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Abstract. We study the problem of constructing
cycle bases of graphs with low maximum edge partici-
pation, defined as the maximum number of basis cycles
that share any single edge. This quantity, though less
studied than total weight or length, plays a critical role
in quantum fault tolerance, as it directly impacts the
overhead of lattice surgery procedures used to imple-
ment an almost universal quantum gate set. Building
on a recursive algorithm by Freedman and Hastings, we
introduce a family of load-aware heuristics that adap-
tively select vertices and edges to minimize edge partici-
pation throughout the cycle basis construction. Our ap-
proach improves empirical performance on random reg-
ular graphs and on graphs derived from small quantum
codes. We further analyze a simplified balls-into-bins
process to establish lower bounds on edge participation.
While the model differs from the cycle basis algorithm
on real graphs, it captures what can be proven for our
heuristics without using more complex graph theoretic
properties related to the distribution of cycles in the
graph. Our analysis suggests that the maximum load of
all of our heuristics will be Ω(log2 n). Our results indi-
cate that careful cycle basis construction can yield sig-
nificant practical benefits in the design of fault-tolerant
quantum systems. This question also carries theoretical
interest, as it is essentially identical to the basis num-
ber of a graph—the minimum possible maximum edge
participation over all cycle bases.

1 Introduction A cycle basis of an undirected
graph G = (V,E) is a minimal set of simple cycles such
that every cycle in G can be expressed as the symmetric
difference (i.e., edgewise XOR) of some subset of these
basis cycles. For any connected graph with n vertices
and m edges, the dimension of the cycle space—and
hence the number of basis cycles—is exactly m−n+1 [1].

One intuitive way to see this is via a spanning tree
of G: such a tree has exactly n− 1 edges and no cycles.
Each of the remaining m− (n−1) = m−n+1 non-tree
edges, when added back to the spanning tree, closes a
unique simple cycle. These cycles, formed by combining
each non-tree edge with the unique tree path connecting
its endpoints, constitute a valid cycle basis. A cycle
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basis constructed this way is called a fundamental cycle
basis.

Much of the literature on cycle bases focuses on
finding a minimum-weight cycle basis, where the weight
of a cycle is the sum of its edge weights, and the weight
of the basis is the sum of the weights of all basis cycles [2,
3, 4]. In unweighted graphs, this reduces to minimizing
the total length of the basis cycles. In contrast, we
consider a different structural property that disregards
edge weights: the maximum edge participation of a
basis. This measures the maximum number of basis
cycles that any edge participates in. Formally, for a
cycle basis B of G = (V,E), we define:

µ(B) = max
e∈E
|{C ∈ B : e ∈ C}| .

The motivation for minimizing the maximum edge
participation comes from a well-known construction for
quantum fault tolerance and is described further in
Section 2.

1.1 Previous Work. Maximum edge participa-
tion is essentially identical to another quantity called
the basis number [5], which has been studied under the
notion of a k-fold cycle basis—one in which every edge
appears in at most k basis cycles. The minimum such
k for which a k-fold cycle basis exists is called the basis
number of the graph. The basis number is the smallest
µ(B) that can be obtained for any cycle basis B.

For certain families of graphs, tight bounds on
µ—the maximum edge participation in a cycle ba-
sis—are known, often implied by results on the basis
number of the graph. Planar graphs admit a cycle ba-
sis with µ ≤ 2 [6], while complete graphs with n ≥ 5
admit a basis with µ ≤ 3 [5]. Recent work has further
connected µ to the genus of the graph: if a graph can
be embedded on a surface of genus g, then it admits a
cycle basis with µ = O(log2 g) [7]. There is a trivial
upper bound of O(m) on the genus of a graph with m
edges, since each additional edge can be accommodated
by adding a handle to the surface [8]. This implies the
existence of a cycle basis with maximum edge partic-
ipation µ = O(log2 m) for any graph. In this paper,
we restrict attention to simple graphs or multigraphs
with constant edge multiplicity (as is sufficient for the
applications mentioned in section 2), which reduces the
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bound to µ = O(log2 n).
On the other hand, a general lower bound holds for

any connected graph: every cycle basis satisfies

µ ≥ girth(G) · (m− n+ 1)

m
,

as shown in [9].
For certain constant-degree expander graphs such

as LPS expanders [10] which exhibit logarithmic girth
and genus O(n), it follows that the best general lower
bound for µ will be

µ = Ω(log n).

1.2 The Freedman–Hastings algorithm.
While theoretical bounds on µ(B) are known for some
graph families, few algorithmic approaches explicitly
target minimizing this quantity. A notable exception
is the recent recursive algorithm of Freedman and
Hastings [11], which on any constant-degree graph
constructs a weakly fundamental cycle basis with high
probability and guarantees

µ = O(log2 n).

A cycle basis is called weakly fundamental if its cycles
can be placed in a linear ordering such that each cycle
contains at least one edge that does not appear in any
later cycle in the ordering. Their method proceeds
recursively, handling one of three cases at each step:

• Case 1: If there is a degree-one vertex, remove it.

