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Abstract: We construct symmetry generators and operators for JT̄ -deformed conformal

field theories by generalizing the framework established for T T̄ deformations [1]. Working

in the Hamiltonian formalism on the plane, we derive the symmetry algebra of the deformed

theory, which consists of a local Virasoro-Kac-Moody algebra in the left-moving sector and

a non-local counterpart in the right-moving sector. This algebraic structure guides the

definition of two operator classes: dressed operators, which transform as primaries under

the deformed symmetries, and local physical operators. While dressed operators are local

only in the left null direction, physical operators maintain locality in both directions and

are constructed from dressed operators and currents. This formulation allows the power-

ful constraints of conformal symmetry to be leveraged for computing physical observables.

Consequently, we employ conformal perturbation theory to compute the two-point and N -

point functions of physical operators. In momentum space, we sum the most UV-sensitive

contributions to all orders; the results show precise agreement with string theory predic-

tions. Furthermore, a non-perturbative analysis of the position-space correlator reveals an

instanton contribution, providing a complete characterization of the correlation functions.
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1 Introduction

The AdS/CFT correspondence [2–4] provides the most successful realization of the holo-

graphic principle, positing that quantum gravity in Anti-de Sitter (AdS) space is equivalent

to a conformal field theory (CFT) in one lower dimension. This duality has led to profound

insights, such as Strominger and Vafa’s microscopic derivation of the Bekenstein-Hawking

entropy for supersymmetric black holes with an AdS3 near-horizon geometry [5]. Further-

more, the deep connection between spacetime geometry and quantum entanglement [6, 7]

has offered a powerful framework for addressing the black hole information paradox [8–10].

However, the central role of AdS spacetime is also a key limitation: generic black holes
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and the astrophysically relevant spacetimes of cosmology typically lack an isolated AdS

region. This fact motivates the exploration of holographic dualities beyond the standard

AdS/CFT paradigm.

A step toward understanding realistic black holes holographically was made by the

Kerr/CFT correspondence [11–17] and its three-dimensional avatar, holography for warped

AdS3 (WAdS3) [18–21]. A key feature of these proposals is an SL(2,R)L × U(1)R symme-

try, which constitutes the isometry of both WAdS3 and the near-horizon geometry of the

extremal Kerr black hole [22]. Compared to the full SL(2,R)L × SL(2,R)R isometry of

AdS3/CFT2, this reduced symmetry suggests that the holographic dual breaks the right-

moving conformal symmetry while potentially preserving the left-moving one. Further

intuition comes from a top-down approach that embeds WAdS3 into string theory, treating

the dual as a deformation of AdS3/CFT2. Supergravity analyses indicate this deformation

is generally irrelevant, driven by an operator of conformal dimension (1, 2) [23–26].

The JT̄ deformation [27] provides a concrete example of a (1, 2) deformation that leaves

the left-moving conformal symmetry intact. In this construction, J is a U(1) current and T̄

is the current associated with right-moving translations. Similar to T T̄ deformations [28–

30], the JT̄ deformation exhibits a solvable structure. Notably, its spectrum on a cylinder

admits a universal expression in terms of the undeformed data, the deformation parameter,

and the cylinder radius [27, 31], its torus partition function is modular covariant [32], and

the scattering amplitude is modified by a CDD factor [33].

In the context of holography, applying the standard (double-trace) JT̄ deformation

to a CFT2 corresponds to imposing a mixed boundary condition in the bulk [34], as it

is holographically dual to a change in boundary conditions [35–37]. To achieve a more

intrinsic deformation of the bulk geometry—a key ingredient in non-AdS holography, one

way to proceed is to consider the single-trace version of the JT̄ deformation, which is

currently well-defined only when the undeformed theory is a symmetric product CFT

[31, 38]. The untwisted sector of this single-trace theory is identical to its double-trace

counterpart, while the twisted sector can be constructed from the untwisted sector in a

manner analogous to standard symmetric product CFTs. A concrete realization of the

Kerr/CFT correspondence in three dimensions—featuring a warped AdS3 (WAdS3) bulk

geometry dual to a (1, 2)-deformed boundary—is provided by the TsT/single-trace JT̄

correspondence [31, 38]. This is constructed in IIB string theory with NS-NS flux, where the

WAdS3 background is generated by applying a TsT transformation, a solution-generating

technique [39, 40], to an AdS3 ×N background supported by NS-NS flux [38, 41–43].

The symmetry structure has been pivotal in developing the Kerr/CFT correspondence

and related proposals, and its manifestation in JT̄ -deformed CFTs is particularly illumi-

nating. As established through field-theoretic and holographic calculations [34, 44–46],

the left-moving conformal symmetries remain intact. The right-moving sector presents a

more different picture: although standard conformal symmetry is broken down to a global

translation, a non-local, field-dependent right-moving stress tensor emerges. The conserved

charges built from its associated current indeed satisfy the Virasoro algebra under the Pois-

son bracket. This intriguing symmetry structure immediately raises a pressing question:

how do these symmetries act to organize states and operators, and can they be used as a
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practical tool for calculating physical observables such as correlation functions?

In this paper, we study the interplay between symmetries and operators in JT̄ -deformed

CFTs, generalizing the strategy developed for T T̄ deformations [1]. Using a Hamiltonian

formalism [46, 47], we provide an explicit construction of symmetry generators and phys-

ical operators on the plane. This allows us to treat correlation functions via conformal

perturbation theory and compute the leading-log contributions to two-point correlation

functions to all orders in the deformation parameter. In momentum space, the resummed

result exhibits a CFT-like form but with a momentum- and charge-dependent effective

conformal weight. In position space, our analysis reveals a non-perturbative effect in the

position-space correlators, similar to that discovered in [48]. For earlier work on correlators

in JT̄ deformation, see [49–51].

In the Hamiltonian formalism [46, 47], JT̄ deformation on the plane is described by a

canonical flow

DλH = 0, Dλ ≡ ∂λ − i[X , ·] (1.1)

where X is a bilocal operator constructed from the stress tensor and the U(1) current.

We first construct the symmetries in the deformed theory, which possesses (Viraosor-Kac-

Moody)2, while the left-moving part is local and the remaining one is non-local.

Starting from an operator O(0)(0, y) on a initial slice t = 0, we discuss the following

three types of operators:

• Undeformed operators: Constructed via time evolution of initial operators

O(0)(t, y) = eiHtO(0)(0, y)e−iHt (1.2)

These are local operators, but do not have a clean symmetry structure.

• Dressed operators: Solutions to the flow equation

DλÕ = 0, Õ|λ=0= O(0) (1.3)

When the undeformed operator is a primary in the original CFT, the dressed op-

erator remains primary under the dressed conformal symmetries. These operators

are therefore well-organized by the symmetry, and their correlation functions retain

their CFT form. However, their highly non-local nature obscures their direct physical

significance.

• Physical operators:

Oh,h̄,q ≡
O(0)

h,h̄,q(
1− λJ̃+

)(
1− λJ̃+ + λ2k

4π HR

)h̄−1
(1.4)

We consider a primary operator in the undeformed CFT with conformal weights (h, h̄)

and chiral charge q. In the deformed theory, the physical operator is constructed ex-

plicitly from local operators, such as the chiral current J̃+ and the right-moving

stress tensor component HR. This distinguishes it from the non-local dressed opera-

tors, which depend on integrated quantities. For this reason, we refer to the physical

operator as “local.”
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The physical operators can also be rewritten in terms of dressed operators:

Oh,h̄,q(u, v) =

∫
dσ2δ(U(σ+, σ−)− u, V (σ+, σ−)− v)e−iλq

∫ σ−
H̃R(σ−′)dσ−′Õh,h̄,q(σ

+, σ−)

(1.5)

Here, (u, v) are null coordinates and (U, V ) are field-dependent coordinates. The dressed

primary operator Õh,h̄,q is defined as the solution to the flow equation (1.3) with the initial

condition of being a primary operator in the undeformed CFT. This expression organizes

calculations via symmetries, as all operators on the right-hand side are covariant under the

canonical flow and maintain the standard CFT OPE. In particular, the computation of

correlation function is now turned into a conformal perturbation problem. Consequently,

we can compute correlation functions to all orders in the deformation parameter λ in both

momentum and position space.

In momentum space we sum over the most dominant terms in UV to obtain the all-

order perturbative result:

〈
Oh,h̄,q(p, p̄)Oh,h̄,−q(−p,−p̄)

〉
∼ πΓ (1− 2hλ)

Γ (2hλ)

(
|p|
2

)4hλ−2

(1.6)

where

hλ = h− iλqp̄

2π
− λ2kp̄2

8π2
, h̄λ = h̄− iλqp̄

2π
− λ2kp̄2

8π2
(1.7)

The two-point function we obtain maintains the structural form of a CFT correlator, albeit

with a momentum- and charge-dependent shift in the conformal weight. This result agrees

precisely with findings from the TsT/JT̄ correspondence [52]. Furthermore, it mirrors the

behavior observed in momentum-space calculations for T T̄ -deformed theories [1, 53, 54],

suggesting a universal feature of such solvable deformations.

We further analyze the two-point function in position space. Its leading logarithmic

contributions can be organized into a formal power series in the variable

K ≡ −λ
2k

4π2
log|x|2

(x̄− λq
π log|x|2)2

, (1.8)

which we sum using Borel resummation. For generic values of K-corresponding to a broad

range of spacetime separations-the series is directly Borel summable. However, for K ∈
R+, standard Borel resummation fails due to a branch point on the integration path.

This is a common obstruction in resurgence theory, typically requiring a non-perturbative

completion. In our case, taking the Cauchy principal value of the Borel integral reveals

that the full result includes an instanton-like contribution that is exponentially suppressed

at small K.

The final answer for the two-point function in position space exhibits distinct scaling

regimes. At long distances (IR), it shows the standard CFT power-law decay, x−2hx̄−2h̄,

with unshifted conformal weights. At short distances (UV), it becomes proportional to

x−2h(log|x|2)−h̄ in zero charge sector and x−2h(log|x|2)−2h̄ in non-zero charge sector, pre-

serving the left-moving power law but displaying a milder, logarithmic decay in the right-

moving sector. Due to the intact left-moving conformal symmetry, the UV divergence
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persists—a key difference from T T̄ deformation. In the crossover region, the correlator

develops oscillatory and cusp structures, whose physical origin remains an open question.

The rest of this paper is organized as follows. In Section 2, we discuss the symmetry

structure and explicitly construct the dressed stress tensor and U(1) current that generate

it. In Section 3, we construct physical operators and derive their Ward identities with the

dressed symmetries. In Section 4, we solve for the dressed operators at the classical level

and provide an inverse relation expressing physical operators in terms of dressed ones. In

Section 5, we lift this construction to the quantum level, where we compute correlation

functions in both momentum space and position space.

2 Nonlocal symmetries in JT̄ deformation

In this section, we discuss the dressed symmetries, which is nonlocal in the original coordi-

nates and will serve as preliminary ingredients for constructing the operators in this paper.

The basic logic is the same as we did in [1] for T T̄ deformation.

2.1 JT̄ deformation as a canonical transformation

In this subsection, we establish the basic setup for JT̄ deformation, adapting the method-

ology from the prior analysis of T T̄ deformation [1, 47]. For any two-dimensional quantum

field theory with two commuting conserved currents, one can define a class of solvable

deformations by adding a composite current-current operator to the action:

∂S

∂λ
=

∫
d2xOd.f , Od.f = −1

2
ϵabϵµνJµaJνb, (2.1)

where λ is the deformation parameter and S denotes the deformed action at λ. The

currents Jµa are conserved: ∂µJµa = 0. Different choices of the currents lead to different

deformations. In this work, we focus on the JT̄ deformation, where the two currents are

taken as:

J1 = Judu+ Jvdv, J2 = Tvudu+ Tvvdv, (2.2)

with u = y + t, v = y − t being light-cone coordinates.

