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Abstract
Incremental flow-based denoising models have reshaped generative modelling, but their empirical advantage
still lacks a rigorous approximation-theoretic foundation. We show that incremental generation is necessary
and sufficient for universal flow-based generation on the largest natural class of self-maps of r0, 1s

d compatible
with denoising pipelines, namely the orientation-preserving homeomorphisms of r0, 1s

d. All our guarantees
are uniform on the underlying maps and hence imply approximation both samplewise and in distribution.

Using a new topological-dynamical argument, we first prove an impossibility theorem: the class of all
single-step autonomous flows, independently of the architecture, width, depth, or Lipschitz activation of
the underlying neural network, is meagre and therefore not universal in the space of orientation-preserving
homeomorphisms of r0, 1s

d. By exploiting algebraic properties of autonomous flows, we conversely show that
every orientation-preserving Lipschitz homeomorphism on r0, 1s

d can be approximated at rate Opn´1{d
q by a

composition of at most Kd such flows, where Kd depends only on the dimension. Under additional smooth-
ness assumptions, the approximation rate can be made dimension-free, and Kd can be chosen uniformly
over the class being approximated. Finally, by linearly lifting the domain into one higher dimension, we
obtain structured universal approximation results for continuous functions and for probability measures on
r0, 1s

d, the latter realized as pushforwards of empirical measures with vanishing 1-Wasserstein error.

Keywords: Incremental Generation; Normalizing Flows; Neural ODEs; Universal Approximation; Dy-
namical Systems; Homeomorphism Groups; Flowability; Optimal Transport, Structure-Aware AI.

MSC (2020): 41A30, 41A65, 58D05, 58D15, 37C10.

1 Introduction

Flow-based diffusion models are changing our understanding of generative modelling, combining exact like-
lihoods with high-quality samples Rezende and Mohamed (2015); Kingma and Dhariwal (2018), and the
effectiveness of the modern incremental generation paradigm has undeniably revolutionized a range of areas
from image synthesis to molecular design and time-series modelling Papamakarios et al. (2021); Ho et al.
(2020); Kobyzev et al. (2020). Nevertheless, our fundamental question remains: why and how is incremental
generation advantageous over (non-incremental) predecessors such as GANs Goodfellow et al. (2014). We
answer this question in the foundations of AI, using an approximation-theoretic lens.

Here, a generative model refers to any function that transforms a source of noise, given by a random
variable Z on Rd, into another “generated” random variable

X “ φpZq, (1)

where φ : Rd Ñ RD. Generation is performed by sampling Z, which induces a sample of X. The transforma-
tion φ is required to be continuous, often Lipschitz, to ensure numerical stability during generation Gulrajani

∗. Corresponding author.
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et al. (2017); Cisse et al. (2017); Miyato et al. (2018). We consider denoising-based generative models, such
as normalizing flows Rezende and Mohamed (2015); Kingma and Dhariwal (2018) which conceptually build
on their variational autoencoder (VAE) predecessors Kingma and Welling (2013). These models require the
transformation φ to be continuously invertible and leverage the inverse map φ´1 : φpRdq Ñ Rd to train the
model: given i.i.d. samples from X, the model learns to map them back to the noise source Z. The invert-
ibility, thus injectivity of φ necessitates that D ě d; we focus on the difficult critical case where D “ d and
φ is surjective (other cases are simple consequence which we discussed below). As with log-likelihood based
generative models1, cf. Dinh et al. (2014, 2017), prohibits φ from flipping inputs during generation; i.e. φ is
orientation preserving. Lastly, keeping with the approximation-theoretic tradition in deep learning Mhaskar
and Poggio (2016); Yarotsky (2017); Petersen and Voigtlaender (2018); Elbrächter et al. (2021); Kratsios and
Zamanlooy (2022); Zhang et al. (2022); Siegel (2023), we will focus only on maps φ that are supported: (in
the sense of differential topology, cf. (Banyaga, 1997a, Chapter 2)) on the unit hypercube r0, 1sd; that is,
φpxq “ x for every x R r0, 1sd. This means that, the largest concept class of denoising-type generative models
consists of all random variables X, as in (1), for which the transformation φ belongs to the class Hdpr0, 1sdq

of orientation-preserving homeomorphism supported: on r0, 1sd. In this paper, we adopt a strong viewpoint
by fixing the noise variable Z itself, rather than just fixing its distribution. This allows our results to hold
sample-wise, not just in expectation or in distribution (e.g. a weaker Wasserstein sense), and it reduces the
analysis of X in (1) to the properties of the map φ. Thus, when the worst-case gap between any two generated
random variables X “ φpZq and X̃ “ ψpZq for any sample of Z (samples/ω-wise), with φ,ψ P Hdpr0, 1sdq, is
quantified exactly by the uniform distance between φ and ψ

sup
ω

}φpZpωqq ´ ψpZpωqq} ď d8pϕ, ψq
def.
“ sup

xPRd

}φpxq ´ ψpxq} (2)

where the supremum on the left-hand side of (2) is taken over all outcomes ω in the probability space on
which Z is defined. We emphasize that d8pϕ, ψq must be finite since both ϕ and ψ coincide outside of
r0, 1sd. In other words, the relevant concept class in this paper is the function space Hdpr0, 1sdq with distance
quantified by d8, which will serve as the focus of all our approximation-theoretic analysis.

Unfortunately, Hdpr0, 1sdq is not a vector space which places it outside the scope of the available con-
structive approximation toolbox Pinkus (2012); Lorentz et al. (1996); Cohen et al. (2022); Petrova and
Wojtaszczyk (2023), which assumes a Banach space structure—our concept class Hdpr0, 1sdq possesses a
rich and well-studied infinite-dimensional topological group structure Mather (1974); Thurston (1974); Fathi
(1980); Mather (1984); Banyaga (1997b); Haller et al. (2013); Fukui et al. (2019) that we will exploit exten-
sively. Moreover, unlike signature-based machine learning methods, cf. Gyurkó et al. (2013); Chevyrev and
Kormilitzin (2016); Cuchiero et al. (2023); Andrès et al. (2024); Cass and Salvi (2024); Bayer et al. (2025),
rooted in rough path theory Lyons (1998); Gubinelli (2004); Hambly and Lyons (2010), we do not have access
to a global exponential map (in the sense of infinite-dimensional Lie groups; cf. Kriegl and Michor (1997a);
Michor et al. (2023)) to transfer results from linear spaces onto Hdpr0, 1sdq, as in Kratsios and Bilokopytov
(2020); Kratsios and Papon (2022). In short, there are currently no available tool to apply classical approxi-
mation results from linear spaces onto Hdpr0, 1sdq using global exponential map, we are required to develop
new approximation-theoretic techniques suited to its non-vectorial structure, where our approximators/hy-
pothesis class consists only of (neural network-based) homeomorphisms in Hdpr0, 1sdq. Our approximators
preserve the structure of the maps in (1), whereas replacing φ with an arbitrary, e.g. non-invertible neural
network as in the standard GAN framework Radford et al. (2016); Arjovsky et al. (2017); Peyré et al. (2019);
Rout et al. (2022); Korotin et al. (2021, 2023); Kolesov et al. (2024) would prevent the use of denoising-based
training.

Semi-Discrete Dynamics We identify and study the approximation-theoretic gap between incremental
and non-incremental flow-based generative models. In this paper, a flow-based generative model means a

1. Assuming the necessary absolute continuity conditions, let p denote the Radon-Nikodym density of the law of X with
respect to the law of Z. If p is sufficiently differentiable, the log-likelihood under a flow-based model takes the form
log pXpxq “ log pZpzq ´ logpdet Jφpzqq,where Jφpzq is the Jacobian matrix of φ at z. If φ is not orientation-preserving,
det Jφpzq can become negative, making the logarithm undefined. Thus, log-likelihood-based generative models must use
orientation-preserving transformations.
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map φ : Rd Ñ Rd decomposable as a ”semi-discrete dynamical system”; by which we mean φ can be expressed
as the composition of finitely many (discrete part) flows of continuous-time ODEs (continuous part). That is

φ “ φG ˝ ¨ ¨ ¨ ˝ φ1, (3)

for some G P N`, where for each l P t1, . . . , Gu, the map φl : Rd Ñ Rd is a time-1 flow of an autonomous
ODE; that is, φl sends any x P Rd to the time-1 solution xx1 of the autonomous ODE with initial condition x

dxxt
dt

“ Vlpx
x
t q, xx0 “ x (4)

where Vl : Rd Ñ Rd is a Lipschitz vector field, parameterized by a ReLU multilayer perceptron (MLP)whose
weights matrices has finite operator norm. Under this formalism, a flow-based generative model φ, as in (3),
is called incremental if G ą 1 and it is called non-incremental if G “ 1. We note some Lp-version, for finite
p, of these results in this direction are known via controllability arguments Ruiz-Balet and Zuazua (2024),
however these results come at a cost as they require the user to have active control of the vector field of the
Neural ODE (i.e. non-autonomous or controlled NeuralODEs) which is effectively the case where G “ 8.

Figure 1: Visualizing Incremental Flow-Based Generation (3): In a denoising-type, flow-based incremental
generator, an image x (left) is mapped to noise by the invertible sequence φ´1

G ˝ ¨ ¨ ¨ ˝ φ´1
1 . The model is trained to

undo this via φ1 ˝ ¨ ¨ ¨˝φG. At inference, a noise sample Z is injected and propagated through φ1, . . . , φG to synthesize
an image 2.
Here, G “ 2. Each arrow depicts the vector field—visualized in the panel directly below—that induces one step of the
incremental flow. By contrast, a non-incremental generator attempts a single-shot mapping from left to right, while
non-denoising pipelines (e.g., GANs Goodfellow et al. (2014)) do not enforce invertibility.

