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Direction-of-Arrival and Noise Covariance Matrix
joint estimation for beamforming

Vitor G. P. Curtarelli ~, Stephan Paul ", and Anderson W. Spengler

Abstract—We propose a joint estimation method for the
Direction-of-Arrival (DoA) and the Noise Covariance Matrix
(NCM), within the context of beamforming and signal en-
hancement. Building upon an existing NCM framework, our
approach simplifies the NCM estimation procedure by deriving
a quasi-linear solution, instead of the original (computationally
intensive) exhaustive search. Additionally, we introduce a novel
DoA estimation technique that operates across the frequency
spectrum, which significantly improves robustness in reverber-
ant environments and non-ideal scenarios. Simulation results
demonstrate that our method outperforms classical techniques,
such as MUSIC, achieving lower angular errors across a wide
range of simulation conditions. The proposed framework was
also evaluated against a MUSIC-based beamformer for signal
enhancement, demonstrating similar overall noise rejection ca-
pabilities while providing superior interference cancellation and
better desired-source maintenance.

Index Terms—Noise covariance matrix, direction of arrival
estimation, beamforming, microphone array processing.

I. INTRODUCTION

Multi-sensor signal acquisition has become a fundamental
pillar of modern signal processing, enabling precise analysis
and enhancing output quality across diverse domains [1].
Sensor array-based processing techniques find application in
scenarios ranging from assistive hearing devices [2] and smart
home technologies [3], to radar systems [4], [5], wireless
communications [6], [7], and biomedical instrumentation [8],
[9]. In such settings, spatial filtering and signal enhancement
are often essential, and hinge on accurate statistical models
of the signal and its surrounding noise field. Among these,
the estimation of signal characteristics — such as covariance
structures and source positioning — plays a crucial role [10].

A key tool in this context is the signal’s covariance ma-
trix (CM), characterizing the temporal-spatial relationships
between received signals. While widely adopted, this approach
can be severely affected by finite sample effects, noise, and
rapidly changing environments [11]. In these cases, relying
directly on the observed signal’s CM may result in suboptimal
or biased signal enhancement performance [12].
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An alternative lies in modeling the noise through a ded-
icated Noise Covariance Matrix (NCM) [13], [14], isolating
undesired components from the whole, and providing a more
robust foundation for tasks such as beamforming, interference
suppression, and source separation [15], [16]. Nonetheless,
estimating the NCM presents challenges, such as the differ-
entiation of signal and noisy sources, sensitivity to spatial
correlations, and degradation under low-SNR conditions [11].

In many scenarios, NCM estimation is inherently linked to
the estimation of the Direction-of-Arrival (DoA) of one or
more interfering sources [5], [17]. However, traditional DoA
estimation methods often rely on exhaustive search techniques,
which are computationally expensive and sensitive to initial
conditions [18], [19].

In this work, we propose a novel method for jointly estimat-
ing the NCM of a contaminated sound field and the DoA of
a directional interfering source. Building upon the compact
NCM modeling approach in [20], our method introduces
a broadband cost function, extending the model to include
the estimation of an interfering source’s DoA, along with
an improved mathematical framework that allows for quasi-
linear estimation of the modeled signals’ variances. This leads
to a significant reduction in computational complexity while
improving estimation accuracy and filtering performance.

Importantly, our results show that the proposed DoA es-
timator outperforms traditional approaches such as MUSIC
both in accuracy and precision, while enabling more effective
beamforming when integrated into a full signal enhance-
ment pipeline. These results are validated across almost 1500
combinations of environment parameters, demonstrating the
proposed approach’s robustness.

II. SIGNAL MODEL

We consider a sensor array (of any geometry) comprised of
M omnidirectional sensors within a reverberant environment
populated by both desired and contaminating sources. We
assume this environment to be stationary both spatially and
for its statistical characteristics; these constraints are primarily
for ease of notation and algebra.

The m-th observed signal in the time-domain is

I
Y (1) = S () + 0 () + Y win () + om(t), (D)
=1
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where: s,,(t) is the reverberant desired signal; n,,(t) and
Wi (t) are reverberant undesired signals, with n,,(t) being
the dominant among these (called the interfering signal),
and wy, ;(t) originating from other (less impactful) undesired
sources; and v,,(t) is uncorrelated Gaussian noise, modeling
thermal noise. These signals all refer to the m-th sensor within
the sensor array.

Transforming all signals into the (discrete) time-frequency
domain (with [ representing the time-frequency window index,
and k the frequency bin), and decomposing the s,,(¢) and
Ny, (t) into a sum of planar waves [20], we have the modeled
observed signal ,,[l, k]

Imll K] = ymll, K]

Js Jp
= Smg Lk 4D i, [, K]
Js=1 jp=1 (2
I
+ ) Wil K] + L B,
=1

where §,[l, k] is the approximate model of y,,[l, k], under the
presented assumptions. Through the text, the tilde accent will
denote a model or approximation for the accented variable.

Now, three modeling assumptions are taken:

1) Each planar wave decomposition is dominated by a
single plane-wave [21] (j; = j, = 1), this being the
direct-path wave between source and sensor;

2) This direct-path component can be written in terms
of the relative frequency response (RFR) between the
reference (m = 1) and the m-th sensors;

3) All non-direct-path components of s,,,[l, k] and n., [, k]
(js = 2 and j, > 2), and all non-dominant undesired
sources Wy, ; ([, k], can be modeled by 7,, [, k].