This type of deformation can be analyzed in the Hamiltonian formalism. On a constant-

time slice, the flow of the Hamiltonian takes the form

∂λH = −
∫
dyOd.f (y). (2.3)

On a cylinder with spatial circle of circumference R, we can introduce a Green’s function

G(y− y′) satisfying ∂yG(y− y′) = δ(y− y′)− 1/R, using which and the conservation laws,

the Hamiltonian flow can be rewritten as

∂λH = i[X , H] + Y, (2.4)

with

X = −1

2

∫
dydy′G(y − y′)Jta(y)Jtb(y

′)ϵab,

Y = − 1

2R

∫
dydy′ ϵµνϵabJµa(y)Jνb(y

′).

(2.5)
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When considering the theory defined on the plane (R→ ∞), the term Y vanishes, and the

deformation reduces to a canonical transformation generated by X , preserving the energy

spectrum while mixing states in the Hilbert space. We distinguish three types of operators

in the deformed theory: undeformed, dressed, and physical operators (the latter introduced

in Section 3). The first two were studied in earlier works in T T̄ deformed CFTs [47],

and their definitions carry over analogously to JT̄ due to the similar structure of the flow

equation. Undeformed operators are evolved with the deformed Hamiltonian:

O(0)(t, y) = eiHtO(0)(0, y)e−iHt. (2.6)

They remain local but do not respect the symmetries of the undeformed theory along the

flow, complicating the analysis of correlation functions. Dressed operators Õ, also called

flowed operators, are defined as covariantly constant under the deformation:

DλÕ = 0, with Dλ = ∂λ − i[X , ·], Õ|λ=0= O(0). (2.7)

These preserve important properties such as chirality, conservation laws, and algebraic

structures along the flow. Their correlation functions remain unchanged compared to the

undeformed theory, mimicking those of a CFT2. However, they are non-local in space,

making their physical interpretation less transparent.

In summary, undeformed operators are local but symmetry-disordered, while dressed

operators preserve symmetry structure at the cost of locality. In Sec. 3, we will introduce

a new class—physical operators—that aim to combine the advantages of both: locality and

compatibility with symmetry organization.

2.2 The JT̄ deformed stress tensor and currents

We denote the action of the JT̄ deformed CFT2 schematically by

S[ϕ] =

∫
d2xL(ϕ(x), ∂µϕ(x)), (2.8)

where ϕ collectively denotes the fundamental fields. The translational invariance is pre-

served under the JT̄ deformation, generated by the stress tensor which can be obtained

via Noether’s theorem 1,

Tµ
ν = ηµ

νL − ∂µϕ
∂L
∂∂νϕ

(2.9)

We obtain the Hamiltonian density by a Legendre transformation,

H = πϕ∂tϕ− L, πϕ =
∂L
∂∂tϕ

(2.10)

1Note that we have assumed that the stress tensor takes the standard form (2.9), which works for a

class of theories including free theories. These theories typically do not have classical central charges. For

theories like Liouville theory, the stress tensor has to be modified and our subsequent discussions do not

apply directly.
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It follows that the stress tensor can be expressed as

Ttt = H, Tty =
∂H

∂ (∂yϕ)

∂H
∂πϕ

, Tyt = πϕ∂yϕ ≡ P

Tyy = V̂ [H]−H, V̂ = πϕ
∂

∂πϕ
+ ∂yϕ

∂

∂ (∂yϕ)

(2.11)

Unlike the T T̄ deformation, which preserves Lorentz symmetry, the JT̄ deformation ex-

plicitly breaks it, leading to a non-symmetric stress tensor. To discuss JT̄ deformations,

we assume that the original undeformed theory contains a compact scalar field ψ, so that

the undeformed Lagrangian has a decomposition as follows

L(0) =
k

2π

(
(∂tψ)

2 − (∂yψ)
2
)
+ L(0)

m (ϕm, ∂µϕm), (2.12)

where k is the level of the U(1) symmetry, and L(0)
m is a CFT which doesn’t depend on ψ.

The undeformed Hamiltonian density is given by

H(0) =
π

2k
π2ψ +

k

2π
(∂yψ)

2 +H(0)
m (πϕm , ϕm, ∂yϕm) (2.13)

We assume a shift symmetry ψ → ψ + ϵ persists after turning on the JT̄ deformation.

Then the Noether current can be viewed as the momentum along the target space direction

ψ, with components given by:

Jt ≡ πψ, Jy ≡
∂H
∂∂yψ

λ→0
=

k

π
∂yψ (2.14)

In addition to the Noether currents, a topological current exists following from the identity

ddψ = 0, with components given by:

Kt ≡
k

π
∂yψ, Ky ≡

k

π

∂H
∂πψ

λ=0
= πψ (2.15)

The charge of the topological current can be viewed as the winding number which counts

how many times the worldsheet parameterized by y winds around the target spacetime

coordinate ψ. The winding charges take discrete values and can be non-zero if the world-

sheet has non-trivial topology. The translational and topological currents can be linearly

combined into two new currents

J±α ≡ Jα ±Kα

2
, (2.16)

which in the undeformed limit are chiral and anti-chiral currents, respectively,

lim
λ→0

J+u ≡ J (0)
+ , lim

λ→0
J+v = 0,

lim
λ→0

J+v ≡ −J (0)
− , lim

λ→0
J−u = 0,

(2.17)

As we will show later, the chirality property is not preserved after the JT̄ deformation,

due to the mixing between left and right-moving sectors. For this reason, we will refer to
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these currents as quasi-chiral currents. Nevertheless, the t components of these currents

still have the same functional expression in terms of the phase space variables:

J±t =
πψ ± k

π∂yψ

2
= J (0)

± , (2.18)

This means that the conserved charges do not flow with the deformation,

QL ≡
∫

J+tdy, QR ≡
∫

J−tdy (2.19)

It is possible to define JT̄ deformations by choosing any of the aforementioned currents

as the U(1) current in (2.2). In this paper, we consider JT̄ deformation generated by the

quasi-chiral current J+µ:

∂λH = −OJT̄ = ϵαβJ+αTvβ (2.20)

For convenience, we introduce the energy density in light-cone coordinates

HL ≡ Tut =
H+ P

2
, HR ≡ −Tvt =

H−P
2

, u = y + t, v = y − t (2.21)

Using the expressions of the stress tensor (2.11) and current (2.16), (2.18), we can rewrite

the flow equation (2.20) as a flow equation of HR

∂λHL = ∂λHR = −J (0)
+

∂HR

∂∂yϕ

∂HR

∂πϕ
+

1

2
HR

(
∂HR

∂yψ
+
k

π

∂HR

∂πψ

)
(2.22)

Now let us solve the above equation on the constant time slice t = 0. Assuming the

deformed right-moving energy HR as a functional of its undeformed counterparts and

J (0)
+ , and use the initial condition that the undeformed theory is a CFT, we can find the

following solution of the flow equation [46]:

HR =
2π

λ2k

(
1− λJ (0)

+ −
√(

1− λJ (0)
+

)2
− λ2k

π
H(0)
R

)
, HL = HR + P (2.23)

By substituting the solution (2.23) into (2.11), we obtain all the components of the stress

tensor and the quasi-chiral current in null coordinates,

Tuu = HL, Tuv = 0, Tvu =
λJ̃+HR

1− λJ̃+

Tvv =
HR

1− λJ̃+

J+u = J̃+ +
λk

2π

λJ̃+HR

1− λJ̃+

, J+v =
λk

2π

HR

1− λJ̃+

(2.24)

where we have introduced the notation

J̃+ = J (0)
+ +

λk

2π
HR (2.25)

From the above solution (2.24), it is evident that the current J+µ is no longer a chiral

current once the deformation is turned on. However, as the v component of the current is

proportional to that of the right-moving stress tensor, we can construct a chiral current

J̃+α = J+α − λk

2π
Tvα (2.26)
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The v component is zero and the u component satisfies J̃+u = J̃+. It is interesting to note

that the following Sugawara-type combination is invariant under the flow,

∂λ(HL − π

k
J̃ 2
+) = 0 (2.27)

We can also invert the above relations between (HR, J̃+) and (H(0)
R ,J (0)

+ ) for later conve-

nience,

H(0)
R = HR

(
1− λJ̃+ +

λ2k

4π
HR

)
J (0)
+ = J̃+ − λk

2π
HR

(2.28)

Although initially derived on the t = 0 slice by solving the flow equation, the relations

(2.23) and (2.25) between the deformed and undeformed currents can be extended to any

constant-time slice through time evolution dictated by the deformed Hamiltonian. That

is, these relations hold at any time t, provided the operators at different time slices are

connected by the appropriate time evolution.

H(0)
L/R(t, y) = eiHtH(0)

L/R(0, y)e
−iHt, HL/R(t, y) = eiHtHL/R(0, y)e

−iHt

J (0)
+ (t, y) = eiHtJ (0)

+ (0, y)e−iHt, J̃+(t, y) = eiHtJ̃+(0, y)e
−iHt

(2.29)

While the definition of the undeformed currents is consistent with the undeformed operator

in (2.6), it is crucial to note a fundamental distinction: these “undeformed” operators agree

with those in the original CFT2 only at the initial time slice t = 0. On a later time slice,

the undeformed operator O(0) within the JT̄ deformed theory evolves according to the

deformed Hamiltonian, whereas its counterpart in the original CFT2 evolves under the

undeformed Hamiltonian.

2.3 The dressed symmetry generators: stress tensor and chiral currents

In this subsection, we construct the dressed stress tensor and dressed chiral currents in

the JT̄ deformed CFT2 by solving the flow equation (2.7). From (2.26), we can see the

deformation can be generated by J̃+µ equivalently

∂λH = −OJT̄ = ϵαβJ+αTvβ = ϵαβJ̃+αTvβ = 2J̃+Tvv (2.30)

The flow operator is then given by

XJT̄ =

∫
dydy′G(y − y′)J̃+(y)HR(y

′) (2.31)

To understand the symmetry structure of the theory, we will solve the flow equation, which

at the classical level is given by

DλÕ = 0, Dλ ≡ ∂λ + {XJT̄ , ·}, Õ|λ=0= O(0). (2.32)

In the following, we will solve the above equation for the dressed stress tensor H̃L, H̃R,

and currents J̃±.
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The left-moving sector. Using the Poisson brackets2 collected in Appendix A.1, we

find that the left-moving stress tensor and the chiral currents are both covariant, namely,

DλHL = 0, H̃L = HL (2.33)

DλJ̃+ = 0, (2.34)

Using the above covariantly constant currents, we can construct an infinite number of

symmetry generators that also satisfy the flow equation (2.32),

L̃m ≡ im+1

∫
dy um+1HL, J̃m ≡ im

∫
dy umJ̃+ (2.35)

In particular, the left-moving energy is given by HL = L̃−1, which is the same relation

as in CFT2 on the plane. From the relation between the chiral current and quasi-chiral

current (2.28), we learn the charges corresponding to the two currents are related by

QL = J̃0 −
λk

2π
HR (2.36)

which is in agreement with the charge flow flow relation obtained in JT̄ deformation [31,

34, 38]. By construction, the stress tensor and U(1) current in the left-moving sector are

both local, indicating that the left-moving Virasoro-Kac Moody algebra is preserved under

the JT̄ deformation, as observed earlier in [44]. We will come back to the symmetry algebra

and confirm this point later.

