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Abstract
We propose a spectrally normalized surrogate model for forward and inverse mechanical homogenization
that guarantees physical admissibility of effective stiffness tensors throughout training, inference, and
optimization. Building on classical Voigt-Reuss bounds, we construct a universal reparameterization of
symmetric positive definite constitutive tensors: the difference between the Voigt and Reuss bounds is
factorized into a Cholesky-like operator, and each effective tensor is represented by a dimensionless,
symmetric positive semi-definite matrix with spectrum confined to the unit interval. Learning is performed
in this bounded spectral space, and the inverse mapping ensures that all predictions are symmetric positive
definite and lie between the Voigt and Reuss bounds in the Löwner sense. We first apply this framework to
3D linear elasticity using an open dataset of stochastic biphasic microstructures. A fully connected Voigt-
Reuss net is trained on over 750K FFT-based homogenization labels using 236 isotropic morphological
descriptors and three non-dimensional elastic contrast parameters. Because the inputs are rotationally
invariant, the surrogate recovers the isotropic projection of the effective stiffness tensor with near-perfect
fidelity: isotropy-related components achieve R2 > 0.99, while anisotropy-revealing entries are correctly
identified as unpredictable. At the tensor level, the relative Frobenius error has a median of ≈ 1.7% and mean
≈ 3.4% across train/validation/test, operating close to the irreducible error floor set by isotropic projection
and far below classical Hill-type estimates. We then couple spectral normalization with a differentiable
microstructure renderer and a convolutional network for 2D plane-strain elasticity of highly anisotropic,
high-contrast biphasic composites generated by thresholded trigonometric fields. The resulting end-to-
end differentiable convolutional Voigt-Reuss net maps amplitude matrices and thresholds to effective
stiffness tensors, achieving R2 > 0.99 on all components and subpercent Voigt-Reuss normalized losses,
while remaining strictly within the bounds. The surrogate captures percolation-induced eigenvalue jumps
along threshold sweeps and generalizes robustly to out-of-distribution, diffusion-generated microstructures.
Treating the parametric microstructure as design variables, we solve inverse problems via batched, first-order
optimization using a single surrogate, matching target tensors with relative errors of only a few percent
and producing diverse near-optimal designs. Overall, the Voigt-Reuss net provides a physically grounded
surrogate for multiscale elasticity that unifies accurate forward prediction with large-batch, constraint-
consistent inverse materials design. The approach is generic to elliptic problems and readily extensible to
other transport and coupled-physics settings where rigorous bounds are available.
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1 INTRODUCTION

1.1 Motivation

The mechanical response of heterogeneous materials is governed by a subtle interplay between phase properties, volume fractions,
and microstructural geometry across multiple scales. From fiber-reinforced polymers to architected lattices and metamaterials,
designers are increasingly seeking to engineer microstructures to tailor effective stiffness, anisotropy, and load transfer pathways
for specific applications. Classical homogenization theory provides a rigorous framework for relating microstructure and local
constitutive laws to effective properties, e.g., via asymptotic expansions, variational principles, and empirical estimates and
bounds1,2,3,4. Yet, the corresponding G-closure5,6, i.e., the set of all effective tensors realizable by mixing given phases in all
admissible microgeometries, is typically high-dimensional, non-convex, and analytically intractable.

Computational homogenization and direct numerical simulation have become the workhorses to explore the material design
space in practice. Finite element (FE) and FFT-based schemes7,8,9,10 allow one to solve corrector problems on intricate unit cells
and extract homogenized tensors. These methods are robust and systematically improvable, but they are also computationally
expensive: A single 3D simulation on a 1923 voxel grid with strong phase contrast involves ≈21 million degrees of freedom.
Therefore, it can already be costly, and design tasks that require exploring tens of thousands of candidate microstructures or
solving nested optimization problems are often prohibitive if each evaluation relies on high-fidelity simulation. More strikingly,
differentiating these results with respect to design parameters is challenging, if not impossible, in many situations. These
bottlenecks have motivated a surge of interest in surrogate models that learn microstructure property relationships from data and
can be queried at negligible cost once trained.

1.2 Machine learned effective property forecasting

Machine-learning-based surrogates for homogenization are now widely explored. Approaches range from regression on hand-
crafted descriptors (e.g., morphological statistics, correlation measures, or spectral features)11,12,13 to deep convolutional
networks ingesting microstructure images or volumes directly14,15,16. They have been used to predict scalar effective properties12,
full elasticity tensors17, and even local fields18,19. In parallel, data-driven paradigms in computational mechanics20,21,22 have
demonstrated that learned constitutive maps can replace or augment traditional phenomenological models, enabling faster
simulations and design. Furthermore, these works have demonstrated the need to incorporate physical constraints into the
surrogates to leverage data efficiency, robustness, and out-of-data prediction accuracy. On the design side, several works now
combine surrogates with generative models23, optimization24,25,26, learned inverse mappings27, or autoencoders28 to tackle
inverse problems, where one seeks microstructures or process parameters that achieve targeted effective responses.

Despite these advances, most existing surrogates for effective tensors suffer from a critical limitation: they treat the components
of the effective tensor as generic regression targets, with physical constraints imposed (if at all) through post-processing or soft
penalization. In linear elasticity, the effective stiffness tensor must be symmetric, positive definite, and satisfy basic variational
bounds, most notably the first-order Voigt and Reuss bounds, which constrain the admissible tensors in the Löwner sense4.
Naive regression does not respect such structural constraints: predicted tensors can be indefinite, violate ellipticity, or lie outside
the Voigt-Reuss envelope, especially when queried far from the training distribution. Such violations are more than just aesthetic
flaws: they can destabilize downstream FE simulations, break thermodynamic consistency, and render inverse-design loops
unreliable. Common ad hoc remedies include projecting predictions onto the cone of symmetric positive definite (SPD) matrices,
learning a Cholesky decomposition29, clamping eigenvalues, or adding penalty terms to the loss in the spirit of physics-infused
neural networks (PINNs30). None of these approaches guarantees adherence to Voigt-Reuss bounds, and often this leads to
ill-conditioned optimization landscapes.

At the same time, homogenization theory provides a much richer structure than simple SPD constraints. For a given set of
phase tensors and volume fractions, the effective tensor must lie in the intersection of the SPD cone with a set of variational
bounds such as the classical Voigt and Reuss bounds31,32,33. Under some assumptions, the Hashin-Shtrikman bounds34, and
more refined and problem-specific estimates35,36 can apply, as well. In Löwner order, the basic Voigt-Reuss inequality states
that the effective tensor is bounded above and below by those of the weighted arithmetic and harmonic averages, respectively.
Geometrically, this defines a compact spectral simplex in the space of SPD matrices where the difference between the Voigt
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and Reuss bounds is positive semi-definite and encodes the admissible variation of effective responses. Any surrogate used for
forward prediction or inverse design must remain in the thereby defined feasible set. In particular, any configurations explored
along optimization trajectories must be inside this envelope.

Another source of difficulty is the intrinsic complexity of the G-closure, especially for high-contrast and anisotropic composites.
For strongly heterogeneous materials, small changes in geometry can cause large, non-smooth changes in effective response,
particularly near percolation thresholds or when load-bearing paths reconfigure1,37. Effective stiffness eigenvalues can exhibit
jumps as microstructure parameters (e.g., volume fraction, connectivity, or orientation) cross critical values. Mean-field
approaches, such as e.g., the Mori-Tanaka scheme4 and self-consistent schemes, which implicitly assume dilute or weakly
interacting inclusions, cannot capture these transitions. Standard neural surrogates can approximate them, but when unconstrained,
they may also generate unphysical responses, e.g., in poorly sampled regions of the design space. Robust inverse design thus
demands surrogates that are both expressive enough to capture non-smooth, geometry-driven behavior and structured enough to
enforce physical admissibility by construction.

In a recent work38, we proposed a spectral normalization framework for learning effective conductivities resulting from the
solutions of elliptic problems. The core idea is to exploit the Voigt-Reuss gap as a natural scaling for the admissible response and
to reparameterize the effective tensor via a normalized SPD matrix with spectrum confined to the unit interval. Learning is then
carried out in the bounded unit-cube space of eigenvalues and orthogonal factors of the normalized tensor. The reconstruction
of the constitutive tensor based on the normalized representation automatically enforces symmetry, positive definiteness, and
Voigt-Reuss admissibility. That prior study focused on scalar-valued elliptic problems such as thermal conduction.

1.3 Objectives and scope.

In this paper, we generalize the Voigt-Reuss net framework to linear elasticity and to demonstrate how a spectrally normalized
surrogate can be used not only for fast, physically admissible forward prediction of effective stiffness tensors, but also as a robust
engine for gradient-based inverse material design. Building on our earlier study for scalar elliptic problems38, we first formalize a
spectral normalization for generic symmetric positive definite constitutive tensors (of arbitrary order), including 3D small-strain
elasticity as a special case. Any effective tensor is mapped through a Cholesky-like factor of the Voigt-Reuss difference into
a dimensionless matrix with spectrum in [0, 1], yielding a task-agnostic target space with scale-free, well-conditioned losses
and the guarantee that, after inverse mapping, all surrogate predictions are symmetric positive definite and confined to the
Voigt-Reuss envelope.

