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Abstract

Incremental flow-based denoising models have reshaped generative modelling, but their empirical advantage
still lacks a rigorous approximation-theoretic foundation. We show that incremental generation is necessary
and sufficient for universal flow-based generation on the largest natural class of self-maps of [0, 1]¢ compatible
with denoising pipelines, namely the orientation-preserving homeomorphisms of [0, l]d, All our guarantees
are uniform on the underlying maps and hence imply approximation both samplewise and in distribution.

Using a new topological-dynamical argument, we first prove an impossibility theorem: the class of all
single-step autonomous flows, independently of the architecture, width, depth, or Lipschitz activation of
the underlying neural network, is meagre and therefore not universal in the space of orientation-preserving
homeomorphisms of [0, 1]d. By exploiting algebraic properties of autonomous flows, we conversely show that
every orientation-preserving Lipschitz homeomorphism on [0, l]d can be approximated at rate O(nil/d) by a
composition of at most K4 such flows, where K4 depends only on the dimension. Under additional smooth-
ness assumptions, the approximation rate can be made dimension-free, and K4 can be chosen uniformly
over the class being approximated. Finally, by linearly lifting the domain into one higher dimension, we
obtain structured universal approximation results for continuous functions and for probability measures on
[0, 1]d, the latter realized as pushforwards of empirical measures with vanishing 1-Wasserstein error.
Keywords: Incremental Generation; Normalizing Flows; Neural ODEs; Universal Approximation; Dy-
namical Systems; Homeomorphism Groups; Flowability; Optimal Transport, Structure-Aware Al.
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1 Introduction

Flow-based diffusion models are changing our understanding of generative modelling, combining exact like-
lihoods with high-quality samples Rezende and Mohamed (2015); Kingma and Dhariwal (2018), and the
effectiveness of the modern incremental generation paradigm has undeniably revolutionized a range of areas
from image synthesis to molecular design and time-series modelling Papamakarios et al. (2021); Ho et al.
(2020); Kobyzev et al. (2020). Nevertheless, our fundamental question remains: why and how is incremental
generation advantageous over (non-incremental) predecessors such as GANs Goodfellow et al. (2014). We
answer this question in the foundations of Al, using an approximation-theoretic lens.

Here, a generative model refers to any function that transforms a source of noise, given by a random
variable Z on R?, into another “generated” random variable

X = ¢(2), (1)

where ¢ : R? — RP. Generation is performed by sampling Z, which induces a sample of X. The transforma-
tion ¢ is required to be continuous, often Lipschitz, to ensure numerical stability during generation Gulrajani

x. Corresponding author.



et al. (2017); Cisse et al. (2017); Miyato et al. (2018). We consider denoising-based generative models, such
as normalizing flows Rezende and Mohamed (2015); Kingma and Dhariwal (2018) which conceptually build
on their variational autoencoder (VAE) predecessors Kingma and Welling (2013). These models require the
transformation ¢ to be continuously invertible and leverage the inverse map ¢! : ¢(R?) — R? to train the
model: given i.i.d. samples from X, the model learns to map them back to the noise source Z. The invert-
ibility, thus injectivity of ¢ necessitates that D > d; we focus on the difficult critical case where D = d and
 is surjective (other cases are simple consequence which we discussed below). As with log-likelihood based
generative models!, cf. Dinh et al. (2014, 2017), prohibits ¢ from flipping inputs during generation; i.e. ¢ is
orientation preserving. Lastly, keeping with the approximation-theoretic tradition in deep learning Mhaskar
and Poggio (2016); Yarotsky (2017); Petersen and Voigtlaender (2018); Elbrichter et al. (2021); Kratsios and
Zamanlooy (2022); Zhang et al. (2022); Siegel (2023), we will focus only on maps ¢ that are supported’ (in
the sense of differential topology, cf. (Banyaga, 1997a, Chapter 2)) on the unit hypercube [0, 1]¢; that is,
o(z) = z for every x ¢ [0, 1]%. This means that, the largest concept class of denoising-type generative models
consists of all random variables X, as in (1), for which the transformation ¢ belongs to the class H,([0,1]¢)
of orientation-preserving homeomorphism supported’ on [0,1]¢. In this paper, we adopt a strong viewpoint
by fixing the noise variable Z itself, rather than just fixing its distribution. This allows our results to hold
sample-wise, not just in expectation or in distribution (e.g. a weaker Wasserstein sense), and it reduces the
analysis of X in (1) to the properties of the map . Thus, when the worst-case gap between any two generated
random variables X = ¢(Z) and X = ¢(Z) for any sample of Z (samples/w-wise), with ¢, ¢ € H4([0,1]%), is
quantified exactly by the uniform distance between ¢ and v

sup [lo(Z(w)) = $(ZW))] < deo(¢: %) = sup [p(z) —v(z)] (2)

zeR4

where the supremum on the left-hand side of (2) is taken over all outcomes w in the probability space on
which Z is defined. We emphasize that dy(¢,1) must be finite since both ¢ and ¢ coincide outside of
[0,1]%. In other words, the relevant concept class in this paper is the function space H4([0,1]¢) with distance
quantified by dy, which will serve as the focus of all our approximation-theoretic analysis.

Unfortunately, H4([0,1]¢) is not a vector space which places it outside the scope of the available con-
structive approximation toolbox Pinkus (2012); Lorentz et al. (1996); Cohen et al. (2022); Petrova and
Wojtaszczyk (2023), which assumes a Banach space structure—our concept class Hq([0,1]%) possesses a
rich and well-studied infinite-dimensional topological group structure Mather (1974); Thurston (1974); Fathi
(1980); Mather (1984); Banyaga (1997b); Haller et al. (2013); Fukui et al. (2019) that we will exploit exten-
sively. Moreover, unlike signature-based machine learning methods, cf. Gyurké et al. (2013); Chevyrev and
Kormilitzin (2016); Cuchiero et al. (2023); Andres et al. (2024); Cass and Salvi (2024); Bayer et al. (2025),
rooted in rough path theory Lyons (1998); Gubinelli (2004); Hambly and Lyons (2010), we do not have access
to a global exponential map (in the sense of infinite-dimensional Lie groups; cf. Kriegl and Michor (1997a);
Michor et al. (2023)) to transfer results from linear spaces onto H,4([0, 1]¢), as in Kratsios and Bilokopytov
(2020); Kratsios and Papon (2022). In short, there are currently no available tool to apply classical approxi-
mation results from linear spaces onto H4([0, 1]¢) using global exponential map, we are required to develop
new approximation-theoretic techniques suited to its non-vectorial structure, where our approximators/hy-
pothesis class consists only of (neural network-based) homeomorphisms in H4([0,1]¢). Our approximators
preserve the structure of the maps in (1), whereas replacing ¢ with an arbitrary, e.g. non-invertible neural
network as in the standard GAN framework Radford et al. (2016); Arjovsky et al. (2017); Peyré et al. (2019);
Rout et al. (2022); Korotin et al. (2021, 2023); Kolesov et al. (2024) would prevent the use of denoising-based
training.

Semi-Discrete Dynamics We identify and study the approximation-theoretic gap between incremental
and non-incremental flow-based generative models. In this paper, a flow-based generative model means a

1. Assuming the necessary absolute continuity conditions, let p denote the Radon-Nikodym density of the law of X with
respect to the law of Z. If p is sufficiently differentiable, the log-likelihood under a flow-based model takes the form
logpx (xz) = logpz(z) — log(det J,(z)),where J,(z) is the Jacobian matrix of ¢ at z. If ¢ is not orientation-preserving,
det J,(z) can become negative, making the logarithm undefined. Thus, log-likelihood-based generative models must use
orientation-preserving transformations.



map ¢ : R — R? decomposable as a ”semi-discrete dynamical system”; by which we mean ¢ can be expressed
as the composition of finitely many (discrete part) flows of continuous-time ODEs (continuous part). That is

@ =pgo---0qp, (3)

for some G € N, , where for each [ € {1,...,G}, the map ¢; : R — R is a time-1 flow of an autonomous
ODE; that is, ¢; sends any 2 € R? to the time-1 solution 2% of the autonomous ODE with initial condition =

dxf
S~ Vi(ap), b -e 4
where V; : R? — R? is a Lipschitz vector field, parameterized by a ReLU multilayer perceptron (MLP)whose
weights matrices has finite operator norm. Under this formalism, a flow-based generative model ¢, as in (3),
is called incremental if G > 1 and it is called non-incremental if G = 1. We note some LP-version, for finite
p, of these results in this direction are known via controllability arguments Ruiz-Balet and Zuazua (2024),
however these results come at a cost as they require the user to have active control of the vector field of the
Neural ODE (i.e. non-autonomous or controlled NeuralODEs) which is effectively the case where G = 0.

( sin(rz)  sin(mz) )

10 10

Figure 1: Visualizing Incremental Flow-Based Generation (3): In a denoising-type, flow-based incremental
generator, an image = (left) is mapped to noise by the invertible sequence @51 0---0 cpl_l. The model is trained to
undo this via g1 0---0pg. At inference, a noise sample Z is injected and propagated through ¢1, ..., p¢ to synthesize
an image .

Here, G = 2. Each arrow depicts the vector field—visualized in the panel directly below—that induces one step of the
incremental flow. By contrast, a non-incremental generator attempts a single-shot mapping from left to right, while

non-denoising pipelines (e.g., GANs Goodfellow et al. (2014)) do not enforce invertibility.

In contrasts, incremental flow-based generative models can be approximately represented as a single non-
autonomous flow, i.e., where the vector field in (4) is allowed to be time-dependent but undergoes only finitely
many changes in direction; which directly allows the conversion of our theory of incremental flow-based gener-
ation to time-dependent generation. Such time-dependent models differ from controlled neural ODEs Kidger
et al. (2020); Cuchiero et al. (2020); Cirone et al. (2023), which mimic controlled rough paths Morrill et al.
(2021); Walker et al. (2024) and can potentially adapt their vector fields arbitrarily often over time resulting
in a higher parametric complexity. The following question drives our manuscript and an affirmative answer
to it would imply a concrete mathematical support for the advantage of incrimental generation over classical
non-incremental generation to support the undeniable success of incremental generation

Question 1

Is there any approzimation theoretic advantage of incremental generation?