The right-moving sector. To determine the dressed stress H̃R and U(1) current J̃− in

the right-moving sector, let us first examine how Dλ acts on HR and J−t; the result are

DλHR = ∂y (Dλη̄0) , DλJ−t = ∂y (Dλχ̄0) (2.37)

where

η̄0 ≡
∫
dy′G(y − y′)HR(y

′), χ̄0 ≡
∫
dy′G(y − y′)J−t(y

′). (2.38)

The above structure is reminiscent of the construction of T T̄ deformation [1], in which case

the non-local coordinate [55] plays an essential role. We expect the non-local coordinate

[56] observed in JT̄ deformation is also useful in the construction of symmetry generators.

On the plane, let us define the non-local coordinate

v̂ ≡ v + δv̂, δv̂ ≡ −λχ0 +
λ2k

4π
η̄0. (2.39)

where

χ0 ≡
∫
dy′G(y − y′)J̃+(y

′). (2.40)

2The Poisson brackets here lack a classical central term, a consequence of our choice of stress tensor

(2.11). It would be interesting to explicitly study cases where a classical central charge appears; we leave

this for future work.
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We observe the following useful relations

Dλ

(
1

n!
HR (−δv̂)n

)
= ∂y

(
1

n!
(Dλη̄0) (−δv̂)n

)
− 1

(n− 1)!
(Dλη̄0) (−δv̂)n−1 (2.41a)

Dλ

(
1

n!
J−t (−δv̂)n

)
= ∂y

(
1

n!
(Dλχ̄0) (−δv̂)n

)
− 1

(n− 1)!
(Dλχ̄0) (−δv̂)n−1 (2.41b)

where we have used

Dλη̄0 = −
(
χ0 − λk

2π η̄0
)
HR

1− λJ̃+

, Dλχ̄0 = −
(
χ0 − λk

2π η̄0
)
J (0)
−

1− λJ̃+

, Dλχ0 = 0, (2.42)

The relation (2.41) directly yields the solution to the flow equation (2.32)

H̃R ≡
∞∑
n=0

(−1)n

n!
∂ny (HRδv̂

n) , J̃− ≡
∞∑
n=0

(−1)n

n!
∂ny (J−tδv̂

n) (2.43)

The above solution can be regarded as a functional relation on an arbitrary constant time

slice. In other words, currents on both sides of the equality, as well as the quantity δv̂,

should be regarded as a function of the coordinates (t, y). Using the non-local coordinate

transformation discussed in detail in Appendix B, we find a useful integral relation be-

tween the dressed currents and the deformed currents (B.7), which we reprodunce here for

convenience, ∫
dy′f(y′)H̃R(y

′ − t) =

∫
dy′f(y′ + δv̂(t, y′))HR(t, y

′)∫
dy′f(y′)J̃−(y

′ − t′) =

∫
dy′f(y′ + δv̂(t, y′))J−t(t, y

′)

(2.44)

where f(y) is an arbitrary function which vanishes sufficiently fast at infinity. In particular,

we find that the dressed currents evaluated on the non-local coordinates are related to the

deformed and undeformed currents as

H̃R(v̂) =

(
∂v̂

∂y

)−1

HR(t, y) =

(
∂v̂

∂y

)−2

H(0)
R (t, y),

J̃−(v̂) =

(
∂v̂

∂y

)−1

J−t(t, y) =

(
∂v̂

∂y

)−1

J (0)
− (t, y)

(2.45)

where the nonlocal coordinate is defined in (2.39) and

∂v̂

∂y
= 1− λJ̃+(t, y) +

λ2k

4π
HR(t, y) (2.46)

It is interesting to note that the relative factor between the dressed and undeformed currents

in (2.45) closely resembles the one resulting from a conformal transformation. However,

the coordinate transformation applied here is non-local, field-dependent, and, furthermore,

it mixes the left and right-moving sectors. These characteristics make a straightforward

interpretation as a conformal transformation highly obscure. Nevertheless, this intriguing

connection certainly warrants further investigation.
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From the dressed currents (2.43), we obtain the following covariantly-constant sym-

metry generators in the right-moving sector,

˜̄Lm ≡ (−i)m+1

∫
dyvm+1H̃R = (−i)m+1

∫
dy(v + δv̂)m+1HR = (−i)m+1

∫
dyv̂m+1HR

˜̄Jm ≡ (−i)m
∫
dyvmJ̃− = (−i)m

∫
dy(v + δv̂)mJ−t = (−i)m

∫
dyv̂mJ−t

(2.47)

where the second equality is obtained by applying integration by parts, and we have used

the nonlocal coordinate introduced in (2.39). In particular, we find the expression for the

right-moving energy and quasi-anti-chiral U(1) charge,

HR = ˜̄L−1 QR = ˜̄J0 (2.48)

Unlike the charge flow (2.36) appearing in the left-moving sector, the right-moving U(1)

charge corresponding to the quasi-anti-chiral current is just the zero mode of the anti-chiral

current ˜̄J−.

The dressed symmetry algebra. As argued in [1, 46, 47], the flow equation preserves

conservation laws and chirality conditions. As the dressed currents flow covariantly under

the JT̄ deformation and have definite chirality property before the deformation, they re-

main conserved and satisfy the chirality condition along the JT̄ flow. Now we verify this

directly using the explicit form of the dressed currents. The total coordinate dependence

comprises both explicit and implicit contributions, so the derivative expands as

∂u ≡ 1

2

(
∂y + ∂̆t + { · , H}

)
, ∂v ≡

1

2

(
∂y − ∂̆t − { · , H}

)
(2.49)

where ∂y denotes the full derivative with respect to y, and ∂̆t denotes taking the derivative

with respect to the explicit time dependence. We note that on any functionals of χ0, η̄0,

and local operators, ∂y coincides with the Poisson bracket {·, P}, while ∂u similarly acts

as {·, HL}. Then we have

∂vHL = −{HL, HR} = −{HL,
˜̄L−1} = 0, ∂uH̃R = {H̃R, HL} = {H̃R, L̃−1} = 0

∂vJ̃+ = −{J̃+, HR} = −{J̃+,
˜̄L−1} = 0, ∂uJ̃− = {J̃−, HL} = {J̃−, L̃−1} = 0

(2.50)

Thus, the left-moving currents HL and J̃+ are holomorphic, while the right-moving dressed

currents H̃R and J̃− are antiholomorphic.

Finally, we obtain the algebra between the dressed symmetry generators, which repro-

duces the algebraic structure of their undeformed counterparts: two commuting copies of

the Witt algebra, together with a U(1) Kac-Moody algebra,

i{L̃n, L̃m} = (n−m)L̃n+m, i{J̃n, J̃m} = mkδm,−n, i{L̃n, J̃m} = −mJ̃m+n

i{ ˜̄Ln, ˜̄Lm} = (n−m) ˜̄Ln+m, i{ ˜̄Jn, ˜̄Jm} = mkδm,−n, i{ ˜̄Ln, ˜̄Jm} = −m ˜̄Jm+n

i{L̃n, ˜̄Lm} = i{L̃n, ˜̄Jm} = i{J̃n, ˜̄Lm} = i{J̃n, ˜̄Jm} = 0

(2.51)
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To summarize, we solve the deformed stress currents in terms of the undeformed ones

(2.23), and construct their dressed counterparts by solving the flow equation (2.32). In

the left-moving sector, we find a Virasoro-Kac Moody algebra generated by local currents:

The deformed stress tensor component HL directly solves the flow equation and remains

chiral; The chiral current (2.25) constructed from a linear combination of the quasi-chiral

current and right-moving stress tensor is also covariantly constant. The effective of the

JT̄ deformation yields a flowed chiral charge (2.36) and a deformed stress tensor (2.23),

but nevertheless still preserves local conformal symmetry. In the right-moving sector,

however, the solution to the flow equation (2.32) is no longer local, but instead an infinite

sum (2.43) involving the non-local coordinate (2.39). From the dressed currents we can

construct infinitely many conserved charges, which under the Poisson bracket form two

commuting sets of Virasoro-Kac-Moody algebra (2.51).

3 The physical operators

In this section, we define physical operators and discuss their transformation under the

symmetries.

In the previous section, we worked out the symmetry generators. The natural next

question is to how these symmetries act on operators. Let us first consider the undeformed

operators, which at t = 0 are primary operators with conformal weights (h, h̄) and chiral

charge q under the chiral symmetry in the undeformed CFT2, satisfying the following

Poisson brackets{
H(0)
L (y1) ,O(0)

h,h̄,q
(y2)

}
=
{
H

(0)
L ,O(0)

h,h̄,q
(y2)

}
δ (y1 − y2) + hO(0)

h,h̄,q
(y2) ∂y1δ (y1 − y2){

H(0)
R (y1) ,O(0)

h,h̄,q
(y2)

}
=
{
H

(0)
R ,O(0)

h,h̄,q
(y2)

}
δ (y1 − y2)− h̄O(0)

h,h̄,q
(y2) ∂y1δ (y1 − y2){

J (0)
+ (y1) ,O(0)

h,h̄,q
(y2)

}
= −iqO(0)

h,h̄,q
δ(y1 − y2)

(3.1)

The Poisson brackets above are preserved under time evolution as given in (2.6) and there-

fore valid at any time. However, the undeformed currents are no longer conserved under the

deformed Hamiltonian and thus do not generate any symmetries. The physical relevance of

the undeformed stress tensor remains unclear, despite its simple Ward identity. To study

the symmetry structure, we instead analyze the transformation of the operators under the

dressed symmetries constructed in the previous section. The Poisson brackets between the

dressed currents (2.43) with the undeformed operators are lengthy and not very illuminat-

ing. It is simpler to present instead the Ward identities in terms of the conserved charges.

