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1 Introduction

Background. Perhaps one of the most important missing pieces in S-matrix theory is

an on-shell understanding of renormalization. The renormalization group (RG) describes

how physics changes across different energy scales. There are a couple of complementary

ways of interpreting RG and its physical consequences, including the Wilsonian and the

continuum approaches, see, e.g., [1–3]. In the Wilsonian approach, one concedes lack

of knowledge about physics above a cutoff energy scale, Λ (e.g. the scale of interatomic

separation in hydrodynamics), that is large compared to the energy scale of the experiment.

Then, the detailed physics at energies above the cutoff Λ is swept into a set of constants (e.g.

viscosity) that are renormalized as Λ changes. Example implementation of this approach

is through Polchinski’s RG equation, which uses a smooth cutoff function applied to the

path integral [4]. On the other hand, in the continuum approach, one defines these same

couplings at a given scale µ, which does not itself need to be large, in terms of a physical

observable. Then, as µ changes, so do the couplings in such a way that leaves physical

observables independent of the arbitrary energy scale µ. The property of the parameters

describing the physics of a system changing with the scale µ, or the cutoff Λ, is referred to as

running or RG flow. It is this phenomenon that currently lacks a satisfactory explanation

in terms of on-shell quantities.

Motivation. The goal of this paper is to derive aspects of running and RG flow in

terms of the S-matrix. This objective stands in contrast with the conventional way of

talking about RG, which is based on renormalized perturbation theory involving Feynman

diagrams and counterterms, see, e.g., [5]. There are many motivations for pursuing the

on-shell program. The most important one is the efficiency of computations. As illustrated

by recent advances in scattering amplitudes [6, 7], thinking directly in terms of on-shell

quantities provides a way of avoiding redundancies in the usual Feynman-diagrammatic

approach. A famous example is given by gluon scattering, where millions of diagrams turn

out to simplify to a single-line expression or even cancel out entirely [8]. Such cancellations

were later understood in terms of on-shell recursion relations [9] and related structures [10].

The case of renormalization is not too dissimilar. It is known that RG allows us to

“recycle” computations between different loop orders. The intuitive picture is that the

same divergence that appears at one loop order is going to appear nested within every

higher loop order amplitude. Likewise every two loop divergence is going reappear, etc.

Renormalization therefore makes it obvious that perturbative computations are highly

redundant. There is a good reason for this: perturbation theory organizes physics order-

by-order in the coupling, while the modern understanding of the RG and effective field

theories is that we are really supposed to organize it scale-by-scale. Feynman diagrams

obscure this elegant picture. This motivates a search for another approach that does not

make any reference to Feynman diagrams or counterterms.

Summary of the results. In this paper, we set up a version of a bootstrap problem

in which we write a parametrization of the S-matrix elements consistent with all symme-

tries and analytic properties and then impose physical constraints. The most important

constraint will be that of unitarity, which comes from the fact that the S-matrix operator,
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Figure 1. The unitary architecture of renormalization. Each row represents a given order in

perturbation theory, while each column indicates the logarithmic order. The directions of the arrows

denote proven (orange) and conjectured (gray) relationships between amplitude coefficients mL,k.

Note that m0,0 = 1 and all other mL,0 = 0 in the on-shell scheme. Unitarity and renormalization

give similar recursion relations, except for the initial conditions. Left: Unitarity fixes each column

solely in terms of the mL,0 as initial conditions, see Fig. 3 for the concrete realization. Right:

Renormalization fixes each column in terms of βL, γL, and mL,0 as initial conditions, see Fig. 4 and

Fig. 5 for the concrete realization.

Ŝ, satisfies ŜŜ† = 1. It embodies the physical principle of probability conservation. Work-

ing within the realm of massless quartic theories, the goal of the paper is to demonstrate

that the underlying architecture of renormalization emerges as a result of imposing these

constraints.

Let us illustrate a much simplified version of the argument. Consider the 4-particle

S-matrix element in a quartic theory with Z2 symmetry, M4, which can be parametrized

as

M4 = − λ m0,0

+ (−λ)2
[
m1,1

(
log−s+ log−t+ log−u

)
+m1,0

]
+ (−λ)3

[
m2,2

(
log2−s+ log2−t+ log2−u

)
+m2,1

(
log−s+ log−t+ log−u

)
+m2,0

]
+ . . .

(1.1)

The amplitude depends on the Mandelstam invariants s, t, and u satisfying s+t+u = 0. It is

symmetric under permuting (s, t, u) since we scatter identical bosons. Each line represents

a given order in perturbation theory, starting from tree level, one loop order, etc. The

dependence on the invariants enters through the logarithms, which we notate as

logx ≡ log

(
Λ2

x

)
or log

(
µ2

x

)
, (1.2)
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depending on whether we use the Wilsonian or continuum approach. At the Lth order

in perturbation theory, we can have at most L such logarithms coming from the UV

divergences (later on, we will also show that mixed combinations of the form logns log
m
t

do not appear as a consequence of unitarity). Moreover, we work in the hard scattering

regime in which |s| ∼ |t| ∼ |u| ≪ Λ2 or ≫ µ2 so that all the logarithms are large.

From this perspective, the only objects not fixed by symmetries are the real constants

mL,k, which are the “on-shell data” describing the scattering process. Terms in the first

column, proportional to mL,L, are called leading logarithms, those in the second column,

proportional to mL,L−1, are called subleading logarithms, and so on. In the conventional

picture, all these coefficients would be computed by summing over all Feynman diagrams

at a given order and extracting the coefficients of the relevant logarithm. This, however,

would be a lot of redundant work.

The coefficients mL,k are actually not uniquely determined because the amplitude

itself M4 is not. Only the difference of the amplitude evaluated at different cutoffs/scales

is physically measurable. Hence we need to agree on some reference scale relative to which

we measure the couplings. One convenient choice is to demand that M4 = −λ when the

amplitude is continued to the symmetric point s = t = u = −Λ2 or −µ2. In this case, all

logarithms vanish and we have M4 = −λm0,0 + (−λ)2m1,0 + (−λ)3m2,0 + . . ., leading to

the solution m0,0 = 1 and m1,0 = m2,0 = . . . = 0. This choice is known as the on-shell

scheme.

Instead of the diagrammatic approach, we proceed by imposing unitarity on (1.1).

Unitarity gives a quadratic constraint on the S-matrix elements, which translates to con-

sistency conditions between the amplitude coefficients mL,k. Explaining these constraints

will be the subject of Sec. 3. They turn out to mix together scattering amplitudes Mn at

all multiplicities n. However, if we focus our attention on the leading and subleading coef-

ficients only, it is sufficient to consider two-, four-, and six-particle amplitudes. Unitarity

then gives recursion relations illustrated in Fig. 1 (left): all the leading coefficients mL,L

are fixed recursively in terms of m0,0, while all the subleading coefficients mL,L−1 are fixed

recursively in term of m0,0 and m1,0. Conjecturally, each column is fixed solely in terms of

mL,0, which act as initial conditions for the recursions. But recall that these coefficients

are scheme dependent and we are free to pick them at will. Hence the whole architecture

of the on-shell data is fixed, at least conjecturally, by unitarity!

At first sight, it might seem like we gained a lot of information with little to no

effort. Where has all the difficulty of computing renormalized Feynman integrals gone to?

Indeed, there is no free lunch. The most computationally-intensive part of the above story

is calculating the on-shell phase space integrals associated with unitarity cuts. To push

the computation to higher subleading logarithmic orders, one needs to be able to evaluate

more and more complicated unitarity cuts. However, once this step is done, a recursion is

obtained to all loop orders.

We can finally circle back to renormalization. It is known that renormalization also

gives a web of identities between logarithmic orders implied by the renormalization group

equations, see, e.g., [3] for a pedagogical introduction. We illustrate it schematically in

Fig. 1 (right). It takes a form reminiscent of the recursion relations derived from unitarity.
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The main difference is in the initial conditions, which are expressed in terms of the beta

function, β = β1 (−λ)2 + β2 (−λ)3 + . . . (running of the coupling) and the anomalous

dimension, γ = γ1 (−λ)+γ2 (−λ)2+. . . (running of the wavefunction). For example, leading

logarithms are fixed in terms of m0,0, as well as the one-loop beta function β1 and the one-

loop gamma function γ1. Likewise, the subleading logarithms are determined in terms of

m0,0,m1,0, β1, β2, γ1, and γ2, now including two-loop corrections. A detailed derivation will

be given in Sec. 4. The similarity of the unitarity and renormalization constraints inspired

us to formulate the Unitarity Flow Conjecture [11], now proven through the subleading

logarithmic order, which states that identities obtained from unitarity are the same are

those obtained from renormalization. We can put it to practical use by matching the

initial conditions between the two sides of Fig. 1. This procedure achieves the on-shell

derivation of the first couple beta function coefficients:

β1 =
3

16π2
, β2 =

17

3 (16π2)2
+ 0 ·m1,0 . (1.3)

One observation is that m1,0 entirely drops out after the matching. This is an on-shell

derivation of the fact that the one- and two-loop beta functions are scheme-independent

[12]. Likewise, for the anomalous dimension we get

γ1 = 0 , γ2 =
1

12 (16π2)2
+ 0 ·m1,0 . (1.4)

Indeed, these match the known results computed in the MS scheme [13]. We will explain the

connection between the on-shell framework and the traditional renormalized perturbation

theory in Sec. 5.

Relations to previous work. Aspects of the relationship between unitarity and

renormalization have already been studied in the literature, though not in the same way

we argue for in this paper. Let us summarize the connections to our work.

Koschinski, Polyakov, and Vladimirov [14] showed that the leading logarithms of the

4-particle amplitude, expressed in the partial-wave basis, can be computed using unitar-

ity, analyticity, and permutation symmetry in a general quartic scalar theory. The main

technical difference to our work is in the way analyticity is implemented: we use an ansatz

of the form (1.1), while [14] uses dispersion relations and an analyticity assumption. Both

results are compatible at leading logarithmic order. Additionally, we extend the results to

the subleading logarithmic order, which means we have to implement inelastic unitarity

that mixes four-point amplitudes with other multiplicities.

Caron-Huot and Wilhelm [15] related the phase of the S-matrix to RG, by noting the

relationship 2
π Im logp2 = µ d

dµ logp2 , for timelike momenta, p2 < 0. The imaginary part is

then related to the long-range propagation of on-shell states through the optical theorem.

This intuition, dating back to the Regge-physics literature [16], allows the authors to

extract the one- and two-loop beta function for gauge theories. The idea was the extended

to the forward limit where rapidity renormalization is important by [17]. The procedures

used in these papers have also been applied to processes in the Standard Model Effective

Field Theory [18]. Our work differs from [15] in the chain of logic: we do not assume the

renormalization group equation, but instead we derive its consequences from unitarity.
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A recent pathway has been to explore positivity constraints of unitarity to put bounds

on beta function and anomalous dimension coefficients [19–21] in certain effective field

theories. In this sense, we provide a stronger result since we not only fix the sign, but also

the precise value of the coefficients, as in (1.3) and (1.4), though we only consider a specific

field theory without higher-derivative operators.

Another approach based on generalized cuts has been taken in [22, 23] at one-loop or-

der. It is known that the one-loop beta function is fixed by the UV divergence of the bubble

and these papers reconstruct the coefficients using generalized cuts [24]. This strategy is

further from a purely on-shell approach we argue for here, which does not mention Feynman

diagrams at all. These results proved useful in giving an on-shell symmetry explanation

for the vanishing of various standard model one-loop anomalous dimensions [25].

Finally, let us mention that RG in the massive λϕ4 theory has been studied extensively.

A textbook treatment up to five-loop order is given by [13], with extensions to the six-loop

order in [26, 27], and seven-loop order in [28]. While our proof-of-principle results are

nowhere near the state-of-the-art of beta function computations in the λϕ4 theory, we

hope a new computational strategy could contribute to these precision calculations.

Outline. As a warm-up, we provide a discussion of our results in the simplified case

of the O(N) model in the large-N limit in Sec. 2, which illustrates the main ideas without

too many technical details. We then discuss the constraints of unitarity in the massless λϕ4

theory, including multi-particle cuts in Sec. 3. Comparison with the RG constraints is given

in Sec. 4, where we show how to match the initial conditions of the recursion relations. In

Sec. 5, we explain how the results of our work fit into the usual discussion of renormalized

perturbation theory, including aspects of finiteness and dimensional regularization. We

conclude in Sec. 6 with a discussion of possible generalizations and future directions. A

number of technical computations are relegated to appendices: App. A provides an on-shell

argument for restrictions we put on the O(N) model amplitude, App. B contains explicit

computations in perturbation theory for λϕ4 that confirm our results, and App. C has

details of the phase-space integration.

Notation and conventions. Throughout these notes, we will use the QFT conven-

tions of [29]. In particular, we will use the mostly plus metric signature (−,+,+,+) in

four dimensions. When we do calculations using dimensional regularization, the number of

dimensions will be d = 4− 2ϵ. A generic number of particles is given by n. The S-matrix

operator Ŝ is decomposed as

Ŝ = 1+ iT̂ , (1.5)

with the n-particle amplitude related to the transfer matrix operator T̂ as

Mn (2π)
d δ(d) (p1 + · · ·+ pnin − pnin+1 − · · · − pn) = ⟨pnin+1, . . . , pn|T̂ |p1, . . . , pnin⟩ , (1.6)

where nin is the number of incoming particles. Since the majority of our computations

involve a 2 → 2 scattering process, it is helpful to define the Mandelstam variables

s = − (p1 + p2)
2 , t = − (p2 − p3)

2 , and u = − (p2 − p4)
2 . (1.7)
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Next, the propagator is given by

ℓ
=

−i
ℓ2 − iε

. (1.8)

Finally, cut propagator, on the other hand, is given by:

ℓ
= 2πδ

(
ℓ2
)
Θ
(
ℓ 0
)
. (1.9)

We refer to the procedure of putting k particles on shell as a k-cut.

2 Warm-Up: The Large N Limit of the O(N) Model

As a warm-up we begin by considering the large–N limit of the O(N) model, where

N indicates the number of particle flavors. In App. A, we derive the most general 4-

particle amplitude ansatz for such a theory, consistent with our assumptions in Sec. 1 of

masslessness, marginal coupling, IR finiteness, and hard scattering (|s| ∼ |t| ∼ |u| ≪ Λ2 or

≫ µ2). For any model of N flavors, the amplitude can be decomposed into flavor-ordered

constituents based on the tensor structure. A key simplification brought about by the

large–N limit is that all dependence on different kinematic channels completely decouples

among the flavor ordered pieces:

Mij;kl (s, t, u) =
1

N
[Ms (s) δijδkl +Mt (t) δjkδil +Mu (u) δikδjl] . (2.1)

We demonstrate this in App. A. We can then consider each flavor-ordered amplitude

individually, and choose to focus on

Ms =
∞∑

L=0

(−λ)L+1

(16π2)L
M(L)

s , (2.2)

where

M(L)
s =

L∑
k=0

mL,k log
k
−s . (2.3)

We will refer to the mL,k as amplitude coefficients, where the first subscript L denotes the

(L+ 1)th power of the coupling and the second subscript k denotes the logarithmic order.

We call mL,L the leading coefficients and mL,L−1 the subleading coefficients etc. Note that,

since we demand that the tree level amplitude is −λ, we will impose that m0,0 = 1 as an

input.

As outlined in Sec. 1, we will demonstrate that the recursion relations among amplitude

coefficients derived by applying unitarity to (2.3) are equivalent to those that follow from

RG through subleading logarithm order. As we show in App. A, this theory serves as an

apt warm-up for our arguments for two main reasons, both following from the large–N

limit. On the unitarity side, only 2-particle cuts (2-cuts) contribute to the imaginary

part of the amplitude, with all higher-particle cuts suppressed by powers of N . On the

RG side, the large N limit suppresses wavefunction renormalization, meaning that the

wavefunction anomalous dimension is zero to leading N order. This theory therefore serves

as a pedagogical toy model that highlights the essence of our conjecture while avoiding many

technical complications.
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2.1 Unitarity Constraints

To relate the leading and subleading coefficients we use the unitarity equation Ŝ†Ŝ = 1.

At the level of the n-particle amplitudes, Mn, the unitarity equation relates its imaginary

part to a product of amplitudes at lower order in perturbation theory. In this section,

we derive the non-linear constraints from unitarity on the amplitude coefficients. For the

n1 → n2 particle amplitude, the unitarity equation states

ImMn1+n2 =
1

2

∑
k-cuts

∫
Mn1+k M∗

n2+k dΦk , (2.4)

where dΦk denotes the k-particle Lorentz-invariant phase space, see, e.g., [30] for a review.

As argued in App. A, the leading contribution to the right-hand side of the unitarity equa-

tion is the 2-cut contribution, with all higher-particle cuts suppressed. Diagrammatically

this reads,

2 Im

  = , (2.5)

where shading indicates complex conjugation.