2. Image credit: Sans Soleil (1983), written and directed by Chris Marker.



1.1 Main Construction

Our first result (Theorem 1) shows that incremental generation, i.e. when G > 1, is necessary for universality
of flow-based generative models in H4([0, 1]¢) for d € N; and d > 1. Specifically, there exists a ¢ € Hq([0,1]%)
that cannot be approximated by the flow of any autonomous neural ODE, regardless of network depth, width,
or choice of activation function. We deduce this from a more general result of ours showing that: the class
of all flows of autonomous ODEs is meagre (in particular, not dense) in H4([0, 1]¢). This result extends the
differential topology results of Wescley Bonomo (2020) to the non-compact case and the classical embedding
results of Fort (1955); Jones (1972); Palis (1974) to the non-smooth, non-compact setting.

Our second result (Theorem 7) shows that incremental generation with ReLU vector fields is sufficient.
Moreover, the result is quantitative, and, surprisingly, we find that the added homeomorphism structure
allows our approximation rates to match the minimax-optimal rates achieved by ReLU neural networks in
the broader classes of uniformly continuous Yarotsky (2017); Shen (2020) and C*-functions Petersen and
Voigtlaender (2018); Yarotsky and Zhevnerchuk (2020); Lu et al. (2021) from [0, 1]¢ to R?, respectively.

Our final main result (Theorem 9) shows, somewhat surprisingly, that G never needs to become arbitrarily
large when approximating diffeomorphisms. Even more strikingly, we prove that there exists a dimensional
constant Ky > 0 such that one can constrain G < Ky, independantly of the target diffeomorphism being
approzimated and maintain universality in H4([0, 1]%).

1.2 Secondary Contributions

Several other consequences are considered in section 4 namely Universal Approximation of arbitrary Lips-
chitz functions between arbitrary dimensions and Universal Approximation of measures satisfying Caffarelli
conditions.

2 Preliminaries

2.1 Background
2.1.1 HOMEOMORPHISMS, FLOWS AND FLOWABILITY

This section contains all necessary terminology and background needed to formulate our main results. Addi-
tional background required only for proofs is contained in Appendix C. We say a function is supported on
a set S if it is zero out of that set and a function is supported! if it is the identity out of that set. For prac-
tical reasons said in the introduction section, we need to work with compactly supported/supported’
functions and vector fields; meaning that S is contained in a compact set.

We recall that, a homeomorphism is a continuous bijective function with continuous inverse. Further-
more, if the function and its inverse are C*-differentiable, it is called C*-diffeomorphism. By convention,
C*-diffeomorphism is called diffeomorphism. Two continuous functions f,g : X — Y between the same
topological spaces X and Y are thought of as being “topologically similar” if one can be continuously de-
formed into another; such as continuous deformation is called a homotopy; i.e. H(¢,z) : [0,1] x X — Y such
that H(0,-) = f and H(1,-) = g. We will say that two homeomorphisms are isotopic if one can continuously
transform one into the other with homeomorphisms.

Example 1 If d,D € N, and f,g : R* — RP are continuous then the so-called linear homotopy H :
[0,1] x R? — RP sending any pair (t,x) to (1 —t)f(x) + tg(z) is indeed a homotopy.

A homeomorphism/C*-diffeomorphism is orientation preserving if it is homotopic to identity?.

Example 2 (A 1d Example of (Non-)Orientation Preserving Homeomorphism) A transparent ex-
ample of an orientation preserving homeomorphism in one dimension is the identity R 3 x — z e R. A

3. By Alexander’s trick, compactly supported’ homeomorphisms in R™ are isotopic to identity so orientation preserving. This
is etymologically more natural definition in terms of orientations; however this is the most mathematically convenient and
concise for our analysis



homeomorphism from R to itself which is not is the mirroring map R 3 x — —x € R. Indeed, both of these
maps are homeomorphisms since they are their own inverses.

Example 3 (Orientation-Preserving Homeomorphisms From Computer Vision (Rotations))
Standard Multidimensional examples arising in rotation invariances in computer vision, e.g. Lui (2012);
Cohen and Welling (2016); Thomas et al. (2018), include linear transformerization ¢ : R? 3 x +— Ox € R?
where O is an d x d orthogonal matrix; in which case ¢ is orientation preserving if and only if det(O) =0
and it fails to be precisely when det(O) = —1.

If O s orientation-preserving; i.e. if det(O) = 1, then any such homeomorphism can be expressed as the
solution to an ordinary differential equation (ODE) at time 1; namely, p(z) = Ox = x§ where

L af = ox¥
dt tzi t (5)
T =2

where O = exp(o) for some d x d-skew-symmetric matriz o; where exp is the matriz exponential. This can
be noted upon observing that the ODE solution to the ODE (5) is given by the curve x® = (x7)i=o where

xy = exp(to) x.

This connection is the starting-point of the theory of finite-dimensional Lie groups; cf. Helgason (1979).
Indeed, finite-dimensional Lie groups induce the prototypical and simplest classes of “well-behaved” homeo-
morphisms on R in this way; however, only the identity is compactly supported in any such construction
where the vector field in (5) is “constant” multiplication against a single matriz.

Generalizing Example 3 we bring our attention to autonomous ODEs of the form (4), where vector-
field V : R* - R? is allowed to be any Lipschitz or C*-differentiable vector field compactly supported on
interval domains (i.e. [a,b]? for a,b € R). By the Picard-Lindelf Theorem (Hartman, 2002, Chapter IT
Theorem 1.1) this system has a unique global solution ¥ and the map sending the point x to the time-
1 value z7 of the solution to this problem (often referred to as Cauchy problem) will be called the flow
induced by the vector field V, and is denoted by Flow (V). The flow of any Lipschitz vector field supported
on a compact set S defines a compactly supported’ homeomorphism, supported” on S. If, moreover, V
is Ck-differentiable then its flow is actually a C*-diffeomorphism. We say that an orientation-preserving
homeomorphism in d dimensional euclidean space, ¢ € H4([0,1]?) is flowable if there exists a Lipschitz
Vector field V supported within [0, 1]¢ such that ¢ = Flow (V). An interesting connection, worth noting here
in analogy with Example 3—is that the spaces of flows and diffeomorphisms Banyaga (1997a) constitute the
prototypical infinite-dimensional Lie groups, a fact that sparked the foundational work of Kriegl and Michor
(1997¢,b); Teichmann (2001); Neeb and Pianzola (2007); Omori (2017); Michor et al. (2023).

2.1.2 FrRoM NEURAL ODES TO INCREMENTAL FLOW-BASED GENERATORS

ef

Let A € N, and consider a multi-index d = [dy,...,day1] € N2 The class NA(d) consists of all
multilayer perceptrons with o € C(R) Lipschitz-activation function (o-MLPs)

$: RM — RIan
admitting the following iterative representation

B(x) = WBxB) L pB)

x5 o (W) 4 b)), forl=1,...,A—1, (3.2)
x4y
Here, forl = 1,...,A, W® is a d;41 x d; matrix and b®) € R%+1, and ¢ e denotes componentwise application

of the o function.



Fix a Lipschitz activation function o € C'(R) and real numbers a < b. A o-neural ODE of respective
depth and width A, W e N, is a flowable homeomorphism ¢ € H4([0,1]?) for which there exists a o-MLP
® : R? - R? of depth A and width W supported in [a,b]? such that ¢ is time one solution of (4) with
vector field ®. The class of all o-neural ODEs supported on [a,b]? is denoted as NODE, ([a, b]¢). The class
of incrimental flow-based generators with activation function o denoted as IFG,([a,b]?) is defined as all
functions of Hy([a, b]?) that can be written as composition of at least two or more but finitely many o-neural
ODEs

2.2 Notation

Before moving on, we now collect a list of notation used in our manuscript.

Let N={0,1,2,...,} , Ny = {neN: n >0} and for N e N; denote [N] = {1,..., N}
For a Lipschitz function f we denote its Lipschitz constant as L¥

Given a function f : R* — RP, we denote its support by supp(f) = {z € R? : f(x) # 0} and its

def.

support! by supp'(f) = {z e R?: f(z) # z} = supp(f — id)

For a set P denote its interior by int(P)

Denote (open Euclidean) ball with radious r around point p as B,.(p) = {z € R?| |z — p| < r} where
| - || denotes the Euclidean norm on R

Let H,4 be the set of orientation preserving homeomorphisms of R%. Given subset P < R?, let H4(P)
be the set of orientation preserving homeomorphisms of R? compactly supported’ on P

For s € N U {00} let X* be the set of C* vector fields on R? supported! on [0,1]?. when s = 0, we only
consider Lipschitz continuous vector fields for X0,

For a given vector field V € X let Flow(V) be the time one solution of:

{ = V() -

Ty =T
and Flow([a, b]?) be the set of time one solutions above with vector fields supported on [a,b]? and

Flow™ | ] {Flow(V)|V e x*}
VkeNuU {0}

also Flow, ([a,b]?) be the set of time one solutions with o neural vector fields supported on [a, b]¢

Fix a granularity G € N, and a smoothness s € N. A homeomorphism ¢ € H4([0,1]%) belongs to
#HS*([0,1]%) if and only if:

(i) Representation: There exist vector fields Vi, ..., Vg € X' such that

¢ = Oy Flow (V). (7)
(ii) Minimality: There is no integer 1 < G < @ and vector fields V4, ..., Vg € X* such that

p = O§=1 Flow (Vg)-

Let Diffo(P) be the set of orientation preserving diffeomorphisms of R? compactly supported on the
set P .



e Given G functions {f1, ..., fa}, the iterated composition operator () maps any finite set of composable
functions f1, ..., fg to their composition ngl fi Y fao---ofi.

e Given £ € R? d-tuple a = [ag,aa, -, 4] € N? and functions f(z) : R? - RP and g: R — R let :

= [f(@o) 1= = [(f1(z0), .-, fD(x0))|1e = maxe[py fi(zo)
= lgllze(m) = ess sup,ep |9(2)]
- ||fHL°°(E)l°° = |less sup,ep [f1(2)],. .., ess sup,cp | fi(@)| i1 = maX;e[p] €SS SUD,ec fi(zo)

= llaly = laa| + fag] + - - + |l

L R ch B v 0%d
- = 90T 3,07 ' 30d
Ozt Oxy oz,

— lgllor(m) == max {|0%g] = (s : @ € N¥ with a]; < 5}

e Compositional Notation: During the course of our analysis, it will be convenient to describe ReLLU
MLPs via the role of each of their (sets of) layers. Specifically, the structure of a ReLU MLP & is
represented in the following way: suppose ® = L, 0 (00 Ly,_1)0---0 (00 Ly)o (00 L) where the
L;’s are affine transformations. Following Hong and Kratsios (2024), we express this notationally as

x = (70L1)(x) = (90L3) o (70L1)(x)
e (00Lp 1)+ 0 (50L2) o (0L1) (x)
e L0 0 (00Lim-1) 00 (70Ls) 0 (0L1)(X)
= P(x).