With these, the modeled signal from Eq. (2) becomes

Imll, k] = dm K]z [l k] + b [K]p1 [, k] + vm[l, K] + v [1, K],

3)
in which: x4 [, k] and p[l, k] are (respectively) the desired and
interfering signal’s first planar-wave at the reference sensor;
Ym|l, k] is the previously defined contaminating signal,

Js Jp I
'Ym[lv k] = Z Sm,js [lv k] + Z Nm,jp [lv k] + Zwm,i[l: k]v
je=2 Jp=2 i=1
“4)

and d,,[k] and b,,[k] are (respectively) the desired and inter-
fering signal’s reference-to-m-th RFRs, given by

dmk] = e—jQW%%Tm cos(0q—tm) <305(<1>ul—/\m)7 (52)
by [K] = e 927 RS m cos(Oy—bm) cos(6p—Am)  (5p)

with e denoting the Neperian constant, fy is the sampling
frequency, K is the total number of frequency bins, and
¢ = 343m/s is the wave speed. The spherical coordinates
("m, ¥m, Am) are the m-th sensor’s position (distance,
azimuth, elevation), with (64, ¢4) and (6, ¢») being the

Fig. 1: Example of room layout, with: desired (green pen-
tagon), interfering (yellow triangle), and correlated (blue dia-
mond) sources; direct-path (opaque, with the color of the re-
spective source) and reverberations (translucent gray arrows);
and a sensor array (red rectangle), with sensors represented by
small circles.

desired and interfering sources’ angular directions (azimuth,
elevation). All these spherical measurements assume the ref-
erence sensor as the origin.

We let y[l, k] = [gjl[l,k}, e ng[l,k]]T be the column
vectorization of the modeled observed signals (d[k], blk],
Y[l,k], and v[l, k] are defined similarly), with (-)T denoting
the transpose operator. We also define 1[I, k] as the modeled
global noise vector, encompassing all non-desired signals, such
that

ﬁ[lvk] = b[k]pl[lvk] +Y[l7k} +Va[lvk]a 6)

from which
v, k] = dlk]zi[l, k] + b[k]p1[l, k] + [, k] + v[l, k] (Ta)
— d[k|z1 [l K] + AL, k] (7b)

An example of a considered environment layout is in Fig. 1,
with desired and contaminating sources, considering their
direct and reflecting paths.

A. Observed signal covariance matrix modeling

We write the observed signal’s covariance matrix as Ry [k],
and it is given by

Ry (k] = E {y[L, biy"[L. k] } . ®)

in which {-}" represents the conjugate-transpose operation,
and E {-} is the expectation operator (in this case, with respect
to the window index ). We also define Ry [k] as the modeled
observed signal’s CM, which — given Eq. (7a) — can be
expanded to

Ry = Rxogl + Rpagl + lflycr,zy1 + RV031 +el, (9)
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where 02 [k] is the variance of 21 I, k] and Rx[k] = (dd")[k]
is its pseudo-normalized covariance matrix (these being de-
noted by the bar); and similarly for o7 [k], o2, [k] and o7 [K],
as well as Rp[k] = (bb")[k], R [k] and Ry[k]. € is a normal-
ization factor, to ensure a minimal white noise is present on the
modeled matrix. R [k] is implicitly a function of (64, ¢4), and
so is Rp[k] (a function) of ©, = (6, ¢5). While not explicit in
Eq. (9), all covariance matrices and variances (except €) are bin
dependent, but not window dependent, due to the stationarity
assumptions.

We now assume the following:

1) The desired source’s direction, as well as its steering
vector d[k], are known;

2) Ry|[l, k] =1, since v[l, k] is uncorrelated white noise;

3) v[l,k] is a spherically isotropic noise [20], and thus
Ry [l, k] is known [22];

4) The DoA Oy, which dictates b
the frequency spectrum.

[1, k], is constant across

Although we take all (except Rp[k]) covariance matrices
to be known, their respective variances are not. Therefore, we
have 4K+2 unknowns in our problem: the variances for all
signals at the reference sensor (cfm 1 O'ZI, O',yl and O’ ) for
each frequency; and the DoA O, which dictates the steerlng
vector for the interfering signal.

Assuming these variances and ©; are known, the global

noise covariance matrix Ry [k] can be estimated as Rgj[k],
which (from Eq. (6)) can be written as

Rj; —RO’ +Rya —|—RU , Tel (10)

We highlight that all matrices in Eq. (10) (including R =
R [k]) are frequency-dependent (similarly to all other covari-
ance matrices), which was omitted for conciseness.

III. DOA AND NCM ESTIMATION

Given the desire to find the most appropriate values for the
DoA ©, and for the variances, a minimization scheme must
be carefully constructed.

We define o [k] = [02, [k], 02, [k], 02, [k], o2, [K]] as a vec-
tor of the unknown variances, and F'(Ry(oy,Oy)[k]) as a
frequency-dependent cost function, given by the Frobenius
norm

F(Ry(0ox,04))[k] = [[Ry[k] — Ry[K][l;, (1)

where this cost function is implicitly dependent on ©; and
o, as well as on the frequency bin k. By denoting R,.; as
the j-th element of R, (j = [4, j]), the cost function becomes

F(Ry (o), 0y))[k] =

Z Z Rzz,j iki02

J zeS

12)

= (Ry;[k] — eI)

)

with § = {x, p,7v, v}. For notation, Ry . = Ry — €L.

By splitting the absolute value’s calculation into the squared
sum of real and imaginary components, Eq. (12) can be
modified into Eq. (13), where the superscripts R and I indicate
the real and imaginary parts of the value, respectively.

F(Ry(0k, O4))[k]
2
iki] - R;/R,e;j iki>
(13)

:Z< > Rijlklo?
R]Iy”[k:]> )

zES
o3 (|t
J zeS
Given the  frequency-dependent  cost  function
F(Ry(0k,04))[k], we now define our broadband cost
function F(32, ©;) as
2 PRy

summing the frequency-dependent cost function over the spec-
trum; and X containing the 4K variances for all frequency
bins.