In contrasts, incremental flow-based generative models can be approximately represented as a single non-
autonomous flow, i.e., where the vector field in (4) is allowed to be time-dependent but undergoes only finitely
many changes in direction; which directly allows the conversion of our theory of incremental flow-based gener-
ation to time-dependent generation. Such time-dependent models differ from controlled neural ODEs Kidger
et al. (2020); Cuchiero et al. (2020); Cirone et al. (2023), which mimic controlled rough paths Morrill et al.
(2021); Walker et al. (2024) and can potentially adapt their vector fields arbitrarily often over time resulting
in a higher parametric complexity. The following question drives our manuscript and an affirmative answer
to it would imply a concrete mathematical support for the advantage of incrimental generation over classical
non-incremental generation to support the undeniable success of incremental generation

Question 1

Is there any approximation theoretic advantage of incremental generation?

2. Image credit: Sans Soleil (1983), written and directed by Chris Marker.
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1.1 Main Construction

Our first result (Theorem 1) shows that incremental generation, i.e. when G ą 1, is necessary for universality
of flow-based generative models in Hdpr0, 1sdq for d P N` and d ą 1. Specifically, there exists a φ P Hdpr0, 1sdq

that cannot be approximated by the flow of any autonomous neural ODE, regardless of network depth, width,
or choice of activation function. We deduce this from a more general result of ours showing that: the class
of all flows of autonomous ODEs is meagre (in particular, not dense) in Hdpr0, 1sdq. This result extends the
differential topology results of Wescley Bonomo (2020) to the non-compact case and the classical embedding
results of Fort (1955); Jones (1972); Palis (1974) to the non-smooth, non-compact setting.

Our second result (Theorem 7) shows that incremental generation with ReLU vector fields is sufficient.
Moreover, the result is quantitative, and, surprisingly, we find that the added homeomorphism structure
allows our approximation rates to match the minimax-optimal rates achieved by ReLU neural networks in
the broader classes of uniformly continuous Yarotsky (2017); Shen (2020) and Ck-functions Petersen and
Voigtlaender (2018); Yarotsky and Zhevnerchuk (2020); Lu et al. (2021) from r0, 1sd to Rd, respectively.

Our final main result (Theorem 9) shows, somewhat surprisingly, that G never needs to become arbitrarily
large when approximating diffeomorphisms. Even more strikingly, we prove that there exists a dimensional
constant Kd ą 0 such that one can constrain G ď Kd, independantly of the target diffeomorphism being
approximated and maintain universality in Hdpr0, 1sdq.

1.2 Secondary Contributions

Several other consequences are considered in section 4 namely Universal Approximation of arbitrary Lips-
chitz functions between arbitrary dimensions and Universal Approximation of measures satisfying Caffarelli
conditions.

2 Preliminaries

2.1 Background

2.1.1 Homeomorphisms, Flows and Flowability

This section contains all necessary terminology and background needed to formulate our main results. Addi-
tional background required only for proofs is contained in Appendix C. We say a function is supported on
a set S if it is zero out of that set and a function is supported: if it is the identity out of that set. For prac-
tical reasons said in the introduction section, we need to work with compactly supported/supported:

functions and vector fields; meaning that S is contained in a compact set.
We recall that, a homeomorphism is a continuous bijective function with continuous inverse. Further-

more, if the function and its inverse are Ck-differentiable, it is called Ck-diffeomorphism. By convention,
C8-diffeomorphism is called diffeomorphism. Two continuous functions f, g : X Ñ Y between the same
topological spaces X and Y are thought of as being “topologically similar” if one can be continuously de-
formed into another; such as continuous deformation is called a homotopy; i.e. Hpt, xq : r0, 1s ˆX Ñ Y such
that Hp0, ¨q “ f and Hp1, ¨q “ g. We will say that two homeomorphisms are isotopic if one can continuously
transform one into the other with homeomorphisms.

Example 1 If d,D P N` and f, g : Rd Ñ RD are continuous then the so-called linear homotopy H :
r0, 1s ˆ Rd Ñ RD sending any pair pt, xq to p1 ´ tqfpxq ` tgpxq is indeed a homotopy.

A homeomorphism/Ck-diffeomorphism is orientation preserving if it is homotopic to identity3.

Example 2 (A 1d Example of (Non-)Orientation Preserving Homeomorphism) A transparent ex-
ample of an orientation preserving homeomorphism in one dimension is the identity R Q x Ñ x P R. A

3. By Alexander’s trick, compactly supported: homeomorphisms in Rn are isotopic to identity so orientation preserving. This
is etymologically more natural definition in terms of orientations; however this is the most mathematically convenient and
concise for our analysis
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homeomorphism from R to itself which is not is the mirroring map R Q x ÞÑ ´x P R. Indeed, both of these
maps are homeomorphisms since they are their own inverses.

Example 3 (Orientation-Preserving Homeomorphisms From Computer Vision (Rotations))
Standard Multidimensional examples arising in rotation invariances in computer vision, e.g. Lui (2012);
Cohen and Welling (2016); Thomas et al. (2018), include linear transformerization φ : Rd Q x ÞÑ Ox P Rd

where O is an d ˆ d orthogonal matrix; in which case φ is orientation preserving if and only if detpOq “ 0
and it fails to be precisely when detpOq “ ´1.

If O is orientation-preserving; i.e. if detpOq “ 1, then any such homeomorphism can be expressed as the
solution to an ordinary differential equation (ODE) at time 1; namely, φpxq “ Ox “ xx1 where

d
dt x

x
t “ oxxt

xx0 “ x
(5)

where O “ exppoq for some d ˆ d-skew-symmetric matrix o; where exp is the matrix exponential. This can
be noted upon observing that the ODE solution to the ODE (5) is given by the curve xx¨ “ pxxt qtě0 where

xxt “ expptoqx.

This connection is the starting-point of the theory of finite-dimensional Lie groups; cf. Helgason (1979).
Indeed, finite-dimensional Lie groups induce the prototypical and simplest classes of “well-behaved” homeo-
morphisms on Rd in this way; however, only the identity is compactly supported in any such construction
where the vector field in (5) is “constant” multiplication against a single matrix.

Generalizing Example 3 we bring our attention to autonomous ODEs of the form (4), where vector-
field V : Rd Ñ Rd is allowed to be any Lipschitz or Ck-differentiable vector field compactly supported on
interval domains (i.e. ra, bsd for a, b P R). By the Picard-Lindelöf Theorem (Hartman, 2002, Chapter II
Theorem 1.1) this system has a unique global solution xxt and the map sending the point x to the time-
1 value xx1 of the solution to this problem (often referred to as Cauchy problem) will be called the flow
induced by the vector field V , and is denoted by Flow pV q. The flow of any Lipschitz vector field supported
on a compact set S defines a compactly supported: homeomorphism, supported: on S. If, moreover, V
is Ck-differentiable then its flow is actually a Ck-diffeomorphism. We say that an orientation-preserving
homeomorphism in d dimensional euclidean space, φ P Hdpr0, 1sdq is flowable if there exists a Lipschitz
Vector field V supported within r0, 1sd such that φ “ Flow pV q. An interesting connection, worth noting here
in analogy with Example 3—is that the spaces of flows and diffeomorphisms Banyaga (1997a) constitute the
prototypical infinite-dimensional Lie groups, a fact that sparked the foundational work of Kriegl and Michor
(1997c,b); Teichmann (2001); Neeb and Pianzola (2007); Omori (2017); Michor et al. (2023).

2.1.2 From Neural ODEs to Incremental Flow-Based Generators

Let ∆ P N` and consider a multi-index d
def.
“ rd1, . . . , d∆`1s P N∆`1

` . The class NN pdq consists of all
multilayer perceptrons with σ P CpRq Lipschitz-activation function (σ-MLPs)

Φ : Rd1 Ñ Rd∆`1

admitting the following iterative representation

Φpxq “ Wp∆qxp∆q ` bp∆q,

xpl`1q def.
“ σ ‚

`

Wplqxplq ` bplq
˘

, for l “ 1, . . . ,∆ ´ 1,

xp1q def.
“ x .

(3.2)

Here, for l “ 1, . . . ,∆, Wplq is a dl`1ˆdl matrix and bplq P Rdl`1 , and σ ‚ denotes componentwise application
of the σ function.
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Fix a Lipschitz activation function σ P CpRq and real numbers a ď b. A σ-neural ODE of respective
depth and width ∆,W P N` is a flowable homeomorphism φ P Hdpr0, 1sdq for which there exists a σ-MLP
Φ : Rd Ñ Rd of depth ∆ and width W supported in ra, bsd such that φ is time one solution of (4) with
vector field Φ. The class of all σ-neural ODEs supported on ra, bsd is denoted as NODEσpra, bsdq. The class
of incrimental flow-based generators with activation function σ denoted as IFGσpra, bsdq is defined as all
functions of Hdpra, bsdq that can be written as composition of at least two or more but finitely many σ-neural
ODEs

2.2 Notation

Before moving on, we now collect a list of notation used in our manuscript.

