ON A-GENERATORS OF THE COHOMOLOGY H*(V®) = Z/2[u, ... , us]
AND THE COHOMOLOGICAL TRANSFER OF RANK 5

DANG VO PHUC*

ABSTRACT. Let denote V®" the n-dimensional vector space over the prime field Z/2.
We write A as the 2-primary Steenrod algebra, which is the algebra of stable natural
endomorphisms of the mod 2 cohomology functor on topological spaces. Working at the prime
2, computing the cohomology of A is an important problem of Algebraic topology since it is the
initial page of the Adams spectral sequence (the ASS, for short) converging to stable homotopy
groups of the spheres. A particularly effective technique for characterizing this cohomology is
the cohomological transfer of rank n, which was first introduced by W. Singer in his seminal
work [Math. Z. 202, 493-523 (1989)]. This transfer maps from a certain subquotient of
a divided power algebra to the cohomology of A. Actually, the Singer transfer is induced
over the Fa-term of the ASS by the geometrical transfer map X°°(B(V®"), ) — %°°(SY)
in stable homotopy theory. Singer formulated a pivotal conjecture that the cohomological
transfer is always a one-to-one homomorphism. The Singer transfer is closely linked to the
classical "hit problem" first proposed by Frank Peterson in [Abstracts Papers Presented Am.
Math. Soc. 833, 55-89 (1987)]. The hit problem involves finding a minimal generating set
for the unstable A-module H*(V®™) = Z/2[uy, ..., u,]. Despite several decades of research,
this problem remains unsolved for all n > 5. In this paper, we study the hit problem for the
A-module H*(V®™) and verify Singer’s conjecture for the cases where n =5 and the general
degree d = 25 4+ 2142 4 2t+1 _ 5 for any non-negative integer t. The results of our study
demonstrate that the Singer cohomological transfer is an isomorphism for n = 5 in degree d.
This provides a positive answer to Singer’s conjecture in the considered cases. The appendix
provides our new algorithm implemented on the computer algebra system 0SCAR, through
which all principal results of this paper have been completely verified.

1. INTRODUCTION

It is well-known that there is a group homomorphism Sq¢" for n > 0, between mod-2
cohomology groups of a topological space, called Steenrod squares of degrees n. They are
stable cohomology operations, that is, they commute with suspension maps. For further
information on Steenrod operations over the field Z/p (with p being any prime number),
we refer to, for example, the works by Brunetti, Ciampella, and Lomonaco [5, 6]. All the
Steenrod squares form an algebraic structure which is known as the 2-primary Steenrod
algebra A subject to the Adem relations. It was applied to the vector fields on spheres and
the Hopf invariant one problem, which asks for which n there exist maps of Hopf invariant
+1. So, the Steenrod algebra is one of the important tools in Algebraic topology. Specifically,
its cohomology Exty"(Z/2,7Z/2) is an algebraic object that serves as the input to the Adams
spectral sequence (the ASS, for short) [1] and therefore, computing this cohomology is of
fundamental importance to the study of the stable homotopy groups of spheres. These
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subjects have also been extensively studied by numerous algebraic topologists. For instance,
one can refer to the works by Palmieri [20, 21].

The cohomological transfer, defined by Singer [32], could be a useful approach to describe
the mysterious structure of the cohomology algebra of A. In order to better understand this
transfer, we will use the following notations and the relevant concepts. Let denote V®" the
n-dimensional vector space over the prime field Z/2. Then, we write H*(V®") and H,(V®")
for mod-2 cohomology and homology of BV®" (the classifying space of V¥"). One should
note that BV®" is homotopy equivalent to the cartesian product of n copies of the union
of the finite projective spaces. As it is known, H*(V®") is identified with the polynomial
algebra Z/2[uq,...,u,] on generators of degree 1, equipped with the canonical unstable
algebra structure over the Steenrod algebra (i.e., it is a commutative, associative, graded
7 /2-algebra equipped with a structure of unstable A-module and satisfying two relations, one
called the Cartan formula, and the other called the instability relation: Sq4°&® (z) = 22.) By
dualizing, H,(V®") has a natural basis dual to the monomial basis of H*(V®"). We denote by
ai,...,a, the basis of Hy(V®") dual to the basis us,...,u, of H (V%) = Hom(V®" Z/2),
so that a;(u;) = 1 if i = j and is 0 if i # j. We write the dual of u{" ... u% as agdl) ..ald)
where the parenthesized exponents are called divided powers, and be careful that in the
corresponding situation over a field of characteristic 0 in place of Z/2, agdi) = a?/d!, which
fits with the formula a(®a(®) = (d;e) al¥te) This product gives a commutative graded algebra

[(ai,...,a,) over Z/2 called a divided power algebra, where I'(ay, ..., a,) = H,(V®"), and
an element a{™ . | -al%) in H,(V®") corresponding to a monomial v ... u in H*(V®") is

called d-monomial. The (right) action of the Steenrod ring on H,(V®") is given by

t—Fk\ o
(aP)Sq’“:( . )a? V1<j<n,

and the standard Cartan formula.

Now, let PyH.(V®") be the subspace of H,(V®") consisting of all elements that are
annihilated by all Steenrod squares of positive degrees. The general linear group GL, =
GL(V®") acts regularly on the classifying space BV®" and therefore on H*(V®") and
H,.(V®"). This action commutes with that of the algebra A and so acts on Z/2 ®, H*(V®")
and PyH,.(V®"). For each n > 0, Singer constructed in [32] a linear transformation from
PyH, (V") to the n-th cohomology group Ext}""*(Z/2,7/2) of A, which commutes with
two Sq”’s on PyH,(V®") and Ext}""*(Z/2,7/2) (see Boardman [2] and Minami [16] for
more about this). He shows that this map factors through the quotient of its domain’s
G L,,-coinvariants to give rise the so-called cohomological transfer of rank n

0n(Z/2) : (Z)2 @1, PhH.(VE"))e — Ext)"*(Z/2,Z/2).

Here (Z/2®qr, PaH.(V®™)), is dual to the space of G L,-invariants ((Z/2®4 H*(V®")),)%Ln.
It is to be noted that ¢}(Z/2) is induced over the Es-term of the ASS by the geometrical
transfer map X°(B(V®"),) — £°°(S%) in stable homotopy theory (see also Mitchell [17]).
The work of Minami [16] indicated that these transfers play a key role in finding permanent
cycles in the ASS. In the second cohomology groups of A, following Mahowald [14] and
Lin-Mahowald [12], the classes hih; for j > 3 and h? for 0 < j < 5, are known to be the
permanent cycles in the ASS. In 2016, Hill, Hopkins, and Ravenel [10] showed that when
j > 17, the class h? is not a permanent cycle in the ASS. It is surprising that so far there is no
answer for j = 6. The question of whether these hjz are the permanent cycles in the ASS or
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not is called Kervaire invariant problem in literature [4]. This is one of the oldest unresolved
issues in Differential and Algebraic topology.

Directly computing the domain and codomain of the Singer transfer ¢*(Z/2) is a challenging
task. Singer himself demonstrated that ¢} (Z/2) is an isomorphism for n < 2, and Boardman
showed this for n = 3. Notably, in the same paper [32], William Singer proposed a conjecture
that ¢! (Z/2) is a one-to-one mapping for all n. This conjecture was previously established
by Singer himself for n = 1, 2 and by Boardman [2] for n = 3. We established in [27] that the
conjecture is valid for n = 4, but it fails in general; see [30] for a counterexample of rank 6 in
degree 36. The computation was fully checked in the computer algebra system O0SCAR.

As it is known, the polynomial ring P, := Z/2[uy, ..., u,] is a connected Z-graded algebra.
That is, P, = Z/2 ®(Bg=0(Pn)a), where (P,)q is the vector space of homogeneous polynomials
of degree d. The Singer transfer we are discussing is closely related to the hit problem in
literature [22] of determination of a minimal generating set for the unstable A-module P,.
Historically, the hit problem was initially raised in 1982 by Boudriga and Zarati [3] for
the A-module H*(K(Z/2,n)), n =1, 2, 4, in order to study the multiple points of a given
codimensional 2 immersions. In this context, K (Zs,n) refers to the Eilenberg-Maclane space,
and note that H*(K(Z/2,1)) = P,. By Minami [15], the hit problem is also considered as
a useful tool for studying permanent cycles in the ASS. A homogeneous element f € (P,)4
is hit if there is a finite sum f = >,.,5¢’(f;), where the homogeneous elements f; belong
to (Pn)a—;, d > j. The interested reader may consult the following references for further
information on hit problems: Crabb-Hubbuck [8], Kameko [11], Monks [19], Moetele-Mothebe
[18], Phiic and Sum [23], Phic [24, 25, 26, 28], Sum [34, 35, 36], Repka-Selick [31], Singer
[33], Walker-Wood [37], Wood [38], and others. When Z/2 is a trivial A-module, solving the
hit problem is equivalent to determining the "cohits"

QP, :=7/2®4 P, = P,/AP, = Tory(Z/2, P,),

as a graded vector space, or more generally as a graded module over the group algebra
Z/2|GL,). Here A denotes the augmentation ideal in A. Denote by (QP, )4 the subspace of
@ P, consisting of all the equivalence classes represented by the homogeneous polynomials
in (P,)q. Frank Peterson [22] conjectured that (QF,)s = 0 if and only if a(n + d) < n, for
all d where «a(k) is the number of 1’s in the dyadic expansion of a positive integer k. His
motivation for this was to prove that if M is a smooth manifold of dimension d such that
all products of length n of Stiefel-Whiney classes of its nomal bundle vanish, then either
a(d) < n or M is cobordant to zero. The conjecture was established by Wood [38]. While
the general case remains open, the hit problem has been fully resolved for any n < 4 and
degree d by Peterson [22], Kameko [11], and Sum [35].

Despite the efforts discussed above, knowledge of the hit problem and the Singer transfer
in five variables remains limited. Accordingly, and as a continuation of our previous work
n [26], this work studies the hit problem for the A-module Ps and the fifth cohomological
transfer ¢3(Z/2) in all degrees of the form

d=2"1> 4242 4 o 5 (t € 7).

The choice of this "generic" degree d stems from the intrinsic interest and computational
complexity of determining bases for (QPs), and its invariant subspaces. A detailed treatment
is provided in Section 3, and Appendix 4 contains an explicit description of the associated
admissible bases together with links to our algorithm implemented on the computer algebra
system OSCAR, by means of which all main results of Section 3 have been fully verified.



4 DANG VO PHUC*
2. BACKGROUND

As preparation for the main results of the paper, we recall basic material on the hit problem
in a concise form; for more context, consult [11, 37].

Definition 2.1 (Weight vector and exponent vector). We say that a sequence of
non-negative integers w = (wy,ws, .. .,w;, ...) is a weight vector, if w; = 0, for ¢ > 0. Then,
one defines deg(w) = Y ;5 2" 'w;. With a natural number d, let denote a;(d) the j-th
coefficients in dyadic expansion of d, then a(d) = ;50 a;(d), and n = 3,50 a;(d)2’, where
a;j(d) € {0,1} for all j > 0. For a monomial u = uj'us?...ul" € P,, let us consider two
sequences w(u) 1= (wi(u),...,wi(u),...) and (a1, as, ..., a,), where w;(u) = 31 <<, @i—1(a;),
for every i. They are respectively called the weight vector and the exponent vector of u. By
convention, the sets of all the weight vectors and the exponent vectors are given the left
lexicographical order.

Definition 2.2 (Linear order on P,). Let u = u{'u3>...u% and y = u}'ub? ... ub" be
monomials in P,. We write a, b for the exponent vectors of v and y, respectively. We say
that u < y if and only if one of the following holds:

(i) w(u) <w(y);

(il) w(u) = w(y) and a < b.

Definition 2.3 (Equivalence relations on P, ). For a weight vector w of degree d, let us
denote two subspaces associated with w by

(Po)a(w) = {u € (Pn)dwu) <w}),
(Fa)a(<w) = ({u € (B wlu) <wi).
Let f and g be two homogeneous polynomials in (P,),. Equivalence relations "~" and "~
can be defined on P, in the following manner:
(i) f ~ g if and only if (f — g) € AP,. (Note that since working mod 2, f —g = f +g.)
(i) f o g if and only if £, g € (Pa)q(w) and (f — g) € (AP, 1 (Pa)a(w) + (Pu)a(< w))
In particular, if f ~ 0 (resp. f ~, 0), then we say that f is hit (resp. w-hit).
Let us denote (QP,)q(w) as the quotient space of (P,)4(w) via the equivalence
relation "~,,". According to [37, 36], this (QP,)q(w) is also a GL,-module. Notably,
an isomorphism exists, given by

(QP)s= P (QP,)a(w) (see also [28]).

deg(w)=d
If we put
(Pn)>0 = ({u= [Ticj<n U;'Yj SIS [lhi<j<nvi > 0}),

then (P,)° and (P,)>° are A-submodules of P,. We denote by (QP,)° := Q(P,)° and

(QP,)>° := Q(P,)>°. Then QP, = (QP,)° ®(QPF,)>". Hence, (QP,)q = (QP,)®(QP,);°
for any positive degree d.

Definition 2.4 (Admissible monomial and inadmissible monomial). A monomial u
in P, is said to be inadmissible if there exist monomials wy, us, ..., ux in P, such that u; < u
forall j, 1 <j <k, and u~ (u; + ug + - - - + ug). Then, we say that u is admissible, if it is
not inadmissible.
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Additionally, one defined strictly inadmissible monomials as follows. A monomial u in P, is
said to be strictly inadmissible if there exist monomials u, us, . . ., uy in P, such that u; < u for
all j, 1 < j <k,andu =Y cjcp Uj+>0cmes1 5S¢ (u,), where s = max{i € N : w;(u) > 0}
and suitable polynomials u], € P, with deg(u,,) = deg(u) — 2™.