Within this general framework, we consider two representative elasticity settings. First, we construct a Voigt-Reuss net
for 3D biphasic composites based on the open microstructure dataset39,12, where each sample is described by isotropic
averaged morphology descriptors and non-dimensional phase contrast parameters. This case probes the performance of spectral
normalization in a purely descriptor-based, rotationally invariant forward problem. Second, we couple spectral normalization
with a differentiable microstructure renderer and a convolutional neural network for 2D plane-strain composites generated from
thresholded trigonometric fields40,37. In this setting, the surrogate operates directly on parametric microstructure representations,
enabling end-to-end differentiability of the map from design parameters to effective stiffness and, consequently, first-order inverse
design with respect to full target tensors or tensor-valued functionals. Throughout, we restrict attention to linear elastostatics, but
emphasize that the proposed spectral normalization is generic and applicable to other elliptic operators (e.g., thermal conductivity,
diffusion, poroelasticity) and further.

The remainder of the paper is organized as follows. In Sections 3.1 and 3.2 we recall the Voigt-Reuss bounds for elliptic
problems and derive the associated spectral normalization, including its matrix formulation and numerical implementation.
Section 3.3 discusses how this normalization can be combined with generic machine-learning models. Section 4 presents the
3D mechanical homogenization study based on descriptor inputs, while Section 5 introduces the differentiable microstructure
renderer, the convolutional Voigt-Reuss net, and a series of forward and inverse design experiments for highly anisotropic,
high-contrast 2D composites. The conclusions summarize the main findings and outline opportunities for extending Voigt-Reuss
net to richer G-closure problems and multi-physics design.
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2 NOTATION

The spatial average of a quantity over a domain A with measure A = |A| is defined as

⟨·⟩A =
1
A

∫
A

(·) dA . (1)

In the sequel, boldface lowercase letters denote vectors, boldface uppercase letters denote 2-tensors, and blackboard bold
uppercase letters (e.g., C) denote 4-tensors. We use single (·) and double contractions (:). With respect to an orthonormal basis ei

(i ∈ {1, 2, 3}), they are defined as (A: order n tensor; B: order m tensor)

A = Ai1i2···in–1in ei1 ⊗ · · · ⊗ ein , B = Bj1j2···jm–1jm ej1 ⊗ · · · ⊗ ejm ,

A · B = Ai1i2···in–1kBkj2···jm ei1 ⊗ · · · ein–1 ⊗ ej2 ⊗ · · · ejm ,

A : B = Ai1i2···in–2klBklj3···jm ei1 ⊗ · · · ein–2 ⊗ ej3 ⊗ · · · ejm .

using Einstein summation over repeated indices. The tensor product is denoted by ⊗. Using the above notation in conjunction
with the operator

∇ =
∂

∂xi
ei ,

The (right) divergence and the (right) gradient of a general tensor read

A · ∇ = Ai1···in–1j,jei1 ⊗ · · · ⊗ ein–1 , A ⊗∇ = Ai1···in,jei1 ⊗ · · · ⊗ ein ⊗ ej .

Relative Frobenius error is given by,

EF(A, B) =
∥A – B∥F

∥A∥F
=

√∑m,n
i,j (Aij – Bij)2√∑m,n

i,j A2
ij

, where A, B ∈ Rm×n. (2)

Generally, (̂·) denotes predicted quantities, (̃·) denotes normalized quantities, and (·) denotes homogenized quantities.
For convenience, a six-dimensional orthonormal basis {B1, . . . , B6} of the space of symmetric second-order tensors Sym(R3)

in a Mandel-like notation is proposed:

B1 = e1 ⊗ e1, B2 = e2 ⊗ e2, B3 = e3 ⊗ e3,
B4 =

√
2

2 (e1 ⊗ e2 + e2 ⊗ e1) , B5 =
√

2
2 (e1 ⊗ e3 + e3 ⊗ e1) , B6 =

√
2

2 (e2 ⊗ e3 + e3 ⊗ e2) .
(3)

Then any symmetric second-order tensor U ∈ Sym(R3) and any fourth-order tensor Y with left and right sub-symmetry can be
expressed by a vector u ∈ R6 and a matrix Y ∈ R6×6 via‡

ui = U : Bi, Yij = Bi : Y : Bj .

The following identities hold for symmetric tensors of order 2 (U, V) and 4 (C, S) and their respective vector representations
u, v, C, S:

U · V ↔ uTv = u · v = vTu, C : U ↔ C u, C–1 : V ↔ C–1 v .

‡ In two dimensions vectors are of size 3 and matrices are 3 × 3, with basis tensor B̃1 = B1, B̃2 = B2, B̃3 = B4.
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3 FOUNDATIONS

3.1 Löwner bounds for elliptic problems

We build on our recent work38 and extend the framework to 3D mechanical problems. We consider spectral normalization of a
symmetric positive definite (SPD) constitutive tensor Y (of arbitrary order) that maps an input X and a general tensor Z, i.e.

Z · Y · X = X · Y · Z; , X · Y · X > 0; . (4)

Let X be a kinematic quantity (e.g., strain or temperature gradient). Many stationary physical problems can be written as the
elliptic equation

(Y · X) · ∇ = 0; . (5)

This covers, for instance, elasticity, steady-state heat conduction, and diffusion. In a homogenization setting, we set the boundary
condition ⟨X⟩ = ei, where ei denotes the i-th unit tensor and i runs over all admissible loadings (e.g., i ∈ 1, 2, 3 for thermal
problems or i ∈ 1, . . . , 6 for small-strain elasticity). The corresponding solutions are denoted by Xi. With the effective fluxes
Qi = ⟨Y·Xi⟩, the effective constitutive tensor Y, with respect to an orthonormal basis e1, . . . , em

§, admits the matrix representation

Y ↔ Y ,
(
Y
)

ij
= Qi · ej (i, j = 1, . . . , m). (6)

Using standard variational principles for the primal and dual problems (see, e.g.,4,3), the Voigt and Reuss bounds for Y are given
by the weighted arithmetic and harmonic means of Y, respectively,

YV = ⟨Y⟩ , YR =
(
⟨Y–1⟩

)–1
. (7)

The ordering is understood in the Löwner sense:

YR ⪯ Y ⪯ YV ⇔ X · YR · X ≤ X · Y · X ≤ X · YV · X . (8)

In the m × m matrix representation (e.g., m = 3 for 3D thermal problems and m = 6 for 3D small-strain elasticity), this reads

Y
R
⪯ Y ⪯ Y

V
⇔ x · Y

R
· x ≤ x · Y · X ≤ x · Y

V
· x ∀, x ∈ Rm. (9)

In the sequel, we use the matrix form for convenience.

3.2 Spectral normalization

The difference between the upper and lower bounds is symmetric and positive semi-definite and thus admits a diagonalization

Q
0
Λ

0
QT

0
= Y

V
– Y

R
. (10)

In most situations, Λ
0

is positive definite. If not, truncating to eigenvalues greater than a numerical tolerance ϵ > 0¶ yields

Q̃
0
Λ̃

0
Q̃

T

0
= Y

V
– Y

R
+ O(ϵ) = L LT . (11)

From that, we can define a matrix L closely related to Cholesky factorization and its pseudo-inverse L+ via

L = Q̃
0

√
Λ̃

0
, L+ =

√
Λ̃

–1

0
Q̃

T

0
. (12)

§ For instance, the basis B1, . . . , B6 from eq. (3) will be used for e1, . . . , e6 for elastic homogenization.
¶ Note that ϵ is a purely numerical parameter; in exact algebra, one may set ϵ = 0.
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Here •̃ is used to denote the column truncation of Q
0

and the column- and row-truncation of Λ
0

to strictly positive eigenpairs
padded by zeros to maintain the dimension m × m for practical reasons. Note that L and L+ depend only on the trivial Voigt
and Reuss bounds, respectively; i.e., they are independent of further microstructural features. Symmetric application of the
pseudo-inverse# to eq. (9) yields

0 ≤ Ỹ = L+
(

Y
V

– Y
)

L+T ≤ L+
(

Y
V

– Y
R

)
L+T = I . (13)

The dedimensionalized linear operator Ỹ can be expressed through an orthogonal matrix Q̃ ∈ Orth(Rm) and a diagonal matrix

Λ̃ = diag(ξλ1, . . . , ξλm) with ξ
λ
∈ [0, 1]m via

Ỹ = Q̃ Λ̃ Q̃
T

.

Thereby, the effective constitutive output Y is expressed through

Y = Y
V

– L
(

Q̃ Λ̃ Q̃
T)

LT = Y
V

– L Ỹ LT. (14)

In conclusion, Ỹ and the trivial bounds Y
V

and Y
R

suffice to reconstruct Y . As a result of the spectral normalization, it suffices to

predict Ỹ , being a symmetric positive semi-definite matrix devoid of physical dimension and with a spectrum confined to the
unit interval.

Remark 1. For thermal problems, the conductivities in isotropic multi-phasic materials are always different, yielding strictly
positive eigenvalues in Λ

0
. In mechanical problems, the situation can become technically more intricate: Considering a biphasic

isotropic elastic medium, the material parameters of the phases can be expressed through the bulk modulus Ki and the shear
modulus Gi of phase i ∈ {0, 1}. In case either of the two matches, the difference eq. (11) will contain eigenvalues. For instance,
a matching bulk modulus K0 = K1 induces

CV – CR = 2∆G Piso
2 , ∆G = GV – GR, Piso

2 = Isym –
I ⊗ I

3
. (15)

The matrices L and L+ then get

L =
√

2∆GPiso
2

, L+ =
1√

2∆G
Piso

2
, Piso

2
=



2/3 –1/3 –1/3 0 0 0
–1/3 2/3 –1/3 0 0 0
–1/3 –1/3 2/3 0 0 0

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


. (16)

While theoretically straightforward, the robust computation of L and L+ must be carefully implemented and tested for such limit
cases. Note that the restriction to isotropy in the above is for illustrative purposes only, i.e., the code should be able to cope with
general anisotropy. For technical reasons, a numerical threshold ϵ > 0 should be used to filter "near 0" eigenvalues in Λ

0
.