• Let N def.
“ t0, 1, 2, . . . , u , N`

def.
“ tn P N : n ą 0u and for N P N` denote rN s

def.
“ t1, . . . , Nu

• For a Lipschitz function f we denote its Lipschitz constant as Lf

• Given a function f : Rd Ñ RD, we denote its support by supppfq
def.
“ tx P Rd : fpxq ‰ 0u and its

support: by supp:pfq
def.
“ tx P Rd : fpxq ‰ xu “ supppf ´ idq

• For a set P denote its interior by intpP q

• Denote (open Euclidean) ball with radious r around point p as Brppq “ tx P Rd| }x ´ p} ă ru where
} ¨ } denotes the Euclidean norm on Rd.

• Let Hd be the set of orientation preserving homeomorphisms of Rd. Given subset P Ă Rd, let HdpP q

be the set of orientation preserving homeomorphisms of Rd compactly supported: on P

• For s P N Y t8u let X s be the set of Cs vector fields on Rd supported: on r0, 1sd. when s “ 0, we only
consider Lipschitz continuous vector fields for X 0.

• For a given vector field V P X 0 let FlowpV q be the time one solution of:

#

9xxt “ V pxxt q

xx0 “ x.
(6)

and Flowpra, bsdq be the set of time one solutions above with vector fields supported on ra, bsd and

Flow
def.
“

ď

@kPNYt8u

tFlowpV q|V P X ku

also Flowσpra, bsdq be the set of time one solutions with σ neural vector fields supported on ra, bsd

• Fix a granularity G P N` and a smoothness s P N. A homeomorphism φ P Hdpr0, 1sdq belongs to

HG,s
d pr0, 1sdq if and only if:

(i) Representation: There exist vector fields V1, . . . , VG P X s such that

φ “ ⃝G
g“1 Flow pVgq. (7)

(ii) Minimality: There is no integer 1 ď G̃ ă G and vector fields Ṽ1, . . . , ṼG P X s such that

φ “ ⃝G̃
g“1 Flow pṼgq.

• Let Diff0pP q be the set of orientation preserving diffeomorphisms of Rd compactly supported on the
set P .
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• Given G functions tf1, . . . , fGu, the iterated composition operator ⃝ maps any finite set of composable

functions f1, . . . , fG to their composition ⃝G
g“1 fi

def.
“ fG ˝ ¨ ¨ ¨ ˝ f1.

• Given E Ď Rd, d-tuple α “ rα1, α2, ¨ ¨ ¨ , αdsT P Nd and functions fpxq : Rd Ñ RD and g : Rd Ñ R let :

– }fpx0q}l8 “ }pf1px0q, . . . , fDpx0qq}l8 “ maxiPrDsfipx0q

– }g}L8pEq “ ess supxPE |gpxq|

– }f}L8pEql8 “ }ess supxPE |f1pxq| , . . . , ess supxPE |f1pxq| }l8 “ maxiPrDs ess supxPE fipx0q

– }α}1 “ |α1| ` |α2| ` ¨ ¨ ¨ ` |αd|

– Bα “ B
α1

Bx
α1
1

B
α2

Bx
α2
2

¨ ¨ ¨ B
αd

Bx
αd
d

– }g}CspEq :“ max
␣

}Bαg}L8pEq : α P Nd with }α}1 ď s
(

4

• Compositional Notation: During the course of our analysis, it will be convenient to describe ReLU
MLPs via the role of each of their (sets of) layers. Specifically, the structure of a ReLU MLP Φ is
represented in the following way: suppose Φ “ Lm ˝ pσ ˝ Lm´1q ˝ ¨ ¨ ¨ ˝ pσ ˝ L2q ˝ pσ ˝ L1q where the
Li’s are affine transformations. Following Hong and Kratsios (2024), we express this notationally as

x ùñ pσ˝L1qpxq ùñ pσ˝L2q ˝ pσ˝L1qpxq

ùñ pσ˝Lm´1q ˝ ¨ ¨ ¨ ˝ pσ˝L2q ˝ pσ˝L1qpxq

ùñ Lm ˝ pσ˝Lm´1q ˝ ¨ ¨ ¨ ˝ pσ˝L2q ˝ pσ˝L1qpxq

“ Φpxq .

In other words, if x1, x2, . . . , xm´1 are the 1, 2, . . . , pm´ 1q-th hidden layers of Φ and xm is the output
layer, then the structure of Φ is expressed as

x ùñ x1 ùñ x2 ùñ ¨ ¨ ¨ ùñ xm´1 ùñ xm “ Φpxq .

3 Main Results

3.1 Negative Results: Incremental Generation is Necessary

Our first main results shows that the collection of all flowable homeomorphisms compactly supported: on
rδ, 1 ´ δsd for any given 0 ă δ ă 1

2 . (a subset of Hdprδ, 1 ´ δsdq) are a small subset of homeomorphisms
compactly supported: on r0, 1sd. This means there is not only one but many functions in Hdpr0, 1sdq which
cannot be approximated by flowable functions in Hdprδ, 1 ´ δsdq for any 0 ă δ ă 1

2 .

Theorem 1 (Non-Incremental Generation is Not Universal) Let d P N` with d ą 1 and consider the
class of all non-incremental generators, i.e. autonomous neural ODEs, for any Lipschitz activation function

NODEσpp0, 1qdq
def.
“

ď

σPLippRd,Rdq

ď

0ăδă
1
2

Flow σprδ, 1 ´ δsdq.

Then, NODEσpp0, 1qdq is nowhere dense in Hdpr0, 1sdq.

Now, Theorem 1 is implied by our more general result in topological dynamics, illustrated in Figure 2,

Theorem 2 (Few C0 Homeomorphisms are Flowable on r0, 1sd for d ą 1) Let d P N` with d ą 1.
The set of flowable homeomorphisms in Hdpr0, 1sdq is meager in HdpP q for every d ą 1 and compact set P
s.t. r0, 1sd Ă intpP q.

Remark 3 For simplicity and convention r0, 1sd is considered but this theorem is also true for any compact
set K,P with K Ă intpP q. To understand and see the proof refer to Appendix A.

4. Note that }g}C0 “ }g}L8
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after kth iteration

: Perturbed (Periodic) Orbit 
: Original Orbit 

in limit

(a) The orbits of any (topologically) generic dy-
namical system (yellow) are perturbed to become
periodic, by perturbing the underlying system
(gray) – C0-Closing lemma.

(b) The dynamical system is then further per-
turbed so that each periodic point becomes a
(non-fixed) periodic attractor; which cannot hap-
pen for any flow.

Figure 2: Why Non-Incremental Generation is Not Universal: The reason why non-incremental generators
(Theorem 1) fail to be universal is that most homeomorphisms cannot be represented as flows (Theorem 2). The idea
is that there is a dense open set of orientation-preserving homeomorphisms supported on the hypercube r0, 1s

d, which
can be approximated/perturbed so that any given orbit becomes periodic (SubFigure 2a). Then, these perturbations
can be further perturbed so that the a small neighbourhood around the given orbit becomes a basin of attraction
(SubFigure 2b), which cannot happen for any flow. Consequently, the complement of any such map, which contains
the set NODE‹

σpr0, 1s
d
q cannot be dense, implying that all non-incremental generators/autonomous Neural ODEs fail

to be universal approximators of orientation-preserving homeomorphisms supported on the hypercube r0, 1s
d.

3.2 Positive Results: Incremental Generation with ReLU MLP Vector Fields is Sufficient

3.2.1 Qualitative Universal Approximation Guarantee

We now contrast our previous result, which shows the limitations of non-incremental generation with our
universal approximation guarantee, showing that the set of incremental flow-based generators IFGσpr0, 1sdq

is universal in Hdpr0, 1sdq; quantitatively. We emphasize our critical structural point that the approximation
is “within” the class Hdpr0, 1sdq not from “outside”; by which we mean that our approximating class only
consists of homeomorphisms not standard continuous functions.

We now state the streamlined qualitative version of our main result, in the high-dimensional setting where
d ě 5, before entering into a more technical analysis involving approximation rates and exactly parameter
estimates, shortly. The main intuition behind this result is summarized in Figure 3, whose proof technique
largely combines both algebraic and approximation theoretic tools.

Theorem 4 (Universal Approximation of Orientation-Preserving Homeomorphisms) Let d P N`

and d ě 5. There exists a constant Kd P N` such that: for every φ P Hdpr0, 1sdq and every ε ą 0 there
exists some G ď Kd and ReLU neural ODEs tΨpgq “ FlowpΦpgqquGg“1 Ă X 0 such that the diffeomorphism

Ψ
def.
“ ⃝G

g“1 Ψpgq is Lipschitz and compactly supported and satisfies the approximation guarantee:

›

›φ´ Ψ
›

›

L8pRdql8 ď ε. (8)

Remark 5 For simplicity and convention r0, 1sd is considered but all of the theorems in this section are
also true for any compact set P .(Zhang et al. (2024),Yarotsky (2018),Petersen and Voigtlaender (2018)) To
understand and see the proof refer to Appendix B.
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: First Vector Field 
: Second Vector Field 
: Third Vector Field 

: Diffeomorphism Approximation
: Fourth Vector Field 

: Homeomorphism being approximated

(a) Approximation of homeomorphisms using decomposition
of diffeomorphisms into composition of flows.

: First MLP Vector Field Approximation
: Second MLP Vector Field Approximation
: Third MLP Vector Field Approxiation

: Incrimental Flow-Based Model
: Fourth Vector Field Approximation

(b) Approximation of each flow by ReLU MLP approxima-
tion of its vector field.

