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Abstract
Let A be a union-closed family of sets with universe |J,. 44 = [n] = {1,---,n} and length £. We
prove that |A| < Zf:o (), with equality if and only if A = Uf:o (n['i) Additionally, by showing that

Al < % +2"(1 — 279P for any nonnegative integer p, we establish for all integers 1 < k < n that

SF (1) < B 4271 - 2777, where p = |(n — k)/ log, (k)] + 1.

1. Introduction

Let A be a finite family of distinct finite sets (at least one of which is nonempty) with universe U(A) =
Uaea A denoted by [n] = {1,--- ,n}. Ais called union-closed if X1, X> € A implies that X; UX> € A. Such
families have gained popularity by way of the union-closed sets conjecture, also known as Frankl’s conjecture,
which states that in any union-closed A, there must be an element from [n] that appears in at least half of
its member sets (see [1-2] for an overview of many related results). One result, proved by Reimer in [4],
can be expressed as an implicit least upper bound for the size of A, namely |A| < (2/1og, |A]) > 4c 4 4]
(or |A| < 42X Aca IA\/IAI)_

A chain C in A is a subfamily of A such that X1, X2 € C implies that (X1 C X2) V (X2 C X1), and the
length of A, denoted by ¢ := £(A), is one less than the maximum size of a chain in A. A result of Erdds
(see Theorem 5 of [3]) states that any family of sets A (not necessarily union-closed) has size less than or
equal to the sum of the largest £+ 1 binomial coefficients of n. In the present work, we prove that imposing
the union-closed constraint on A tightens this upper bound to be the sum of the first, rather than largest,
£ 4+ 1 binomial coefficients. In a similar vein, we also provide an upper bound for the sum of the first k
binomial coefficients of any positive integer n. Denote by (f ) the family of r-subsets of a set S. The two
main theorems are stated as follows:

Theorem 1. For any union-closed family A with universe [n] and length ¢,

¢
with equality and if and only if A= U ( [n] )

Theorem 2. For all integers 1 < k < n,

where



2. Proof of Theorem 1

We prove the theorem by induction on universe size. For the base case n = 1, the only union-closed families
are A = {1} and A = {{1} 0}. The former has £ = 0 and |A] = 3¢, (") = (}) = 1, while the latter
has £ = 1 and |A| = 3¢, (M) =)+ (5) =2 Forn > 1, we assume for the induction hypothesis that
all union-closed families A’ with |[U(A")| < n have |A'| < Zf;’g,) (|U<;4,)|), with equality if and only if
A = Uf(:“?)/) (\U[{.E{’A)/\)—i)' We let A be any union-closed family of sets with universe size n > 1 and length
L < n (Ifl=n, then the theorem is satisfied, as [A] < 3¢, (") = 2" with equality if and only if

A= o (7 [n] ) = 2[") For any z € [n], we define the following families:

A ={Ac A|zc A},
A ={A\ {2} | A A}
A; ={A e A|z¢ A}

We observe that A = A, UAz, A, N Az = 0, and | A, | = |A,| together imply that [A| = | A+ | Az|. Because
no member set of A, contains z, and [n] € A, implies that [n] \ {z} € A,, we have that |U(A,)| =n — 1.
Similarly, because no member set of Az contains x, we have that |Az| < n—1. Now, since A, is a subfamily
of A and £(A,) = £(A,), we have that £(A,) < £. Let £({0}) = 0. Noting that Az is a subfamily of A, that
[n] belongs to any chain of maximum size in .4, and that [n] does not belong to Az, we also have that either
£=0or £(Az) < ¢—1. Since A, is itself union-closed, we have by the induction hypothesis that

0(Ag) - 0(Ay) ¢
= ()2 (1) £ (07

i=0 =0

If Az = 0, then [A] = |A,| < 30, ("7") < 3, (7). If Az = {0}, then £ > 0 and |A| = |A;|+1 <
L+, (") € 0., (7). Else, A; # 0 and A; # {0}, and Aj; is union-closed as well as A,. In this
case, £ is again positive, and we apply the induction hypothesis to Az in order to obtain that

L(Az) L(Az) 0—1
PHESY ('U(f””) <y (”;1) <3 (”;1>

=0 =0 =0

Therefore, if Az # 0 and Az # {0}, then we have that

(Here, the equation Zf:o M = Zf:o (nfl) + Zf;; ("Zl) corresponds to case m = 1 of the identity

Zf:o (M =>" (" Z;:é (";m) for all lintegers 0 < k < n, where 0 < m < n.) This completes the
proof that |A] < 3¢ (7). Next, we show that [A| = S¢_ (7) if and only if A = U'_, (). That
Al =30, (") when A = Ui, (Tg’i) is clear from symmetry of the binomial coefficient. It remains to
show that the bound is only sharp if A = Uf o ( m ,), for which we now assume that |A| = Zf o (M) It