By plugging in the ansatz, we are able to write the unitarity equation in terms of M(L)
s

in (2.3),

Im
(
M(L)

s

)
=

16π2

2

L−1∑
L′=0

∫
M(L′)

s M(L−L′−1)
s dΦ2 . (2.6)

One way to see why the unitarity equation takes this form is to examine the powers in

λ on each side of the equation. On the left-hand side, M(L)
s is associated to order λL+1.

As such, the right-hand side is associated to order λL
′+1+L−L′

= λL+1. The equation as

stated simply follows from matching powers in λ in the unitarity equation.

We will plug in the ansatz, (2.3), into the left-hand side of the unitarity equation.

The imaginary part comes from the logarithms in the ansatz since for physical values

of momenta, s > 0, so logk−s has a nonzero imaginary part. The imaginary part of the

logarithm can be found by expanding to first order

logk−s = (logs+iπ)
k = logks +iπk log

k−1
s + . . . (2.7)

In particular, the imaginary part of the amplitude up to subleading logarithmic order is

Im
(
M(L)

s

)
= LπmL,L logL−1

s +(L− 1)πmL,L−1 log
L−2
s + . . . (2.8)

The ellipsis contains further subleading logarithmic powers.

On the right-hand side of the unitarity equation, the phase space integral is simplified

by the fact that the integrand does not depend on the cut momenta, as determined by the

ansatz (2.3). As such, using the result of computing the 2-particle phase space, (C.6), we

find

Im
(
M(L)

s

)
=
π

2

L−1∑
L′=0

M(L′)
s

(
M(L−L′−1)

s

)∗
. (2.9)
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The leading order in logarithm on the right-hand side of this equation will arise from

products of leading logarithms of the constituent amplitudes. Meanwhile, the subleading

logarithmic order is determined by products of leading logarithms of the amplitude on the

left of the cut and subleading logarithms on the right of the cut and vice versa. Explicitly,

the leading contribution on the right-hand side is

Im
(
M(L,L)

s

) ∣∣∣∣
2−cuts

=
π

2
logL−1

s

L−1∑
L′=0

mL′,L′mL−L′−1,L−L′−1, (2.10)

where the second superscript on the left-hand side specifies that this is the leading logarithm

contribution. Matching logarithmic order to (2.8) yields a recursion relation for the leading

coefficients

mL,L =
1

2L

L−1∑
L′=0

mL′,L′mL−L′−1,L−L′−1, (2.11)

with the initial data m0,0 = 1 set by the tree-level value of Ms. The solution to this

equation is

mL,L =
1

2L
. (2.12)

Pushing the expansion of the right-hand side of (2.9) to subleading logarithmic order

as described above, we find

Im
(
M(L,L−1)

s

) ∣∣∣∣
2−cuts

=
π

2
logL−2

s

L−1∑
L′=0

[
mL′,L′−1mL−L′−1,L−L′−1+mL′,L′mL−L′−1,L−L′−2

]
.

(2.13)

Here, the superscript L−1 indicates subleading logarithmic order. If we change the dummy

variable in the second term in the square brackets from L′ to L − L′ − 1, we find that it

is equivalent to the first term. Then, plugging in the result we obtained for the leading

coefficient, we find that unitarity constrains the subleading coefficient as

mL,L−1 =
1

2L−1 (L− 1)

L−1∑
L′=1

2L
′
mL′,L′−1. (2.14)

Notice that the sum starts at L′ = 1 instead of L′ = 0 since m0,−1 = 0. The initial data

for this recursion relation is the scheme-dependent, and therefore arbitrary, m1,0, yielding

mL,L−1 =
L

2L−1
m1,0. (2.15)

The interpretation of these results is that the whole tower of leading and subleading am-

plitude coefficients are fixed by unitarity and the input data m0,0 (for leading) and m1,0

(for subleading). We will rediscover these constraints from the RG equation in the next

subsection, with the key difference that the required input data is different.
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2.2 Reconstruction from the RG Flow

Now we turn to the RG perspective. Our starting point here is the Callan–Symanzik

(CS) equation (also referred to as the renormalization group equation or RGE) [31–33],

which follows from the fact that S-matrix elements run with the scale µ:

µ∂µMn = −β∂λMn + nγMn , (2.16)

where we use the shorthand notation ∂x = ∂
∂x . The running of the coupling is encoded in

the beta function, which follows from the chain rule,

β (λ) = µ∂µλ. (2.17)

There is also generically a wavefunction anomalous dimension γ, which follows from the

fact that the one-particle states |pi⟩ also get renormalized,

γ (λ) = µ∂µ |pi⟩ . (2.18)

The factor of n in (2.16) comes from the amplitude constructed out of n-particle states.

As discussed in App. A, at leading N order in the large N limit there is no wave-

function renormalization. Consequently, the 4-particle flavor-ordered amplitude ansatz

Ms (µ, λ (µ)), defined in (2.3), obeys a simplified version of the CS equation:

µ∂µMs + β∂λMs = 0. (2.19)

Just as the amplitude ansatz (2.3) admits a Taylor expansion in the coupling λ, so too

does the β function:

β (λ) =
∞∑

L=1

βL (−λ)L+1

(16π2)L
, (2.20)

where we have neglected the possibility of constant and linear-in-λ terms for β since these

are immediately set to zero upon substitution into the Callan–Symanzik equation (2.19).

We choose the summation index and normalization to match common conventions.

Our strategy will be as follows. We will plug the Taylor expansions of the amplitude and

the β function, given in (2.3) and (2.20) respectively, into the Callan–Symanzik equation

(2.19) and then match orders in the coupling λ and the logarithm order. In doing so, we

will find the emergence of recursion relations among the amplitude coefficients. For clarity,

we will proceed term-by-term. The first term in (2.19) is given by

µ∂µMs =

∞∑
L=1

L−1∑
k=0

(−λ)L+1

(16π2)L
2 (k + 1)mL,k+1 log

k
−s . (2.21)

The second term in (2.19) is more involved. We first compute the derivative,

β (λ) ∂λMs = −
∞∑

L=0

∞∑
L′=1

L∑
k=0

(−λ)L
′+1 (−λ)L

(16π2)L+L′ (L+ 1)βL′mL,k log
k
−s, (2.22)
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then shift the starting points of the sums so that we can apply the double sum identity

∞∑
n=0

∞∑
m=0

an,m =
∞∑
n=0

n∑
m=0

an−m,m (2.23)

to give

β (λ) ∂λMs = −
∞∑

L=0

L∑
L′=0

L−L′∑
k=0

(−λ)L+2

(16π2)L+1

(
L− L′ + 1

)
βL′+1mL−L′,k log

k
−s, (2.24)

before finally switching the order of the sums over L′ and k:

β (λ) ∂λMs = −
∞∑

L=1

L−1∑
L′=0

(−λ)L+1

(16π2)L
(
L− L′)βL′+1mL−L′−1,0

−
∞∑

L=1

L−1∑
k=1

L−k−1∑
L′=0

(−λ)L+1

(16π2)L
(
L− L′)βL′+1mL−L′−1,k log

k
−s .

(2.25)

We now recombine these terms as in (2.19) and find new constraints for each term in

the sum over k, isolating the coefficients of different powers of logarithm. We will choose

three specific values of k that allow us to extract constraints for the leading coefficients, the

subleading coefficients, and the β function. For each of these values of k we will compare

(2.21) and (2.25). First, we consider the leading logarithmic terms which come from setting

k = L− 1 for L ⩾ 2:

mL,L =
1

2
β1mL−1,L−1. (2.26)

This recursion can be solved to give

mL,L = m1,1

(
β1
2

)L−1

, (2.27)

again valid for L ⩾ 2.

A recursion for the subleading amplitude coefficients can be found by considering the

k = L− 2 terms for L ⩾ 3:

mL,L−1 =
L

2 (L− 1)
β1mL−1,L−2 +

1

2
β2mL−2,L−2. (2.28)

The right-hand side has dependence on the leading and subleading coefficients. This re-

cursion can be resummed to

mL,L−1 =
L

2

(
β1
2

)L−2

m2,1 +

(
β1
2

)L−3 Lβ2
2
m1,1

(
HL − 3

2

)
, (2.29)

where HL denotes the Lth harmonic number, e.g., H1 = 1, H2 = 3/2, H3 = 11/6.

Although the large–N O(N) model can be done to all orders, we will truncate our

analysis at the subleading logarithm order, since this is as far as we will go in the remaining
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sections of the paper. Finally, we extract expressions for the β function coefficients by

setting k = 0 for L ⩾ 1:

βL =
1

m0,0

[
2mL,1 −

L−2∑
L′=0

(
L− L′)βL′+1mL−L′−1,0

]
. (2.30)

Through subleading order, we are interested in the first two terms:

β1 = 2
m1,1

m0,0
, (2.31a)

β2 =
1

m0,0
(2m2,1 − 2β1m1,0) . (2.31b)

The RG recursion relations in (2.27) and (2.29) start at one higher order in the coupling

λ than those that we found from applying unitarity in (2.12) and (2.15). Studying (2.31a)

and (2.31b) reveals that the missing link between m1,1 and m0,0 in the leading case and

between m2,1 and m1,0 in the subleading case is provided by β1 and β2. Said another way,

as a result of starting the recursion relations at one higher order in the coupling than in

unitarity, the RG recursions require additional input data that is given by the β function

coefficients. We can make this more obvious by substituting (2.31a) into (2.27) to eliminate

all dependence on m1,1:

mL,L =
1

2
m0,0β1

(
β1
2

)L−1

, (2.32)

and substituting (2.31a) and (2.31b) into (2.29) to eliminate all dependence on m1,1 and

m2,1:

mL,L−1 =
L

2

(
β1
2

)L−2(1

2
m0,0β2 + β1m1,0

)
+

(
β1
2

)L−2 Lβ2
2
m0,0

(
HL − 3

2

)
. (2.33)

We now see that the recursive towers extend down to the same ground level and require

the same input data, m0,0 (for leading) and m1,0 (for subleading), as in the unitarity case,

but with the need for additional input data provided by β1 for the leading case and β1
and β2 for the subleading case. This concept, which we will rediscover through subleading

logarithm order in the full λϕ4 theory in subsequent sections, is summarized in Fig. 1.

We conclude this warm-up section by demonstrating that we can insert the recursion

relations obtained from the unitarity analysis into the Callan–Symanzik equation and ex-

tract the numerical values of the β function coefficients. The recursion tower that follows

from unitarity for the leading amplitude coefficients was derived in (2.12). In particular,

this recursion gives that m1,1 = 1/2. Substituting this value, along with the input datum

m0,0 which follows from demanding that the tree-level term is −λ, into (2.31a) gives

β1 = 1. (2.34)

We then turn to the subleading logarithm recursion derived from unitarity in (2.15). This

constraint gives m2,1 = m1,0, which we keep as an unknown, scheme-dependent input.

Substituting this relation, along with the now known value of β1 = 1 into (2.31b) returns

β2 = 0. (2.35)
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This matches with our knowledge of the O(N) model in the large–N limit: it is leading

logarithm-exact.

3 Unitarity Constraints on λϕ4

In the previous section, we demonstrated, in the large-N limit of the O(N) model,

that the tower of constraints on the amplitude coefficients mL,k, where L+1 is the order in

coupling and k is the logarithmic order, are equivalent to those obtained from the Callan–

Symanzik equation through subleading log order, with the difference that the recursion

from unitarity starts at one lower order in L. We now show that this equivalence extends

to full λϕ4 theory. This introduces to two technical complications not present in the large-N

limit:

(1) We must include all three Mandelstam channels and higher-particle cuts. We will

organize our unitarity computation by the number of cut internal particles, which

efficiently encodes the hierarchy of logarithm powers.

(2) The propagator corrections to the tree-level 2-particle amplitude are no longer van-

ishing. In the CS equation, this means that we need to account for wavefunction

renormalization.

Accounting for these changes, we write down new ansätze for the 4-particle amplitude

of a massless marginal theory with no IR divergences in the hard scattering limit:

M4 =

∞∑
L=0

(−λ)L+1

(16π2)L
M(L)

4 . (3.1)

where

M(L)
4 =

∑
0⩽k1+k2+k3⩽L

mL,{k1,k2,k3} log
k1
−s log

k2
−t log

k3
−u . (3.2)

Here, mL,{k1,k2,k3} indicates order L + 1 in the coupling and ki in logarithm. Since we

demand that the tree level 4-particle amplitude is −λ, we have m0,{0,0,0} = 1. By permuta-

tion symmetry, mL,{k1,k2,k3} is completely symmetric in {k1, k2, k3}. As before, we refer to

the case where the combined powers of the logarithms is equal to L as leading logarithms,

with the associated coefficients called leading coefficients. Similarly, we refer to the case

where the total powers of the logarithms is equal to L− 1 as subleading logarithms, with

the associated coefficients called subleading coefficients. We also introduce the notation

for the 6-particle amplitude, which will be needed to compute the 4-cuts,

M6 =
∞∑

L=0

(−λ)L+2

(16π2)L
M(L)

6 , (3.3)

where we will specify M(L)
6 later. Lastly, the 2-particle amplitude is

M2 = p2 −
∞∑

L=1

L∑
k=0

(−λ)L

(16π2)L
M(L)

2 , (3.4)
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where

M(L)
2 = p2

L∑
k=0

nL,k log
k
p2 , (3.5)

and p2 < 0 is off shell. Here, nL,k is the coefficient at L order in λ and k logarithmic

order. The additional minus sign in the second term of M2 is conventional. We choose

it to match to the typical definition M2 ≡ p2 − Σ, where Σ is the sum of all 1-particle

irreducible diagrams. Hence M(L)
2 is equivalent to the Σ(L).

In this section, we will focus exclusively on the constraints obtained from unitarity,

leaving the relationship to RG for the next section. Before delving into detailed calculations,

let us sketch out how we will obtain the main results of this section: the recursion relations

for the leading and subleading coefficients. First, for the 4-particle amplitude, we now

include 4-cuts:

2 Im

  = + + . . .

Leading

Subleading

(3.6)

Recall that by Z2 symmetry, the amplitudes on the left and right of the cut must be

even point amplitudes, hence there are no three-particle cuts. As we will see, the 2-cuts

alone are sufficient to constrain the leading coefficients. Then, both the 2- and 4-cuts will

be sufficient to constrain the subleading coefficients.

The inclusion of 4-cuts, however, means that we also need knowledge of the 6-particle

amplitude. The imaginary part of the 6-particle amplitude can also be organized in terms

of the number of internal lines being cut and so the leading logarithms of the 6-particle

amplitude will come from 1-cuts:

2 Im

  = +

+ + + perms + . . .

(3.7)

In the above, we show the first four permutations of external legs that contribute to the

6-particle amplitude out of the ten that exist. As we can see, the 6-particle amplitude

factorizes into products of 4-particle amplitudes at leading logarithmic order and hence will

close the recursion for the subleading coefficients in the 4-particle amplitude. Since each

6-particle amplitude contains ten terms from ten permutations of external legs, the 4-cut

computation would very quickly become unwieldy. However, we will see in this section and
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Subsec. C.4 that only four terms will contribute to constraining the subleading coefficient,

namely the product of each of the displayed diagrams with themselves, since these will be

the only 4-cuts for whom the phase space integral itself contributes an additional power of

log. We can therefore diagrammatically represent the relevant contributions to the 4-cut

as:

= 4 + . . . , (3.8)

where the ellipsis indicates other products of six-particle amplitudes that ultimately will

not contribute to constraining the subleading coefficients of the 4-particle amplitude. This

visually demonstrates that diagrams with contributing 4-cuts are propagator corrections

in the traditional Feynman diagram approach. From the RG point of view, as we will

see, these are included through wavefunction renormalization and the 2-particle amplitude

whereas from the on-shell point of view, they arise from a subset of 6-particle amplitudes

contributing to 4-cuts.

To complete the story, we will also study the 2-particle amplitude. Since this, by defi-

nition, only contains 1-particle irreducible diagrams, there are no 1-cuts. This immediately

constrains the leading coefficients of the 2-particle amplitude to be zero. In addition, by Z2

symmetry, there are no 2-cuts. Therefore, the leading non-trivial contribution comes from

3-cuts, which, as indicated below, will constrain the subleading coefficients of the 2-particle

amplitude:

2 Im

( )
=

Subleading

+ . . . (3.9)

The right-hand side of this equation contains products of 4-particle amplitudes. Since

we will have already computed the leading coefficients of the 4-particle amplitude, they

can be used here to constrain the subleading coefficients of the 2-particle amplitude. The

remainder of this section will focus on carrying through these computations to explicitly

state the constraints on the leading and subleading coefficients of the 2- and 4-particle

amplitudes.