• Case 2: If there is a degree-two vertex v with
neighbors x and y: Case 2A: If x and y are
not connected by an edge, remove v and add an
edge between x and y. Case 2B: If the edge
(x, y) already exists (i.e., the three vertices form a
triangle), add the triangle [x, v, y] to the cycle basis
and remove v. These two subcases are illustrated
in Figure 1.1.

• Case 3: If all vertices have degree at least three,
find a short cycle of length O(log n), add it to the
basis, and randomly remove one of its edges from
the graph.

In the third case, a short cycle of length O(log n)
is found using a breadth-first search (BFS). In this
context, cross edges are defined as edges connecting a
newly discovered vertex to an already visited one—i.e.,
all non-tree edges in the BFS tree. Starting from
any vertex, any cross edge encountered during BFS,
together with the paths from its endpoints to their
lowest common ancestor, forms a cycle. The cycle
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x y

x y
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x y

Remove v and connect 
x,y Remove v

Figure 1.1: Illustration of Case 2A and Case 2B in
the Freedman–Hastings cycle basis algorithm. Vertex
v has degree two, with neighbors x and y. In Case
2A, we proceed recursively on the updated graph and
after computing a cycle basis, reinsert v if any cycle
basis contains (x, y); in Case 2B, we add the triangle
[x, v, y] to the cycle basis and proceed recursively on the
updated graph.

formed by the first cross edge in the BFS tree is
guaranteed to have length at most 2⌈log n⌉ (see Lemma
4.3 of [4]). In the Freedman-Hastings algorithm, the
BFS root is chosen uniformly at random, and they use
the cycle generated by the first cross edge encountered.

However, the O(log2 n) bound achieved by this al-
gorithm may be pessimistic for typical graphs. In [12],
it was conjectured that for constant-degree random
expanders, it might be possible to construct a cycle
basis such that the expected maximum edge partici-
pation is only O(log n). From this perspective, the
Freedman–Hastings construction can be seen as a worst-
case bound, while more efficient average-case construc-
tions may be possible with more refined cycle selection
strategies. More broadly, the problem of minimizing
maximum edge participation over all cycle bases re-
mains a largely open combinatorial question, with prac-
tical implications in contexts such as quantum error cor-
rection and fault-tolerance [13, 14].

1.3 Our contribution. In the Freed-
man–Hastings algorithm, several design choices
remain flexible and open to optimization, including:

• the starting vertex (root) for BFS;

• the selection of the cross edge used to extract a
short cycle;

• the choice of which edge to remove from the cycle.

We explore heuristics that refine the edge and vertex
selection rules, proposing a load-aware variant of the
algorithm. The load of an edge is defined as the number
of basis cycles it has appeared in so far, while the load
of a vertex is the average load of its incident edges.



To better reflect structural changes, we further define
how load evolves during transformations: in Case 2A
(where a new edge is inserted between two neighbors of
a removed vertex), the load of the new edge is set to
the maximum of the loads of the two removed edges. In
Case 2B (where the connecting edge already exists), we
increment the load of that existing edge by one.

Among the variants we tested, the following heuris-
tic performed best empirically on random regular
graphs:

• initialize each BFS from the vertex with the highest
load;

• select the first cross edge that forms a cycle con-
taining the BFS root;

• remove the highest-load edge from the resulting
cycle.

In Section 2 we give an overview of how the cycle
basis problem arises in quantum fault tolerance. In Sec-
tion 3, we present experimental results on random reg-
ular graphs to compare several of our best-performing
heuristics. Section 4 applies our algorithm to graphs de-
rived from small quantum LDPC codes, demonstrating
its practical relevance. The implementation and experi-
mental scripts are available at [15]. Finally, in Section 5,
we define a random process based on a balls-and-bins
model to analyze and minimize the maximum load on
a bin. This process serves as a proxy for the cycle basis
problem on a random graph, capturing the distribution
of load on edges under the simplifying assumption that
cycles are random sets of edges. The edges chosen in a
cycle is modeled by a random set of edges. The goal is to
capture the best analysis that can be achieved without
understanding the more complex distribution of edges
chosen when cycles are selected in a real graph. Our
analysis suggests that the maximum load of all of our
heuristics will be Ω(log2 n).

2 Motivation from Quantum Fault Toler-
ance Due to the fragile nature of quantum systems,
quantum error correction (QEC) is essential for build-
ing quantum computers capable of practical applica-
tions. QEC protects quantum information from en-
vironmental noise by redundantly encoding it using a
quantum error-correcting code (QECC). In recent years,
a particular class of QECCs known as quantum low-
density parity-check (QLDPC) codes [16] has attracted
significant attention for their potential to reduce the
overhead associated with encoding and logical opera-
tions. A parity check is a measurement which mea-
sures whether an error has occurred. Low-density par-
ity check, which only operate on a constant number of

qubits, are easier to implement in a fault-tolerant way.
Recent works [17, 18, 19, 20] have proposed construc-
tions of good QLDPC codes—those with constant rate
and linear distance.