The following important theorem, which is due to Kameko [11] and Sum [35], can be
viewed as a criterion in the calculation of the inadmissible monomials.

Theorem 2.5 (Criteria on inadmissible monomials). The following assertions are true:

(i) (see [11]) Let z,w be monomials in P, and let r be a positive integer. Suppose that
wr(2) # 0 and w;(z) = 0 for all j > r. Consequently, if z is strictly inadmissible, then
50 s zw?

(i7) (see [35]) Lety and z be monomials in P,. For an integer r > 0, assume that w;(y) = 0
for all i > r. Consequently, if z is inadmissible, then so is yz* .

From the above data, we have seen that (Q P, ), is a Z/2-vector space with a basis consisting
of all the classes represented by the admissible monomials in (P,)4.

Definition 2.6 (Spike monomial). A monomial u?'ub? ... ubr in P, is called a spike if

every exponent b; is of the form 2% — 1. In particular, if the exponents ¢; can be arranged
to satisfy ¢; > co > ... > ¢,_1 > ¢, > 1, where only the last two smallest exponents can be

equal, and ¢; = 0 for r +1 < 57 <n, then ull’lug2 ...ubr is called a minimal spike.

Lemma 2.7 ([23]). All the spikes in P, are admissible and their weight vectors are weakly
decreasing. Furthermore, if a weight vector w = (w1, ws, ...) of degree n is weakly decreasing
and wy < n, then there is a spike z € P, such that w(z) = w.

Notation 2.8. It will be helpful to use the following notation: we will denote the set of all
admissible monomials of degree d in the A-module P, by ¢;". For a monomial u € (P,)4,
write [u] for the equivalence class of u in (QP,)q. If w is a weight vector and u € (P,)q(w),
then we denote by [u], the equivalence class of u in (QF,)s(w). Moreover if w is a weight
vector of a minimal spike, then [u], = [u].

The following tools are useful for studying the hit problem. We consider the arithmetic
function p : N — N that is determined by
pu(d) = min{n eN: a(d+n) < n}
=min{n € N: d=3,(2% -1), 5;>0, 1 <j<n}
In [11], Kameko defined the epimorphism
(@)Qdm : (QPn)2dqn — (QPn)d:%

[y] if v = H1§j§n ij27
0 otherwise.

[]

Theorem 2.9. For each positive integer d, the following hold:
(i) (see [38]). (QP,)q is trivial if pu(d) > n. Consequently QPF, is trivial in degrees d
unless d is of the form d = 21 +2%2 ... 4 20— with t; >ty > --- > t, > 0.
(i7) (see [11]). The homomorphism (Sq°)agin is an isomorphism if and only if p(2d+n) =
n.
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Thus, utilizing the aforementioned theorem and the isomorphism between the domain of
the Singer transfer and ((QP,)4)%"", we can focus exclusively on studying the hit problem
for the A-module P, and the behavior of the Singer transfer ¢*(Z/2) in degrees d such that
pu(d) < n.

In his paper [33], Singer observed that if p(d) < n, then there exists a unique minimal
spike of degree d in P,. Additionally, he proved the following outcome.

Theorem 2.10 (cf. Singer [33]). Suppose that u is a monomial in P, with p(deg(u)) < n.
Let z be the minimal spike in P, with deg(z) = deg(u). Then, if w(u) < w(z), then u € AP,.

The converse of this theorem does not hold in general.

3. KEY OUTCOMES AND THEIR RESPECTIVE DEMONSTRATIONS

As previously noted, this section focuses on investigating the hit problem for the A-
module P5; and the behavior of the Singer transfer of rank 5 in the general degree d =
205 4 9t+2 4 ot+l _ 5 wwhere t > 0, t € Z.

We will begin by studying the structure of the space (QFs)q.

Case t = 0. We have d = 205 4 202 1 2041 _ 5 — 33 We observe that since the Kameko
squaring operation (S¢?)ss : (QPs)33 — (QF5)14 is an epimorphism, we have an isomorphism

(QPs5)33 = Ker((ng))%) @(QP5)14-

As it is known, there exist exactly 320 admissible monomials of degree 14 in the A-module
P5. Consequently, (QPs)14 has dimension 320 (see also [26]). Thus, in order to obtain a basis
for the space (QPs)s3, we must calculate the dimension of Ker((S¢?)s3). In this regard, the
following remark may be of interest.

Remark 3.1. We claim that if g is an admissible monomial of degree 33 in Ps such that
[g] belongs to Ker((S5¢%)s3), then w;i(g) = 3. Indeed, since u3'uyuz is the minimal spike
of degree 33 in the A-module Ps and w(u3'usuz) = (3, 1,1,1,1), according to Lemma 2.7,
u3luyug is admissible. Because g is admissible, and deg(g) is odd, by Theorem 2.10, either
wi(g) = 1 or wi(g) = 5. If wi(g) = 5, then g is of the form [],<;<5u;h?, in which h is a
monomial of degree 14 in Ps. Since [[;<j<5 u;h* is admissible, following Theorem 2.5(i), h
is also admissible. So, (5¢2)s3([[T1<j<su;h*]) = [t] # [0], which contradicts with the fact
that [g] = [[Ti<j<su;h*] € (Sq?)s3. Thus, we must have wi(g) = 3, and therefore by the
above arguments, g can be represented as u;u;uph?, where 1 <i < j <k <5, and h is an
admissible monomial of degree 15 in P;. According to Sum [34], w(h) belongs to the set
{(1,1,1,1), (1,1,3), (3,2,2) (3,4,1)}, and therefore, we may conclude that the weight vector
w(g) of g is one of the following sequences:

B = (3,1,1,1,1), G = (3,1,1,3), @@ = (3,3,2,2), Gu = (3,3,4,1).
Thus, we have an isomorphism
Ker((S¢%)ss) 2 (QPs)3 @ (Ker((S¢0)as) N(QP5)37)
= (st)gg (@1<Z<4 QFs)3. 33 W(z )
We now compute the subspaces (QP;)3; and (QPs)33 ().



A-GENERATORS OF H*(V®®) = Z/2[us,...,us] AND THE COHOMOLOGICAL TRANSFER 7

Computation of (QP5)3,. From [37], we have

(3.1) dim(QPs)5 (@) = > <i> dim(QP,)33 (@),
(3:2) dim(QPs)z; = > @ dim(QP)3;

Since 11(33) = 3, (QP)33 is isomorphic to (QPs)15. So dim(QPs)3y = dim(QP3)15 = 13 (see
Kameko [11]). Following Sum [35], dim(QP,)35 = 84, and so, by (3.3), we get

dim(ng)g3 =13 (g) + 84 (i) = 550.
According to Sum [35], (QPy4)s3 = (QPy)s3(0q1)) D(QPy)33(@s)), which shows that (QPs)%5(02)) =
(@Ps)33(&)) = 0, and
(QP5)53 = (QP5)53(&01)) D(QP5)355(@0s)-

Moreover, by Kameko [11], we have dim(QP;)3y (@) = 7 and dim(QP3)3y (@(3)) = 6. By
Sum [35], we have dim(QPy)3y (@) = 17 and dim(QPy)3y (@(3)) = 67. So, using (3.1), we
derive:

dim(QPs)3 (@) =17(3) +17(})
dim(QP5)%(@) = 6(3) +67(3) = 395.
Computation of (QPs);; (@w()). We obtain

155,

Theorem 3.2. The following statements are true:

31 ifi=1,
dim(QPs)3 (@) =3 0 #i=24,
421 ifi = 3.

Proof. We prove the theorem for the cases where ¢ = 1, 2, 4. The remaining case can be
obtained through analogous calculations.

e Case i = 1. According to Moetele and Mothebe [18, Proposition 1], if ¢ is an admissible
monomial in the A-module P,, then ¢ must take the form ¢ = uf ' ~'u§*u3®...u%. By
this, we only need to consider the monomials of the form ¢ := w;ujut?* = [Ti<i<s ", with
e 1<i<j<k<5 a €{1,3715}, and [[y<jcs; > 0. A simple computation
indicates that if t # adm;, 156 < i < 186, where o

admyss = upuguzuiu®, admisy = ujuguiugu®, admisg = ujuguiuus, admise = ujuiuzugus,
admygy = wyusuzuius, admyg = ujududugus, admigy = ujuguiuju?®, admigs = ujuiuguju,
admigs = ulu%u§u4u§5, admigs = uluguéui‘f’%, admygg = u1u2u§uiu§4, admyg; = ulugu;;uiug‘l,
admigg = u1u§u§u4u§4, admygg = ulugugui4u5, admyrg = u1u2u§uﬁu§4, admj;; = ulugu;),uﬁug‘l,
admiry = ui’u2u3uiu§4, admir3 = u1u§u§u4u§4, admyry = u?u2u§u4u§4, admyrs = ulugugui‘lu&
admizg = uugujuitus, admi;; = ulugugu?iuy, adm;rg = uluguguiuy, admyrg = ujuduguiul’,
admygy = wdugugufui’, admig; = wjuduiuiul®, admigy = wjuduiuful®, admigs = uduguiuiui’,

— 01 ar30/50/80,16 — 2307 215,8,16 — 2350028, 16
admigy = wusuzugus°, admigs = ujuguguzus°, admigg = ujususugus,
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then either ¢ € {uuSulusui®, vuduiu®us}, or t is of the form , where t' is one of the fol-

3,49 34 9 3,4,9 3,4 8 3,4, .8 3,4,8
lowing inadmissible monomials: ujususuy, ujususws, UTUSUSUS, UTUGUSULUS , UTUU3UGUs5, UTUSUSU4Us.

Applying Cartan’s formula, we obtain the following equality:

t,216

ududuSugu® = Sqt (u1u2u§U4u5 + wdudujugut® + udududugu’ + ududuzuiu®
tududuzuiui® + ududuzufuit ) + Sq? (u1u2u§u4u5 + uSudujugui®
+uduiudusu® + ufuiusuiuit + uudusuiul® + uiuduzuiu® + u1u2u3u4u§4)
+Sq (u1u2u3u4u5 ) + wduSuzufui® + udusuzugut + viuSuzugut + 3 X,
where w(X) < w(ufujuiusui®) = @y. Thus the monomial ufujufusui® is inadmissible, and

so is wiujufu ®us. On the other side, we observe that wy(t') =1 # 0, and w;(t') = 0 for all

J > 4. So, following Theorem 2.5(ii), t = #'2'® is inadmissible. Therefore, it follows that
(@P3(@) = (ladml,,, = [adm | 156 < i < 156}).

Let us demonstrate that the set {[admi] | 156 < i < 186} is linearly dependent in
(QPs5)35(@(1)). To do so, consider the set

N51:{(l,$>’gz(ll,b,...,lr),lgl<l1<12<...<l7«§5, 0§7"§4},

where by convention, . = (), if r = 0. Denote by r = ((.£) the length of .Z. For a pair
(I, £) e Nswithr =4(ZL)=1,% = (I'),and 1 <1 <1’ <5. We define an A-homomorphism
Pur) : Ps — Py, as follows:

w; if 1<j<i—1,
p(u/)(uj) = Uyr—1 lfj = l,

We assume that there is a linear relation S = Yise<i<ise viadm; ~ 0, in which ~; € Z/2
for every i. According to Sum [35], (QP%")>°(@q)) = ({[Adm;] : 1 < j < 17}), where the
admissible monomials Adm; are determmed as follows:

Adm; = wyududu?, Admy = wpuduju?,  Admz = wduguiu?®,  Admy = ujududui?,
Adms = wduguiui?, Admg = wdujuzuit, Adm; = wjuguiu?®,  Admg = ujuduzu?®,
Admg = wyuduPuy, Admyg = ujuguzui’, Admy; = uyuguiluy, Admiy = wyudlugzuy,
Admyz = vjugu3ud®, Admyy = wpudugul®, Admgs = wyusuuy, Admig = udususzus®,

Admy; = vdususduy.

From this result, we determine explicitly p)(S) in terms Adm; modulo (AP;). Then, a
direct computation using the relations pq)(S) ~ 0, for 1 <1 <3, and 2 <1’ < 4, one gets
v; = 0, for all ¢, 156 < i < 186.

e Case v = 2. Let us recall that by Remark 3.1, the monomials of degree 33 has form

wujupt? with 1 <i < j < k <5 and t € 62°. Following [34], |4,2°| = 432. Thanks to this

result, we find that if ¢ € (P5)33(@(2)), then t is one of the following monomials: wjujufujus,

u‘;’u%uguiug, wdujuuius, udusuSuiu?, uduiuSuiul, udusujuiud. Let us consider the monomials
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wdujuSulu? and viuduiuiul. Applying the Cartan formula, we get
wtugugujul = Sq' (uuguz’uius)
+S5¢* (utuguiPuud + uSuguSuui® + udusuSulu + uuiuSuiul)
+S5¢* (vuduSuiud + uduguSuui’ + uduguuiug)
Fuusu§uiui® + ujusufuitug + uiusuFuuy mod ((Ps)ss(< D)),
ujuguuiuy = Sq' (ujugusuiuy’) + Sq* (uiuguzujus’ + uiuguiujus’)

9 9
+S¢t (ududuzufuit + udududuiul” + ududuguiu?)