3.1 Steinmann-Like Constraints

In gapped theories with stable asymptotic states, the double discontinuity in partially

overlapping channels is zero when evaluated in physical kinematics. This result is known

as the Steinmann relations [34, 35]. If this were to hold for the case at hand, it would

imply that for the 4-particle amplitude

DisctDiscs M4

∣∣∣∣
physical

= 0, (3.10)

and similarly so for double discontinuities in s and u as well as in t and u. Here, physical

kinematics corresponds to, say, s > −t > 0 in the s-channel and t > −s > 0 in the t-

– 16 –



p2 p3ℓ1

θL θR

Figure 2. Left and right angles. This is the 2-cut for a 4-particle amplitude. The kinematic

invariants for the left and right amplitude can be expressed in terms of two angles, θL and θR,

which have the geometric interpretation of being the angle between p2 and ℓ1 and p3 and ℓ1
respectively.

channel. Clearly, both cannot be satisfied at the same time, so the Steinmann relations

cannot be applied directly to 4-particle amplitudes, see [30] for examples.

Regardless, we will show that a version of Steinmann relations holds up to subleading

logarithmic order as a result of unitarity. More specifically, we will show that mixed channel

logarithm terms, such as log−s log−t are not present. To demonstrate this, note that the

imaginary part of the 4-particle amplitude at order L, shown in (3.2), is

Im
(
M(L)

4

)
=

∑
k1+k2+k3⩽L

πk1mL,{k1,k2,k3} log
k1
−s log

k2
−t log

k3
−u . (3.11)

This must match onto the contributions from 2- and 4-cuts on the right-hand side of the

unitarity equation. The L order contribution to the 2-cuts is

Im
(
M(L)

4 (s, t)
) ∣∣∣∣

2−cuts

=
16π2

2

L−1∑
L′=0

M(L′)
4 (s, tL)

(
M(L−L′−1)

4 (s, tR)
)∗

dΦ2 . (3.12)

Here, we have explicitly included the kinematic dependence on the right-hand side. The

Mandelstam variables for the amplitude on the left side of the cut are

tL = −s sin2
(
θL
2

)
and uL = −s cos2

(
θL
2

)
, (3.13)

where θL is the angle between p2 and ℓ1, as shown in Fig. 2. This is similarly true for the

Mandelstam variables of the amplitude on the right side of the cut,

tR = −s sin2
(
θR
2

)
and uR = −s cos2

(
θR
2

)
, (3.14)

except the angle, θR, is between ℓ1 and p3, also shown in Fig. 2. Since the 2-particle phase

space itself only depends on p1 and p2, there will be no dependence on t and u from 2-cuts

even after integration.

While this will become explicit in the computation of the 4-cut, the logic from above

will hold for cuts of the form in (3.8) since the amplitude on the left and right of the cut,

as well as the 4-particle phase space integration measure itself, will only depend on s and

not on t nor u.
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As a result, the coefficients of logarithms involving t and u on the left-hand side of the

unitarity equation must be zero. In particular, this implies that

mL,{k,0,0} = mL,{0,k,0} = mL,{0,0,k} (3.15)

are the only non-zero leading (k = L) and subleading (k = L − 1) coefficients. Since

the remaining coefficients are zero, this implies that the double discontinuity in partially

overlapping channels is zero, which is reminiscent of the Steinmann relations for gapped

theories, (3.10). We verified that this was true through three-loop order in App. B, even

for sub-subleading logarithms. We moreover demonstrated that this holds for leading and

subleading logarithms at four-loop order.

The practical implication of these Steinmann-like relations is that the ansatz for the

4-particle amplitude simplifies to

M(L)
4 =

L∑
k=0

mL,k

[
logk−s+ logk−t+ logk−u

]
. (3.16)

We will use this ansatz instead of (3.2) in the below computations.

3.2 4-Particle Leading Log Constraints

As described at the start of this section, the 2-cuts will be sufficient to constrain the

leading coefficients of the 4-particle amplitudes. Hence, to leading logarithmic order, we

have

2 Im

  = + . . . (3.17)

We can match powers of λ in the unitarity equation, (2.4), to find

Im
(
M(L)

4

)
=

16π2

2

L−1∑
L′=0

∫
M(L′)

4

(
M(L−L′−1)

4

)∗
dΦ2 + . . . , (3.18)

where the ellipsis contains higher-particle cut contributions. With our simplified ansatz,

(3.16), the leading logarithm contribution to the imaginary part is

Im
(
M(L,L)

)
= LπmL,L logL−1

s , (3.19)

where the superscript indicates L+ 1 order in λ and L order in logarithm, i.e. the leading

logarithmic contribution. This follows from expanding the logarithm as in (2.7). On the

cut side of the calculation, we can similarly expand the logarithm using (3.13) and (3.14):

logL−tL
=

(
logs+ log

(
1

sin2 (θL/2)

))L

, (3.20a)

= logLs +L log

(
1

sin2 (θL/2)

)
logL−1

s + . . . (3.20b)

– 18 –



We have included the subleading logarithm for future convenience. Plugging the leading

contribution into the 2-cut and simplifying, we obtain a recursion relation

Im
(
M(L,L)

) ∣∣∣∣
2−cuts

=
16π2

2

L−1∑
L′=0

9mL′,L′mL−L′−1,L−L′−1 log
L−1
s Φ2. (3.21)

Using the 2-particle phase space result in (C.6), we find that

mL,L =
9

2L

L−1∑
L′=0

mL′,L′mL−L′−1,L−L′−1. (3.22)

Solving the recursion relation subject to the input data, m0,0 = 1/3 (as fixed by the tree-

level amplitude −λ), gives

mL,L =
1

3

(
3

2

)L

. (3.23)

The first the few terms are displayed in Fig. 3.

Having determined the coefficients of the leading 4-particle logarithms, we are now

able to constrain the form of the leading non-trivial logarithms for the 2- and 6-particle

amplitudes. The latter will be useful for computing the subleading coefficients of the

4-particle amplitude, while the former will be useful for matching to RG.

3.3 4-Particle Subleading Log Constraints

We now push our computation to subleading logarithmic order, where both 2-cuts and

4-cuts contribute:

2 Im

  = + . . . (3.24)

Matching powers of λ in the unitarity equation, (2.4), gives

Im
(
M(L)

4

)
=

16π2

2

L−1∑
L′=0

∫
M(L′)

4

(
M(L−L′−1)

4

)∗
dΦ2

+

(
16π2

)3
2

L−3∑
L′=0

∫
M(L′)

6

(
M(L−L′−1)

6

)∗
dΦ4 + . . .

(3.25)

In the 2-cut contribution, there are two possible terms at subleading order in logarithm.

The first comes from keeping the subleading logarithm in (3.20b), but multiplying the

leading logarithms of both the amplitudes on the left and right of the cut. The second

comes from multiplying the leading logarithm of the amplitude on the left of the cut and

the subleading logarithm of the amplitude on the right of the cut and vice versa. Similar

analysis for the 4-cut, however, would say that multiplying the leading logarithms of the

two 6-particle amplitudes would give a sub-subleading contribution to the imaginary part.
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As is shown in Subsec. C.4, the four-particle cut integral will itself sometimes contribute

an additional logarithmic power, called a log enhancement, ensuring that this will still have

some contribution to constraining subleading coefficients.

The left-hand side of the unitarity equation at sub-leading logarithmic order is

Im
(
M(L,L−1)

4

)
= (L− 1)πmL,L−1 log

L−2
s . (3.26)

This follows, as before, from expanding the logarithm as in (2.7).

The two contributions to the imaginary part at subleading order from 2-cuts can be

expressed as

Im
(
M(L,L−1)

4

) ∣∣∣∣
2−cuts

=
16π2

2

L−1∑
L′=0

3mL′,L′mL−L′−1,L−L′−1 log
L−2
s

× 2L′
∫ (

log

(
1

sin2 (θ/2)

)
+ log

(
1

cos2 (θ/2)

))
dΦ2

+
16π2

2

L−1∑
L′=0

18mL′,L′−1mL−L′−1,L−L′−1 log
L−2
s Φ2.

(3.27)

In the first two lines, we simplified the integral by first noting that the sum is invariant

under the variable change L′ → L − L′ − 1 to combine multiple terms. We additionally

noted that since the angle θ is being integrated over, we are free to choose the azimuthal

angle term-by-term to be θL or θR, meaning each of the angular integrals contribute the

same result. In the second line, there are two contributions which can be combined once

again using the judicious interchange of L′ with L − L′ − 1. Using (C.12) and (C.13), we

find

Im
(
M(L,L−1)

4

) ∣∣∣∣
2−cuts

= 6π logL−2
s

L−1∑
L′=0

L′mL′,L′mL−L′−1,L−L′−1

+ 9π logL−2
s

L−1∑
L′=0

mL′,L′−1mL−L′−1,L−L′−1.

(3.28)

Using the leading log result, (3.23), this simplifies to

Im
(
M(L,L−1)

4

) ∣∣∣∣
2−cuts

=

(
3

2

)L

2π

[
L (L− 1)

9
+

L−1∑
L′=1

(
2

3

)L′

mL′,L′−1

]
logL−2

s . (3.29)

Note that in the last term, we start the sum from L′ = 1 since when L′ = 0, the sum

involves m0,−1 = 0.

Now we will turn our attention to the 4-cuts. At leading order, as shown in (3.7),

the 6-particle amplitude factorizes into a product of 4-particle amplitudes, with explicit

momentum dependence shown below:

M6 =

p1

p2
ℓ1
ℓ2
ℓ3
ℓ4

+ perms + . . . , (3.30)
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where there are nine additional permutations of external legs. In equations,

M(L)
6 =

L∑
L′=0

M(L−L′)
4

−i
(p1 + p2 − ℓ1)

2 − iε

(
M(L′)

4

)∗
+ perms + . . . (3.31)

We want the eventual contribution from this 6-particle amplitude to the subleading loga-

rithm of the 4-particle amplitude. This will only depend on the leading logarithms of the

constituent left and right 4-particle amplitudes:

M(L−L′)
4 =

1

3

(
3

2

)L−L′ (
logL−L′

(p1+p2)
2 +(p2 ↔ ℓ1) + (p1 ↔ ℓ1)

)
, (3.32a)

M(L′)
4 =

1

3

(
3

2

)L′ (
logL

′

(ℓ2+ℓ3)
2 +(ℓ3 ↔ ℓ4) + (ℓ2 ↔ ℓ4)

)
. (3.32b)

Using the same expansion in (3.20b), the left amplitude simplifies to

M(L−L′)
4 =

(
3

2

)L−L′

logL−L′
s . (3.33)

This argument does not apply to the right amplitude, so it will remain unchanged. There-

fore, the general 6-particle amplitude we will consider is

M(L)
6 =

L∑
L′=0

1

3

(
3

2

)L

logL−L′
s

−i
(p1+p2−ℓ1)2−iε

(
logL

′

(ℓ2+ℓ3)
2 +(ℓ3↔ℓ4) + (ℓ2↔ℓ4)

)
+ perms.

(3.34)

As mentioned before, when plugging this result into the 4-cut, we notice that the only

way to obtain a logarithm of order L− 2 is if the phase space integral itself contributes an

additional logarithm. Of the possible products of 6-particle amplitude, there is only one

type of phase space integral that contributes an enhancement in the power of logarithm:

it is when the propagators are the same and depend on only a single loop momentum

Subsec. C.4. In particular, this means that we get four equivalent contributions (for each

of the four permutations shown in (3.7)), which combine into:

Im
(
M(L,L−1)

4

) ∣∣∣∣
4−cuts

=
16

81

L−3∑
L′=0

L′∑
L1=0

L−L′−3∑
L2=0

(
3

2

)L

logL−L1−L2−3
s (I1 + 2I2) , (3.35)

where

I1 =
(
16π2

)3 ∫
logL1+L2

(ℓ3+ℓ4)
2 dΦ4 , (3.36a)

I2 =
(
16π2

)3 ∫
logL1

(ℓ2+ℓ3)
2 log

L2

(ℓ3+ℓ4)
2 dΦ4 . (3.36b)

In the expressions above, it was helpful to note that in the phase space integral, one can

relabel ℓ1 . . . ℓ4 to show that many of the integrals are the same. In fact, as shown in (C.34),

I1 and I2 also turn out to evaluate to the same result at leading logarithmic order,

I1 = I2 = − π

24 (L1 + L2 + 1)
logL1+L2+1

s + . . . (3.37)

– 21 –



L = 0 1
3

L = 1 1
2

m1,0

L = 2 3
4

1+3m1,0 m2,0

L = 3 9
8

89+162m1,0

24
m3,1 m3,0

...
...

...
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k=L
(3.23)

k=L−1
(3.41)

. . .

Coefficients mL,k
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0 0

0 − 1
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n2,0

0 −1
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n3,1 n3,0

...
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...
...

. . .

k=L
(3.44)

k=L−1
(3.49)

. . .

Coefficients nL,k

Figure 3. Summary of the unitarity constraints. The first values of mL,k and nL,k through

subleading order are given in terms ofm1,0, which is the only initial condition (scheme dependence).

The arrow pointing for the 4-particle coefficients to the 2-particle coefficients indicates that, at

subleading order, the 2-particle coefficients are constrained in terms of 4-particle coefficients by the

unitarity equation. The analogous recursions coming from renormalization are illustrated in Fig. 4

and Fig. 5.

As a result,

Im
(
M(L,L−1)

4

) ∣∣∣∣
4−cuts

= −2π

81

(
3

2

)L

logL−2
s

L−3∑
L′=0

L′∑
L1=0

L−L′−3∑
L2=0

1

L1 + L2 + 1
. (3.38)

Evaluating the triple sum, we find

Im
(
M(L,L−1)

4

) ∣∣∣∣
4−cuts

= − π

81

(
3

2

)L

(L− 1) (L− 2) logL−2
s . (3.39)

Combining both (3.29) and (3.39) and plugging them into the unitarity equation, we

find a closed relationship for the subleading coefficients

mL,L−1 =

(
3

2

)L
[
−L− 2

81
+

2L

9
+

2

L− 1

L−1∑
L′=1

(
2

3

)L′

mL′,L′−1

]
. (3.40)

The solution to this recursion relation for scheme-dependent input data m1,0 is

mL,L−1 =
2

81

(
3

2

)L

[L (27m1,0 − 16) + 17LHL − 1] , (3.41)

where HL is the Lth harmonic number. The first few expressions are displayed in Fig. 3.
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3.4 Constraints on the 2-Particle Amplitude

With the leading coefficient for the 4-particle amplitude, we will be able to constrain

the subleading coefficient for the 2-particle amplitude. To begin, recall that the leading

contribution for the 2-particle amplitude, which by construction has no 1-particle cut, is

given by a 3-cut

2 Im

( )
= + . . . (3.42)

In an equation,

Im
(
M(L)

2

(
p2
))

=

(
16π2

)2
2

L−2∑
L′=0

∫
M(L′)

4

(
M(L−L′−2)

4

)∗
dΦ3 + . . . (3.43)

There are several aspects of this equation to note. First, the power in logarithm, as we

will verify by explicit computation, will at most be subleading. This will constrain all the

leading 2-particle coefficients, nL,L, to be zero,

nL,L = 0. (3.44)

Second, the subleading coefficients, nL,L−1, will be constrained in terms of the 4-particle

leading coefficients. Third, the sum in (3.43) has no contribution from L = 1. This

constrains the L = 1 subleading term, n1,0, to be zero,

n1,0 = 0. (3.45)

To use the unitarity equation, we first note that at subleading order in logarithm,

Im
(
M(L,L−1)

2

)
= (L− 1)πnL,L−1 log

L−2
p2

. (3.46)

Plugging in the leading 4-particle amplitude and extracting the leading log contribution

from each using similar manipulations to (3.20b), we find that

Im
(
M(L,L−1)

2

(
p2
)) ∣∣∣∣

3−cuts

=
2
(
16π2

)2
9

(L− 1)

(
3

2

)L

logL−2
p2

Φ3. (3.47)

Using the definition of Φ3 in (C.25), we find

Im
(
M(L,L−1)

2

(
p2
)) ∣∣∣∣

3−cuts

= −πp
2

27
(L− 1)

(
3

2

)L

logL−2
p2

. (3.48)

Matching both sides of the unitarity equation gives the recursion

nL,L−1 = − 1

27

(
3

2

)L

(3.49)

for L ⩾ 2. The results is constrained entirely by the leading coefficient of the 4-particle

amplitude. The first few values are shown in Fig. 3.
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3.5 Resummation and Triviality

With the help of unitarity, we were able to compute the leading and subleading ampli-

tude coefficients in λϕ4 theory to all loop order. It is helpful to investigate what happens

when the amplitude is then re-summed. We will commit to the Wilsonian picture with a

cutoff Λ to make the following discussion easier. Let’s begin with the 4-particle amplitude.

By summing over the leading coefficients and the subleading coefficients, we find

M4 = −λ
3

(
1

1 + 3λ
32π2 log|s|

+ (s↔ t) + (s↔ u)

)

− 2

27

λ2

32π2

 3λ
32π2 log|s|+17 log

(
1 + 3λ

32π2 log|s|

)
− 27m1,0(

1 + 3λ
32π2 log|s|

)2 + (s↔ t) + (s↔ u)

 .