For instance, the zero mode generators yields the following,

i{L̃0,O(0)

h,h̄,q
(y)} = u∂uO(0)

h,h̄,q
(y) +

(
h+ λB(0)

J

)
O(0)

h,h̄,q
(y)

i{ ˜̄L0,O(0)

h,h̄,q
(y)} = v∂vO(0)

h,h̄,q
(y) + ∂v

(
(δv̂ +

λ2k

4π
η̄0)O(0)

h,h̄,q
(y)

)
+
(
h̄+ λB(0)

R − iλqη̄0

)
O(0)

h,h̄,q
(y)

i{J̃0,O(0)

h,h̄,q
(y)} = qO(0)

h,h̄,q
(y) +

iλk

2π
∂vO(0)

h,h̄,q
(y)

(3.2)
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where

B(0)
J = − h̄J̃+

1− λJ̃+

, B(0)
R =

λk

2π

(h̄− 1)HR

1− λJ̃+

(3.3)

The derivatives are defined in (2.49) and act as Poisson brackets, ∂u = {·, HL} and ∂v =

−{·, HR}, on any functional of δv̂, η̄0, O(0)

h,h̄,q
, HL, and HR. Compared to that of CFT, the

above Ward identities receive two types of modifications: the appearance of B(0)
J and B(0)

R ,

which formally resemble a field-dependent shift of the conformal weights; and terms with

δv̂ or η̄0 ∂v acting on O(0)

h,h̄,q
. The flow equations possess a similar structure

DλO
(0)

h,h̄,q
(y) = ∂v

(
(−χ0 +

λk

2π
η̄0)O(0)

h,h̄,q

)
− iqη̄0O(0)

h,h̄,q
+
(
B(0)
J + B(0)

R

)
O(0)

h,h̄,q
(3.4)

As we have explicitly shown in the previous section, the conformal invariance is preserved

in the left-moving sector, which implies the existence of local operators that transform as

primary operator under the left-moving Virasoro algebra. The extra B(0)
J appearing in the

first line of (3.2) must be canceled by a modification of the operator. Furthermore, the

appearances of the two extra terms B(0)
J and B(0)

R are similar in both the Ward identities

and flow equations. This motivates us to define a new operator Oh,h̄,q so that the two extra

terms both disappear. Inspired by the construction in T T̄ deformations [1], we dress the

undeformed operator in the following expression:

Oh,h̄,q ≡
(
1− λJ̃+

)a(∂v̂
∂y

)b
O(0)

h,h̄,q
(3.5)

where the exponents a, b are to be determined. The factor ∂v̂
∂y originates from the rela-

tion between the deformed and undeformed currents (2.45) and the nonlocal coordinate

transformation (B.1), while the factor (1 − λJ̃+) comes from the Jacobian determinant

(B.3). Crucially, the flow equations for these operators and their Poisson brackets with the

dressed symmetry generators retain the same structure as in (3.2) and (3.4), but with the

extra factors replaced by:

B(0)
J → BJ = −(h̄+ a+ b)J̃+

1− λJ̃+

, B(0)
R → BR =

λk

2π

(h̄+ b− 1)HR

1− λJ̃+

(3.6)

As mentioned before, requiring the operator to be a primary operator under the left-moving

conformal symmetry imposes the condition

BJ = 0 =⇒ a+ b = −h̄ (3.7)

The similarity between BJ and BR in the flow equation and the transformation law further

motivates us to require BR = 0 as well. The two conditions can be satisfied simultaneously

by choosing a = −1, b = −h̄ + 1. This yields the following definition of physical operator

in JT̄ deformed CFT as:

Oh,h̄,q ≡
O(0)

h,h̄,q(
1− λJ̃+

)(
1− λJ̃+ + λ2k

4π HR

)h̄−1
= det

[
∂x̂

∂x

](
∂v̂

∂y

)−h̄
O(0)

h,h̄,q
(3.8)
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Similar to the T T̄ deformed CFTs [1], the relation between the physical operator and the

undeformed operator is also determined by the nonlocal coordinate transformation, with

the Jacobian determinant multiplied by a factor that resembles a right-moving conformal

transformation. Comparing with T T̄ case, however, we now have a stronger argument for

the physical operator (3.8): vanishing of one of the extra coefficients (3.7) is a consequence

of local conformal symmetry in the left-moving sector. While the motivation of requiring

BR = 0 is less compelling, this choice leads to a relation between the physical operator

(3.8) and the undeformed operator that resembles a non-local conformal transformation.

As we will show in next section, the physical operator will be a key ingredient to build the

dressed operators which solve the flow equation (2.32).

So far we have motivated the definition of the physical operator (3.8) using the Ward

identities of the zero mode generators (3.2). Let us represent the remainng Ward identities.

The left-moving Ward identities. The physical operator transforms as a primary

under the left-moving conformal symmetry,

i{L̃m,Oh,h̄,q} = imum+1∂uOh,h̄,q + im(m+ 1)humOh,h̄,q

i{J̃m,Oh,h̄,q} = imum
(
qOh,h̄,q +

iλk

2π
∂vOh,h̄,q

)
= imum

(
qOh,h̄,q +

iλk

2π
{HR,Oh,h̄,q}

)
(3.9)

Here m ∈ Z. Note that the Poisson bracket with the chiral charge acquires an additional

term which comes from the flow of the charge (2.36). This is more evident in the momentum

space, with the physical operators defined by the Fourier transformation

Oh,h̄,q(pL, pR) = FpL,pR [Oh,h̄,q(u, v)] ≡
∫
dudve−ipLu+ipRvOh,h̄,q(u, v) (3.10)

Then the physical operator will transform as

i{L̃m,Oh,h̄,q(pL, pR)} = (−1)m(m+ 1)(h− 1)
∂mOh,h̄,q(pL, pR)

∂pmL

+ (−1)m+1pL
∂m+1Oh,h̄,q(pL, pR)

∂pm+1
L

, m ≥ −1

i{J̃m,Oh,h̄,q(pL, pR)} = (−1)mq̃
∂mOh,h̄,q(pL, pR)

∂pmL
, q̃ = q +

λk

2π
pR, m ≥ 0

(3.11)

which means that the physical operator Oh,h̄,q(pL, pR) transforms as a primary under the

left-moving symmetry with chiral charge q̃, consistent with charge flow (2.36).

The right-moving Ward identities. The transformation of the physical operator un-

der the right-moving Virasoro generator, however, involves the non-local variables,

i{ ˜̄Lm,Oh,h̄,q} =

(
(−i)mv̂m+1 + (m+ 1)

λ2k

4π
η̄m

)
∂vOh,h̄,q

+ (m+ 1)

(
(−i)m

(
h̄+

λ2k

2π

HR

1− λJ̃+

)
v̂m − iλqη̄m

)
Oh,h̄,q, m ∈ Z

(3.12)
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where η̄m, χ̄m is the extension of the zero mode version (2.38):

η̄m(t, y) ≡ (−i)m
∫
dy′G(y − y′)(y′ − t+ δv̂)mHR(y

′)

χ̄m(t, y) ≡ (−i)m
∫
dy′G(y − y′)(y′ − t+ δv̂)mJ−t(y

′)

(3.13)

The Ward identity in momentum space is given by

i{ ˜̄Lm,Oh,h̄,q(pL, pR)} = (m+ 1)(h̄− 1)

m∑
k=0

(−1)km!

k! (m− k)!

∂kFpL,pR [(−iδv̂)m−kOh,h̄,q]

∂pkR

+ pR

m+1∑
k=0

(−1)k(m+ 1)!

k! (m+ 1− k)!

∂kFpL,pR [(−iδv̂)m+1−kOh,h̄,q]

∂pkR

− i(m+ 1)λ

(
q +

λk

4π
pR

)
FpL,pR [η̄mOh,h̄,q], m ≥ −1

(3.14)

Furthermore, if the operator O(0)

h,h̄,q
carries anti-chiral charge q̄ under J (0)

− , as defined by

the Poisson bracket:

{J (0)
− (y1),O(0)

h,h̄,q
(y2)} = −iq̄O(0)

h,h̄,q
δ(y1 − y2), (3.15)

then after the JT̄ deformation, the corresponding physical operator satisfies the following

additional Ward identity:

i{ ˜̄Jm,Oh,h̄,q} =

(
(−i)mv̂mq̄ + (−i)m−1m

(
λ2k

4π

J−t

1− λJ̃+

)
v̂m−1 − imχ̄m−1λq

)
Oh,h̄,q

+mχ̄m−1
λ2k

4π
∂vOh,h̄,q, m ∈ Z

(3.16)

and the Ward identity in momentum space

i{ ˜̄Jm,Oh,h̄,q(pL, pR)} = q̄

m∑
k=0

(−1)km!

k! (m− k)!

∂kFpL,pR [(−iδv̂)m−kOh,h̄,q]

∂pkR

− imλ

(
q +

λk

4π
pR

)
FpL,pR [χ̄m−1Oh,h̄,q], m ≥ 0

(3.17)

4 The dressed operators

In this section, we derive the dressed operators by explicitly solving the flow equation (2.7)

at the classical level, with the initial condition that they are primary operators in the

undeformed theory. The physical operator (3.8) provides a convenient starting point as

the flow equation is simplified significantly as compared to the undeformed ones. In the

following, we will first solve the flow equation by expressing the dressed operators in terms

of the physical operators, and then inverse the relation.
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4.1 Construction of the dressed operators

Acting the covariant derivative Dλ on the physical operator (3.8), we get

DλOh,h̄,q = ∂v

(
(−χ0 +

λk

2π
η̄0)Oh,h̄,q

)
− iqη̄0Oh,h̄,q (4.1)

To proceed, we first multiply the physical operator by a factor of eiλqη̄0 to absorb the charge

term in the flow equation (4.1), so that the right-hand side is a total derivative.

Dλe
iλqη̄0Oh,h̄,q = −∂v

(
(χ0 −

λk

2π
η̄0)e

iλqη̄0Oh,h̄,q

)
(4.2)

The resulting expression formally resembles the total differential of a function under a shift

from (u, v) to (u, v+ δv̂), with the key distinction that the differential element δv̂ depends

on the coordinates and is placed inside the derivatives. We can define a similar structure

at order n

Õ(n)

h,h̄,q
≡ 1

n!
∂nv

(
(−δv̂)neiλqη̄0Oh,h̄,q

)
(4.3)

This leads to the following recursion relation:

DλÕ
(n)

h,h̄,q
=M (n) −M (n+1) (4.4)

where

M (n) ≡ n

n!
∂nv

(
(χ0 −

λk

2π
η̄0)(−δv̂)n−1eiλqη̄0Oh,h̄,q

)
(4.5)

The recursion relation thus yields the following solution for the dressed operator:

Õh,h̄,q(u, v) ≡
∞∑
n=0

1

n!
∂nv

(
(−δv̂)neiλqη̄0Oh,h̄,q

)
(4.6)

DλÕh,h̄,q = 0

Since the JT̄ deformation on the plane is a canonical transformation, the algebra of dressed

operators is preserved. Consequently, the dressed operators defined in (4.6) are primary

operators with conformal weights (h, h̄) and chiral charge q under the dressed symmetry

generators
i{L̃m, Õh,h̄,q} = (m+ 1)hxmÕh,h̄,q + xm+1∂xÕh,h̄,q

i{ ˜̄Lm, Õh,h̄,q} = (m+ 1)h̄x̄mÕh,h̄,q + x̄m+1∂x̄Õh,h̄,q

i{J̃m, Õh,h̄,q} = qxmÕh,h̄,q

(4.7)

where x = iu and x̄ = −iv are complex coordinates in Euclidean space. Furthermore, if the

primary operator O(0)

h,h̄,q
is charged under J (0)

− with q̄ in the undeformed CFT, it follows

that the corresponding dressed operator satisfies:

i{ ˜̄Jm, Õh,h̄,q} = q̄x̄mÕh,h̄,q (4.8)
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4.2 Alternative expressions of the dressed operators

For an arbitrary function f(u, v) that decays sufficiently rapidly, integration by parts on

(4.6) reveals that:∫
dudvf(u, v)Õh,h̄,q(u, v) =

∫
dudvf(u, v̂)eiλqη̄0Oh,h̄,q(u, v) (4.9)

where the nonlocal coordinates are defined in (2.39). This formula allows us, similar to the

case of dressed symmetry generators, to derive a set of useful relations between the dressed

and physical operators through appropriate choices of the function f(u, v).

• Applying the choice f(u, v) = e−ipLu+ipRv, we have the operator in momentum space

Õh,h̄,q(pL, pR) ≡ FpL,pR [Õh,h̄,q(u, v)] =

∫
dudve−ipLu+ipRvÕh,h̄,q(u, v)

=

∫
dudve−ipLu+ipRv̂eiλqη̄0Oh,h̄,q(u, v)

(4.10)

This relation establishes two equivalent expressions of the dressed momentum-space

operator: by definition, it is the Fourier transform of the dressed operator in (u, v)

coordinates; equivalently, it is obtained by decomposing the composite operator

eiλqη̄0Oh,h̄,q(u, v) into a plane-wave basis with respect to the nonlocal coordinates

(u, v̂).