In other words, if x1,%s,...,2m_1 are the 1,2, ..., (m — 1)-th hidden layers of ® and z,, is the output
layer, then the structure of @ is expressed as

T = p = Xy = = Ty = Ty = O(x).

3 Main Results

3.1 Negative Results: Incremental Generation is Necessary

Our first main results shows that the collection of all flowable homeomorphisms compactly supported’ on

[6,1 — 6]¢ for any given 0 < 6 < 1. (a subset of H4([6,1 — 0]%)) are a small subset of homeomorphisms
compactly supported’ on [0,1]¢. This means there is not only one but many functions in H4([0, 1]¢) which

cannot be approximated by flowable functions in Hq([6,1 — 6]%) for any 0 < § < 3.

Theorem 1 (Non-Incremental Generation is Not Universal) Let d € N, with d > 1 and consider the
class of all non-incremental generators, i.e. autonomous neural ODEs, for any Lipschitz activation function

NODE,((0,1)") = [ ) Flow,([6,1-4]%.

o€Lip(R4,R?) 5.1
2

Then, NODE,((0,1)?) is nowhere dense in Hq([0,1]%).

Now, Theorem 1 is implied by our more general result in topological dynamics, illustrated in Figure 2,

Theorem 2 (Few C° Homeomorphisms are Flowable on [0,1]? for d > 1) Let d € N, with d > 1.
The set of flowable homeomorphisms in Ha([0,1]?) is meager in Hq(P) for every d > 1 and compact set P
s.t. [0,1]¢ < int(P).

Remark 3 For simplicity and convention [0,1]? is considered but this theorem is also true for any compact
set K, P with K < int(P). To understand and see the proof refer to Appendiz A.

4. Note that |glco = gl
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Figure 2: Why Non-Incremental Generation is Not Universal: The reason why non-incremental generators
(Theorem 1) fail to be universal is that most homeomorphisms cannot be represented as flows (Theorem 2). The idea
is that there is a dense open set of orientation-preserving homeomorphisms supported on the hypercube [0, 1]d, which
can be approximated/perturbed so that any given orbit becomes periodic (SubFigure 2a). Then, these perturbations
can be further perturbed so that the a small neighbourhood around the given orbit becomes a basin of attraction
(SubFigure 2b), which cannot happen for any flow. Consequently, the complement of any such map, which contains
the set NODE ([0, 1]¢) cannot be dense, implying that all non-incremental generators/autonomous Neural ODEs fail
to be universal approximators of orientation-preserving homeomorphisms supported on the hypercube [0, l]d.

3.2 Positive Results: Incremental Generation with ReLU MLP Vector Fields is Sufficient
3.2.1 QUALITATIVE UNIVERSAL APPROXIMATION GUARANTEE

We now contrast our previous result, which shows the limitations of non-incremental generation with our
universal approximation guarantee, showing that the set of incremental flow-based generators IFG, ([0, 1]%)
is universal in Hq4([0, 1]%); quantitatively. We emphasize our critical structural point that the approximation
is “within” the class Hq4([0,1]%) not from “outside”; by which we mean that our approximating class only
consists of homeomorphisms not standard continuous functions.

We now state the streamlined qualitative version of our main result, in the high-dimensional setting where
d = 5, before entering into a more technical analysis involving approximation rates and exactly parameter
estimates, shortly. The main intuition behind this result is summarized in Figure 3, whose proof technique
largely combines both algebraic and approximation theoretic tools.

Theorem 4 (Universal Approximation of Orientation-Preserving Homeomorphisms) Letd e N
and d = 5. There exists a constant Kq € N, such that: for every ¢ € Hq([0,1]%) and every € > 0 there
exists some G < K4 and ReLU neural ODEs {¥(9) = Flow(q)(-‘J))}g=1 = X° such that the diffeomorphism

U = szl W) 4s Lipschitz and compactly supported and satisfies the approzimation guarantee:
o - ‘I’HLOO(Rd)lw SE (8)
Remark 5 For simplicity and convention [0,1]? is considered but all of the theorems in this section are

also true for any compact set P.(Zhang et al. (2024), Yarotsky (2018),Petersen and Voigtlaender (2018)) To
understand and see the proof refer to Appendix B.
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(a) Approximation of homeomorphisms using decomposition (b) Approximation of each flow by ReLU MLP approxima-
of diffeomorphisms into composition of flows. tion of its vector field.

Figure 3: By (a uniform version) of Thursten’s Theorem Thurston (1974) we Hq([0,1]?) is a simple group and since
the group generated by flows is normal, then every diffeomorphism (green curve) must be the composition of finitely
many flows of vector fields VY, ..., V() (here G = 4) — Sub-Figure 3a. Each vector field is then approximated by
a ReLU MLP at an optimal rate (Sub-Figure 3b) with maximal Lipschitz regularity using Hong and Kratsios (2024);
the approximation of the original homeomorphism (Theorem 7) is concluded using Grénwall’s inequality.

Furthermore, in dimension d > 5, every orientation preserving homeomorphism is isotopic to the identity, then Miiller
(2014) implies that it can be uniformly approximated by diffeomorphisms; reducing (Theorem 4) to the smooth case.

3.2.2 QUANTITATIVE FORMULATIONS

We start this section by remarking that, the class Hg’o([o, 1]9) for some G > 1 is non-empty. Thus the
theorem provides a non-vacuous statement for G > 1.

Proposition 6 (Non-triviality) there exists some G € Ny and G > 1 that ’HdG’O([O, 1]9) is non-empty,
We now provide a detailed quantitative analysis of the general qualitative result of the previous section.

Theorem 7 (Universal Approximation by Deep Neural ODEs) Let n,d € N, and ¢ € HdG’O([O, 1]%)

then, there exists ReLU neural ODEs {¥(9) = Flow(q)(g))}?:l c X0 such that U = Qg’;l U9 satisfies the
approximation guarantee:

G ( ) d G Lv(j)
”SD - \IIHLOO(Rd)loo < Z 2Hw g (%)Hlac H € (9)
g=1 Jj=g

The right hand side converges to zero as n — o0.

Moreover, U is a compactly-supported homeomorphism on RY supported' on (0,1)¢, with Lipschitz constant
(9)

at-most H?zl " and M ... &) agre ReLU MLP vector fields of depth [logyd]| + 6, width 8d(n+1)% 49,

and at-most 16d(n + 1) + 9 non-zero parameters. In particular, these vector fields and LY do not depend on

the parameter n.
Furthermore, w9 is the modulus of reqularity of 09 which is equal to the modulus of reqularity of ®(9).

Naturally, one may wonder if improved rates are achievable under additional smoothness of the target
homeomorphism. Indeed, we confirm that this is the case, mirroring the classical approximation theory of
smooth functions by ReLU MLPs.

Proposition 8 (Universal Approximation by Deep Neural ODEs (Differentiable Case)) Let ¢ €
7—[5‘8([07 1]1%) and N, L, s € N then, there exists ReLU neural ODEs {¥(9) = Flow(q)(g))}gzl c XY such

that U <= OgG:1 W) satisfies the approzimation guarantee:

G G o
o~ s e < 3 (2|w<g>uv, Dl [T ) 10
g=1

Jj=g



The right hand side goes to zero as L — o0 and N — 0.

Moreover, WU is a compactly-supported’ C*-diffeomorphism on R? supported’ on (0,1)¢, with Lipschitz con-
stant at-most ]_[ngl eL‘P(g) and ®M) .. ) gre ReLU MLPs of width less than or equal to 175913442 (N +
2)logy(8N) and depth 18s*(L + 2)logy(4L) + 2(d + 1) where N, L € N. In particular, LY depends on the
parameter N.

Furthermore, (w(9)); = 85(s + l)dSSHVj(g) | (o,174y (N L) =2/,

Complexity of MLP Vector fields Lipschitz Case (*-Differentiable Case (s> 1)

Depth [log,(d)] + 4 1852(L + 2)logy(4L) + 2(d + 1)
Width 8d(n + 1)¢ 17sd 3@ (N; + 2) log, (8N;)
Nonzero parameters 16d(n + 1)¢

Table 1: Parametric Complexity of the Flow-Based Generative Model of Theorem 7 and of Proposition 8.

Now using the theorem bellow we give an order of approximation for any diffeomorphism in Proposition 10.

Theorem 9 (Finite Composition of Flows for Diffeomorphisms) There exists a positive number Ky €
N, such that any diffeomorphism o € Diff([0,1]9) can be written as at most K4 flows.

Proposition 10 (Universal Approximation by Deep Neural ODEs (Smooth Case)) Let ¢ € Diffy([0,1]¢)
and N, L € Ny and take L fized; then, for Vs € N, there exists ReLU neural ODEs {W(9) = Flow(é(g))}g’;l c

X0 such that U < Q?zl U9) satisfies the approzimation guarantee:
= 9] o gy € O(NT2) (11)

Moreover, W is a compactly-supported’ C*-diffeomorphism on R supported’ on (0,1)¢, with Lipschitz con-

(9)
stant at-most Hf:l LM and oW .. ® gre ReLU MLPs of width less than or equal to 1754413942 (N +
2)log,(8N) and depth 18s%(L + 2)logy(4L) + 2(d + 1) where N, L € NT. In particular, LY depends on the
parameter n.