F(X,0) =

5 (0%, Op))[K], (14)

A. Variances estimation

Physically, the variances must be strictly non-negative, and
therefore a minimization problem would need to satisfy this
condition; that is, o > 0 V k. The subspace of R* defined
by this constraint will be called the feasible region. An
approach similar to the Lagrangian multiplier method [23]
will be employed to approach this problem, inserting the
constraints into the minimization function. For such, we define
the Lagrangian function £(X, 0, ¢, 1) as

L(2,0p,0,1) = F(2,0p) — (o —p), (15
with w = [p2,p2, 2, 2] being slack variables (given the
inequality constraint), and ¢ being the Lagrangian multi-
plier vector, both implicitly frequency-dependent. We denote
(X*,0;5,¢", u*) as the optimal solution that minimizes the

Lagrangian, namely

¥*, 05,0, ut = argmin L(X,0,, ¢, 1).
3,0p,C,1

(16)

Since F(Ry (0%, Oy))[k] for each frequency bin is inde-
pendent from another bin in terms of their variances, taking
the derivative of the Lagrangian w.r.t. (with respect to) any
variance o2, [k] yields

agz =D Awsl — Ayealk] — GIEL, (A7)
weS
where Ay, is
_QZR +Ria”ikiRHz;jikia (18)
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w also acting as a placeholder variable (w € S U {(y,€)}).

Note that the derivatives from Eq. (17) are taken regarding

o2 [k] and not o, [k], as the latter would result in a cubic
problem instead of a linear one, for which the direct solution

would be 3 = 0 (corresponding to a local maximum).

Differentiating the Lagrangian w.r.t. {,[k] and p,[k] yields

oL,

acz [k]a zZ1 [k] NZ [k]a (19&)
L

=2C b 19b

o lH] Capt (19b)

The variances vector which minimizes the cost function
from Eq. (14) is one of the solutions where all derivatives
in Egs. (17), (19a) and (19b) are zero. To find the physically
meaningful solution (within the feasible region 3 > 0), the
solution to the unconstrained variance minimization problem
will be used to achieve the optimal variance vector for the
constrained problem (¥ > 0).

1) Unconstrained solution

Since the Lagrangian w.r.t. any variance depends only on
the variances in its own frequency bin (Eq. (17)), our global
minimization problem over all 4K variances becomes K
independent problems each with 4 variables, and for each &
the (unconstrained) minimization can be written as

Alk]o = q[k], (20)
where
Axix[k]  Apix[k] Ayix[k] Avix[K]
Skl it e nir DR
Axivlk]  Apwlk]  Ayi[k]  Aviv[K]
Ay ex[k] + C[k]
O
Ay exe ] + Gl
for which the solution is
i (k] = A [K]q[k] (22)

This result doesn’t necessarily respect o > 0.
2) Constrained solution

For a generic z, from Eq. (19b) we have two options:
either (,[k] = 0, meaning the constraint is inactive and the
minimization is unrestricted in z; or p,[k] = 0, implying
031 [k] = 0 (from Eq. (19a)), meaning the constraint is active.
The unconstrained problem’s process can be adapted to find
the restricted problem’s solution through Algorithm 1; with its

related proofs in Theorems 1 and 2, from appendix A.

If the z-th constraint is active (ofl = 0), its respective
entries from o q[k|, and rows and column from A[k], are

Algorithm 1 Active-inactive constraints analysis

# Global minimum

I: 0* < argmin F'(0)

R {0‘*U< 0} # Set of negative entry indices in ¢*
cforn=1,...,|{c* <0} do

4: for c € P, (S) do

# P, (S) is all n-element sets in the power-set of S

# c is a combination with n active constraints

[SSI )

5: 0* < argmin F'(o) with active c-th constraints
o

6: o « o if F(0) < F(o)

7: end for

8 break if o' > 0

9: end for

unnecessary. Given there are 2* = 16 combinations of active-
inactive constraints, at most 16 matrix inversions are sufficient
to achieve the optimal constraint solution, with the worst case
being with of = 0. Therefore, we say that a quasi-linear
solution to the variances minimization can be achieved, not
relying on iterative processes. This analysis is repeated for all
k frequency bins, achieving the 4 K solutions for the variances.

The active-inactive analysis on o has to be repeated for
each iteration of the minimization on ©,, since for one
direction the constraints may have to be active, but not for
a different neighboring direction.

B. DoA estimation

The previous minimization scheme solved only for 32,
treating ©, as a constant. Since any element of A[k] and q[k]
that corresponds to p[k] depends on Oy, so do the achieved
solutions. That is, for each direction ©,, we can find a solution
on X which minimizes the error between Ry[k| and Ry [k],
within the feasible region defined by the positive-variance
constraints; but this achieved solution isn’t necessarily a global
minimum, being necessary a minimization on Oy

By definition, Ryp.j(6y, ¢) depends on the relative position
between sensors ¢ and j (j = [¢, j]), and can be written as

Rp;j(@b7 op) = e 27200 1y cos (04, —1y) cos (<¢>b—/\j)7 (23)

where rj, 1); and ); are the relative spherical coordinates
(distance, azimuth, and elevation) between the i-th and j-th
sensors. Since the term CT( o) — 1) doesn’t depend on any of
0y or ¢y, the Lagrangian’s (Eq. (15)) derivatives w.r.t. 6, and
op are, respectively,

9L __arfy
891) o Ke

> Frii(0h, 6) G5 (05, b)), (24)
J

oL 4

o ;io zj:fz;j(f)b,cbb)Gj%%)v (25)

with

J1:5(0b, @) = sin (0, — 15) cos (¢ — Aj), (26a)
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f25(O, dp) = cos (O — 15) sin (¢p — Aj),
I
Gy (0 6) = 153 ko, [k { 5 (M R (6, 00)[K] . (260)
k

(26b)

where Rj;[k] is the j-th element of (Ry[k] — Ry [k]), and []*
denotes the complex conjugate operation. Moving forward the
4mfo/c term will be ignored, given it is a positive constant. We
also consider the following:

o For any diagonal element, T = 0

« For any element —j = [4,1]:
CTr =T
oY y=yYjtm
0 Ay =—)j
o G_j(0b, ¢v) = —Gj(0s, P»)

With these properties, we have that

f1(9b7 ¢b> _j) = - Sin(eb - %) COS(¢b + )\J)a
f2(0p, v, —j) = — cos(Oy — 5) sin(gp + A;).