3.3 Implementation of the spectral normalization

The reparameterization through Q̃, Λ̃ can be combined with machine learning to predict ̂̃Y ≈ Ỹ . Therefore, two distinct
ingredients are needed (see also Figure 1):

• a vector-valued surrogate ξ̂
λ
∈ [0, 1]m to model the eigenvalues in ̂̃Λ and

• a parameterized orthogonal matrix ̂̃Q (ξ̂
q
) ∈ Orth(Rm).

# PseudoInverse refers to the Moore-Penrose pseudo inverse 41.
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The first part is trivial to enforce, e.g., through a simple sigmoid function (or similar alternatives). Parameterization of the
orthogonal matrix ˜̂Q is more challenging and less commonly available. In our implementation using pytorch42, we deploy

torch.nn.parameterizations.orthogonal ∥. In practice, the black box surrogate model must provide ξ̂
q
, matching

the parameterization used.
A relative error with respect to the range of admissible responses Y

V
– Y

R
of an approximation Ŷ of Y can directly be obtained

from the absolute error in the spectrally normalized Ỹ:

ϕ(Ỹ , ̂̃Y) =
1√
m

∥Ỹ – ̂̃Y∥F , (17)

where ∥·∥F denotes the Frobenius norm. This loss is insensitive to changes of unit (e.g., SI vs. imperial), and it can be
combined with any other dedimensionalized loss. Therefore, we strongly recommend the use of a loss that is exclusively based
on the normalized quantity ̂̃Y instead of the actual constitutive target Y . Notably, the error is interpretable for each sample

ϕ(Ỹ , ̂̃Y) ∈ [0, 1], which gives a relative error of the stiffness normalized to the range of the bounds. This procedure is also in line
with the problem-specific weighting of losses in43, which was also shown to be crucial for success. Therefore, the loss will be
based on eq. (17).

Remark 2. In our experience, it is prohibitive to compute the loss either based on the parameters ξ
q
, or on ξ

λ
for the following

reasons:

• Redundancy is possible, i.e. different ξ̃
q

can lead to the same ̂̃Q.

• Depending on the chosen parameterization, errors in the parameters are hard to interpret since the usual norms of ξ̃
q

do not
correspond straightforwardly to errors in the orthogonal matrix.

• As for ξ
λ

, the ordering of eigenvalues in the surrogate model could be different. The situation is even worse if eigenvalues
show algebraic multiplicity, which renders the columns of Q̃ nonunique.

These problems are eliminated when using the suggested loss eq. (17) or any other loss relating ̂̃Y to Ỹ .

As mentioned before, spectral normalization is independent of the type of machine-learning model to be used, i.e., it can
be combined with neural networks (in their different flavors), kernel methods, random forests, and many more. The only two
essential ingredients are that the outputs must be the vector ξ̃

λ
∈ [0, 1]m and the orthogonal matrix Q̃ ∈ Orth(Rm).

4 APPLICATION TO 3D LINEAR MECHANICAL HOMOGENIZATION

Owing to the origins of the spectral normalization, we refer to our surrogate as Voigt-Reuss net and apply it in a 3D mechanical
setting. The goal is to predict the effective fourth-order stiffness tensor C ∈ Sym+(R6) of periodic, biphasic composites from
geometric descriptors of the unit cell and phase moduli. All microstructures are drawn from the open 3D dataset of39,12, which
comprises nine stochastic model classes designed to span a broad morphological envelope (volume fraction, connectivity, length
scales); see Figure 2. Each microstructure is represented by a 1923 voxel image, and it is labeled by 236 image-derived scalar
descriptors.∗∗

We consider the isotropic bulk and shear moduli (K1, G1) for phase 1 and (K2, G2) for phase 2. To reduce dimensionality, we
dedimensionalize the remaining parameters by K1, leading to three distinct parameters:

π1 =
K2

K1
, π2 =

G1

K1
, π3 =

G2

K1
. (18)

∥ https://pytorch.org/docs/stable/generated/torch.nn.utils.parametrizations.orthogonal.html
∗∗ As in 12, these include porosity, specific surface area, constrictivity, chord-length and spherical contact distributions, geodesic tortuosity, two-point correlations, and size/shape
statistics. They are predominantly isotropy-averaged descriptors; we return to this point below.

https://pytorch.org/docs/stable/generated/torch.nn.utils.parametrizations.orthogonal.html
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heterogeneous
microstructure

displacement
fluctuation

fields

strain
fields

stress
fields

volume
averaging

homogenized
elasticity tensor

C

input features χ

mandatory: Y
V

, Y
R

black
box

model

Y
V

– Y
R

= L LT

ξ̂
q
→ ̂̃Q

ξ̂
λ
→ ̂̃

Λ

̂̃Y = ̂̃Q ̂̃Λ ̂̃QT
loss on ̂̃Y

Ŷ = Y
V

– L ̂̃Y LT

algebraic operations in-/outputs losskey:

F I G U R E 1 Two approaches for constructing the effective elasticity tensor C from microstructure: (a) direct numerical
simulation (DNS) workflow, and (b) a machine-learning surrogate model employing spectral normalization to enforce two-sided
Löwner bounds.

Due to the linearity of the elasticity problem, any global scaling by K1 can be applied a posteriori. To cover a wide range of
contrasts, we sample

πi = 10π
⋆
i , π⋆i ∼ U(–2, 2), i = 1, 2, 3, (19)

i.e., πi ∈ [10–2, 102] is uniformly sampled in the logarithmic space.
For each microstructure, we draw triples (π1,π2,π3). We then solve periodic linear elasticity problems using our FFT-

based homogenization code (FANS44,8) to obtain the effective elasticity tensor C for K1 = 1 (physical units are recovered by
subsequent scaling by K1). Overall, 1.18 million microstructure-material combinations were considered. The data were split into
train/validation/test, see also table 1.

In the fig. 3 (Left), an Ashby-style scatter of individual engineering materials (elastomers, polymers, woods/foams, concretes,
composites, metals, glasses/ceramics, ultra-stiff refractories) in the (K, G) plane. The cloud is narrowly confined between lines
G ≈ αK with α = 3(1 – 2ν)/(2(1 + ν)) induced by the isotropic relation G/K = 3(1 – 2ν)/(2(1 + ν)), i.e., material points fall on a
low-dimensional manifold parameterized mainly by Poisson’s ratio ν. Typical ranges (ν ≈ 0.15–0.35 for metals/ceramics, higher
for many polymers, very high for near-incompressible elastomers) generate α spanning ∼ 10–2 (rubbery, nearly incompressible)
to ∼ 1 (low ν ceramics), which explains the visually linear alignment. In the fig. 3 (Right), the plotted binary material pairs (each
shown twice by swapping phase roles) inherit this proportional structure: both K- and G-contrasts largely move along similar
G = αK rays because each constituent’s Poisson ratio sits in the physically admissible band. Expressed in our non-dimensional
parameters, this panel maps directly to the contrast plane (1/π1,π2/π3) = (K1/K2, G1/G2). The real pairs cluster within a corridor
already densely covered by our log-uniform sampling πi ∈ [10–2, 102]; hence the training set spans (i) the physically prevalent
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(a) Fiber system (b) Channel system (c) Level set of Gaussian random fields (d) Spinodal system

(e) Hard ellipsoids (f) Smoothed hard ellipsoids (g) Soft ellipsoids (h) Smoothed soft ellipsoids

F I G U R E 2 Examples of 3D microstructures taken from39 for eight of the nine classes (spatial stochastic graphs omitted
here). The inclusion phase is shown in red, and the matrix is shown as a void for visibility. Each class contributes 10,000 samples.

region occupied by established engineering materials, (ii) high-contrast extrapolations (extreme K or G mismatch), and (iii)
regimes approaching near-incompressibility (very small G/K).

T A B L E 1 Summary of the datasets considered for the 3D mechanical homogenization problem.

Dataset Material parameters Microstructures Samples

Train
πi = 10π

∗
i , π∗

i ∼ U (–2, 2)
63,000 751,089

Validation 13,500 263,188

Test 13,500 170,753

Total 90,000 1,185,030

T A B L E 2 Typical bulk and shear moduli for some common composite microstructured materials at room temperature

Composite Phase 1 (GPa) Phase 2 (GPa)

No. Bulk K1 Shear G1 Bulk K2 Shear G2

1 Steel – Aluminum 156 - 165 79.3 68 - 70 25.5
2 Steel – Epoxy 156 - 165 79.3 5.2 1.5
3 Epoxy – E-Glass 5.2 1.5 38 31
4 Aluminum – Silicon carbide 68 - 70 25.5 220 150
5 Cement – Aggregate 10 - 30 7 45 - 85 20
6 Polyethylene – E-Glass 1 0.1 38 31
7 Copper – Epoxy 123 44.7 5.2 1.5
8 Tungsten – Epoxy 307 - 314 160 5.2 1.5

The Voigt-Reuss net surrogate for the 3D mechanical problem operates on a 242-dimensional feature vector where the first 236
scalars are morphology descriptors12, and the remaining six encode the (dimensionless) elastic phase contrasts π1,π2,π3 together
with their reciprocals 1/π1, 1/π2, 1.π3 to symmetrize the contrast representation. All input features were range-normalized prior
to training. As in Section 3.2, we predict normalized degrees of freedom ξ̂ comprising of six eigenvalues λ{̂̃C}6

i ∈ (0, 1) and an



10 KESHAV & FRITZEN

10−5 10−3 10−1 101 103

Bulk Modulus [GPa]

10−5

10−3

10−1

101

103

S
h

ea
r

M
o

d
u

lu
s

[G
P

a
]

Elastomers

Foams

Metals

Nontechnical ceramics

Polymers

Technical ceramics

10−4 10−2 100 102 104

G1/G2 [−]

10−2

10−1

100

101

102

K
1
/
K

2
[−

]

1

2

3

4 5

6

7

8

1

2

3

45

6

7

8

Region of particular interest

F I G U R E 3 Phase contrasts of the bulk and shear moduli for the material pairs from table 2. Each material pair is represented
twice, considering the possibility of the two materials being in either phase 1 or phase 2.

orthogonal factor parameterized by 15 scalars (q̃1, . . . , q̃15) also in (0, 1), leading to a total of 21 outputs. The spectral inverse
normalization S–1 maps ̂̃C to Ĉ.