+5¢* (ufusuzujug)  mod ((Ps)ss(< &z))-

These calculations show that uduiuludu? is strictly inadmissible and that w3uludulu? is
1UQU3UL U5 U U3U4 U

5)-hit. Similarly, the monomials uujufujul, uiujujuius are strictly inadmissible and

ui’ugugugu?, uuduluful are Wp)-hit. Thus, (QP;)3 (D)) is trivial.

e Case i =4. Let ¢ be a monomial in (Ps)33(@)). Since ¢t = wuut? where 1 < i < j <
k<5andtc %%, from a result in Sum [34], we ﬁnd that t is the permutation of each of
the following monomial:

24,5, 7. 15 24,7, 7,13 2,55, 6, 15 2,55 7, 14 25,6, 7, 13
U TUUULUE ™, UTUSUsU4 U5, U UU3U4US U1U2U3U4U5 y  UTUU3UUS ™,

2.5, 7. 712 3,4,4,7 15 3,45 6, 15 3,45 7 14 3,4,6,7, 13
UTULU3U4US, “1“2“3“4“5 y UUUsUgUy U1U2U3U4U5 y  UTUoUsU U™,

3,4,7. 712 3,5 14 3,5, 6,6, 13 3,5, 6,7, 12 4,4, 7 7. 11
U U Uz U4 UE™, U1U2U3U4“5 y UUUsU Uy, UjUgUgUyUs™, U UQU3U4US,

4,5,6, 7,11 4,5, 77,10 5,5 6,7, 10
uiudubuludt, wiudululul® wudubulul’.

It is straightforward to check that these monomials are inadmissible. For instance, using
the Cartan formula, we find that

wtuguzuiuy’ = Sqt (ufuguiu'us® + uiusuiuiug’) + Sq (uiusuzuius’)
+ Sq* (uiusuzuius®) + smaller monomials.
Therefore (QPs)35 (@) is trivial. The theorem is completely proved. O

The computational outcomes imply the following corollary.

Corollary 3.3. There exist exactly 1322 admissible monomials of degree 33 in the A-module
P5. Consequently, (QPs)ss is 1322-dimensional.

Applying the above data, we can explicitly determine the G Ls-invariants ((QPs)s3)“%®. By
using Theorem 3.2, we obtain an isomorphism that can be used to compute the desired this
invariant space:

(QPs)33 = Ker((S¢%)s3) D(QPs)11 = (QPs)33(&0)) D(QPs)33(@3) D(QPs)1a
This shows that
(33) dim((QP5)33)GL5 S dim((QP5)33(LTJ(1)))GL5+dim((QP5)33(<D(3)))GL5—|—dim((QP5)14)GL5.

Thus, to obtain the dimension of ((QPs)33)%s, we need to determine the G Ls-invariants
((QP5)33( )¢ for i = 1, 3 as well as ((QPs)14)"s. The description of ((QPs)14)%" can
be found in our previous work [28], where the following theorem is stated.
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Theorem 3.4. The space ((QPs)14)%" has dimension one. Furthermore,

(QPs)10)" = ([C(ur, ..., us)]),

wherein
Clurs -y us) = uuzufus + wruzuful + wiuuiug + uupugus + uupusug

3,3,4,4 3, 3,4, 4 3,3, 4,4 3,3, 4,4 3,3, 4,4
FURUZU U5 + UTUZUL U5 + UTUUZ U + UTUSUUS + UT U Uz Uy

+uguguiujul + uyuguiubud + uyuguSuiud + uuduzuiud

2,4, o6 6, 020/4 2,3, 4,4 3,2, 4,4
FUL UL U UL UL+ U U U3 UG U5 + U USUSUHUS = U U UZUY U

+uduguiujus + uugusuiui + uyuduzuiug + uuiusuiu;.
Theorem 3.5. The invariants ((QPs)33()))“" and ((QPs)ss(@s))) vanish.

Proof. Before we proceed, we must define the action of the general linear group GL5 on
the polynomial algebra Ps. It is well-established that GLs; = GL(5,7Z/2) is generated by a
specific set of operators. We define these generators as the set of A-algebra homomorphisms
{p1,-..,ps}, where their actions on the generators u; of P5 are given as follows:

(1) The Adjacent Transpositions (p; for 1 < j <4): These 4 operators generate the
symmetric group X5 C GLs. Each p; swaps the adjacent variables u; and u;;; and
fixes all others:

ujr it =,

U, otherwise.
This set generates >5 because any permutation can be decomposed into a product of
adjacent transpositions.

(2) The Transvection (ps): The final generator needed to obtain the full GL5 group
is the transvection ps. This operator adds the variable uy to us and fixes all other
variables:

{U5+u4 if i =5,

This set {p1, ..., ps} successfully generates GLs. The set {pi, ..., ps} generates all permu-
tation matrices (Type I elementary operations). The operator ps is an elementary transvection
(a Type III operation, C5 — C5+ Cy). All other transvections C; — C; +C; can be generated
by conjugating ps with permutation matrices, which are themselves generated by {p1,...,ps}.

Let f = ui'u5?®...us® be a monomial in (Ps)s3. The weight vector w(f) is invariant under
the permutation of the generators w;, j = 1,2,...,5; hence (QFs)33(@(;)) also has a X5-
module structure. The linear maps p; induce homomorphisms of A-algebras, also denoted by
Pj P5 — P5.

Therefore, a class [f];, € (@QF5)33(w)) is a GLs-invariant if and only if it is invariant
under all generators:

pi(f) ~a f foralll1 <j<5.

If this condition holds only for 1 < j < 4, then | f]%) is an Ys-invariant.

In what follows, let fi, fo,..., fs be monomials in (Ps)33(Wg;). For a subgroup G of
GLs denote by G(fi; fa;..., fs) the G-submodule of (QPs5)s33(w(;)) generated by the set

{[filz, - 1<i<s}h
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Computation of the invariant space ((QPs)s3(w)))%*s. We have

By the above calculations and Theorem 3.2,
dim(QPs)95 (@) = 155, and dim(QPs)33 (@) = 31.

We can easily observe that the basis for (QPs)3;(w(1)) is given by the set of equivalence classes
represented by the following admissible monomials:

adm1

adm5

admyg

adm13
adm17
adm21
adm25
adm29
adm33
adm37
adm41
adm45
adm4g
adm53
adm57
adm61
adm65
adm69
adm73
adm77
admgl
adm85
admgg
adm93

adm97 =

adm101
adm105
admmg
adeg
adm117
adm121
adm125
admlgg
adm133
adm137
adm141
adm145
adm149

31
Ugtquyg™,

31

UQU4 Us,
31
UaUs3 Uy,

31

U1u4Uy",
31

U1U3 Us,

3

1
U7 UzUyg,
31
U1Uy Uy,
31
UrUy Uz,

30
U1 U2U5 Uy,
2,,29

3 28

3 28

3,,28

3 28

UrUsu3zUs ",
30

U1U2 UzUy,

adm2

adm6

admm
adm14
admlg
adm22
adm26
admgo
admay
admgg
adm42
adm46
adm50
adm54
adm58
adm62

adm66 =
admm =

adm74
adm78
adm82
admgﬁ
admgg
adm94
admgg
adm; gy
admygg
admy g
admy 4
admyig
adm;oy
admy g6
admy 39
adm;34
admysg
admy g9
admy 46
admysg

31
u3u4 Us,

31

UguUzUy,
31

U2 UqUs5,
_ 31

U1U4 Us,
31

UUz Uyg,

31

U UUs ",

31

U7 U2Us,
31
ul Ua2u3,

3 5,,24

UyUzyus -,

3,,5 24

30
U2UzUy Us,

30
U1U2U3 Us,

U1U2 U%Uig s
u§u3u4u§8,
U UpUSUES,
uyusuzu3e,
udupuz Uz,
Usuugud?,
uduzuus,

2,5,25
U uzuyUs-,

3,5, 24
UgUsU U5

adms = u§1u4u5,
admy; = upugus!,
admy; = udtusus,
admis = ujuzui?!,
admyg = u3tugus,
admyz = uyugud?,
admy; = uluguy,
admg; = uguiu2?®,
admgs = ugudu2?,
admsg = u§u3u§9,
admys = uluiugg,
admyr; = wiuus,
adms; = u§u§9u4,
admss = udugu??,
admsg = uduyu2?,
admgs = ususu2®,
admg; = udusu2®,
admn = UQU3U4U§O,
adm75 = U1UQU3UZO,
admzg = ujuiugu??,
admgs = ujuiuidus,
admgy; = udusu3dus,
admg; = ujuiujus®,
admgs = udusuiu?®,
admgg = udusuju?,
admigz = uyuduju?t,
admygr; = U1U3U30U57
admnl = u2u3uiu§9,
admis = ulugugu?,
admiig = um;;uiu%g,
admioz = ujuiugus®,
admyg; = uduguzu3®,
adm;3; = u2u§°u4u5,
admyss = uyuiuus,
admizg = uyuduus,
admigs = ulu%ugui‘f’,
admi; = ui’uwﬁug‘:’,
admys; = udugujui?,

(QP5)s3(@()) = (QPs)33(@q)) D(QPs)35 (@y)-

adm4

admg

adm12
adm16
admgo
adm24
adm28
adm32
adm36
adm40
adm44
adm48
adm52
adm56
adm60
adm64
adm68
adm72
adm76
admgo
admg4
admgg
adm92
adm%
admygg
admigy
admyg
admy o
admy g
admgg
admgy
admgg
admy 39
admysg
admy 49
admigy
admg
adm; sy

.,us] AND THE COHOMOLOGICAL TRANSFER

31
UgU4Ug",

31

UaU3™ Us,
_ 31
Uy U3U4,

31
U1U3U4 )
31
Uy uUsUs,
31
U1U2 Us,
31
Uyugus3,

30
U1U3U4LUE
30

U1 U2U3UE ",
2 29

2,.5,,25

2

— 29

UQUgUiU%S,
U,1U§U4U§8,
uuguguZs,
U ugusuZs,

30
U1U2U4 Uy,

_ 2,,29
= U1UU4 U5,

3,4, 95
UgUzUyUs ",

3,5, 24
UrU3U UE ",

11
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3.5, 24 _ 3,.5,,24 3,5, 24
adm;ss = ujugugus, admisy = wusugus, admiss = ujusugus .

From this, an easy computation shows that

(s (admy)]) = ({fadm; : 1 <5 <30]}),
([35(admsy )]) = ({ladm; : 31 <j < 60]}),
(s (admg)]) = ({fadm; : 61 <j <70]}),
([E5(admyy, admyrs, admg )]) = ({[adm; : 71 < j < 155]}).

So, we have an isomorphism

(QP5)33(@()) = ([Bs(admy)]) B([Xs(adms )]) ([Xs(adme )])
@ ([¥s(admyy, admzg, admgy )]).

Lemma 3.6. The following statement hold:

([25(adm1)])25 =([q1 = Zl§j§30]>v

([Xs(adma )])™ = ([ == 231§j§60]>7

([X5(admg )])= = (g3 = E61§j§70]>7

([%s(admyy, admzs, admgy )])™ = ([q]), with @a = Xr1<j<is0-
Consequently, ((QPs)$(@m)™ = ({(@] (@ @], d]})

Proof. For simplicity, we only provide a description for the ¥s-invariant ([¥5(admg;)])>s, and
similar calculations can be used to obtain descriptions for the others.

It is observed that ([¥s(admg)]) is a Z/2-vector space of dimension 10, with a basis
consisting of all the classes represented by the 10 admissible monomials: admy, 61 < k& < 70.
Given an arbitrary [f] in ([X5(adme;)])>®, it should be noted that since @y is a weight
vector of a minimal spike, [f];(l) = [f] for all [f] € {[X5(admg;)])™5. Then we can write
[~ Ye1<k<ro Ykadmy wherein v; € Z/2 for every j. By applying the homomorphism p; :
P; — P5 for 1 < j <4, to both sides of this equality, we obtain:

p1(f) ~ ysadme; + ys2admgs + yzadmes + yesadmer + Yesadmey
+ys6admes + Yeradmey + YesuSusu® + youdusu® + yrouiududs,
p2(f)  ~ ve1admes + Yeoadme + Yesusujuz® + Yesusuiui® 4 yesadmes
+7ssadmes 4 yradmey + Yesadmes + Yeoadmer + Yrouius’us,
p3(f) ~ yeruguiud® 4+ yeradmes + yezadmes + Yeausus’ui + Yesadmee
+ys6admes + Yerususoug + yesadmgs + Ygeadmyg + Yroadmeo,
pa(f) ~ yorudui ud + yeousui’ul + vesadmey + Yesadmes + Yesuiui ul

+y66admer + Yeradmes + Yssadmey + Ys9admes + yroadmyy.
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Using the Cartan formula, we can express the following 11 inadmissible monomials in terms
of the basis of ([¥5(admg)]):

5,3,25 ,.5,3,25 .5 3 25 53 25 .5 3 25
UpUpUs™, UTUQU,", U UUZ™, UgUzUs™, UgUzUy”,

53,25 ..3.25.5 3,255 _3 25 5 .3 925 5
UzUyUs~, UTUS Uz, UgUz Uy, UUZ Uy, UsUy U,

3,255 .3, 25 5
UjUy Uy, UpUy Us.

Verily, a straightforward computation demonstrates:

wuiu® = S¢* (uluud®) + admes = ujuiu® ~ admegs,

wbudut® = S¢* (uludut®) + admey = ujuiu® ~ admgy,

ubusuy’ = Sq* (ulusuy’) + admyy = ujusus® ~ admyy,

uduzus® = Sq? (usuzuz’) + admez = ujuzuz® ~ admes,

uduzui’ = Sq? (usuzui’) + admegy = ujuzui® ~ admey,

uuiuz® = Sq* (usuius®) + admg = uduiuz’ ~ admg,

wturul = Sqt(utudtul + viuzPud® + uuduit) + Sq® (uiudPug + udujuz®) + admyg
= wius’uj ~ admyg,

usuul, = Sqt (uiuitul + uiuiPul® + uiuiui') + S¢d(uiuztul + udugul®) + admey
= usuz u) ~ admey,

wjuz ul = Sqt(ujuz ul + viuztuy® + uuiui') + Sq¢® (wiudtul + uiujul®) + admg;

= wiuz’u] ~ admgy,

3,255 _ g 4¢3 21 5 | 3 13 13 , 3 5 21 8(,3,13.9 | 39 13
usuyuy = Sq° (uzuy uy + usu us” + usuyus ) + Sq° (uzuyuy + usuyus”) + adme;

= uiui’ul ~ admg,
3,25 5 40,3 21 5 3 13 13 3 5 21 8,3 13 9 | 3 9 13
wyuguy = St (ujuy up + uug us” + ujuyus ) + Sq° (ujuy s + ujuyug”) + admes

= ujui us ~ admgs,

3,255 _ o 4(,3 21 5 | 3 13 13 3 5 21 8(,3,13.9 | 3 9 13
uyuus = Sq°(upug up + uyugus” + usuyus ) + Sq° (uyuySuy + usuyus”) + admes

3,25 5
= uyuy us ~ admgs.