• Applying the function

f(u′, v′) = δ(u′ − u, v′ − v̂(v)), (4.11)

we establish the relation between the dressed and the physical operator:

Õh,h̄,q(u, v̂) =
eiλqη̄0(1− λJ̃+)Oh,h̄,q(u, v)

(1− λJ̃+ + λ2k
4π HR)

, (4.12)

The left-hand side of the equation is obtained by replacing the coordinate v with the

nonlocal coordinate v̂ in the dressed operator (4.6). This yields a closed form relation:

the dressed operator in the auxiliary space (u, v̂) is related to a local functional of

the physical operator at (u, v).

• Furthermore, combining this with the relation between the physical and undeformed

operators, we find

Õh,h̄,q(u, v̂) = eiλqη̄0
(
1− λJ̃+ +

λ2k

4π
HR

)−h̄
O(0)

h,h̄,q
(u, v) (4.13)

To give the dressed operator living in the original coordinate (u, v), we employs

the inverse nonlocal coordinate transformation U(σ+, σ−) and V (σ+, σ−), which are

field-dependent functions of arbitrary variables σ+, σ− defined as

U(σ+, σ−) ≡ σ+

V (σ+, σ−) ≡ σ− + λ

∫
G(σ+ − u′)J̃+(u

′)du′ − λ2k

4π

∫
G(σ− − v′)H̃R(v

′)dv′
(4.14)
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Plugging the non-local coordinates (u, v̂) in we get back the the (u, v) coordinates

U(u, v̂) = u, V (u, v̂) = v (4.15)

This gives another expression for the dressed operator,

Õh,h̄,q(u, v) =
eiλq

∫
G(v−v′)H̃R(v′)(1− λJ̃+(u))

h̄(
1− λ2k

4π H̃R(v)
)h̄ O(0)

h,h̄,q
(U(u, v), V (u, v)) (4.16)

Therefore we express the dressed operator on the physical space (u, v) in terms of

undeformed operators that depend on the nonlocal variables (U, V ).

4.3 Physical operators from dressed operators

Finally, applying

f(u, v) = e−iλq
∫ v H̃R(v′)dv′δ(U(u, v)− u0, V (u, v)− v0) (4.17)

We get

Oh,h̄,q(u0, v0) =

∫
dudvδ(U(u, v)− u0, V (u, v)− v0)e

−iλq
∫ v H̃R(v′)dv′Õh,h̄,q(u, v) (4.18)

We may rename the integration variables u and v on the right-hand side as σ±, since they

are dummy variables, and omit the subscripts of (u0, v0), which are arbitrarily chosen. This

yields a formal expression for the physical operator in terms of the dressed ones.

Oh,h̄,q(u, v) =

∫
dσ2δ(U(σ+, σ−)− u, V (σ+, σ−)− v)e−iλq

∫ σ−
H̃R(σ−′)dσ−′Õh,h̄,q(σ

+, σ−)

(4.19)

Note that the delta function on the right-hand side localizes the integral to the points

satisfying V (σ+, σ−) = v. As we show in (4.15), the solution is 3

σ+ = u, σ− = v̂(u, v), (4.20)

We can also perform a Fourier transform by substituting

f(u, v) = e−iλq
∫ v H̃R(v′)dv′e−ipLU(u,v)+ipRV (u,v), f(û, v̂) = e−iλqη̄0(u,v)e−ipLu+ipRv (4.21)

into (4.9). It follows that the physical operator in momentum space takes the form

Oh,h̄,q(pL, pR) =

∫
dudve−iλq

∫ v H̃R(v′)dv′e−ipLU(u,v)+ipRV (u,v)Õh,h̄,q(u, v)

= FpL,pR [e
ipRλ

∫ u J̃+(u′)du′−iλ
(
q+

λkpR
4π

) ∫ v H̃R(v′)dv′
Õh,h̄,q(u, v)]

(4.22)

To summarize, we have explicitly constructed the dressed operators by solving the flow

equation. These are given either by the infinite sum in (4.6), or by the closed expressions

in (4.16) written in terms of operators on nonlocal variables. We also give an expression for

the physical operators in terms of dress operators, which allows us to lift that to quantum

level and calculate the correlation function.
3We assume that there are no other solutions to V (σ+, σ−) = v.
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5 Correlation functions

Having defined the local physical operators in JT̄ -deformed CFTs and expressed them in

terms of dressed operators, we now calculate their correlation functions by leveraging the

Virasoro-Kac-Moody symmetry.

The classical definitions of the physical operators in position space (4.19) and momen-

tum space (4.22) were based on the Poisson bracket structure. To quantize them, we adopt

the same prescription as in [1]: the quantum operator relation between the physical and

dressed operators is given by the same formal expression as their classical counterparts,

supplemented by normal ordering. Explicitly, the position-space operator is defined as:

Oh,h̄,q(u, v) =

∫
dσ2δ(U(σ+, σ−)− u, V (σ+, σ−)− v)e−iλq

∫ σ−
H̃R(σ−′)dσ−′Õh,h̄,q(σ

+, σ−)

(5.1)

which is the same as (4.19) but assuming normal ordering on the right-hand side.

The flow equation in position space

Let us consider the flow equations of the correlation functions under JT̄ deformation.

Flow equations for correlation functions in T T̄ deformation were discussed in the literature

[1, 47, 57]. Using the relation (5.1) between physical operators and dressed operators, we

have

∂λ
〈
Oh,h̄,q(u, v)...

〉
=

∫
dσ2
〈((∫ σ+

du′J̃+(u
′)− λk

2π

∫ σ−

dv′H̃R(v
′)

)
∂vδ(U(σ+, σ−)− u, V (σ+, σ−)− v)Õh,h̄,q(σ

+, σ−)

− iq

∫ σ−

dv′H̃R(v
′)δ(U(σ+, σ−)− u, V (σ+, σ−)− v)Õh,h̄,q(σ

+, σ−)
)
...
〉

(5.2)

where we have used the invariance of dressed operator correlation functions under the

canonical flow, so that the derivative acts only on the explicit λ-dependence. Substituting

the relation between the dressed and deformed stress tensors from (B.11), the flow equation

becomes:

∂λ
〈
Oh,h̄,q(u, v)...

〉
=
〈
ϵij
(
− ∂v

(∫ (u,v)

dx′jJ+i(x
′)Oh,h̄,q(u, v)

)

+ iq

∫ (u,v)

dx′jTvi(x
′)Oh,h̄,q(u, v)

)
...
〉 (5.3)

Series expansion

To compute the correlation function, we switch to the momentum space

Oh,h̄,q(pL, pR) ≡
∫
dudve−ipLu+ipRv

[
e
ipRλ

∫ u J̃+(u′)du′−iλ
(
q+

λkpR
4π

) ∫ v H̃R(v′)dv′
Õh,h̄,q(u, v)

]
(5.4)
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which is identical to (4.22) but with the right-hand side understood as normal ordered. We

now compute the correlation function in Euclidean signature, adopting the following Wick

rotation:
u→ −ix, v → ix̄, pL → −ip, pR → −ip̄

H̃L(u) →
T (x)

2π
, H̃R(u) →

T̄ (x̄)

2π
, J+(u) →

j(x)

2π

(5.5)

And it → tE becomes the Euclidean time. This yields the following expression for the

physical operator in momentum space:

Oh,h̄,q(p, p̄) =

∫
dx2eipx+ip̄x̄−

iλ
2π [p̄

∫ x dx′j(x′)+(iq+λkp̄
4π )

∫ x̄ dx̄′T̄ (x̄′)]Õh,h̄,q (x, x̄) (5.6)

The operator in square brackets takes the form of a Wilson line like dressing of the dressed

operator. As discussed in Section 2, the Ward identities involving the dressed currents

j(x), T̄ (x̄) and the dressed operators Õh,h̄,q(x, x̄) are preserved along the flow and retain

the same form as in the undeformed CFT. This allows us to compute correlation functions

between physical operators by expanding the Wilson line like dressing factor as a power

series, and thus evaluate the correlation function order by order using the Ward identities.

For the two-point function, we obtain the following momentum space expansion:

⟨Oh,h̄,q(p, p̄)Oh,h̄,−q(−p,−p̄)⟩ =
∑

n1,n̄1,n2,n̄2

[n1, n̄1;n2, n̄2] (5.7)

where

[n1, n̄1;n2, n̄2]

=

(
− iλ

2π

)n1+n̄1
(
iλ
2π

)n2+n̄2
p̄n1+n2

(
iq + λkp̄

4π

)n̄1+n̄2

n1! n̄1!n2! n̄2!

∫
dxdx̄ eipx+ip̄x̄ Gn1,n̄1;n2,n̄2(x, 0)

Gn1,n̄1;n2,n̄2 (x1, x2) =
〈
: χn1

j χ̄
n̄1

T̄
Õh,h̄ (x1) :: χ

n2
j χ̄

n̄2

T̄
Õh,h̄ (x2) :

〉
χj(x) =

∫ x

dx′j(x′), χ̄T̄ (x̄) =

∫ x̄

dx̄′T̄ (x̄′)

(5.8)

Here, we adopt a point splitting regularization

: χn(x)Õ(x) :=

∮
x+ϵ

dw

2πi

1

w − x
χn(w)Õ(x)− (log(ϵ)-divergence) (5.9)

Our procedure is as follows: we first perform the perturbative calculation up to second

order. We then demonstrate that the leading UV contributions can be resummed into a

closed form, which takes the same form as the result derived from string theory in [52].

5.1 Correlation functions in momentum space

The zeroth order two-point function is identical to the undeformed CFT correlator, ex-

pressed in position space and momentum space as:

G(x, x̄)(0) =
1

|x|4h
, G(p, p̄)(0) =

πΓ(1− 2h)

Γ(2h)

(
|p|
2

)4h−2

(5.10)
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where we have set h̄ = h for convenience. Applying the Ward identity,

⟨T̄ (w̄1)
N∏
i=1

Õi (xi)⟩ =

{
N∑
i=1

[
hi

(w̄1 − x̄i)
2 +

1

w̄1 − x̄i
∂x̄i

]}
⟨
N∏
i=1

Õi (xi)⟩

⟨j (w1)

N∏
i=1

Õi (xi)⟩ =
N∑
i=1

qi
w1 − xi

⟨
N∏
j=1

Õj (xj)⟩

(5.11)

and the correlation functions between chiral currents:

⟨j (w1) j (w2)⟩ =
k

(w1 − w2)2
(5.12)

we get

⟨χ̄T̄ (w1)
N∏
i=1

Õi(xi)⟩ =

{
N∑
i=1

[
− hi
w̄1 − x̄i

+ log(w̄1 − x̄i)∂x̄i

]}
⟨
N∏
i=1

Õi(xi)⟩

⟨χj(w1)

N∏
i=1

Õi(xi)⟩ =

{
N∑
i=1

qi log(w1 − xi)

}
⟨
N∏
i=1

Õi(xi)⟩

⟨χj(w1)χj(w2)⟩ = k log(w1 − w2)

(5.13)

The above formulas will serve as the building block for our perturbative calculation. From

the second and third lines of (5.13), we can see that the left-moving contribution can be

computed exactly, yields a factor of the form:

x
iλp̄q
π

+λ2k
4π2 p̄

2

(5.14)

For the right-moving part, at n-th order it will contribute a factor

1

n!

(
iλqp̄

π
+
λ2kp̄2

4π2

)n
(logn x̄+ an,n−1 log

n−1 x̄+ ...) (5.15)

As a final result, in momentum space we obtain a compact result:

G(p, p̄) =

∞∑
n=0

G(p, p̄)(n)

G(p, p̄)(n) =
1

n!