(27a)
(27b)

By gathering the j and —j terms in the summations of
Egs. (24) and (25), they simplify to

oL .
% = 2cos (¢b) Z S (91) - ¢J) COS ()\j)G_j (9{,, ¢b)7
b i=li.gl
1<J
(28a)
oL .
9on 2sin (¢p) Z cos (0 — ) cos ()G (b, o).
b 3=li]
1<
(28b)
Both ggﬁb and gTi are heavily non-linear, and a direct

solution isn’t available. However, as this is an unconstrained
minimization problem, an arbitrarily accurate solution can be
achieved through iterative or exhaustive approaches. We pro-
pose the use of the gradient descent technique, as both the cost
function and its derivatives are available. Since it requires an
initial guess, our minimization process can either use a multi-
initialization step, or a previously estimated DoA (assuming
spatially and/or statistically non-stationary systems).

Although the established process is generic and works with
any sensor configuration, simplifications and approximations
can be explored, for the general case and for specific scenarios.

1) General approximation

From Eq. (28), we have that ¢, = +90° leads to a null in
9L/s0,, and ¢, = 0° a null in 9£/o4,. However, these nulls
are due to the geometric construction and choice of variables,
and unrelated to the DoA estimation procedure. We postulate
it to be safe to ignore the leading ¢;’s sine/cosine terms when
calculating the derivative, as they can interfere and cause false
results. Formally, we say that

oc ~dy) cos ()G

3(0b, dv), (29a)

oL

— 29b
D%, (29b)

cos (0 — 15) cos () G;(0s, ),

J=l[i,j]

1<g
are sufficiently good approximations for the derivatives. In a
case where ¢, = 0° or ¢, = 90° would minimize the cost
function, they would also be roots in this new approximation.

2) Planar and linear arrays

If one is working with a planar sensor array, it is easy to
see that \; = Ay V j, ', and therefore the cos(}\;) term in both
Egs. (28a) and (28b) can be treated as a constant and ignored.

For the linear array case, one useful consideration is
its steering vector’s cylindrical symmetry. Given a direction
(0, ), there exists another direction (6’,0) such that their
perceived response are identical. It is easy to see that

0" = arccos (cos(0) cos(9)), (30)

achieves this result. In this scenario, we assume that ¢, =
0, and the DoA estimation is reduced to a single variable.
Furthermore, the azimuth for all sensors is constant as well,
and we can safely assume v; = 0 V j (through a coordinate
system rotation). Thus sin(d,) is independent of j and can be
factored and ignored. From these considerations, we get

> ¢

J=[i,7]
1<J

(05,0,J). €1y

8796

C. Minimization scheme

Having an optimization pipeline on o and ©y, the global
minimization scheme is achieved through the steps in Algo-
rithm 2.

Algorithm 2 Global minimization scheme
1: Op ®b;0
2: do
3: 3% < argmin £(X,0,, ¢, 1)
=

# Initial estimate

# Algorithm 1

4: ©F « argmin L(X, 0, ¢, 1) # Gradient descent

O
o 9L or s e Jig
5. while 90,0 96, > € # Convergence condition

6: Rp < bb" )
7: Ry RPU§1 + Ryag1 + R\,Ug1 + el # Eq. (10)
# Rp and Ry are constructed for every bin k

D. Proposed model’s features

The proposed estimation method exhibits several note-
worthy properties. Its main appeal is its ability to jointly
estimate the NCM and an interfering source’s DoA, improving
signal enhancement performance. Its formulation is also inher-
ently broadband (although applicable to narrowband signals),
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leveraging spectral information and improving robustness in
reverberant or noisy conditions. Other useful features are its
ability to estimate both azimuth and elevation angles, and its
independence of a voice activation detector, common in NCM
estimators.

The method’s iterative nature enables source tracking by
periodically updating the DoA, assuming the source position
does not vary too rapidly. However, this iterative approach
introduces some limitations, such as possible computational
demand, depending on number of required steps. Its current
form also isn’t suitable for multi-source tracking.

IV. FILTERING AND BEAMFORMING

Given the observed signal y[l, k], a filter can be applied on
it, leveraging the environmental information available (through
d[k], b[k] and R,[k]). This is done through a linear filter
h[l, k], producing an estimate Z[l, k] that best approximates
the desired signal at reference. This filtering process is defined
by

il k) ~ x4l K]
= bl K]y (1, k]
= b1, K)d[k]x, [, k] + bR k[, K.

(32)

The desired signal estimation can be achieved through the
constraint h™[1, k]d[k] = 1 (this being called the distortionless
constraint); and the reduction of the residual noise th is
done through its direct minimization, possibly with additional
constraints. Based on this framework, several beamformers
can be designed, each utilizing different information about the
signals and environment, and aiming for distinct optimization
goals.