Figure 3: By (a uniform version) of Thursten’s Theorem Thurston (1974) we Hdpr0, 1s
d
q is a simple group and since

the group generated by flows is normal, then every diffeomorphism (green curve) must be the composition of finitely
many flows of vector fields V p1q, . . . , V pGq

q (here G “ 4) – Sub-Figure 3a. Each vector field is then approximated by
a ReLU MLP at an optimal rate (Sub-Figure 3b) with maximal Lipschitz regularity using Hong and Kratsios (2024);
the approximation of the original homeomorphism (Theorem 7) is concluded using Grönwall’s inequality.
Furthermore, in dimension d ě 5, every orientation preserving homeomorphism is isotopic to the identity, then Müller
(2014) implies that it can be uniformly approximated by diffeomorphisms; reducing (Theorem 4) to the smooth case.

3.2.2 Quantitative Formulations

We start this section by remarking that, the class HG,0
d pr0, 1sdq for some G ą 1 is non-empty. Thus the

theorem provides a non-vacuous statement for G ą 1.

Proposition 6 (Non-triviality) there exists some G P N` and G ą 1 that HG,0
d pr0, 1sdq is non-empty,

We now provide a detailed quantitative analysis of the general qualitative result of the previous section.

Theorem 7 (Universal Approximation by Deep Neural ODEs) Let n, d P N, and φ P HG,0
d pr0, 1sdq

then, there exists ReLU neural ODEs tΨpgq “ FlowpΦpgqquGg“1 Ă X 0 such that Ψ
def.
“ ⃝G

g“1 Ψpgq satisfies the
approximation guarantee:

›

›φ´ Ψ
›

›

L8pRdql8 ď

G
ÿ

g“1

˜

2}ωpgqp
d

2n
q}l8

G
ź

j“g

eL
V pjq

¸

(9)

The right hand side converges to zero as n Ñ 8.
Moreover, Ψ is a compactly-supported: homeomorphism on Rd supported: on p0, 1qd, with Lipschitz constant

at-most
śG

g“1 e
LΦpgq

and Φp1q, . . . ,ΦpGq are ReLU MLP vector fields of depth rlog2ds`6, width 8dpn`1qd `9,

and at-most 16dpn` 1qd ` 9 non-zero parameters. In particular, these vector fields and LΨ do not depend on
the parameter n.
Furthermore, ωpgq is the modulus of regularity of φpgq which is equal to the modulus of regularity of Φpgq.

Naturally, one may wonder if improved rates are achievable under additional smoothness of the target
homeomorphism. Indeed, we confirm that this is the case, mirroring the classical approximation theory of
smooth functions by ReLU MLPs.

Proposition 8 (Universal Approximation by Deep Neural ODEs (Differentiable Case)) Let φ P

HG,s
d pr0, 1sdq and N, L, s P N` then, there exists ReLU neural ODEs tΨpgq “ FlowpΦpgqquGg“1 Ă X 0 such

that Ψ
def.
“ ⃝G

g“1 Ψpgq satisfies the approximation guarantee:

›

›φ´ Ψ
›

›

L8pRdql8 ď

G
ÿ

g“1

˜

2}ωpgqpN,Lq}l8

G
ź

j“g

eL
V pjq

¸

(10)
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The right hand side goes to zero as L Ñ 8 and N Ñ 8.
Moreover, Ψ is a compactly-supported: Cs-diffeomorphism on Rd supported: on p0, 1qd, with Lipschitz con-

stant at-most
śG

g“1 e
LΨpgq

and Φp1q, . . . ,ΦpGq are ReLU MLPs of width less than or equal to 17sd`13dd2pN `

2q log2p8Nq and depth 18s2pL ` 2q log2p4Lq ` 2pd ` 1q where N,L P N`. In particular, LΨ depends on the
parameter N .

Furthermore, pωpgqqj “ 85ps` 1qd8s}V
pgq

j }Cspr0,1sdqpNLq´2s{d.

Complexity of MLP Vector fields Lipschitz Case Cs-Differentiable Case (s ě 1)

Depth rlog2pdqs ` 4 18s2pL` 2q log2p4Lq ` 2pd` 1q

Width 8dpn` 1qd 17sd d`13d2pNj ` 2q log2p8Njq

Nonzero parameters 16dpn` 1qd

Table 1: Parametric Complexity of the Flow-Based Generative Model of Theorem 7 and of Proposition 8.

Now using the theorem bellow we give an order of approximation for any diffeomorphism in Proposition 10.

Theorem 9 (Finite Composition of Flows for Diffeomorphisms) There exists a positive number Kd P

N` such that any diffeomorphism φ P Diff0pr0, 1sdq can be written as at most Kd flows.

Proposition 10 (Universal Approximation by Deep Neural ODEs (Smooth Case)) Let φ P Diff0pr0, 1sdq

and N,L P N` and take L fixed; then, for @s P N` there exists ReLU neural ODEs tΨpgq “ FlowpΦpgqquGg“1 Ă

X 0 such that Ψ
def.
“ ⃝G

g“1 Ψpgq satisfies the approximation guarantee:

›

›φ´ Ψ
›

›

L8pRdql8 P O
`

N´2s{d
˘

(11)

Moreover, Ψ is a compactly-supported: Cs-diffeomorphism on Rd supported: on p0, 1qd, with Lipschitz con-

stant at-most
śG

g“1 e
LΨpgq

and Φp1q, . . . ,ΦpGq are ReLU MLPs of width less than or equal to 17sd`13dd2pN `

2q log2p8Nq and depth 18s2pL ` 2q log2p4Lq ` 2pd ` 1q where N,L P N`. In particular, LΨ depends on the
parameter n.

4 Implications: Lifted Flow-Based Generation Imply Universal Approximation

We now present a sequence of corollaries that further illustrate the scope of our results. In particular, the
simplest form of our main positive result—our approximation theorem—yields structured (in the sense of
homeomorphisms “lying over,” as explained below) versions of state-of-the-art universal approximations for
ReLU MLPs, implemented via a “tweaked” incremental flow-based model. These results also imply universal
generation in the classical sense of Wasserstein GANs Arjovsky et al. (2017).

4.1 Universal Approximation of arbitrary Lipschitz functions between arbitrary dimensions

At first glance, the homeomorphisms and dimensional constraints d “ D, constraint defining (1), may seem
to suggest that our universal flow-based generative models are overly restrictive and thus cannot approximate
continuous functions between Euclidean spaces, locally on compact subsets as standard multilayer perceptrons
do; cf. Hornik et al. (1989); Cybenko (1989); Funahashi (1989). However, this is not the case, and in fact the
full-power of incremental generative models are not needed if one is prepared to sacrifice injectivity. The idea
is similar to Klee’s trick, cf. Klee (1955), where we encode transport the graph of an arbitrary continuous
function into a homeomorphism. Rather, we can do better, by embedding a function into a single very simple
time-1 flow up to conjuration be simple linear maps; our simple approach is summarized in Figure 4.
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Fix d,D P N` and L ě 0. Then, for every L-Lipschitz function f : Rd Ñ RD induces a L̄
def.
“ maxt1, Lu-

Lipschitz vector field Vf : Rd`D Ñ Rd`D defined for each px, yq P Rd`D by

Vf px, yq
def.
“

`

0, fpxq
˘

. (12)

The solution Φ : r0,8q ˆ Rd`D Ñ Rd`D to the autonomous ODE induced by Vf defined by

dx
px,yq

t

dt
“ 0,

dy
px,yq

t

dt
“ fpx

px,yq

t q, where px0, y0q “ px, 0q

is easily explicitly solved:

dx
px,yq

t

dt
“ 0 ñ x

px,yq

t “ x ñ y
px,yq

t “ y0 `

ż t

0

fpxqdt ñ y
px,yq

t “ 0 ` t fpxq

and yields the L̄-Lipschitz map
Φpt, px, yqq “

`

x, t fpxq
˘

. (13)

Therefore, the time-1 flow of Vf , induced by f , is Flow pVf qpx, yq “ px, y` fpxqq. Restricting this flow to the

“lifted hypercube” r0, 1sdÒ def.
“ tpx, yq P Rd`D : x P r0, 1sd, and y “ 0u, which is a compact subset of r0, 1sd`D,

we find that for any px, 0q P r0, 1sdÒ we have Flow pVf qpx, 0q “ px, fpxqq. Now, let πd`D
D : Rd`D Ñ RD denote

the canonical (linear) projection sending any px, yq P Rd`D to y P RD and let ιd`D
d : Rd Ñ Rd`D denotes

the (linear) embedding sending any x P Rd to px, 0q P Rd`D; in particular, note that ιd`D
d pr0, 1sdq “ r0, 1sdÒ.

Putting it all together, we have that: for all x P r0, 1sd

πd`D
D ˝ Flow pVf q ˝ ιd`D

d pxq “ fpxq. (14)

Applying Theorem 4 to f , we conclude that by post- and pre-composing our incremental flow-based models,
we can uniformly approximate any continuous function on the cube r0, 1sd.

6 4 2 0 2 4 6
x

3

2

1

0

1

2

3

y

Flows (t(x, y)) on Lifted Vector Field V(x, y) = (0, sin(x))
Flows of ICs

x0 = 0
x0 = /4
x0 = /2
x0 = 2

(a) Lift of: fpxq “ sinpxq to V px, yq “ p0, sinpxqq.

6 4 2 0 2 4 6
x

3

2

1

0

1

2

3

y

Flows (t(x, y)) on Lifted Vector Field V(x, y) = (0, e|x|/2 )
Flows of ICs

x0 = 0
x0 = /4
x0 = /2
x0 = 2

(b) Lift of: fpxq “ e
|x|

2π to V px, yq “ p0, e
|x|

2π q.