4 Implications: Lifted Flow-Based Generation Imply Universal Approximation

We now present a sequence of corollaries that further illustrate the scope of our results. In particular, the
simplest form of our main positive result—our approximation theorem—yields structured (in the sense of
homeomorphisms “lying over,” as explained below) versions of state-of-the-art universal approximations for
ReLU MLPs, implemented via a “tweaked” incremental flow-based model. These results also imply universal
generation in the classical sense of Wasserstein GANs Arjovsky et al. (2017).

4.1 Universal Approximation of arbitrary Lipschitz functions between arbitrary dimensions

At first glance, the homeomorphisms and dimensional constraints d = D, constraint defining (1), may seem
to suggest that our universal flow-based generative models are overly restrictive and thus cannot approximate
continuous functions between Euclidean spaces, locally on compact subsets as standard multilayer perceptrons
do; cf. Hornik et al. (1989); Cybenko (1989); Funahashi (1989). However, this is not the case, and in fact the
full-power of incremental generative models are not needed if one is prepared to sacrifice injectivity. The idea
is similar to Klee’s trick, cf. Klee (1955), where we encode transport the graph of an arbitrary continuous
function into a homeomorphism. Rather, we can do better, by embedding a function into a single very simple
time-1 flow up to conjuration be simple linear maps; our simple approach is summarized in Figure 4.
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Fix d,D € N, and L > 0. Then, for every L-Lipschitz function f : R — R” induces a L " max{1, L}-
Lipschitz vector field V; : R4TP — R4+D defined for each (z,y) € R¥P by

Vi(z,y) = (0, f(2)). (12)
The solution ® : [0,00) x RFP — RI*D to the autonomous ODE induced by V; defined by

d$t$7y)

dt

dy; ™"

L = f(@""), where (z0,50) = (2,0)

=0,

is easily explicitly solved:

d x’y) T T t xr
let =O:>x,§ v =x=>y§ v =yo+f f(m)dt:yt( Y) =0+tf(z)
0

and yields the L-Lipschitz map

O(t, (x,y)) = (z,t f(x)). (13)
Therefore, the time-1 flow of Vy, induced by f, is Flow (Vy)(z,y) = (z,y + f(z)). Restricting this flow to the
“lifted hypercube” [0,1]%" < {(z,y) € R4TP : 2 €[0,1]¢, and y = 0}, which is a compact subset of [0, 1]4+P
we find that for any (z,0) € [0,1]%" we have Flow (V)(z,0) = (z, f(x)). Now, let 745 : R¥*P — RP denote
the canonical (linear) projection sending any (z,%) € R4 to y € RP and let L§+D : R4 — R4*P denotes
the (linear) embedding sending any x € R? to (z,0) € R¥P; in particular, note that :42([0,1]¢) = [0, 1]%".
Putting it all together, we have that: for all z € [0, 1]¢

5P o Flow (V) 0 13T (x) = f(x). (14)

Applying Theorem 4 to f, we conclude that by post- and pre-composing our incremental flow-based models,
we can uniformly approximate any continuous function on the cube [0, 1]d.

. . ) Flows ®(t(x, ¥)) on Lifted Vector Field V(x, y) = (0, el/i2m)
Flows ®(t(x, y)) on Lifted Vector Field V(x, y) = (0, sin(x)) Flows of IC.
3 ows of ICs

3 Flows of ICs — X0=0
— X =0 — Xo= —T/4
— Xo= —1/4 — Xo = T[2
— Xo=T/2 — Xo= —21
— Xo= —21

||

|z]
(a) Lift of: f(z) = sin(x) to V(z,y) = (0,sin(z)). (b) Lift of: f(z) = e2n to V(z,y) = (0,e2).

Figure 4: Any continuous function f : R? — R can be realized as a time-1 flow ®(1, (z,y)) for the (d + 1)-

def.

dimensional vector field V(z,y) = (0, f(x)) (illustrated by the pink vector fields), which acts trivially in its first
“dummy” coordinates and acts as the target function f(z) in the (d + 1)** coordinate. By mapping any given input
z € R? to the initial condition (z,0) € R**! of the flow ® “lifting” f, we then simply flow linearly relative to the
(d+1)** (here y) axis until it arrives at (z, f(z)) at time 1, at which point the final value can be linearly projected-off
and the value f(z) is recovered. In this way, every real-valued continuous (resp. Lipschitz, resp. smooth) function
can be realized as a time-1 flow of the same regularity in a space of only one more dimension.

11



However, we note that the model in (14) does not scale well when D is large as one would obtain an
approximation rate of O(n?*?) which is significantly slower than the “unconstrained” optimal rate achievable
by ReLU MLPs; cf. Yarotsky (2018). Instead, a rate nearly equal to the “unconstrained” ReLU MLP rate
is possible if we alternatively approximate each component of the target function f independently using this
strategy, and then concatenate the resulting lifted flow-based approximations. Denoting f = (f1,..., fa), we
replace (14) with the model

D
D (7d+ o Flow (Vy,) 0 ™ (2)) = (fi(@),--, fp(@) = f(). (15)

i=1

The advantage of the representation in (15), with its greater width, over the more “naive narrow” version
in (14), is that each Flow (V},) performs its approximation in only one extra dimension beyond the physical
dimension d. This design minimizes the approximation-theoretic difficulties that typically arise from high
dimensionality. Importantly, doing so achieves the minimax optimal approximation rates (cf. (Shen et al.,
2022, Theorem 2.4) and Yarotsky (2017)) for the lifted, and thus higher-dimensional space [0,1]¢*1 and
nearly achieves the optimal rate on the original low-dimensional domain [0,1]¢, up to an extra factor of 1;
which is possibly inevitable due to the extra invertibility structure of the incremental models studied herein.

Corollary 11 (Approximation of Arbitrary Lipschitz Functions by Linear Lifting) Letd, D € N,
L=>0, and f: RY — RP be Lipschitz. For every n € N, and each i € [D] there exists ReLU Neural ODEs
T, : R4 — R such that the Latent Neural ODE ¥ = (—Bil(wfﬂ 0 W, 014™Y) satisfies

|f(x) - \IJHLOO(]Rd)lOO €0(3)-

Moreover, W is Lipschitz and the ReLU MLPs parameterizing the vector fields defining each V;, have width
O(dn*t) and depth O(logy(d)) and O(dn®*!) non-zero parameters for each i € [D].

Thus, Corollary 11 provides quantitative and, more topologically more explicit, version of the very recent
qualitative result of De Marinis et al. (2025) as a direct consequence of our main theorem.

Remark 12 (Optimality of the O(n?*!) rate) The question of the optimality of the rate O(n%*1) is not
known, as there are no available approximation theoretic lower bounds, nor tools for establishing lower bounds,
in our non-vector space setting it is currently unknown. However, is likely that a rate of O(n?) cannot be
achieved while requiring that the core of the model is the conjugation of a homeomophism by linear maps, due
to the need to lift in order to approximate general continuous functions.

Corollary 13 (Universal Approximation) Letd,D € N,. The set F < C([0,1]¢,RP) of all maps of the
form (15) where f : R — RP is a ReLU MLP of arbitrary depth and width is dense in C([0,1]¢, RP).

Discussion: Only one flow is enough when lifting If f were smooth, then the topological embedding
x — (z, f(z)) defines a differentiable d-cell, in the sense of (Palais, 1960, page 274). By (Palais, 1960,
Theorem C), this embedding extends to a compactly supported!, orientation-preserving homeomorphism
U : R*P — R4*+P which can then be approximated using our main positive result (Theorem 4). Projecting
away the second coordinate, as in (15), yields an approximation of f. Moreover, the smoothness assumption
is not restrictive: Compactly supported” homeomorphisms are identity out of their support, this means
that there exists a r such that they are all identity on the boundary of the disc D". By Alexander’s trick,
this means they are all isotopic to identity. As a compactly supported’ homeomorphism of R? for d > 5
can be approximated uniformly by compactly supported’ diffeomorphisms if and only if it is isotopic to a
diffeomorphism by Miiller (2014) this shows in our case working on diffeomorphisms in high dimension is
not restrictive. A similar approach was recently explored in Puthawala et al. (2022).

We highlight that this line of reasoning misses the central insight of the flow-based construction in (15).
Namely, it does not specify how many flows are required to represent W. In contrast, our construction

12



shows that only one flow suffices if we allow for linear lifting/projecting, thereby breaking the homeomorphism
structure in (1).

We examine the implications our results to classical generative modelling, in the sense of Wasserstein
GANs Arjovsky et al. (2017); Korotin et al. (2021), and highlighting the differences and similarities.

4.2 Universal Approximation of measures satisfying Caffarelli Conditions

We first recall that for any hyperparameter 1 < p < o0, we denote by P,([0,1]¢) the subset of probabilities
that finitely integrate = +— [z|P. We equip P,([0,1]¢) with the Wasserstein p-distance W,, that is, for
w,v € Pp([0,1]%), the metric defined by

Wo(pu,v)? E  inf E X =y,
(1) eclt, ) o) [l 7]

where Cpl(u,v) = {r € P([0,1]¢ x [0,1]%): 7 has first marginal p, second marginal v}. Given any n,m €
N,, any Borel map ¢ : [0,1]" — [0,1]™, and any probability measure v € P([0,1]") we recall that the
pushforward measure is gy = v(g~'[-]) belongs to P([0,1]™). If g is Lipschitz and v belongs to the
Wasserstein space Pp([0,1]™) then so does gy € Pp([0,1]™). We require the following standard regularity
condition.

Assumption 4.1 (Caffarelli Conditions; cf. Caffarelli (1996)) Let u and v be measures which are ab-
solutely continuous with respect to the uniform measure U on (0,1)?; and whose Radon-Nikodym densities
j—[’j and 9% are a-Hélder for some o€ (0,1), and are bounded (above and below on [0,1]%).

Armed with these definitions we are ready to show that incremental flow-based generation, augmented by
lifts, are universal generative models in the more general but less structured context where GANs are typically
studied; Lu and Lu (2020) with related guarantees in Biau et al. (2020).

Corollary 14 Let 2 < d € Ny and p,v be probability measures on [0,1]? satisfying Assumption 4.1. For
every €,6 > 0, there exists a large enough N € N and a Latent Neural ODE U : R¥*+DP — R¥+D gych that
for all i.i.d. random variables Zy ~ -+ ~ Zy, with law v (defined on a common probability space (0, F,P))

—2N§?