(3.50)

Notice that when the cutoff Λ is sufficiently small, i.e. Λ2 ≪ |s|, a Landau pole develops

at the location where the denominator goes to zero,

1 +
3λ

32π2
log

(
Λ2

|s|

)
= 0. (3.51)

This would indicate a breakdown in perturbation theory since the value of the amplitude,

and the renormalized coupling, would diverge. One avenue for resolving this potential

inconsistency is if the amplitude vanishes as Λ → ∞. Indeed, we find that up to subleading

order, the amplitude indeed vanishes. This phenomenon is related to the triviality of λϕ4,

as is more precisely discussed in a non-perturbative context in, for example, QFT on a

lattice [36]. Here, the analog of the lattice spacing is Λ−1.

Similarly, the 2-particle amplitude can also be resummed at subleading logarithmic

order

M2 = p2

(
1 +

λ2

3 (32π2)2
log|p2|

1 + 3λ
32π2 log|p2|

)
. (3.52)

This amplitude has the same structure in the denominator and hence the same Landau

pole. It, however, has a finite limit as Λ → ∞,

lim
Λ→∞

M2 = p2
(
1 +

λ

9 (32π2)

)
. (3.53)

This means that the wavefunction of individual particles gets renormalized, even though

the interactions die out.

4 Renormalization Constraints on λϕ4

We now demonstrate that the recursion relations derived from the unitarity of the

S-matrix in the previous section are equivalent to those generated by RG, again working

within massless λϕ4 theory with the amplitude ansätze defined in (3.2) and (3.5). As in

the O(N) model, our starting point is the Callan–Symanzik equation (2.16). The new
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feature of full λϕ4 theory that was not present for the O(N) model analysis, however,

is the appearance of the wavefunction anomalous dimension γ. The Taylor expansion of

the β function in the coupling λ is given in (2.20), while the γ function admits a similar

expansion

γ (λ) =
∞∑

L=1

γL (−λ)L

(16π2)L
, (4.1)

where we have neglected a constant term in γ since this is immediately set to zero by the

CS equation.

Our method closely follows that of Sec. 2: upon inserting the amplitude ansätze, (3.2)

and (3.5), along with the β and γ functions, (2.20) and (4.1), into the CS equation (2.16)

and matching orders in λ, a whole tower of recursions will fall onto our lap. We do this for

the 2-particle amplitude in Subsec. 4.1 and for the 4-particle amplitude in Subsec. 4.2. We

then compare the results of these computations to those derived in Sec. 3 from unitarity

and observe how β and γ act as the additional input data needed for the RG recursions,

which start at one higher order in λ than the unitarity recursions.

4.1 2-Particle Amplitude

In order to derive the 2-particle recursions, we start by inputting our 2-particle ampli-

tude ansatz (3.5) into the CS equation (2.16),

[µ∂µ + β (λ) ∂λ − 2γ (λ)]M2

(
p2
)
= 0. (4.2)

For clarity, we proceed term-by-term. The first term in (4.2) is given by

p−2µ∂µM2 = −
∞∑

L=1

L−1∑
k=0

(−λ)L

(16π2)L
2 (k + 1)nL,k+1 log

k
p2 . (4.3)

The second term in (4.2) requires more work, but follows the same steps as outlined in

Sec. 2. We first compute the derivative,

p−2β (λ) ∂λM2 =

∞∑
L=1

∞∑
L′=1

L∑
k=0

(−λ)L+L′

(16π2)L+L′LβL′nL,k log
k
p2 , (4.4)

then shift the starting points of the sums so that we can apply the double sum identity

given in (2.23) to give

p−2β (λ) ∂λM2 =

∞∑
L=0

L∑
L′=0

L−L′∑
k=0

(−λ)L+2

(16π2)L+2

(
L− L′ + 1

)
βL′+1nL−L′+1,k log

k
p2 , (4.5)

before finally swapping the order of the sums over L′ and k:

p−2β (λ) ∂λM2 =
∞∑

L=2

L−2∑
L′=0

(−λ)L

(16π2)L
(
L− L′ − 1

)
βL′+1nL−L′−1,0

+

∞∑
L=2

L−1∑
k=1

L−k−1∑
L′=0

(−λ)L

(16π2)L
(
L− L′ − 1

)
βL′+1nL−L′−1,k log

k
p2 .

(4.6)
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Through equivalent manipulations, the third term in (4.2) becomes

−2γ (λ) p−2M2 = −2

∞∑
L=1

γL (−λ)L

(16π2)L
+ 2

∞∑
L=2

L−2∑
L′=0

(−λ)L

(16π2)L
γL′+1nL−L′−1,0

+ 2
∞∑

L=2

L−1∑
k=1

L−k−1∑
L′=0

(−λ)L

(16π2)L
γL′+1nL−L′−1,k log

k
p2

(4.7)

Putting this all together, the 2-particle Callan–Symanzik equation gives a new con-

straint from each order in log, determined by the terms in the k sum. Setting k = L − 1

isolates the leading log coefficients for L ⩾ 2:

nL,L =
1

2L
((L− 1)β1 + 2γ1)nL−1,L−1. (4.8)

This recursion resums to give the 2-particle leading log coefficients:

nL,L = n1,1

(
β1
2

)L−1 Γ
(
L+ 2γ1

β1

)
Γ
(
1 + 2γ1

β1

)
L!
, (4.9)

where Γ (. . . ) denotes the gamma function and the equation holds for L ⩾ 2.

The k = L− 2 terms give the subleading log coefficients for L ⩾ 3:

nL,L−1 =
1

2 (L− 1)
[(L− 1)β1 + 2γ1]nL−1,L−2 +

1

2 (L− 1)
[(L− 2)β2 + 2γ2]nL−2,L−2.

(4.10)

We can again perform resummation, which yields

nL,L−1 =

(
β1
2

)L−3 Γ
(
L+ 2γ1

β1

)
Γ
(
1 + 2γ1

β1

)
(L− 1)!

×

 β1

2
(
1 + 2γ1

β1

)n2,1 + n1,1

[
1

2
β2

[
ψ

(
L− 1 +

2γ1
β1

)
− ψ

(
1 +

2γ1
β1

)]

+
1

2

(
β2

(
1 +

2γ1
β1

)
− 2γ2

)(
1

L− 1 + 2γ1
β1

− β1
β1 + 2γ1

)]}
,

(4.11)

where ψ (. . . ) is the digamma function and this is valid for L ⩾ 3. Note that we used the

leading log 2-particle recursion (4.9) in order to arrive at this subleading log result. For

the purposes of this paper we truncate at subleading log order.

Finally, the k = 0 constant terms give an expression for γL for L ⩾ 1:

2γL = −2nL,1 +
L−2∑
L′=0

[(
L− L′ − 1

)
βL′+1 + 2γL′+1

]
nL−L′−1,0, (4.12)

which serves as the boundary condition for the 2-particle amplitude recursions. We demon-

strate this for the first two terms, L = 1 and L = 2, which rearrange to

n1,1 = −γ1, (4.13a)
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L = 0 0 (β1, γ1)

L = 1 −γ1 n1,0 (β2, γ2)

L = 2 −γ1(β1+2γ1)
4

(β1+2γ1)n1,0−2γ2
2

n2,0 (β3, γ3)

...
...

...
...

. . .

k=L
(4.14)

k=L−1
(4.15)

. . .

Coefficients nL,k

Figure 4. Summary of the renormalization constraints on nL,k. The first few coefficients are

displayed in terms of their dependence on the initial conditions. This table is to be compared with

Fig. 3 (right).

n2,1 = −γ2 +
1

2
(β1 + 2γ1)n1,0. (4.13b)

As we see, through subleading logarithm order, the base of the RG recursion towers for the

2-particle amplitude coefficients depend on β and γ function coefficients. We can therefore

substitute (4.13a) into (4.9) to arrive at

nL,L = −γ1
(
β1
2

)L−1 Γ
(
L+ 2γ1

β1

)
Γ
(
1 + 2γ1

β1

)
L!

(4.14)

and substitute (4.13a) and (4.13b) into (4.11) to find

nL,L−1 =

(
β1
2

)L−3 Γ
(
L+ 2γ1

β1

)
Γ
(
1 + 2γ1

β1

)
(L− 1)!

×

β1
(
−γ2 + 1

2 (β1 + 2γ1)n1,0
)

2
(
1 + 2γ1

β1

) − γ1

[
1

2
β2

[
ψ

(
L− 1 +

2γ1
β1

)
− ψ

(
1 +

2γ1
β1

)]

+
1

2

(
β2

(
1 +

2γ1
β1

)
− 2γ2

)(
1

L− 1 + 2γ1
β1

− β1
β1 + 2γ1

)]}
.

(4.15)

The leading log recursion depends entirely on the input data γ1 and β1, while the subleading

logarithm recursion depends on the input data β1, γ1, β2, γ2, and n1,0. See Fig. 4 for

examples and a summary table of the recursions.
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4.2 4-Particle Amplitude

We now repeat the analysis for the 4-particle amplitude. Inserting our 4-particle

amplitude ansatz (3.2) into the CS equation (2.16), we aim to solve

[µ∂µ + β (λ) ∂λ − 4γ (λ)]M4 (s, t, u) = 0. (4.16)

The analysis proceeds in the same way as for the 2-particle amplitude. The first term in

(4.16) is

µ∂µM4 =
∞∑

L=1

L−1∑
k=0

(−λ)L+1

(16π2)L
2 (k + 1)mL,k+1

(
logk−s+ logk−t+ logk−u

)
. (4.17)

The second term in (4.16), upon similar steps as before that employ the double sum identity

(2.23) and switch the orders of the L′ and k sums, becomes

β (λ) ∂λM4 = −3
∞∑

L=1

L−1∑
L′=0

(−λ)L+1

(16π2)L
(
L− L′)βL′+1mL−L′−1,0

−
∞∑

L=1

L−1∑
k=1

L−k−1∑
L′=0

[
(−λ)L+1

(16π2)L
(
L− L′)βL′+1mL−L′−1,k

(
logk−s+ logk−t+ logk−u

)]
.

(4.18)

Finally, the third term in (4.16) is

−4γ (λ)M4 = −12
∞∑

L=1

L−1∑
L′=0

(−λ)L+1

(16π2)L
γL′+1mL−L′−1,0

− 4

∞∑
L=1

L−1∑
k=1

L−k−1∑
L′=0

[
(−λ)L+1

(16π2)L
γL′+1mL−L′−1,k

(
logk−s+ logk−t+ logk−u

)]
.

(4.19)

We then combine these individual contributions to the CS equation and derive constraints.

We begin with the leading log terms, which correspond to k = L− 1 for L ⩾ 2:

mL,L =

(
1

2
β1 +

2

L
γ1

)
mL−1,L−1. (4.20)

The first couple of outputs are

m2,2 =

(
β1
2

+ γ1

)
m1,1, (4.21a)

m3,3 =

(
β1
2

+
2γ1
3

)
m2,2 =

(
β1
2

+
2γ1
3

)(
β1
2

+ γ1

)
m1,1, (4.21b)

and the whole tower resums, for L ⩾ 2, to the closed form

mL,L = m1,1

(
β1
2

)L−1 Γ
(
L+ 1 + 4γ1

β1

)
Γ
(
2 + 4γ1

β1

)
L!

. (4.22)
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Next, k = L− 2 isolates the subleading log terms for L ⩾ 3:

mL,L−1 =
1

2 (L− 1)
[Lβ1 + 4γ1]mL−1,L−2 +

1

2 (L− 1)
[(L− 1)β2 + 4γ2]mL−2,L−2. (4.23)

By plugging in the leading log 4-particle recursion (4.22) we are again able to find a closed

form solution to the recursion which holds for L ⩾ 3:

mL,L−1 =

(
β1
2

)L−3 Γ
(
L+ 1 + 4γ1

β1

)
Γ
(
2 + 4γ1

β1

)
(L− 1)!

×
{

β21
4 (β1 + 2γ1)

m2,1 +
1

2
m1,1

[
4

(
γ2 −

γ1β2
β1

)[
ψ

(
L+

4γ1
β1

)
− ψ

(
2 +

4γ1
β1

)]
+

(
β2

(
1 +

4γ1
β1

)
− 4γ2

)[
ψ

(
L+ 1 +

4γ1
β1

)
− ψ

(
3 +

4γ1
β1

)]]}
.

(4.24)

Finally, we isolate the k = 0 constant terms that give the boundary condition for the

4-particle amplitude recursions for L ⩾ 1:

βL =
1

m0,0

[
2mL,1 − 4m0,0γL −

L−2∑
L′=0

((
L− L′)βL′+1 + 4γL′+1

)
mL−L′−1,0

]
. (4.25)

The first two terms for L = 1 and L = 2 rearrange to

m1,1 =

(
1

2
β1 + 2γ1

)
m0,0, (4.26a)

m2,1 =
1

2
m0,0β2 + (β1 + 2γ1)m1,0 + 2m0,0γ2. (4.26b)

We find, through subleading order, that the link between base of the RG recursion towers

for the 4-particle amplitude coefficients, m1,1 and m2,1, and the lowest possible level, m0,0

and m1,0, is provided by the β and γ function coefficients. We substitute (4.26a) into

(4.22), which gives

mL,L =

(
1

2
β1 + 2γ1

)
m0,0

(
β1
2

)L−1 Γ
(
L+ 1 + 4γ1

β1

)
Γ
(
2 + 4γ1

β1

)
L!

, (4.27)

and (4.26a) and (4.26b) into (4.24), yielding

mL,L−1 =

(
β1
2

)L−3 Γ
(
L+ 1 + 4γ1

β1

)
Γ
(
2 + 4γ1

β1

)
(L− 1)!

×
{

β21
4 (β1 + 2γ1)

(
1

2
m0,0β2 + (β1 + 2γ1)m1,0 + 2m0,0γ2

)
+m0,0

(
β1
4

+ γ1

)[
4

(
γ2 −

γ1β2
β1

)[
ψ

(
L+

4γ1
β1

)
− ψ

(
2 +

4γ1
β1

)]
+

(
β2

(
1 +

4γ1
β1

)
− 4γ2

)[
ψ

(
L+ 1 +

4γ1
β1

)
− ψ

(
3 +

4γ1
β1

)]]}
,

(4.28)
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L = 0 1
3 (β1, γ1)

L = 1 β1+4γ1
6

m1,0 (β2, γ2)

L = 2 (β1+2γ1)(β1+4γ1)
12

6m1,0(β1+2γ1)+β2+4γ2
6

m2,0 (β3, γ3)

...
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...
...

. . .

k=L
(4.27)

k=L−1
(4.28)

. . .

Coefficients mL,k

Figure 5. Summary of the renormalization constraints on mL,k. The first few coefficients are

displayed in terms of their dependence on the initial conditions. This table is to be compared with

Fig. 3 (left).

The leading log recursion is completely specified by the input data γ1, β1, and m0,0, while

the subleading log recursion depends entirely on the input data γ1, β1, m0,0, β2, γ2, and

m1,0. The structure of the recursion and a few examples are given in Fig. 5.

4.3 Comparing Renormalization to Unitarity

We now compare the results of Sec. 3 to those of Sec. 4. We will provide two different,

equivalent perspectives. The first perspective is that the recursion relations resulting from

unitarity are equivalent to those from the Callan–Symanzik equation. As summarized in

Sec. 1, the unitarity recursions begin at the lowest order in the coupling and thus require

one input, namely the lowest order amplitude coefficient. The CS recursions begin at one

higher order in the coupling and therefore require additional input data, which is provided

by βL and γL. As a second perspective, we will then reverse the logic and show that the

unitarity recursions can be inserted into the Callan–Symanzik equation to solve for the β

and γ functions.

We start with the leading log terms. From the explicit forms of (4.14) and (4.27), it is

clear that the required input data is γ1 and β1 in the case of the 2-particle amplitude, and

γ1, β1, and m0,0 in the case of the 4-particle amplitude. In App. B we directly compute

this input data to be γ1 = 0 and β1 = 3. Additionally, as in the unitarity case, we set the

input datum m0,0 = 1/3 to ensure that the tree-level term is −λ. With these inputs, we

can now compare the leading log recursions from RG and unitarity. Since every level of

the 2-particle leading recursion in (4.14) is proportional to γ1, specifying the input data

γ1 = 0 immediately collapses the entire tower to

nL,L = 0. (4.29)

This is precisely the condition we found from the lack of 1-particle unitarity cuts of the

2-particle amplitude in (3.44). Next, we turn to the leading log 4-particle amplitude coef-
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ficients given in (4.27). Inserting the input data γ1 = 0, β1 = 3, and m0,0 = 1/3 returns

mL,L =
1

3

(
3

2

)L

. (4.30)

This agrees with the unitarity computation in (3.23).

We can find similar agreement for the subleading log constraints. As can be seen from

(4.15) and (4.28), at the subleading log order there is a need for additional input data in

the form of γ2, β2 and n1,0 in the 2-particle case and γ2, β2 and m1,0 in the 4-particle case.