Figure 4: Any continuous function f : Rd
Ñ R can be realized as a time-1 flow Φp1, px, yqq for the pd ` 1q-

dimensional vector field V px, yq
def.
“ p0, fpxqq (illustrated by the pink vector fields), which acts trivially in its first

“dummy” coordinates and acts as the target function fpxq in the pd ` 1q
st coordinate. By mapping any given input

x P Rd to the initial condition px, 0q P Rd`1 of the flow Φ “lifting” f , we then simply flow linearly relative to the
pd` 1q

st (here y) axis until it arrives at px, fpxqq at time 1, at which point the final value can be linearly projected-off
and the value fpxq is recovered. In this way, every real-valued continuous (resp. Lipschitz, resp. smooth) function
can be realized as a time-1 flow of the same regularity in a space of only one more dimension.
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However, we note that the model in (14) does not scale well when D is large as one would obtain an
approximation rate of Opnd`Dq which is significantly slower than the “unconstrained” optimal rate achievable
by ReLU MLPs; cf. Yarotsky (2018). Instead, a rate nearly equal to the “unconstrained” ReLU MLP rate
is possible if we alternatively approximate each component of the target function f independently using this
strategy, and then concatenate the resulting lifted flow-based approximations. Denoting f “ pf1, . . . , fdq, we
replace (14) with the model

D
à

i“1

´

πd`1
1 ˝ Flow pVfiq ˝ ιd`1

d pxq

¯

“
`

f1pxq, . . . , fDpxq
˘

“ fpxq. (15)

The advantage of the representation in (15), with its greater width, over the more “naive narrow” version
in (14), is that each Flow pVfiq performs its approximation in only one extra dimension beyond the physical
dimension d. This design minimizes the approximation-theoretic difficulties that typically arise from high
dimensionality. Importantly, doing so achieves the minimax optimal approximation rates (cf. (Shen et al.,
2022, Theorem 2.4) and Yarotsky (2017)) for the lifted, and thus higher-dimensional space r0, 1sd`1 and
nearly achieves the optimal rate on the original low-dimensional domain r0, 1sd, up to an extra factor of 1;
which is possibly inevitable due to the extra invertibility structure of the incremental models studied herein.

Corollary 11 (Approximation of Arbitrary Lipschitz Functions by Linear Lifting) Let d,D P N`,
L ě 0, and f : Rd Ñ RD be Lipschitz. For every n P N` and each i P rDs there exists ReLU Neural ODEs

Ψi : Rd`1 Ñ Rd`1 such that the Latent Neural ODE Ψ
def.
“

ÀD
i“1pπd`1

1 ˝ Ψi ˝ ιd`1
d q satisfies

›

›fpxq ´ Ψ
›

›

L8pRdql8 P O
`

1
n

˘

.

Moreover, Ψ is Lipschitz and the ReLU MLPs parameterizing the vector fields defining each Ψi, have width
Opdnd`1q and depth Oplog2pdqq and Opdnd`1q non-zero parameters for each i P rDs.

Thus, Corollary 11 provides quantitative and, more topologically more explicit, version of the very recent
qualitative result of De Marinis et al. (2025) as a direct consequence of our main theorem.

Remark 12 (Optimality of the Opnd`1q rate) The question of the optimality of the rate Opnd`1q is not
known, as there are no available approximation theoretic lower bounds, nor tools for establishing lower bounds,
in our non-vector space setting it is currently unknown. However, is likely that a rate of Opndq cannot be
achieved while requiring that the core of the model is the conjugation of a homeomophism by linear maps, due
to the need to lift in order to approximate general continuous functions.

Corollary 13 (Universal Approximation) Let d,D P N`. The set F Ď Cpr0, 1sd,RDq of all maps of the
form (15) where f : Rd Ñ RD is a ReLU MLP of arbitrary depth and width is dense in Cpr0, 1sd,RDq.

Discussion: Only one flow is enough when lifting If f were smooth, then the topological embedding
x ÞÑ px, fpxqq defines a differentiable d-cell, in the sense of (Palais, 1960, page 274). By (Palais, 1960,
Theorem C), this embedding extends to a compactly supported:, orientation-preserving homeomorphism
Ψ : Rd`D Ñ Rd`D, which can then be approximated using our main positive result (Theorem 4). Projecting
away the second coordinate, as in (15), yields an approximation of f . Moreover, the smoothness assumption
is not restrictive: Compactly supported: homeomorphisms are identity out of their support, this means
that there exists a r such that they are all identity on the boundary of the disc Dr. By Alexander’s trick,
this means they are all isotopic to identity. As a compactly supported: homeomorphism of Rd for d ě 5
can be approximated uniformly by compactly supported: diffeomorphisms if and only if it is isotopic to a
diffeomorphism by Müller (2014) this shows in our case working on diffeomorphisms in high dimension is
not restrictive. A similar approach was recently explored in Puthawala et al. (2022).
We highlight that this line of reasoning misses the central insight of the flow-based construction in (15).
Namely, it does not specify how many flows are required to represent Ψ. In contrast, our construction
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shows that only one flow suffices if we allow for linear lifting/projecting, thereby breaking the homeomorphism
structure in (1).

We examine the implications our results to classical generative modelling, in the sense of Wasserstein
GANs Arjovsky et al. (2017); Korotin et al. (2021), and highlighting the differences and similarities.

4.2 Universal Approximation of measures satisfying Caffarelli Conditions

We first recall that for any hyperparameter 1 ď p ă 8, we denote by Pppr0, 1sdq the subset of probabilities
that finitely integrate x ÞÑ }x}p. We equip Pppr0, 1sdq with the Wasserstein p-distance Wp, that is, for
µ, ν P Pppr0, 1sdq, the metric defined by

Wppµ, νqp
def.
“ inf

πPCplpµ,νq
EpX,Y q„π

“

}X ´ Y }p
‰

,

where Cplpµ, νq
def.
“ tπ P Ppr0, 1sd ˆ r0, 1sdq : π has first marginal µ, second marginal νu. Given any n,m P

N`, any Borel map g : r0, 1sn Ñ r0, 1sm, and any probability measure ν P Ppr0, 1snq we recall that the

pushforward measure is g7ν
def.
“ νpg´1r¨sq belongs to Ppr0, 1smq. If g is Lipschitz and ν belongs to the

Wasserstein space Pppr0, 1snq then so does g7ν P Pppr0, 1smq. We require the following standard regularity
condition.

Assumption 4.1 (Caffarelli Conditions; cf. Caffarelli (1996)) Let µ and ν be measures which are ab-
solutely continuous with respect to the uniform measure U on p0, 1qd; and whose Radon-Nikodym densities
dµ
dU and dν

dU are α-Hölder for some α P p0, 1q, and are bounded (above and below on r0, 1sd).

Armed with these definitions we are ready to show that incremental flow-based generation, augmented by
lifts, are universal generative models in the more general but less structured context where GANs are typically
studied; Lu and Lu (2020) with related guarantees in Biau et al. (2020).

Corollary 14 Let 2 ă d P N` and µ, ν be probability measures on r0, 1sd satisfying Assumption 4.1. For
every ε, δ ą 0, there exists a large enough N P N` and a Latent Neural ODE Ψ : Rd`D Ñ Rd`D such that
for all i.i.d. random variables Z1 „ ¨ ¨ ¨ „ ZN , with law ν (defined on a common probability space pΩ,F ,Pq)

P
´

W1pµ,Ψ7ν
pNqq ď LΨ

?
dC

r0,1sd

d?N
` δ ` ε

¯

ě 1 ´ 2 e
´2Nδ2

dpLΨq2

where νpNq def.
“ 1

N

řN
n“1 δZn

is the empirical distribution induced from the random sample and Cr0,1sd is a
constant.

5 Conclusion

In this article, we have shown that incremental generation is both necessary and sufficient for universal
flow-based approximation, while non-incremental flows form a meagre, non-universal subset. By coupling
dynamical, algebraic, and approximation-theoretic tools, we established quantitative rates and demonstrated
that lifted incremental flows yield structured universality for both functions and probability measures.
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Appendix A. Proof of the Negative Result

Proposition 15 (Existence of a recurrent point) For every compact set M and any f P HdpMq there
exists a recurrent point in M .

Proof : Take f P HdpMq. Since M is compact the set

A “ tS Ď M : S ‰ H, S closed, fpSq “ Su

is non-empty (e.g. M P A). Order A by inclusion. Any totally ordered chain tSiu in A has

č

i

Si ‰ ∅

by compactness, and
Ş

i Si is closed and f -invariant. By Zorn’s Lemma there is a minimal element Smin P A,
i.e. a nonempty closed invariant set containing no proper nonempty closed invariant subset. Take any x P Smin.
If x was not recurrent then there would exist a neighborhood U Q x and an integer N such that

fnpxq R U @n ě N.

Set

S1 “ t fnpxq : n ě Nu.

Then S1 is nonempty, closed, and f -invariant, but x R S1, so S1 Ĺ Smin, contradicting minimality. Thus x
must be recurrent. Since x was arbitrary in Smin, every point of Smin is recurrent.

In order to prove Lemma 18 We restate two lemmas for the convenience of the reader. For the proof refer to
Lemma 9 and 13 of Nitecki and Shub (1975) :

Lemma 16 Given ε ą 0 and a flow ϕ. Suppose γ is a C1 curve in M (an embedded closed interval or circle)
such that at each point x in the image of γ one of the following conditions holds:

(i) } 9ϕpxq} ă ε{2, or

(ii) x R Zpϕq, and γ has inclination σ ă ε{} 9ϕ} at x.