A. NCM+DoA exploiting filters

To exploit both (,) estimations obtained via Section III, the
linearly-constrained minimum variance (LCMV) beamformer
can be used [24]. In addition to the distortionless constraint,
it allows the placement of beampattern nulls in directions of
known interference. In our case, we aim to use the interfering
source’s estimated DoA ©F and its steering vector b[k] to
cancel pll, k|, the directional portion of the interfering signal
n[l, k]. The LCMV beamformer hycyv[k] is given by

1
hrowy = RIC [CHR;} c] i, 33)
with C[k] being a M x 2 concatenation matrix C = [d, b],
and i = [1,0]" a 2 x 1 vector.

An alternative approach that only partially utilizes the
estimated information is the minimum-variance distortionless
response (MVDR) beamformer [24], which preserves the de-
sired signal while minimizing the global noise, without the null

Inputs
Interfering . Desired
[ DoA guess } [ Qe s1gnal} [ signal’s DoA }
i i i
tmmmmmmmmmm ey i pooTTTTTTTTT '
N oL
Minimization .
et 1
+»| Estimate variances |- - -
oA
[}
H i Filtering
[}
1
L.

Estimate DoA Calculate filter

\2 7

Converged? || | --=--4 >  Filter signal
i Yes

Estimate NCM

T

L L

Outputs
Interfering . .
{ NCM }{signal’s Do A} {Flltered s1gnal}

Fig. 2: Proposed NCM-DoA estimation technique + filtering
scheme flowchart.

on ©. The standard MVDR formulation for the beamformer,
denoted hyryprl[k], is

hyvpr = (34

1) Full-framework outline

A diagram that presents the proposed technique’s flowchart
is in Fig. 2. Necessary input information is in blue, the
minimization scheme — a simplification from Section III — in
yellow, the filtering process (with any beamformer that exploits
the obtained NCM and/or DoA estimations) in red, and the
output information in green. Input information flow is shown
in dashed lines, internal logic flow in dotted lines, and output
flow in solid lines.

B. Straightforward filter

A final option is adapting the LCMV beamformer to utilize
the observed signal’s CM R, instead of the estimated NCM
Ry; this being the Linearly-Constrained Minimum Power
(LCMP) beamformer [25]. It is defined as

1
hrowr = R)C [CHR; C} i (35)
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TABLE I: Simulation parameters, totaling 1458 configurations
in total.

Parameter Possible values
Tego Oms 500ms  800ms
dz  50cm 150cm  300cm
dp  50cm 150cm  300cm
SIR —10dB 0dB 5dB
SCR 0dB 5dB 10dB

6, 10° 30° 50° 70° 90° 110°

Since the LCMP beamformer uses the observed signal’s CM
— which can be estimated directly from the data — it is
compatible with external DoA estimation methods, such as
MUSIC [26]. While the LCMV and LCMP beamformers are
strictly equivalent in ideal conditions, it is known that LCMP
designs are more sensitive to steering errors [25] and can lead
to distortion on the desired signal.

V. SIMULATIONS

In this section, we present the different simulated acoustic
scenarios, and compare the achieved models to the literature.
We will first analyze the DoA estimation, and later the filtering
process.

A. Scenarios: sources, receivers and environment

Simulated scenarios were used, considering an anechoic or
slightly reverberant 5m x 6m x 3m room. The sensor array’s
center is an uniform rectangular array with 16 sensors in a 4x4
grid, with intersensor distance of § = 2cm in both directions,
centered at (1.5m, 1.5m, Im). The array’s center is the origin
for the environment’s coordinate system. Nonetheless, for
simplicity the estimation process’ measurements (sensor-to-
sensor angles and distances, and estimated DoA) are relative
to the reference sensor.

All sources are positioned at 0° elevation — lying in the
array’s horizontal plane — and therefore only 6, needs to be
estimated. The desired source’s azimuth is fixed at §; = 0°,
and the correlated sources are positioned 1m away from the
origin, being 8 sources uniformly distributed in a circle. The
approximations from Section III-B were also taken.

The reverberation time T, desired and interfering sources’
distances d, and d, (relative to the sensor array’s center),
the interfering source’s azimuth 6, as well as Signal-to-
Interference Ratio (SIR) and Signal-to-Correlated Ratio (SCR)
are given in Table I, totaling 6 - 3° = 1458 parameter
combinations. Signal power ratios are calculated between the
desired signal’s direct path component, and the respective
reverberant contaminating signal. These possible parameter
values were chosen to sweep a wide range of conditions,
covering optimal and sub-optimal scenarios for both DoA
estimation and filtering outcome.

The desired, interfering, and correlated sources’ signals are
respectively a male voice, a female voice, and music excerpts;
these being obtained from the SMARD database [27]. The
room impulse responses (RIRs) between sources and sensors
were generated using Habets” RIR generator [28], [29], where
the sources and sensors are assumed to be omnidirectional.
All signals and RIRs used were resampled to 16kHz, and the
time-frequency signals are obtained through the STFT, with
K = 64 bins, and Hamming windows with 50% overlap. The
regularization parameter € (Eq. (9)) is set to 0.0001, to ensure
that a minimal white noise is considered.

1) Benchmark algorithm

The proposed DoA estimation method will be compared
to the traditional MUSIC algorithm [26]. For the MUSIC
implementation, the angular search space was discretized using
an exhaustive search with a fineness of 1°. To define a
challenging test case, a scenario with a single dominant inter-
fering source was simulated. The interferer’s estimated DoA
was determined by selecting the largest spectral peak from
the MUSIC pseudospectrum, provided its angular separation
was at least 5° from the (assumed known) desired source’s
direction.