∫
dx2eipx+ip̄x̄

(
iλqp̄

π
+
λ2kp̄2

4π2

)n
An(log x̄)x

iλqp̄
π

+λ2kp̄2

4π2 G(x, x̄)(0)

(5.16)

where G(x, x̄)(0) = |x|−4h is the leading-order two-point function, and An(θ) is an n-th

order polynomial in θ with a unit leading coefficient:

An(θ) = θn + an,n−1θ
n−1 + ...+ an,0, θ = log x̄ (5.17)

We explicitly list the first two polynomials:

A1(θ) = θ − h− 1

2h
,

A2(θ) = θ2 +
6h2 + 11h+ 4

2h(2h+ 1)
θ − c

48h(2h+ 1)
− 4h4 + 4h3 − 3h2 − 21h− 12

4h2(2h+ 1)2

(5.18)
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Further details are provided in Appendix A.2. Forthermore, we can perform Fourier trans-

formation with respect to p, yielding:

G(x, p̄) =

∞∑
n=0

G(x, p̄)(n)

G(x, p̄)(n) =
1

n!

∫
dx̄eip̄x̄

(
iλqp̄

π
+
λ2kp̄2

4π2

)n
An(log x̄)x

iλqp̄
π

+λ2kp̄2

4π2 G(x, x̄)(0)

(5.19)

The result demonstrates an exact shift of the left-moving conformal weight in the x-

direction by − iλqp̄
2π − λ2kp̄2

8π2 .

At each order of G(p, p̄), the dominant UV contribution comes from the leading log

term in An(log x). Summing these contributions gives a formal expression in momentum

space:

⟨Oh,h̄,q(p, p̄)Oh,h̄,−q(−p,−p̄)⟩ ∼
∫
dx2eipx+ip̄x̄|x|

2iλqp̄
π

+λ2kp̄2

2π2
1

|x|4h

=
πΓ(1− 2hλ)

Γ(2hλ)

(
|p|
2

)4hλ−2

, hλ = h− iλqp̄

2π
− λ2kp̄2

8π2

(5.20)

This produces a function analogous to a CFT two-point function with shifted conformal

weight hλ. We can take a close look at (5.20) in the Lorenzian signature. After the analytic

continuation to time direction introduced in [58] to (5.20), we get the Wightman 2-point

function in momentum space

⟨Oh,h̄,q(pL, pR)Oh,h̄,−q(−pL,−pR)⟩ ∼
π2θ(E − |P |)
2Γ(2hλ)2

(
|p|
2

)4hλ−2

(5.21)

where E ≡ pL+ pR and P ≡ pL− pR represent the energy and momentum of the operator.

The resulting shift in the conformal weight is given by:

hλ = h+
λqpR
2π

+
λ2kp2R
8π2

(5.22)

The leading log result (5.20) agrees with the result obtained from holographic calculation

in the TsT/JT̄ correspondence [52]. Finally, we can perform a similar calculation to the

N -point correlation functions, and we can get the following result,

⟨
N∏
i=1

Ohi,h̄i,qi
(pi, p̄i)⟩ ∼ Fpi,p̄i

 N∏
j=1

N∏
k ̸=j,k=1

|xj − xk|−
iλqj p̄k

π
−

λ2kp̄j p̄k

4π2 ⟨
N∏
i=1

Õhi,h̄i,qi
(xi, x̄i)⟩


(5.23)

5.2 Correlation functions in position space

To get the correlation function in position space, we can expand
(
iλqp̄
π + λ2kp̄2

4π2

)
in (5.20)

and replace each p̄ by the derivative acting on eip̄x. Then we perform integration by parts.

The 1/x̄ resulting from acting ∂̄ on An will not contribute to the leading log term. As a

result we have:

G(x, x̄) ∼
∫
dθδ(θ − log|x|2)e−θ

(
λq
π
∂x̄+

λ2k
4π2 ∂

2
x̄

)
G(x, x̄)(0) (5.24)
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Here we have introduced an auxiliary variable θ to avoid the terms coming from the commu-

tator between log|x|2 and ∂̄. The integral over θ is taken as the last step of the computation.

This is reminiscent of the star product in non-commutative field theory [59].

Borel resummation of the correlation function

We now perform a Borel resummation of the correlation function to analyze its non-

perturbative effects (see [60] for a review). A similar analysis was carried out for T T̄ -

deformed CFTs in [48]. We initiate the procedure by expanding the expression (5.24),

thereby generating a formal power series,

G(x, x̄) =
1

|x|4h
∞∑
r=0

∞∑
m=0

1

r!m!

(
−
λq log

(
|x|2
)

π

)r(
−
λ2k log

(
|x|2
)

4π2

)m
∂̄r+2mG(x, x̄)(0)

=
1

|x|4h
∞∑
r=0

∞∑
m=0

(2h)2m+r

r!m!
ZrWm

(5.25)

where (2h)2m+r ≡ Γ(2h+2m+ r)/Γ(2h) is the Pochhammer symbol and Z,W are defined

as

Z =
λq log

(
|x|2
)

πx̄
, W = −

λ2k log
(
|x|2
)

4π2x̄2
(5.26)

Splitting the Pochhammer symbol as (2h)2m+r = (2h)2m(2h+ 2m)r, we can sum over the

power series in Z and obtain

G(x, x̄) =
1

((1− Z)xx̄)2h
Y (K), Y (K) ≡

∞∑
m=0

(2h)2m
m!

Km (5.27)

where Y (K) is a series in the new varible K defined as

K ≡ W

(1− Z)2
= −λ

2k

4π2
log
(
|x|2
)

(x̄− λq
π log(|x|2))2

(5.28)

The series Y (K) is divergent as the coefficient grows factorially. Similar to T T̄ case [48], a

Borel resummation can be carried out. To do so, we first perform the Borel transformation

to Y (K) by dividing the original expansion coefficient by a factorial factor,

B[Y ](ζ) =

∞∑
m=0

(2h)m
m!m!

ζm = 2F1

(
h, h+

1

2
, 1, 4ζ

)
(5.29)

and then obtain the result of the original series formally by performing the following integral

S Y (K) =
1

K

∫ ei argK∞

0
B[Y ](ζ)e−

ζ
K dζ (5.30)

where the integration path is taken along a ray with the same argument as K. The

hypergeometric function possesses a branch point at ζ = 1
4 , indicating the presence of non-

perturbative effects. We now evaluate the integral (5.30), distinguishing between the case

where the integration path passes through the branch point and the case where it does not.
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Case I: K /∈ R+. In this case, the branch point ζ = 1
4 does not lie on the integration

path, and the series is directly Borel resummable, yielding

G(x, x̄) =
1

((1− Z)xx̄)2h
S Y (K) =

U
(
h, 12 ,−

1
4K

)(
λ2k
π2 x2 log(|x|2)

)h , arg(−K) ∈ (−π, π). (5.31)

As a sanity check, we can expand the above result as a power series of K. This corresponds

to performing an asymptotic expansion of the hypergeometric U function, which indeed

reproduces the original series (5.27), without introducing any non-perturbative effect.

Case II: K ∈ R+. In this case, the integration path goes through the aforementioned

branch point at ζ = 1
4 , which leads to a Stokes discontinuity in the integral (5.30). Let

S (±)Y (K) denote the integral (5.30) performed above and below the branch cut respec-

tively. The discontinuity is then given by

DiscY (K) = S (+)Y (K)− S (−)Y (K) (5.32)

=
iπ2−2h

Γ(h)Γ(h+ 1
2)
e−

1
4KK− 1

2
−hU

(
1− h,

3

2
,

1

4K

)
(5.33)

where we have used identities of the hypergeometric function (A.9) to single out the con-

tribution of the multi-value property. The correlation function is then proportional to the

principal value of the integral

G(x, x̄) =
1

((1− Z)xx̄)2h

(
S (±)Y (K)∓ 1

2
DiscY (K)

)

=

(
− 1
λ2k
4π2x2 log(|x|2)

)h
1

2Γ(2h)

[
cos(hπ)Γ(h)1F1

(
h,

1

2
,− 1

4K

)
+ sin(hπ)Γ(h+

1

2
)K− 1

2 1F1

(
h+

1

2
,
3

2
,− 1

4K

)]
, K ∈ R+

(5.34)

For small K, the correlation function possesses a trans-series expansion:

G(x, x̄) ∼ 1

((1− Z)xx̄)2h

∞∑
n=0

(2h)2n
n!

Kn

−
√
π

22h+1Γ(2h)((1− Z)xx̄)2h
e−

1
4KK−2h

∞∑
n=0

(1− h)n(
1
2 − h)n

n!
(−4K)n+

1
2

(5.35)

The first line recovers the perturbative series (5.28), and the second line comes from the

non-perturbative instanton contribution, which is exponentially suppressed as K → 0+.

The two series are comparable as Re(K) ∼ O(1), and therefore generate an effective UV

cutoff at the scale of λ
√
k.

Now we perform the analysis of the behavior of the correlation function in both the

q = 0 and q ̸= 0 sectors.
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Zero charge sector. When the chiral charge vanishes, the condition for instanton con-

tributions, K ∈ R+, is realized as follows:

For |x|> 1, Re(x̄) = 0 =⇒ tE = 0, x = iy, x̄ = −iy, (5.36a)

For |x|< 1, Im(x̄) = 0 =⇒ y = 0, x = x̄ = tE . (5.36b)

The IR- and UV-behaviors are summarized below,

• In the long-distance regime |x|≫ 1, we have Z → 0 and K → 0, so the correlation

function reduces to the CFT result:

G(x, x̄) ∼ 1

|x|4h
, |x|≫ 1. (5.37)

• In the very short-distance limit |x|≪ 1, the asymptotic behavior is given by

G(x, x̄) ∼
√
πC(h)

Γ(h+ 1
2)x

2h

(
1

λ2k
π2 log(|x|2)

)h
, (5.38)

where

C(h) =

{
e−iπh cos(hπ) Instanton sector

1 Non-instanton sector
(5.39)

In both cases, the very-short distance behavior looks like replacing x̄ in the CFT result

(5.37) by
√
log|x|2, while keeping the power-law dependence in x. The x−2h behavior

is as expected because the left-moving conformal invariance is still kept. On the other

hand, the replacement x̄−2h →
(
log|x|2

)−h
modifies the UV behavior drastically,

from being power-law divergent to vanishing. A similar replacement structure has

been observed in T T̄ -deformed CFTs [48], which happens in both the left and right

moving sectors so that the entire two-point function vanishes in the deep UV. In

the JT̄ deformation, however, the two-point function is still divergent due to the

preserved conformal symmetry in the left-moving sector. This is more evident in the

polar coordinate, |G(r, θ)|→ (r2 log r)−h in the polar coordinate. We learn that the

UV behaviour in the JT̄ case is milder than a CFT, but more divergent than the T T̄

case.