The regressor is realized as a fully connected feed-forward neural network with four hidden layers of widths [1024, 512, 256,
128], taking the 242-dimensional input χ and outputting the 21 normalized DOFs ξ̂. Each hidden layer is followed by batch
normalization and a mixed activation (combination chosen for stable convergence; identity components act as linear bypass
channels). A final sigmoid activation confines all 21 outputs to (0, 1).

Training uses the AdamW optimizer with a ReduceLROnPlateau scheduler (patience-based learning rate halving) until
validation stagnation. The loss is the mean of the relative error measure eq. (17) over all samples. It is dimensionless and confined
to [0, 1]. The model is trained on ∼ 7.5 × 105 samples (train split). Every prediction is, by design, physically admissible and
bounded between the Voigt and Reuss bounds, independent of extrapolation in contrast space.

Figure 4 assembles a component-wise view of predictive accuracy for the effective tensor C. The lower triangular panels
display the ground truth versus prediction (hexbin densities) for all individual components, along with their corresponding
R2 scores. Two distinct regimes emerge sharply. First, the isotropic block i.e., the three normal moduli (C11, C22, C33), the
three shear moduli (C44, C55, C66), and the symmetric normal couplings (C21, C31, C32) exhibit near-perfect agreement with
R2 ≥ 0.998. Second, all remaining (anisotropy-revealing) entries that encode departures from isotropy (shear-normal couplings
and inter-shear couplings) show R2 ≈ 0. This pattern is expected given the 236 microstructure descriptors provided in12,39 are
exclusively isotropic: Because the input feature map is invariant under SO(3), no information is available to break rotational
degeneracy and predict anisotropic tensor parts that depend on orientation or directionality. Consequently, the surrogate can—at
best—recover the isotropic projection of the effective stiffness C

iso
, where,

C
iso

= arg min
C

iso
∈Sym+

iso(6)
∥C – C

iso
∥F, C

iso
= 3 K

I ⊗ I
3

+ 2 G Piso
2 , (20)

K =
1
9

3∑
i,j=1

Cij, G =
1

10

(
6∑

i=1

Cii – 3 K

)
, (21)

which fixes exactly those nine lower-triangular entries with high R2 (including C21, C31, C32, C12, C13, C23). All anisotropy
revealing components lie in the orthogonal complement, i.e., C – C

iso
and are a priori unpredictable from isotropic descriptors,

hence R2 ≈ 0.
To quantify accuracy at the tensor level, fig. 5 (left) shows the distribution of EF for train/validation/test; the histograms nearly

overlap with essentially identical mean/median, indicating strong generalization across the datasets. The mean error is ≈ 3.4%,
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F I G U R E 4 Lower triangle: Ground truth vs. prediction for all the stiffness components of C (hexbin density). Each tile
lists per-component R2. All entries corresponding to isotropy achieve R2 ≥ 0.998: the axial terms {C11, C22, C33}, shear terms
{C44, C55, C66}, and the normal couplings {C21, C31, C32}. The remaining (anisotropy-revealing) components have R2 ≈ 0.

and the median is ≈ 1.7%, evidencing a consistent geometry and material parameter to the effective tensor mapping learned by
Voigt-Reuss net.

Figure 5 (right) plots empirical CDFs of the relative Frobenius error for the Voigt-Reuss net together with two analytical
references: the isotropic projection and the classical Hill average,

Eiso := EF

(
C , C

iso

)
, EHill := EF

(
C ,

C
V

+ C
R

2

)
. (22)

The isotropic projection error Eiso (median 1.03%) sets a natural lower floor for any surrogate that only receives isotropy-invariant
descriptors as input, as discussed above. In contrast, the Hill average incurs substantially larger discrepancies (median 29.12%),
reflecting that simple mixing rules are not competitive once high material contrast and rich morphology are present. The Voigt-
Reuss net predictions (median 1.71%) lie very close to the isotropic floor and far below the Hill curve, demonstrating that the
network has learned to approximate the effective stiffness tensor with high accuracy within the information constraints imposed
by the descriptors.

Importantly, the residual gap of the Voigt-Reuss net to the isotropic limit reflects both the limited information content of the
current descriptor set and the finite capacity and specific hyperparameter choices of the network; in principle, more aggressive
architectural and training optimization could move the Voigt-Reuss net predictions even closer to this isotropic baseline, even
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without changing the inputs. If anisotropy-sensitive inputs (e.g., band-limited features, directional two-point correlations,
Minkowski tensors, or convolutional image features) were supplied, the achievable error floor of the current isotropic baseline
would disappear, enabling R2 > 0 for anisotropy-revealing components and further reductions in EF at the tensor level.

To further examine performance over a wide range of elastic contrasts, fig. 6 shows the dependence of the relative error on
phase contrast for the training data. The plot shows errors up to 20% covering approximately 98.18% of the data. The ≈1.8%
extreme outliers, which are not represented herein, typically appear when the phase contrast is near the limits of the logarithmic
sampling (i.e., when moduli ratios are either very large or very small) or when the microstructure lies at the boundary of the
considered morphological diversity. In addition, composite pairs representing real-world materials from table 2 fall within the
region of relatively low error, which supports the model’s capacity to achieve accurate predictions for practical composites such
as, e.g., steel-aluminum, aluminum-SiC, and epoxy-glass systems.

These results confirm that the Voigt-Reuss net achieves strong interpolation and generalization across an expansive space of
3D microstructures and elastic phase contrasts. It also maintains physically admissible predictions, adhering to the fundamental
Voigt-Reuss bounds in the stiffness space, and consistently delivers accurate performance across the training, validation, and
testing sets, with a median error of a few percent. Crucially, because the network was trained on a large and diverse dataset that
includes real-world composite parameter ranges, it is well positioned to handle practical engineering scenarios where bulk and
shear moduli vary within similar bounds.

10−3 10−2 10−1 100 101 102

Relative Frobenius error [%]

0

1000

2000

3000

4000

5000

6000

C
o

u
n

t
[−

]

Train set
median: 1.71% mean: 3.41%

Validation set
median: 1.72% mean: 3.40%

Test set
median: 1.71% mean: 3.43%

F I G U R E 5 Left: Relative Frobenius error histograms EF for train/val/test splits (nearly coincident; mean ≈ 3.4%, median
≈ 1.7%). Right: ECDFs of EF and two references: isotropic projection, Voigt-Reuss net and the Hill average. Voigt-Reuss net
surrogate using isotropy-only descriptors operates very close to the lower (isotropy) limit.

5 APPLICATION TO HIGHLY ANISOTROPIC AND HIGH CONTRAST 2D COMPOSITES

In this section, we describe the application of the Voigt-Reuss net to a 2D mechanical problem, specifically the prediction of
the effective elasticity tensor C ∈ Sym+(R3) of periodic, biphasic composites under plane strain. The data was generated and
obtained from a prior study37, which constructed a large database of unit cells Ω = [–0.5, 0.5] × [–0.5, 0.5] ⊂ R2 and their
homogenized elastic tensors, particularly targeting structured materials with extreme elastic anisotropy. The data are generated
with a previously documented procedure to sample large families of periodic, single-scale unit cells composed of two phases
that can realize a wide range of anisotropic effective elastic tensors40. The construction is based on thresholded trigonometric
fields with few spatial modes, which (i) guarantees periodicity by design, (ii) offers direct control over geometric symmetry
through simple algebraic constraints on amplitudes, and (iii) yields a monotonic handle on the volume fraction over a wide range
(1–99% volume fraction of phase 1; see below for details) through the threshold parameter τ ∈ [0, 1].
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F I G U R E 6 Relative error in the predicted effective stiffness tensor for different phase contrasts. The left plot shows the
lower errors (0 - 20%), while the right plot.
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F I G U R E 7 Schematic of the procedure to generate periodic biphasic unit cells from thresholded trigonometric fields 37

Let {e1, e2} ⊂ R2 be the orthonormal basis vectors of the 2D unit cell (ei ·ej = δij). For two odd integers M1, M2 ∈ {1, 3, 5, . . . }
(the numbers of modes in the e1 and e2 directions, respectively), define the finite index sets

I1 =
{

– M1–1
2 , . . . , 0, . . . , M1–1

2

}
, I2 =

{
– M2–1

2 , . . . , 0, . . . , M2–1
2

}
. (23)

Given an amplitude matrix A =
(
Amn
)

m∈I1, n∈I2
∈ RM1×M2 with entries sampled independently and identically from a uniform

distribution Amn ∼ U[–1, 1], we form the periodic field ψ(x; A),

ψ(x; A) =
∑

m∈I1

∑
n∈I2

Amn cos
(
2π (m x1 + n x2)

)
, x ∈ Ω :=

{
x1 e1 + x2 e2

∣∣ x1, x2 ∈
[

–
1
2

,
1
2
) }

. (24)

We then apply range normalization on ψ(x; A) such that the rescaled field ψ̃(x; A) ∈ [0, 1],

ψmin = min
x∈Ω

ψ(x; A), ψmax = max
x∈Ω

ψ(x; A), ψ̃(x; A) =
ψ(x; A) – ψmin

ψmax – ψmin
∈ [0, 1]. (25)
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(a) (b) (c) (d)

F I G U R E 8 Examples of unit cells with different symmetry classes obtained by imposing simple algebraic constraints
on the amplitude matrix A. (a) No symmetry (random A); (b) diagonal symmetry (Am,n = An,m); (c) orthotropic symmetry
(Am,n = A–m,n = Am,–n); (d) square symmetry (Am,n = An,m = A–m,n = Am,–n).