However, a major challenge remains: how to per-
form logical gates fault-tolerantly on information en-
coded using these codes. A technique known as lat-
tice surgery was originally developed for implementing
logical gates on surface codes [21], and has since been
generalized to broader classes of QLDPC codes [22, 23,
12, 13]. The core goal of lattice surgery is to enable
fault-tolerant measurements of logical operators, which
in turn allows the implementation of an almost univer-
sal gate set—the Clifford group. This set, when supple-
mented by magic state distillation [24], yields a univer-
sal gate set for quantum computation [25].

Every QLDPC code has a Tanner graph represen-
tation, where physical qubits and checks are nodes, and
edges indicate which checks act on which qubits. We
define the weight of a check to be the number of phys-
ical qubits it touches, and the degree of a qubit to be
the number of checks connected to it.

Without loss of generality, we focus on CSS codes,
which involve only two types of checks: Z-checks and
X-checks. (In general, a check can involve both X and
Z operators.) These two types of checks correspond
to the two common types of errors in quantum sys-
tems: X-errors (bit-flip errors) and Z-errors (phase-flip
errors). For CSS codes, the Tanner graph is a tripar-
tite graph—one part for qubits, one for X-checks, and
one for Z-checks—analogous to the bipartite structure
in classical LDPC codes.

Correspondingly, there are two types of logical
measurements: Pauli X measurements and Pauli Z
measurements. In this discussion, we focus on Pauli X
measurements; the procedure for Pauli Z measurements
is analogous. A Pauli X measurement can be viewed as
a measurement on a subset of physical qubits. However,
such measurements often have high weight, meaning
they involve many physical qubits. Performing high-
weight measurements directly is challenging in a fault-
tolerant manner.

The goal of lattice surgery is to decompose such
high-weight measurements into a sequence of lower-
weight, fault-tolerant measurements. The basic idea
is to introduce an ancillary system (which can also be
thought of as another QLDPC code) that is coupled
to the original code on which we wish to perform the
measurement. By measuring all the X-checks in the
ancilla system, one can effectively obtain the outcome
of the desired high-weight Pauli X measurement.

There have been several approaches for constructing
the ancilla system [22, 23, 12]. These constructions



share a common starting point: they begin with the
Tanner graph and focus on the induced subgraph of
the support (i.e., the set of qubits involved in the Pauli
X measurement.) The cycle basis problem comes out
of the Williamson et. al. construction. Although the
details of the construction are beyond what we can cover
here, the result of the construction is a new graph based
on the induced subgraph of the Tanner graph in which
edges represent physical qubits, vertices correspond to
X-checks, and Z-checks are defined via a cycle basis B
of the graph G, which together define the ancilla system.

Each basis cycle corresponds to a Z-check in the
ancilla system, and its length determines the weight
of that check. Long cycles lead to high-weight checks,
which can violate the LDPC property of the original
code. However, there is a straightforward method to
resolve this: cellulation—the process of subdividing long
cycles into multiple short cycles by adding auxiliary
edges, thereby restoring LDPC properties.

In contrast, maximum edge participation corre-
sponds to the maximum qubit degree in the ancilla
system—that is, the number of Z-checks attached to a
given qubit. High qubit degrees can violate the LDPC
property of the code, and unlike the case of high-weight
checks, there is no comparably low-cost fix such as cel-
lulation. The overhead of the construction is then dom-
inated by the cost of reducing the maximum edge par-
ticipation.

3 Experimental Comparison of Different
Heuristics on Random Regular Graphs. In this
section, we present four different variants of the original
Freedman–Hastings algorithm by varying the three key
design choices listed in Table 3.1. We will refer to the
Freedman–Hastings algorithm as Version 0.

The only difference between Version 1 and Version 0
is the edge removal strategy: while Version 0 removes a
random edge from the selected cycle, Version 1 removes
the edge with the highest load (breaking ties randomly).
This strategy helps reduce long-term edge congestion by
preferentially eliminating the most heavily used edges
early in the recursion.

The difference between Version 2 and Version 1
lies in the BFS root selection. While Version 1 selects
the BFS root randomly, Version 2 always starts from
the vertex with the highest load. Although this factor
may seem less impactful than edge removal, empirical
results show that prioritizing the max-load vertex leads
to better performance. Intuitively, a high-load vertex
is likely incident to multiple heavily loaded edges. By
starting BFS from such a vertex, the resulting cycle
has a higher chance of containing one of these high-
load edges, which can then be removed using the same
greedy strategy.

Version 3 improves upon Version 2 by refining both
the cross edge selection and edge removal strategies.
Instead of selecting the first encountered cross edge
during BFS, we restrict the choice to those that yield a
cycle containing the BFS root. This ensures that the
starting vertex—which is chosen based on maximum
load—remains in the cycle, increasing the chance of
targeting heavily used edges.