For illustration, we present numerical evaluations of the two-point function. For simplicity,

we consider the case of pure time-direction separation with y = 0. In the region tE ≥ 1, the

behavior is governed by (5.31), which exhibits monotonic decay. Instanton effects occur

for tE < 1, where the two-point function is given by (5.34). Thus, G(tE , tE) is described

by the piecewise function

G(tE , tE) =



(
−λ2k

4π2 t
2
E log

(
t2E
))−h

1
2Γ(2h)

[
cos(hπ)Γ(h)1F1

(
h, 12 ,

π2

λ2k

t2E
log(t2E)

)
+sin(hπ)Γ(h+ 1

2)

(
−λ2k

4π2

log(t2E)
t2E

)− 1
2

1F1

(
h+ 1

2 ,
3
2 ,

π2

λ2k

t2E
log(t2E)

)]
, tE < 1

(
λ2k
π2 t

2
E log

(
t2E
))−h

U

(
h, 12 ,

π2

λ2k

t2E
log(t2E)

)
, tE > 1

(5.40)
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As shown in Figure 1, the two-point function exhibits oscillatory behavior for tE < 1. These

oscillations are not periodic in nature. They arise from the interplay between the prefactor

and the extremal structures of the confluent hypergeometric functions 1F1

(
h; 12 ; z

)
and

1F1

(
h+ 1

2 ;
3
2 ; z
)
as z = π2

λ2k

t2E
log(t2E)

varies over the negative real axis. Within the interval

tE ∈ (0, 1), the argument z is monotonic functions of tE . The observed oscillations arise

from the interplay of the 1F1 functions and the prefactors. This results in a non-monotonic

profile with a finite number of extrema depending on the parameters h and λ. As λ

increases, the position of the oscillation moves toward tE = 1, while its amplitude is

suppressed. Larger values of h amplify the magnitude of these oscillatory behavior, and

the UV behavior acquires alternating signs due to the cos(hπ) factor.

(a) (b)

Figure 1: The zero charge sector: we consider the case x = x̄ = tE with fixed k = 1. The

UV behavior of the two-point function is controlled by (5.38). Figure 1(a) shows different

values of λ, and Figure 2(b) is for different h.

We also consider the two-point function with pure spatial separation, setting tE = 0.

In this case, the region y < 1 is governed by (5.31), while instanton effects occur for y > 1,

where the correlator is given by (5.34). The full dependence of G(iy,−iy) is thus described
by the piecewise function

G(iy,−iy) =



(
−λ2k

π2 y
2 log

(
y2
))−h

U
(
h, 12 ,−

π2

λ2k
y2

log(y2)

)
, y < 1

(
λ2k
4π2 y

2 log
(
y2
))−h

1
2Γ(2h)

[
cos(hπ)Γ(h)1F1

(
h, 12 ,−

π2

λ2k
y2

log(y2)

)
+sin(hπ)Γ(h+ 1

2)

(
λ2k
4π2

log(y2)
y2

)− 1
2

1F1

(
h+ 1

2 ,
3
2 ,−

π2

λ2k
y2

log(y2)

) ]
, y > 1

(5.41)

As shown in Figure 2, oscillatory features emerge near y = 1. The magnitudes of these

oscillations increase monotonically with both λ and h. Notably, the argument of the con-

fluent hypergeometric functions, π2

λ2k
y2

log(y2)
, is no longer monotonic for y > 1. The function

1F1 is also non-monotonic, leading to a non-monotonic variation of the 1F1 functions across

this regime.
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(a) (b)

Figure 2: The zero charge sector: we consider the case x = −x̄ = iy with fixed k = 1.

The UV behavior is controlled by (5.38). Again, the behavior of the two-point function is

shown for different values of λ and h.

Non-zero charge sector. Now we analyze the behavior of the two-point function in

the presence of non-zero chiral charge. In this case, instanton contributions arise when the

following conditions are satisfied:

For |x|> 1, Im(x̄) ̸= 0, Re(x̄) =
λq

π
log
(
|x|2
)

=⇒ y2 = e
π
λq
tE − t2E , (5.42a)

For |x|< 1, Im(x̄) = 0 =⇒ y = 0, x = x̄ = tE . (5.42b)

The (5.42a) defines a curve y(tE) along which the instanton solution is realized. Given

that |x|> 1, the condition

sign(λq) · tE > 0 (5.43)

must be satisfied. However, even when this holds, for |λq|> eπ
2 , the right-hand side of

(5.42a) can become negative for certain ranges of tE , causing the curve to split into two

disjoint curves.

In addition to the instanton effects, we also observe that a cusp appears in the two-

point function when Z = 1, corresponding to

x̄ =
λq

π
log|x|2. (5.44)

The 2-point function is continuous at this point, but its derivative exhibits a discontinuity.

Since the right-hand side of (5.44) is real, a solution exists only when y = 0. For |λq|> eπ
2 ,

one solution lies in the region |tE |> 1, while another solution always exists within |tE |< 1.

At the cusp, the correlation function takes a finite value in both the instanton and non-

instanton sectors. The IR- and UV-behaviors are summarized below:

• In the long-distance region |x|≫ 1, the parameter K becomes small, the correlation

function reduces to the CFT result,

G(x, x̄) ∼ 1

|x|4h
, |x|≫ 1. (5.45)
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• In the very short-distance region |x|≪ 1, Z becomes large while K remains small. In

this limit, the asymptotic behavior is given by

G(x, x̄) ∼ 1

x2h
(
x̄− λq

π log|x|2
)2h , |x|≪ 1. (5.46)

Thus, in the short-distance regime, the x̄-dependence of the correlation function is

effectively shifted to x̄− λq
π log|x|2.

To demonstrate the behavior of the two-point function for different chiral charges, we

present numerical computations in Figure 3. We set x = x̄ = tE , in which case a cusp ap-

pears. The two-point function is invariant under the transformation (x̄, λq) → (−x̄,−λq),
so it suffices to consider the region tE > 0 with both positive and negative values of λq.

The region tE ≥ 1 is described by (5.31), and the region tE < 1 is given by (5.34). The

two-point function G(tE , tE) is described by a piecewise funtion,

G(tE , tE) =

(
−λ2k

4π2 t
2
E log

(
t2E
))−h

1
2Γ(2h)

[
cos(hπ)Γ(h)1F1

(
h, 12 ,

π2

λ2k

(tE−λq
π

log(t2E))
2

log(t2E)

)
+sin(hπ)Γ(h+ 1

2)

(
−λ2k

4π2

log(t2E)
(tE−λq

π
log(t2E))2

)− 1
2

1F1

(
h+ 1

2 ,
3
2 ,

π2

λ2k

(tE−λq
π

log(t2E))
2

log(t2E)

)]
, tE < 1

(
λ2k
π2 t

2
E log

(
t2E
))−h

U

(
h, 12 ,

π2

λ2k

(tE−λq
π

log(t2E))
2

log(t2E)

)
, tE > 1

(5.47)

Figure 3a describes the 2-point function with different positive charges. When q is small,

there is an oscillation in the tE ∼ 1 region. As q increases through the critical value
eπ
2λ , the oscillation transforms into a cusp in the region tE > 1. The magnitude increases

monotonically with q. When q is very large, the oscillation disappears and the magnitude

of the cusp becomes very large. In contrast, Figure 3b describes the 2-point function with

different negative chiral charges. There will always be a cusp surrounded by oscillations.

The magnitude increases with the charge |q|.

6 Summary

In this paper, we study symmetries, operators, and correlation functions of JT̄ -deformed

CFTs on the plane. The deformation is generated by a quasi-chiral current J+α and

the right-moving stress tensor Tvα. The JT̄ operator can also be equivalently written in

terms of current J̃+α, which remains chiral even after the deformation (2.30), the charge

of associated with which flows with the deformation parameter λ (3.11).

In the Hamiltonian formalism, we construct the symmetry generators by solving the

flow equation (1.3), the resulting symmetry algebra is two copies of the Virasoro-Kac-

Moody algebra (2.51). In the left-moving sector, the deformed stress tensor HL and the

chiral U(1) current J̃+ are already solutions to the flow equation. Therefore the Virasoro-

Kac-Moody acts locally in the left-moving sector. In the right-moving sector, however, the
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(a) (b)

Figure 3: Non-zero charge sector: the two-point function for different chiral charges q,

with x = x̄ = tE and fixed parameters λ = k = 1, h = 5/3.

dressed stress tensor and the anti-chiral U(1) current (2.43) are constructed in terms of the

non-local right-moving coordinate v̂. By using these dressed symmetries, we have explicitly

constructed the physical operator (3.8) by generalizing the approach we established for T T̄

deformations in [1]. Then, we studied the behavior of this physical operator under the

covariant derivative Dλ and found that it satisfies a nice recursive relation. We therefore

obtained an explicit solution (4.6) for the dressed operator.

We then proceeded to compute the correlation function of the physical operators. To

do so, we lifted our operator to the quantum level (5.1), and converted the computation

as a conformal perturbation in terms of the deformation parameter λ. The leading-log

contributions can be singled out in both momentum space and position space. The result

in momentum space is given by (5.20) for the two-point function and (5.23) for the N -point

function, which exhibits a CFT structure but shifted conformal weights.

When turning to position space, the series (5.25) is asymptotic with zero radius of

convergence, and we performed a Borel transform on the leading logarithmic series. In

the generic case, the Borel transform takes the form of a hypergeometric function (5.29)

and exhibits no singularities along the integration path. Consequently, the corresponding

Laplace integral can be evaluated directly, yielding a result (5.31) expressed in terms of

the confluent hypergeometric function of the second kind, U . In contrast, when K ∈ R+, a

branch point lies on the integration path. In this case, standard Borel resummation failed,

due to the singularity obstructing the integration path. To address this, we employed lateral

Borel resummation, computing the Borel resummation just above and below the singularity.

The difference between these two resummations gave rise to a Stokes discontinuity (5.32),

which is governed by an instanton-like contribution that is exponentially suppressed and

determined by the location of the branch point. To eliminate the ambiguity associated

with the lateral sums, we adopted the symmetric average of the two lateral resummations.

This prescription corresponded to taking the Cauchy principal value (5.34) of the Borel

integral, ensuring a real-valued and unambiguous result. As the Borel resummation is

performed in terms of the variable K, a complicated quantity depending both on the
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spacetime separation, and other parameters including the deformation parameter λ, the

charge, and the conformal weights, we still need to extract the information about how

correlations change with positions. We detailed the analysis with figures in two special

cases: when the separation is purely in time and purely in space. The two-point function

exhibits a CFT-like decay in the far infrared, a growth that sits between CFT and T T̄

deformation in the deep UV, and an intermediate region with interesting oscillating and

cusp structures.

We conclude by outlining several interesting questions for future work. First, the re-

lationship between our momentum-space and position-space results requires deeper inves-

tigation. These are not related by a simple Fourier transformation, differing instead by an

infinite series of sub-leading logarithmic terms. It is therefore unclear whether they provide

a complete physical picture, raising the question of whether analogous non-perturbative

effects exist in momentum space and how they might be characterized. Second, our use

of point-splitting regularization, which discards all cutoff dependence, effectively imposes

a rigid UV cutoff. However, indications of a dynamical cutoff of order λ
√
k suggest a

more subtle interplay between the deformation and the UV regulator that merits a sharper

understanding. Third, extending our Euclidean correlation functions to the Lorentzian sig-

nature is a subtle but crucial task. This analytical continuation could unveil richer physics,

such as in the lightcone limit—the Lorentzian counterpart of the short-distance Euclidean

limit—which requires careful treatment. Finally, the non-perturbative effect we observe is

reminiscent of phenomena in the partition functions of T T̄ -deformed CFTs [61–63]. It is

interesting to further explore the physical meanings of these non-perturbative behaviors.
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A Details of calculations

In this appendix, we collect some details of the calculations of this paper.