%WJJH) >1—2edLY)?

IE”(Wl(;h ADEY AR

(N)

where v = % Zi\le 0z, 1is the empirical distribution induced from the random sample and Co1ya is a

constant.

5 Conclusion

In this article, we have shown that incremental generation is both necessary and sufficient for universal
flow-based approximation, while non-incremental flows form a meagre, non-universal subset. By coupling
dynamical, algebraic, and approximation-theoretic tools, we established quantitative rates and demonstrated
that lifted incremental flows yield structured universality for both functions and probability measures.
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Appendix A. Proof of the Negative Result

Proposition 15 (Existence of a recurrent point) For every compact set M and any f € Hq(M) there
exists a recurrent point in M.

Proof : Take f € Hq(M). Since M is compact the set
A={ScM:S+ @S closed, f(5) = S}

is non-empty (e.g. M € A). Order A by inclusion. Any totally ordered chain {S;} in A has
ﬂ S; # O

by compactness, and (), S; is closed and f-invariant. By Zorn’s Lemma there is a minimal element Sy, € A,
i.e. anonempty closed invariant set containing no proper nonempty closed invariant subset. Take any = € Spip.
If & was not recurrent then there would exist a neighborhood U 5 x and an integer N such that

ff(x)¢U VYn=N.

Set

S" = {f(z):n>= N}

Then S’ is nonempty, closed, and f-invariant, but z ¢ S’, so 8" & Spin, contradicting minimality. Thus x
must be recurrent. Since x was arbitrary in Spin, every point of Sy, is recurrent. [ ]

In order to prove Lemma 18 We restate two lemmas for the convenience of the reader. For the proof refer to
Lemma 9 and 13 of Nitecki and Shub (1975) :

Lemma 16 Given e > 0 and a flow ¢. Suppose v is a C1 curve in M (an embedded closed interval or circle)
such that at each point x in the image of v one of the following conditions holds:

(i) |d(@)| < /2, or
(ii) = ¢ Z(¢), and v has inclination o < ¢/|¢| at .
Then, given any neighborhood U of the image of 7y, there exists a flow ¢ on M satisfying:
(a) o= off U,
(b) |~ ol <& on M,
(c) 7 is (a segment of an) integral curve of .

Lemma 17 Let M be a manifold of dimension > 2 with distance d coming from a Riemannian metric.
Suppose a finite collection {(pi,q;) € M x M : i =1,...,k} of pairs of points of M is specified, together with
a small positive constant § > 0 such that:

(a) For each i, d(p;,qi) < 0.

(b) If i # j, then p; # p; and g; # q;.
Then there exists f € Diff (M) such that

(i) d(f(z),z) <26 for every x € M.

(ii) f(pi) = qi fori=1,... k.
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Lemma 18 (C°-closing lemma for compactly supported functions) Let f: M — M be a compactly
supported’ homeomorphism on the compact set K < M, where M is a C* manifold of dimension > 2 with
distance d coming from a Riemannian metric, and let g € M be a non-wandering point. Then for every
e > 0 and compact set P s.t. K < int(P) (K is compactly embedded in P) there exists a compactly supported
homeomorphism g: M — M on P such that xq is a periodic point of g and

dl(fv g) <ée
also, if M is orientable and f is orientation-preserving, then g is also orientation-preserving.

Proof : The Lemma is trivial when zq is a fixed point or a periodic point. Consider not.
If M is compact and K = M by (Kwieciniska, 1996, Theorem 4) the result follows. Suppose not.

As f is compactly supported!, Of(zo) is a subset of K. Note f is uniformly continuous on P and
Lemma 16 and Lemma 17 are true on any Riemannian manifold like M so one can apply the same proof
of (Kwieciniska, 1996, Theorem 4) which results the desirable function g = f o h which h is isotopic to the
identity (considering the flow time as the isotopy parameter) which means h is orientation-preserving. As a
result, if f is orientation-preserving then so is g.

Also, Lemma 16 property (a) makes the perturbed function in Lemma 17 to have support on a finite number of
neighborhoods of the curves joining p; to g;. As h is the result of Lemma 17 take 1 and those neighborhoods
small enough such that these neighborhoods stay inside P. This makes the function h to be compactly
supported’ on P. As a result, ¢ must be compactly supported’ on P. |

We are now in a position to prove our main result in topological dynamics which will imply our main negative
result (namely Theorem 1).
Proof of Theorem 2:

Choose arbitrary f € H4([0,1]%). By Proposition 15 (for M = [0,1]¢) there exists € R(f). (cf.
(Wescley Bonomo, 2020, Theorem A)) First consider = € R(f)\Fix(f). By Lemma 18, there exists an 5-C°-
purterbation f; = foh such that ff(x) = x for k > 1 and f; € Hq(P). Reduce G so that B = {B(fi(z),G) :
1 < i < k} become pairwise disjoint collection of balls inside P. Using bump-function, one can attain
homeomorphism f5 s.t. it is C'-smooth around a neighborhood of Oy, (x) and fi(x) is a periodic attractor
for f§ for i € {1,...,k} (one can also use mollifiers to do so) and one gets dco(f2, f1) = | f2 — fi]co < .
{f2} is a dense set of homeomorphisms compactly supported’ on P with (non-fixed) periodic points of period
k > 1s.t. Of(p) is not contained in a continuum in Pery(f) so fo can’t be written as a time-1 map of a
flow® with the derivative of the same order.

Now consider z € R(f) = Fix(f). Take G small enough 0 < G < € s.t. the exponential map exp, : D(G) —
B(z,@G), (which is defined as exp,(v) = z +v) 7 has its range inside P where D(G) := {v e R? : |v|| < G}.
Rewrite f(z) = exp, o F o exp, !(z) where F(v) = exp,! o f oexp,(v) where v € D(G). Define C'-bump
function p|B(x7%) =1, plge\B(z,c) = 0. Define:

f1(2) = exp, o[p- R+ (1 —p)-Floexp,'(2)

on z € B(x,G) and f; = f for z € M\D(G), where R # Id is an involution of D(G). f; is an orientation-
preserving homeomorphism as it is a convex combination of two functions in the same connected component
of invertible group GLT (n).

As Dexp,(0) = Id there exists L > 1 tending to 1 as G — 0 s.t. :

d(f1(2), f(2)) < L|(F = R) o exp; ' (2)| < L|F ~ R|G < L|F — R|e (16)

can do the same in case one for f; as it has period-two periodic point because of R. This proves the density.
For each homeomorphism f5 in case one there exists small enough neighborhood U 3 z s.t. ff‘U has no fixed

point on oU (note : f¥(x) = z and x € R(f)\Fix(f)).

6. Here the flow is the usual group action of the additive group of real numbers on the manifold
7. For a Riemannian manifold M it is defined as exp : M x T M — M for more read (Gallot et al., 2004, Section 2.C)
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For every C%-Perturbation g of fa in Hg(P) one has: 0 # deg(f5(z) —z,0) = deg(g*(z) — x,0). There exists
a point z s.t. g¥(2) — z = 0 so g* has a fixed point. Thus, g has a periodic point of period k& > 1 that is not
contained in a continuum subset of the set of k-periodic points. It means fs has an open neighborhood. This
proves the openness. [ ]

Proof of Theorem 1: Since every neural ODE is, by definition, a flowable homeomorphisms supported?
on any such [4,1 — §]¢ then our next results necessitates that the set of neural ODEs is itself meager in
Ha([0,1]%) as well. |

Appendix B. Proof of the Positive Result

First we handle ” Quantitative Formulations” and so we can easily prove the theorem in ” Qualitative Universal
Approximation Guarantee” section.

B.1 Quantitative Formulations
B.1.1 GENERAL CASE

First we prove Proposition 6 to show it is reasonable to think of incremental flow-based generation.

Proof of Proposition 6: Consider vector fields V'(z,y) = (-7 (y—3),7(z— %)) and W/(z,y) = (—z+3,0)
which are 7 rotation around the point p = (1, 1) and squeeze to the line = 1 (call this line [). Consider
the bump function p which is 1 on the circle with radius r = % around p and zero out of the circle with
radius R = i. V =V'op,W =W'o p are compactly supported on [0, 1]¢. Denote time one map of V, W as
wv,pw. Then ¢y o pw ¢ Flow . suppose not, i.e. there exists a vector field F' which its time one flow ¢ is
equal to py o .

Note that for the composition v oy any point a € B,.(p)\l converges to zero on iteration but any b € [ has
periodic point two. Consider the trajectory ~ of the flow of ¢y o oy . For any point ¢ = r.e? (considering
polar coordinate) on a neighborhood S of the point ¢y o pw (b) on v, radius of ¢y o py (¢) will be smaller
than 7. as a result radius of any point other than b on (¢y o ¢w)?(S) will be smaller but (v o o )?(b) = b
so there will be a discontinuity at the point b but all periodic orbits of a continuous flow form a continuum

(i.e. a compact and connected metric space that contains at least two points) which is a contradiction. W

Now, we first show how one can approximate a flow, then we consider the composition of flows and prove The-
orem 7.