In App. B, the (scheme-independent) input data is computed to be γ2 = 1/12, β2 = 17/3,

and n1,0 = 0, while we leave m1,0 as an unspecified scheme-dependent input. We begin

again by comparing the the 2-particle unitarity and RG results. We previously found

that the 2-particle subleading log recursion resums to (4.15). Substituting the leading log

result n1,1 = 0, the leading log inputs γ1 = 0 and β1 = 3, and the subleading log inputs,

γ2 = 1/12, β2 = 17/3, and n1,0 = 0, into (4.15), we find

nL,L−1 = − 1

27

(
3

2

)L

, (4.31)

in agreement with unitarity in (3.49). Now for the subleading 4-particle amplitude coef-

ficients (4.28). Substituting the leading log result (4.30), the leading log inputs γ1 = 0,

β1 = 3, and m0,0 = 1/3, and the scheme-independent subleading log inputs, γ2 = 1/12,

β2 = 17/3, and m1,0 = 0, into (4.28), the recursion drastically simplifies to

mL,L−1 =

(
3

2

)L L (54m1,0 − 32) + 34LHL − 2

81
, (4.32)

precisely the unitarity result in (3.41).

The difference in complexity between the RG and unitarity approaches is stark. While

the phase space integrals on the unitarity side are labor-intensive, the fact that this gives

access to the tree-level amplitude coefficient through a 1-loop cut means that the cor-

responding recursion tower starts at one lower order in the coupling than the RG side,

leading to significantly simpler recursion relations. We have therefore shown, up to sub-

leading order in logs, that the recursion relations resulting from unitarity are the same as

those from RG, where the β and γ functions act as additional input data for the RG recur-

sions. Furthermore, note that the equivalence between the unitarity and Callan–Symanzik

is independent of scheme up to subleading order. As part of the Unitarity Flow Conjecture

[11], we conjecture that these facts remain true for all orders.

We close this subsection by remarking that the logic above can be reversed: we can

input the recursion relations obtained from unitarity into the Callan–Symanzik equation to

find the values of γL and βL. To subleading order, this means determining the values of γ1,

γ2, β1, and β2. The equations that determine the values of these parameters are (4.13a),

(4.13b), (4.26a), and (4.26b), which followed from the CS equation and which we reproduce

here in a form more convenient for extracting the β and γ function coefficients. In contrast

to the previous argument, the values of γ1, γ2, β1, and β2 are outputs; the inputs are the
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recursion relations determined from unitarity (we do not assume any knowledge of the RG

recursions now and exclusively use the recursions following from unitarity in Sec. 3).

We begin by determining the 1-loop β and γ function coefficients. The CS constraint

on γ1 is

γ1 = −n1,1. (4.33)

In (3.44) we found that, since there are no 1-cuts of the 1PI diagrams, unitarity enforces

n1,1 = 0. Plugging this into (4.33) determines the first gamma function coefficient as

γ1 = 0. Next, the β1 constraint from the CS equation is

3m0,0β1 = 6m1,1 − 12m0,0γ1. (4.34)

With the lowest order input to the 4-particle amplitude, m0,0 = 1/3, which follows from the

demand that the tree-level amplitude be −λ, the leading log unitarity recursion in (3.23)

gives m1,1 = 1/2. Inputting this into (4.34) correctly sets β1 = 3.

Now we turn to the 2-loop β and γ function coefficients. The 2-loop γ function obeys

the RG constraint

γ2 = −n2,1 +
1

2
(β1 + 2γ1)n1,0. (4.35)

In (3.45), unitarity sets n1,0 = 0, while the subleading log recursion (3.49) returns n2,1 =

−1/12 for L = 2. Together these constraints give γ2 = 1/12. Finally, we consider the

2-loop β function, which RG constrains to be

β2 = 2
m2,1

m0,0
− 6β1m1,0 − 4γ2 − 12γ1

m1,0

m0,0
. (4.36)

The 4-particle subleading log unitarity recursion in (3.41) sets m2,1 = 3m1,0 +1. Inserting

this, along with the now known values of m0,0 = 1/3, γ1 = 0, β1 = 3 from the leading

analysis and γ2 = 1/12 as computed before, into (4.36) we find that any appearance of the

scheme-dependent term m1,0 exactly cancels and we are left with the scheme-independent

result β2 = 17/3. Therefore, through subleading log order, although the individual am-

plitude coefficients depend on the choice of scheme, the recursion relations do not and we

reproduce the known universality of the β and γ functions through 2-loops [12].

5 Connection to Renormalized Perturbation Theory

In the previous sections we worked with the finite, renormalized 2-particle and 4-

particle amplitude ansätze and obtained recursion relations among leading and subleading

coefficients from unitarity and RG. We showed that these each give equivalent recursions,

up to the selection of initial data. As we shall now demonstrate, using a renormalized am-

plitude is not a requirement. We can instead work with the unrenormalized, dimensionally

regularized amplitude in d = 4−2ϵ dimensions, where we instead organize our perturbative

expansion in loop and pole order in ϵ.

The most general unrenormalized 4-particle amplitude ansatz consistent with the as-

sumptions in Sec. 1 (massless, marginal, IR finite, hard scattering) is

M̃4 = µ̃2ϵ

[
−λ0 +

∞∑
L=1

(−λ0)L+1

(16π2)L
M̃(L)

4

]
, (5.1)
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where µ2 = 4πe−γE µ̃2 and

M̃(L)
4 =

∑
a+b+c=L

m̃L,{a,b,c} (ϵ)

(
µ2

−s

)aϵ(
µ2

−t

)bϵ(
µ2

−u

)cϵ

(5.2)

That the powers are fixed to be a + b + c = L follows from dimensional analysis. We can

further assume permutation symmetry, implying that m̃L,abc is totally symmetric in the

indices a, b, and c. These coefficients admit their own expansion in ϵ:

m̃L,{a,b,c} =
m̃L,{a,b,c},L

ϵL
+
m̃L,{a,b,c},L−1

ϵL−1
+ · · · =

L∑
L′=−∞

m̃L,{a,b,c},L′

ϵL′ . (5.3)

Plugging this into (5.1) and expanding to subleading order in ϵ, we find

M̃(L)
4 =

ML,L

ϵL
+
ML,L−1

ϵL−1
+
LML,L

3ϵL−1

(
log−s+ log−t+ log−u

)
+ . . . , (5.4)

where

ML,L′ ≡
∑

a+b+c=L

m̃L,{a,b,c},L′ . (5.5)

To derive the coefficients of the logarithms, we used the symmetry of m̃L,{a,b,c},L′ to note

that ∑
a+b+c=L

am̃L,{a,b,c},L′ =
1

3

∑
a+b+c=L

(a+ b+ c) m̃L,{a,b,c},L′ =
L

3
ML,L′ . (5.6)

For the unrenormalized amplitude, we will refer to the ϵ−L term as the leading divergence,

the ϵ−L+1 term as the subleading divergence, etc. ThenML,L is the leading ϵ coefficient and

ML,L−1 is the subleading ϵ coefficient for the 4-particle amplitude. Similarly, the 2-particle

amplitude is

M̃2 = p2 −
∞∑

L=1

(−λ0)L

(16π2)L
M̃(L)

2 , (5.7)

where

p−2M̃(L)
2 =

NL,L

ϵL
+
NL,L−1

ϵL−1
+
LNL,L

ϵL−1
logp2 + . . . (5.8)

We will similarly refer to NL,L as the leading ϵ coefficient and NL,L−1 as the subleading ϵ

coefficient for the 2-particle amplitude. In the subsequent subsections we will demonstrate

that unitarity can be applied to the unrenormalized amplitude ansätze to derive recursion

relations among amplitude coefficients that are the same as those implied by finiteness

constraints on the renormalized amplitude.

5.1 Constraints from Unitarity

We will approach the constraints on the leading and subleading ϵ coefficients in the

same way we approached the leading and subleading logarithm coefficients, meaning it will

be organized by the number of exchanged particles on the cut. As shown in (3.6) and

(3.9), the leading ϵ coefficients of the 4-particle amplitude can be computed just from the

2-cuts. Then, both the 2-cuts and 4-cuts will be sufficient to constrain the subleading ϵ

coefficients. As a byproduct of having constrained the leading 4-particle divergences, we

will also be ale to constrain the subleading ϵ coefficients of the 2-particle amplitude.
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5.1.1 Leading 4-particle Constraints

We will begin with the leading ϵ constraints on the 4-particle amplitude. The unitarity

equation truncated at 2-cuts implies

Im
(
M̃(L)

4

)
=

16π2µ̃2ϵ

2

L−1∑
L′=0

∫
M̃(L′)

4

(
M̃(L−L′−1)

4

)∗
dΦ2 + . . . , (5.9)

where the ellipsis contains higher-particle cuts. Noting that in physical kinematics, where

s > 0 and −s < t, u < 0,

Im

((
µ2

−s

)aϵ)
=

(
µ2

s

)aϵ

sin (aπϵ) . (5.10)

Multiplying this by m̃L,{a,b,c} and expanding, we find that the imaginary part of (5.2) is

Im
(
M(L)

4

)
=
LπML,L

3ϵL−1
+
LπML,L−1

3ϵL−2
+
Ma2

L,L

ϵL−2
logs+

Mab
L,L

ϵL−2

(
log−t+ log−u

)
, (5.11)

where we introduce the weighted sum notation

MA
L,L′ =

∑
a+b+c=L

A (a, b, c)mL,{a,b,c},L′ . (5.12)

The leading contribution to the 2-cuts comes from the product of the two leading

coefficients:

Im
(
M̃(L)

4

) ∣∣∣∣
2−cuts

=
16π2µ̃2

2ϵL−1

L−1∑
L′=0

ML′,L′ML−L′−1,L−L′−1Φ2. (5.13)

Utilizing (C.6) and expanding to next-to-leading order in ϵ, we find

Im
(
M̃(L)

4

) ∣∣∣∣
2−cuts

=
π

2ϵL−1

L−1∑
L′=0

ML′,L′ML−L′−1,L−L′−1

(
1 + (2 + logs) ϵ+O

(
ϵ2
))
.

(5.14)

The term linear in ϵ will be useful for the computation of the subleading ϵ coefficients.

Matching at order 1/ϵL−1, we find

L

3
ML,L =

1

2

L−1∑
L′=0

ML′,L′ML−L′−1,L−L′−1, (5.15)

with the initial data fixed by the tree-level result, M0,0 = 1. The solution to this recursion

relation is then

ML,L =

(
3

2

)L

. (5.16)

Note that the only integral we needed to compute is the same as in the case of leading

logarithms for the renormalized amplitude, the full 2-particle phase space integral.
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5.1.2 Subleading 4-particle Constraints

The subleading ϵ constraints will now be fixed by both 2- and 4-cuts,

Im
(
M̃(L)

4

)
=

16π2µ̃2ϵ

2

L−1∑
L′=0

∫
M̃(L′)

4

(
M̃(L−L′−1)

4

)∗
dΦ2

+

(
16π2

)3
µ̃2ϵ

2

L−3∑
L′=0

∫
M̃(L′)

6

(
M̃(L−L′−3)

6

)∗
dΦ4 + . . .

(5.17)

The three contributions to the subleading divergence come from the subleading piece of

the 2-particle phase space integral shown in (5.14), the product of leading and subleading

ϵ coefficients of the amplitudes on the left and right of the cut, and the 4-cut.

Focusing first on the 2-cuts, as we just stated, one contribution to the 2-cut is from

(5.14),

Im
(
M̃(L,L−1)

4

) ∣∣∣∣
2−cuts,1

=
π (L− 1)

3ϵL−1

(
3

2

)L

(2 + logs) . (5.18)

Here, we used the result from the leading ϵ coefficients, (5.16). The subscript 1 indicates

this is the first contribution from the 2-cut and the superscript (L,L− 1) indicates the order

in coupling and that we are studying the subleading divergence. The second contribution

from the 2-cut after simplifying and using the phase space integrals (C.6) and (C.12)

Im
(
M̃(L,L−1)

4

) ∣∣∣∣
2−cuts,2

=
2π

3ϵL−2

(
3

2

)L
[
L (L− 1)

3

(
1+

3

2
logs

)
+

L−1∑
L′=1

(
2

3

)L′

ML′,L′−1

]
.

(5.19)

The last contribution comes from the 4-cut. The procedure is very similar to the

computation of the 4-cut for the renormalized amplitude. We first note that the 6-particle

amplitude factorizes into products of 4-particle amplitudes. The analog of (3.34) is

M̃(L)
6 =

µ̃2ϵ

3ϵL

(
3

2

)L −i
(p1+p2−ℓ1)2−iε

L∑
L′=0

[(
µ2

(ℓ2 + ℓ3)
2

)L′

+(ℓ3 ↔ ℓ4)+(ℓ2 ↔ ℓ4)

]
+ perms.

(5.20)

By explicit computation, discussed in Subsec. C.4, the argument shown in (3.8) still holds.

Only products of the above permutation of external legs in the 6-particle amplitude with

itself will yield an enhancement. In this instance, the enhancement is not in logarithmic

order but rather in divergence. Only some 4-particle phase space integrals have an ad-

ditional ϵ-divergence. The leading divergence of the 4-particle phase integrals computed

using the above amplitude is shown in (C.32). Therefore,

Im
(
M̃(L,L−1)

4

) ∣∣∣∣
4−cuts

= − 4π

81ϵL−2

(
3

2

)L L−3∑
L′=0

L′∑
L1=0

L−L′−3∑
L2=0

1

L1 + L2 + 2
. (5.21)

Evaluating the sum then yields

Im
(
M̃(L,L−1)

4

) ∣∣∣∣
4−cuts

= − 2π

81ϵL−2

(
3

2

)L

(L− 2) (LHL−1 + 2) . (5.22)
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Combining the results in (5.14), (5.19), and (5.22), we find that the recursion relation

among the subleading M coefficients is

ML,L−1 =

(
3

2

)L−1
[
L+ 2− L2 + L− 2− 2LHL−1

18L
+

3

L

L−1∑
L′=0

(
2

3

)L′

ML′,L′−1

]
. (5.23)

The recursion relation is valid for all L ⩾ 2, with M1,0 as input data. With that said M1,0

can be determined from the unitarity cut and computation of the 2-particle phase space

integral to be M1,0 = 3. The solution to the recursion is then just

ML,L−1 =
2

27

(
3

2

)L

[(17L+ 16)HL − 6L] . (5.24)

We additionally note that at subleading order, we can also match powers in log. Since

there are no logt or logu terms that arose from computing the cuts, we find that

Mab
L,L =

∑
a+b+c=L

ab m̃L,{a,b,c},L = 0. (5.25)

This means that, at this order, there are no terms that involve mixing channels in logarithm,

reminiscent of the Steinmann relations as discussed in Subsec. 3.1. The coefficient of logs,

on the other hand, is non-trivial but yields the same constraint as the leading divergence.

5.1.3 Subleading 2-particle Constraints

As in the renormalized case, from the coefficients of the leading 4-particle divergences

we are able to constrain the form of the leading non-trivial divergences for the 2-particle

amplitude. Since the 2-particle amplitude by definition is 1PI, there are no 1-cuts, implying

once again that

NL,L = 0. (5.26)

The leading divergence comes from 3-cuts, meaning the coefficients of leading non-trivial

divergences in the 2-particle amplitude are related to coefficients in the 4-particle ampli-

tude,

Im
(
M̃(L)

2

)
=

(
16π2

)2 (
µ̃2
)2

2

L−2∑
L′=0

∫
M̃(L′)

4

(
M̃(L−L′−2)

4

)∗
dΦ3 . (5.27)

At L-loop order, the left-hand side of the unitarity equation using (5.8) is:

Im
(
M̃(L)

2

)
=
p2πLNL,L−1

ϵL−2
. (5.28)

On the right-hand side of the unitarity equation, using the leading ϵ coefficient of the

4-particle amplitude, (5.16), and summing over L′, we find

Im
(
M̃(L)

2

) ∣∣∣∣
3-cuts

=

(
16π2

)2
ϵL−2

(
3

2

)L−2

(L− 1) µ̃4ϵΦ3. (5.29)
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Using (C.25), we find

Im
(
M̃(L)

2

) ∣∣∣∣
3-cuts

= − p2π

ϵL−2

(
3

2

)L−2 (L− 1)

12
. (5.30)

Hence, the coefficient of the leading non-trivial divergence for the 2-particle amplitude is

NL,L−1 = −
(
3

2

)L−2 L− 1

12L
. (5.31)

Hence, analogously to the renormalized amplitude, knowledge of the leading coefficients of

the 4-particle amplitude are sufficient to reconstruct the L-order subleading divergences of

the 2-particle amplitude.

5.2 Constraints from Finiteness

Because we work with unrenormalized amplitude ansätze, (5.8) and (5.4), the Callan–

Symanzik equation is no longer applicable. Instead, we will be able to derive constraints

through imposing finiteness on the unrenormalized amplitude, upon substitution of the

counterterms. This method most closely matched how renormalized perturbation theory

is done in practice. We define the counterterms through the relationship between the bare

and renormalized parameters. Starting with the action

S =

∫
−
(
1

2
∂µϕ0∂

µϕ0 +
µ̃2ϵλ0
4!

