
Hopf algebra H is (co)acting on a not necessarily commutative algebra A, one can interpret
this as that the quantum group H is acting by quantum symmetries on the noncommutative
space whose “algebra of functions” is A. This very general approach traces its origins back
to Yu. I. Manin’s notes on quantum groups and noncommutative geometry [34]. On the
other hand, the problem of the classification of quantum symmetries of a given algebra can
be viewed as a generalization of the problem of the classification of automorphisms, group
gradings, (skew)derivations, etc. Some recent work on Hopf actions and their properties
includes, but is not limited to the papers [8, 9, 13, 14, 15, 16, 17, 18, 21, 22, 23, 24, 31, 32].

In some cases group gradings are classified up to isomorphism and in some cases up
to equivalence, see e.g. [20]. While the classification up to equivalence may seem coarser,
the classification up to isomorphism can be essentially recovered using the notion of the
universal group of the grading introduced by J. Patera and H. Zassenhaus in 1989 [36]. The
notion of equivalence of Hopf algebra (co)actions as well as their universal (co)acting Hopf
algebras were introduced in [2]. The latter were united with the Sweedler — Manin —
Tambara universal (co)acting bi/Hopf algebras into a single theory in [3] via the notion of a
V -universal (co)acting Hopf algebra. Moreover, the Duality Theorem [3, Theorem 4.15] for
V -universal (co)acting Hopf algebra was proved. A purely categorical approach to quantum
symmetries was undertaken in [4, 5].
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While there are several general results on universal (co)acting Hopf algebras and duality
between them, the only case where all Hopf algebra actions have been completely classified
so far was the case of the algebra k[x]/(x2) of dual numbers [2, Theorem 6.7], however even
in this case the universal acting Hopf algebra was calculated only for two of three possible
equivalence classes of actions. In Section 3.4 we propose a general classification strategy for
quantum symmetries of finite dimensional algebras, which we follow in Sections 4 and 5 and
classify all quantum symmetries (both Hopf algebra actions and coactions) of the set of two
points and of k[x]/(x2). Furthermore, we calculate all the corresponding universal (co)acting
Hopf algebras.

The Duality Theorem implies that for every equivalence class of Hopf algebra actions on
a finite-dimensional algebra A there exists an equivalence class of Hopf algebra coactions on
A with the same cosupport. Therefore, there cannot be more equivalence class of actions
than coactions. The natural question arises as to whether a bijection always exists between
the sets of equivalence classes of actions and coactions. This question is equivalent to the
following: can the cosupport of the V -universal Hopf algebra action dual to a V -universal
Hopf algebra coaction ρHopf

A,V with cosupp ρHopf
A,V = V become smaller than V ? In Section 7

we show that the answer is “yes”. In fact, for any n ⩾ 14, we define an elementary grading
on the full matrix algebra Mn(k) by an infinite group that cannot be regraded by any finite
group and show that the action dual to the corresponding group algebra coaction is trivial.
Simultaneously, we solve another problem since the previously known lower bound for n such
that on Mn(k) there exists an elementary grading that cannot be regraded by a finite group
was n ⩾ 349, see [27].

While the universal acting Hopf algebras always exist [3, Section 4.1], the universal coact-
ing Hopf algebras do not necessarily exist. The first examples were constructed in [3, Ex-
ample 4.3]. In Theorem 6.1 we show that the (ungraded) Manin universal (co)acting Hopf
algebra does not exist even for a straight line.

2. Group gradings

We begin with group gradings, as they are an important particular case of quantum
symmetries (see the precise definition of the latter in Section 3.1 below) and many definitions
and constructions related to quantum symmetries are inspired by those of gradings.

Recall that Γ: A =
⊕

g∈GA
(g) (direct sum of subspaces) is a grading on a (not necessarily

associative) algebra A over a field k by a group G if A(g)A(h) ⊆ A(gh) for all g, h ∈ G. Then
G is called the grading group of Γ. The algebra A is called graded by G.

Example 2.1. Let k be a field and let gk ∈ G for 1 ⩽ k ⩽ n for some group G and n ∈ N.
An elementary grading on the full matrix algebra Mn(k) defined by the n-tuple (g1, . . . , gn)

is the grading where for every 1 ⩽ i, j ⩽ n the matrix unit eij belongs to Mn(k)
(gig−1

j ).

Remark 2.2. Note that such a grading is uniquely determined by defining the G-degrees of
ei,i+1, 1 ⩽ i ⩽ n − 1. If G is an arbitrary group and (h1, . . . , hn−1) is an arbitrary (n − 1)-
tuple of elements of G, then the elementary grading with ei,i+1 ∈ Mn(k)

(hi) can be defined

by (g1, . . . , gn) where gi =
n−1∏
j=i

hj. Furthermore, since the identity element 1A of every graded

algebra A belongs to A(1), elementary gradings on full matrix algebras are precisely the
gradings where the matrix units are homogeneous elements, i.e. belong to the union of the
graded components Mn(k)

(g).

When studying graded algebras, one has to determine, when two graded algebras can be
considered “the same” or equivalent.
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Let
Γ1 : A1 =

⊕
g∈G1

A
(g)
1 , Γ2 : A2 =

⊕
g∈G2

A
(g)
2 (2.1)

be two gradings where G1 and G2 are groups and A1 and A2 are algebras.
The most restrictive case is when we require that both grading groups coincide:

Definition 2.3 (e.g. [20, Definition 1.15]). Gradings (2.1) are isomorphic if G1 = G2 and

there exists an isomorphism φ : A1 →̃ A2 of algebras such that φ
(
A

(g)
1

)
= A

(g)
2 for all g ∈ G1.

In this case we say that A1 and A2 are graded isomorphic.
If one studies the graded structure of a graded algebra or its graded polynomial identi-

ties [6, 7, 10, 25, 26], then it is not really important by elements of which group the graded
components are indexed. A replacement of the grading group leaves both graded subspaces
and graded ideals graded. In the case of graded polynomial identities reindexing the graded
components leads only to renaming the variables. Here we come naturally to the notion of
equivalence of gradings.

Definition 2.4 (e.g. [20, Definition 1.14]). Gradings (2.1) are equivalent, if there exists an

isomorphism φ : A1 →̃ A2 of algebras such that for every g1 ∈ G1 with A
(g1)
1 ̸= 0 there exists

g2 ∈ G2 such that φ
(
A

(g1)
1

)
= A

(g2)
2 .

Obviously, if gradings are isomorphic, then they are equivalent. It is important to notice
that the converse is not true.

However, if gradings (2.1) are equivalent and φ : A1 →̃ A2 is the corresponding isomor-

phism of algebras, then Γ3 : A1 =
⊕

g∈G2
φ−1

(
A

(g)
2

)
is a G2-grading on A1 isomorphic to Γ2

and the grading Γ3 is obtained from Γ1 just by reindexing the homogeneous components.
Therefore, when gradings (2.1) are equivalent, we can identify Γ2 and Γ3 via φ and assume
that we have gradings on the same algebra. In this case we say that Γ1 can be regraded
by G2.

If A1 = A2 and φ in Definition 2.4 is the identity map, we say that Γ1 and Γ2 are realizations
of the same grading on A as, respectively, a G1- and an G2-grading.
For a grading Γ: A =

⊕
g∈GA

(g), we denote by suppΓ := {g ∈ G | A(g) ̸= 0} its support.

Remark 2.5. Each equivalence between gradings Γ1 and Γ2 induces a bijection
suppΓ1 →̃ suppΓ2.

Each group grading on an algebra can be realized as a G-grading for many different
groups G, however it turns out that there is one distinguished group among them [20,
Definition 1.17], [36].

Definition 2.6. Let Γ be a group grading on an algebra A. Suppose that Γ admits a
realization as a GΓ-grading for some group GΓ. Denote by κΓ the corresponding embedding
suppΓ ↪→ GΓ. We say that (GΓ,κΓ) is the universal group of the grading Γ if for any
realization of Γ as a grading by a group G with ψ : suppΓ ↪→ G there exists a unique
homomorphism φ : GΓ → G such that the following diagram is commutative:

suppΓ
κΓ //

ψ ##

GΓ

φ

��
G

Remark 2.7. For each grading Γ one can define a category CΓ where the objects are all pairs
(G,ψ) such that G is a group and Γ can be realized as a G-grading with ψ : suppΓ ↪→ G
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being the embedding of the support. In this category the set of morphisms between (G1, ψ1)
and (G2, ψ2) consists of all group homomorphisms f : G1 → G2 such that the diagram below
is commutative:

suppΓ
ψ1 //

ψ2 ##

G1

f
��
G2

Then (GΓ,κΓ) is the initial object of CΓ.

Remark 2.8. It is easy to see that if Γ: A =
⊕

g∈suppΓA
(g) is a group grading, then the

universal group GΓ of the grading Γ is isomorphic to F[suppΓ]/N where F[suppΓ] is the free
group on the set [suppΓ] := {[g] | g ∈ suppΓ} and N is the normal closure of the words
[g][h][t]−1 for pairs g, h ∈ suppΓ such that A(g)A(h) ̸= 0 where t ∈ suppΓ is defined by
A(g)A(h) ⊆ A(t).