Additionally, when multiple edges in the cycle have
the same maximum load, we prioritize removing an edge
that is incident to the BFS root. This tie-breaking
rule is particularly effective in the later stages of the
algorithm when the graph becomes sparse. For instance,
in a 3-regular graph, removing one edge via a short
cycle (as in Case 3) typically creates two degree-two
vertices—the endpoints of the removed edge—which
will each trigger additional reductions via Case 2; see
Figure 3.1 for an illustrative example. If the BFS root
lies on the cycle and has high load, this refinement
increases the likelihood of further removing overloaded
edges connected to it, thus improving overall balance in
the cycle basis.
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Figure 3.1: Illustration of how Case 2 introduces addi-
tional reductions in a 3-regular graph following Case 3.
Suppose edge (u, v) is removed as part of a short cycle
in Case 3. After removal, both u and v become degree-
two vertices. By Case 2A, edges (x, v) and (v, y) are
replaced by (x, y), and the load on (x, y) is set to the
maximum of the loads on (x, v) and (v, y). This gives an
advantage only if all 3 edges incident to v has high load.
A similar reduction applies to the pair (w, z) resulting
from the vertex u.

Finally, Version 4 introduces a more probabilistic
edge removal strategy. Instead of deterministically
removing the highest-load edge, we remove edge i from
the selected cycle C with probability

2L(i)/
∑
j∈C

2L(j),

where L(i) denotes the load of edge i. This softmax-
style weighting introduces randomness into the algo-
rithm, which may help avoid worst-case scenarios that
can trap greedy variants. However, empirical results



Table 3.1: Variants of the Freedman–Hastings algorithm with different design choices (Version 0 is the original
version).
Variant Name BFS Root Selection Cross Edge Selection Edge Removal Strategy

Version 0 Random vertex First encountered Random edge
Version 1 Random vertex First encountered Max-load edge
Version 2 Max-load vertex First encountered Max-load edge
Version 3 Max-load vertex First forming cycle with root Max-load edge (prefer incident to root)
Version 4 Max-load vertex First forming cycle with root Load-weighted probabilistic removal

suggest that Version 4 does not outperform Version 3
on average.

We evaluate our algorithms on random regu-
lar graphs, which are known to be asymptotically
close to Ramanujan graphs—optimal spectral ex-
panders—according to the result of Friedman [26]. This
motivates our choice, as most random d-regular graphs
are constant-degree expanders, resembling the structure
of graphs that arise in real quantum LDPC codes.

To generate these graphs, we use Python’s Net-
workX package, which internally implements the config-
uration model of Steger and Wormald [27]. Specifically,
we test our heuristics on random 3-regular and 8-regular
graphs across a range of sizes. We chose these graphs
to roughly mimic the structure of near-term quantum
codes, which typically do not exhibit very high connec-
tivity, check weight, or qubit degree. For each graph
size, we generate a number of random instances (as de-
tailed in Table 3.2) and apply all five algorithmic vari-
ants.

Running time analysis. All variants (Versions 1–4)
have the same asymptotic running time as the original
Version 0 (the Freedman–Hastings algorithm). Each
iteration removes at least one edge and may require
operations such as selecting the max-load vertex, per-
forming a BFS, or identifying the max-load edge within
a short cycle—all of which take at most O(m) time.
Since there are at most O(m) such iterations throughout
the recursion, the total worst-case running time remains
O(m2) (equivalently O(n2) for constant-degree graphs).
Since the runtime of each algorithm grows roughly
quadratically with graph size, we reduced the number
of trials for larger graphs to keep the total computation
time manageable. All experiments were performed on a
desktop workstation (Intel® CoreTM i7-14700F CPU,
16 GB RAM, 64-bit Windows 11). Completing all trials
required approximately three days of total wall-clock
time.

We collectively visualize the results across all graph
sizes and degrees using the boxplot from multiple trials,
as shown in Figure 3.2. Empirically, all of our algorith-
mic variants demonstrate significant improvement over

Table 3.2: Number of random d-regular graphs gener-
ated per size n, for each degree d.
Graph size n Trials for d = 3 Trials for d = 8

32 4000 4000
64 4000 4000
128 4000 2000
256 2000 1000
512 1000 500
1024 500 250
2048 250 100
4096 100 50
8192 50 20
16384 20 –

Note: No experiments were run for d = 8 at n = 16384 due to
runtime constraints.

the original Freedman–Hastings algorithm, suggesting
that the max-load edge removal strategy is the primary
factor driving these performance gains.

Among the variants, Version 3 consistently achieves
the lowest maximum edge participation on average, fol-
lowed by Version 2, then Version 4, and finally Version 1.
This ordering confirms that both the BFS root selection
and cross edge selection strategies contribute meaning-
fully to reducing edge congestion—beyond the effect of
edge removal alone.

To further understand the asymptotic behavior of
the different algorithmic variants, we plot in Figure 3.3
the ratio between the actual median maximum edge par-
ticipation and fitted functions of the form c log2(n) and
c log22(n), where the coefficient c is independently opti-
mized for each curve. This normalization removes the
leading-order growth rate and highlights the deviation
from ideal logarithmic or polylogarithmic scaling.