ϕ40

)
ddx , (5.32)

the bare (which carry a subscript 0) and renormalized parameters are related by

ϕ0 = Z
1/2
ϕ ϕ, λ0 = Zλλ, Mn = Z

n/2
ϕ M̃n, (5.33)

where Mn is a finite renormalized amplitude and M̃n is an unrenormalized amplitude.

The counterterms admit a power series expansion in the coupling and a Laurent expansion

in ϵ poles:

Zλ = 1 +
∞∑

L′=0

L∑
k=0

zL′,k

ϵk
λL

′

(16π2)L
′ , (5.34a)

Zϕ = 1 +

∞∑
L′=0

L∑
k=0

yL′,k

ϵk
λL

′

(16π2)L
′ , (5.34b)

where we remain agnostic about scheme dependence by including k = 0 counterterms (these

are zero for the MS scheme, for example).

Our goal will be to constrain the leading and subleading ϵ coefficients. Upon substi-

tution of (5.33), (5.34a) and (5.34b) into (5.8) and (5.4), the amplitudes admit a power

series in λ and a Laurent series in ϵ. Imposing that the counterterms must be such that

all ϵ poles vanish in the renormalized amplitude places non-trivial constraints among the

counterterms and amplitude coefficients. These constraints can be solved recursively order-

by-order in the loop expansion, with each order giving simultaneous equations between the
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2-particle amplitude and 4-particle amplitude whose solutions are then plugged in to the

next order constraints. With some work, a pattern emerges. The zL,k counterterms form

closed recursion relations among themselves both at leading and subleading ϵ order, as do

the yL,k counterterms, the nL,k 2-particle amplitude coefficients and the ML,k 4-particle

amplitude coefficients.

Given the intricate nature of nested divergences that arise as we go to higher loop order,

reflected in the many appearances of the coupling λ inside sums and powers in (5.34a) and

(5.34b), this derivation of recursion relations is highly non-trivial. Our approach reflects

this difficulty: we analyzed low loop explicit outputs and deduced a pattern of recursion

relations which we then conjectured to all orders. We then verified our recursion relations

are correct up to 7-loop order. Indeed, this is one of the key benefits of the unitarity

approach: we are able to obtain analytic all-orders results directly by computing phase

space integrals rather than noticing a pattern as we will do here. We state these final

formulae for the recursions below and then compare them to the predictions from unitarity.

The leading coupling constant counterterms zL,L obey the recursion

zL,L = zL1,1 (5.35)

for L ⩾ 1 subject to the boundary condition that ensures finiteness:

z1,1 =M1,1 + 2N1,1. (5.36)

The leading wavefuction counterterms yL,L obey the constraint, for L ⩾ 1,

yL,L = −NL,L, (5.37)

where the leading logarithmic 2-particle amplitude coefficients satisfy the recursion

NL,L =
N1,1

L!
(M1,1 + 2N1,1)

L−1
Γ
(
L− N1,1

M1,1+2N1,1

)
Γ
(
1− N1,1

M1,1+2N1,1

) , (5.38)

valid for L ⩾ 1. Finally, the leading logarithm 4-particle amplitude coefficients follow the

recursion

ML,L =
(M1,1 + 2N1,1)

L

L!

Γ
(
L+ 1− 2N1,1

M1,1+2N1,1

)
Γ
(
1− 2N1,1

M1,1+2N1,1

) , (5.39)

for L ⩾ 1.

In a similar way to what was found in the Callan–Symanzik analysis of the renormalized

amplitude in Sec. 4, the finiteness recursions start at one higher order in the coupling

than those coming from unitarity, requiring additional inputs to completely specify the

whole tower. As we saw in the previous subsection, the only input needed for the leading

divergence unitarity recursions (5.16) and (5.26) was the tree-level data M0,0 = 1. For

(5.38) and (5.39), on the other hand, we also need to know N1,1 and M1,1. This extra

initial data is computed in App. B. We can read off M1,1 = 3/2 by expanding (B.15b) in
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small ϵ and multiplying by 3 for the three channels, while by inspection we see that (B.13)

sets N1,1 = 0. Plugging these inputs into (5.38) and (5.39), immediately returns

ML,L =

(
3

2

)L

, (5.40)

in agreement with (5.16), and

NL,L = 0, (5.41)

as was found in (5.26) from the lack of 1-particle unitarity cuts.

We now push the finiteness analysis further to the subleading divergence order, for

which the analysis becomes increasingly involved. In order to make the following computa-

tions doable, we used the leading recursions. We additionally inserted the initial data that

n1,1 = 0, meaning nL,L = 0 for all L as well. With this, we find the following recursion for

the subleading coupling constant counterterms zL,L−1:

zL,L−1 =ML−2
1,1 (2 (HL − L) (M2,1 + 2N2,1 − 2M1,1 (M1,0 +N1,0)) + LM1,1z1,0) , (5.42)

while for yL,L−1, the subleading wavefunction counterterms, we find the recursion:

yL,L−1 = − 2

L

(
ML−1

1,1 N1,0 −ML−2
1,1 N2,1

)
. (5.43)

The subleading 2-particle amplitude coefficients in (5.8) obey

NL,L−1 =
1

L

(
− (L− 2)ML−1

1,1 N1,0 + 2 (L− 1)ML−2
1,1 N2,1

)
. (5.44)

Finally, we are able to find a closed recursion among the subleading 4-particle amplitude

coefficients defined in (5.4):

ML,L−1 = − (−M1,1)
L

[
4 (M2,1 − 2M1,0M1,1 − (L− 4) (N2,1 −M1,1N1,0))

M2
1,1L (L− 1) (L− 2)

+
L−1∑
L′=1

(−M1,1)
−L′

(
L− 1

L′ − 1

)
ML′,L′−1

]
.

(5.45)

The solution to this recursion relation is

ML,L−1 =ML−2
1,1

[
2 ((L+ 1)HL − 2L)M2,1 − (4 (L+ 1)HL − 9L)M1,1M1,0

+ 4 ((L+ 2)HL − 3L) (N2,1 −M1,1N1,0)

]
.

(5.46)

Note that the recursions for NL,L−1 and ML,L−1 are scheme-independent, with no depen-

dence on the finite zk,0 nor yk,0. This followed from a highly non-trivial cancellation of

scheme-dependent z1,0 terms that appear in the counterterm recursion (5.42) but drop out

of the decoupled amplitude coefficient recursions.

We again see a dependence on new input data in (5.44) and (5.46) that was not needed

in the unitarity computation of (5.31) and (5.24), namely a dependence on M1,0 (which
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could be computed directly in unitarity), N1,0, M2,1, and N2,1. We again compute this

input data in App. B. Taking the ϵ→ 0 limit of (B.15b) and (B.15c) and multiplying by 3

for three channels gives us that M1,0 = 3 and M2,1 = 21/2. Taking the small-ϵ expansion

of (B.13) gives N1,0 = 0 and N2,1 = −1/24. With this input data, along with the leading

divergence inputs M1,1 = 3/2 and N1,1 = 0, the subleading 2-particle amplitude coefficient

recursion (5.44) simplifies to

NL,L−1 = −
(
3

2

)L−2 L− 1

12L
, (5.47)

in agreement with the unitarity recursion (5.31). Similarly, with the given input data, the

expression for ML,L−1, (5.46), becomes

ML,L−1 =
2

27

(
3

2

)L

((17L+ 16)HL − 6L) , (5.48)

in agreement with the unitarity prediction, (5.24).

Although upon insertion of the initial data the final answers agree, it is not obvious

that this had to be the case. This is perhaps most striking when taking one step back

and looking at the unsolved recursion relation, for example (5.45) from RG versus (5.23)

from unitarity. In the former case, the recursion involves binomial coefficients and different

powers of L in the denominator, which is not present in the unitarity case, and the two

recursions begin at different starting points.

Finally, we state that in this subsection we have used the lowest loop values of the

leading and subleading amplitude coefficients as input data for the recursion relations. An

alternative point of view that we adopted in the previous section was to instead use the

β and γ functions as input data. For example, β2 was an input as opposed to m2,1 in

(4.28). A similar approach can be taken here, but one would need to compute the β and

γ functions in terms of the counterterms using the µ independence of the bare coupling,

µ̃2ϵλ0, as done in [13, Ch. 10].

6 Discussion

In this paper, we bootstrapped the structure of renormalization at leading and sub-

leading orders, based on the assumptions of symmetry, analyticity, and unitarity. Working

in the massless quartic scalar theory, we found that imposing unitarity of the S-matrix

leads to a web of identities that match those that would have normally be obtained as a

consequence of the renormalization group equations. The only difference is in the initial

conditions, which on the unitarity side are sourced by the constant coefficients of the am-

plitude (scheme dependence), and on the renormalization side are sourced additionally by

the beta function and the anomalous dimension. The unitarity recursions are summarized

in Fig. 3 and the renormalization ones in Fig. 4 and Fig. 5, as well as the equations quoted

there. Matching these initial conditions therefore gives a purely on-shell derivation of the

beta function and the anomalous dimension.
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There are a number of natural directions for future research. First, the Unitarity Flow

Conjecture states that our findings extend to all orders in the logarithmic expansion and all

orders in perturbation theory [11]. For example, our expectation is that the subsubleading

order will require computing unitarity cuts over 6 intermediate states and up to 8-particle

amplitudes. It would be interesting to do these computations by recognizing which parts of

the phase space integration lead to the most important contributions, perhaps employing

a version of the method of regions [37, 38].

Along similar lines, it is worth understanding how to obtain the differential equation

governing renormalization, the Callan–Symanzik equation, directly from unitarity. In this

work, we showed that both of them structurally lead to the same recursion relations, except

for the initial conditions. It would be interesting to close the circle and instead derive the

CS equation from scratch, which could serve as a starting point for reformulating RG flows

based on unitarity.

Beyond the massless λϕ4 theory, the obvious direction is to include the mass and

study to what extent the mass anomalous dimension can be constrained using unitarity.

Naively, this is a more difficult feat because mass would appear through logarithms of the

type log
(

µ2

m2

)
which cannot be cut. Here ideas of generalized unitarity might prove useful

[24]. Another natural extension is to include effective field theory corrections, whereby we

extend the amplitude ansatz to include polynomial terms at all multiplicities. At least at

tree-level and one-loop, it is known that unitarity constraints can lead to certain bounds

on the Wilson coefficients [39]. It would be interesting to understand the interplay between

such bounds and our work.

Towards the direction of applying our techniques to more realistic theories such as

QCD, it will be necessary to understand how infrared divergences modify our constraints.

Two natural theories to consider are N = 4 super Yang–Mills and gϕ3 theory in six

dimensions, which can serve as toy model theories with non-trivial infrared dynamics.

Here, one may employ Regge-physics techniques along the lines of [17, 40], where one split

logarithms further into “rapidity logarithms”.

Lastly, multi-particle unitarity seems to give a new handle on studying the analyticity

structure of the S-matrix. For example, we have shown that at the leading and subleading

order, overlapping logarithms of the type loga−s log
b
−t with a+b = L and L−1 cannot occur.

This result has conceptually different origins from the proof of Steinmann relations which

relies on causality as the underlying principle [34, 35] (though it is known that the proof

does not apply to massless theories and 4-particle amplitudes [30]). Therefore, it would

be interesting to extend our proof to higher orders. Along the same vein, the structure

of more complicated iterated discontinuities, and hence the monodromy group of the S-

matrix across Riemann sheets, should be constrained by the same principles. We leave the

exploration of these fascinating topics until future work.
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A On-Shell Large N Structure

In the main text, we used the O(N) model as a helpful toy model since its flavor-

ordered amplitude had no 4-cuts, no wavefunction renormalization, and only depended on

one Mandelstam variable as opposed to three. In this appendix, we provide an on-shell

argument for why the amplitude must have these properties in the large N limit.

The most general amplitude involving four scalars with flavor, labeled by Latin letters

i, j, k, l, can be decomposed into three unique tensor structures:

Mij;kl (s, t, u) =
1

N
[Ms (s, t, u) δijδkl +Mt (s, t, u) δjkδil +Mu (s, t, u) δikδjl] , (A.1)

where the factor of N ensures that 4-particle amplitudes at higher order do not diverge in

the large N limit and that at lowest order in λ we have Ms = −λ. The first term is called

the s-flavor ordered amplitude, the second is the t-flavor ordered amplitude, and the third

is the u-flavor ordered amplitude. This can be expressed diagrammatically, with equivalent

colors indicating a Kronecker δ:

Mij;kl =
1

N
i

j k

l

+
1

N
i

j k

l

+
1

N
i

j k

l

. (A.2)

To clarify, while external lines with the same color leg are the same flavor, particles of dif-

ferent colors are not necessarily different flavors either. The amplitude will be constrained

by the unitarity equation (2.4), which is organized by the number of internal lines that are

cut.

We first argue that the unitarity equation for the full amplitude implies unitarity

for each of the flavor ordered amplitudes individually. To see this, we can compare the

contributions on either side of a 2-cut. In particular,

2 Im (Mij;kl)

∣∣∣∣
2−cuts

⊃ N

N2

i

j
a

b

c

d

k

l

+
1

N2

i

j k

l

a

b

c

d
+ . . . (A.3)

Note that, while we are dropping the orange shading that we use to denote complex conju-

gation in order to make the different flavors more visible, the amplitude on the right of the

cut is still complex conjugated. The first diagram on the right-hand side arises from the

product of two s-flavor ordered amplitudes. The loop in the middle, colored green, could

generically be any color and indeed is summed over. Hence, this gives an additional factor

of N , shown in green. The second diagram, on the other hand, arises from an s-flavor

ordered amplitude multiplying a t-flavor ordered amplitude. The flavor of the cut lines are

then restricted based on the external lines and no sum occurs, indicated by the fact that
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the internal lines are of the same color as the external k and l legs. This can equivalently

be seen from the tensor structure. The first diagram will have the following multiplication

along the cut:

δijδabδacδbdδ
cdδkl = Nδijδkl. (A.4)

The second 2-cut, on the other hand, involves

δijδabδacδbdδ
ckδdl = δijδkl. (A.5)

While both will contribute to the s-flavor ordered amplitude in general, only the first

diagram will contribute in the large N limit. This implies, at the level of 2-cuts, that

leading contributions arise from products of one flavor-ordered amplitude with another

flavor-ordered amplitude of the same flavor. It additionally implies that amplitudes in the

large N limit must only have cuts through flavor loops.

The argument above relied on 2-cuts, which raises the question as to whether 4-cuts

affect this argument. To see this, we note that, just as the 4-particle amplitude M4

scales as λ/N , the 6-particle amplitude M6 scales as (λ/N)2. One way to see this is from

unitarity. As argued in the main text, the 6-particle amplitude at leading order factorizes

into products of 4-particle amplitudes, and so the 6-particle amplitude scales with twice

the power in N that the 4-particle amplitude does. With that said, the largest 4-cut

contribution arises from a cut through 2 flavor loops:

2 Im (Mij;kl)

∣∣∣∣
4−cuts

⊃ NN

N4

i

j k

l

. (A.6)

Each flavor loop contributes a factor of N . However, each 6-particle amplitude contributes

an additional factor of 1/N2 compared to the 4-particle amplitudes in the 2-cut. Hence,

this 4-cut is subleading compared to the first 2-cut on the right-hand side of (A.3). The

same pattern will persist for cuts through a larger number of particles. Therefore, in the

large N limit, we need only worry about 2-cuts and, as a result, we can apply the unitarity

equation onto the s-flavor ordered amplitude by itself.

The same argument will also exclude corrections to the 2-particle amplitude in the

large N limit. The leading non-trivial contribution to the 2-particle amplitude arises from

3-cuts. The highest possible contribution arises from one flavor loop:

2 Im (Mi;j)

∣∣∣∣
3−cuts

⊃ 1

N2
. (A.7)

The flavor loop contributes one additional factor of N , giving an overall scaling of, at best,

1/N . This is therefore suppressed compared to the bare propagator’s contribution of p2.

As a result, in the large N limit, there are no corrections to the propagator and, as a result,

the CS equation on the 2-particle amplitude becomes

γ = 0. (A.8)
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In other words, there is no wavefunction renormalization.

With this, we have reduced the problem of studying the amplitude Mij;kl to just

one flavor-ordered amplitude, Ms. We further argued that we need only consider 2-cuts

through flavor loops and that there is no wavefunction renormalization. However, the

ansatz we used for the s-flavor-ordered amplitude had a further simplification: it only

depended on one Mandelstam variable, s:

Ms =
∞∑

L=0

(−λ)L+1

(16π2)L

L∑
k=0

mL,k log
k
−s . (A.9)

One might wonder why we did not have a symmetric combination of logs in the other

Mandelstam variables, much like what was done in full λϕ4. This, however, assumes that

each flavor-ordered amplitude is permutation symmetric. Cuts are related to discontinuities

of amplitudes in particular channels, see [30] for a review. In turn, these discontinuities

would compute the coefficients of log−s and log−t in the amplitude. In the case at hand:

DiscsMs ∝
i

j k

l

and DisctMs ∝
i

j k

l

. (A.10)

Due to the tensor structure of each constituent amplitude, the discontinuities are not

symmetric under the interchange of s and t. Therefore, at leading order in N , we cannot

include additional symmetric combinations of logarithms. The leading N contribution

instead arises from logarithms of just s, with permutation symmetry reserved for the full

amplitude Mij;kl.