The classification of gradings on a given algebra A up to equivalence may seem coarser
than the classification up to isomorphism. However, if we know the classification up to
equivalence and calculate the universal groups of the corresponding gradings, we can recover
the classification up to isomorphism by restricting the grading groups to the subgroups
generated by the supports.

3. Quantum symmetries

3.1. (Co)module algebras. We refer the reader to [1, 19, 30, 35] for an account on Hopf
algebras and their (co)actions on algebras.

Let A be a (not necessarily associative) algebra and let H be a Hopf algebra over a field k.
A k-linear map ψ : H ⊗ A → A is called an H-action on A if ψ defines on A a structure of
a left H-module and

h(ab) = (h(1)a)(h(2)b) for all a, b ∈ A, h ∈ H (3.1)

where we use Sweedler’s notation ∆h = h(1) ⊗ h(2) (the summation sign is omitted) for the
comultiplication ∆: H → H ⊗ H. The algebra A endowed with ψ is called an H-module
algebra. If there exists an identity element 1A ∈ A such that h1A = ε(h)1A for all h ∈ H,
then A and ψ will be called a unital H-module algebra and a unital H-action, respectively.

Example 3.1. Let G be a group and let k be a field. Denote by kG the group algebra of G
over k. Recall that kG is a Hopf algebra where the comultiplication ∆: kG → kG ⊗ kG,
the counit ε : kG → kG and the antipode S : kG → kG are the linear maps defined on the
elements of the standard basis of kG as follows: ∆g := g ⊗ g, ε(g) := 1, Sg := g−1 for all
g ∈ G. Then a kG-module algebra is precisely an algebra on which the group G is acting by
automorphisms.

Example 3.2. Let g be a Lie algebra over a field k. Recall that the universal enveloping
algebra U(g) of g is a Hopf algebra where the comultiplication ∆: U(g) → U(g) ⊗ U(g)
and the counit ε : U(g) → U(g) are the unital algebra homomorphisms and the antipode
S : U(g) → U(g) is the unital algebra anti-homomorphism defined on the standard generators
of U(g) as follows: ∆v := v⊗1+1⊗v, ε(v) := 0, Sv := −v for all v ∈ g. Then a U(g)-module
algebra is precisely an algebra on which the Lie algebra g is acting by derivations.

Again, let A be a (not necessarily associative) algebra and let H be a Hopf algebra over
a field k. A k-linear map ρ : A → A ⊗ H is called an H-coaction on A if ρ defines on A a
structure of a right H-comodule and

ρ(ab) = a(0)b(0) ⊗ a(1)b(1)
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for all a, b ∈ A where we use Sweedler’s notation ρ(a) = a(0)⊗a(1) and the summation sign is
again omitted. In other words, ρ : A→ A⊗H is an algebra homomorphism. The algebra A
endowed with ρ is called an H-comodule algebra. If there exists an identity element 1A ∈ A
such that ρ(1A) = 1A ⊗ 1H , then A and ρ will be called a unital H-comodule algebra and a
unital H-coaction, respectively.

Example 3.3. Let Γ: A =
⊕

g∈GA
(g) be a grading on an algebra A over a field k by a group

G. Define the linear map ρ : A→ A⊗ kG by ρ(a) := a⊗ g for all a ∈ A(g) and g ∈ G. Then
ρ is a kG-coaction on A. Conversely, if ρ : A→ A⊗kG is a kG-coaction on some algebra A,
then Γ: A =

⊕
g∈GA

(g) is a G-grading where A(g) := {a ∈ A | ρ(a) = a⊗ g} for all g ∈ G.

Example 3.4. Recall that the algebra O(G) of regular functions on an affine alge-
braic group G over a field k is a Hopf algebra where the unital algebra homomorphisms
∆: O(G) → O(G) ⊗ O(G) and S : O(G) → O(G) correspond to the multiplication
G×G→ G and taking the inverse (−)−1 : G→ G, respectively. The counit ε : O(G) → k is
defined by ε(f) := f(1G) for all f ∈ O(G). Suppose G×X → X is a G-action on an affine
algebraic variety X by morphisms. Then the corresponding unital algebra homomorphism
ρ : O(X) → O(X) ⊗ O(G) defines on the algebra O(X) of regular functions on X a struc-
ture of an O(G)-comodule algebra. Conversely, every coaction ρ : O(X) → O(X) ⊗ O(G)
corresponds to a G-action on X by morphisms, see the details, e.g., in [1, Chapter 4].

Hopf algebra (co)actions on an algebra A are called quantum symmetries of A. If A is
a unital associative algebra, then we assume (co)actions to be unital too. If X is an affine
algebraic variety, then quantum symmetries of O(X) are called quantum symmetries of X.

3.2. Equivalence of (co)actions. Let ρ : A → B ⊗ Q be a linear map for some vector

spaces A,B,Q over a field k. Define the map ρ∨ : Q∗ ⊗ A → B by ρ∨(λ ⊗ a) :=
k∑
i=1

λ(qi)bi

for all a ∈ A and λ ∈ Q∗ where ρ(a) =
k∑
i=1

bi ⊗ qi, k ∈ Z+, bi ∈ B, qi ∈ Q.

Let ψ : H ⊗ A → A be an H-action for some Hopf algebra H and an algebra A over a
field k. Then the unital subalgebra cosuppψ := {ψ(h⊗ (−)) | h ∈ H} ⊆ Endk(A) is called
the cosupport of ψ.

Let ρ : A → A ⊗H be an H-coaction for some Hopf algebra H and an algebra A over a
field k. Then the unital subalgebra cosupp ρ := {ρ∨(λ⊗ (−)) | λ ∈ H∗} ⊆ Endk(A) is called
the cosupport of ρ.

Example 3.5. If Γ: A =
⊕

g∈GA
(g) is a grading on an algebra A by a group G and

ρ : A→ A⊗ kG is the corresponding kG-coaction, then cosupp ρ consists of all linear oper-
ators A → A that are scalar on each graded component A(g). Hence cosupp ρ is isomorphic
to the algebra of all functions suppG→ k with the pointwise operations.

Definition 3.6. Let ψi : Hi⊗Ai → Ai be Hi-actions for some Hopf algebras Hi and algebras
Ai over a field k. We say that an algebra isomorphism φ : A1 →̃ A2 is an equivalence of ψ1

and ψ2 if φ̃ (cosuppψ1) = cosuppψ2 where the isomorphism φ̃ : Endk(A1) →̃ Endk(A2) is
defined by φ̃(f) := φfφ−1 for all f ∈ Endk(A1).

Definition 3.7. Let ρi : Ai → Ai⊗Hi beHi-coactions for some Hopf algebrasHi and algebras
Ai over a field k. We say that an algebra isomorphism φ : A1 →̃ A2 is an equivalence of ρ1
and ρ2 if φ̃ (cosupp ρ1) = cosupp ρ2.

If φ : A1 →̃ A2 is an equivalence of some (co)actions, then we will call the (co)actions
equivalent via φ. Again, we can always identify A1 and A2 and assume that φ is the identity
map.
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It turns out that the notion of equivalence introduced above is indeed a generalization of
the corresponding notion for gradings:

Theorem 3.8 ([2, Theorem 3.7]). Let Γ1 : A1 =
⊕
g∈G1

A
(g)
1 and Γ2 : A2 =

⊕
g∈G2

A
(g)
2 be two

gradings where G1 and G2 are groups and A1 and A2 are algebras over a field k. De-
note by ρi : Ai → Ai ⊗ kGi the corresponding kGi-coactions. Then an algebra isomorphism
φ : A1 →̃ A2 is an equivalence of ρ1 and ρ2 if and only if φ is an equivalence of Γ1 and Γ2.

3.3. V -universal (co)acting Hopf algebras. Let A be an algebra over a field k and let
V ⊆ Endk(A) be some unital subalgebra.

Definition 3.9. A pair
(
@
H(A, V ), ψHopf

A,V

)
is called a V -universal acting Hopf alge-

bra if
@
H(A, V ) is a Hopf algebra, ψHopf

A,V :
@
H(A, V ) ⊗ A → A is an

@
H(A, V )-action,

cosuppψHopf
A,V ⊆ V and for every H-action ψ : H ⊗ A → A, where H is a Hopf algebra and

cosuppψ ⊆ V , there exists a unique Hopf algebra homomorphism φ making the diagram
below commutative:

H ⊗ A
ψ //

φ⊗idA
��

A

@
H(A, V )⊗ A

ψHopf
A,V

88 .

The V -universal acting Hopf algebra exists for every V ⊆ Endk(A), see [3, Section 4.1].
Let ψ : H⊗A→ A be a Hopf algebra action. Then

@
H(A, cosuppψ) is called the universal

Hopf algebra of the action ψ.