The MUSIC algorithm is commonly used for narrowband
DoA estimation, although extensions to broadband have been
proposed [30]. For simplicity, we will apply it to each fre-
quency bin, and employ two phasor-based averaging methods
to obtain an angle estimate 6:

MUSIC: In the first one, a simple average will be taken
across frequency, such that

gMUSIC -/ Z oifmusic k]
k

(36)

wMUSIC: In the second one, a weighted average will be
taken, weighing each bin by its MUSIC-estimated spectrum
PwMUSIC [k’], such that

Ouniusic = £ pumusic[kle?wyusiell 37

k

B. Simulations for DoA estimation

For the proposed DoA estimator, the initial guess is always
10°-15° away from the true source, emulating a spread-out
multi-initialization process or a reasonable previous estimate.

1) Evaluation criteria

To compare the DoA estimation processes, we calculate
the angular error between the estimate (through any of the
shown methods) and the true interfering source’s direction.
This angular error is defined by

Aeb;c — arccos (fleb;c . flgg;c), (38)
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Fig. 3: Angle prediction error statistics (boxplots), for parameters in Table I.

wherein C denotes any of the 1458 possible configurations
of parameters as presented in Table I, and 1Gip,;c is a unit
vector with direction 6, similarly for tigs.c. Given a parameter
(among those in the first column of Table I) and a value within
the possible ones for this parameter, the results’ statistics
will be presented as boxplots (showing median, interquartile
range and 9-th and 91-th percentiles) where the value is
fixed and we marginalize over all other parameters, with each
possible parameter being represented in a different subfigure.
This enables the partition of each parameter’s effects, and to
compare among the chosen values of each.

Figure 3 presents the DoA estimation error for the three
presented approaches (proposed, standard average MUSIC,
weighted average MUSIC), with each subfigure dissecting
the performance along each parameter. The proposed method
is denoted NCM (red), the standard MUSIC MSC (green,
dashed), and the weighted MUSIC is denoted wMSC (in
blue, dash-dotted). Given the extensive range of angle errors,
spanning 4 orders of magnitude, the angular error is presented
on a logarithmic scale.

Across all plots in Fig. 3, the proposed technique consis-
tently resulted in better DoA estimations, both in terms of
median behavior as well as best- and worst-case outcomes
(represented by the whiskers), mostly achieving errors below
5°. The MUSIC-based DoA estimation errors are frequently
3 times greater than the ones obtained through the proposed
NCM-based approach.

Diving into the results for each fixed parameter, one sees
that the DoA techniques’ performance is most affected by T,
SIR, and true 6} (respectively, Figs. 3a, 3d and 3f). While it
is expected that both a higher SIR (meaning the interfering

signal is less powerful) and a higher reverberation time would
correlate to a higher DoA estimation error, since the directional
signal to be estimated would be less present in the overall
signal, we also see that the proposed technique is more robust
to these parameters variations compared to the MUSIC-based
methods.

Interestingly, the proposed technique’s median performance
is almost invariant regarding the interfering source’s (true)
DoA, with median performance fluctuating between 2-4° as
seen in Fig. 3f. Meanwhile, the MUSIC-based performance
deteriorates considerably as 6, increases (from 2° to 17°
error). Additionally, from Fig. 3¢ we see that the interfering
source’s distance to the array has little impact on the outcome,
with little variation for all techniques across the presented
values. This, coupled with the results in Fig. 3f, implies
the proposed technique’s robustness to interfering source’s
position, enabling both source tracking, as well as switching
the interfering DoA between two (or more) interlocuting
sources.

As would be expected, parameters unrelated to the inter-
fering source, such as the desired source’s distance and input
SCR, have little to no impact on the estimators’ performance.

a) Results under relaxed assumptions

Another class of scenarios that deserve some consideration
are those where the assumptions from Section II aren’t valid;
namely, that the planar wave decomposition can’t be applied,
and that the coherent contaminating signals can’t be modeled
as an isotropic noise field. The violation of the aforementioned
conditions applies when sources are close to the device, and/or
a low reverberation time is coupled to a high SCR. Results
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voice types), with simplified parameter set.

obtained for this conditions are presented in Fig. 4. Even in
these adverse scenarios, the proposed technique still works and
outperforms the other methods.

b) Discussion of general DoA estimation

Overall, we see a considerable robustness difference be-
tween the proposed technique and the broadband-adapted
MUSIC ones, with the NCM-based method consistently re-
sulting in more accurate DoA estimations for a wide range of
parameter variations and conditions.

The proposed technique is also the top performer for an
eccentric rectangular sensor array (8 x 2 rectangular array) and
transposed directional sources’ signals (desired female voice,
and interfering male voice) conditions; both presented (along
with the 4 x 4 base-case) in Fig. 5, for a sub-set of parameters
from Table I (d, € [150cm, 300cm], d, € [150cm, 300cm],
SIR € [-10dB,0dB], SCR € [0dB,5dB]; Tgp and 6, un-
changed), totaling 288 combinations. It is also noticeable that
a male interfering source (more low frequency energy, harder
to identify direction [31] and more susceptible to reverberation
[32]), or a less symmetric array (has more accuracy in a
preferred direction), both deteriorate the performance for all
techniques, including the proposed one.

C. Simulations for signal enhancement

The performance of the selected beamformers (Eqs. (33)
to (35)) will be assessed for the scenarios given by the param-
eters in Table I, with a 4 x4 array, a male-voice desired signal,
and a female-voice interfering signal; conditions identical to
those originally analyzed in Section V-B.

1) Evaluation criteria

Different metrics are used to evaluate the performance of the
selected beamformers (Egs. (33) to (35)). For all metrics, we
consider the desired signal as only the desired source signal’s
direct-path portion. All considered metrics are computed for
the signals in the discrete time domain. The subscript (-)¢
denotes the filtered form of the respective signal; that is,
a¢[l, k] = h"[l, kx|, k], and the same applies to all other
filtered signals. For clarity, all metrics and their statistics will
be presented on a logarithmic scale (dB).