From the above calculations and the relations p;(f) ~ f for 1 < j <4, we obtain vg = Y62 =
-+« = 779. The lemma follows. .

In the proof of Theorem 3.2, it was shown that (QPs)33 (@) = ({[adm;] : 156 < j < 186})
and dim(QPs )33 (0¢1)) = 31. Using this result, we can obtain a direct summand decomposition
of the Y5-submodules:

(QP5)35 (@) = ([5(admyse)]) ED([Es (admie,, admyes)]) @D (X5 (admyzr, admys; )]),

where ([X5(admyse)]) = ({[adm; : 156 < j < 161]}), ([E5(admyee, admies)]) = ({[adm; :
162 < j < 176]}), and ([X5(admir7, admys)]) = ({[adm; : 177 < j < 186]}).

Lemma 3.7. The following holds:
(@Ps)z5' @)™ = (@), (66, (@]},
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where
g = ha,
G¢ = admisg + ho + hs + hy,
qr = admyse + hg + hs,

and the polynomials h;, 1 <1 <5 are described as follows:

hi = Yise<j<ior admy,  hy := admysy + admyss,

hs = >1es<j<165 adm; + 3 167< <160 Admy + 32173 <176 admy,
hy: = admyey + admige + > 170<j<172 admy,

hs =3 17r<j<1s6 adm;.

Proof. The proof of the lemma follows the same line of reasoning as the proof of Lemma
3.6. O

Now, suppose that [f] € ((QF5)s3(@1)))“". Then, by Lemmata 3.6 and 3.7, we have
t ~ > 1<j<7 Biq;, in which 8; € Z/2,1 < j < 7. Based on the homomorphism ps5 : P5 — P;
and the relation ps(t) +t ~ 0, we get 51 = o = -+ = 5, = 0.

Computation of the invariant space ((QPs)s3(@(3)))%s. Recall that (QPs)s3(w)) =
(QP5)g3<(D(3)) D (QP5)§30((:)(3)), with dim(QP5)g3((D(3)) = 395 and dim(QP5>§30((:}(3)) = 421.
Explicit bases for the spaces (QPs)3;(@0)) and (QP;)3;(w(s)) are given by the output of
our algorithm implemented in OSCAR; see Appendix 4. Also, for a more comprehensive
understanding of our algorithmic approach, the reader may also refer to our SageMath
implementation in [29].

Using these results together with the A-homomorphisms p; : P; — Ps for 1 <7 <4, and
by hand calculations analogous to those used to determine the Ys-invariants of (Q Ps)s3 (@(1)),
we obtain the following:

dim((QPs)as(@w))™ = 18, and (QP3)as(@))™ = ({[Sigmas[il]5, : 8 < < 25}),

where

Sigma5[8] = ujujuzuus’ + uiududujus’

Sigmab[9] = u?uf’ué‘luwg + u?u%u}f’u}fug + u‘i’u%gu;),u}fug + u?ugugufug

3, .13, 14 2 3,113,142 3,13,2 12 3 3, ,14,12 3
+ UTUUZ Uy Uy + U USU3 Uy Uy + UTUF UUY " Ug + UTU2UZ U, U

3,14, 12 3 3, .12 14,3 3,12 14,3 2,13, 14,3
+ UTURUZ Uy U + UTUU3 Uy Ug + U UU3 Uy Ug + U USUZ" U, Uy

3,3,7,12 8 3,53, 14 8 3,35 14,8 3,47, 9 10
+ UTUSUSUY Us + U UQUIUY Us + UTUSUU L Ug = UT U Uz Uy U

6,7,9, 10 3 7,12, 10 3,13,3, 2, 12 3,13,2, 3, 12
+ ULULUSUZ U + UTULUUL U5 + UTUS U UZUS™ + UT U UUR U

3 14,3, 12 3,14, 3, 12 3,3,7,8, 12 3 7,10, 12
+ UTUUZ UL U + UTURUZ U U5~ + UTUKU3ULUS™ + UTU2U3Uy Us

37,10, 12 3,3,3 12,12 3,13, 2 14 3,5,9 2 14
+ U UUgUy Us” + UTUSUIUL US™ + UTUS UUZU5 - T UT U Uz Uy U

3, .13 2 14 3,13,2 14 3,5,8, 3 14 2,133 14
+ UTUUZ UL U5~ + U UFU3 Uy U5~ + U U Uz Uy Uy + U UpU3" Uy Us

14,3, 14 3,5,3, 8 14 3,3,5, 8, 14 3,5,2 9, 14
+ ULUUZ UL U5~ + U U U UL U + UTUSUSU U5 + UTUg U3 U4 U

3,3,4 9 14 3,3, .12 14 3, 2 13 14 3,2,13 14
+ UTULUSUR U5 + UTUSUSUL Us + UTUUZ UL Uz~ + U Uy U3Uy " U
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Sigmab[10] =

Sigma5[11] =

Sigmab5[12] =

Sigma5[13] =

.,us] AND THE COHOMOLOGICAL TRANSFER

2,3, 13, 14
+ U URU3 UL Uy~ + U U U U, Uy

3,13, 14 3 3,13, 3, 14 3,3 13 14 3,13 14 3
UTUY U3 Uy + UTU USU, + UTUSUS" U + UTUS U3 U

3 13,14 3 3,13 14 .3 3. 13 14 .3 3 13 .3 14
+ ujuy Uy us + ujusz Uy Uy + UsUs U Us + UTUS URUS

3,,14, 14

3,3,13 14 , 3 13 3 14 3 13 3 14 , 3 13 3 14
+ uTUUZ Uy U U URUST + U U UZUS - Uy Ug™ Uy Uy
3,3,13 14 3 3 13 14 3 3 13 14
+ ujuyuy uy + ujusuy us + ususuy Uy
77,9 82 7789 2 731290 2 37 12 9 2
Uy UgUgUg U + Uy UgUzUg U + Ug Uplz™ UgUp + U Uplz™ UgUs

7,3,9,12, 2 3,7.,9,12, 2 3,3,13, 12 2 3,3,,12 13 2
+ U U U UL Uy + UT U U UL Uy + UTUUZ UL Uy + UTUUZ U, U

3, .14,13 2 3,14, 13 2 3, .13, 14 2 3,13 14 2
+ UTUUZ UL U F UL USUZ Uy Uz + U ULUZ Uy Us + U U U3 Uy Uy

7,,7,,9,2,8 7,,3,9,6,8 3,7,9,6,,8 7,7 10,8
+ U UUIUL U + U USUUL Uy = UTUSUUL U5 = U UpU3UY Uy

+u735108+u375108+u337128+u778 10

1UU3Uy Ug 1UU3Uy Ug 1UU3Uy Uy 1UU3UL U
+ uzugu:lfuwéo + ui’ugu?uwéo + uiuguguiuéo + ui’uguguiuéo
+ u{uwguiu})o + ulu;uguguéo + uzu;u:),uiuéo + uzuguéuguéo
+ ui’uguguiuéo + uIUnguZuéo + ulu;uguiuéo + ui’uguguguéo
+ uluguguiuéo + uzug’uzﬁ,ufuéo + ui’u;u;gufuéo + ui’ungufuéO

7.3.9 2 12
+ U UU3 UL U™ + UT U U UL Us

7,3, 10 12 3,7, .10, 12
+ U URU3UY Ug” + U TULUIUY U

3,33, 12 12 3,3, 14,12
+ ujusuzuy Us" + U UL USU, Us

3,14, 14 3,3, .12, 14
+ U URU3 UgUy + UTUSUIUY U

3,14, 14
+ UUUz U, U

379212+u3313212+u337812

1UgU3 UyUs 1UU3U4 U5

3 7,10, 12 3,,7,10, 12
+ ujuguzuy Uz” + U USUIUY Ug

3,312 14 3 14 14
+ ujusuz ugUyT + UTULUZ UL U

3 14, 14 3, .14, 14
+ UUU3U, Uz~ + UTUUIUY Uy

7,7, 11 8 7,79, 10 7, 7.8, 11 7, .14, 11
U UgUs Uy + Uy UgUsUy + UgUUIU, + U U2Uz Uy

3,5, 14 11 7,14, 11 7, 11,14 | 3 5 11 14
+ UTUS Uz Uy + UTUUZ Uy + UgUUz Uy + UTUSUS Uy

7,11, 14 7,,7,11,8 7,,7,,11,.8 7,,7,11, 8
+ U UQU3 Uy~ + U UQUZ Us + U U Uy Ug + Uy UgUy Uy

+ uguguilug + uzuguguéo + uzu;uiuéo + uzuguiuéo

+ uduuius’ + ujusuSugt + uiuguztust + wiuduztug!
+ ulu;u§4ué1 + uzu;uiuél + uzuguiu})l + uguguiuél

+ ufugugtust + wiudugtust + wiudugtut + ujuguytudt

7, .14, 11 3,5, 14, 11 3,5, 14, 11 7,14, 11
+ UgUgUy Usy™ + U UIUY U™ + UsU3U Us™ + UrU3U, Uy

7,14 11 7 11, 14 3,5,11, 14 7,11, 14

7 11, 14 3,,5,,11, 14 7,11, 14 7 11, 14
+ U UUy Uy~ + U ULUY Uz~ + UTUSUY Us + U UU, Uy

7, 11 14 3,5, 11 14 3,5,11 14
+ uquzuy Uz + ujUsUy Uz + USUUL Us

7,11, 14

+ UgUzUy Us
77,838 73 11 4.8 3 7 11 4, 8 , 7,9 3 6 8
Uy UgUgUy Uy + Uy UpUz UyUy + UplgUz Uyls + Uy UgUzUygUs

3,133 6 8 7,3,9 6 8 3,3,13 6 8 3,5,10 7,8
+ UTUS USUL Uy + U UsU3U4 Uy = U USUS Uy Uy + U USUS Uy U

7.7 .3 8 8 7.3 5 10, .8 3.7 5 10 8 3.5 7 10 8
T U UU3ULUs + U USU U, Us + UT U U3 Uy Us + UTUSUSU, Ug

711,14
+ Upuzuy us

15



16

Sigma5[14] =

DANG VO PHUC*

7, .6, 11 8 7,6, 11, 8 7,3,3, 12 8 3,3,7,12 8
T U UU3 U, Uy + U U U3 Uy Uy + U UgUs Uy Uy + UTUSUUS” Uy

7, .3, 14, 8 7,3, 14, 8 3,35 14,8 7, .14, 10
+ U UUZUY Us + UL UQUIUY Ug + UTUZU U, Uy + U UoUs UgUs,

3,,5,,14 10 7,14 10 7,9,3, 4, 10 3,133, 4,10

+u739410+u792510+u3132510+u783510

1UgUsUyUs 1UgUgUyUs 1Ug UzUyUs 1UgUgUyUs
+ uw%%%uiuég + uiuguguiuéo + UIUQU%OUZIL%O + U?UQU;LUZ’L%O
+ um%ué%iuéo + uzugu;:,uguéo + u:fu%?’u?)uguéo + u?uzu?uZu%O
+ uw%u?ulu%o + ulugu},)SuZuéO + u1u2u§4u1u51)0 + uzuguguiuéo
+ wududuut® + ulupuludul® + viuduiudui® + uluduguiu’

3,,7,4,9,10 7 6,9, 10 7,6,9, 10 3,4,7,9,10
+ UTULUSUZ U + U U2U3UL U5~ + U UU3UL U5 + U U U3 Uy Uy

6,7,9. 10 3,7, 12,10 7, 3,12, 10 3, 27,1210
+ U1ULUSUZ U + U UUSUL U5 + U U2UZ UL Uz + UTU2U3U, Us

3, 6,13, 10 3,6,13 10 2,713 10 7 14, 10
+ UTUUs UL Uy + UL URUSUL U5 + U USU UL Uz + U U2U3 Uy Us

3,5, 14,10 7. 14,10 3, 5,14, 10 3,5,14 10
F UTUUUY Uy + UIUU3UY Uy + U U2 U3 U, Us + U UsUz Uy Uy

7,14, 10 3,5,10 4 11 3, 12,6, 11 3,12 6 11
+ ULUU3 U, Uy + UTUSU3 UgUs™ + UTU2 U3 Uy Us~ + U USUZ" U Uy

2,13 6,11 14,6, 11 7, 6,8 11 3,5 6, 8 11
+ UL UQUS U U5 + UL ULUZ U U5 + U UU3 UL U5+ UT U Uz Uy U,

7,6,8, 11 7 2,12, 11 3,5,,2,,12, 11 7,,2,,12, 11

3 4,14, 11 3,,4,14, 11 2,5,14, 11 7 11,212
+ UTUUZUY Uy~ + UL USUUY Uz + UTUSUUL Ug™ + U UUz Uyl

+U3511212 711212+U3312312+U337812

1UaU3 UgUs™ + U UgUz Uyl 1UU3 UyUs 1UU3U4 U5
7, 2,11, 12 3,5, 2 11, 12 7,2,11, 12 3, 3,14 12
+ U UU U, Uy~ + U UUUY Ug~ + U U Uz Uy Us™ + UTUUZUY Uy

+ ulugugu};‘u? + ui’ugu};?mu}f + uzuguiguiu%‘l + ui’u?uwiu%‘l
+ u:{’uguguiué‘l + u:{’ugué?’uﬁué‘l + uluguilfu?lué‘l + uzugu;),uiué‘l
+ uluguiuui® + wduduiuSur® + viuduiuSuit + udugubuiuit