Then, given any neighborhood U of the image of γ, there exists a flow ψ on M satisfying:

(a) 9ψ “ 9ϕ off U ,

(b) } 9ψ ´ 9ϕ} ă ε on M ,

(c) γ is (a segment of an) integral curve of ψ.

Lemma 17 Let M be a manifold of dimension ě 2 with distance d coming from a Riemannian metric.
Suppose a finite collection tppi, qiq P M ˆM : i “ 1, . . . , ku of pairs of points of M is specified, together with
a small positive constant δ ą 0 such that:

(a) For each i, dppi, qiq ă δ.

(b) If i ‰ j, then pi ‰ pj and qi ‰ qj.

Then there exists f P DiffpMq such that

(i) d
`

fpxq, x
˘

ă 2πδ for every x P M .

(ii) fppiq “ qi for i “ 1, . . . , k.
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Lemma 18 (C0-closing lemma for compactly supported functions) Let f : M Ñ M be a compactly
supported: homeomorphism on the compact set K Ă M , where M is a C8 manifold of dimension ě 2 with
distance d coming from a Riemannian metric, and let x0 P M be a non-wandering point. Then for every
ε ą 0 and compact set P s.t. K Ă intpP q (K is compactly embedded in P ) there exists a compactly supported:

homeomorphism g : M Ñ M on P such that x0 is a periodic point of g and

d1pf, gq ă ε

also, if M is orientable and f is orientation-preserving, then g is also orientation-preserving.

Proof : The Lemma is trivial when x0 is a fixed point or a periodic point. Consider not.
If M is compact and K “ M by (Kwiecińska, 1996, Theorem 4) the result follows. Suppose not.

As f is compactly supported:, Of px0q is a subset of K. Note f is uniformly continuous on P and
Lemma 16 and Lemma 17 are true on any Riemannian manifold like M so one can apply the same proof
of (Kwiecińska, 1996, Theorem 4) which results the desirable function g “ f ˝ h which h is isotopic to the
identity (considering the flow time as the isotopy parameter) which means h is orientation-preserving. As a
result, if f is orientation-preserving then so is g.
Also, Lemma 16 property (a) makes the perturbed function in Lemma 17 to have support on a finite number of
neighborhoods of the curves joining pi to qi. As h is the result of Lemma 17 take η and those neighborhoods
small enough such that these neighborhoods stay inside P . This makes the function h to be compactly
supported: on P . As a result, g must be compactly supported: on P .

We are now in a position to prove our main result in topological dynamics which will imply our main negative
result (namely Theorem 1).
Proof of Theorem 2:

Choose arbitrary f P Hdpr0, 1sdq. By Proposition 15 (for M “ r0, 1sd) there exists x P Rpfq. (cf.
(Wescley Bonomo, 2020, Theorem A)) First consider x P RpfqzFixpfq. By Lemma 18, there exists an ε

2 -C0-
purterbation f1 “ f ˝h such that fk1 pxq “ x for k ą 1 and f1 P HdpP q. Reduce G so that B “ tBpf i1pxq, Gq :
1 ď i ď ku become pairwise disjoint collection of balls inside P . Using bump-function, one can attain
homeomorphism f2 s.t. it is C1-smooth around a neighborhood of Of2pxq and f i2pxq is a periodic attractor
for fk2 for i P t1, . . . , ku (one can also use mollifiers to do so) and one gets dC0pf2, f1q “ }f2 ´ f1}C0 ă ε

2 .
tf2u is a dense set of homeomorphisms compactly supported: on P with (non-fixed) periodic points of period
k ą 1 s.t. Of ppq is not contained in a continuum in Perkpfq so f2 can’t be written as a time-1 map of a
flow6 with the derivative of the same order.

Now consider x P Rpfq “ Fixpfq. TakeG small enough 0 ă G ă ε s.t. the exponential map expx : DpGq Ñ

Bpz,Gq, (which is defined as expxpvq “ x ` v) 7 has its range inside P where DpGq :“ tv P Rd : }v} ă Gu.
Rewrite fpzq “ expx ˝ F ˝ exp´1

x pzq where F pvq “ exp´1
x ˝ f ˝ expxpvq where v P DpGq. Define C1-bump

function ρ|Bpx,G2 q “ 1 , ρ|RdzBpx,Gq “ 0. Define:

f1pzq
def.
“ expx ˝ rρ ¨R ` p1 ´ ρq ¨ F s ˝ exp´1

x pzq

on z P Bpx,Gq and f1 “ f for z P MzDpGq, where R ‰ Id is an involution of DpGq. f1 is an orientation-
preserving homeomorphism as it is a convex combination of two functions in the same connected component
of invertible group GL`pnq.
As Dexpxp0q “ Id there exists L ą 1 tending to 1 as G Ñ 0 s.t. :

dpf1pzq, fpzqq ď L}pF ´Rq ˝ exp´1
x pzq} ď L}F ´R}G ď L}F ´R}ε (16)

can do the same in case one for f1 as it has period-two periodic point because of R. This proves the density.
For each homeomorphism f2 in case one there exists small enough neighborhood U Q x s.t. fk2 |U has no fixed

point on BU (note : fk2 pxq “ x and x P RpfqzFixpfq).

6. Here the flow is the usual group action of the additive group of real numbers on the manifold
7. For a Riemannian manifold M it is defined as exp : M ˆ TxM Ñ M for more read (Gallot et al., 2004, Section 2.C)
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For every C0-Perturbation g of f2 in HdpP q one has: 0 ‰ degpfk2 pxq ´ x, 0q “ degpgkpxq ´ x, 0q. There exists
a point z s.t. gkpzq ´ z “ 0 so gk has a fixed point. Thus, g has a periodic point of period k ą 1 that is not
contained in a continuum subset of the set of k-periodic points. It means f2 has an open neighborhood. This
proves the openness.

Proof of Theorem 1: Since every neural ODE is, by definition, a flowable homeomorphisms supported:

on any such rδ, 1 ´ δsd then our next results necessitates that the set of neural ODEs is itself meager in
Hdpr0, 1sdq as well.

Appendix B. Proof of the Positive Result

First we handle ”Quantitative Formulations” and so we can easily prove the theorem in ”Qualitative Universal
Approximation Guarantee” section.

B.1 Quantitative Formulations

B.1.1 General Case

First we prove Proposition 6 to show it is reasonable to think of incremental flow-based generation.

Proof of Proposition 6: Consider vector fields V 1px, yq “ p´πpy´ 1
2 q, πpx´ 1

2 qq and W 1px, yq “ p´x` 1
2 , 0q

which are π rotation around the point p “ p 1
2 ,

1
2 q and squeeze to the line x “ 1

2 (call this line l). Consider
the bump function ρ which is 1 on the circle with radius r “ 1

8 around p and zero out of the circle with
radius R “ 1

4 . V “ V 1 ˝ ρ,W “ W 1 ˝ ρ are compactly supported on r0, 1sd. Denote time one map of V,W as
φV , φW . Then φV ˝φW R Flow . suppose not, i.e. there exists a vector field F which its time one flow φF is
equal to φV ˝ φW .
Note that for the composition φV ˝φW any point a P Brppqzl converges to zero on iteration but any b P l has
periodic point two. Consider the trajectory γ of the flow of φV ˝ φW . For any point c “ rce

iθ (considering
polar coordinate) on a neighborhood S of the point φV ˝ φW pbq on γ, radius of φV ˝ φW pcq will be smaller
than rc as a result radius of any point other than b on pφV ˝φW q2pSq will be smaller but pφV ˝φW q2pbq “ b
so there will be a discontinuity at the point b but all periodic orbits of a continuous flow form a continuum
(i.e. a compact and connected metric space that contains at least two points) which is a contradiction.

Now, we first show how one can approximate a flow, then we consider the composition of flows and prove The-
orem 7.

Lemma 19 (Transfer: Universal Approximation of Vector Field to Flow) Let n P N and V P X 0,
then for every φ “ Flow pV q there exists a ReLU MLP Φ : Rd Ñ Rd compactly supported on p0, 1qd with width
8dpn ` 1qd, depth rlog2ds ` 6, and at-most 16dpn ` 1qd ` 9 non-zero parameters such that the flow (Neural
ODE) given for each x P Rd by

Ψpxq “ zx1

zxt “ x`

ż t

0

Φpzxs q ds
(17)

for 0 ď t ď 1; satisfies the uniform estimates

}Ψpxq ´ φpxq}L8pRdql8 ď 2}ωp
d

2n
q}l8eL

V

(18)

Where ω is the modulus of regularity of φ which is equal to the modulus of regularity of Φ. Note that eL
V

does not depend on n. One gets convergence as n Ñ 8
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Proof : If we define pV qj :“ Vj then as Vj is Lipschitz and nonzero on a compact subset from (Hong and
Kratsios, 2024) there exists a ReLU MLP pϕpzxs qqj :“ ϕjpzxs q and modulus of regularity pωqj :“ ωj such that:

}Vjpzxs q ´ ϕjpzxs q}L8pr0,1sdq ď ωjp
d

2n
q

To make it compactly supported on r δ4 , 1 ´ δ
4 sd for a δ P p0, 2q we compose it componentwise with ReLU

bump function below:

bpxq “ σReLU

`

2σReLU px´
δ

4
q ´ σReLUpx´

δ

2
q ´

1

δ
σReLUpx´ p1 ´

δ

2
qq
˘

“

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

0, if x ă δ
4

2x´ δ
2 if x P r δ4 ,

δ
2 s

x, if x P r δ2 , 1 ´ δ
2 s

p1 ´ 1
δ qx` p 2´δ

2δ q, if x P r1 ´ δ
2 , 1 ´ δ

4 s

0, if x ą 1 ´ δ
4

implemented by the following network:

x ñ

»

–

σReLU px´ δ
4 q

σReLU px´ 2δ
4 q

σReLUpx´ p1 ´ 2δ
4 qq

fi

fl

ñ
“

σReLU

`

2σReLU px´
δ

4
q ´ σReLUpx´

2δ

4
q ´

1

δ
σReLUpx´ p1 ´

2δ

4
qq
˘

s

ñ
“

ϕj
`

σReLU

`

2σReLU px´
δ

4
q ´ σReLUpx´

2δ

4
q ´

1

δ
σReLUpx´ p1 ´

2δ

4
qq
˘˘

s “ ϕj
`

bpxq
˘

ñ Φjpxq

which is 2-Lipschitz and supported on r0, 1s. The result Φj “ ϕj ˝ b has width:

widthpΦjq “ maxt3d, d,widthpϕjqu

“ maxt3d, d, 8dpn` 1qdu

“ 8dpn` 1qd

“ widthpϕjq

And depth:

depthpϕj ˝ bq “ depthpϕjq ` 2 “ rlog2ds ` 6

then note that Φj “ ϕj on r δ2 , 1 ´ δ
2 sd so:

}Φj ´ Vj}L8pr δ
2 ,1´ δ

2 sdq ď }ϕj ´ Vj}L8pr0,1sdq ď ωjp
d

2n
q

And:

}Φj ´ Vj}L8pr0, δ2 sdq ď
δ

2
p}Vj}L8pr0,1sdq ` }ϕj}L8pr0,1sdqq

Then:

}Φj ´ Vj}L8pr0,1sdq ď }Φj ´ Vj}L8pr0, δ2 sdq ` }Φj ´ Vj}L8pr δ
2 ,1´ δ

2 sdq ` }Φj ´ Vj}L8pr1´ δ
2 ,1sdq

ď ωjp
d

2n
q ` δp}Vj}L8pr0,1sdq ` }ϕj}L8pr0,1sdqq

17



Note that supppΦq “ supppV q “ r0, 1sd so we can consider the the inequalities above on Rd then we’ll have:

}V pxxs q ´ Φpzxs q}L8pRdql8 ď }V pxxs q ´ V pzxs q}L8pRdql8 ` }V pzxs q ´ Φpzxs q}L8pRdql8

ď LV }xxs ´ zxs }L8pRdql8 ` }ωp
d

2n
q}l8 ` δp}V }L8pRdql8 ` }ϕ}L8pRdql8 q

Note that as ϕ and V are continuous on a compact set, they attain their supremum. This means there exists
a constant C such that:

}V }L8pRdql8 ` }ϕ}L8pRdql8 ď C

Observe that, C ě 0 not only depends on V but also on n and on d, as ϕ depends only on V and n and on
d; hence by Jensen’s inequality:

}zxt ´ xxt }L8pRdql8 “ }

ż t

0

V pxxs q ´ Φpzxs qds}L8pRdql8

ď

ż t

0

}V pxxs q ´ Φpzxs q}L8pRdql8ds

ď LV

ż t

0

}xxs ´ zxs }L8pRdql8ds`

ˆ

}ωp
d

2n
q}l8 ` δC

˙

t

On the other hand, observe that δ does not depend on any of V, n, d and it was arbitrary; thus, we may take
δC ď }ωp d

2n q}l8 thus:

}zxt ´ xxt }L8pRdql8 ď LV

ż t

0

}xxs ´ zxs }L8pRdql8ds` 2}ωp
d

2n
q}l8t

By applying Grönwall’s inequality (Pachpatte (1998) Theorem 1.3.1)

}zxt ´ xxt }L8pRdql8 ď 2}ωp
d

2n
q}l8teL

V t

let t “ 1 :

}Ψpxq ´ φpxq}L8pRdql8 “ }zx1 ´ xx1}L8pRdql8 ď 2}ωp
d

2n
q}l8eL

V

(19)

The right hand side goes to zero as n Ñ 8. Finally, observe that eL
V

depends only on V and not on the
approximation parameter n P N`.

Now we are ready to prove the Theorem 7.
Proof of Theorem 7: As φ P HG,s

d pr0, 1sdq in (7) define φg
def.
“ Flow pVgq for every g P rGs. So one can

write:
φ “ ⃝G

g“1 φ
pgqpxq (20)

We use Lemma 19 for each φpgq to find Neural ODEs tΨpgquGg“1. One can write Ψpgqpxq “ zx1 as in (17), then

as Φpgq is Lipschitz we can write:

›

›zxt ´ zyt
›

›

l8 ď
›

›x´ y
›

›

l8 `

ż t

0

›

›Φpgqpzxs q ´ Φpgqpzys q
›

›

l8ds ď
›

›x´ y
›

›

l8 ` LΦpgq

ż t

0

›

›zxs ´ zys
›

›

l8ds

By applying Grönwall’s inequality (Pachpatte (1998) Theorem 1.2.2)

}zxt ´ zyt }l8 ď p}x´ y}l8 q eL
Φpgq

t

Let t “ 1 :

}Ψpgqpxq ´ Ψpgqpyq}l8 “ }zx1 ´ zy1 }l8 ď }x´ y}l8eL
Φpgq

(21)
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Define Ψ
def.
“ ⃝G

g“1Ψpgq. We try to show that the Lipschitz constant LΨ is at-most
śG

g“1 e
LΦpgq

using
induction. The base case is already proved in inequality (21); for the step of the induction, consider the
induction assumption bellow :

›

›⃝G´1
g“1 Ψpgqpxq ´ ⃝G´1

g“1 Ψpgqpyq
›

› ď

G´1
ź

g“1

eL
Φpgq

›

›x´ y
›

›

Using (21) we can write:

›

›⃝G
g“1 Ψpgq

pxq ´ ⃝G
g“1 Ψ

pgq
pyq

›

› ď eL
ΦpGq

›

›⃝G´1
g“1 Ψpgq

pxq ´ ⃝G´1
g“1 Ψpgq

pyq
›

› ď

G
ź

g“1

eL
Φpgq

›

›x ´ y
›

› (22)

So one can deduce the Lipschitz constant is at-most
śG

g“1 e
LΦpgq

.

We again use induction to show inequality (9). The base case is already proved in Lemma 19. For the
step of the induction, consider the induction assumption bellow:

›

›⃝G´1
g“1 φ

pgqpxq ´ ⃝G´1
g“1 Ψpgqpxq

›

›

L8pRdql8 ď

G´1
ÿ

g“1

˜

2}ωpgqp
d

2n
q}l8

G´1
ź

j“g

eL
V pjq

¸

Using (29) we can write:
›

›φpxq ´ ⃝G
g“1 Ψpgqpxq

›

›

L8pRdql8 “
›

›⃝G
g“1 φ

pgqpxq ´ ⃝G
g“1 Ψpgqpxq

›

›

L8pRdql8

ď
›

›⃝G
g“1 φ

pgqpxq ´ φpGq ˝ ⃝G´1
g“1 Ψpgqpxq

›

›

L8pRdql8

`
›

›φpGq ˝ ⃝G´1
g“1 Ψpgqpxq ´ ⃝G

g“1 Ψpgqpxq
›

›

L8pRdql8

ď
›

›⃝G´1
g“1 φ

pgqpxq ´ ⃝G´1
g“1 Ψpgqpxq

›

›

L8pRdql8e
LV pGq

` 2}ωpGqp
d

2n
q}l8eL

V pGq

Where for the last inequality we used (18) and (21).
Then by the induction assumption:

›

›φpxq ´ ⃝G
g“1 Ψpgqpxq

›

›

L8pRdql8 ď

G
ÿ

g“1

˜

2}ωpgqp
d

2n
q}l8

G
ź

j“g

eL
V pjq

¸

By Lemma 19 the right hand side goes to zero as n Ñ 8. We have thus concluded the proof.

B.1.2 Differentiable Case

We do the same steps for the differentiable case but with another ReLU MLP which gives faster approximation
rates. Also we first prove a proposition which Proposition 8 is a special case of it.

Lemma 20 (Transfer: Universal Approximation of Vector Field to Flow (Differentiable Case))

Let s P N`, and V “ pV1, . . . , Vdq P X s, and ωj
def.
“ 85ps` 1qd8s}Vj}Cspr0,1sdqpNjLq´2s{d for 1 ď j ď d and

ω
def.
“ pω1, . . . , ωdq then for every φ “ Flow pV q and for any Nj , L P N` , 1 ď j ď d, There exists a ReLU

MLP
Φ : Rd Ñ Rd

compactly supported in p0, 1qd with width less than or equal
řd

j“1 17sd d`13dpNj ` 2q log2p8Njq and depth

18s2pL` 2q log2p4Lq ` 2pd` 1q such that the flow (Neural ODE) given for each x P Rd by

Ψpxq “ zx1

zxt “ x`

ż t

0

Φpzxs q ds
(23)
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for 0 ď t ď 1; satisfies the uniform estimates

}Ψpxq ´ φpxq}L8pRdql8 ď 2}ωpN1, . . . , Nd, Lq}l8eL
V

(24)

where Ψ is also compactly supported: in p0, 1qd.