We include results for Version 0 and Version 3 of
the algorithm across both degree-3 and degree-8 ran-
dom regular graphs. All curves use solid lines, with
different marker shapes distinguishing the vertex de-
gree. In the left plot, we observe that the ratios for
both Version 0 and Version 3 trend upward, indicating
super-logarithmic scaling for both versions. In contrast,
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the right plot shows that the ratios for Version 0 remain
relatively flat, whereas those for Version 3 initially de-
crease but eventually level off. This suggests that Ver-
sion 3 offers only a constant-factor improvement in scal-
ing relative to Version 0, rather than a fundamentally
different asymptotic behavior. This observation is also
consistent with the lower bound established for Version
3 in Section 5.

4 Experiment on Graphs from Small Quan-
tum Codes In this section, we evaluate our algo-
rithm on graphs arising from practical quantum codes.
Specifically, we use quantum radial codes introduced by
Scruby et al. [28], which are based on the lifted product
construction [17] applied to certain quasi-cyclic classical
codes. The lifted product is one of the first construc-
tions known to yield good quantum LDPC codes, and
it is also effective for generating near-term deployable
codes.

Quantum radial codes exhibit promising features
for fault-tolerant quantum computing. In particular,
they offer comparable error suppression to surface codes
while requiring roughly five times fewer physical qubits.
Moreover, they have been observed to support single-
shot decoding [29], making them strong candidates for
near-term implementations.

We test our algorithm on graphs arising from two
specific quantum radial codes presented in [28]: a
[[90, 8, 10]] code and a [[352, 18, 20]] code. Here, a
[[n, k, d]] code refers to a quantum code with n physical
qubits, k logical qubits, and code distance d. These
codes have parameters comparable to those of the Gross
code and the Double Gross code [30], but have received
relatively less attention in the literature.

In [28], the authors provide a canonical basis for all
Pauli-X and Pauli-Z logical operators. In our experi-
ments, we focus on the Pauli-X basis (note that the pro-
cedure for Pauli-Z measurements would be essentially
identical). Following the logical operator measurement
construction in [12], we extract, for each Pauli-X basis
operator, an induced subgraph from the Tanner graph
representation of the code. Specifically, each intersect-
ing Z-check becomes an edge in the induced graph; in
the two quantum radial codes we study, every Z-check
intersects each logical operator on exactly two qubits,
so this conversion is unambiguous.

For the [[90, 8, 10]] code, this yields 8 graphs (one
for each logical X operator), and for the [[352, 18, 20]]
code, we obtain 18 graphs. In general, to ensure
distance preservation during lattice surgery, one may
need to augment these graphs with additional edges to
boost their Cheeger constants to at least 1, as this is a
sufficient (but not necessary) condition for maintaining
code distance. However, in our case, we observe that

for the smaller code, all 8 graphs already have Cheeger
constant exactly 1. For the larger code, 12 out of
the 18 graphs have Cheeger constant ≥ 1, 3 have
approximately 0.91, and the remaining 3 have values
near 0.73.

Given these relatively high expansion properties, we
directly test our algorithms on these induced subgraphs
without further augmentation, expecting the results to
closely reflect those obtained in a full lattice surgery
simulation.

The graphs induced from the smaller code each have
10 vertices—comparable to the code distance—and are
3-regular. Two representative examples are shown in
Figure 4.2. For the larger code, the induced graphs
each have approximately 22 vertices and are 4-regular;
two examples are shown in Figure 4.4.
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The algorithms we test include Version 0 (the
original Freedman–Hastings algorithm), Version 3 (our
best-performing heuristic), and min-basis (a minimum-
weight cycle basis algorithm [3]). We include the
minimum-weight cycle basis as a baseline because, in
the context of lattice surgery, the length of the basis
cycles can contribute to overhead—though typically not
as severely as maximum edge participation.

The performance of the three algorithms is shown
in Figures 4.1 and 4.3, corresponding to the smaller and
larger codes, respectively. For each graph derived from
the smaller code, we run each algorithm 100 times and
report the median result; for the larger code, each graph
is evaluated over 500 trials.

We observe that for the smaller code, the perfor-
mance differences among the algorithms are relatively
minor. However, for the larger code, the performance
gap becomes much more pronounced. Version 3 consis-
tently performs well, achieving roughly a 50% reduction
in maximum edge participation compared to Version 0.
The min-basis algorithm occasionally matches Version
3 but can also yield the worst performance—this is ex-
pected, as min-basis is a deterministic algorithm opti-
mized for cycle length rather than maximum edge par-
ticipation.

5 A balls-into-bins model as a proxy We
consider a balls-into-bins model as a proxy for the
behavior of our algorithms on 3-regular graphs. In this
model, each bin corresponds to an edge in the graph,
and each selected cycle is a subset of k bins. The load on
each edge is represented by placing a ball in each of the
selected bins. Then three bins are removed, representing

the edges that are removed from the graph. Note that
when the graph is exactly 3-regular, three edges are
removed in each iteration of Case 3, as illustrated in
Figure 3.1. The first edge removal comes from Case 3,
where an edge is removed from the chosen cycle. This
creates two degree-2 vertices, each of which results in
the removal of another edge from Case 2.