Definition 3.10. A pair
(
H@(A, V ), ρHopf

A,V

)
is called a V -universal coacting Hopf alge-

bra if H@(A, V ) is a Hopf algebra, ρHopf
A,V : A → A ⊗ H@(A, V ) is an H@(A, V )-coaction,

cosupp ρHopf
A,V ⊆ V and for every H-coaction ρ : A→ A⊗H, where H is a Hopf algebra and

cosupp ρ ⊆ V , there exists a unique Hopf algebra homomorphism φ making the diagram
below commutative:

A

ρ &&

ρHopf
A,V // A⊗H@(A, V )

idA ⊗φ
��

A⊗H

The V -universal coacting Hopf algebra H@(A, V ) exists for every V ⊆ Endk(A) pointwise
finite dimensional, i.e. such that dim{f(a) | f ∈ Endk(A)} < +∞ for every a ∈ A, and
closed in the finite topology [3, Theorem 4.10]. If A is finite dimensional, H@(A, V ) exists
for every V ⊆ Endk(A) since in this case all subspaces of Endk(A) are pointwise finite
dimensional and closed in the finite topology.

Remark 3.11. Let ρ : A → A ⊗ H be a Hopf algebra coaction. Then H@(A, cosupp ρ) is
called the universal Hopf algebra of the coaction ρ. By [3, Theorem 2.11], cosupp ρ is point-
wise finite dimensional and closed in the finite topology, i.e. H@(A, cosupp ρ) always exists.

Moreover, by the universal property of its coaction ρHopf
A,cosupp ρ : A → A ⊗ H@(A, cosupp ρ),

we have cosupp ρHopf
A,cosupp ρ = cosupp ρ. Therefore, in order to prove that a Hopf algebra H0

together with its coaction ρ0 : A→ A⊗H0, where cosupp ρ0 = cosupp ρ, is a universal Hopf
algebra of ρ, it is sufficient to check that there exists a unique Hopf algebra homomorphism
φ : H0 → H1 such that ρ1 = (idA⊗φ)ρ0 for all Hopf algebra coactions ρ1 : A→ A⊗H1 where
cosupp ρ1 = cosupp ρ. The universal properties of both H0 and H@(A, cosupp ρ) then would
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imply that there exists a Hopf algebra isomorphism of H0 and H@(A, cosupp ρ) compatible
with their coactions, and ρ0 is universal not only among ρ1 with cosupp ρ1 = cosupp ρ, but
among ρ1 with cosupp ρ1 ⊆ cosupp ρ too.

Let A be a unital algebra over a field k. Denote by V1(A) the unital subalgebra of Endk(A)
that consists of all k-linear operators A→ A for which 1A is an eigenvector.
Proposition 3.12 below is dual to [2, Proposition 5.3]:

Proposition 3.12. Let ρ : A → A ⊗ H be a coaction for a unital algebra A and a Hopf
algebra H over a field k such that cosupp ρ ⊆ V1(A). Then ρ is a unital coaction.

Proof. Consider the decomposition of ρ(1A) with respect to bases of A and H where the
basis of A includes 1A. If any basis elements of A different from 1A were to appear in this
decomposition, then, considering the linear functions λ ∈ H∗ dual to the basis elements of
H, it would be possible to find some λ ∈ H∗ such that 1A would not be an eigenvector
for (idA⊗λ)ρ. Hence the condition cosupp ρ ⊆ V1(A) implies that ρ(1A) = 1A ⊗ h for some
h ∈ H. Then 1A⊗∆h = (ρ⊗ idH)ρ(1A) = 1A⊗h⊗h. Thus h is group-like and, in particular,
invertible. At the same time

1A ⊗ h = ρ(1A) = ρ(12A) = 12A ⊗ h2 = 1A ⊗ h2.

Hence h2 = h and h = 1H . Therefore, ρ is a unital coaction. □

The proposition above implies that the V1(A)-universal coacting Hopf algebra
H@(A, V1(A)) (if it exists) is universal among all unital coactions on A and therefore co-
incides with Manin (ungraded) universal coacting Hopf algebra aut(A) [34] (see also [37,
Corollary 2.8.5]). In [3, Example 4.20] the first example of an algebra A was constructed such
that H@(A, V1(A)) did not exist. In Theorem 6.1 below we show that even H@(k[x], V1(k[x]))
does not exist where k[x] is the algebra of polynomials in x, i.e. the algebra of regular func-
tions on the straight line.

Theorem 3.13 below relates V -universal coacting Hopf algebras and universal groups of
gradings:

Theorem 3.13 ([2, Theorem 4.11]). Let Γ: A =
⊕

g∈GA
(g) be a grading on an algebra A

by a group G. Denote by ρ : A → A ⊗ kG the corresponding kG-coaction. Let GΓ be the
universal group of Γ and let ρΓ : A → A ⊗ kGΓ be the corresponding kGΓ-coaction. Then
cosupp ρΓ = cosupp ρ and (kGΓ, ρΓ) is the (cosupp ρ)-universal coacting Hopf algebra.

Given a unital associative algebra A denote by A◦ its finite (or Sweedler) dual. Recall that
A◦ is the subspace of A∗ which consists of all linear functions λ ∈ A∗ such that Kerλ ⊇ I for
some two-sided ideal I ⊆ A, dim(A/I) < +∞. (I depends on λ.) Denote by κA : A◦ ↪→ A∗

the corresponding embedding. If H is a Hopf algebra, then H◦ is a Hopf algebra too. If H
is finite dimensional, then H◦ = H∗.

An important role in the classification of quantum symmetries is played by the Duality
Theorem below:

Theorem 3.14 ([3, Theorem 4.15]). Let A be an algebra over a field k and let V ⊆ Endk(A)
be a unital pointwise finite dimensional subalgebra closed in the finite topology. Then(
ρHopf
A,V

)∨
(κH@(A,V ) ⊗ idA) : H@(A, V )◦ ⊗ A → A is an H@(A, V )◦-action and the unique ho-

momorphism θHopf : H@(A, V )◦ →
@
H(A, V ) of Hopf algebras making the diagram

@
H(A, V )⊗ A

ψHopf
A,V // B

H@(A, V )◦ ⊗ A
κH@(A,V )⊗idA

//

θHopf⊗idA

OO

H@(A, V )∗ ⊗ A

(
ρHopf
A,V

)∨

OO
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commutative is an isomorphism.

Categorical versions of the definitions, existence and duality theorems mentioned in this
section can be found in [4, 5].

3.4. Outline of the classification strategy. The Duality Theorem 3.14 suggests using
the following strategy in the classification of quantum symmetries.

If ψ : H ⊗ A→ A is a Hopf algebra action on a finite dimensional algebra A, then

cosuppψ = ψHopf
A,cosuppψ = cosupp

(
ρHopf
A,cosuppψ

)∨
(κH@(A,cosuppψ) ⊗ idA) ⊆

cosupp ρHopf
A,cosuppψ ⊆ cosuppψ,

i.e. cosupp ρHopf
A,cosuppψ = cosuppψ and there always exists a coaction with the same support as

an action. Therefore, when studying quantum symmetries on finite dimensional algebras, one
should start with coactions. Another reason for this is that universal coacting Hopf algebras
are usually easier to describe (see [2, Theorem 4.8] and [3, Theorem 3.16 and Section 4.2])
than the universal acting Hopf algebras.

Hence, given a finite dimensional algebra A, we first determine all unital subalgebras
V ⊆ Endk(A) that are cosupports of Hopf algebra coactions. For such V the universal

property of H@(A, V ) implies that cosupp ρHopf
A,V = V . Then we try to find a Hopf algebra

action ψ : H⊗A→ A such that cosuppψ = V . If such ψ exists, then cosuppψHopf
A,V = V and

@
H(A, V ) ∼= H@(A, V )◦. If such ψ does not exist, then cosuppψHopf

A,V =: V1 ⫋ V and

ψHopf
A,V = ψHopf

A,V1
=

(
ρHopf
A,V1

)∨
(κH@(A,V1) ⊗ idA),

i.e. the corresponding universal action appears for another choice of V .
In Section 4 and 5 we give two examples where this strategy makes it possible to completely

classify the quantum symmetries.

4. Set of two points

The algebra of regular functions on the set of two points is isomorphic to the direct product
k× k of two copies of the base field k. Note that 1k×k = (1, 1). Let e := (1, 0).

Lemma 4.1. Let ρ : k× k → (k × k) ⊗H be an arbitrary unital H-coaction where H is a
Hopf algebra. Define c, h ∈ H by ρ(e) = 1k×k ⊗ h+ e⊗ c. Then c is invertible,

h2 = h, hc+ ch+ c2 = c,

∆c = c⊗ c, ∆h = h⊗ c+ 1H ⊗ h,

ε(c) = 1, ε(h) = 0,

Sc = c−1, Sh = −hc−1.

Proof. By the unitality of ρ, we have ρ(1k×k) = 1k×k ⊗ 1H .
The equality e2 = e implies that

1k×k⊗h+e⊗c = ρ(e) = ρ
(
e2
)
= ρ(e)2 = (1k×k⊗h+e⊗c)2 = 1k×k⊗h2+e⊗ (hc+ch+c2),

i.e. h2 = h and hc+ ch+ c2 = c.
At the same time, from (idk×k⊗∆)ρ = (ρ⊗ idH)ρ it follows that

1k×k ⊗∆h+ e⊗∆c = 1k×k ⊗ 1H ⊗ h+ 1k×k ⊗ h⊗ c+ e⊗ c⊗ c,

i.e. ∆h = h⊗ c+ 1H ⊗ h, ∆c = c⊗ c.
Finally, by the counitality of a comodule, e = ε(h)1k×k+ ε(c)e, i.e. ε(h) = 0 and ε(c) = 1.
Note that c is a group-like element. Hence c is invertible and Sc = c−1. Moreover,

0 = ε(h)1H = (Sh(1))h(2) = (Sh)c+ h
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implies Sh = −hc−1. □

Theorem 4.2. Consider the free unital algebra k⟨c, d, h⟩ over a field k with free generators
c, d, h, i.e. the algebra of polynomials in the non-commuting variables c, d, h. Denote by I
the ideal of k⟨c, d, h⟩ generated by the elements

cd− 1, dc− 1, h2 − h, hc+ ch+ c2 − c.