£=0,then |[A =3¢ (") = (;) =1, implying that A = {[n]} = () = UL, (™). Else, £ > 0, and we



have that >°0_ (%) = Soi, ("71) + 020 (*71). Noting that [A] = |Aq| + |As| and [A.] < 30, ("7,

we then have that |Az| > ei ("i 1). It again follows that Az is union-closed. (Otherwise, Az = () and
Azl =0>S0) ("7") > 1, a contradiction, or Az = {0} and |Az| =1 > PO o ("7") implies that (=1,
making A = {[n], 0}, which then implies that n = 1, again a contradiction). Therefore |Az| < Z (" ) 1),

which implies that both |A,| = 3>0_, ("7') and |Az| = S ("71). It follows that U(Az) = [n]\ {m} with

U(Ay) = €. (If not, then [A,| = A (VA < 53 (722) or |4, | = ) (VAN < 52T (1)
a contradiction.) Therefore, Ap = Ue (<[ ]7\1{1}) by the induction hypothesis. Similarly, it also follows
that U(Az) = [n] \ {z} with £(Az) = K -1 (When ¢ =1, having z ¢ A for any A € Az implies that
|Az| = 1, making ¢(Az) = 0 = £ — 1.) Applying the induction hypothesis now to .4z, we obtain that
Az = Uf;é ( ["]\{z}.)A We thus have that

(n—1)—1

A=A UA; = {AU{a} | A€ AJUAs
-Gl e (LU (10)
-~y e (L (7))

k3

(2)0(")
-u()

Therefore, |A| = ZZ 1 (%) implies that A = UZ 0 ( ml ,), completing the proof of Theorem 1.

Corollary 2.1. For any union-closed family A, there is an element from its universe [n] that is in at most
S ("7") of its member sets.

(3

Proof. Because |A| < Zl o (%), it holds that A\ UZ 0 (" [n] )l < |Uf o (n" ) \ A|. We also have that
|X| < |Y] for any X € A\ U, ( nl ) and Y € U, ( ) \ A. Together these observations imply that

n— ’L

Sacaldl < ZAEUf:O () A = 32 o(n —)(7). Because Y, 4 |A|l = 2 wcin) Me], we also have that
Y wein) Mel < Zf on —4)(7). It follows that [A,| < 3¢ (1 — l)(") for some y € [n]. (If not, then
| As| > Yiso(1=3)(}) for all & € [n], implying that 3=, cry [e| > n(i_o (1= 1)) = Xio(n—1)(;), a
contradiction.) Finally, considering that Zi:o(l — £)(7) is equal to the size of A, for A = U o ( ”].) and

7 n—i

any z € [n], we have by double counting that S°¢_ (1 — £)(7) = 32¢_, (,"7,), making |4,| < Zi:o "7h.

1=0 \n—i—1 7

3. Proof of Theorem 2

Let A be any union-closed family with universe [n] and length ¢, and consider any chain C = {C1,--- ,Cey1}
in A of maximum size, where 1 < ¢ < j < £+ 1 implies that C; C C; without loss of generality. Because
every member set of A is a subset of [n], and [n] must belong to A, we have that C1 = [n]. Let [0] = (. For
each i € [{], we define

D= {X\(Ci\Cimn) | X i},

where C; :{X c A ‘ (CZ\CZJA C X) /\(Xﬁ U Cj\Cj+1 :(D)}

jEli—1]

Theorem 3.1. For any i € [{], if Ciy1 # 0, then D; is union-closed.

Proof. Let i be any element of [¢] such that C;11 # (. Assuming any X1, X2 € C;, we first have that
(C»L \ C¢+1 - X1) A (C»L \ Ci+1 - X2) = \ C¢+1 C X; U X3 and (X1 n Uje[i—l] Cj \ Cj+1 =

0) A (XaNUjepCi\Civ1 =0) = (X1 UX2) NUje;1yC5 \ Citr = 0. Hence, X1 U X satisfies



both conditions for membership in C;. Because C; € C; and C; # 0, it then follows that C; is union-closed.
Now, assuming any Y1,Y2 € D;, we have that Y1 U (C; \ Cit1) € C; and Yo U (C; \ Ci41) € C;. Since C; is
union-closed, we then also have that (Y1 U (C; \ Cit1)) U (Y2 U (Ci \ Cit1)) = (Y1 U Y2) U (Ci \ Ciy1) € Cs.
It follows that ((Yl @] Y2) @] (Cz \ Ci.i,-l)) \ (Cz \ Ci+1) =Y, UYs € D;. Because Ci+1 € D; and Ci+1 7é (Z), it
then follows that D; is also union-closed, proving Theorem 3.1.