The goal of the model is to understand the extent
to which we can analyze the asymptotic behavior of
our best variant without using detailed graph-theoretic
properties. The variants of the cycle basis algorithm
discussed in the previous sections allow for selecting a
cycle that includes up to three heavily loaded edges.
The rest of the edges in the cycle depend on the cross
edges encountered in constructing the BFS tree. In the
balls-to-bins model, we model the selection of a cycle as
selecting the three most heavily loaded edges/bins, and
the rest of the k − 3 bins are selected at random. Then
the three most heavily loaded bins are removed from the
system, representing the removal of those edges from
the graph. This model is favorable to the algorithm
by allowing the algorithm to select and remove the
three most heavily loaded bins in the entire system.
In a real graph, the three most heavily loaded edges
might not even be located on a single short cycle. The
selection of the rest of the edges is simplified to be a
random set. Intuitively, getting a better analysis of
the behavior of our cycle basis algorithms will require a
more sophisticated understanding of the distribution of
the edges participating in each selected cycle.

There are a few other ways in which our proxy
process differs from cycle basis selection in a real graph.
The proxy process assumes that the cycle selected will



have length exactly k = 2 ⌈log2 n⌉ in each round. The
versions which select the cycle arising from the first cross
edge encountered may yield shorter cycles, resulting in
less load on the edges. However, in a random graph,
the first cross edge will appear when the BFS tree has
approximately

√
n vertices, resulting in a cycle of length

Ω(log n). Intuitively, if k vertices have been discovered,
each new edge has probability about k/n of connecting
to an already visited vertex, so the expected number
of cross edges is Θ(k2/n). When k reaches

√
n, this

expectation becomes constant, marking the point where
the first cycle typically appears. Thus, in the absence
of a more involved model for how the graph evolves
over time, we do not expect to be able to leverage this
effect to obtain an asymptotically better analysis. The
proxy process also does not capture vertex removals
from Cases 1 and 2B. However, our numerical results
suggest that these are relatively infrequent events and
therefore do not contribute significantly to edge load as
shown in section B.

The balls-and-bins process is called Process 1 and
is given in Algorithm 5.1. However, Process 1 remains
analytically challenging. To facilitate analysis, we
define a further simplification, which still preserves the
essential features needed for bounding load growth. In
the simplified process, we define an epoch as a sequence
of iterations in which the number of buckets m decreases
by a factor of 2. During each iteration within an epoch,
we add a ball to each of k randomly chosen bins and
decrease m, the counter for the number of buckets, by
3. However, the buckets are not actually removed until
the end of an epoch, at which point a new epoch begins.
The delayed-removal process is called Process 2 and is
given in Algorithm 5.2.

Algorithm 5.1 Process 1
Require: M > 0, the initial number of buckets.
m←M
n← 2

3M
All m buckets start empty.
mmin is some fixed constant.
while m > mmin do
k ← 2 ⌈log2 n⌉
Select the 3 buckets with the highest load.
Select k − 3 additional buckets at random.
Add one ball to each of the k selected buckets.
Remove the three most heavily loaded buckets.
m← m− 3
n← 2

3m
end while

This delayed-deletion model allows additional load
to accumulate before pruning. As a result, more balls

Algorithm 5.2 Process 2 (delayed removal)
Require: M > 0, the initial number of buckets.
m←M
j ← 1
All m buckets start empty.
mmin is some fixed constant.
while m > mmin do
mold ← m
n← 2

3m.
k ← 2 ⌈log2 n⌉
while m > M

2j do
Select k buckets at random.
Add one ball to each of the k selected buckets.
m← m− 3

end while
r ← (mold −m)
Remove the r most heavily loaded buckets.
j ← j + 1

end while

are discarded during each epoch compared to Process 1.
Therefore, any lower bound established for Process 2
also applies to Process 1, and thus to the original
algorithm. In section C, we provide a formal proof that
Process 2 lower-bounds Process 1 if we select (k − 3)
buckets instead of k buckets in Process 2; note that this
modification does not affect the asymptotic lower bound
for Process 2 discussed below.

In what follows, we prove the following theorem,
which provides a lower bound on the maximum load
Lmax in Process 2. All logairthms are base 2, unless
stated otherwise.

Theorem 5.1. For any fixed c ∈ (0, 0.16), process 2
satisfies

Lmax = Ω
(
log2 M

)
with high probability.

Explicitly,

Lmax ≥
c2

6

(
1− c

2

)
log2 M w.h.p.

Before proving the theorem, we develop several
lemmas. Define mj = m/2j , nj = 2

3mj , and kj =
2 ⌈log2 nj⌉. During epoch j, we begin with mj buckets
and perform ball tossing for mj/6 rounds. In each
round, we toss kj balls into kj distinct buckets chosen
uniformly at random without replacement. No deletions
occur during the rounds.

Consider what happens at one epoch first. Fix an
epoch j and the probability for any fixed bucket being
chosen a single round is kj/mj . The incremental load
of any bucket before removing buckets at the end of



epoch j is

Xj ∼ Binomial
(

mj

6 ,
kj

mj

)
, µj := E[Xj ] =

mj

6

kj
mj

=
kj
6
.