B Consistency with the Loop Expansion

To validate the results derived from unitarity, we will compute the renormalized 2- and

4-particle amplitudes for λϕ4 theory using renormalized perturbation theory up to 3-loop

order. This calculation enables a direct comparison of both the divergence coefficients in

the unrenormalized amplitude and the logarithmic coefficients in the renormalized ampli-

tude. For the 4-particle amplitude, we extend this computation to 4-loop order and up to

subleading order in divergences.

The bare action for massless λϕ4 theory is

S = −
∫ (

1

2
∂µϕ0∂

µϕ0 +
µ̃2ϵλ0
4!

ϕ40

)
ddx , (B.1)

where d = 4− 2ϵ. The bare and renormalized quantities are related as

ϕ0 = Z
1/2
ϕ ϕ, λ0 = Zλλ, Mn = Z

n/2
ϕ M̃n, (B.2)

where Mn is the renormalized amplitude and M̃n is the unrenormalized amplitude. In

order to obtain explicit results, we will use the MS renormalization scheme. Note that
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µ̃ defined in the Lagrangian above is related to the µ that has and will appear in the

amplitudes by

µ2 = 4πe−γE µ̃2. (B.3)

All integrals were computed using the parametric representation (for a review of dif-

ferent representations of Feynman integrals, see [41, Ch. 2]) or the sector decomposition

program pySecDec [42–45]. The input information for the Feynman integrals will be a

graph G that is described by its edges E and loops L in d dimensions. Each edge will

moreover contain a weight given by νe. We place all the kinematic dependence in terms of

Mandelstam variables sij . In other words,

G ≡ (ν1, . . . , νE ;L, d; sij) . (B.4)

In the momentum representation, the loop integral of a graph G is given by

I [G] = µ2LϵeLγEϵ

∫ ∏
e∈E

1

(k2e +m2
e − iε)νe

∏
i∈L

ddℓi

iπd/2
, (B.5)

where γE is the Euler–Mascheroni constant. The equivalent parametric representation is

I [G] =
µ2LϵeLγEϵΓ (dG)∏

e∈E Γ (νe)

∫ ∏
e∈E α

νe−1
e

UD/2−dGFdG

dEαE

GL (1)
, (B.6)

where U and F are the Symanzik polynomials

U =
∑

spanning
trees T

∏
e/∈T

αe, F =
∑

spanning
two-trees
TL⊔TR

p2L
∏

e/∈TL⊔TR

αe + U
E∑

e=1

m2
eαe, (B.7)

and dG is the superficial degree of divergence,

dG =
E∑

e=1

νe −
Ld

2
. (B.8)

The GL(1) in the parametric representation is a freedom in choice of constraint that allows

us to set any linear combination of the Schwinger parameters, αi, to 1. This freedom is

also called the Cheng–Wu theorem. We refer to [46, App. A] for details.

In what follows, we will list the results I [G] computed in this way in tables organized

by the number of external particles and number of loops. The general amplitude is written

as a sum over all Feynman diagrams Gi:

M̃n =
∞∑

L=0

(−λ0)L+1

(16π2)L

∑
i

Mi

Si
I [Gi] , (B.9)

where Mi is the multiplicity (the number of topologically distinct diagrams giving the

same answer) and Si is the symmetry factor (the number of ways of swapping internal

edges without changing the vertices that leaves the diagram unchanged). Note that many
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G S I [G]

6
e2γEϵΓ (2ϵ− 1) Γ3 (1− ϵ)

Γ (3− 3ϵ)

(
µ2

p2

)2ϵ

4
e3γEϵΓ2 (ϵ) Γ (3ϵ− 1) Γ (2− 3ϵ) Γ5 (1− ϵ)

Γ2 (2− 2ϵ) Γ (2ϵ) Γ (3− 4ϵ)

(
µ2

p2

)3ϵ

Table 1. 2-particle diagrams. The first column, G, gives the diagram. The first is sometimes

referred to as the sunrise and the second as the goggles. The second column, S, gives the symmetry

factor. The last column gives the value of I [G] after integration.

of the diagrams for which we were able to find analytic solutions are reducible to a 1-loop

integral by replacing bubbles with propagators given by the 1-loop result. The price of

reducing the L-loop integral to a 1-loop integral is a minimal one: changing the power

of the denominator from 1 to an ϵ-dependent power νe. All diagrams in λϕ4 theory were

determined from the Phi4tools Mathematica package [47].

B.1 Loop Integral Results

We will start by computing the 2-particle amplitude. To do this, we must first compute

the fully dressed propagator, iG̃ (p). This can be done by repeatedly inserting Σ, the sum

of all 1PI diagrams:

iG̃ (p) = + iΣ + iΣ iΣ + . . . . (B.10)

Performing the geometric series, we find

iG̃ (p) =
−i

p2 − Σ (p)− iε
. (B.11)

The denominator is, by definition, the 2-particle amplitude

M2

(
p2
)
= p2 − Σ

(
p2
)
. (B.12)

For the 2-particle amplitude, the only non-zero loop diagrams are the sunrise and gog-

gles diagrams shown in Tab. 1. Any diagrams not included up to 3-loop order are scaleless

in dimensional regularization, such as the 1-loop tadpole correction to the propagator. The

resulting expression for the 2-particle amplitude is then:

p−2M̃2

(
p2
)
= 1− (−λ0)2 e2γEϵ

6 (16π2)2

(
Γ (2ϵ− 1) Γ3 (1− ϵ)

Γ (3− 3ϵ)

)(
µ2

p2

)2ϵ

− (−λ0)3 e3γEϵ

4 (16π2)3

(
Γ2 (ϵ) Γ (3ϵ− 1) Γ (2− 3ϵ) Γ5 (1− ϵ)

Γ2 (2− 2ϵ) Γ (2ϵ) Γ (3− 4ϵ)

)(
µ2

p2

)3ϵ

.

(B.13)

We now quote the results of the explicit computation of the 4-particle amplitude up to

three-loop order and up to finite order in ϵ. The results of each diagram are contained in
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G S M I [G]

2 1
eγEϵΓ (ϵ) Γ2 (1− ϵ)

Γ (2− 2ϵ)

(
µ2

−s

)ϵ

Table 2. 4-particle 1-loop diagram. The only distinct 1-loop diagram is the bubble, which has a

symmetry factor of 2, multiplicity 1, and integral result shown in the final column.

G S M I [G]

4 1

(
eγEϵΓ (ϵ) Γ2 (1− ϵ)

Γ (2− 2ϵ)

)2(
µ2

−s

)2ϵ

2 2
e2γEϵΓ (ϵ) Γ (2ϵ) Γ2 (1− ϵ) Γ2 (1− 2ϵ)

Γ (2− 2ϵ) Γ (2− 3ϵ)

(
µ2

−s

)2ϵ

Table 3. 4-particle 2-loop diagrams. The first diagram, the double bubble, is the square of the

1-loop bubble. The second diagram is sometimes referred to as a parachute.

Tab. 2, Tab. 3, and Tab. 4. There, the multiplicity corresponds to the number of s-channel

diagrams that are equivalent under interchange of external legs. We then include t and u

by permutation symmetry when appropriate. Writing the 4-particle amplitude as

µ̃−2ϵM̃4 =

∞∑
L=0

(−λ0)L+1

(16π2)L
αL (ϵ)

[(
µ2

−s

)Lϵ

+

(
µ2

−t

)Lϵ

+

(
µ2

−u

)Lϵ
]
, (B.14)

we find by summing over all the diagrams that

α0 (ϵ) =
1

3
, (B.15a)

α1 (ϵ) =
eγEϵΓ (ϵ) Γ2 (1− ϵ)

2Γ (2− 2ϵ)
, (B.15b)

α2 (ϵ) =
e2γEϵΓ (ϵ) Γ2 (1− ϵ)

Γ (2− 2ϵ)

(
Γ (ϵ) Γ2 (1− ϵ)

4Γ (2− 2ϵ)
+

Γ (2ϵ) Γ2 (1− 2ϵ)

Γ (2− 3ϵ)

)
, (B.15c)

α3 (ϵ) =
9

8ϵ3
+

629

72ϵ2
+

747 + 45ζ2 + 64ζ3
16ϵ

+O
(
ϵ0
)
, (B.15d)

where ζk = ζ(k) is the Riemann zeta function evaluated at integers. It is straightforward

to read off, from an expansion in ϵ, the leading and subleading divergences of the 4-particle

amplitude. For example, at 3-loop order, we can see that M3,3 = 27/8 and M3,2 = 629/24,

where the additional factor of 3 comes from the 3 channels. This matches the results from

unitarity, (5.16) and (5.24). We mention here that, by including additional four-particle

cuts, we were able to reconstruct the sub-subleading divergences up to three-loop order.

We additionally mention that by extracting the leading and subleading divergences of all

4-loop divergences, we found that

α4 (ϵ) =
27

16ϵ4
+

151

8ϵ3
+O

(
ϵ−2
)
. (B.16)
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G S M I [G]

8 1

(
eγEϵΓ (ϵ) Γ2 (1− ϵ)

Γ (2− 2ϵ)

)3(
µ2

−s

)3ϵ

4 2
e3γEϵΓ (3ϵ) Γ2 (1− 3ϵ)

Γ (2− 4ϵ)

(
Γ (ϵ) Γ2 (1− ϵ)

Γ (2− 2ϵ)

)2(
µ2

−s

)3ϵ

4 2
e3γEϵΓ (2ϵ) Γ2 (1− 2ϵ)

Γ (2− 3ϵ)

(
Γ (ϵ) Γ2 (1− ϵ)

Γ (2− 2ϵ)

)2(
µ2

−s

)3ϵ

2 4

(
1

6ϵ3
+

3

2ϵ2
+

1

ϵ

(
55

6
+

3

4
ζ2

)
+O

(
ϵ0
))( µ2

−s

)3ϵ

4 1

(
1

3ϵ3
+

7

3ϵ2
+

1

ϵ

(
31

3
− ζ2

2

)
+O

(
ϵ0
))( µ2

−s

)3ϵ

4 2

(
1

3ϵ3
+

8

3ϵ2
+

1

ϵ

(
44

3
+

3

2
ζ2

)
+O

(
ϵ0
))( µ2

−s

)3ϵ

1 1
2ζ3
ϵ

+O
(
ϵ0
)

6 1
e3γEϵΓ (3ϵ) Γ (1− 3ϵ)

Γ (2ϵ+ 1)Γ (2− 4ϵ)

(
Γ (2ϵ− 1) Γ4 (1− ϵ)

Γ (3− 3ϵ)

)(
µ2

−s

)3ϵ

Table 4. 4-particle 3-loop diagrams. Any result not stated to all orders in ϵ was reconstructed

using pySecDec and PSLQ. Note that for the envelope, there are no additional channels and so

there will be a difference by a factor of three for its contribution to the sub-subleading divergence

compared to all the other diagrams. Here, ζk = ζ(k) is the Riemann zeta function evaluated at

integers, k.

From here, we can read off that the leading divergence is M4,4 = 81/16 and the subleading

divergence is M4,3 = 453/8. This once again agrees with the all L-order result found from

unitarity in (5.16) and (5.24).

B.2 Perturbative Renormalization

In order to compute the renormalized amplitude and its coefficients, we relate the bare

and renormalized quantities as in (B.2). Working in the MS scheme, we find that the

counterterms up to order λ3 are

Zϕ = 1− 1

24ϵ

λ2

(16π2)2
−
(

1

24ϵ2
− 1

48ϵ

)
λ3

(16π2)3
+O

(
λ4
)

(B.17)
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and

Zλ = 1 +
3

2ϵ

λ

16π2
+

(
9

4ϵ2
− 17

12ϵ

)
λ2

(16π2)2

+

(
27

8ϵ3
− 119

24ϵ2
+

145 + 96ζ3
48ϵ

)
λ3

(16π2)3
+O

(
λ4
)
.

(B.18)

With these counterterms, we can find the coefficients of logarithms in the renormalized

amplitude. Recall that the coefficients of the renormalized 2- and 4-particle amplitudes

are denoted by nL,k and mL,k respectively with L describing loop order and k describing

logarithmic order, as shown in (3.5) and (3.2). For the renormalized 2-particle amplitude,

n2,1 = − 1

12
, n2,0 = −13

48
, n3,2 = −1

8
, n3,1 = −7

8
, n3,0 = −167

96
(B.19)

and n1,1 = n1,0 = n2,2 = n3,3 = 0. For the renormalized 4-particle amplitude, we find that

in addition to m0,0 = 1/3,

m1,1 =
1

2
, m1,0 = 1, m2,2 =

3

4
, m2,1 = 4, m2,0 =

13

2
+ ζ2,

m3,3 =
9

8
, m3,2 =

251

24
, m3,1 =

1831

48
+

9

2
ζ2 + 6ζ3.

(B.20)

Either using the renormalized coefficients (as in (4.25) and (4.12)) or the counterterms

(as in [13, Ch. 10]), we find that the β-function is

β (λ) = 3
(−λ)2

16π2
+

17

3

(−λ)3

(16π2)2
+

(
145

8
+ 12ζ3

)
(−λ)4

(16π2)3
+O

(
λ5
)

(B.21)

and that the wavefunction anomalous dimension is

γ (λ) =
1

12

(−λ)2

(16π2)2
+

1

16

(−λ)3

(16π2)3
+O

(
λ4
)
. (B.22)

These expressions match with [13, Eq. (10.59–10.60)].

C Phase Space Integration

The principal technical computation in the main text is the integration over the 2-, 3-,

and 4-particle Lorentz invariant phase spaces. In this appendix, we compute all the phase

space integrals used elsewhere in the paper. The higher particle phase space integrals can be

efficiently computed by shrewd insertions of 1 in the form of delta function integrals, which

decompose an n-particle phase space into sequential 1 → 2 decays of massive fictitious

particles integrated over intermediate 2-particle phase spaces [48].

The massless n-particle phase space measure is defined as

dΦn ≡ 1

n!
(2π)d δ(d) (ℓ1 + · · ·+ ℓn − p)

1

2ω1

dd−1ℓ1

(2π)d−1
. . .

1

2ωn

dd−1ℓn

(2π)d−1
, (C.1)

where we take ωi ≡ ℓ 0i > 0 by the positive energy condition across a cut and p is the total

external timelike momentum crossing the cut with p2 < 0. The additional n! is a symmetry
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factor associated to the indistinguishability of particles along the cut. The integral over

the n particle phase space, weighted by a function f is defined as

Φn (f) ≡
∫
f (ℓ1, . . . , ℓn; p) dΦn . (C.2)

C.1 2-Particle Phase Space

The full two-particle phase space is defined as

Φ2 =
1

2

∫
(2π)D δ(D) (ℓ1 + ℓ2 − p)

1

2ω1

dd−1ℓ1

(2π)d−1

1

2ω2

dd−1ℓ2

(2π)d−1
. (C.3)

If we select the rest frame pµ = (E,0) with E > 0 and integrate over ℓ2, then we find that

ℓ2 = −ℓ1 and, as a result, ω1 = ω2. To simplify notation, let ℓ1 ≡ ℓ. This yields

Φ2 =
1

2

∫
2πδ (2ω − E)

1

(2ω)2
dd−1ℓ

(2π)d−1
, (C.4a)

=
πϵΓ (1− ϵ)

16πΓ (2− 2ϵ)

∫
ω−2ϵδ (ω − E/2) dω . (C.4b)

In going to the last line we noted that |ℓ | = ω, allowing us to work in spherical coordinates

for which the d− 1 solid angle is

Ωd−1

(2π)d−1
=

πϵ Γ (1− ϵ)

2π2Γ (2− 2ϵ)
, (C.5)

where we recall that d = 4− 2ϵ. Integrating over ω, the final result is

Φ2 =
Γ (1− ϵ)

16πΓ (2− 2ϵ)

(
4π

−p2

)ϵ

, (C.6)

where we have covariantized from the rest frame E2 7→ −p2.
A result that will be important for the subsequent evaluations of higher particle phase

space integrals is the 2-particle phase space in which one of the cut momenta is massive.