)
Theorem 3.2. Al =1+ Z |D; .

i=1

Proof. We first have that A\ {Cit1} = U ¢ Ci- (If not, then there exists some X € A\ {C¢y1} such that
either X - Ce+1 or Jdi € [Z] | (@ - (Cz \ C¢+1) NnXx - C; \ Ci+1 A V] c [’L - 1] | (CJ \Cj+1) NnNX = @), and
it follows that either {C4,--- ,Cot1,X} or {C1, -+ ,C;,Ciy1 U X, Cij1,--+ ,Cey1} is a chain in A of size
£+ 2, contradicting the definition of £.) Next, we observe that C; N C; = @ for any distinct ¢ and j in [£].
(Otherwise, there exist distinct ¢ and j in [/] with at least one member set X in C; NC;, where j < ¢ without
loss of generality, and X € C; implies that C; \ Cj4+1 C X, while X € C; and j € [i — 1] together imply that
X N(C;\ Cj+1) =0, a contradiction.) It follows that [A\ {Cet1}] = Zle |Ci|, making |A] =1+ Zle ICi].
Finally, because C; \ Ci+1 C X for any ¢ € [{] and any X € C;, we have that |D;| = |C;| for each ¢. It then
follows that |A| = 1+ 32, | D], proving Theorem 3.2.

Lemma 3.3. |U(D;)| <n—1i and {(D;) < ¢ for all i € [{).

Proof. For all i € [¢], |U(D;)| < n — i follows from having X N'U,c; €5 \ Cj+1 = 0 for any X € D;, and
£(D;) < ¢ follows from ¢(C;) = £(D;) and C; being a subfamily of A.

‘We now define ©: Z%O — Z>o such that

e _11 £ 2Y(1— 277,

O(x,y,2) =

We prove by induction that, for any nonnegative integer p, |A| < ©(¢,n,p) for all union-closed families
A with universe [n] and length ¢. For the base case p = 0, we have that |A| < ©({,n,p) = 2" for any
such A. For p > 0, we again let A be any union-closed family with universe [n] and length ¢, and we
assume for the induction hypothesis that any union-closed family A’ with universe of size n’ and length ¢’
satisfies |A'| < ©(¢',n’,p — 1). By Theorem 3.1, we apply this hypothesis to all families D;: i € [¢] that
have Ci+1 # 0 in order to obtain that |D;| < ©(¢(D;), |U(D;)|,p — 1) for all such i. (If Ciy1 = 0, then
we may directly compute that |D;| = ©(4(D;), |U(D;)|,p — 1) = ©(0,0,p — 1) = 1.) Noting that O(z,y, z)
is always increasing with respect to each of the variables x and y, it then follows from Lemma 3.3 that
|D;| < ©(f,n —i,p—1) for all i € [£]. Recall that by Theorem 3.2, |A] = 1+ >%_, |D;|. We substitute
O(¢,n —i,p — 1) into this equation for every |D;| to obtain an upper bound for the size of A as follows:

£
Al=1+3IDi

i=1
4

i=1

Y L I e
:1+;(ﬁ+2 (1-27y")

-1 _ £ )
=1 +£(€p£_711) +(1—27 5t ;2”*2

_fp—l —L\p—1/6n n—~¢
= oy -2
-1 n —o\p
=T+ (127
=O((,n,p).

This resolves the induction step. It follows that |A| < minpez,,{©({, n,p)} for any union-closed family A
with universe [n] and length £.



For all integers 1 < k < n, we set A equal to J5_, (") to obtain that =% ( (7) < minpez.,{O(k,n,p)}.

As p € Z>o, this completes the proof of Theorem 2.
To demonstrate that p is optimal, we compute that ©(k,n,p + 1) < ©(k, n,p) if and only if

—k
<1 by nk
pElos ey B8 = gt/ — 2 h)

Thus, © is decreasing with respect to p if and only if p < Llog2(k

%J, and it follows that

@(k,n, {WJ T 1) = O(k,n.9) = min {O(k,n,p)}

References
[1] H. Bruhn and O. Schaudt, The journey of the union-closed sets conjecture, Graphs Combin. 31 (2015),
2043-2074.

[2] S. Cambie, Progress on the union-closed conjecture and offsprings in winter 2022-2023, preprint (2023),
arXiv:2306.12351.

[3] P. Exd8s, On a lemma of Littlewood and Offord, Bull. Amer. Math. Soc. 51 (1945), 898-902.
[4] D. Reimer, An average set size theorem, Combin. Probab. Comput. 12 (2003), 89-93.