Fix a constant c ∈ (0, 0.16) and call a bucket bad in
epoch j if the incremental load satisfies

Xj ≤ c µj .

During epoch j let Bj be the number of bad buckets.
We state the following two lemmas, whose proofs are
provided in section A.

Lemma 5.2 (Few bad buckets in one epoch). Fix
c ∈ (0, 0.16) and set α = (1−c)2

6 ln 2 . During epoch j, let Bj

be the number of buckets whose incremental load is at
most cµj. Then

Pr
(
Bj ≥

(
3
2

)α
m

1−α
2

j

)
≤ m

−α
2

j .

Lemma 5.3 (Few bad buckets over L epochs). Fix
c ∈ (0, 0.16) and define α = (1−c)2

6 ln 2 . Let L =
⌈
c
2 log2 M

⌉
.

Then with probability 1 − o(1), the total number of
buckets that are bad in any of the first L epochs is at
most

C(c)M1−α
2 , where C(c) := ( 32 )

α · 1

1− 2−(1−α
2 )

.

We are now ready to prove Theorem 5.1. The
basic idea is that for the chosen value of L (which is
Ω(log n)), with high probability the number of buckets
that have ever gone bad in L rounds is less than the
total number of buckets remaining. Thus, with high
probability, there will be a bucket remaining which was
never bad in the first L rounds. A bucket with this
property received Ω(logn) incremental load in each of
the L rounds, resulting in a bucket with total load
Ω(log2 n).

Proof. (Theorem 5.1) Since each deleted bucket
has a unique ancestor among the original M buckets,
Lemma 5.3 bounds how many buckets ever go bad.
Provided that α(c) > c, which holds for every c < 0.16,
we have

M1−α
2 = o

(
M1− c

2

)
,

and hence
C(c)M1−α

2 < mL

for sufficiently large M , forcing the existence of at least
one bucket that is never bad in any epoch j < L.

For such a never-bad bucket, its load in epoch j
satisfies

Xj ≥ c µj ≥
c

3
log2

(
2
3mj

)
,

using the lower bound µj ≥ 1
3 log2

(
2
3mj

)
from earlier.

Summing over L =
⌈
c
2 log2 M

⌉
epochs, we obtain a

lower bound on the total load on that bucket:

Lmax ≥
c

3

L−1∑
j=0

log2
(
2
3mj

)
=

c

3

L−1∑
j=0

(
log2 M − j + log2

2
3

)
≥ c

3
· L ·

(
log2 M − L+ 1 + log2

2
3

)
,

where we use that log2 mj = log2(M ·2−j) = log2 M − j
and that log2

(
2
3mj

)
is decreasing in j, so each term is

at least the last one.
Substituting the bounds c

2 log2 M ≤ L ≤ c
2 log2 M+

1, we control both terms in the product:

Lmax ≥
c

3
· L ·

(
log2 M − L+ 1 + log2

2
3

)
≥ c

3
· c
2
log2 M ·

(
log2 M −

( c

2
log2 M + 1

)
+ 1

)
=

c

3
· c
2
log2 M ·

(
1− c

2

)
log2 M

=
c2

6

(
1− c

2

)
log22 M.

Thus,
Lmax = Ω(log2 M),

completing the proof of Theorem 5.1.
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A Proof of the Lemmas

Proof. (Lemma 5.2) For a single bucket, the multi-
plicative Chernoff lower tail bound

Pr[X ≤ (1− δ)µ] ≤ exp

(
−δ2µ

2

)
with δ = 1− c gives:

pj := Pr[Xj,i ≤ cµj ] ≤ exp

(
− (1− c)2

2
µj

)
.

Since µj = kj/6 ≥ log2(
2
3mj)/3 = ln( 23mj)/(3 ln 2), we

have:
pj ≤

(
2
3mj

)−α
.

Let Yi be the indicator that bucket i is bad. Then
Bj =

∑
i Yi is a sum of Bernoulli variables with E[Yi] ≤

pj . Hence,

E[Bj ] ≤ mj · pj =
(
3
2

)α
m1−α

j .

Now apply Markov’s inequality:

Pr
(
Bj ≥

(
3
2

)α
m

1−α
2

j

)
≤ E[Bj ](

3
2

)α
m

1−α
2

j

≤ m
−α

2
j .

Proof. (Lemma 5.3) We first bound the total failure
probability over all L epochs. Since

L =
⌈
c
2 log2 M

⌉
≤ c

2 log2 M + 1,

we have
mL = M/2L ≥ 1

2M
1− c

2 .

From Lemma 5.2, the probability that epoch j has more
than ( 32 )

αm
1−α

2
j bad buckets is at most m

−α/2
j . Thus,

the union bound gives:

L−1∑
j=0

Pr[epoch j fails] ≤
L−1∑
j=0

m
−α/2
j ≤ L ·m−α/2

L−1 .

Since mL−1 ≥M1− c
2 , we have

L·m−α/2
L−1 ≤

(
c
2 log2 M + 1

)
·M−β ,where β := α

2 (1−
c
2 ) > 0.