+ wpusuiuiust + wuzuiuiuit + uuguzui®utt + uiuduzuugt

7 10,,14 3 4,11, 14 3,4, 11 14 2,65, 11, 14
+ U UQU3UY Uy~ + U ULUIUY Uz~ + U USUUy Us + U U U3 Uy Uy

3, 3,12 14 3,312 14 3, 14,14
+ ujUuz U, Uy + U ULUIUL U™ + U UUsU, Us

7, 29,14, 2 7,914 2 3, 13,14 2 3,13, 14 2
U UgUz Uy Ug + UUgU3Uy Uz + UTU2U3 Uy Uz + UURUZ Uy U

3,13, 2 12 3 3, o 14,12 3 3,14, 12 3 3, ,12,14 3
+ UTUS USUL U + UTU2U3 Uy~ Ug + U UK U3 Uy~ Ug + UTUUZ" U, U

3,12 14 3 213,14 3 7,,7,8, 3,8 7,113, 4. 8

3,5,6, 11 8 7 3,,14,8 3,5,3,14, 8 7,3,14,8
+ UTULUSUY Uy + U U2UZUY Us + U USUZU, Us + U USUZU, Ug

3,35 14 8 7, .14, 10 3,5,14, 10 7,14, 10
+ UTUSUSUY Us + U UUZ UgU5 + UTU U3 UgUy + U UgUsg UgUs

3,313 4 10 3,13, 6 10 7, 29,6 10 7,96, 10
+ uTURUZ UL Uy A+ U U USUHUS + U U2U3U U5+ U Ug Uz Uy Uy
Tuludul® + bl uaul2ulo

7, 7.8, 10 3,57 8 10
T UgUgUzlg Uy + U URUZ U U5 + U UpU U, U LU U3y Us

7 14, 10 7, 14,10 7,14,.10 2,127, 11
+ U UUUY Uy + UTUUUY Uy + U U2 U3 Uy Us + U USUZ" Uy Uy

3,5,6, 8 11 7, 2,12, 11 7,2 12 11 2,712, 11
+ UTUQUgU U™ + U ULUIUL U5 + U U UZ UL Uy + U USU Uy U,

3 4,14, 11 3,4,14, 11 6,14, 11 7 11,212



A-GENERATORS OF H*(V®®) = Z/2[u, ..

Sigma5[15] =

Sigma5[16] =

.,us] AND THE COHOMOLOGICAL TRANSFER

—|—U3511212 711212+u3132312+u3312312

1UUz UgUs" + UUgUs™ UyUs 1U UsUyUy 1UgUz Uy Uy
3 14, 3 12 3 14, 3 12 3,7 10, 12 7. 310, 12
+ UTUUz UL UL" + UL USUS URUS™ + U ULUIUL Ug™ + U U Uz Uy U

+ wyuguiu’us? + ujuguiuytus? + wusuiuyui® + uiuiusuytug?
+ wusuiugtui® + uuiuztugust + viudujuiust + uiuguytuiul?
+ uw%u?uiué‘l + ui’ugu?uiué‘l + uluguézuiué‘l + ulugué?’uiu?
+ uzu2u3ui0ué4 + ulu;u;:,u}loué‘l + u1u2u§u}10ué4 + ui’u2u§u}11u%4
+ uluguguiluéﬁ‘ + uluguguf’ué‘l + u?u2u3u}14u51)4 + u1u§u3u}14ué4
+ ulugugu}fué‘l

7,11,5 8, 2 7,3,13, 8 2 3,7,13,8 2 7,7,8,9,2

U Uy U Uy Uy + Uy U U™ Uy Us + UTUgUZ" Uy Uz + U Ug Uz Uy U

+ wlugtusus?u? + ududPudui®u? + ulugudtuliu? + uiuiustultu?
+ u{uguguf’ug + ui’u;uguigug + uzuwéouf’ug + ulu;uéouf’ug
+ ui’uguélu}fug + uluguélu?ug + u?u2u§4u}13u§ + u?u?u?}u}l‘lug

3,5,9, 14 2 3, .13, 14 2 3,113,142 7,11, 5 2 8
+ UTUU U Uy + UTUUZ Uy Uy + U UsUZ U, Us + U Uy U Uy Us

7,3,13 2 8 3,7,13, 2 8 7,7,3 8 8 7, 7,10, 8
+ U USUZ UG Uy + UTUSUS Uy Uy + U U U3 Uy Uy + U UoUg Uy Ug

7,,7,10, 8 3,3,7,12 8 7,3 14,8 3,,7 14,8
+ ULULUSUY Uy + UTUSUUL U5 + U USUSU, Ug + UTUSUIU, Uy

7, 3,14, 8 3,5,3, 14 8 7,3,14 8 3,3,5 14, 8
+ U UUZUY Uy + UTULUSUL Us + U U UZU, Us + UTUSUU, Us

3, 7,14 8 3,714 8 7,78 10 7,9, 6,10
+ UTUUIUY Uy + U USU3UY Uy + U U UsUgUy + Uy Up U3 UL U5

3, 213,610 3,13,6, 10 70 0, 7,8,10 7,7,8,10
+ UTULUZ UL Uy + UTURUS U U5 + U U2 U3 U U5 + U Ug Uz U Us

3,47, 9,10 6,7,9, 10
T+ UTUU3 UL U5~ + U Un Uz Uy Us

7, 14,10 7,.14,.10 7,11
+ ULUU3U Uy + UTUU3 U Uz + UgUY U3UZ Uy 1US U3 UL Uy

7,112 12 3,3.7,8 12 7,3, 10 12
+ U U U3 UZUS" + UTUSUSUSUS™ + U U UU, Uy

3,3,3,12, 12 7,,3,,8 14 3,7,8 14 7 10 14
+ UTUSUSUY U™ + U USUSUAUS + U U U3UgU5 + Uy UoUg Ug U

7,,10 14 3,,4,,11 14 6,11 14 3 14 14
+ UIUUZ UgUs~ + UTUSUZ UgUy~ + UUUZ UgU5 + U U2 U3 UgUs

3,13, 2 14 7, 29,2, 14 3,59 2 14 7,92 14
+ UTUR USUL UL + U UUIUZUE + UTU U UL U5+ U UgUz Uy Us

3,5,8,3, 14 3, 12,3 14 3,12, 3 14 14,3, 14
+ UTULUSUL U + U ULUS Uy U5 + U US U3 U U5~ + U UU3 Uy Us

7,3, .8 14 3,7, .8 14 7, 3,8 14 3,5, 3 8 14
+ U UUSUL U+ UTUSUSUL Uy + Uy U U UL Uy + U U U Uy U

7,3,8, 14 3 7,8, 14 3,5,2, 9 14

3,3,4,9, 14 7 10, 14 7 10,,14 7,10, 14
+ UTULUSUZ U + U UUSUL Us + ULUUIUL Uz~ + U U2U3Uy Us

3,4 11, 14 6 11, 14 3 4,11, 14 6,11, 14
+ UTULUIUY Uy + ULURUIUY Us + UTUUUL Uz~ + U U2U3 UL Us

3,3, .12 14 3, .14 14 3,14, 14
+ ujuyusuy Uy + U UU3UY Uy + UTUUR U, Us

7,11,13 2 7,,7,,9,,10 7,3,11, 12 3,7,11 12
UgUy U3 Uy + U UgUsUy + U UsUZ UL~ + U UL U3 Uy

3,712, 10 7 14,10
T+ U U U UL Uy + U U UUY Uy

212+U3133212

7 11,2, 12

3.3 5 8 14
+ ujusUs U Us

7,11, 14 7. 1114 7,11, 14 3,3,13 14
+ U Uy USU, + U UUZ U + UTUUS Uy + UTUSUZ U

+U7 11,13 2+u7 11,13 2+U7 11,13 2—|—U7 11,13, 2

1Ug Uz Us 1Ug Uy Us 1Ug Uy Us QU3 Uy Uy
7.7.9 10 7.7.9 10 7.7.9 10 7.7.9 10
+ U U U3 U5 + U UUL U5 + U U3UL U5 + UgUg Uy Us

17



18

Sigmab[17] =

Sigma5[18] =

Sigma5[19] =

DANG VO PHUC*

—|—U7 3,,11, 12

3,7,11, 12
1UsUz Uz" + U

1UUg Uy

7.3 11,12
+ UgUzUy Us

U3Ué4 + uzuwélu%‘l

7,11 14 7,11
+ uquy uguy + uqug

7,11, 14
+ uruyuy us

7,11 14

+ UgUzUy Us
15, .2 12 3 15,212 3
U UgU3Uy " Ug + UUG UU, Us

15,3 3 4,8 3,15,3 4 8
+ U USUSUL Uy + UTUS UZUL U

7 3 11, 12
+ ujusty ug

3, 7,11 12
+ ujusty us

7,11, 14
+ uruyUs U

u4ué4 + u;uél

7, .11 14
+ uquzuy U

33, 13, 14
T UTUR U, Ugy

3,7, 11 12
+ ujuyuy us

7.3, 11, 12
+ ujuzuy us

7 11
+ uq Uy

3.7 11, 12
+ uusuy Us

3.3 13, 14
+ ujusuz us

u4ué4 + UIUQU}ll’U%Al

7, .11, 14 711,14
+ Uquzuy Uy + UIUIUY U

3,3,13, 14 3,3,13, 14
T uuzU; Uy + UgUsUy,Us

2,15 12,3 2,12 15, 3
+ U UUS U, U + U USUS U, Us

3,3 15 4.8 3,3 4 15 8
+ uuUz U Uy + UTUSUSUY Us

15, 6, 10 6,15, 10
+ UrUoUsz U Uy + U ULUIUY Uy

2,15, 3, 12 2, 3,15, 12
+ urusuz U UE" + U URUIUY Ug

2,12 3 15 3,3, 4 8 15 6,10, 15 2,3, 12 15
+ U uQUs U U F U USUS UL UL + U UU3 Uy Us™ + U USUZU ™ U,

15,35 8, 2 3,15 5 8 2 3,5 15 8 2 15,3, 12 2
Uy U U3 U4 Us + U U U3U Uz + UTUS U3 Uy Uy F Uy UsU3U," U

3,15, 12 2 15,3, 12 2 3, ,,15,12 2
+ UTUy USU, U T+ ULUg USUL Uy + UTULUS Uy~ U

3,15, 12 2 15 14, 2 15, 14, 2 15, 14, 2
+ UTUSUZ U UF + U UoUg Uy Us + U Uy UzUy Up + U U2Uz Uy U

3,5,8,15 2 3 12,15, 2 3,12, 15 2 14,15, 2

15,3, 5.2 8 3,15 5 2 8 3,5 15 2 8 3,5 2 15, 8
+ U USRUSULUs + UTUS UsUyUs + U USUZ" Uy Us + U U U UL Us

15 6,10 15 6,10
+ U UU3UL Uy + UL U USUH U

15 2, 3,12 15,2, 3, 12
+ U Uuz UL UET F U U USU U

15, .3 12 2
+ U UUz U, U

15 6,10 15, 6,10 156,10 6,15, 10
+ U UUUH UL - U U U3UL U5 + U U2UZ Uy U5 + U UUz Uy Us

15,3, 2 12 3,15, 2 12 15, 3,2 12 15,32, 12
+ U U USULUF™ + U UG USULUE™ + U U UsUyUs™ + U UG Uz Uy Uy

3, 15,2 12 3,15, 2 12 3, ,,2,15 12 3,2, 15 12
+ UTUUZ UL UF™ + U UU3 UL U5~ + U U U U, Us~ + U USUUY Uy

15 214 15, 2 14 15, 2. 14 2 15, 14
+ u " ugusu Uy + UTUY UUL U5 + U UgUz~ UyUs~ + U UaU3 UL Us

3,58 2 15 3, 12,2 15 3,122 15 14,2, 15
+ UTUQUZUL U5 + U ULUZ UG UL + U U U3 Uy U5~ + U UoUg Uy U,

3,5,2, 8,15 6,10, 15 3 2,12 15 3,2,12 15
+ UTULUZULUE" + UL UUSUL U5~ + UTUUZUL US™ + U U Uz Uy Us

15, 14,3 15,14, 3 14,15 3 15 3,5, 10
U UgUz Uy + UTUS Uz Uy + UUy U Uy + U U UZ Uy

3,15 5, 10 3,515, 10 15, 3,14 15,3 14
+ uuY UsUy F UTULUZ U U USUIUY - U Uy Uy

3,15, 14 14,3 15 3,,5,,10 15 3,14,.15
T+ U URUS Uy + U UG UUY + UTUSUS Uy~ + U UsUZ U

15, 14,3 15,14, 3 14,15 3 15, 14,3
+ U ugUz U5 + UTUS Uz U + UIUZ U3 Us + UT UsUy Us

15,14, 3 15 14,3 15 14,3 15, 14, 3
+ U Uy Uy Uy + U USUY U+ U USUY Us + UL U Uy Uy

15, 14, 3 14,15, 3 14,15, 3 14,15, 3

+u15 3,5 10+u3 15,5 10—|—U,3 5,,15 10—|—’U,15 3,,5,,10

1 UgUsUs 1Ug Uy 1UaUz Us 1 UgUyUs
+ u?u?uiuéo + u%SuguiuéO + u%‘r’uguZuéO + ui’ué‘r’uiuéo
+ ugué‘r’uiuéo + uiugu}fuéo + u?ugu}fuéo + ugugu}f’uéo
+ ui5u2u§ué4 + ulu?ugu%‘l + u1u§u§5ué4 + u}5u2uiué4
+ uwé%iu%‘l + ui‘r’uguiuy + u%%;;uiué‘l + uw?uiué‘l
15,3, 14 3,15 14 3,15 14 3,15, 14

+ uiusgu



A-GENERATORS OF H*(V®®) = Z/2[u, ..