For a threshold τ ∈ [0, 1], the binary indicator χ of the microstructure is

χ(x; A, τ ) = 1{ψ̃(x;A)≥τ}, c1(τ ; A) =
1

|Ω|

∫
Ω

χ(x; A, τ ) dx, c0(τ ; A) = 1 – c1(τ ; A). (26)

By construction c0 and c1 vary monotonically with τ , that is, c0(τ ) ≤ c0(τ + δ) for δ > 0, and the inverse inequality for c1 holds
by construction. Symmetry classes of the microstructure can be enforced by simple constraints on A (see fig. 8). Increasing
(M1, M2) introduces finer features and generally reduces extreme anisotropy by distributing the power spectral density over more
spatial frequencies37. Each unit cell χ(x; A, τ ) represents a biphasic composite. Phase 0 (stiff - DM 8530 Grey60) and Phase 1
(soft - Tango Black) are modeled as isotropic linear elastic solids with (E0, ν0) = (1 GPa, 0.3), (E1, ν1) = (1 MPa, 0.49), as
chosen in37 are representative of materials from a commercial multi-material Connex 3D printer. Note the impressive Young’s
modulus contrast of 103 and a large contrast in bulk/shear response due to the near incompressibility of Tango black due to
ν1 ≈ 0.5. The data from37 (2D plane strain homogenized elasticity tensors given in Voigt notation) is used to rewrite the linear
stress-strain relation in Mandel notation (see section 2):

σ =

 σ11

σ22√
2 σ12

 =

 C1111 C1122
√

2 C1112

C2211 C2222
√

2 C2212√
2 C1211

√
2 C1222 2 C1212

 :

 ε11

ε22√
2 ε12

 = C : ε. (27)

The homogenized elasticity tensor C is obtained by a standard two-scale first-order computational homogenization, i.e., by solving
the corrector problems for three orthonormal macroscopic loadings. Thermodynamic stability requires C1111, C2222, C1212 > 0,
while off-diagonal couplings C1122, C1112, C2212 may be negative. Symmetry and positive definiteness of the plane strain stiffness
C (27) enforces the full set of positivity constraints (see section 3.2; also38) automatically. In the study37, a large database was
constructed by sampling many amplitude matrices A for different values of M1, M2 and by sweeping the threshold τ ; see37 for
details. In summary, the dataset construction involves:

• Mode grids. Five sets of spatial modes (M1 × M2) ∈ P , with P =
{

3 × 3, 5 × 5, 7 × 7, 9 × 9, 11 × 11
}

.
• Amplitude sampling. For each mode set p ∈ P , NA = 2, 000 independent amplitude matrices A(p,i) with entries Amn ∼
U[–1, 1] are drawn. Fully random A are drawn to encourage low symmetry.

• Threshold sweep. For each A(p,i), we evaluate Nτ = 25 equi-spaced thresholds {τk}Nτ

k=1 ⊂ (0, 1).
• Filtering. In the resulting 2, 000 × 25 = 250, 000 structures, to avoid trivial geometries (all phase 0; all phase 1), we retain

only realizations whose phase volume fraction satisfies c0(τk; A(p,i)) ∈ [0.01, 0.99].
• Homogenized elasticity tensors. Unit cells are rasterized at 100 × 100 pixels and homogenized in plane strain with

periodic boundary conditions, using the phase pairs (E1, ν1), (E2, ν2) to obtain C.

The data from37 is used in the subsequent study, with additional simulations being performed using our FFT-based homoge-
nization FANS44. For the resulting structures, we define a random split (80% / 20%) into training and validation sets for each
mode set (M1, M2) ∈ P (see table 3). For each retained unit cell we store (A(p,i), τk) (i ∈ {1, . . . , 2, 000}; k ∈ {1, . . . , 25}) and



Robust inverse material design with physical guarantees using the Voigt–Reuss Net 15

τ = 0.20
c0 = 0.11

τ = 0.25
c0 = 0.16

τ = 0.29
c0 = 0.20

τ = 0.34
c0 = 0.24

τ = 0.38
c0 = 0.28

τ = 0.43
c0 = 0.35

τ = 0.48
c0 = 0.42

τ = 0.52
c0 = 0.49

τ = 0.57
c0 = 0.58

τ = 0.62
c0 = 0.65

τ = 0.66
c0 = 0.71

τ = 0.71
c0 = 0.77

τ = 0.75
c0 = 0.83

τ = 0.80
c0 = 0.89

F I G U R E 9 Examples of unit cells generated by thresholded trigonometric fields with a fixed amplitude matrix A and
increasing threshold τ from left to right, showing the monotonic increase in the volume fraction of phase 0 (stiff phase). The
microstructures exhibit a wide range of microstructure topologies, demonstrating the challenging nature of the dataset.

the homogenized elasticity tensor C
(i,k)

(M1,M2)
. After removal of inadmissible samples (c0 < 0.01 or c0 > 0.99), 219,378 samples

remained; see table 3. Note that each sample is characterized entirely by the parameter vector µ = [M1, M2, A(i,k)
(M1,M2)

, τ ].††

T A B L E 3 Summary of the 2D plane-strain elasticity dataset constructed by 37 from cosine-thresholded unit cells (post-filtering by c0 ∈ [0.01, 0.99])

3 × 3 5 × 5 7 × 7 9 × 9 11 × 11 Total

Train 36,444 35,917 35,179 34,246 33,718 175,504
Validation 9,111 8,979 8,795 8,562 8,427 43,874

Total 45,555 44,896 43,974 42,808 42,145 219,378

The prediction of effective elastic properties for periodic composites is fundamentally constrained by the classical G-closure
problem. The G-closure describes the set of all possible effective elasticity tensors that can be realized by mixing two given
phases in all possible microgeometries, subject to prescribed volume fractions and symmetry constraints. For high-contrast
composites, where the elastic moduli of the two phases differ by several orders of magnitude, the G-closure set becomes
extremely large and nontrivial. The variability of the microstructures in this dataset is substantial: the use of random trigonometric
fields with varying numbers of modes and amplitude matrices generates a vast diversity of geometries, ranging from nearly
isotropic to highly anisotropic and from simple to complex topologies. This diversity is further amplified by sweeping the
threshold parameter τ , which tunes the volume fraction and can induce topological transitions in the microstructure (see fig. 9).
These factors render the learning problem particularly challenging. First, the mapping from microstructure to effective tensor is
highly nonlinear and nonlocal: small changes in geometry can lead to large changes in the effective response, especially near
percolation thresholds or in the high-contrast regime. Second, the admissible set of effective tensors (the G-closure) is a highly
complicated set of symmetric positive definite matrices, strictly bounded by the upper Voigt and lower Reuss bounds. Third,
the presence of extreme anisotropy and high contrast means that the model must generalize across a wide range of physical
behaviors, including cases where subtle geometric features dominate the effective response. Consequently, accurately predicting
the effective elasticity tensor in this space requires a surrogate model that is highly expressive and physically constrained,
motivating the use of spectral normalization and the proposed generalization of the Voigt-Reuss net38 for mechanical problems.

5.1 Neural surrogate architecture

Next, we describe the end-to-end differentiable surrogate used to map the parametric unit cell specification (A, τ ) to the effective
plane-strain elasticity tensor C. The model has three stages:

(i) A fixed-shape embedding T that pads amplitude grids of various mode sets in P into a common K × K hyper mode set; Let
the mode grid of a sample be A ∈ Rm×n, where m, n ∈ {3, 5, 7, 9, 11}. We define a centered embedding into A⌝ ∈ RK×K

†† Matrices for M1 = M2 < 11 can be represented by 11 × 11 matrices padded with zeros, rendering the dimension of µ constant for convenience (see eq. (28)).
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with K chosen such that K ≥ max{m, n} for all possible m, n (here, K = 11):

T : Rm×n → RK×K , A⌝
ij

=

{
A

i–i0, j–j0
, i0 ≤ i < i0 + m, j0 ≤ j < j0 + n,

0, otherwise,
where

i0 =
(K – m)

2
,

j0 =
(K – n)

2
.

(28)

Thus, every sample is represented by a fixed K × K matrix A⌝, enabling batched GPU training while preserving the spectral
layout (modes remain centered).

(ii) A differentiable microstructure renderer R that synthesizes a soft microstructure from µ = (A⌝, τ ); Given the grid resolution
(Nx1 , Nx2 ) = (100, 100), the scalar field is given by,

ψ(x1, x2; A⌝) =
(K–1)/2∑

p=–(K–1)/2

(K–1)/2∑
q=–(K–1)/2

A⌝
pq cos

(
2π(px1 + qx2)

)
, (x1, x2) ∈ [– 1

2 , 1
2 ]2 ∩ΠNx1 ,Nx2

, (29)

where ΠNx,Ny denotes the pixel lattice. We then apply range normalization eq. (25) such that ψ̃ ∈ [0, 1]. The scalar field ψ̃ is
thresholded with a soft threshold τ and temperature T > 0,

χ(x1, x2; A⌝, τ ) = σ

 ψ̃(x1, x2; A⌝) – τ

T

 , σ(t) =
1

1 + e–t . (30)

By construction, the map R(A⌝, τ ) 7→ χ is smooth; therefore, the gradients can flow from the loss to both A⌝ and τ
(allowing inverse design later). We use T = 0.0001 to approximate a hard threshold while maintaining numerical stability
and some degree of differentiability.