As M → ∞, this product is o(1), so with high
probability all epochs satisfy the per-epoch bound.

Conditioned on this event, we now sum the bad
buckets over all epochs:

L−1∑
j=0

Bj ≤ ( 32 )
α

L−1∑
j=0

m
1−α

2
j = ( 32 )

αM1−α
2

L−1∑
j=0

2−j(1−α
2 ).

This geometric sum is bounded by

∞∑
j=0

2−j(1−α
2 ) =

1

1− 2−(1−α
2 )

.

Hence the total number of bad buckets is at most

C(c)M1−α
2 , where C(c) = ( 32 )

α · 1

1− 2−(1−α
2 )

.

B The Frequency of Each Case in Version 3
We ran Version 3 on 25 random 3-regular graphs of size
8192 and 25 random 8-regular graphs of size 4096, and
computed the average percentage of each case across
the different graphs. The results show that Case 1 and
Case 2B occur relatively infrequently compared to Case
2A and Case 3. As expected, when the graphs become
denser, Case 3 becomes dominant.
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Figure B.1: Average percentage of each case for
25 random 3-regular graphs of size 8192.
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Figure B.2: Average percentage of each case for
25 random 8-regular graphs of size 4096.



C Process 1 results in higher remaining
loads than Process 2 We define three new processes,
P1, P1a, and P2, where P1 is essentially equivalent to
Process 1 from the main text (as we are only interested
in the loads of the remaining bins), and P2 is a slight
variant of Process 2 in which only k−3 balls are thrown
per round instead of k. The intermediate process
P1a serves as a bridge to enable a direct, step-by-step
comparison between P1 and P2.

Theorem C.1 (Pointwise comparison between P1
and P2). Let m, k ∈ N with m divisible by 6. Start from
any initial load vector L(0) ∈ Nm. Run the following for
m/6 rounds:

P1 : At the start of each round, remove the three
heaviest bins, then throw k − 3 balls uniformly at
random into the remaining bins.

P1a: In each round (i) mark the three heaviest bins, (ii)
throw k − 3 balls uniformly at random into all m
bins. After the last round, delete all marked bins.

P2 : Throw k − 3 balls uniformly at random into all m
bins every round. After the last round, delete the
m/2 heaviest bins.

Let LP∗(R) ∈ Nm/2 be the vector of surviving bin
loads (after deletion), sorted in non-increasing order,
under random realisation R. Then for every R,

LP1(R) ≥ LP1a(R) ≥ LP2(R) (entrywise).

In other words, for every outcome of the random
process, the remaining bins in Process 1 are at least as
heavily loaded (in every coordinate) as those in Process
2.

Proof. We couple all three processes (P1, P1a, and
P2) using the same randomness. Let M = m denote
the total number of bins at the beginning.

For each round t = 1, . . . ,m/6, we sample k − 3
bins uniformly at random without replacement from the
full set [M ] = {1, 2, . . . ,M}, and record the selected bin
labels as a list St = (bt,1, . . . , bt,k−3). These selections
are fixed and reused across all processes. We compare
how each process uses these bin selections:

• Since no bins are removed in P1a, every selected
bin is valid, and each ball is placed directly into its
assigned bin.

• In P2, the same placement rule applies: all bins
are available during every round, and we use the
same selections St. Therefore, P1a and P2 result
in the same ball placement. The only difference is
that P1a removes a fixed set of bins (those marked

across rounds), while P2 removes the heaviest m/2
bins at the end. Since P2 removes the worst-case
set and P1a removes a possibly suboptimal one, the
remaining loads in P2 can only be smaller. Hence,

LP1a(R) ≥ LP2(R).

• In P1, the top 3 heaviest bins are removed at the
beginning of each round. Let mt = M − 3t be the
number of bins remaining in round t. For each
selected bin label bt,j ∈ St, we process it as follows:

– If bt,j ≤ mt, then the bin exists in both P1
and P1a during round t, and we place a ball
into bin bt,j in both processes.

– If bt,j > mt, then that bin has been removed
in P1. In this case, we resample a new bin
uniformly at random from the remaining mt

bins (i.e., from {1, . . . ,mt}), and place the ball
into the newly chosen bin in P1.

In contrast, P1a still places a ball into the original
bin bt,j > mt, which exists in P1a but has already
been removed in P1.

Therefore, every time a resampling occurs in P1,
the ball is redirected to a bin that survives that
round. In P1a, the same ball goes into a bin that
is eventually removed. So the load of any bin that
survives P1 either:

– receives the same ball as in P1a (if no resam-
pling happened), or

– receives an additional ball that was redirected
away from a deleted bin.

This shows that the load of every surviving bin in
P1 is at least as large as the load of the same bin
in P1a. Since both P1 and P1a delete exactly m/2
bins, the remaining bins in P1 have loads that are
at least as large as those in P1a:

LP1(R) ≥ LP1a(R).

Combining the two comparisons above, we conclude:

LP1(R) ≥ LP1a(R) ≥ LP2(R).
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