14,3, 15 3,5,10, 15
+u +

+ uruy uzus 1UpUz Us
14, 3 15 14, 3 15
+ Upug U Uy + UgUsg U Us +

3,,5,,10, 15

3 14 15
+ uyusuy Us +

+ uruxuy U

.,us] AND THE COHOMOLOGICAL TRANSFER

ulugu}f‘uég’

UZ{)USU}lOUéE)

Ug ugu}fuéf’

14,3 15
+ ULUy U Ug

3.5 10, 15
+ ujusuy us

3,14, 15
+ Uguzuy Us

153132+U315132+U313152

Sigmab5[20] = u; uyus’uy + ujuy us u;

15, 14,3 14,15 3
+ Uy Uz Uy + U Uy Uz Uy +

3,315 12 15,3, 14
+ uTUR U3 U, + U URUIU T+

3,132 15 14,3 15
+ UTU USU, + U UG UU, +

15,3 13, 2 3,15, 13, 2
+ Uy U Ug Uy + UTUS U UL+

3 15 13 2 15,3, .13, .2
+ ujuy Uy Uy + U uzuy Uy +

3,15, 13, 2 3,13,15 2
+ usuz"uy Uy + ujuy Uy Uy +
15, 14, 3 15, 14,3
+ Uy UUg U5 + U Uy Uz Us +-

15, 14,3 15, 14,3
+ uruy uy us + uy usuy uy +

15,14, 3 14,15 3
+ UoUz Uy Ug + UUG Uy Uy +

15,3 3, 12 3,15, 3, 12
+ Uy U UZUT + UTUS UsUS” -

3 15 3 12 15,3, .3, 12
+ ujux " uyus” + U UzUx U+

3,15 3, 12 3,3, 15 12
+ usuz U Us" + UTURUL U F
15,3, . 14 3,15, 14
+ Uy ususUuy + ujUy usUs +

3,15, 14 15,3, 14
+ UjUy Uguy + U UULUS +

3,15, 14 3, .15 14
+ USU3 ULUE + UTUU, Uz~ +

3,13,,2,.15 14,3, 15

+ UjUy UUsT + U Uy USUS +
3,13 2 15 3,13, 2 15

+ ujuy U Uy + U U U
14,3, 15 14, 3,15

+ Urug U Us" A+ UgUz U UsT

3,,3,,12, 15 3 14, 15

: _ 15 2 12 3 15,2 12 3
Sigmab5[21] = wu usuzug~us + uyuy usu, u;

15,7, .2 8 7,15 2 8
T U UQUSUL Ug + U US U3U U

7 7,15, 2 8
+ U UUZ Uy Uy + U USUSZ Uy U

7, .2 15 8
+ U USUS U Us + U ULUZ UL Uy

15,2, 4, 11

3,15, 2 12
+ ujuy usuyug

3,15 2 12 15, 2 3 12
+ uguyus uzus” +u

u2u§u}l5ué2

Upuzuius’

3, 212 15
+ ujuuzU, Uy

15,2, 8
2,15, 7,8

15, 2 4 11
+ Uy uguzU U

15,3, 2 12
+ uy uyusu U

3, 15,2 12
+ ujusuz U Uy

2,15, 3 12 3
+ wuyusz uyus” + uy

2,12, 3 15 7
+ U upuz U Uy + Uy

2,4, 11, 15

14, 3 15, 14,3

15 14,3
1Ug Uz Uy 4 Uy UgUg Uy

15,3, 3, 12 3 15 3 12
U UsUz Uy~ + U Uy U3Uy

3,15 14 3, .15 14
UTUS U3U~ + UTU2UZ Uy

3,3,12 15 3, o 14,15
UTULU3" U™ + UTU2UZ Uy

3,13,15, 2 15,3, 13, 2
UTUS U3 Ug + U USU, U

15,3 13 2 3. 15 13 2
Uy UszUy Uy + U U U, Us

3,13,.15, 2 313 15,2
U U Uy Uy + UsU3" Uy Us

14,15 3 15, 14,3
UpUy Uz Uy + Uy UgUy Ug

15 14,3 15,143
Uy UsUy Uy + Ul Uy Ug

u1u§4u}l5u§ + u2u§4u}f’ug

3,3 15 12 15,3 3 12
UTULU3 Uz~ + U UgUyUs

15,3 3, 12 3. 15 3, 12
Uy UzUy Uz~ + UTUS" UsUg

3,3 15, 12 3 3 15 12
U UUL U~ + UsUUY Ug

3, .15, 14 15,3, 14
UTUUS Uy + Uy UpU4US

15,3, 14 3,15, 14
Uy UZULU5 + UTUZ UgUS

3 15, 14

wudulul?

3, .15, 14
+ usuzuy Ug

3, .14, 15
+ ujugus Ug

3,13, 2 15 14,3 15
U Uz U Uy~ + U Uy UyUs

3.3 12 15 3.3 12 15
U URUL U™ + UTUSUY Ug

3 14,15 3 14, 15
UTUUY U~ + Uy UzUy Us

2,15 12 3 212,15 3
+ U u Uz Uy Uy + UrURUZ U, U

15, 7,2, 8 15, 7,2 8
T U UU3 UL Ug + U UG Uz Uy Uy

15, 2,7, 8 15,2 7 8
+ U UUZ U Ug + U UG U3UH Uy

7,2,15, 8 2, 7,15, 8

2,15, 4, 11 2,4, 15 11

15 3,2, 12 15,3,,2, 12
+ U uguz UL UE" + UL U USULUS

1523 12
+ uguy uzu U

2,3, 15, 12
+ U U Uz Uy Uy

7,2,8,15 2,7,8,15
+ UL UUI UL U5 + U USU UL U

3,2,12, 15 2, 3,12, 15

14,15, 3 15, 7

1 U2UgzU4Ug

3,2, 15 12
+ U U U3 U, Uy

Sigma5[22] = u; ugulul 4+ uyus uz vl + uyuytud’ul 4+ uPujuzuy’

19



20

Sigmab5[23] =

DANG VO PHUC*
715 10 15 7..10
_|_ u1U2 U3U4 + U’l UQU3U4

7,15 10 15, 6 11
+ U UQU3 Uy + U UsUUY

15,3, 14 3,15, 14 15, 3 14
+ uy uyuzuy + ujuy usuy + Uy Ususuy

3 15, 14 3,,15, 14 14,3, 15
+ ujuguz Uy + uruyuz Uy + UUy UsUy

7,10, 15 6,11, 15 3, .14 15
+ Uruyus Uy + UTUQU U+ UTULUS U

15, 14 3 15 14,3 14,15, 3
+ Ui Uz Uy + Uy Uz Us + U U Uz U

15,14, 3 15, 14,3 15, 143
+ U Uy Uy Us + U USU, U + UG U3Uy Us

15, 14,3 14,15, 3 14,15, 3

15,7, 10 7,15, 10 15, 710
+ Uy uxusUy U U USU5 + U UUSUS

7, 15,10 7,15, 10
+ U U2U3 Uy + UL UHUZ Uy

15,7 10 15,7 10
+ U UzUg Uy + Uy UgU4US

15, 7,10 157,10
+ U UU Uy ULUY UH U

15,7, 10 15,7, 10
+ UL U3 U yUs + UgU3 Uy Us

7, 15,10 7, 15,10
+ uquzuy Uy + UsusUy Us

15, 6 11 15 6,11
+ Uy UgUz Uy + UTUY UgUy

15, 6, 11 15, 6 11
+ ULUS U U + U USULU

15,6, 11 6,15 11
+ Uz U U + UTUSUY U

15,7, 10
+ UL Uy U3Uy

15, 6, 11

7, .15 10
+ U uguz Uy

6,15, 11

15,3, 14

7, 10,15
+ U u2uz Uy

3,14, 15
+ uruyuz Uy

15, 14 3
+ Uy uguy Ux

15,14, 3
+ uruz Uy U
14,15 3
15,,7,,10
+ uruy Uz

15,7, 10 7,15, 10
+ U UQUAUE + U U U U

7,15, 10 7,15, 10
+ Uy uz U Uy UyUZ UL U

157,10 15, 7,10
+ uTusu Uy U USULUS

7, .15 10 7,15 10
T U UUY Us + U URU, U

7,15, 10 7,15, 10

6,15 11 15 6,11
+ UUs Uz Uy + U U Uy Uy

15, 6, 11 15, 6, 11
+ Uy UgU4 Uy + U U3 Uy Uy

6,15, 11 6,15, 11
+ uruzuy Uy UgUgUy Uy

15,3, 14 3,15, 14 15, 3,14 15,3, 14
+ U UQUSUE + UTUS UU5~ + U UUsUs + U Uy URUg

3, 15,14 3,15 14 15,3, 14
+ UTU2U3 Us + U USUZ Uz~ + U U UsUs

15, 3 14 15, 3 14 3,,15
+ U UZULUE + Uy USULUS + UTUS

15, 3 14 15,3, 14
+ U uu Uy + UL U U U

15,3, 14 15, 3, 14
+ U uz Uy Uy + UgU3 U U
3 15, 14 3 15, 14

14,3 15 7, 1015
+ Uy uzUs" + U UsUZ U

3, .14,15 3,14 15
+ ujugusz uz” + UUU3 Ug

14,3, 15 7, 10, 15
+ Uz U U5 + U UUY Ug

7, .10, 15 7,10, 15
+ UgUuguy Us” + UUZU, Us

6,11, 15 6,11, 15
3 14,15 3 14, 15

15 7 11
Uy UgUs

3,15, 14
+ UTUy UL U

u4ué4 + ugué‘r’

15, 3 14
+ Uy uzuyus

3, .15, 14
+ uu2uy U

+ um%u}fué‘i
+ uluguéou?
+ u1u§4uiué5
+ ulu;u}louég’
+ uzugu}loué‘r’
+ ui’uzu}l‘lu?

3,14, 15
+ uruzuy ug

U4Ué4

15, 3 14
+ Uy uguy U

3,15, 14
+ uruyuy us

3,15, 14
+ Uguzuy Us

6,11, 15
+ uruyus Us

14,315
+ U Uz U Uy

7, ,,10 15
+ uquzuy Ug

6,11, 15

3,14, 15
+ uruyuy ug

3,14, 15
+ uguzuy Us

+ uzu?uél + uzuélu? + ufugu}ll

+ uzu?u}ll
+ufudlul?
+ u%Suguél
+ u%‘r’uZuél

7,15, 11 15, 7,11 15,7 11
+ UUy Uy U USUY UG USUY

7,15, 11
+ Ugugz Uy

15, 7. 11
+ u;"uqug

7. 15 11
+ uyuz us

7,11, 15 7,11, 15
+ Uy Uy U U3 U

15, 7, 11
+ uy Uzt

15 7. .11
+ uj"uyus

715,11
+ uquy ug

7. 15 11
+ Uz us
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15 7,11 7,15 11 7,15 11 7,15 11
Uz U Uy U UL Uy UgUy U+ UU, U

7,11, 15 7,11, 15 7,11, 15 7,11, 15
+ U Uy Us” F U U3 UsT + UgUg Us™ + UgUy Us
7,11, 15 7,11, 15
+ Uguy Ug” + UgUy Ug

H _ ,,15,,15 2 15 15, 2 15,15, 2 15 2,15
Sigmab[24] = u;us usuy + uy usus uy + uuy us uy + Uy ususuy

+ uw?u%u}f + ulugués‘uf + u%5u§5u3u§ + ui5u2u§5u§
+ u1u§5u§5u§ + u%5u§5u4u§ + u%5u§5u4u§ + u§5u§5u4u§
+ ui5u2u}15u§ + um?u}fu% + u}5u3u}l5u§ + u§5u3uf’u§
+ urugu ul + ugus uy ul 4 utuguius® + uguzSudus’
+ ulugué‘r’ué‘r’ + uf’uguiu%‘r’ + ulu%‘:’uiu? + ui5u3uiué5
+ u§5u3uiué5 + ulué“r’uiuéf’ + u2u§5uiué5 + um%u}fu?
+ ulugufu? + uw%u}fuéf’
Sigmab[25] = u uy’ul + upPusug” + uluy uy’ + uituy

Pl + ululol + uludul® + ulul

+ u%‘r’ugu}f + u%‘:’ug’)ui‘r’ + ui’ué‘f’uf’ + ugué‘r’u}f’

+ urPub’up + urPuz us + usug ul 4+ uyPuyup

+ ugPupPup + udlugul + uPuius® 4+ utugus’

+ ufugu? + u§5u§ué5 + u?u?uég‘ + uguilfué5

+ u}%iuéf’ + u%%iué‘r’ + uéf’uiué‘r’ + u‘I’ufu?

3,15,15 3,,15,15
+ usuy Uz” + Ul UE” .

Suppose that [g]5 € ((QPs)s3(w()))“"s. Since X5 C GLj, we have

“w(3)

9~ Z B; - Sigmabli], f; € Z/2,i=38,9, ..., 25.
8<i<25
By a direct computation using the homomorphism p; : P — Ps and the relation p5(g) ~

g, we obtain 3; = 0, for all i. Hence ((QPF5)33(@3)))"s vanishes.
The proof of the theorem is complete. 0J

w(3)

Now, the combination of (3.3) with Theorems 3.4 and 3.5 yields the inequality
(34) dim((QP5)33)GL5 S 1.