To evaluate signal enhancement, the gains in SIR and SNR!
(denoted gSIR and gSNR), and the interfering signal reduction
factor (ISRF) will be used, these being respectively defined as

2 2

g g
___rTEm
gSNR = ——=,
ne 1

2 2

g g

. _xf "M
gSIR = — —+,
ng T

(39a)

(39b)

2

.
ISRF = 721,
Upf

(39¢c)

While gSNR and gSIR measure the improvement in signal-
to-contamination ratio, ISRF reflects the interfering source’s
signal direct-path rejection. Note that gSIR represents the
power-ratio between the observed signal’s direct-path compo-
nent, and the interfering signal n(t), encompassing all of the
latter’s planar waves.

To characterize the desired signal’s preservation, the desired
signal reduction factor (DSRF)

2

Uw
DSRF = —21
s

(40)

will be used. Although desired signal distortion index (DSDI)
is also commonly used for assessing desired signal preser-
vation, DSRF was chosen for its dB-friendly quality. We
highlight that both DSRF and ISRF are measured w.r.t. the
direct-path (or main planar wave) portion of the signals,
disregarding reverberations and late-arrivals.

Lastly, theoretical performance assessment is done through
the broadband directivity factor (DF) and white-noise gain

Here, SNR will represent the ratio w.r.t. the global noise 7.
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(WNGQG), defined as

DF = — K 7 (41a)
>~ b [K]T[k]h[k]
k=0
WNG = (41b)
> b [k]h[k]
k=0

being T'[%] the isotropic noise field pseudo-covariance matrix
[22], [28]. These metrics assess the beamformer’s rejection
to an ideal isotropic noise field and a purely Gaussian noise,
respectively.

The following three beamformers will be compared:

e LCMV: with proposed DoA and NCM estimation (red,
solid line);

« MVDR: only the modeled NCM (yellow, densely dotted);

¢ LCMP: using the MUSIC algorithm (green, dashed);

Since both standard and weighted average MUSIC estima-
tors had almost identical DoA error performance (Figs. 3 to 5),
only the standard average MUSIC algorithm will be used.

2) Results and discussion

We present the statistics for each evaluation criteria and
beamformer in Fig. 6, for the same simulated conditions given
by the parameters in Table I. In the discussion, lower- and
upper-bounds refer to the 9-th and 91-th whiskers; and lower-
and upper-quartiles to the 25% and 75% quartiles.

a) Noise signal rejection

In terms of global noise rejection measured by gSNR, we
see that all techniques fared almost identically in terms of
median outcome, with some differences in expected (quartiles)
and extreme-case (whiskers) scenarios. A similar result is
found in terms of gSIR.

The first main difference can be seen in terms of interfering
source’s direct-path rejection (measured by ISRF), in which
the proposed technique consistently outperformed the MUSIC
algorithm, and marginally the MVDR beamformer, in all
statistical measures represented in the boxplots. This is linked
to the directional null present in the LCMV formulation, which
isn’t used in the MVDR. Interestingly, the MVDR had better
direct-path interfering signal rejection than the LCMP, which
also contains a null steering step in its beamformer.

b) Desired signal preservation

The DSRF results indicate that the NCM-based beam-
formers exhibit lower desired signal distortion compared to
their MUSIC-based counterpart, specially in terms of upper-
quartile and upper-bound performance; exposing the proposed
approach’s consistency. This improvement is attributed to the
proposed NCM design, which excludes the desired signal from
the minimized covariance matrix, minimizing signal distortion.
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Fig. 6: Beamformers’ performance, measured with different
evaluation criteria (gSNR, gSIR, ISRF, DSRF, DF and WNGQG).

This desired signal distortion is also marginally linked to the
slightly worse performance of the MUSIC beamformer in
terms of gSNR and gSIR, as these gains can be defined based
on signal reductions factors [33].

c) Theoretical noise field metrics

Regarding the directivity factor we see that the standard
average MUSIC-based LCMP had a convincingly superior
performance compared to the NCM-based beamformers; and
a slightly better result in terms of WNG, for lower-bound
to median metrics. This may imply that the MUSIC-based
DoA estimation is better for fixed beamforming applications,
although this assertion would need more exploration.

d) General discussion on signal enhancement

From Fig. 6 it is evident that an LCMV beamformer em-
ploying the proposed framework achieved an improved direct-
path interfering signal rejection (via ISRF), while maintaining
comparable results in direct-path signal rejection (through
gSIR) and total interference reduction (with gSNR). The im-
proved direct-path rejection in the LCMV is primarily linked
to the more precise DoA estimates provided by our proposed
scheme (compared to the MUSIC algorithm, Section V-B),
and the absence of directional constraints in the MVDR.
Conversely, the noise reduction validates the effectiveness of
the proposed broadband NCM scheme’s use for beamforming.
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The NCM-based beamformers (both LCMV and MVDR)
also exhibited a lower, and less variant, level of desired
signal direct-path distortion (quantified by the DSRF), when
compared to the LCMP beamformer. This directly correlated
to their common reliance on the NCM model, which inherently
excludes the desired signal from the covariance matrix used
in the filter construction, reducing the distortion in the desired
signal.

While the beamformers based on our developed framework
demonstrated superior performance in the practical signal
enhancement metrics, the LCMP filter showed best results
in the theoretical noise field scenarios, particularly in the
isotropic noise field case (evaluated by the DF metric).