Lemma 19 (Transfer: Universal Approximation of Vector Field to Flow) Let n € N and V € X°,
then for every ¢ = Flow (V) there exists a ReLU MLP ® : R? — R? compactly supported on (0,1)? with width
8d(n + 1)¢, depth [logyd] + 6, and at-most 16d(n + 1)? + 9 non-zero parameters such that the flow (Neural
ODE) given for each x € R? by

U(x) =27
t (17)
zy = erJ O(27)ds
0
for 0 <t < 1; satisfies the uniform estimates
d v
W (z) — ¢(z)| < 2fw(z iee (18)

Where w is the modulus of regularity of ¢ which is equal to the modulus of reqularity of ®. Note that ek’
does not depend on n. One gets convergence as n — o0
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Proof : If we define (V); := V; then as Vj is Lipschitz and nonzero on a compact subset from (Hong and
Kratsios, 2024) there exists a ReLU MLP (¢(27)); := ¢;(27) and modulus of regularity (w); := w; such that:

xT xr d
IVi(z5) — &5(25) | 10,174y < wi(5-)
2n

To make it compactly supported on [%, 1-— %]d for a § € (0,2) we compose it componentwise with ReLU
bump function below:

1) 0 1 1)
b(z) = operv (20ReLv (z — Z) — ORerU(® — 5) - EUReLU(fE —(1- 5)))
0, ifr<?
2z — if v e[2,2]
=4z, if ve[3,1— 9]
(- Yo+ (B52), iteell-31-14]
0, ifz>1-2
implemented by the following network:
ORreLu(z — )
X = O’ReLU(l' - %5)
orerv(r —(1—2))
1) 26 1 20
= [oReLv (20ReLu (z — Z) — ORerU(T — Z) - EO'ReLU(x -(1- Z)))]
0 28 1 26
= [¢j(0Rrerv (20ReLv(z — 1) — OReru(T — Z) - SUReLU(SC - (1- Z))))] = ¢;(b(z))

= ®;(x)
which is 2-Lipschitz and supported on [0,1]. The result ®; = ¢; o b has width:
width(®;) = max{3d, d, width(¢;)}
= max{3d, d, 8d(n + 1)%}

= 8d(n + 1)¢
— width(g,)

And depth:
depth(¢; o b) = depth(¢;) + 2 = [log2d] + 6

then note that ®; = ¢; on [,1— $]? so:

d
195 = Vill oo (13,1- 370y < |95 = Vil L (o,179) < wil5,)
And:
1)
195 = Vil 10,274y < §(HVjHL°0([O,1]d) + 19512 (10,174))
Then:

195 = VillLe(fo,179) < 195 = Vill oo, 379y + 125 = Vill oo ((5,1- 870y + 125 = Vill Lo (i3 130y
d

< Wj(%) + 6(IVill Lo (o, 174) + |85 o [0,17¢))
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Note that supp(®) = supp(V) = [0,1]? so we can consider the the inequalities above on R? then we’ll have:
[V (@5) = @) onmayie < V(@) = VI(Z) oo ey + HV( ) = (2L ey
< LYaf = 2o aye + (g )le + (Ve aye + 0] oo rtyie)

Note that as ¢ and V are continuous on a compact set, they attain their supremum. This means there exists
a constant C such that:

IV oo ayie + 0]l oo mayie < C

Observe that, C' = 0 not only depends on V' but also on n and on d, as ¢ depends only on V' and n and on
d; hence by Jensen’s inequality:

t
2 — 2 e oy = | j V(@®) — ®(=2)ds| o (rayre
f [V(@?) — (2| oty ds

LVJ HiC — Zs ”Loc ]Rd locdS + ((U( )”loo + (SC)

On the other hand, observe that § does not depend on any of V,n,d and it was arbitrary; thus, we may take
6C < |w(5L)[ thus:

|z = 2]l Lo (rayi=e < J g = 25 Lon ety ds + 2[w(5 - )szt
By applying Gronwall’s inequality (Pachpatte (1998) Theorem 1.3.1)

d v
28 = @il @aye < 2wz )lite” !

lett=1":
V

d
[W(z) — o(x)] Lo (mayie = 27 — 2T Lo mayie < 2HW( )lee (19)
The right hand side goes to zero as n — oo0. Finally, observe that eL” depends only on V' and not on the
approximation parameter n € N_. |

Now we are ready to prove the Theorem 7.
Proof of Theorem 7: As ¢ € Hf’s([O, 114) in (7) define ¢, = Flow (V) for every g € [G]. So one can

write:
=059 ) (20)

We use Lemma 19 for each ¢9) to find Neural ODEs {\Il(g)}le. One can write U(9) () = 2% as in (17), then
as ®9) is Lipschitz we can write:

t t
ot = e <l = vl + [ [99(:2) = 0Dt < o=l + 25 [ o2 = ¥yt

By applying Gronwall’s inequality (Pachpatte (1998) Theorem 1.2.2)

3(9)
l2f = 2l < (lo = ylie) e

Lett=1":
»(9)

|99 (@) = OO ()i = |12 — 2w < |z —yliee” (21)
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: (9)
Define ¥ < QG U9, We try to show that the Lipschitz constant LY is at-most HG_l el using

induction. The base case is already proved in inequality (21); for the step of the 1nduct10n consider the
induction assumption bellow :

G-l
| 0% w9 (2) — O v ()| < [ o -yl
g=1

Using (21) we can write:

PR )

G s
| 0621 ¥9(2) - O ¥ (y)| < | OFL v (@) - OFL v )| < [[e" e —y] (22)
g=1

(9)
So one can deduce the Lipschitz constant is at-most ]_[5:1 ¥

We again use induction to show inequality (9). The base case is already proved in Lemma 19. For the
step of the induction, consider the induction assumption bellow:

- )
H (g) OG 1\1/ HLOO(Rd)loo X Z <2w H LV )

Using (29) we can write:
HQO(ZL') - g:l lI/(g) (x)HLsc(Rd)lsc = H O?:l 80(9) ('T) - OG*I \Il(g) 'T HLOO(Rd)
< H ngl Sﬁ(g)( ) O OG 1\11 HLaO(]R")PO

+ ”(p(G) © O?gllq}(g) (LC) - g=1 \I} LC HLOO(]RUZ)ZOO

v(&) d V()
<| — OE V@) o ayee™ 2w D ()"
n
Where for the last inequality we used (18) and (21).
Then by the induction assumption:
G gl 3 (s v
H‘P(x) - Og:l vl ”Loo (R4)1 Z 2Hw g le H €
By Lemma 19 the right hand side goes to zero as n — c0. We have thus concluded the proof. |

B.1.2 DIFFERENTIABLE CASE

We do the same steps for the differentiable case but with another ReLLU MLP which gives faster approximation
rates. Also we first prove a proposition which Proposition 8 is a special case of it.

Lemma 20 (Transfer: Universal Approximation of Vector Field to Flow (Differentiable Case))

Let se Ny, and V = (Vi,...,Vy) € X%, and w; = 85(s + 1)48°| V| (0,174 )(N L)=2/4 for 1 < j < d and
w = (wi,...,wq) then for every ¢ = Flow (V) and for any N;,L € N* | 1 < j < d, There exists a ReLU
MLP

®: R - R?

compactly supported in (0,1)¢ with width less than or equal Z?Zl 17sd P 13d(N; + 2)1log,(8N;) and depth
185%(L + 2)logy(4L) + 2(d + 1) such that the flow (Neural ODE) given for each x € R? by

U(x) = 27

! (23)
zi =x +J O(27)ds
0
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for 0 <t < 1; satisfies the uniform estimates
A%
H\I/($) - So(x)HLOO(Rd)loc < QHW(NM (R 7Nd7 L)HlooeL (24)

where W is also compactly supported' in (0,1)2.

Proof : If we define (V); := V; for 1 < j < d then by (Lu et al., 2021, Theorem 1.1) for any N;,L €
N7, there exists a function ¢; implemented by a ReLU FNN with width Cy(N; + 2)log,(8N;) and depth
Co(L + 2)logy(4L) + 2d such that

lé; — Vil Lo qo.174) < CllVjllos (o130 (N L) 2%, (25)

where C; = 17s9713%d, Oy = 1852, and C3 = 85(s + 1)78°.
Let 6 € (0,2), one can make ¢ compactly supported on [%, 1— g]d by composing it componentwise with ReL'U
bump function below:

4] 1 4]

b(z) = orerv (20ReLu (z — Z) — ORerU(T — 5) - SURBLU(x —(1- 5)))
0, ifr < g
2 — 3 if v € [2,3]
=4z, ifve[3,1- 4]
(1-Hz+(52), ifee[l-45,1-12]
0, foz>1-2
implemented by the following network:
Oreru (T —2)
X = U'ReLU(iL' — 27?)
orerv(z — (1— %))
) 20 1 20
= [oreLv (20ReLu(z — Z) — OReru(T — Z) - gUReLU(f —(1- Z)))]
) 20 1 20
= [¢j(0ReLv (20ReLv (z — Z) — OReru(T — Z) - SUReLU(x - (11— Z))))] = ¢;(b(x))

= ®;(z)
which is 2-Lipschitz and supported on [0,1]. The result ®; = ¢; o b has width:

width(®;) = max{3d, d, width(¢;)}
= max{3d, d, 17sd “"3d(N; + 2) log,(8N;)}
= 17sd T 13d(N; + 2) log, (8N;)
= width(¢;)
And depth:
depth(¢; o b) = depth(¢;) + 2 = 185%(L + 2) logy(4L) + 2(d + 1)

and as depth(¢1) = depth(¢2) = -+ = depth(¢q) then depth(®1) = depth(P2) = --- = depth(®4), by
parallelization (Petersen and Zech, 2024, Proposition 2.3.) the neural network

O(z) = (P1(2),...,Pq(z)) : R - R?

has the same depth. The width of it is at least :

d
width(®) < ) width(®;)
j=1
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Set w; 2 Cy|Vj|
[g, 1-— %]d S0:

Cs([071]d)(NjL)*25/d o (¢1,...,0q4) and w et (w1,...,wq) then note that ®; = ¢, on

195 = Vil Lo 2,1-270) < 165 = Vil Lo,y < CallV; Jay (N L) =2/,

Also on the interval [0, 2]¢ one can write:

)
|1®; — VjHLw([o,g]d S i(HV Iz 0,119y + |05 2 [0,172))

Then:
195 = Vil (fo,119) < 195 = Villo (0,574 + 125 = Vil Lo ((g,1- 870y + 125 = Vil Lo (g 130)
< C3||Vjll o 0,170y (NG L) 725/% + 8|V o (j0,170) + 195 ] £ (j0,174))

Note that supp(®) = supp(V) = [0,1]? so we can consider the the inequalities above on R? then we’ll have:

IV (z5) — (I)(Z;C)HLOC(Rd)lw < | V(g) — V(Zf)HLOO(Rd)loo +V(z5) - q)(ZZ)HLOO(]Rd)lOO
< LV |af — 28| oo ayie + |w(N1, .., Na, L)1

+ (V] oo rayio + @] Loo (mey1e0)

Note that as ¢ and V are continuous on a compact set, they attain their supremum. This means there exists
a constant C' such that:

Voo gayie + 19] e mayie < C.