On the other hand, by utilizing a result obtained by Lin [13] and Chen [7], we can infer
that

(35)  Exty”(Z/2,2/2) = Bxty” (22, 2/2) = 22 hisadi) 2 22,

where h;i1dip; # 0 for all ¢ > 0. Since hgy1 € Im(¢5(Z/2)) (see Singer [32]), dsi1 €
Im(¢};(Z/2)) (see Ha [9]), and the "total" transfer @,>q ¢ (Z/2) is a homomorphism of
algebras (see [32]), hiy1dir1 € Im(¢3(Z/2)). This means that

(3.6) dim((QP5)d)GL5 = dim((QP5)2t+5+2t+2+2t+1_5)GL5 >1, Vt > 0.
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From (3.4) and (3.6), it may be concluded that the invariant space ((QPs)s33)“s is one-
dimensional.
Let g € (Ps)33 such that [g] € ((QPs)33)“s. By using Theorem 3.4 and the fact that the

Kameko (5¢?)33 : (QP5)33 — (QPFs)14 is an epimorphism of G'Ls-modules, we get

(S¢9)s3([g]) = V¢ (ur, ua, .., us)], v € Z/2.
Consequently,
g~ "}/QO(C(’U,l,UQ, s ,U5)) + h‘7

where h € (P5)s3 such that [h] € Ker((SA’qE))gg). Applying our algorithms from Appendix 4
yields:

g~ B((,O((C(Ul, Ug, - .. ,U5)) + 5(U1,U2, s 7“’5))7 B € Z/27
where

_ 7,718 77,9 10 7,7 8 11 7. 14,11
E(ur, Ugy . .., Us) = UTUSU3 Uy + Ui UsULUY + U USUSU, + U UU3 Uy

3,5, 14 11 7,14, 11 7, 11 14 3,5,11 14
+ uTUUZ Uy F U UUZ Uy + U UUZ Uy + UTUSUZ Uy

7,11, 14 3,5, .24 3, 4,25 3,4,25
T ULUQUZF Uy + UTULUIUY + U U2UUYT + U UnU3Uy

3 28 3, .28 3,28 30
+ uUU3Uy” + UTUUIUY + U UUZUY + U U2U3UY

7,7,9 8 2 7,7,8 9 2 3,3,13 12 2 3,3,12 13 2
+ U U U3 UL Us + U UQUIUZUS + UTUSUZ™ Uy Uy + UTUSUS™ Uy U

7 7 118 779 2 8 7.9 3 6, 8 3 .13 .3 6, .8
+ U UgUz Ug + Uy UgUz Uy Us + U UgUs Uy Uy + UG Uy U U4 Us

7.3.9 6 8 3.3 13 6,8 3.5 10, 7,8 7.7.3,8 8
+ U USU3 UL Us + UTUSU3 Uy Us + UTUSU3 UgUs + U U UsUy Us

7,7, 10,8 7,3,5, 10, 8 3,7,5, 10, 8 7, 27,10, 8
+ U U U3UY Us + U URUSUY Us + UTUSU U, Ug F= Uy U2 Uz Uy Us

3,5,7, 10, 8 7,7,10 8 7,7,11 8 7, 6,11, 8
T UTUU3 UL Us + U U Uz Uy Uy + U UgUy Uy + U U Uz Uy Uy

3,5,6 11 8 7,6,11 8 7,7,11 8 6,7, 11 8
T+ UTUQU3 U, Ug + U U U3 Uy Uy + U UsUy Uy + U UnUg Uy Uy

7,711, 8 3,7,3,12 8 7, .3, 14, 8 3,5 3 14, 8
+ UgUzUy Uy + UTULUIUY " Us + UpU2UI UL Ug + UTUSUZ U, Uy

7,3,14, 8 3,7,14, 8 7,,7,9,10 7,,7,,8 10

+u793410+u3133410+u739410_'_u3313410

1UUzU Us 1Ug U3UyUy 1 U U3U4Us 1UgUz Uy Uy
7.8 3 5 10 3,12 3, 5. 10 7.3 8 5 10 3,3 12 5. 10
+ U UUZUL U + UTUS USUH U5 + Uy U U3 U Us™ + U U U3 " Uy Uy

3, ,12,7,10 14,710 7,7, .8, 10 7,3,5, 8 10
+ U UUT UL U5 + U U2UZ U Uz + U UgU3U U5 + Uy Us Uz Uy Us

3,7,5. 8 10 7, 27,8 10 3,5,7 8 10 7,7,8, 10
T+ UTUUSUL U5 + U U2 U3 U U + UTUgUs Uy Uz + U UgUzUyUs

7,79, 10 7,34, 9 10 3,7,4,9 10 7,7.9,10
+ UUU U5 + U USUSUR U5 + UTUSUIU U5+ Ug Uz Uy Uy

3,4, 7.9 10 7,7,9. 10 3,35 12 10 7 14, 10
T U USUUY U5 + UgUzUy Uy + UTUSUSUY Us™ + Uy UaU3 Uy U

3,5 14,10 7 14, 10 7,,7,8,11 7 14,11

3,,5,,14, 11 7,14, 11 7,,7,8, 11 7 6,8, 11
+ UTUSUZ Us™ + U UU3Z Uy + Uy UpUyUs™ + U U2 U3 U Uy

7.6,8 11 77,8, 11 6,7,8 11 77,8, 11
+ U U UUHUE + U U3U4U5 + UL U UgUyUs™ + UgUz Uy U

7o 2,12 11 7,212 11 27,12 11 7, .14 11
+ U UUSUL U5 + UTUUZUL U + U U U3 UL U™ + Uy UUy Us

3,5,14, 11 7,14, 11 7., .14, 11 6, , 14 11
T UTUSUY Us™ + UUU, Uy + U U3UY Ug + U UUIUY Uy

7, .14, 11 3, 4,14 11 3,4,14, 11 3,5 14, 11
+ UgUgUy Us + UTUUSUY Uy~ + UTUSUIUY Uz + UTUU, Ug
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2,5, 14, 11 3,5,14, 11 7,14, 11 7,14, 11
+ U URUS U, U™ + UpUs Uy Us + UgUsU, Uz T+ UsUs Uy Uy

~|—u3313212+u3510312—|—u733812—|—u373812

1UgUz UyUsy 1Ug U3 Uy Uy 1UU3U4 U5 1UU3U4Us
3.3 7 8 12 3,5 3 10, 12 3.3 5 10, 12 792 11 12
+ UTURUSULUE" + U UUZU, Us™ + UTUSU UL Us™ + U UaUzUy U
2 7 11, 12

3,5,2, 11, 12 7,,2,11, 12 3 6,11 12
+ ujuyuzuy us” + uruyuzuy uz” + uy

+ u?ug’u;gui‘lu? + ui’u2u§ui4ué2 + urusuzUy Ug UgU3 Us
+ u?u‘;’uélu? + ulu;uélug + ui’ugu?muy + u?uw?uiué‘l
+ ulugué4uiu51)4 + u{uzuguiué‘l + ui’uguguiué‘l + uluguguiué‘l
+ ufududuiust + wusulufust + viuduiujust + uusu§uiul?

10,,14 7 10,,14 5,10, 14

7 11, 14 3,5,11, 14 7,11, 14 7 11, 14
11,14 4,11 14

3,5,11 14 2,5, 11 14 3,5, 11 14 7,11, 14
T+ UTUUY Us + U URURUY Uy + UngUsUy Uz~ + U U3 Uy Uy
3,3,12 14

7,11, 14 3 14

4,9, 16 4 3,4,8

3,5, 24 3,5, 24 3,5 24 3,5, 24
+ ujusUzUy" + UTURUAUS + U UIUAUS + Uy Uz U Uy

3 4,24 3,,4,24 2 5,24 3
+ uruxuzUUE + UL UUSULUS + UTURUIULUS + UT U2 U3 U

3,425 3, 4,25 3,4, 25 3, 4 25
+ UUUzUE" + UTULULUS™ + U USULUS™ + UTUZUL U

2, 425 3, 425 3,4, 25 3,425
+ UUSUsU UG + UQUIULUS™ + UTU3ULUL + U2UZU4 U

3 28 3 28 3,28 3 28
+ UUU3UE” + UUUIUF + U UUZ U5 + U U2 U4 U5

3, 28 3 28 3 28 3, .28
+ UgusUsUE” + UTUSULUE + UsU3U4UE” + U U UL U

3, 28 3,28 3,28 3, 28
+ Uguz Uy + UTUURUS + U UIULUE" + UsUzULUS

30 30 30 30
+ UU2U3UE + UTUULUE + UTUSULU5 + UU3ULU5

Thus, we obtain

(3.7)

((QPs5)s3)" = ([p((C(u, uz, - - . us)) + E(ur, ug, - . ., us)]),

.,us] AND THE COHOMOLOGICAL TRANSFER

UgUz Uy Ug~ + UIUSUUY Ug
Sudutted? + uTupullul?

7 3 7,10, 14
+ U UUSUY Ug + ULUSUSU, Us + UTU2U Uy Us ™ + U U2UzUy Us

6, ,11 14 7 3 3,4, 11 14
+ U UU3UY Uy~ + UpU3Uy Uy~ + U ULUIUY Us + U UnUzUy Uy

14 3,,5,8,16
T+ UoUs Uy Us + UgUSUZUL Up + U UsU3U, Uy + U UyUsUy Us

3 3 8,17 17 2,5 8 17
+ UTUUZUY U5 + UTULUSUL UL + U USUIULUS" + U USU U U

4, 25

23
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where ¢ is the up Kameko map (Ps)14 — (Ps)s3, which is given by ¢(t) = [1;<j<5 u;t* for
all t € (Ps)14. Let us consider the following element in H33(V®):

()()(5)()(9) (1) (N ,5) ,(13)  (7)

&] —a( )ag)aé )aflu) §11)+a§”a§7)a§3)ag3) ()—i-a as'as’ay +ai’as’as a; “as
—i—agl)ag) (7) (5) (13)+ (1) (7) (7) () (11)+ 1) () () (9) ()—i—agl)ag) ég)af)aé 3)

+aDaa >a(5) an <1>a(27>a§9>a< N0 +a(1>a<7>a§ )a(9>ag> + a{Va{0 a0

+aPa0aa®a® + 0060 a®a® + Vel DV 4 g0 (9 O

(1) (1) (5) 51) (13)+ (1) ( 1) (5) () ( )+ (1) ( 1) () (9) ()_I_agl)a(ll) ()a(ll)aé5)

+ay’as é a
+aD b (1, @3) A1) a( )ag )ag)ai )aé ) 4 ag )agn)aé )Gi )a§5) + a(l) (1 >a§,“)a§ )ag)

1 Gy "4z’ Gy ag
—|—a(1) (11) ( 1) () (5)+a()a( 1) (13) () ()+a(1) (13) (3) (3) (13) (1) _(13) (3) (5) (11)

10y as a;’'as ~+ajay ‘az a, as
+a§1)a§13)a§ )a519)aé7) +a§) gIS)Gg) i13)aé ) —i—ag) 513)%()’ )GE; )ag) +a (1) ( 3) (5)a§11)a§’)
+a§1)a§13)a§7)a§ )ag ) 4 agl) (lg)aé )af)aéi%) + agl)agm)agﬂ)a( )agi’)) + a(l) ( 3) (13)%(1 )aéi%)'

We can easily verify that the element &) is A-annihilated. In fact, we need only to consider
effects of the Steenrod operations SqQk for 0 < k < 3 due to the unstable condition. Further-
more, we have < (g, o(C(uq, ..., u5)) >=1, where < —, — > denotes the dual the canonical
non-singular pairing H,(V®) x H*(V®) —s Z/2. Thus [] is dual to [p(C(ur, . .., us))].
This means that

(Z)2 ®cL, Pa(Ps))ss = ([])-
As a direct result of this event and (3.5), we obtain the following corollary.

Corollary 3.8. The cohomological transfer
O5(Z)2) : (Z)2 @cLs Pa(P5)")3s — Ext? 5+33(Z/2, Z/2)

s an isomorphism.

Cases t > 1. We observe that
d=02" -1+ 2" -+ -+ -1+ (2" 1),

which implies that p(d) =5 for any ¢ > 1. So, using Theorem 2.9(ii), the iterated Kameko
homomorphism

(ST (QP5)a = (QP5)ar+syar+2 491415 —> (QPs) 71914540142 91415
is an isomorphism for every ¢t > 1. On the other hand, since the Kameko squaring operation

(SA’c]/S)n : (QPs)71 — (QPs)33 is an epimorphism and dim((QPs)33)“’® = 1, one has an
estimate

(38) dim((QP5)d:2t+5+2t+2+2t+1_5)GL5 == dim((QP5)71)GL5 S dim(Ker((é\qj‘,E)n))G% + 1
To determine the dimension of ((QPs)71)%%5, we require the following useful lemma.

Lemma 3.9. The invariant (Ker((Sq)71))%%s vanishes.
Combining this lemma with (3.6) and (3.8), we get
dim((QPs) gegt+5ot+2 1 ot+1_5) " = dim((QPs) 7)™ = 1, for every t > 1
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Outline of the proof of Lemma 3.9. Suppose that t is an admissible monomial of degree 71
in the A-module Ps such that [t] € Ker((S¢%)71), then the weight vector w(t) is one of the
following sequences:

Wiy = (3, 2,2,1,1, 1), W) = (3, 2,2,1, 3), W3y 1= (3, 2,23, 2), Wy 1= (3, 2,4,2, 2),
Wy = (3, 2,4,4, 1), W) 1= (3, 4,1,1,1, 1), Wy 1= (3, 41,1, 3), Wy 1= (3, 4,3,2, 2),
Wiy = (3,4,3,4, 1)

Indeed, it is straightforward to see that z = u$uljus € €5;° is the minimal spike, and
w(z) =(3,2,2,1,1,1). Since t € €53°, and deg(t) is an odd number, by Theorem 2.10, either
wi(t) =3 or wi(t) = 5. If wy(t) = 5 then t = ujusuzususy® with y a monomial of degree 33
in A-module Ps. Since ¢ is admissible, by Theorem 2.5(i), one gets y € ‘533 , which implies
that (S¢%)71([t]) = [y] # [0]. This contradicts the fact that [t] € Ker((Sq?)7;), and so, we
must have that w;(t) = 3. Then, using Theorem 2.5(i), ¢ has the form w;uju,y; in which
1<i<j<k<b5andy €% Notice that the monomial 2’ = u3'u3 is the minimal spike
in (P5)34 and w(2’) = (2,2,1,1,1). Since y; is admissible and deg(y;) is even number, by
Theorem 2.10, either wi(y1) = 2 or wi(y1) = 4. If wi(y1) = 2 then y; is of the form w;u;y3
with yo € (Ps)1s and 1 < i < j < 5. Since y; € €5;°, by Theorem 2.5(i), yo € 653" . Following
the previous work in [36], one has w(y2) € {(2,1,1,1), (2,1,3), (2,3,2), (4,2,2), (4,4,1)}.
This shows that

w(t) € {(3,2,2,1,1,1), (3,2,2,1,3), (3,2,2,3,2), (3,2,4,2,2), (3,2,4,4,1)}.