Define ∆: k⟨c, d, h⟩ → k⟨c, d, h⟩ ⊗ k⟨c, d, h⟩ and ε : k⟨c, d, h⟩ → k as the unital algebra
homomorphisms such that

∆c = c⊗ c, ∆d = d⊗ d, ∆h = h⊗ c+ 1⊗ h,

ε(c) = ε(d) = 1, ε(h) = 0.

Define S : k⟨c, d, h⟩ → k⟨c, d, h⟩ as the unital algebra anti-homomorphism such that

Sc = d, Sd = c, Sh = −hd.

Then

SI ⊆ I, ε(I) = 0, ∆I ⊆ I ⊗ k⟨c, d, h⟩+ k⟨c, d, h⟩ ⊗ I

and the algebra k⟨c, d, h⟩/I with the induced maps ∆, ε, S is a Hopf algebra. Finally,
k⟨c, d, h⟩/I = H@(k× k, V1(k× k)), the Manin universal coacting Hopf algebra on k× k.

Proof. Since ∆ and ε are defined as unital algebra homomorphisms, it is sufficient to check
the coassociativity and the counit axioms on the generators c, d, h. An easy verification
shows that k⟨c, d, h⟩ is a coalgebra and therefore a bialgebra.

Note that

∆(cd− 1) = cd⊗ cd− 1⊗ 1 = (cd− 1)⊗ cd+ 1⊗ (cd− 1) ∈ I ⊗ k⟨c, d, h⟩+ k⟨c, d, h⟩ ⊗ I.

The same is true for (dc− 1) too. Moreover,

∆(h2 − h) = h2 ⊗ c2 + h⊗ ch+ h⊗ hc+ 1⊗ h2 − h⊗ c− 1⊗ h

= (h2 − h)⊗ c2 + h⊗ (hc+ ch+ c2 − c) + 1⊗ (h2 − h) ∈ I ⊗ k⟨c, d, h⟩+ k⟨c, d, h⟩ ⊗ I,

∆(hc+ ch+ c2 − c) = hc⊗ c2 + c⊗ hc+ ch⊗ c2 + c⊗ ch+ c2 ⊗ c2 − c⊗ c

= (hc+ ch+ c2 − c)⊗ c2 + c⊗ (hc+ ch+ c2 − c) ∈ I ⊗ k⟨c, d, h⟩+ k⟨c, d, h⟩ ⊗ I.

Hence I is a biideal and k⟨c, d, h⟩/I is a bialgebra.
Note that S(cd− 1) = dc− 1 ∈ I, S(dc− 1) = cd− 1 ∈ I. Moreover,

dh+hd−d+1 = d(hc+ch+c2−c)d+dh(1−cd)+(1−dc)hd+dc(1−cd)+(1−dc)−d(1−cd) ∈ I.

Hence

S(h2 − h) = hdhd+ hd = h(dh+ hd− d+ 1)d− (h2 − h)d2 ∈ I.

Finally,

S(hc+ ch+ c2 − c) = −dhd− hd2 + d2 − d = −(dh+ hd− d+ 1)d ∈ I.

Therefore, SI ⊆ I and S is correctly defined on k⟨c, d, h⟩/I. An explicit verification shows
that S is indeed the antipode and k⟨c, d, h⟩/I is a Hopf algebra.

Define the unital homomorphism

ρ : k× k → (k× k)⊗ k⟨c, d, h⟩/I

such that ρ(e) := 1k×k ⊗ h̄+ e⊗ c̄ where ā := a+ I for all a ∈ k⟨c, d, h⟩. Then ρ is a unital
coaction. Lemma 4.1 implies that ρ is universal among all unital coactions on k× k. □
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Recall that the Sweedler algebra H4 over a field k is the Hopf algebra that is generated
as a unital algebra by elements c and v where c2 = 1, v2 = 0, vc = −cv, H4 = ⟨1, c, v, cv⟩k,
Sc = c, Sv = −cv, ∆c = c⊗c, ∆v = c⊗v+v⊗1, ε(c) = 1, ε(v) = 0. Note that if chark = 2,
then −1 = 1 is no longer a primitive root of unity, but still (c ⊗ v + v ⊗ 1)2 = 0, i.e. the
Sweedler algebra is defined for any chark.

Theorem 4.3. Let k⟨c, d, h⟩, I, ∆, ε, S be the same as in Theorem 4.2. Denote by I1
the ideal of k⟨c, d, h⟩ generated by the element c2 − 1. Then k⟨c, d, h⟩/(I + I1) is a four-
dimensional Hopf algebra with the basis 1̄, c̄, h̄, c̄h̄. Furthermore, k⟨c, d, h⟩/(I + I1) is iso-
morphic to the Sweedler algebra H4 if chark ̸= 2.

Proof. Again, it is easy to see that I + I1 is a biideal and S(I + I1) ⊆ I + I1. Hence
k⟨c, d, h⟩/(I + I1) is indeed a Hopf algebra. The relations on c̄ and h̄ imply that
k⟨c, d, h⟩/(I+ I1) is the linear span of 1̄, c̄, h̄, c̄h̄. In order to prove that 1̄, c̄, h̄, c̄h̄ are linearly
independent, it is sufficient to provide a unital associative algebra with such relations where
the corresponding elements are indeed linearly independent.

Let ke1 ⊕ ke2 be the algebra that is the direct product of two copies of the base field k,
e1e2 = e2e1 = 0, e21 = e1, e

2
2 = e2. Let ⟨a, b⟩k be the two-dimensional ke1 ⊕ ke2-bimodule

where e1a = ae2 = a, e2b = be1 = b, e2a = ae1 = e1b = be2 = 0. Using these structures,
define on ke1 ⊕ ke2 ⊕ ⟨a, b⟩k the structure of an algebra such that ⟨a, b⟩2

k
= 0. This algebra

is associative with the identity element e1 + e2. Moreover, if we denote c1 := a+ b+ e1 − e2,
h1 := e2, then c1 and h1 satisfy the same relations as c̄ and h̄, which implies that

k⟨c, d, h⟩/(I + I1) ∼= ke1 ⊕ ke2 ⊕ ⟨a, b⟩k
as algebras, they are both four-dimensional, and 1̄, c̄, h̄, c̄h̄ is indeed a basis in
k⟨c, d, h⟩/(I + I1).

Suppose chark ̸= 2. Then the map c 7→ c̄ and v 7→ 1̄−c̄
2

+ c̄h̄ induces an isomorphism of
Hopf algebras H4 and k⟨c, d, h⟩/(I + I1). □

Theorem 4.4. Let k be a field. Then every unital Hopf algebra coaction on k×k is equivalent
via idk×k to one of the following four unital coactions:

(1) ρ1 : k× k → (k× k)⊗ k, ρ1(a) = a⊗ 1 for all a ∈ k× k. The cosupport cosupp ρ1
is one-dimensional and consists of all scalar operators on k× k.

(2a) (if chark ̸= 2) ρ2a = ∆kC2, the comultiplication in the group Hopf algebra kC2 where
C2 = ⟨c⟩ is the cyclic group of order 2 and the isomorphism k× k ∼= kC2 is defined
by (1, 1) 7→ 1, (1,−1) 7→ c. In other words, ρ2a corresponds to the standard C2-
grading on kC2. The cosupport cosupp ρ2a is two-dimensional and consists of all
linear operators on k× k that have diagonal matrices in the basis (1, 1), (1,−1).

(2b) (if chark = 2) ρ2b = ∆k×k where the structure of a Hopf algebra on k× k is defined
by ∆e := e⊗1k×k+1k×k⊗e, ε(e) := 0, Se = e, e := (1, 0). The cosupport cosupp ρ2b
is two-dimensional and consists of all linear operators on k × k that have matrices
from the subalgebra

{(
α β
0 α

)∣∣α, β ∈ k
}
in the basis 1k×k, e.

(3) ρ3 : k× k → (k × k) ⊗ k⟨c, d, h⟩/I where ρ3(e) := 1k×k ⊗ h̄ + e ⊗ c̄ and k⟨c, d, h⟩/I
is the Hopf algebra from Theorem 4.2. The cosupport cosupp ρ3 is three-dimensional
and consists of all linear operators on k × k that have upper triangular matrices in
the basis 1k×k, e. This class of equivalent coactions has a representative with a finite
dimensional coacting Hopf algebra, namely, it is sufficient to replace k⟨c, d, h⟩/I with
k⟨c, d, h⟩/(I + I1) (see Theorem 4.3). If chark ̸= 2, then this class contains the
H4-coaction ρ3a : k× k → (k× k)⊗H4 where ρ3a(1,−1) = (1,−1)⊗ c+ (1, 1)⊗ v.