(iii) A regressor predicting the normalized degrees of freedom ξ̂ (see section 3.2). Let the rendered microstructure be a
monochrome image χ ∈ [0, 1]Nx1×Nx2 ⊂ R2 and let s = [c0, τ ]⊤ ∈ [0, 1]2 be an auxiliary feature vector, where c0 is the
phase volume fraction of phase 0 in the rendered image χ and τ is the threshold used. A convolutional trunk Cθ extracts an
image descriptor h = Cθ(χ) ∈ Rdh ; see fig. 10. A multilayer perceptron (MLP) with a sigmoid head Mθ then regresses the

normalized target from the concatenation [h; s], such that ξ̂ = Mθ

(
[h; s]

)
= [ξ̂

λ
, ξ̂

q
]T. Here, ξ

λ
∈ (0, 1)3 are the normalized

eigenvalues and ξ
q
∈ (0, 1)3 parameterize an orthogonal matrix; both are produced with sigmoid activations to confine

them to the unit cube. This is followed by the unique and deterministic spectral inverse transform S–1 to Ĉ.

The final surrogate can be written as the composition,

Mθ ◦ Cθ ◦ R ◦ T : (A, τ ) 7→ ξ̂ ∈ (0, 1)6, (31)

where subscript (•)θ indicates a dependence on learnable parameters. This construction ensures automatic feature detection from
microstructure images, as well as end-to-end differentiability in (A, τ ) for inverse design. Note that by replacing R◦T (A, τ ) with
any other image source, it is equally possible to generalize this approach to arbitrary microstructure sources. Furthermore, this
construction can be straightforwardly extended to 3D by embedding 3D amplitude grids, rendering volumetric microstructures
via trigonometric fields, and applying a 3D convolutional regressor, enabling end-to-end differentiable surrogates for 3D systems.
However, the computational requirement for the 3D setting will increase considerably compared to the 2D setting.

5.2 Numerical experiments and results

The convolutional trunk Cθ is a deep residual CNN with periodic convolutions and four stages. Each stage consists of a
ResidualBlock with two periodic convolutional layers with increasing kernel sizes (k1 = 3, k2 = 5, k3 = 7, k4 = 9), batch
normalization, and ReLU activations, followed by 2 × 2 average pooling. The number of output channels Cout increases as
18 → 24 → 30 → 36 across the four blocks, which implies Cin = 1 → 18 → 24 → 30. After the final block, the feature
map is flattened and concatenated with the auxiliary scalars [c0, τ ]. This is passed to a multi-layer perceptron (MLP) with
five hidden layers of sizes 256, 128, 64, 64, and 64, each with batch normalization and a mixed activation ([SELU, Tanh,
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µ = [A⌝, τ ] R

χ(x1, x2; A⌝, τ ) B 3
1 (1, 18)

B 5
2 (18, 24)

B 7
3 (24, 30) B 9

4 (30, 36)

flatten to h ∈ Rdh ,
concatenate [c0, τ ]

F 1
(2

56
)

F 2
(1

28
)

F 3
(6

4)

F 4
(6

4)

F 5
(6

4)

ξ̂

Cθ Mθ

ĈS–1

periodic
convolution

k × k

[B, Cout, H, W]
batch

normalization
+ ReLU

AvgPool
2 × 2

[
B, Cout, H

2 , W
2

]

periodic
convolution

1 × 1

batch
normalization

AvgPool
2 × 2

X

[B, Cin, H, W]

⊕ ReLU Y

[
B, Cout, H

2 , W
2

]ResidualBlock - B k
i (Cin, Cout)

F I G U R E 10 End-to-end differentiable surrogate. The pipeline maps the parametric unit cell specification (A⌝, τ ) to the
effective plane-strain elasticity tensor C. (Top): The center-padded amplitude matrix A⌝ together with threshold τ , renders
a soft microstructure image χ via a differentiable renderer R. The image is processed by a convolutional trunk Cθ with four
convolutional residual blocks45,46 Bk

i (Cin, Cout). The resulting feature map is flattened to h and concatenated with auxiliary
scalars [c0, τ ], then passed to the MLP Mθ with four linear layers to predict normalized spectral parameters ξ̃. These are

spectrally back-transformed to the effective tensor Ĉ via the inverse spectral normalization S–1. (Bottom): Structure of a single
residual block, two parallel convolutional layers with kernel size k and a skipped connection along with batch normalization,
ReLU activations, and average pooling.

Sigmoid, Identity]), and a final sigmoid-activated output layer of dimension 6. The model uses periodic convolutions
throughout to preserve microstructure periodicity. Training uses the AdamW optimizer with an initial learning rate of 10–1, and
a ReduceLROnPlateau scheduler (factor 0.5, patience 50 epochs). The loss function is defined as the mean Voigt-Reuss
normalized error ϕ (eq. (17)) over each batch,

L =
1

Nbatch

Nbatch∑
i=1

ϕ(C̃
(i)

, ̂̃C(i)
),

where Nbatch is the batch size, C̃
(i)

is the true normalized stiffness tensor, and ̂̃C(i)
is the predicted tensor for sample i in the batch.

5.2.1 Microstructure to property forecasting

Figure 11 (left) compiles ground truth versus predicted entries of homogenized plane-strain stiffness C for all samples. The
six components tightly cluster on the identity line with a coefficient of determination R2 > 0.99, indicating (i) negligible bias
across magnitudes and signs (including shear-normal couplings C1112, C2212), and (ii) uniformly low variance of the residuals.
Notably, the spectral back-transform ensures that every predicted Ĉ is symmetric positive definite and lies spectrally within
Voigt-Reuss bounds; hence, even the few visible outliers remain physically admissible by construction. The right plot in fig. 11



18 KESHAV & FRITZEN

reports the loss of training and validation of the model. Because ϕ for each sample is intrinsically bound to [0, 1], the training
and validation losses provide an absolute scale of progress. Training converges smoothly with a small and stable generalization
gap to subpercent errors relative to the admissible spectral range: Ltrain ≈ 0.586% and Lval ≈ 0.824% at saturation. In particular,
the validation loss shows the same qualitative and nearly the same quantitative behavior as the training loss. The scheduler
lowers the learning rate from 10–1 to 5 × 10–5, coincident with the flattening of both curves, which signals that the model has
reached its accuracy floor under current capacity and data. Crucially, the bounded, well-conditioned target space (all outputs in
[0, 1]) produces well-behaved gradients and loss descent without instability, a hallmark advantage of spectral normalization over
direct regression in physical units. We also attribute the smooth training to the incorporation of the identity activation in our
multi-activation layers, which acts as a sort of bypass inspired by the ResNet architecture.
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F I G U R E 11 2D plane strain elasticity. Left: Ground truth vs. prediction for the six independent components of C. Right:
The Voigt-Reuss normalized loss decays and saturates; the learning rate decreases with training via a ReduceLROnPlateau
scheduler.

In fig. 12 we analyze the predictions in more detail. On the left, we plot the three eigenvalues {λi(C)}3
i=1 of the effective

stiffness tensor as a function of the volume fraction for all validation samples. The shaded area indicates the Voigt-Reuss bounds,
which collapse at the endpoints c0 → 0 and c0 → 1 and widen near c0 ≈ 0.5, where microstructural variability and anisotropy
peak. The ground truth eigenvalues (blue markers) span a wide range from 0 to 2, 000 MPa, illustrating the extreme variability
and high phase contrast of the dataset. The predicted eigenvalues (green markers) tightly overlap with the ground truth across the
entire range, demonstrating the model’s ability to capture the effective stiffness even in challenging regimes accurately. In the
middle panel, we show the same eigenvalues after spectral normalization, i.e., {ξλi }

3
i=1 ∈ [0, 1]. The normalization compresses

the wide variation in physical units down to a bounded unit interval while preserving the ordering and relative positions of the
eigenvalues. The near-perfect overlap between ground truth and predictions in this normalized space illustrates why training in
the bounded domain is numerically well-conditioned and stable. Finally, the right panel presents a 2D histogram of the relative
Frobenius error in the predicted stiffness tensor as a function of volume fraction. The intensity indicates the number of samples
in each 2D bin, with solid and dashed lines showing the mean and median errors, respectively. As expected, errors are smallest
near c0 → 0 and c0 → 1, where the spectral gap collapses, and largest near c0 ≈ 0.5. Nevertheless, the mean and median errors
remain very modest (around 3% and 2%, respectively), and even the rare worst-case errors (up to around 65%) are still spectrally
admissible by construction, i.e., they lie within the bounds.