We will denote it by q with q2 = −m2:

Φ
(m)
2 =

1

2

∫
(2π)d δ(d) (ℓ+ q − p)

1

2ωℓ

dd−1ℓ

(2π)d−1

1

2ωq

dd−1q

(2π)d−1
, (C.7a)

=

∫ 2πδ
(
ωℓ +

√
ω2
ℓ +m2 − E

)
8ωℓ

√
ω2
ℓ +m2

dd−1ℓ

(2π)d−1
, (C.7b)

=
πϵΓ (1− ϵ)

8πΓ (2− 2ϵ)

∫ δ
(
ω +

√
ω2 +m2 − E

)
ω2ϵ−1

√
ω2 +m2

dω . (C.7c)

The manipulations up to the last line are the same as before, except we keep track of the

mass dependence. The final answer, after performing the δ-integration and putting it in

Lorentz-invariant form, is

Φ
(m)
2 =

Γ (1− ϵ)

16πΓ (2− 2ϵ)

(
1 +

m2

p2

)1−2ϵ(
4π

−p2

)ϵ

Θ
(
−p2 −m2

)
. (C.8)
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It will also be important in the computation of subleading logarithms and divergences

to consider

Φ2

(
log

(
1

sin2 θ/2

))
=

∫
log

(
1

sin2 θ/2

)
dΦ2 . (C.9)

The steps are the same as before, except we select the azimuthal angle in the final ℓ integral

to align with the angle in the integrand. Using the solid angle measure,

dΩd−1

(2π)d−1
=

(4π)ϵ

4π2Γ (1− ϵ)
sin1−2ϵ θ dθ , (C.10)

and the angular integral,∫ π

0
log

(
1

sin2 θ/2

)
sin1−2ϵ θ dθ =

2Γ2 (1− ϵ)

4ϵΓ (2− 2ϵ)
(ψ (2− 2ϵ)− ψ (1− ϵ)) , (C.11)

where ψ is the digamma function, we find

Φ2

(
log

(
1

sin2 θ/2

))
=

Γ (1− ϵ)

16πΓ (2− 2ϵ)
(ψ (2− 2ϵ)− ψ (1− ϵ))

(
4π

−p2

)ϵ

. (C.12)

Carrying through the same computation, we also find that

Φ2

(
log

(
1

cos2 θ/2

))
= Φ2

(
log

(
1

sin2 θ/2

))
. (C.13)

It is interesting to note that both of these results reduce to just Φ2 (i.e. with no integrand)

when ϵ→ 0.

The computations of the remaining phase space integrals will involve some knowledge

of more general 2-particle phase space integrals. For example, following the same steps out-

lined for previous integrals, including working in the rest frame of the external momentum

p and covariantizing at the end, we find that

Φ2

((
4π

(ℓ2 + ℓ3)
2

)Lϵ
)

=
Γ (1− (L+ 1) ϵ)

16πΓ (2− (L+ 2) ϵ)

(
4π

−p2

)(L+1)ϵ

. (C.14)

where L ⩾ 0 is an integer and ℓ3 is a separate massless momentum not being integrated

over. In other words, the measure is still given as in (C.3).

C.2 n-Particle Phase Space Reduction

Written more compactly, the massless n-particle phase space weighted by an arbitrary

function, f , is

Φn (f) =
1

n!

∫
f (ℓi, p) (2π)

d δ(d)

(
p−

n∑
i=1

ℓi

)
n∏

i=1

1

2ωi

dd−1ℓi

(2π)d−1
. (C.15)

We notice that the following one-particle phase space integrated over the mass of the

particle is 1: ∫ ∞

0

∫
(2π)d δ(d)

(
q − ℓ̃

) 1

2ωq

dd−1q

(2π)d−1

dm2

2π
= 1. (C.16)
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where q2 = −m2 and ωq =
√
|q2|+m2. Letting q = qn−1 and ℓ̃ be ℓ1 + · · ·+ ℓn−1, we can

insert this into Φn (f) and find

Φn (f) =
2

n!

∫
f (2π)d δ(d)

(
qn−1−

n−1∑
i=1

ℓi

)
dΦ2 (p; ℓn+qn−1)

(
n−1∏
i=1

1

2ωi

dd−1ℓi

(2π)d−1

)
dm2

n−1

2π
,

(C.17)

where the intermediate 2-particle phase space measure is

dΦ2 (p; ℓn+qn−1) =
1

2
(2π)d δ(d) (p− ℓn − qn−1)

1

2ωℓn

dd−1ℓn

(2π)d−1

1

2ωq

dd−1qn−1

(2π)d−1
. (C.18)

This can be thought of as breaking up a decay p → ℓ1 + · · · + ℓn into a process involving

an intermediate step involving qn−1:

p→ qn−1 + ℓn → ℓ1 + · · ·+ ℓn. (C.19)

This procedure can be carried through to continue breaking up the now (n− 1)-particle

phase space measure into 2-particle phase space measures. This is equivalent to writing

the decay process

p→ ℓn + qn−1 → ℓn + ℓn−1 + qn−2 → · · · → ℓ1 + · · ·+ ℓn. (C.20)

In exchange for reducing the complexity of the integral, we must integrate over the masses

of the fictitious particles of momentum qi. Therefore,

Φn (f) =
2n−1

n!

∫
f dΦ2 (p; ℓn+qn−1) dΦ2 (qn−1; ℓn−1+qn−2) . . . dΦ2 (q2; ℓ2+ℓ1)

n−2∏
i=1

dm2
i

2π
.

(C.21)

Note that the final integral over the masses will in general have restrictions on the range of

allowed values. Using the physical multi-step decay process, we see that qn−1 cannot have

m2
n−1 > |p|2, the energy that we eject into the system. Similarly, when qn−1 decays into

qn−2 + ℓn−1, the mass of qn−2 cannot exceed the mass of qn−1. This will be implemented

automatically through Θ distributions as in (C.8), but for notational simplicity, we now

use ∫ n−2∏
i=1

dm2
i

2π
≡
∫ s

0

dm2
n−2

2π

∫ m2
n−2

0

dm2
n−1

2π
· · ·
∫ m2

2

0

dm2
1

2π
. (C.22)

In other words, the region is restricted to m2
1 ⩽ m2

2 ⩽ . . . ⩽ s.

C.3 3-Particle Phase Space

We now apply the n-particle phase space reduction to the 3-particle phase space inte-

gral of massless particles:

Φ3 =
2

3

∫
dΦ2 (p; ℓ3 + q) dΦ2 (q; ℓ2 + ℓ1)

dm2

2π
. (C.23)
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The 2-particle phase spaces completely decouple. Using (C.6) for the massless 2-particle

phase space and (C.8) for the massive 2-particle phase space, we find that the integral

reduces to one over the mass

Φ3 =
πΓ2 (1− ϵ)

3 (16π2)2 Γ2 (2− 2ϵ)

(
4π

−p2

)ϵ∫ −p2

0

(
1 +

m2

p2

)1−2ϵ(
4π

m2

)ϵ

Θ
(
−p2 −m2

)
dm2 .

(C.24)

Evaluating the mass integral, we find the result

Φ3 (p) = − p2πΓ3 (1− ϵ)

3 (16π2)2 Γ (2− 2ϵ) Γ (3− 3ϵ)

(
4π

−p2

)2ϵ

. (C.25)

C.4 4-Particle Phase Space

The same reduction can be used to evaluate 4-particle phase space integrals. In this

section, we will start by considering two integrands:

Σ1 =

(
4π

(ℓ1 + ℓ2)
2

)Lϵ 1

(ℓ4 − p)4
, (C.26a)

Σ2 =

(
4π

(ℓ1 + ℓ2)
2

)L1ϵ( 4π

(ℓ2 + ℓ3)
2

)L2ϵ 1

(ℓ4 − p)4
. (C.26b)

Reduced into nested 2-particle phase space integrals,

Φ4 (Σ) =
1

3

∫
ΣdΦ2 (p; ℓ4 + q2) dΦ2 (q2; ℓ3 + q1) dΦ2 (q1; ℓ2 + ℓ1)

dm2
1

2π

dm2
2

2π
. (C.27)

On the support of the δ-distributions in the 2-particle phase spaces, the integrands simplify:

Σ1 →
(
4π

m2
1

)Lϵ 1

m4
2

and Σ2 →
(
4π

m2
1

)L1ϵ( 4π

(ℓ2 + ℓ3)
2

)L2ϵ 1

m4
2

. (C.28)

For Σ1, the remaining 2-particle phase spaces decouple, so using (C.6) and (C.8), we

find

Φ4 (Σ1) =
πΓ3 (1− ϵ)

12 (16π2)3 Γ3 (2− 2ϵ)

(
4π

s

)ϵ∫ (
1− m2

2

s

)1−2ϵ(
1− m2

1

m2
2

)1−2ϵ

×
(
4π

m2
1

)(L+1)ϵ( 4π

m2
2

)ϵ 1

m4
2

dm2
1 dm

2
2 ,

(C.29)

where we let s = −p2 for simplicity. Recall that the mass integrals are restricted so that

0 ⩽ m2
1 ⩽ m2

2 ⩽ s. Evaluating these integrals, we find

Φ4 (Σ1) =
π

12 (16π2)3
Γ (− (L+ 2) ϵ) Γ (1− (L+ 1) ϵ) Γ3 (1− ϵ)

Γ (3− (L+ 3) ϵ) Γ (2− (L+ 4) ϵ) Γ (2− 2ϵ)

(
4π

s

)(L+3)ϵ

. (C.30)

For Σ2, the 2-particle phase spaces do not decouple immediately due to the residual ℓ2
and ℓ3 dependence. However, upon integrating over the first phase space dΦ2 (q1; ℓ2 + ℓ1)

using (C.3), we find that the expression can then be expressed in terms of the invariant
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massm2
1. The resulting mass integral is of the same structure as was found for Σ1. Carrying

through the integration, we find

Φ4 (Σ2) =
Γ (1− (L2 + 1) ϵ) Γ (2− 2ϵ)

Γ (2− (L2 + 2) ϵ) Γ (1− ϵ)
Φ4 (Σ1) , (C.31)

with the understanding that in Σ1, L = L1+L2. Notice that in the ϵ→ 0 limit, the leading

divergence is the same for both

lim
ϵ→0

Φ4 (Σ1) = lim
ϵ→0

Φ4 (Σ2) = − π

24 (L+ 2) (16π2)3 ϵ
. (C.32)

An equivalent procedure can be used to study the following two integrands:

Σ3 =
1

(ℓ4 − p)4
logLϵ

(ℓ1+ℓ2)
2 , (C.33a)

Σ4 =
1

(ℓ4 − p)4
logL1ϵ

(ℓ1+ℓ2)
2 log

L2ϵ

(ℓ2+ℓ3)
2 . (C.33b)

In this case, we will work in exactly four dimensions, ϵ = 0. The mass integral will be

the same, with the substitution of Σ3 instead of Σ1 or Σ4 instead of Σ2. In this case,

however, we are principally interested in the highest power of logarithm, which will arise

from the upper bound of the m2
2 integral when it is close to s. All other contributions will

be subleading. Isolating this contribution, we find

Φ4 (Σ3) = Φ4 (Σ4) = − π

24 (16π2) (L+ 1)
logL+1

s + . . . , (C.34)

with the understanding that for Σ4, L = L1 + L2 and that the ellipsis contains further

subleading logarithms.

Note that the 4-particle phase spaces we have considered so far have enhanced di-

vergences or logarithmic power. For example, the logarithmic power of Σ3 is just L, but

the leading contribution from the result of the phase space integral had logarithmic power

L + 1. This was necessary to constrain the subleading coefficients and divergences in

the main text. We argue that the other possible 4-particle phase space integrals do not

possess this property. To demonstrate this explicitly, consider a different combination of

propagators:

Σ5 =
1

(ℓ4 − p)2 − iε

1

(ℓ3 − p)2 + iε
. (C.35)

Employing the same reduction to 2-particle phase space and mass integrals, we find that

the integral reduces to

Φ4 (Σ5) =
−Γ (1− ϵ)

192π3Γ (2− 2ϵ)

(
4π

s

)ϵ ∫ dΦ2 (p; ℓ4 + q2) dΦ2 (q2; ℓ3 + q1) dm
2
1 dm

2
2[

m2
1 + iε

] [
(ℓ3 − p)2 + iε

] . (C.36)

The remaining nested 2-particle phase space integrals can be evaluated and yields a hyper-

geometric function,

Φ4 (Σ5) =
πΓ3 (1− ϵ)

12 (16π2)3 Γ3 (2− 2ϵ)

(
4π

s

)3ϵ ∫ 1

0
dx

∫ x

0
dy

(1− x) (x− y)

(x+ iε) (y − iε)

×
(

x

y (x− y)2 (1− x)2

)ϵ

2F1

(
1, 1− ϵ, 2− 2ϵ;

(1− x) (y − x)

y − iε

)
.

(C.37)
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To obtain this form, we let m2
2 = sx and m2

1 = sy. Reduced to this form, we can check

that the integral is finite as ϵ→ 0. In fact,

Φ4 (Σ5) =
πΓ3 (1− ϵ)

12 (16π2)3 Γ3 (2− 2ϵ)

(
4π

s

)3ϵ

(ζ2 − 1 +O (ϵ)) . (C.38)

In other words, this does not produce an additional ϵ pole as the previous integrals did.

We verify this result by matching to explicit computations of diagrams involving this cut,

such as the fifth diagram in Tab. 4.

C.5 Extracting Leading Phase Space Divergences

In the main text we found, perhaps surprisingly, that it was important to take into

account 4-cuts when working at subleading logarithmic or subleading divergence order.

Naively, simple power counting arguments suggest that 4-cuts only begin to contribute

at sub-subleading order, one order below the considerations of this paper. However, the

explicit computation of the type of 4-particle phase space integral in (C.26a) and (C.26b)

reveals that the phase space integral itself contributes an enhancement in the divergence, as

we demonstrated in (C.32). For intuition, in a Feynman diagram perturbative expansion,

such contributions would come from 4-cuts of diagrams involving propagator corrections,

such as the last diagram in Tab. 4. While for the cases of interest of this paper the enhanced

phase space integrals could be computed analytically, if one wants to push this analysis

beyond subleading order then higher-multiplicity cuts will be needed, which promise to be

increasingly difficult to compute analytically. To this end, we use this subsection to present

a simple approach, in the spirit of the method of regions [37, 38], to extract the leading

divergence and derive the phase space enhancement.

In order to demonstrate the approach to extracting the leading divergence we consider

(C.26a), whose reduction into mass integrals is given in (C.29). We first note that the

parameter ranges are 0 ⩽ m2
1 ⩽ m2

2 and 0 ⩽ m2
2 ⩽ s. For simplicity, we now define

x = sm2
2, y = sm2

1, (C.39)

along with

A = ϵ− 3, B = −ϵ (L+ 1) , C = 1− 2ϵ, D = 1− 2ϵ, (C.40)

such that the phase space integral takes the cleaner form

Φ4 (Σ1) =
πΓ3 (1− ϵ)

12 (16π2)3 Γ3 (2− 2ϵ)

(
4π

s

)(L+3)ϵ ∫ 1

0
dx

∫ x

0
dy xAyB (1− x)C (x− y)D .

(C.41)

The new parameter ranges are 0 ⩽ y ⩽ x and 0 ⩽ x ⩽ 1. Since we are interested in the

leading divergence, we immediately take the ϵ→ 0 limit of the integral prefactor:

lim
ϵ→0

πΓ3 (1− ϵ)

12 (16π2)3 Γ3 (2− 2ϵ)

(
4π

s

)(L+3)ϵ

=
π

12 (16π2)3
. (C.42)
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Figure 6. Singularity structure of the Φ4 (Σ1) mass integral. In the left figure, the integrand

becomes singular as x→ 0, which is also the location where the different facets converge. In order

to analyze the x→ 0 singularity, we changed variables from y to z = y/x, which yields the diagram

on the right. The letters on the figure correspond to the exponents associated with each line. For

example, in the left figure, the diagonal line x− y = 0 is associated to the exponent D in (C.41).

We draw the corresponding integration domain in Fig. 6. In the ϵ → 0 limit, only

the exponent A leads to a singularity, however, as can be seen from Fig. 6 the facets for

singularities corresponding to A, B and D all converge at the point x = y = 0. In order

to correctly analyze the genuine singularity from x → 0, we perform a further variable

redefinition:

y = xz. (C.43)

z has the range 0 ⩽ z ⩽ 1 (since the maximum value of y is x), and the transformation

(x, y) → (x, z) carries a Jacobian factor dxdy = x dxdz, such that the phase space integral

becomes

Φ4 (Σ1)

∣∣∣∣
lead. div.

=
π

12 (16π2)3

∫ 1

0
dxxA+B+D+1 (1− x)C

∫ 1

0
dz zB (1− z)D . (C.44)

With this judicious choice of variable change, the singularities of the integration region

(see the right plot in Fig. 6) are now nicely separated and the integral factorizes. The z

integral is immediately convergent:

lim
ϵ→0

∫ 1

0
z−ϵ(L+1) (1− z)1−2ϵ dz =

1

2
. (C.45)

On the other hand, the x integral is divergent near x = 0. Focusing on a region near x = 0

by imposing a cutoff δ ≪ 1, we find

lim
ϵ→0

∫ δ

0
x−1−(L+2)ϵ dx = − δ−(L+2)ϵ

(L+ 2) ϵ
. (C.46)

Combining these two integrals with (C.44), we conclude that the leading divergence is

Φ4 (Σ1)

∣∣∣∣
lead. div.

= − π

12 (L+ 2) (16π2)3 ϵ
, (C.47)

which corresponds with the result obtained by expanding the fully integrated result, (C.32).
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