Finally, the coactions ρw and the corresponding Hopf algebras are (cosupp ρw)-universal for
w = 1, 2a, 2b, 3.
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Remark 4.5. Hopf algebras from the cases 2a and 2b are both isomorphic to (kC2)
∗.

Proof of Theorem 4.4. Consider an arbitrary unital H-coaction ρ : k × k → (k × k) ⊗ H
where H is a Hopf algebra. Define the elements c and h as in Lemma 4.1.

Note that both 1H and c are group-like elements. Therefore they either coincide or are lin-
early independent. (See e.g. [19, Proposition 1.4.14].) Suppose c = 1H . Then, by Lemma 4.1,
hc + ch + c2 = c, i.e. 2h = 0. If h = 0, which is always the case if chark ̸= 2, then
ρ(e) = e⊗1H , i.e. cosupp ρ is the linear span of idk×k and we are in the case 1. The coaction
ρ1 is obviously universal.

When chark = 2, it is still possible that c = 1H , but h ̸= 0. The condition ε(h) = 0 implies
that in this case 1H and h are linearly independent. Applying different linear functions
⟨1H , h⟩k → k, which can be extended to elements of H∗, we see that cosupp ρ = cosupp ρ2b.
By Lemma 4.1 the element h satisfies the same relation h2 = h and has the same values of
the counit and the comultiplication as e from the Hopf algebra structure on k × k in the
case 2b. By Remark 3.11, the coaction ρ2b is universal.

Now we assume that 1H and c are linearly independent. If h is a linear combination of 1H
and c, then h commutes with c, and the relation hc + ch + c2 = c implies that 2h = 1 − c,
which is impossible if chark = 2. Suppose chark ̸= 2. Then h = 1H−c

2
and c2 = 1H since

h2 = h. In the basis (1, 1) = 1k×k and (1,−1) = 2e − 1k×k we have ρ(1,−1) = (1,−1) ⊗ c.
Applying elements of H∗, we see that in this case cosupp ρ consists of all linear operators
that have diagonal matrices in the basis (1, 1), (1,−1), i.e. we are in the case 2a. The
coaction ρ2a is universal by Remark 3.11, since the linear span of 1H and c in H is a Hopf
algebra isomorphic to kC2.

Suppose that 1H , c and h are linearly independent. Applying elements of H∗, we see that
we are in the case 3. By Lemma 4.1 and Theorem 4.2, the coaction ρ3 is indeed universal. □

Now we are following the strategy described in Section 3.4:

Theorem 4.6. Let k be a field. Then every unital Hopf algebra action on k×k is equivalent
to one of the following three unital actions:

(1) ψ1 : k ⊗ (k × k) → k × k, ψ1(λ ⊗ a) = λa for all λ ∈ k, a ∈ k × k. The cosupport
cosuppψ1 is one-dimensional and consists of all scalar operators on k× k.

(2) ψ2 : kC2 ⊗ (k × k) → k × k where ψ2(c)(α, β) = (β, α) for all α, β ∈ k. The
cosupport cosuppψ2 is two-dimensional. If chark ̸= 2, then cosuppψ2 consists of all
linear operators on k × k that have diagonal matrices in the basis (1, 1), (1,−1). If
chark = 2, then cosuppψ2 consists of all linear operators on k×k that have matrices
from the subalgebra

{(
α β
0 α

)∣∣α, β ∈ k
}
in the basis 1k×k, e.

(3) ψ3 = ρ∨3 (κk⟨c,d,h⟩/I ⊗ idk×k) where ρ3 : k× k → (k× k)⊗ k⟨c, d, h⟩/I is the coaction
from Theorem 4.4 and k⟨c, d, h⟩/I is the Hopf algebra from Theorem 4.2. The co-
support cosuppψ3 is three-dimensional and consists of all linear operators on k × k

that have upper triangular matrices in the basis 1k×k, e. If chark ̸= 2, then this
class of equivalent actions contains the H4-action ψ3a : H4 ⊗ (k× k) → k× k where
ψ3a(c)(α, β) = (β, α), ψ3a(v)(α, β) = (α− β, α− β) for all α, β ∈ k.

Finally, the actions ψk and the corresponding Hopf algebras are (cosuppψk)-universal for
k = 1, 2, 3.

Proof. Consider an arbitrary unital H-action ψ : H ⊗ (k × k) → k × k. Let
V := cosuppψ. Then by Theorem 3.14 the V -universal acting Hopf algebra

@
H(k × k, V )

is isomorphic to (H@(k× k, V ))◦ where its universal action ψHopf
k×k,V coincides with(

ρHopf
k×k,V

)∨
(κH@(k×k,V ) ⊗ idk×k). Recall that for the action ψ we have cosuppψ = V , which

implies that cosuppψHopf
k×k,V = cosupp ρHopf

k×k,V = V . Therefore, V must coincide with one of
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the possible cosupports listed in Theorem 4.4. At the same time, each equivalence class of
coactions in Theorem 4.4 has a representative with a finite dimensional Hopf algebra. Hence
for k×k the cosupport of the universal action dual to the universal coaction cannot become
smaller than the cosupport V of the coaction and for every chark we still have three cases.
In the cases 1 and 2 we calculate the dual of the V -universal coacting Hopf algebra and its
coaction, taking into account that (kC2)

∗ ∼= kC2 for chark ̸= 2 and (kC2)
∗ is isomorphic to

the Hopf algebra from the case 2b of Theorem 4.4 if chark = 2.
An explicit verification shows that ψ3a : H4 ⊗ (k× k) → k× k is indeed an action and, if

chark ̸= 2, for each basis in k× k where the identity element (1, 1) is the first basis vector,
cosuppψ3a consists of all the operators that have upper triangular matrices. □

Remark 4.7. Recall that if chark ̸= 2, then H4
∼= H∗

4 where the isomorphism is defined by
1 7→ δ1 + δc, c 7→ δ1 − δc, v 7→ δcv − δv, cv 7→ δv + δcv and δ1, δc, δv, δcv ∈ H∗

4 is the basis dual
to 1, c, v, cv, however ρ∨3a ̸= ψ3a. In fact, one could define ψ3a(v)(α, β) =

(
λ(α−β), λ(α−β)

)
and ρ3a(1,−1) = (1,−1) ⊗ c + (1, 1) ⊗ µv for any fixed λ, µ ∈ k\{0}. Then we would have
ρ∨3a = ψ3a for 2λ = −µ.

Remark 4.8. (Co)actions on k×k were classified in Theorems 4.4 and 4.6 up to an equivalence
via idk×k. However, Aut(k × k) ∼= C2 where c(α, β) = (β, α) for all α, β ∈ k. All the
cosupports in Theorems 4.4 and 4.6 are stable under this Aut(k × k)-action, which means
that in fact we have the classification up to an arbitrary equivalence.

5. Dual numbers

Fix the basis 1̄ := 1 + (x2) and x̄ := x + (x2) in the algebra k[x]/(x2) of dual numbers
over a field k.

Lemma 5.1. Let ρ : k[x]/(x2) → k[x]/(x2)⊗H be an arbitrary unital H-coaction where H
is a Hopf algebra. Define c, h ∈ H by ρ(x̄) = 1̄⊗ h+ x̄⊗ c. Then c is invertible,

h2 = 0, hc+ ch = 0,

∆c = c⊗ c, ∆h = h⊗ c+ 1H ⊗ h,

ε(c) = 1, ε(h) = 0,

Sc = c−1, Sh = −hc−1.

Proof. The proof is completely analogous to the proof of Lemma 4.1. □

Theorem 5.2. Consider the free unital algebra k⟨c, d, h⟩ over a field k with free generators
c, d, h, i.e. the algebra of polynomials in the non-commuting variables c, d, h. Denote by I0
the ideal of k⟨c, d, h⟩ generated by the elements

cd− 1, dc− 1, h2, hc+ ch.

Define ∆: k⟨c, d, h⟩ → k⟨c, d, h⟩ ⊗ k⟨c, d, h⟩ and ε : k⟨c, d, h⟩ → k as the unital algebra
homomorphisms such that

∆c = c⊗ c, ∆d = d⊗ d, ∆h = h⊗ c+ 1⊗ h,

ε(c) = ε(d) = 1, ε(h) = 0.

Define S : k⟨c, d, h⟩ → k⟨c, d, h⟩ as the unital algebra anti-homomorphism such that

Sc = d, Sd = c, Sh = −hd.
Then

SI0 ⊆ I0, ε(I0) = 0, ∆I0 ⊆ I0 ⊗ k⟨c, d, h⟩+ k⟨c, d, h⟩ ⊗ I0
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and the algebra k⟨c, d, h⟩/I0 with the induced maps ∆, ε, S is a Hopf algebra. Finally,
k⟨c, d, h⟩/I0 = H@

(
k[x]/(x2), V1(k[x]/(x

2))
)
, the Manin universal coacting Hopf algebra on

k[x]/(x2).

Proof. In Theorem 4.2 above we have noticed that k⟨c, d, h⟩ is a bialgebra and shown that

∆(cd− 1),∆(dc− 1) ∈ I0 ⊗ k⟨c, d, h⟩+ k⟨c, d, h⟩ ⊗ I0.