To stress-test generalization, we consider ten binary microstructures sampled from an independent diffusion-based image
generator (completely disjoint from the cosine-threshold family used for training). We can evaluate image-only inference by
feeding a binary microstructure image χ ∈ {0, 1}Nx1×Nx2 directly into the convolutional trunk and regressor, followed by the
spectral back-transform. The predictor is

Ĉ = S–1
(
Mθ

(
Cθ(χ)

))
, (32)
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F I G U R E 12 2D plane strain elasticity (validation set). Left: Distribution of eigenvalues {λi(C)}3
i=1 and the normalized

eigenvalues {ξλi }
3
i=1 ∈ [0, 1] with respect to the volume fraction. Right: 2D histogram of the relative Frobenius error EF(C, Ĉ)

against volume fraction.
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F I G U R E 13 Out-of-distribution image-to-elasticity inference. Top: Ten diffusion-generated binary microstructures taken
from23,47 (family disjoint from training). Bottom: Young’s modulus polar surfaces E(θ) from ground-truth homogenization
(solid) and direct Voigt-Reuss net predictions from the image (dashed).

where Cθ is the periodic convolutional trunk, Mθ the MLP head producing the normalized DOFs ξ̂, and S the spectral
normalization. This path requires a single forward pass. Figure 13 shows ten diffusion-generated test images (top) and the
corresponding plane-strain Young’s modulus surfaces E(θ) (bottom), comparing ground truth (solid) versus direct Voigt-Reuss
net predictions (dashed). Despite pronounced out-of-distribution features (e.g., very slender beams, sharp junctions), the predicted
E(θ) curves closely track the ground truth in both shape and level at most angles. The relative Frobenius errors at the tensor level
are modestly higher than on the in-distribution data, consistent with the geometric gap between these images and the training
manifold. However, all predictions remain strictly admissible by construction. Practically, this enables the instant screening of
arbitrary microstructure images with a single model evaluation, while preserving physical guarantees. Additionally, when new
input data becomes available, the existing model appears to be a good candidate for transfer learning, as it can be refined at a
much lower cost than when starting from a random initialization.
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F I G U R E 14 Sensitivity of the Voigt-Reuss net to the threshold parameter τ for a fixed amplitude matrix A. Top-left:
Relative Frobenius error EF(C, Ĉ) of the Voigt-Reuss net (solid) and a Mori-Tanaka estimate with spherical Eshelby tensor
(dashed). Top-middle: Eigenvalues {λi(C)}3

i=1, together with Voigt/Reuss and Hashin-Shtrikman bounds (HS±). Top-right:
Normalized gradient of surrogate prediction with respect to the threshold τ . Bottom: Ten frames along the τ -path; red boxes
mark the two topology changes (island merger/percolation) coinciding with error and gradient spikes, along with the Young’s
modulus surfaces in logarithmic scale of the ground truth C (solid) and Voigt-Reuss net prediction Ĉ (dashed).

In order to systematically investigate the sensitivity of the surrogate to the threshold parameter τ , we fix a random amplitude
matrix A and sweep τ over 100 values from 0 to 1, rendering χ( · ; A, τ ) and computing both the homogenized tensor C and the

Voigt-Reuss net prediction Ĉ. For each τ , we track the relative Frobenius error EF(C, Ĉ) and compare it against a classical Mori-
Tanaka estimate built from the volume fraction and a spherical Eshelby tensor. Figure 14 (top-left) shows that the Voigt-Reuss net
maintains sub-percent errors for almost the entire path; only two prominent spikes appear. In contrast, the Mori-Tanaka estimate
begins reasonably at low fractions but degrades sharply as τ increases: once the inclusion topology ceases to resemble well-
separated, non-interacting particles (assumptions underlying Mori-Tanaka estimates), its error grows and eventually becomes
unacceptable. This behavior is expected in high-contrast media where connectivity and shape effects dominate the effective
stiffness.

The two error peaks of the Voigt-Reuss net align exactly with abrupt topology changes: previously disconnected islands
coalesce into percolating channels (see the bottom strip of microstructures). These events are level-set percolation transitions of
the field ψ̃(x; A) under thresholding; they trigger discontinuous jumps in transport paths and load-bearing skeletons, hence non-
smooth changes in C. The top-middle plot of Fig. 14 makes this explicit: the eigenvalues {λi(C)}3

i=1 show two clear jumps, and
the Voigt-Reuss net tracks both jumps essentially on target. The Hashin-Shtrikman (HS±) and the Voigt-Reuss envelopes, which
depend only on phase moduli and volume fraction, provide a geometry-agnostic benchmark; the ground truth and Voigt-Reuss
net eigenvalues remain within these envelopes as well. The fact that the Voigt-Reuss net resolves the spectral jumps is notable:
The model only sees the amplitude matrix A and the threshold τ , and consequently the rendered microstructure images, and
learns the global response, including percolation-driven anisotropy while retaining strict physical admissibility.

To further probe sensitivity, we differentiate the Frobenius norm of the Voigt-Reuss net prediction Ĉ with respect to the
threshold τ . The top-right plot of Fig. 14 shows that the normalized gradient exhibits sharp spikes precisely at the two critical
thresholds. These spikes signal non-smooth property changes induced by global connectivity flips, which are well-known triggers



Robust inverse material design with physical guarantees using the Voigt–Reuss Net 21

for abrupt property changes that are beyond the reach of first-order mean-field closures, such as Mori-Tanaka or self-consistent
schemes.

Overall, Voigt-Reuss net accurately captures the geometry-controlled locally non-smooth dependence of the effective stiffness
on the threshold, including (multiple) percolation-induced spectral jumps, while remaining strictly admissible. In particular, the
number of such spectral jumps varies among the microstructures studied; that is, it is not explicitly considered in the trained
Voigt-Reuss net, but rather implicitly through the data. In contrast, Mori-Tanaka estimates, which hinge on dilute, non-interacting
inclusion assumptions and spherical Eshelby kernels, cannot track topology-driven anisotropy and fail as connectivity grows. The
differentiable chain (A, τ ) → Ĉ provides reliable gradients, except for genuine topological events, which appear as informative
spikes that could be exploited in inverse design (e.g., to seek or avoid connectivity transitions).

5.2.2 Inverse materials design
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F I G U R E 15 Inverse design to prescribed effective stiffnesses in plane strain. For four distinct targets (rows), the first column
lists the target tensor C

⋆
; the second overlays the Young’s modulus polar surface E(θ) of the target (black) with the best five

candidates (colored); the next five columns show the corresponding candidate microstructures with their relative Frobenius error
EF(C

⋆
, C) in %. Across all cases, the recovered E(θ) nearly overlaps the target, and the tensor errors are only a few percent.
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We finally demonstrate the application of our model for the inverse design of microstructures to achieve prescribed effective
plane-strain stiffness tensors C

⋆
. Given a physically admissible target plane-strain stiffness C

⋆ ∈ Sym+(R3), we seek unit
cell parameters (A, τ ) whose predicted effective tensor is as close to the target as possible. Let the differentiable surrogate
(section 5.1) be written compactly as

Ĉ (A, τ ) = S–1 (Mθ

(
Cθ(R(T (A), τ ))

))
, (33)

where S denotes the spectral normalization. We minimize the (scale-free) distance

J (Ĉ) = min
A, τ∈(0,1)

EF
(
C
⋆
, Ĉ (A, τ )

)
. (34)

Since T ,R, Cθ,Mθ,B are all differentiable end-to-end, the gradients ∂J /∂(A, τ ) are obtained by automatic differentiation.
We solve (34) in batched form: with Nstart independent initializations, and optimize all (A(s), τ (s)) (s = 1, . . .Nstart) in parallel
using the AdamW optimizer. At convergence, we verify a few realizations related to the lowest objective function values by full
homogenization to report the true relative error, which is inaccessible during the inverse design phase. Figure 15 assembles
four representative targets (one per row). For each target, the second column shows the directional Young’s modulus surface
computed from the plane-strain compliance tensor, overlaid for the target and the five best candidates. In all four cases, the
recovered directional Young’s modulus E(θ) almost perfectly matches the target in shape and amplitude, while the relative
Frobenius error between the optimized candidates and the target tensor is only a few percent. We also observe a many-to-one
effect: different unit cell candidates can realize near-identical effective tensors consistent with the nonuniqueness of G-closure.
However, the optimizer reliably lands on physically meaningful, percolating, or laminated motifs when required. Practically, the
batched formulation can yield dozens to hundreds of high-quality candidates in a single run; no auxiliary "inverse" network is
needed, and one surrogate suffices for both forward prediction and backpropagated design.
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F I G U R E 16 Inverse design for extreme shear-normal coupling. Left: Young’s modulus surfaces E(θ) of the top candidates
produced by the batched optimizer for the coupling objective; Right: seven exemplar microstructures achieving the largest
shear-normal coupling while remaining spectrally admissible.

Beyond matching a prescribed tensor, we can pose design goals directly in terms of tensor functionals. To maximize
plane-strain shear-normal couplings, we consider the objective

K(Ĉ) = max
A, τ∈(0,1)

|Ĉ1112| + |Ĉ2212|

∥Ĉ∥F

. (35)

We again use a multistart, fully batched AdamW optimization, harvesting the most extreme candidates at convergence. Figure 16
(left) plots E(θ) for the seven most promising candidates, evidencing strong directional asymmetry consistent with large shear-
normal couplings; the right panels show the seven related microstructures uncovered by the optimizer. In particular, among the
discovered solutions, the optimizer recovers exactly the theoretical optimum: a laminate oriented at 45◦ with volume fraction
c0 ≈ 0.5 ≈ c1, which is known to maximize the shear-normal coupling in plane-strain elasticity.
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6 CONCLUSIONS

6.1 Summary

Across all settings, and in both 2D and 3D, we demonstrated that spectral normalization realized as the major building block of
the Voigt-Reuss net provides a principled scaffold for learning effective constitutive tensors that are guaranteed to be symmetric
positive definite and to lie between Voigt and Reuss bounds in the Löwner sense. By mapping every sample into a bounded,
unit-cube target space, our surrogates possess robust training dynamics, well-conditioned, scale-free losses, and return physically
admissible predictions by construction.