VI. CONCLUSION

The proposed work explored a joint estimation framework
for the Noise Covariance Matrix (NCM) and Direction-of-
Arrival (DoA), based on planar-wave decomposition and a
broadband cost function. This method built upon a previ-
ously proposed NCM model by incorporating a novel broad-
band DoA estimator and improving the original optimization
scheme. This revision enables a more direct and efficient
estimation pipeline, yielding a quasi-linear solution (rather
than an exhaustive search) for the NCM estimation part of the
problem. Key advantages of our approach include its iterative
DoA search, broadband formulation, and independence from
a voice activity detector.

Through simulations emulating real-life environments, we
demonstrated that the method achieves accurate DoA esti-
mates, particularly in wider angle scenarios where conven-
tional approaches often degrade. We benchmarked the pro-
posed technique against state-of-the-art approaches described
in the literature, varying sensor array configurations and signal
types, with our novel approach consistently outperforming
existing methods in both scenarios, exhibiting superior robust-
ness.

Furthermore, we applied the estimated parameters to beam-
forming, where our proposed model (using the Linearly Con-
strained Minimum Variance formulation) presented superior
direct interference suppression and desired signal preservation,
when compared to beamformers with literature-based DoA es-
timation, while achieving similar general noise minimization.
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APPENDIX

A. Proofs and Theorems

Let the function F'(0) = F(Ry (0%, ©))[k] from Eq. (11)
be the function to be minimized w.r.t. o, under o > 0.

Given that F'(o) is quadratic on any element of & (ob-
tainable from Eq. (13)), it is guaranteed to have a global
extrema, denoted o*, which may not respect the constraints.
Since F'(0) is the sum of squared real numbers, its extrema is
a minimum. Given the triviality of scenarios where o* > 0,
we assume that 0* »# 0, having at least one negative entry. We
let of be the minimum of F (o) which fulfills of > 0; and
define o(t) = 0* + (¢ — ¢*)t as a solution parameterized
by t; trivially, 0(0) = ¢*, and o(1) = of. We also define
J(t) = F(o* + (of — 0%)t).

Theorem 1. If the global minimum isn’t in the feasible region,
the constrained minimum lies in its boundary.

We assume that of > 0, strictly greater; that is, the con-
strained minimum isn’t on the boundary where some entries
are 0. Through the intermediate value theorem, there exists
some t' € [0,1] for which ¢ > ¢’ implies that o(f) > 0
(greater or equal).

Using J(t) as defined previously using the definition from
Eq. (13), replacing 0 = o* + (o' —0*)t, and expanding, leads
to

2

- Ry7e;j

JO=Y 1| D Rayo:(t)
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j
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with

A= Z la;]%, (A.2a)

Jj
B=-2> dfbf + ajb}, (A.2b)

J

C=>"In?, (A.2¢)

J
aj= > Rgylol—o?), (A.2d)

zE€[x,u,y,v]
bj = Ry e + Z RZ;j(UD~ (A.2e)

z€[w,u,y,v]

Note that A > 0, indicating that J(¢) is a positively-curved
quadratic function in ¢. By definition, J(0) minimizes the
function, so J(¢t) > J(0) V ¢, and in particular ¥V ¢ € [0, 1].
Since J'(t)i—o = 0, we also have that B = 0. So, for any
0<t' <t

/ "2
J(t") A(z ) +C (A3)
< At* 4+ C = J(t),
Since ¢ is the smallest value for which J(¢') > 0, and ¢/ < 1,
then J(t') < J(1) = o, contradicting the premise that o'
is the optimal solution within our constraint space. Therefore,

o' # 0, and the optimal solution has (at least) one zero entry.
|

Theorem 2. The constrained entries of o' are at most the
negative entries of o*.

Since of > 0, and o(t) is linear in ¢, the entries of o*
which are greater than 0 will be positive V¢. This implies that
any positive entry of 0(0) = o* will need not be constrained
in the search for o(1) = o, being strictly positive along the
curve defined by o (¢), t € [0,1]. This, along with Theorem 1,
implies that only the negative entries of o* may have active
constraints.

We remark that not all negative entries o* must be set
to 0. Each constraint added changes the matrix A[k] from
Egs. (21a) and (22), changing the manifold over which the
minimization is done, resulting in a different minimum where
the other negative entries of ¢* may be naturally positive.

|

B. List of symbols

Due to the work’s heavy mathematical nature, we present a
list of the most relevant symbols and variables used.

We again note that non-bold variables are scalars, bold
lowercase variables are vectors, and bold uppercase variables
are matrices. The placeholder variables z and z can represent
either of the previously presented signals.

F(X,0)
L(0,0,,C, 1)
C[k]

h(k]

Clk]

Desired signal vector

Interfering directional signal vector
Isotropic noise vector

White noise vector

Observed signal vector

Global noise vector

Token signals z and w at m-th sensor
Token signal vectors z and w
Covariance matrix for z

Variance of the signal z

Observed signal estimate CM
Interfering source’s azimuth
Interfering source’s elevation
Interfering source’s DoA

Variance vector

Cross-frequency variance matrix
Global cost function

Lagrange multiplier function
Lagrange multiplier vector
Beamformer vector

Regularization factor

Constraint matrix for LCMV filter



	Introduction
	Signal model
	Observed signal covariance matrix modeling

	DoA and NCM estimation
	Variances estimation
	Unconstrained solution
	Constrained solution

	DoA estimation
	General approximation
	Planar and linear arrays

	Minimization scheme
	Proposed model's features

	Filtering and Beamforming
	NCM+DoA exploiting filters
	Full-framework outline

	Straightforward filter

	Simulations
	Scenarios: sources, receivers and environment
	Benchmark algorithm

	Simulations for DoA estimation
	Evaluation criteria

	Simulations for signal enhancement
	Evaluation criteria
	Results and discussion


	Conclusion
	Appendix
	Proofs and Theorems
	List of symbols