Note that

∆(h2) = h2 ⊗ c2 + h⊗ (ch+ hc) + 1⊗ h2 ∈ I ⊗ k⟨c, d, h⟩+ k⟨c, d, h⟩ ⊗ I,

∆(hc+ ch) = hc⊗ c2 + c⊗ hc+ ch⊗ c2 + c⊗ ch

= (hc+ ch)⊗ c2 + c⊗ (hc+ ch) ∈ I0 ⊗ k⟨c, d, h⟩+ k⟨c, d, h⟩ ⊗ I0.

Hence I is a biideal and k⟨c, d, h⟩/I0 is a bialgebra.
Again, S(cd− 1) = dc− 1 ∈ I0, S(dc− 1) = cd− 1 ∈ I0. Moreover,

dh+ hd = d(hc+ ch)d+ dh(1− cd) + (1− dc)hd ∈ I0.

Hence

S(h2) = hdhd = h(dh+ hd)d− h2d2 ∈ I0.

Finally,

S(hc+ ch) = −dhd− hd2 = −(dh+ hd)d ∈ I0.

Therefore, SI0 ⊆ I0 and S is correctly defined on k⟨c, d, h⟩/I0. An explicit verification shows
that S is indeed the antipode and k⟨c, d, h⟩/I0 is a Hopf algebra.

Define the unital homomorphism ρ : k[x]/(x2) → k[x]/(x2) ⊗ k⟨c, d, h⟩/I0 such that
ρ(x̄) := 1̄ ⊗ h̄ + x̄ ⊗ c̄ where ā := a + I0 for all a ∈ k⟨c, d, h⟩. Then ρ is a unital coac-
tion. Lemma 5.1 implies that ρ is universal among all unital coactions on k[x]/(x2). □

Theorem 5.3. Let k be a field. Then every unital Hopf algebra coaction on k[x]/(x2) is
equivalent via idk[x]/(x2) to one of the following five unital coactions:

(1) ρ1 : k[x]/(x
2) → k[x]/(x2) ⊗ k, ρ1(a) = a ⊗ 1 for all a ∈ k[x]/(x2). The cosupport

cosupp ρ1 is one-dimensional and consists of all scalar operators on k[x]/(x2).
(2) (if chark = 2) ρ2 = ∆k[x]/(x2) where the structure of a Hopf algebra on k[x]/(x2) is

defined by ∆x̄ := x̄ ⊗ 1̄ + 1̄ ⊗ x̄, ε(x̄) := 0, Sx̄ = x̄. The cosupport cosupp ρ2 is
two-dimensional and consists of all linear operators on k[x]/(x2) that have matrices
from the subalgebra

{(
α β
0 α

)∣∣α, β ∈ k
}
in the basis 1̄, x̄.

(3) (if chark = 2) ρ3,θ = ∆kC2, the comultiplication in the group Hopf algebra kC2 where
C2 = ⟨c⟩ is the cyclic group of order 2 and the isomorphism k[x]/(x2) ∼= kC2 is
defined by 1̄ 7→ 1, x̄ 7→ θ(1 + c), θ ∈ k\{0} is a fixed element. In other words, ρ3,θ
corresponds to the standard C2-grading on kC2. The cosupport cosupp ρ3,θ is two-
dimensional and consists of all linear operators on k[x]/(x2) that have matrices from

the subalgebra
{(

α θ(α+β)
0 β

)∣∣∣α, β ∈ k

}
in the basis 1̄, x̄.

(4) ρ4 : k[x]/(x
2) → k[x]/(x2)⊗ kC∞ where ρ4(x̄) = x̄⊗ c where C∞ = ⟨c⟩ is the infinite

cyclic group and kC∞ ∼= k[c, c−1], the algebra of the Laurent polynomials, i.e. ρ4

corresponds to the C∞-grading on k[x]/(x2) where x̄ ∈
(
k[x]/(x2)

)(c)
. The cosupport

cosupp ρ4 is two-dimensional and consists of all linear operators on k[x]/(x2) that
have diagonal matrices in the basis 1̄, x̄. This class of equivalent coactions has a rep-
resentative with a finite dimensional coacting Hopf algebra, namely, the kC2-coaction
ρ4a : k[x]/(x

2) → k[x]/(x2)⊗ kC2 where ρ4a(x̄) = x̄⊗ c.
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(5) ρ5 : k[x]/(x
2) → k[x]/(x2) ⊗ k⟨c, d, h⟩/I0 where ρ5(x̄) := 1̄ ⊗ h̄ + x̄ ⊗ c̄ and

k⟨c, d, h⟩/I0 is the Hopf algebra from Theorem 5.2. The cosupport cosupp ρ5 is three-
dimensional and consists of all linear operators on k[x]/(x2) that have upper tri-
angular matrices in the basis 1̄, x̄. This class of equivalent coactions has a repre-
sentative with a finite dimensional coacting Hopf algebra, namely, the H4-coaction
ρ5a : k[x]/(x

2) → k[x]/(x2)⊗H4 where ρ5a(x̄) = x̄⊗ c+ 1̄⊗ cv.

Finally, the coactions ρ1, ρ2, ρ3,θ, ρ4, ρ5 and the corresponding Hopf algebras are V -universal
for their cosupports V .

Remark 5.4. In the case chark ̸= 2 the classification of the coactions above first appeared
in an (unpublished) undergraduate project of Vladimir Nikitenko.

Proof of Theorem 5.3. Consider an arbitrary unitalH-coaction ρ : k[x]/(x2) → k[x]/(x2)⊗H
where H is a Hopf algebra. Define the elements c and h as in Lemma 5.1.

Again, both 1H and c are group-like elements. Therefore they either coincide or are linearly
independent. Suppose c = 1H . Then 2h = 0 since, by Lemma 5.1, hc + ch = 0. If h = 0,
which is always the case if chark ̸= 2, then ρ(x̄) = x̄ ⊗ 1H , i.e. cosupp ρ is the linear span
of idk[x]/(x2) and we are in the case 1. The coaction ρ1 is obviously universal.

When chark = 2, it is still possible that c = 1H , but h ̸= 0. The condition ε(h) = 0 implies
that in this case 1H and h are linearly independent. Applying different linear functions
⟨1H , h⟩k → k, which can be extended to elements of H∗, we see that cosupp ρ = cosupp ρ2.
By Lemma 5.1 the element h satisfies the same relation h2 = 0 and has the same values of
the counit and the comultiplication as x̄ from the Hopf algebra structure on k[x]/(x2) in the
case 2. By Remark 3.11, the coaction ρ2 is universal.

Now we assume that 1H and c are linearly independent. Suppose h = α1H + βc for some
α, β ∈ k. Then h commutes with c, and the relation hc+ ch = 0 implies that 2h = 0.

Suppose h = 0, which is always the case if chark ̸= 2. Applying elements of H∗, we see
that in this case cosupp ρ consists of all linear operators that have diagonal matrices in the
basis 1̄, x̄, i.e. we are in the case 4. The coaction ρ4 is universal by Remark 3.11, since the
linear span of all powers of c in H is a homomorphic image of kC∞.

Suppose chark = 2 and h ̸= 0. From the relation h2 = 0 we obtain that α21H + β2c2 = 0.
Hence c2 = 1, α2 = β2, which in the case of chark = 2 implies that α = β. Let θ := α = β.
Then ρ(x̄) = 1̄ ⊗ θ(1 + c) + x̄ ⊗ c. Applying elements of H∗, we see that in this case
cosupp ρ = cosupp ρ3,θ. The coaction ρ3,θ is universal by Remark 3.11, since the linear span
of 1H and c in H is a Hopf algebra isomorphic to kC2.

Suppose that 1H , c and h are linearly independent. Applying elements of H∗, we see that
we are in the case 5. Lemma 5.1 and Theorem 5.2 imply that the coaction ρ5 is indeed
universal. □

The proof of Theorem 5.5 below is completely analogous to the proof of Theorem 4.6
above:

Theorem 5.5. Let k be a field. Then every unital Hopf algebra action on k[x]/(x2) is
equivalent to one of the following five unital actions:

(1) ψ1 : k ⊗ k[x]/(x2) → k[x]/(x2), ψ1(λ ⊗ a) = λa for all λ ∈ k, a ∈ k[x]/(x2).
The cosupport cosuppψ1 is one-dimensional and consists of all scalar operators on
k[x]/(x2).

(2) (if chark = 2) ψ2 : k[x]/(x
2)⊗ k[x]/(x2) → k[x]/(x2), where the structure of a Hopf

algebra on k[x]/(x2) was defined in the case 2 of Theorem 4.4, and ψ2(x̄)(x̄) = 1̄. The
cosupport cosuppψ2 consists of all linear operators on k[x]/(x2) that have matrices
from the subalgebra

{(
α β
0 α

)∣∣α, β ∈ k
}
in the basis 1̄, x̄.
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(3) (if chark = 2) ψ3,θ : (k × k) ⊗ k[x]/(x2) → k[x]/(x2), where the structure of a
Hopf algebra on k × k ∼= (kC2)

∗ was defined in the case 2b of Theorem 4.4, and
ψ3,θ(α, β)(1̄) = β1̄, ψ3,θ(α, β)(x̄) = θ(α + β)1̄ + αx̄ for all α, β ∈ k, θ ∈ k\{0} is a
fixed element. The cosupport cosuppψ3,θ consists of all linear operators on k[x]/(x

2)

that have matrices from the subalgebra
{(

α θ(α+β)
0 β

)∣∣∣α, β ∈ k

}
in the basis 1̄, x̄.