We formalized a universal reparameterization introduced in38 and extended it to mechanical homogenization problems.
The learning objective leads to a task-agnostic loss ϕ(Ỹ , ̂̃Y) ∈ [0, 1] that directly measures errors relative to the admissible
Voigt-Reuss gap, decoupling learning from units and improving numerical stability.

In the case of 3D mechanical homogenization as a forward problem, we trained a Voigt-Reuss net surrogate using 236 isotropic
microstructure descriptors from39,12 along with three non-dimensional phase parameters (π1,π2,π3), on > 1.18 Mio high-fidelity
DNS labels of effective elasticity tensors. Because the inputs are rotationally invariant, the surrogate recovers the isotropic
projection of C nearly perfectly, while anisotropy-revealing entries remain unpredictable: the components related to isotropy
attain R2 ≥ 0.998, and the remaining components show R2 ≈ 0. At the tensor level, histograms of the relative Frobenius error of
the training, validation, and testing datasets overlap tightly (mean ≈ 3.4%, median ≈ 1.7%), indicating strong generalization
across microstructures and contrasts. ECDFs reveal that the isotropic projection forms a hard lower floor (median 1.03%), and
Voigt-Reuss net sits close to the floor (median 1.71%), outperforming the Hill average (median 29.12%) by far. Real composite
pairs (steel-Al, Al-SiC, epoxy-glass, etc.) lie squarely in the low-error regime spanned by our extensive sampling.

In the context of the 2D mechanical homogenization (forward and inverse), we introduced an end-to-end differentiable
renderer for parameterized thresholded trigonometric fields, enabling a hybrid convolutional and multi-layer perceptron surrogate
that ingests (A, τ ) and outputs a spectrally admissible C. Forward prediction reaches R2 > 0.99 across all components of the
elasticity tensor and subpercent Voigt-Reuss normalized losses, and the model remains accurate with modest errors across volume
fractions and respects the Voigt-Reuss bounds inherently. Crucially, the differentiable chain (A, τ ) 7→ C exposes extremely
informative gradients and resolves non-smooth percolation events (eigenvalue jumps) along threshold sweeps seamlessly, while
remaining strictly admissible. Leveraging these properties, we performed inverse design to target full tensors and functionals
(e.g., maximizing shear-normal coupling), recovering classical optima (e.g., 45◦ laminates at c0 ≈ 0.5) and diverse near-
optimal candidates in a single batched optimization run. This capability is particularly remarkable: by specifying a single
target effective stiffness tensor C

⋆
, the optimizer can generate a multitude of structurally distinct microstructures that achieve

nearly identical mechanical properties, with relative Frobenius errors as low as a few percent. This many-to-one mapping
underscores the richness of the G-closure set, where multiple geometric realizations can produce equivalent effective responses,
offering designers flexibility in selecting structures based on additional criteria such as manufacturability, weight, or connectivity.
Moreover, the batched optimization approach enables simultaneous exploration of hundreds of candidates, ensuring diversity
while guaranteeing that every proposed design lies within the physically admissible Voigt-Reuss bounds, thus avoiding infeasible
or unstable configurations. It should also be noted that the same machinery supports inverse tasks without auxiliary networks,
enabling large-batch, first-order exploration of G-closure subsets while remaining inside the Voigt-Reuss bounds at every iterate.

Overall, Voigt-Reuss net delivers accurate, admissible, and data-efficient surrogates for multiscale materials, unifying forward
prediction and gradient-based design under a single, physically grounded normalization.

6.2 Discussion

The results in 3D and 2D together highlight two complementary roles of the Voigt-Reuss net framework. First, when coupled
with hand-crafted descriptors in 3D, it acts as a physically constrained surrogate for effective stiffness that is robust to large
contrast variation but fundamentally limited by the information content of the input features (here: isotropic descriptors). Second,
in the 2D setting with a differentiable renderer, it becomes a fully image-based, end-to-end differentiable map from parametric
microstructure generators (A, τ ) to effective tensors, opening the door to gradient-based inverse design. Both use cases share the
same spectral normalization backbone and loss, suggesting that the methodology is not tied to any particular architecture but
rather to the Löwner-bounded reparameterization of constitutive tensors.
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The 3D study illustrates a key structural limitation that is often implicit in data-driven homogenization: when the feature map
is invariant under SO(3), no surrogate can recover orientation-dependent anisotropy. In our case, the descriptors12 encode only
isotropy-averaged information, so the model can learn at best the isotropic projection C

iso
of the effective stiffness. The sharp

split in the R2-matrix, near-perfect prediction for isotropic components, and R2 ≈ 0 for anisotropy-revealing entries is not a
failure of the network but a faithful reflection of the available input information. The ECDF analysis makes this explicit: the
isotropic projection error forms a hard lower floor for any surrogate using these descriptors, and Voigt-Reuss net operates close
to that floor. This has two practical consequences. First, it provides a diagnostic for feature sufficiency: if anisotropic components
remain unpredictable while isotropic ones are accurate, one should enrich the descriptor set (e.g., directional correlations, band
features, Minkowski tensors, or full CNN-based encoders). Second, even in such limited regimes, spectral normalization still
guarantees admissible outputs and stable training, making it a safe drop-in replacement for unconstrained regressors.

The 2D experiments, by contrast, operate with a much richer generative parameterization of microstructures via thresholded
trigonometric fields. Here, the bottleneck is no longer missing directional information but the size and diversity of the G-
closure subset explored. Embedding the amplitude matrix into a fixed hyper-grid, rendering via a differentiable trigonometric
field, and regressing the normalized spectral degrees of freedom together yield a surrogate that is sensitive to connectivity,
topology changes, and extreme anisotropy, yet remains numerically stable. The threshold-sweep study is particularly interesting:
Voigt-Reuss net tracks sharp eigenvalue jumps at percolation events and exposes these transitions through spikes in ∂∥Ĉ∥F/∂τ ,
while classical Mori-Tanaka estimates deteriorate as their dilute, non-interacting assumptions are violated. This combination of
geometric sensitivity and spectral admissibility is precisely what is needed for reliable inverse design in high-contrast media.
Also, the straightforward gradient evaluation facilitates the detection of such jumps.

Against this backdrop, the inverse-design studies highlight the distinctive benefits of a spectrally normalized surrogate: (i)
Robust gradients. All outputs live in [0, 1]m, and the renderer R is smooth in (A, τ ); hence, gradients remain well behaved
even at extreme phase contrasts, enabling stable first-order optimization without manual rescaling or ad-hoc clipping. (ii)
Batched optimization. Optimizing hundreds of candidates in one GPU pass provides a diverse family of designs (useful for
screening, multi-criteria trade-offs, or robustness analysis) essentially at the cost of a "single run". (iii) Single model, forward
and backward. Unlike frameworks that pair a forward surrogate with a separate inverse network or require differentiable
simulators, our pipeline uses one spectrally normalized surrogate both for prediction and for backpropagating arbitrary differen-
tiable objectives (tensor matching, eigenvalue ratios, directional moduli, compliance measures, volume constraints, etc.). (iv)
Guaranteed admissibility. Every iterate and every final design respects Voigt-Reuss bounds in the Löwner sense; the optimizer
never leaves the feasible spectral simplex, avoiding unphysical attractors that commonly plague unconstrained neural inverse
design. (v) Empirical coverage of G-closure. The cosine-threshold parameterization spans a rich, multimodal subset of the
G-closure. Empirically, we recover both classical optima (e.g., 45◦ laminates at c0 ≈ 0.5 for maximal shear-normal coupling)
and less obvious patterns that realize nearly identical effective property tensors, directly reflecting the intrinsic non-uniqueness
of microstructure-to-property mappings.

At a higher level, the framework can be viewed as a “spectral layer” that decouples physical admissibility from architectural
choice. Any regressor that produces normalized spectral parameters ξ̂ can be wrapped by S–1 to yield outputs that are symmetric
positive definite and automatically bounded by Voigt and Reuss. This separation of concerns should generalize beyond small-
strain elasticity to other linear elliptic operators, and to multi-property surrogates where several coupled tensors must remain
jointly admissible. Similarly, the 2D image-based architecture is not unique: one could replace the cosine renderer with voxelized
tomography, graph-based generators, or diffusion models, while still leveraging the same spectral normalization for the output
layer.

There are, however, clear limitations and avenues for improvement. In 3D, the present results are intentionally constrained by
isotropic descriptors; to capture full anisotropy, one must either (i) augment the feature set with orientation-sensitive statistics
or (ii) transition to 3D CNNs operating directly on voxelized microstructures, at a much higher computational cost. In 2D,
the cosine-threshold family, while expressive, samples only a subset of all possible microstructures; enriching the generator
(e.g., multi-scale fields, hierarchical patterns, or manufacturing-aware constraints) would expand the reachable portion of the
G-closure. Moreover, the current formulation is deterministic: incorporating uncertainty quantification (e.g., Bayesian surrogates
or ensemble methods) would allow one to propagate microstructural variability and quantify confidence in inverse designs,
which is essential for safety-critical applications.

Finally, the combination of spectral normalization and end-to-end differentiability makes Voigt-Reuss net compatible with
existing structural and topology-optimization workflows. Because the surrogate provides fast, differentiable, and physically
admissible predictions, it can act as a “constitutive oracle” inside larger multi-scale loops, enabling gradient-based co-design of
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architecture and material. The same machinery supports inverse tasks without auxiliary networks, enabling large-batch, first-order
exploration of G-closure subsets while staying inside Voigt-Reuss bounds at every iterate. In this sense, Voigt-Reuss net offers a
unifying, physics-grounded interface between classical homogenization theory and modern deep-learning-based materials design.
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