A.1 Some basic Poisson brackets

Here, we present the Poisson brackets between the stress tensor and currents after JT̄

deformation:

{HL(y1),HL(y1)} = −∂y1HL(y1)δ(y1 − y2) + 2HL(y2)∂y1δ(y1 − y2)
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{HR(y1),HR(y2)} = ∂y1

(
HR(y1)

1− λJ̃+

)
δ(y1 − y2)−

2HR(y2)

1− λJ̃+

∂y1δ(y1 − y2)

{HL(y1),HR(y2)} = ∂y1

(
λJ̃+HR(y1)

1− λJ̃+

)
δ(y1 − y2)−

λJ̃+HR(y2)

1− λJ̃+

∂y1δ(y1 − y2)

{HL(y1), J̃+(y2)} = J̃+(y1)∂y1δ(y1 − y2)

{HR(y1), J̃+(y2)} = −λk
2π

HR(y2)

1− λJ̃+

∂y1δ(y1 − y2) (A.1)

{J̃+(y1), J̃+(y2)} =
k

2π
∂y1δ(y1 − y2)

{HL(y1),J−t(y2)} = −λJ̃+J−t(y1)

1− λJ̃+

∂y1δ(y1 − y2)

{HR(y1),J−t(y2)} = − J−t(y1)

1− λJ̃+

∂y1δ(y1 − y2)

{J−t(y1),J−t(y2)} = − k

2π
∂y1δ(y1 − y2)

{J̃+(y1),J−t(y2)} = −λk
2π

J−t(y1)

1− λJ̃+

∂y1δ(y1 − y2)

Here, we use the Poisson brackets of the undeformed theory and the relation:

∂HL

∂H(0)
L

= 1,
∂HL

∂H(0)
R

=
λJ̃+

1− λJ̃+

,
∂HL

∂J (0)
+

=
λHR

1− λJ̃+

∂HR

∂H(0)
L

= 0,
∂HR

∂H(0)
R

=
1

1− λJ̃+

,
∂HR

∂J (0)
+

=
λHR

1− λJ̃+

∂J̃+

∂H(0)
L

= 0,
∂J̃+

∂H(0)
R

=
λk

2π

1

1− λJ̃+

,
∂J̃+

∂J (0)
+

= 1 +
λ2k

2π

HR

1− λJ̃+

(A.2)

A.2 The second order perturbative calculations of correlation functions

In this appendix, we will collect the details of the second-order perturbative calculations of

the two-point functions. By using the Ward identities and considering the normal ordering,

we have:

⟨χ̄T (x̄1)χ̄T (x̄2)Õ(x̄1)Õ(x̄2)⟩ =
[
− h2

(x̄1 − x̄2)2
+

4h log(x̄1 − x̄2)

(x̄1 − x̄2)2
− c

12(w̄1 − w̄2)2
(A.3)

− (1 + h) log(x̄1 − x̄2)

x̄1 − x̄2
(∂x̄1 − ∂x̄2) + log(x̄2 − x̄1)

2∂x̄1∂x̄2

]
⟨Õ(x̄1)Õ(x̄2)⟩, (A.4)

⟨χ̄T (x̄1)χ̄T (x̄1)Õ(x̄1)Õ(x̄2)⟩ =
[ h(1 + h)

(x̄1 − x̄2)2
− 2h log(x̄1 − x̄2)

(x̄1 − x̄2)2
− 2(1 + h) log(x̄1 − x̄2)

x̄1 − x̄2
∂x̄2

(A.5)

+ log(x̄1 − x̄2)
2∂2x̄2

]
⟨Õ(x̄1)Õ(x̄2)⟩ (A.6)
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Summing them up, we can obtain the second-order contribution:

G(p, p̄)(2) =

(
λq

2π
− iλ2kp̄

8π2

)2 ∫
dx2 eipx+ip̄x̄

{
(2h+ 1)h

x̄2
− 6h log x̄

x̄2
+

c

12x̄2

+
4(1 + h) log x̄

x̄
∂x̄ + 2(log x̄)2∂2x̄

} 〈
Õ(x)Õ(0)

〉 (A.7)

We perform the integration by parts to move all of derivatives to the left, and the result

can be obtained as:

G(p, p̄)(2) =
1

2!

∫
dx2eipx+ip̄x̄

(
iλq

2π
+
λ2kp̄2

4π2

)2

A2(log x̄)x
iλqp̄
π

+λ2kp̄2

4π2 G(x, x̄)(0)

A2(θ) = θ2 +
6h2 + 11h+ 4

2h(2h+ 1)
θ − c

48h(2h+ 1)
− 4h4 + 4h3 − 3h2 − 21h− 12

4h2(2h+ 1)2

(A.8)

A.3 Useful identities

To calculate the Borel resummation in the presence of instantons, we make use of the

following identity for the hypergeometric function:

2F1(h, h+
1

2
, 1, 4ζ) =

Γ(12 − 2h)

Γ(1− h)Γ(12 − h)
2F1(h, h+

1

2
, 2h+

1

2
, 1− 4ζ)

+
Γ(2h− 1

2)

Γ(h)Γ(h+ 1
2)
(1− 4ζ)

1
2
−2h

2F1(1− h,
1

2
− h,

3

2
− 2h, 1− 4ζ) (A.9)

The multi-value property is encoded in the factor (1 − 4ζ)
1
2
−2h. The Stokes discontinuity

can be obtained by integrating over the second line in (A.9),

DiscY (K)

= −
i22−4hΓ(2h− 1

2) cos(2hπ)

KΓ(h)Γ(h+ 1
2)

e−
1

4K

∫ ∞

0
dtt

1
2
−2he−

t
K 2F1

(
1− h,

1

2
− h,

3

2
− 2h,−4t

)
=

iπ2−2h

Γ(h)Γ(h+ 1
2)
e−

1
4KK− 1

2
−hU

(
1− h,

3

2
,

1

4K

)
(A.10)

B Symmetries and the non-local coordinates

Having established the dressed symmetries, we proceed to a detailed discussion of the

associated nonlocal coordinates. During the process of constructing the symmetry gen-

erators, we observe the left-moving sector remains local, whereas a non-local coordinate

in the right-moving (2.39) naturally appears. This motivates us to consider the following

coordinate transformation,

û ≡ u, v̂ ≡ v + δv̂, δv̂ ≡ −λχ0 +
λ2k

4π
η̄0 (B.1)
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This definition immediately yields the following non-trivial components in the Jacobian

matrix,

∂uv̂ = −λJ̃+

(
1 +

λ2k

4π

HR

1− λJ̃+

)
, ∂vv̂ = 1 +

λ2k

4π

HR

1− λJ̃+

(B.2)

so that the determinant is given by

det

[
∂x̂

∂x

]
= 1 +

λ2k

4π

HR

1− λJ̃+

(B.3)

Inverting this relation gives

∂ûv = λJ+, ∂v̂v = 1− λ2k

4π

HR

1− λJ̃+ + λ2k
4π HR

(B.4)

These can be integrated so that the inverse transformation is given by

u = U(û, v̂), v = V (û, v̂) (B.5)

where U, V are field-dependent functions of arbitrary variables σ+, σ− defined as

U(σ+, σ−) ≡ σ+

V (σ+, σ−) ≡ σ− + λ

∫
G(σ+ − u′)J̃+(u

′)du′ − λ2k

4π

∫
G(σ− − v′)H̃R(v

′)dv′
(B.6)

Applying integration by parts to the expression for the dressed currents (2.43) leads

to the following useful relation:∫
dy′f(y′)H̃R(y

′ − t) =

∫
dy′f(y′ + δv̂(t, y′))HR(t, y

′)∫
dy′f(y′)J̃−(y

′ − t′) =

∫
dy′f(y′ + δv̂(t, y′))J−t(t, y

′)

(B.7)

where all quantities are evaluated on a fixed time slice, and f(y) is an arbitrary function.

Notable choices for f(y) include:

• Applying f(y′) = δ(y′ − (y+ δv̂)) for HR and J−t in (B.7), we obtain the equal-time

relation between the dressed currents and the deformed currents (HR,J−t):

H̃R(v̂) =
HR(t, y)

1− λJ̃+(t, y) +
λ2k
4π HR(t, y)

, J̃−(v̂) =
J−t(t, y)

1− λJ̃+(t, y) +
λ2k
4π HR(t, y)

(B.8)

where y − t + δv̂ is replaced by v̂. Using the relation between the physical stress

tensor and the undeformed stress tensor (2.28), we get another relation between the

dressed currents and the undeformed currents,

H̃R(v̂) =
H(0)
R (t, y)(

1− λJ̃+(t, y) +
λ2k
4π HR(t, y)

)2 = (
∂v̂

∂y
)−2H(0)

R (t, y),

J̃−(v̂) =
J (0)
− (t, y)

1− λJ̃+(t, y) +
λ2k
4π HR(t, y)

= (
∂v̂

∂y
)−1J (0)

− (t, y)

(B.9)
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• Applying f(y′) = δ(y − y′), we can express the dressed currents in terms of the

deformed currents

H̃R(v) =

∫
dy′δ(v − v̂′)HR(t, y

′), J̃−(v) =

∫
dy′δ(v − v̂′)J−t(t, y

′) (B.10)

where v̂′ = y′ − t+ δv̂(t, y′).

• Applying f(y′) = G(y + δv̂ − y′) for HR, we have∫
dy′G(y + δv̂(t, y)− y′)H̃R(y

′ − t) = η̄0(t, y) (B.11)

This provides another derivation of the inverse relation between the coordinates and

non-local coordinates: by rewriting δv̂ in terms of the dressed currents and moving

to the left hand side of (B.1).

C Comments on the right-moving currents

The construction of the dressed operator presented in Section 4 has so far been purely

classical. This derivation is expected to hold for any primary operator in the undeformed

theory that satisfies the Poisson bracket relation in (3.1). Furthermore, in the absence

of a classical central charge, the undeformed symmetry currents themselves satisfy (3.1).

Having established this classical framework, we now examine two key questions: first,

whether the dressed operator (4.6) is consistent with the dressed currents defined in (2.43);

and second, whether these deformed currents can be identified with the physical operators

introduced here. To address these questions, we apply

O(0)
0,2,0 = H(0)

R , O(0)
0,1,0 = J (0)

− . (C.1)

It is clear that the relation between the dressed and undeformed symmetry currents (2.45)

takes the same form as (4.13), implying that the two ways of constructing the dressed

symmetry currents are indeed compatible.

A careful comparison between (2.28) and (3.8) shows that the deformed stress tensor

does not coincide with the physical operator, but the two are related via

O0,2,0 =
HR

1− λJ̃+

(C.2)

We also have the relation between J−t and physical operator

O0,1,0 =
J−t

1− λJ̃+

(C.3)

Substituting this into (4.6),

Õ0,2,0(u, v) ≡
∞∑
n=0

1

n!
∂nv

(
(−δv̂)n HR

1− λJ̃+

)

Õ0,1,0(u, v) ≡
∞∑
n=0

1

n!
∂nv

(
(−δv̂)n J−t

1− λJ̃+

) (C.4)
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Although the above expression appears distinct from (2.43), and a direct verification of

their equivalence is difficult, we can proceed indirectly. Substituting (C.2) and (C.3) into

(4.12), we find that the dressed (0, 2) and (0, 1) operators with zero charge in the nonlocal

coordinates are given by

Õ0,2,0(u, v̂) =
HR(u, v)

1− λJ̃+(u) +
λ2k
4π HR

= H̃R(v̂)

Õ0,1,0(u, v̂) =
J−t(u, v)

1− λJ̃+(u) +
λ2k
4π HR

= J̃−(v̂)

(C.5)

This is consistent with (2.45) derived from (2.43), thereby providing a consistency check

that definitively shows (C.4) and (2.45) describe the same dressed currents.
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