(4) ψ4 : (kC∞)◦ ⊗ k[x]/(x2) → k[x]/(x2) where ψ4(λ)(x̄) = λ(c)x̄ for all λ ∈ (kC∞)◦.
The cosupport cosuppψ4 is two-dimensional and consists of all linear operators on
k[x]/(x2) that have diagonal matrices in the basis 1̄, x̄. If chark ̸= 2, then this class
of equivalent actions contains the kC2-action ψ4a : kC2⊗k[x]/(x2) → k[x]/(x2) where
ψ4a(c)(x̄) = −x̄.

(5) ψ5 = ρ∨5 (κk⟨c,d,h⟩/I0⊗idk[x]/(x2)) where ρ5 : k[x]/(x
2) → (k[x]/(x2))⊗k⟨c, d, h⟩/I is the

coaction from Theorem 5.3 and k⟨c, d, h⟩/I is the Hopf algebra from Theorem 5.2.
The cosupport cosuppψ5 is three-dimensional and consists of all linear operators on
k[x]/(x2) that have upper triangular matrices in the basis 1̄, x̄. If chark ̸= 2, then this
class of equivalent actions contains the H4-action ψ5a : H4 ⊗ k[x]/(x2) → k[x]/(x2)
where ψ5a(c)(x̄) = −x̄, ψ5a(v)(x̄) = 1̄. (Note that ψ5a = ρ∨5a if we identify H4 and H∗

4

via the isomorphism from Remark 4.7.)

Finally, the actions ψ1, ψ2, ψ3,θ, ψ4, ψ5 and the corresponding Hopf algebras are V -universal
for their cosupports V .

Remark 5.6. In the case chark ̸= 2 the actions above were first classified in [2, Theorem 6.7].

Remark 5.7. Recall that if we identify λ ∈ k[c, c−1]∗ with the sequence λn := λ (cn), where
n ∈ Z, then λ ∈ k[c, c−1]◦ if and only if the sequence λ satisfies some recurrence relation.
Denote by k× the group of invertible elements of the field k. The sequences (nkγn)n, where
k ∈ Z+, γ ∈ k

×, form a basis in k[c, c−1]◦. Note that (n)n is a primitive element and
(µn)n are group-like elements of k[c, c−1]◦. Hence we have a Hopf algebra isomorphism
(kC∞)◦ = k[c, c−1]◦ ∼= k[t]⊗ kk

× where ∆t = t⊗ 1+ 1⊗ t, (nkγn)n 7→ tk ⊗ γ for all γ ∈ k
×,

k ∈ Z+. Under this isomorphism ψ4(t
k ⊗ γ)(x̄) = γx̄.

Remark 5.8. (Co)actions on k[x]/(x2) are classified in Theorems 5.3 and 5.5 up to an equiv-
alence via idk[x]/(x2). Note that Aut(k[x]/(x2)) ∼= k

× where γ · 1̄ := 1̄ and γ · x̄ := γx̄
for all γ ∈ k

×. All the cosupports in Theorems 5.3 and 5.5 are stable under this
Aut(k[x]/(x2))-action except the ones in the case 3, which can be identified for different
θ by the Aut(k[x]/(x2))-action. This means that, up to an equivalence via an arbitrary
isomorphism, we have exactly five different classes of equivalent coactions and five ones of
actions. They are all listed in Theorems 5.3 and 5.5.

We conclude this section by proving that the Manin universal coacting Hopf algebras of
the set of two points and of the dual numbers are different.

Theorem 5.9. The Hopf algebras k⟨c, d, h⟩/I from Theorem 4.2 and k⟨c, d, h⟩/I0 from The-
orem 5.2 are not isomorphic for any field k.

Proof. Suppose k⟨c, d, h⟩/I ∼= k⟨c, d, h⟩/I0. In the case 4 of Theorem 5.3 we have shown
that the Hopf algebra kC∞ ∼= k[t, t−1] is a homomorphic image of k⟨c, d, h⟩/I0. Therefore,
there exists a surjective Hopf algebra homomorphism φ : k⟨c, d, h⟩/I → k[t, t−1]. Recall that
different group-like elements are linearly independent, which implies that {tn | n ∈ Z} is the
set of group-like elements in k[t, t−1]. Being a coalgebra homomorphism, φ maps group-like
elements to group-like elements. Thus φ(c̄) = tk for some k ∈ Z. The algebra k[t, t−1] is
commutative, hence the relation h̄c̄+ c̄h̄+ c̄2 = c̄ implies that 2φ(h̄) = φ(1̄)− φ(c̄).
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If chark ̸= 2, then φ(h̄) = 1
2
(φ(1̄) − φ(c̄)), and from relation h̄2 = h̄ it follows that

φ(c̄)2 = φ(1̄), i.e. t2k = 1. Hence k = 0, φ(h̄) = 0, φ(c̄) = 1 and the image of φ is
one-dimensional, which contradicts the surjectivity of φ.

If chark ̸= 2, then φ(c̄) = φ(1̄) = 1, i.e. φ(h̄) is a primitive element of the group algebra
k[t, t−1]. An explicit check shows that in every group algebra there are no nonzero primitive
elements. Hence again φ(h̄) = 0, φ(c̄) = 1, which contradicts the surjectivity of φ.

Therefore, k⟨c, d, h⟩/I ≇ k⟨c, d, h⟩/I0. □

6. Straight line

Recall that k[x] is the algebra of regular functions on the straight line over a field k.

Theorem 6.1. The (ungraded) Manin universal coacting Hopf algebra H@(k[x], V1(k[x])) on
k[x] does not exist for any field k.

Proof. Suppose that H@(k[x], V1(k[x])) does exist. Let

ρHopf
k[x],V1(k[x])

: k[x] → k[x]⊗H@(k[x], V1(k[x]))

be the corresponding universal coaction. Then ρHopf
k[x],V1(k[x])

(x) =
n∑
k=0

xk⊗hk for some n ∈ Z+,

hk ∈ H@(k[x], V1(k[x])).
Choose any m ∈ N such that 2m > n and consider the coaction ρm : k[x] → k[x] ⊗ H4

defined as the unital algebra homomorphism such that ρm(x) := x⊗c+x2m⊗cv. The unital
coaction ρm is indeed a coaction since ρm (x2) = x2⊗1. At the same time, there exists no Hopf

algebra homomorphism φ : H@(k[x], V1(k[x])) → H4 such that ρm = (idk[x] ⊗φ)ρHopf
k[x],V1(k[x])

since 2m > n. We get a contradiction. Therefore H@(k[x], V1(k[x])) does not exist. □

7. The cosupport may reduce under the dualization

Given a Hopf algebra coaction ρ : A→ A⊗H, the dual action ρ∨(κH⊗ idA) : H
◦⊗A→ A

cannot have a larger cosupport. Below we prove necessary and sufficient conditions for a
coaction resulting from a finite grading and the dual action to have the same cosupport.

Theorem 7.1. Let Γ: A =
⊕

g∈GA
(g) be a grading by a group G on an algebra A over a

field k such that the support suppΓ is finite. Let ρ : A→ A⊗ kG be the corresponding kG-
coaction, i.e. ρ(a) := a⊗ g for all a ∈ A(g), g ∈ G. Then cosupp ρ = cosupp

(
ρ∨(κkG⊗ idA)

)
if and only if there exists an ideal I ⊆ kG, dim(kG/I) < +∞, such that the images of
suppΓ are linearly independent in kG/I.

Proof. The algebra cosupp ρ consists of all k-linear operators A→ A that are scalar on each
A(g), while cosupp

(
ρ∨(κkG ⊗ idA)

)
is the subalgebra of cosupp ρ that consists of all such

operators that correspond to λ ∈ A◦. Let suppΓ = {g1, . . . , gs}.
Suppose cosupp ρ = cosupp

(
ρ∨(κkG ⊗ idA)

)
. Then there exists λi ∈ (kG)◦ such that

λi(gj) = δij :=

{
1 if i = j,
0 if i ̸= j.

By the definition of (kG)◦, there exist ideals Ii ⊆ kG such that

dim(kG/Ii) < +∞ and Ii ⊆ Kerλi. Denote I := I1 ∩ · · · ∩ Is. Then dim(kG/I) < +∞
and λi induce λ̄i ∈ (kG/I)∗ such that λ̄i(ḡj) = δij where ḡi is the image of gi in kG/I. In
particular, ḡ1, . . . , ḡs are linearly independent.
Suppose now that ḡ1, . . . , ḡs are linearly independent in kG/I for some ideal I ⊆ kG

where dim(kG/I) < +∞. Choose any λ̄i ∈ (kG/I)∗ such that λ̄i(ḡj) = δij. Denote
by λi ∈ (kG)∗ the induced linear functions, which are zero on I. Then λi ∈ (kG)◦ and
ρ∨(λ1 ⊗ (−)), . . . , ρ∨(λs ⊗ (−)) form a basis in both cosupp ρ and cosupp

(
ρ∨(κkG ⊗ idA)

)
.