Similarly, if wi(y1) = 4, then y; = wujupwys with 1 <i < j <k <l <5 and y3 € G5
According to [34], we have w(y3) € {(1,1,1,1), (1,1,3), (3,2,2), (3,4,1)}, and therefore,

w(t) € {(3,4,1,1,1,1), (3,4,1,1,3), (3,4,3,2,2), (3,4,3,4,1)}.

This leads to an isomorphism

Kel"((g\qi?)n) = @ (QPs)n(w (J)>

1<j<9

Now, using the algorithms described in Appendix 4, we obtain:

1395 if j =1,
dlm(QP5)71( (])) 124 lfj = 6,
0 otherwise.

Explicit bases for the spaces (QP5)71( (])) are determined explicitly, as described in Appen-
dix 4. Consequently,

dim Ker((S¢%)71) = Y dim(QPs)7 (W) = 1395 + 124 = 1519.

1<5<9

Proceeding with our algorithm in Appendix 4 (noting that the manual computations are
similar to those in Lemmata 3.6 and 3.7), we obtain the following:

27 ifj=1,

dim((QPs)7 (@)™ = {6 if j =6,
0  otherwise,



26 DANG VO PHUC*

and

dim[(QPs)71 (w(5))]“*

5 —

Y vj?

Consequently, (Ker((Sq%)1))% vanishes. The lemma is proved.

O

Remark 3.10. As established above, dim((QPs)7 )" = 1. Accordingly, an explicit basis

Ls

(equivalently, a generator) of ((QP5)71)G
GLs
Take any [h] € ((QP5)71>

using that (S¢?)71 is a G Ls-epimorphism, we have

(%))71(“@) =7 [SO(C(M, ..
Consequently,

h o~ @2@(“1,“27 e

where p € (Ps)71 such that [p] € Ker((Sq%)71). Based on our algorithm in Appendix 4, we get

h~ Bl @*(C(ur, ug, ..., us)) + p(E(ur, ug, ...

where

f(ul,UQ,.-. 7,,7,8,48

1 2,52

10,,52 14, 52

,u5)) +§(U1, .

yus)) + o(E(ur, ug, . ..

is as follows.

,U5)}, VEZ/Q

,u5))

+ D,

,U5))+£(U1,u2,...,’d5) 5 662/27

3,,13,2, 52 15,2 52

5

7 3
+ U UUZ UL U5 + U ULUZ Uy Us + U UgUz Uy Us + U UsUzUy Us

3,74, 56 7,656
+ U UQUsUy Us + U UQU U, Us +

7,260 6,3, 60
+ UruxuzU, Us + U USUIU, Us +

3,79, 50,2 3,6,10, 51,2
+ UjUU3UY Uy + U

7,2,57, 4 6,3,57, 4

3,4, 59 4 6, ,59,4
T UTUSUSUY Us + U UQUIUY Ug +

2,,3,61, 4 3 62, 4
+ UURUSU, Us + U USUSU, Us +

3,79 18 34 3,5,11 18 34
+ uTUQUsUY U+ U ULUZ Uy Ug

15, 3 4, 48 3,5,11 4, 48
+ U UUZUL U F UTULUZ Uy U

3,15, 4,48 15
+ uguyuz U Uy + U

7,10, 5 48 3,3,12 5 48
+ ULUUZ Uy Ug + U U U3 Uy U

7,78, 48 7, 6,9 48
+ U UQU3 UL U5 + UpURUI UL U5 +

7,3,,12, 48 3,3,5, 12 48

3, 4,15 48 3,4 15, 48
+ U UUZUY U5+ UL UL UZUY Us

3.5 10, 4,49
+ ujuyuz U Us

7,6,8 49 | 7
+ UL U U U4 U5 + Uy U2 UZ U4 U

2,,7,12 49 3, 4,14, 49
+ U URU UL Ug™ + U U U U, Uy

3,7, .10, 50 3,3,5 10, 50
+ UTULUIUY Uy~ + U USUSUy Uy

+ U Ux U3 Uy Uy
2,12, 49

Uiy Uy Uz + U UUgly Us

14, 54 7,3,4 56
6,7, 56 3,5,2 60
U UgU3g Uy Us + UTULUIU, Us

3,6,,60 3, o4, 62
U U U3 Uy Uy + UTU2USU, Us

3,7,56 4 3,5,2 57 4
T+ ujU Uz Uy Us

2,757, 4 3,5 58 4
U U U3 Uy Us + UTUHU U, U,

3,3, .60 4 3,2 61 4
UTULUSU, Us + UTUSUZU, Ug

7.7.9 16, 32 7.7.8, 17, 32
U U UsUy Us™ + U UgUg Uy Us

77,8, A48 15,3, 4, 48
+ U UQUs U4 U5 + U USUIUL U

3
+ uu2uz U, Us

2,5, 15 48
+ U uRuzUy U5 U

7,10, 4,49 | 7,3 4 8 49 7
+u + uyq

T UL U U3 U, Ug
2,415 49
+ U uruUsUy Us” U

3
+ ujUUz Uy Ug

7,11, 4, 48 3
+ urugusz Uy Uus” + Uy

2,5, 48 7, 10,5 48
1 UgUzUyUs” + UgUsUz U Us” + U

3, 14,5 48
+ ujugls uyus +u

7,12, 48

1 U Uz Uy Us
7 9 12 49

7,,10, 50

Usg u§5uiu§8

3, 510, 5 48
1UgUg UyUy

77
1 U U Uy Us

8,48

3,,12, .48

7
+ Uy Uuz U, Us

7,2,13, 48

+ uruyuzU, " Us

15 2 4 49
1 U2UgUyUg

6,8,,49

3,6, 12, 49

+ U U U3 U, Uy

3,79 2 50
1UgUgUyUs

3,,7,10, 50

with representative h € (P5)71. Appealing to Lemma 3.9 and
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3,510, 2, 51 3,5,2 10, 51 3, ,.6,10, 51 3,610 51
+ UTULUZ Uy U5~ + UTUUUY Ug™ + UTUUUY Ug™ + U UsU3 Uy Us

15, 2 52 3,132 52 15,2, 52 7,3,8, 52
+ U UUZUAUST + U U USUAUST + U Uy UzUAU5" + U U U U4 U

7 10 52 3,,4,11 52 6,11 52 3 14 52
+ U UgU3 UgUy™ + U ULUZ UgUS™ + U U U3 UgU5~ = UT U2 U3 Ug Uy

3,,14 52 3,13 2, 52 15 2,52 3 13,2, 52
+ ULUSUZ UgUy~ + U U USUZUS™ + U Uy U3UUs~ + UT U2 U3" Uy Uy

3, .12, 3 52 3,12 3 52 2,133 52 14,3, 52
+ UTUUz U UL + U URUZ U U™ + UTUSUZ U U5~ + U U2Usg Uy Us
7.3, .8 52 7. 3,8, 52 7.3, 8, 52 3, 7,8 52

+ U U U3 U4 Us + Ui U2U3ULUs + U UpUsU4 U + U U2UsU4 U

7, 22,9, 52 3,5,2 9 52 7,2,9, 52 3, .69 52
+ U UUZUR U5™ + UTURUZUH U™ + U UgUZ UL U5~ + U U2 U U Ug

2,7,9, 52 7 10, 52 7, .10 52 3, .4, 11 52
+ U1 ULUSUR U™ + U U2 USU, Ug~ + U UUZ UL Ug~ + UTU2U3Uy Ug

3,3 12, 52 3,2,13, 52 23,13, 52 3 14, 52

2,15, 52 3,122, 53 2,132, 53 2,12,3, 53
+ U UUZUY Ug™ + U ULU UZUS™ + UTUSU3" U Us" + U U U3 Uy Uy
3,5,2,8,53 3,3,4,8 53 3, 26,8 53 3,6,8,53
+ UTULUSULUS" + UTUSUIUL UL + UTU2U3 U Us™ F U UG Uz Uy U
3, 4,10, 53 3,410, 53 2,510, 53 6,10, 53
+ UTUU3 U, Ug” + U USU U Ug”™ + U U U Uy Ug® + U UsUg Uy Us

3, 2,12 53 2, .14 53 3, .12, 54 3 12, 54
+ UTUUZ UL U™ + U UFUIUY Us” + UTU2 U3 Ug Uy + UTUUIUL U

3,12, 54 2 13, 54 14, 54 3,7 .4 56
+ UTUU3 UL Ug~ + U URUIUL Ug ™ + U UUIUY Ug + U U U3 U Us

7 6 56 7,6 56 6,7 56 7,3 4, 56
+ U UU3ULUE + U1 UUSULUE + UL UU3U4 U5 + U USUSUL U

3,7, 4,56 7 3.4, 56 3,5,3, 4 56 7,34, 56
+ UTULUSUL U + U UUZUL U + U UUSUL U + UL U U UL U

3,3, 5 456 3, T4 56 3,74, 56 3,4,3 5 56
+ UTULUSUL U + UTULUSUL U + U UK UUL Uy + U USUZ UL U

6,3,5,56 3, 6,5 56 3,6,5,56 2,75, 56
+ U U UsU U + UTULUIUH UL + U U U3 U Us~ F= U US U3 Uy U

7 6,,56 7, .6, 56 3, 2,5,6,56 3,5, 6 56
UL UUI UL U5 + U UUIU U + UTUU3 UL Ug + U UG U3 U4 Ug

6, , 7,56 7, 2.4 57 6,3, 4, 57 3,3, 4 4 57
+ U1ULUSUH U5 + U U2USUL U+ U U U UL U + UTUS U Uy Uy

3, 64 57 3,6, 4, 57 3,4, .6 57 3, .46 57
+ UTULUSUL U + U1 ULUULUE + UTUUSULUE + U U2 U UL U

3,4,6, 57 2,5, 6, 57 6,6, 57 2,4, 7, 57
+ U1ULUSULUE" + U1 USUSULUE + UL UUUL U5 + U U U UL U

7 22, 60 3,52, 60 7.2, .60 6,3, ,60
+ U UUSUL UL + UTUQUIUAUS + U U U UAU5 F= U UgUZU4 U

3, 2,6, 60 3,6, 60 3,5, 2 60 7, 2,60
+ UTULUSULUs + U U U3U4LU5 + U U USUZ U5 + U U U UL U5

3,4, .3, 60 6, 3,60 6,3, 60 3, 53,4, 60
F UTUUIUS U5~ + U UUU U + U U U3 Uy Ug + U U2 U3 U4 U

3, 22,5, 60 3, 6,60 2,7, 60 3, 4,2, 61
+ UTUUZ UL U5 + U URUU4 Uy + UTUUZ U Us + UTU2U3UZ U

3,42 61 2,52, 61 6,2 61 3, 2 4 61
+ U USUZUL U™ + U URUIUZUS + U UU3 U U5+ UTU2UZ UL U

3,,2,4, 61 2 6,,61 3,4 62 6 62
+ U1ULUZUL U5+ U1 ULUSULU5 + UTUSUSULUL + UL U U U4 U

3, o4, 62 3 4,62 3,4, 62 2, 5 62 6,,62
+ UTULUSULU" + UTULUSUH U + U UUZUHUs™ + UTUFUIU US™ + U U2 U3 U U

By direct computational verification, we also obtain

pil PP(Clun s, us)) + (€, s, us)) + E(ur, up, - us)

~ @2(<(u17u27 cee 7“5)> + So(g(ulvu% cee ,U5)> + £(U17U2, <o 7u5)7 VZ, 1 <1<,
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Thus, we get

((QP5)71)"™ = {[¢*(Cu1, ua, . .., us)) + p(E(ur, un, . . . us)) + E(ur, uz, . .., us)]).

By combining this result with (3.5) and taking into account the fact that h; 1d;yq €
Im(¢%(Z/2)), we can immediately deduce

Corollary 3.11. The cohomological transfer
G5(Z)2) : (Z)2 ®cry Pa(Ps) oo gara s — Bxty® (72, 7,/9)
is an isomorphism for all t > 1.
Corollaries 3.8 and 3.11 indicate that

Corollary 3.12. Singer’s conjecture is confirmed for the cohomological transfer ¢} (Z/2) in
the case when n =5 and in the general degree 2175 4 2072 1 2841 5 for arbitrary non-negative
integer t.

4. APPENDIX

This appendix provides links to our algorithm implemented on the computer algebra system
0SCAR, as well as detailed computational output data for (QPs)s with d = 33 and 71, together
with their invariants.

e The 0SCAR implementation of our algorithm for computing (QPs)4 for d = 33 and 71
together with their invariants is available at GitHub:
https://github.com/phucdv2018/Code-0SCAR-33-and-71/releases/tag/v1.0.0 (archived
at DOI: https://doi.org/10.5281/zenodo.17719793) and included as a supplementary
file Code_0SCAR_33_and_71

Note that in this 0SCAR code, within the section

———————— RUN (example) --------
ultra_sparse_bitpacked main(5, 33)

to obtain results for d = 71, one simply replaces the pair (5,33) by (5, 71).

e Computational data for (QPs)4=33 and its invariants are available at Zenodo:
https://doi.org/10.5281/zenodo.17601723.

e Computational data for (QPs)s=71 and its invariants are available at Zenodo:
https://doi.org/10.5281/zenodo.17601864.
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