Observe that, C' = 0 not only depends on V but also on Ny,..., Ny and on L, as ¢ depends only on V and
Ny,...,Ng and on L; hence by Jensen’s inequality:

t
M?*#%wmmw=nf‘4ﬁ0f¢@®®hwmmw
< [0 - 0 e mneds (29
< LVJ ”If - Zg:“LOO(Rd)leS + (Hw(Nl, N 7Nd7 L)”loo + 5C)t
0

On the other hand, observe that § does not depend on any of V, Ny,..., Ng, L and it was arbitrary; thus, we
may take 0C < |w(Ny,..., Ng, L)|; thus:

t
|27 — 2§ || oo (Rayiee < LVJ |25 — 28]l oo (mayieods + 2|w(N1, . .., Ng, L) |10t (27)
0

By applying Gronwall’s inequality (Pachpatte (1998) Theorem 1.3.1)
\%
l2f — @7 | oo mayiee < 2Jw(Ny, ..., Ng, L)|iote” "

Lett=1":
%4
W (z) — ‘p(y>”L°°(IRd)l°° = ||27 — 33‘71/HL°0(Rd)zw < 2|w(Ny, .. -deaL>||l°C€L
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Proposition 21 (Universal Approximation by Deep Neural ODEs (Differentiable Case)) Letp €
’;‘-lg’s([O7 1]%) and 1 < s; then, there exists ReLU neural ODEs {\Il(g)}ngl c X° such that U = o5, (o)
satisfies the approxrimation guarantee:

G G )
o = ¥l o ayi < 2 <2w(g)(N1a s Nas D)l [T ) .
g=1

Jj=g

Where (w9); = 85(s + 1)d83\|Vj(g) | (f0,174) (NG L) =25/4 each w(9) . The right hand side goes to zero as L — o
and N; — « for each j € [G].

Moreover, U is a compactly-supported C*-diffeomorphism t on R? supported’ on (0,1)%, with Lipschitz
constant at-most H?Zl eL\P(y) and U9 s a ReLU MLP of width less than or equal to ijl 17sd+13dd(Nf +
2)logy(8N7Y) and depth 185°(LY + 2)logy(4L9) + 2(d + 1) where NY,L9 € N* for each 1 < j < d, and
1<g<G.

In particular, LY depends on the parameters Ny, ..., Ng.

Proof : As p e Hg’s([(), 1]%) in (7) define ¢, = Flow (V) for every g € [G]. So one can write:

= g1 91 (2) (29)
We use Lemma 20 for each ¢(9) to find Neural ODEs {\Il(g)}gzl. One can write U(9) (z) = 27 as in (23), then
as ®9) is Lipschitz we can write:

t t
J57 = e < o = vloe + | [9962) = 09 D)l ods < o= sl + L | 22 = 2]y

By applying Gronwall’s inequality (Pachpatte (1998) Theorem 1.2.2)

<1>(9)
Iz = 2 lee < (Il = ylio) e

set t = 1:
(9)

|29 (2) — ¥ (y)],., = |28 — 2Y], < (& — ylo=) 2 (30)

def. G (g) } P . N ~ . G Lq)(g) ’
Define ¥ '= (O,_;¥'¥. We try to show that the Lipschitz constant L™ is at-most ngle using

induction. The base case is already proved in inequality (30); for the step of the induction, consider the
induction assumption bellow :

G-l @
H 05;11 \Il(g)(a:) _ Os:ll p(9) (y)HlCO < H eLI Hx . yle
g=1

Using (30) we can write:

»(G) _ _ G 2(9)
| OF=1 ¥ (@) — 0L ¥ ()], < [ OFS ¥ (@) - O ¥ W) < TTe" Jr -yl (D
g=1
. . . a L@(Q)
So one can deduce the Lipschitz constant is at-most [ | g=1€ .
Note that one can apply the same procedure of (30) for ©(9) and conclude
(9) Lv(g)
LY =e (32)

22



We again use induction to show inequality (34). The base case is already proved in Lemma 20. For the
step of the induction consider the induction assumption bellow:

- G—1
— v(])
H P (2) = O VO (@) n gayor Z (M@ voo s Na L) [ ] €* )
g=1 Jj=g
Using (29) we can write:
||L)0(‘/E) - O?:l \II( HLOO(Rd = H OG (g) (:C) - O§=1 \I/(g) (x>||Lw(Rd)loc
<[ OS5y 09 (x) — '@ o QST (2) ”Leo (R)1
+ 69 0 OO W) (2) - oG VD@
G-1 oLV
< H O QD((J)( ) O \Ij HLOO(Rd)loo
(@
+2[w@(Ny, ..., Ng, L)1
Where for the last inequality we used (24) and (32).
Then by the induction assumption:
a G G v ()
Hcp(x) - Qg:l \I/(g) ”Loo (R4)1 Z QHW(Q) -y Na, L)||l°° H eL
g=1 Jj=g
By Lemma 20 the right hand side goes to zero as L — o and N; — o for each j € [d]. We have thus
concluded the proof. [ |
Now we are in a position to prove Proposition 8.
Proof of Proposition 8: Take free parameters N = N; = Ny = --- = Ny then the result follows from
Proposition 21 |

B.1.3 SMooTH CASE

First we prove Theorem 9 and then Proposition 10.
Lemma 22 (Normality) The set Flow generates a normal subgroup (denoted as) (Flow ) of Diffy([0, 1]%).

Proof : If ¢ = Flow (V) then using Corollary 9.14 (Lee, 2013) in our case it shows that for every F €
Diffy([0,1]9) the Flow of the (pushforward) vector field FyV is = F o ¢ o F~1, in other words n =
Flow (Fy D) = n € Flow so for ¢ in the generated subgroup (Flow ) and the diffeomorphism F e Diff([0, 1]¢)
we can write :

e (Flow)=IneN, st. Yie{l,...,n}, 3o € Flow (V;) s.t. ¢ = o™ 0.0 M
then one can write:

FopoF 1= (Fop™oF Y)o(Fopm VoF Yo ..oFopMoF ™) =yp™o...onM e (Flow)

Lemma 23 (Large Granularity Triviality for Smooth Regularity) There exists a K4 € Ny s.t. for
any integer G > K, ’Hg’w([O, 1]%) is empty.
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Proof : Note ’H?’w ([0, 1]d) = ”HdG’OO (((), l)d) because these set of functions are zero on the boundary of
[0,1]? by continuity. Define the autonomous norm

| flltrag := min{m € N'| f = hy - -- hy, where h; = Flow(V;) for some V; € X'}

one can check that this norm is conjugate invariant. By Burago et al. (2013) [Theorem 1.17] the autonomous
norm on the group Diffy ((O, l)d) is bounded by a constant K4 as (0,1)? is portable.® [ ]

Lemma 24 (Decomposition) For every diffeomorphism ¢ € Diffy([0,1]?), there exist some G € N and
flows oM. .. (@ e Flow such that

© = O?=1 o L SD(G) 0.0 (p(l)_ (33)

Proof : By Thurston’s Theorem, see e.g. (Banyaga, 1997a, Theorem 2.1.1), the group Diffy([0,1]¢) is
simple; i.e. it has no proper normal subgroups besides the trivial group consisting only of the identity
(diffeomorphism) on R?. Since Flow does not contain only the identity diffeomorphism on R¢ and, by
Lemma (22), since Flow generates a normal subgroup of Diffo([0,1]¢) then Flow generates the entire group
Diff( ([0, 1]9). Consequentially, each ¢ € Diffo([0, 1]¢) admits a representation of the form (33).

|

Now we are in a position to prove Theorem 9.

Proof of Theorem 9: By Lemma 24 there exists a G such that ¢ € HS*([0,1]%); as HS ™ ([0,1]7) is
non-empty, by Lemma 23 G < K;. This means one can write any diffeomorphism as a composition of at
most K4 flows. [ ]

Using Theorem 9 we can prove Proposition 10.
Proof of Proposition 10: As ¢ € Diffy([0,1]?) it is also s differentiable so by Theorem 9 there exists
G < K4 such that ¢ € H5*([0,1]%). By Proposition 8 there exists ¥ such that:

G )

Jj=g

< 170(s + 1)8° max{|| V"]
9,7

G
—2s/d _max v ) (34)
os(fo,)ay }(N L) 2/ demesstt }Kd<| [ LY )
L
e O(N—2/4)

as (w(9)); = 85(s + 1)48°| V7|

Cs([oﬁl]d)(NL)i%/d |

We are now able to deduce our main qualitative universal approximation guarantee within the class H4([0, 1]¢).
Proof of Theorem 4: Now, since ¢ is supported on B(0, R) for large enough R then there exists some M > 0
such that ¢ is supported on [—M, M]¢ > B(0, R). Recalling by a contraction/expansion diffeomorphism
o @ R — R? of the form o (x) < Az for some d x d scalar matrix A = kI, for some k > 0, satisfying
om([—M, M]) < B(0,1/8). Moreover ¢); can be written as the time 1 flow whose integral curve with initial
condition x € R is

o = k'z for all t > 0

We may without loss of generality consider sup(y o ¢3/) = B(0, %) thus ¢ o ¢}/ fixes all points on a

neighborhood of the boundary of B(0,1/4). Consequently, we may apply the Munkres-Connel-Bing Theorem,

as formulated in (Miiller, 2014, Lemma 2) to deduce that: for every € > 0 there exists a diffeomorphism
: R — R supported on B(0, ) satisfying the uniform approximation guarantees

lpe(@) = @ 0 @) (@) Lo ray= < 5. (35)

8. Take vector field X as the vector field that points toward the point (%, cey %) at every point and € a translation.
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Which by substituting « = pas(x) we’ll still have:
le 0 prr — @l Lo ey < 5. (36)

Now, since ¢, is supported on B(0, ) < [0, 1] and since ¢, is a diffeomorphism then Theorem 9 implies that

there exists some Ky (not depending on ¢, nor on ) and some 1 < G < K4 such that ¢, € 7—[?’1([0, 11%).
Applying Theorem 7 implies that there exists ReLU neural ODEs {0 = Flow(®@)}¢_, < X0 such that

the diffeomorphism ¥, < Ongl U(9) is Lipschitz and compactly supported and satisfies the approximation

guarantee:
€

e — \Ijg”Lac(Rd)lac S35 (37)
As ¢ar € Ha([—M, M]9) by the same theorem:
HQOM - \I/MHLQO(Rd)loo < M/L‘Pg (38)

Combining (36), (37), (38):

[Pe 0 Tar — | < [ ¥e 0 s — e 0 oua] + e 0 o — ¢
< Voo Wpr — Veopp|| + |¥e 0 oar — e 0 our| + | 0e 0 omr — ¢ (39)
< LY Up — onr| + [ We 0 omr — @c 0 om|| + e 0 onr —
SLY g +5+5=¢
and setting ¥ = W, o Uy, and Ky LR+ 1 yields the conclusion.
=

Appendix C. Additional Geometric and Topological Background
1. continuum: a compact and connected metric space that contains at least two points.
2. Tangent vector, tangent bundle and vector field: Let M be a smooth n-manifold.