Hence cosupp ρ = cosupp
(
ρ∨(κkG ⊗ idA)

)
. □
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Corollary 7.2. If cosupp ρ = cosupp
(
ρ∨(κkG ⊗ idA)

)
and | suppΓ| ⩾ 2, then there exists a

nontrivial finite dimensional representation of G.

Proof. It is sufficient to consider the linear representation φ : G→ GL(kG/I) of G on kG/I
by the left multiplication:

φ(g)(t+ I) := gt+ I for all g, t ∈ G. (7.1)

□

Theorem 7.3. Let G be a finitely generated group that has no nontrivial finite quotients
and let k be a field. Then (kG)◦ = kε ∼= k as Hopf algebras where ε : kG → k is the counit
(augmentation) of kG.

Proof. Let λ ∈ (kG)◦. Denote by I a two-sided ideal of kG such that λ(I) = 0 and
dim(kG/I) < +∞. Again, consider the linear representation φ : G → GL(kG/I) defined
by (7.1). As it was noticed in [11, Proposition 2.5], by [33, Theorems VII and VIII], G has
no nontrivial finite dimensional linear representations, i.e. φ(g)(t+I) = t+I for all g, t ∈ G.
Hence gt − t ∈ I for all g, t ∈ G and Ker ε ⊆ I since the augmentation ideal Ker ε is the
linear span of the elements g − 1 where g ∈ G. Therefore, λ = αε for some α ∈ k. □

Remark 7.4. For finite fields k Theorem 7.3 above follows from [1, Exercise 2.5]. An example
of a specific simple group G depending on an arbitrary field k such that (kG)◦ = kε ∼= k

was first given in [12, Lemma 2.7].

Now we are ready to give an example of an algebra A and a unital subalgebra V ⊆ Endk(A)

such that the cosupport of ψHopf
A,V is strictly less than the cosupport of ρHopf

A,V .

Theorem 7.5. Let k be an arbitrary field and let G be an infinite finitely presented group
that has no nontrivial finite quotients. (E.g. G is the Higman group or one of the Thompson
simple groups, see [28, 29].) Consider an elementary grading Γ on the full matrix algebra
Mn(k) for some n ∈ N such that the universal group of Γ is isomorphic to G. (Such a
grading exists by [27, Theorem 4.3].) Denote by ρ : Mn(k) →Mn(k)⊗kG the corresponding
coaction and let V := cosupp ρ. Then

cosuppψHopf
Mn(k),V

= k idMn(k) ⫋ V = cosupp ρ. (7.2)

Remark 7.6. Theorem 7.5 implies that the cosupport of the dual action of a coaction may
reduce and can be trivial at all.

Proof of Theorem 7.5. By Theorem 3.13, the universal coaction ρHopf
Mn(k),V

coincides with ρ

since the universal group of Γ is isomorphic to G itself. By the Duality Theorem 3.14,
the universal action ψHopf

Mn(k),V
coincides with ρ∨(κkG ⊗Mn(k)), i.e. @

H(Mn(k), V ) = (kG)◦.

However, by Theorem 7.3, (kG)◦ = kε ∼= k, i.e. ψHopf
Mn(k),V

is trivial and

cosupp ρ∨(κkG ⊗Mn(k)) = cosuppψHopf
Mn(k),V

= k idMn(k) ⫋ V = cosupp ρ.

□

Sometimes the number n that appears in [27, Theorem 4.3] can be reduced by a careful
analysis of concrete relations:

Theorem 7.7. Let G be the Higman group, i.e. the group with the generators a, b, c, d subject
to the relations

a−1ba = b2, b−1cb = c2, c−1dc = d2, d−1ad = a2 (7.3)

and let k be an arbitrary field. Then for every n ⩾ 14 there exists an elementary G-grading
Γ on Mn(k) such that:
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(1) G is the universal group of Γ;
(2) Γ is not equivalent to any grading by a finite group;
(3) if ρ : Mn(k) → Mn(k) ⊗ kG is the corresponding coaction and V := cosupp ρ,

then (7.2) holds.

Proof. Define the elementary G-grading on Mn(k) by

e12 ∈Mn(k)
(a−1), e23 ∈Mn(k)

(b), e34 ∈Mn(k)
(a),

e45 ∈Mn(k)
(b−1), e56 ∈Mn(k)

(c), e67 ∈Mn(k)
(b),

e78 ∈Mn(k)
(c−1), e89 ∈Mn(k)

(d), e9,10 ∈Mn(k)
(c),

e10,11 ∈Mn(k)
(d−1), e11,12 ∈Mn(k)

(a), e12,13 ∈Mn(k)
(d),

e13,14 ∈Mn(k)
(a−1), er,r+1 ∈Mn(k)

(1) for 14 ⩽ r ⩽ n− 1.

Then

e21, e14,13 ∈Mn(k)
(a), e54 ∈Mn(k)

(b), e87 ∈Mn(k)
(c), e11,10 ∈Mn(k)

(d).

Note that the relations (7.3) imply that

e15 = e12e23e34e45 ∈Mn(k)
(b), e48 = e45e56e67e78 ∈Mn(k)

(c),

e7,11 = e78e89e9,10e10,11 ∈Mn(k)
(d), e10,14 = e10,11e11,12e12,13e13,14 ∈Mn(k)

(a).

Suppose Γ is regraded by some group G̃. Denote by Γ̃ the corresponding grad-
ing and by ã, b̃, c̃, d̃ the elements of G̃ such that e21, e34, e10,14, e11,12, e14,13 ∈ Mn(k)

(ã),

e15, e23, e54, e67 ∈ Mn(k)
(b̃), e48, e56, e87, e9,10 ∈ Mn(k)

(c̃), e7,11, e89, e11,10, e12,13 ∈ Mn(k)
(d̃).

Then the multiplication rule for matrix units implies that

e12, e13,14 ∈Mn(k)
(ã−1), e45 ∈Mn(k)

(b̃−1),

e78 ∈Mn(k)
(c̃−1), e10,11 ∈Mn(k)

(d̃−1),

ã−1b̃ã = b̃2, b̃−1c̃b̃ = c̃2, c̃−1d̃c̃ = d̃2, d̃−1ãd̃ = ã2

and the elements of supp Γ̃ belong to the subgroup of G̃ generated by ã, b̃, c̃, d̃. Therefore,
there exists a unique group homomorphism G→ G̃ that maps the elements of suppΓ to the
corresponding elements of supp Γ̃. Thus G ∼= GΓ.

Since the Higman group G has no nontrivial finite quotients [28], Γ cannot be regraded
by any finite group. Property (3) follows from Theorem 7.5. □
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[19] Dăscălescu, S., Năstăsescu, C., Raianu, Ş. Hopf algebras: an introduction. New York, Marcel Dekker,
Inc., 2001.

[20] Elduque, A., Kochetov M.V. Gradings on simple Lie algebras. AMS Mathematical Surveys and Mono-
graphs. 189, Providence, R.I., Halifax, NS, 2013, 336 pp.

[21] Etingof, P., Negron, C. Pointed Hopf actions on central simple division algebras. Transform. Groups,
27:2 (2022), 471–495.

[22] Etingof, P., Walton, C. Finite dimensional Hopf actions on algebraic quantizations. Algebra and Number
Theory, 10:10 (2016), 2287–2310.

[23] Etingof, P., Walton, C. Finite dimensional Hopf actions on deformation quantizations. Proc. Amer.
Math. Soc., 145:5 (2017), 1917–1925.

[24] Gaddis, J., Won, R. Pointed Hopf actions on quantum generalized Weyl algebras. J. Algebra, 601 (2022),
312–331.

[25] Giambruno, A., La Mattina, D. Graded polynomial identities and codimensions: computing the expo-
nential growth. Adv. Math., 225 (2010), 859–881.

[26] Gordienko, A. S. Co-stability of radicals and its applications to PI-theory. Algebra Colloqium, 23:3
(2016), 481–492.

[27] Gordienko, A. S., Schnabel, O. On weak equivalences of gradings. J. Algebra, 501 (2018), 435–457.
[28] Higman, G. A finitely generated infinite simple group. J. London Math. Soc., 26:1 (1951), 61–64.
[29] Higman, G. Finitely presented infinite simple groups. Notes on Pure Mathematics, 8. I.A.S. Australian

National University, 1974.
[30] Kassel, C. Quantum groups. Graduate Texts in Mathematics 155, Springer-Verlag, New York, 1995,

533 pp.
[31] Kinser, R., Oswald, A. Hopf actions of some quantum groups on path algebras. J. Algebra, 587 (2021),

85–117.
[32] Lorenz, M., Nguyen, B., Yammine, R. Actions of cocommutative Hopf algebras. J. Algebra, 546 (2020),

703–722.
[33] Mal’cev, A. I. On faithful representations of infinite groups of matrices. Sbornik: Mathematics 8(50):3

(1940), 405–422.(In Russian.) English translation: Amer. Math. Soc. Transl. (2) 45 (1965), 1-18.
[34] Manin, Yu. I. Quantum groups and noncommutative geometry. Université de Montréal, Centre de
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