(a) A tangent vector at a point p € M can be defined as the velocity +/(0) of a smooth curve v :
(—e,e) > M with y(0) = p, or equivalently as a derivation at p, i.e. a linear map v : C*(M) — R
satisfying the Leibniz rule

v(fg) =v(flglp) + flp)v(g),  f,geCT(M).

The set of all tangent vectors at p forms an n-dimensional vector space called the tangent space
at p, denoted T, M.

(b) The tangent bundle of M is the disjoint union

T™ = | | T,M,
peM

together with the natural projection @ : TM — M given by m(v) = p for v € TyM. It is itself a
smooth 2n-dimensional manifold.

(¢) A wector field on M is a smooth map

X:M—->TM
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such that X (p) € T,M for every p € M. Equivalently, a vector field is a smooth section of the
tangent bundle 7 : TM — M. In local coordinates (z!,...,2"), any vector field has the form

n
Z xz’

where f; € C*(M).

3. Homotopic and C*-diffeotopy: A homotopy between two continuous functions f and g from a topological
space X to a topological space Y is defined to be a continuous function

H:Xx[0,1]—>Y
such that H(z,0) = f(z) and H(z,1) = g(z) for all z € X.

Let M and N be smooth manifolds, and let fo, fi : M — N be C* diffeomorphisms (1 < k < o).
We say that fo and f, are C*-diffeotopic if there exists a map

F:Mx[0,1]] > N
such that:
(a) For each t € [0, 1], the map
fi(x) == F(z,t) : M - N
is a C* diffeomorphism.
(b) fO = F(,O) and fl = F(71)
(c) The map F is C* in = and continuous (sometimes C*) in (z,t).

4. Conjugation invariant and autonomous norm: conjugation-invariant norm v : G — [0; +0) on a
group G is a function which satisfies the following axioms:

(i
(ii

) v(1) =

)
(iii)

)

)

(

(f) V(ffl) VfeG;

(fg) <v(f)+vlg) VfgeG;
(f)=vlgfg™") Yf.geG;

(v) v(f)>0forall f+#1

for a smooth function f define || f|rag := min{m e N | f = hy - - - hy,, where h; = Flow(V;) for some V; € X'}
where Flow(V;) is the time one solution of Cauchy Problem for smooth vector field V;

N
I

<

<

(iv

<

v

5. Nowhere dense and meagerness: Let T' = (S, 7) be a topological space and A € S. A is nowhere dense
in 7" if and only if
(4" = 2,

where A denotes the closure of A and A° its interior.
A is meager in T if and only if it can be written as a countable union

0
- U A
n=1
where each A,, € S is nowhere dense in T'. Equivalently, complement of A is open and dense.
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6. Complete vector field: Let M be a smooth manifold and let X be a smooth vector field. Denote by
the local flow of X, that is, the solution to the ODE

L o) = X(@u0),  wole) =p.

We say that X is complete if for every p € M, the integral curve v,(t) := @:(p) is defined for all ¢t € R.
Equivalently, X is complete if its local flow extends to a global flow

p:Rx M — M.
7. Portable manifold: We say that a smooth connected open manifold M is portable if it admits a
complete vector field X and a compact subset M, with the following properties:

e My is an attractor of the flow X! generated by X: for every compact subset K — M there exists
7> 0 so that X7 (K) < M.

e There exists a diffeomorphism 6 € Diffy(M) so that 8(My) N My = .

8. Recurrent point: Let X be a topological space and let f : X — X be a continuous map. A point z € X
is called a recurrent point of f if there exists a sequence of integers (ng) with ny — oo such that

™ (z) — x as k — o0.
Equivalently, x is recurrent if it belongs to its own w-limit set,

rxew(x):={ye X : f™(x) — y for some sequence ny — 0}.

9. Orbit, fixed point and periodic point: Let X be a set and f : X — X a map. For x € X, the forward
orbit of x under f is the set
Ot (z) .= {f™(x) : n € No},

where Ng = {0,1,2,...} and f° = idx.
If f is invertible, the (full) orbit of x is

O(z) == {f"(x) : neZ}.

A point z € X is called a fixed point of f if

flx) ==z
A point z € X is called a periodic point of period k > 1 if
) ==,

and k is the smallest positive integer with this property.

The set of all periodic points of period k is denoted

Per(f) :={ze X : f¥(z) =z and fi(z) 2z forall 0 < j < k}.

Appendix D. Proofs of Corollaries

Proof of Corollary 11: By Theorem 7 and using (15), there exists Lipschtiz ReLU neural ODEs {¥; =
Flow (®;)}2; such that for each i € [D] we have:

I Flow (Vi) = Wil Lo mayie < €
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Which by Theorem 7, € € O(%) so restricting the domain and only considering the last coordinate of the
output we’ll have:
7+ o Flow (V3,) 0 147 — 2+ 0 Wy 0 0 o aoy < €

but by (14) we know f; = w0 Flow (Vy,) 0 14 so define ¥ = (—Bil(ﬂ‘lﬂl o W; 0.4 then:

ILf = Wl Lo mayre <.

also width and depth are given in table 1. Also note that by lifting, projecting and concatination the function
remains Lipschitz. This completes our proof. |

Proof of Corollary 13: The Benyamini-Lindenstrauss theorem; see e.g. (Benyamini and Lindenstrauss,
2000, Theorem 1.12), implies that for every non-empty subset A < [0,1]?, each L > 0, and every L-
Lipschitz function g : A — RP, there exists a L-Lipschitz extension G : [0,1]¢ — RP; i.e. g|4 = G. There-
fore, (Miculescu, 2002/03, Theorem 1) implies that the set of Lipschitz functions is dense in C([0, 1], RP)
for the uniform topology. The result now follows from Corollary 11. |

Proof of Corollary 14:

Applying the Benamou-Brenier Theorem (Villani, 2003, Theorem 2.12 (ii) and (iii)), we deduce that there
exists a convex function ¢ : R* — R inducing the unique optimal transport map between u and v, namely
1= Vv ie. ¢ is a Kantorovich potential. note that, at this state Vo may only be defined p-a.s. therefore
we verify its regularity before being able to continue further with any uniform approximation thereof. Under
Assumption 4.1 the Caffarelli’s regularity theorem, as formulated (Villani, 2009, Theorem 12.50 (ii)) applies
and we deduce that o € C2%((0,1)%); in particular, Vi is defined on all of (0,1)? and it’s Lipschitz thereon
by the mean-valued theorem.

Since Vo : (0,1) — (0,1)% is L'-Lipschitz, for some L’ > 0, then it admits an L’-Lipschitz extension
@ :[0,1]% — [0,1]¢, again by the Benyamini-Lindenstrauss Theorem, see e.g. (Benyamini and Lindenstrauss,
2000, Theorem 1.12) (it is easy to see that it must map the close cube to itself, since V¢ maps (0,1)¢ to
itself and the latter is continuous).

Fix € > 0, applying Corollary 11 we find that there exists a Lipschitz Latent Neural ODE ¥ : R4*+P
R¥*D induced by ReLU MLP of depth O(log,(d)), width O(dn4*1!), with O(dn?*!) non-zero parameters,
such that

_ 2\ /2
(zg[loaﬁ(]d |(z) — ¥ ()| ) <e (40)
Since p and v are both supported on [0, 1] then they belong to P, ([0, 1]¢) for every 1 < p < o0; in particular,
v and ¥yv belong to P2(R?). Therefore, Wy(u, ¥yv) is finite and we have

Wi (,LL7 \IfﬁI/(N)) <W (\Ifﬁlj, \IfﬁV(N)) + W (u, \Ifﬁl/) <W (\I/ﬁlj, \Ifﬁl/(N)) +Ws (u, \I/ﬁu) . (41)
@ (I

We begin by controlling term (I) . Indeed, since ¥ is L¥-Lipschitz, then we have
(1) = Wi (g, Ty ™) < Lip () Wy (v, 0 )). (42)

Now, applying the concentration of measure result in (Hou et al., 2023, Lemma 18) we have that: for every
)

>0

LY

N N 0 7288 N VdCio 1y
P(‘Wl(y,y( )) —E[Wl(y,y( ))]‘ > L‘I’> < 2ed¥)?* and ]E[Wl(u,y( ))] < %

for some constant Cfy 17« > 0. Consequently, we may control (I) probabilistically: for every 6 > 0

_ 2
ﬁc[o,l]d 2N
—017

IED(L‘I’Wl (v,p ™)) < LVt 5) S 1 9edLV) (43)
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So
—2N§

P((1) < L‘I’% +6) > 1 2edL7P (44)
It remains to control term (II). In particular,
(I1) = Wi (p, Uyr) = W (Vpsr, Uyv), (45)

Since [0,1]%\(0,1)? is of v-measure zero, we may again rephrase (45) as

1/2 ~ 1/2 det.
(1) = Wa (Vipgr, W) < Ex o [[(V)s(X) = (0)5(X) ] = Bxewu [|B(X) — (@) (X)[2]/* < (D). (46)
But
1) < (II) < ( |3(x) — W )\\2)1/2 (47)
1I) < (II) < R C z
Consequently, combining (40), (44) ,and (47) yields the conclusion. [ |
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