Proof : If we define pV qj :“ Vj for 1 ď j ď d then by (Lu et al., 2021, Theorem 1.1) for any Nj , L P

N`, there exists a function ϕj implemented by a ReLU FNN with width C1pNj ` 2q log2p8Njq and depth
C2pL` 2q log2p4Lq ` 2d such that

}ϕj ´ Vj}L8pr0,1sdq ď C3}Vj}Cspr0,1sdqpNjLq´2s{d, (25)

where C1 “ 17sd`13dd, C2 “ 18s2, and C3 “ 85ps` 1qd8s.
Let δ P p0, 2q, one can make ϕ compactly supported on r δ4 , 1´ δ

4 sd by composing it componentwise with ReLU
bump function below:

bpxq “ σReLU

`

2σReLU px´
δ

4
q ´ σReLUpx´

δ

2
q ´

1

δ
σReLUpx´ p1 ´

δ

2
qq
˘

“

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

0, if x ă δ
4

2x´ δ
2 if x P r δ4 ,

δ
2 s

x, if x P r δ2 , 1 ´ δ
2 s

p1 ´ 1
δ qx` p 2´δ

2δ q, if x P r1 ´ δ
2 , 1 ´ δ

4 s

0, if x ą 1 ´ δ
4

implemented by the following network:

x ñ

»

–

σReLU px´ δ
4 q

σReLU px´ 2δ
4 q

σReLUpx´ p1 ´ 2δ
4 qq

fi

fl

ñ
“

σReLU

`

2σReLU px´
δ

4
q ´ σReLUpx´

2δ

4
q ´

1

δ
σReLUpx´ p1 ´

2δ

4
qq
˘

s

ñ
“

ϕj
`

σReLU

`

2σReLU px´
δ

4
q ´ σReLUpx´

2δ

4
q ´

1

δ
σReLUpx´ p1 ´

2δ

4
qq
˘˘

s “ ϕj
`

bpxq
˘

ñ Φjpxq

which is 2-Lipschitz and supported on r0, 1s. The result Φj “ ϕj ˝ b has width:

widthpΦjq “ maxt3d, d,widthpϕjqu

“ maxt3d, d, 17sd d`13dpNj ` 2q log2p8Njqu

“ 17sd d`13dpNj ` 2q log2p8Njq

“ widthpϕjq

And depth:
depthpϕj ˝ bq “ depthpϕjq ` 2 “ 18s2pL` 2q log2p4Lq ` 2pd` 1q

and as depthpϕ1q “ depthpϕ2q “ ¨ ¨ ¨ “ depthpϕdq then depthpΦ1q “ depthpΦ2q “ ¨ ¨ ¨ “ depthpΦdq, by
parallelization (Petersen and Zech, 2024, Proposition 2.3.) the neural network

Φpxq “ pΦ1pxq, . . . ,Φdpxqq : Rd Ñ Rd

has the same depth. The width of it is at least :

widthpΦq ď

d
ÿ

j“1

widthpΦjq
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Set ωj
def.
“ C3}Vj}Cspr0,1sdqpNjLq´2s{d , ϕ

def.
“ pϕ1, . . . , ϕdq and ω

def.
“ pω1, . . . , ωdq then note that Φj “ ϕj on

r δ2 , 1 ´ δ
2 sd so:

}Φj ´ Vj}L8pr δ
2 ,1´ δ

2 sdq ď }ϕj ´ Vj}L8pr0,1sdq ď C3}Vj}Cspr0,1sdqpNjLq´2s{d,

Also on the interval r0, δ2 sd one can write:

}Φj ´ Vj}L8pr0, δ2 sdq ď
δ

2
p}Vj}L8pr0,1sdq ` }ϕj}L8pr0,1sdqq

Then:

}Φj ´ Vj}L8pr0,1sdq ď }Φj ´ Vj}L8pr0, δ2 sdq ` }Φj ´ Vj}L8pr δ
2 ,1´ δ

2 sdq ` }Φj ´ Vj}L8pr1´ δ
2 ,1sdq

ď C3}Vj}Cspr0,1sdqpNjLq´2s{d ` δp}Vj}L8pr0,1sdq ` }ϕj}L8pr0,1sdqq

Note that supppΦq “ supppV q “ r0, 1sd so we can consider the the inequalities above on Rd then we’ll have:

}V pxxs q ´ Φpzxs q}L8pRdql8 ď }V pxxs q ´ V pzxs q}L8pRdql8 ` }V pzxs q ´ Φpzxs q}L8pRdql8

ď LV }xxs ´ zxs }L8pRdql8 ` }ωpN1, . . . , Nd, Lq}l8

` δp}V }L8pRdql8 ` }ϕ}L8pRdql8 q

Note that as ϕ and V are continuous on a compact set, they attain their supremum. This means there exists
a constant C such that:

}V }L8pRdql8 ` }ϕ}L8pRdql8 ď C.

Observe that, C ě 0 not only depends on V but also on N1, . . . , Nd and on L, as ϕ depends only on V and
N1, . . . , Nd and on L; hence by Jensen’s inequality:

}xxt ´ zxt }L8pRdql8 “ }

ż t

0

V pxxs q ´ Φpzxs qds}L8pRdql8

ď

ż t

0

}V pxxs q ´ Φpzxs q}L8pRdql8ds

ď LV

ż t

0

}xxs ´ zxs }L8pRdql8ds` p}ωpN1, . . . , Nd, Lq}l8 ` δCq t

(26)

On the other hand, observe that δ does not depend on any of V,N1, . . . , Nd, L and it was arbitrary; thus, we
may take δC ď }ωpN1, . . . , Nd, Lq}l8 thus:

}xxt ´ zxt }L8pRdql8 ď LV

ż t

0

}xxs ´ zxs }L8pRdql8ds` 2}ωpN1, . . . , Nd, Lq}l8t (27)

By applying Grönwall’s inequality (Pachpatte (1998) Theorem 1.3.1)

}zxt ´ xxt }L8pRdql8 ď 2}ωpN1, . . . , Nd, Lq}l8teL
V t

Let t “ 1 :

}Ψpxq ´ φpyq}L8pRdql8 “ }zx1 ´ xy1}L8pRdql8 ď 2}ωpN1, . . . , Nd, Lq}l8eL
V

.
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Proposition 21 (Universal Approximation by Deep Neural ODEs (Differentiable Case)) Let φ P

HG,s
d pr0, 1sdq and 1 ď s; then, there exists ReLU neural ODEs tΨpgquGg“1 Ă X 0 such that Ψ

def.
“ ⃝G

g“1 Ψpgq

satisfies the approximation guarantee:

›

›φ´ Ψ
›

›

L8pRdql8 ď

G
ÿ

g“1

˜

2}ωpgqpN1, . . . , Nd, Lq}l8

G
ź

j“g

eL
V pjq

¸

(28)

Where pωpgqqj “ 85ps`1qd8s}V
pgq

j }Cspr0,1sdqpNjLq´2s{d each ωpgq. The right hand side goes to zero as L Ñ 8

and Nj Ñ 8 for each j P rGs.
Moreover, Ψ is a compactly-supported: Cs-diffeomorphism t on Rd supported: on p0, 1qd, with Lipschitz

constant at-most
śG

g“1 e
LΨpgq

and Ψpgq is a ReLU MLP of width less than or equal to
řd

j“1 17sd`13ddpNg
j `

2q log2p8Ng
j q and depth 18s2pLg ` 2q log2p4Lgq ` 2pd ` 1q where Ng

j , L
g P N` for each 1 ď j ď d, and

1 ď g ď G.
In particular, LΨ depends on the parameters N1, . . . , Nd.

Proof : As φ P HG,s
d pr0, 1sdq in (7) define φg

def.
“ Flow pVgq for every g P rGs. So one can write:

φ “ ⃝G
g“1 φ

pgqpxq (29)

We use Lemma 20 for each φpgq to find Neural ODEs tΨpgquGg“1. One can write Ψpgqpxq “ zx1 as in (23), then

as Φpgq is Lipschitz we can write:

›

›zxt ´ zyt
›

›

l8 ď
›

›x´ y
›

›

l8 `

ż t

0

›

›Φpgqpzxs q ´ Φpgqpzys q
›

›

l8ds ď
›

›x´ y
›

›

l8 ` LΦ

ż t

0

›

›zxs ´ zys
›

›

l8ds

By applying Grönwall’s inequality (Pachpatte (1998) Theorem 1.2.2)

}zxt ´ zyt }l8 ď p}x´ y}l8 q eL
Φpgq

t

set t “ 1:
›

›Ψpgqpxq ´ Ψpgqpyq
›

›

l8 “
›

›zx1 ´ zy1
›

›

l8 ď p}x´ y}l8 q eL
Φpgq

(30)

Define Ψ
def.
“ ⃝G

g“1Ψpgq. We try to show that the Lipschitz constant LΨ is at-most
śG

g“1 e
LΦpgq

using
induction. The base case is already proved in inequality (30); for the step of the induction, consider the
induction assumption bellow :

›

›⃝G´1
g“1 Ψpgqpxq ´ ⃝G´1

g“1 Ψpgqpyq
›

›

l8 ď

G´1
ź

g“1

eL
Φpgq

›

›x´ y
›

›

l8

Using (30) we can write:

›

›⃝G
g“1 Ψpgq

pxq ´ ⃝G
g“1 Ψ

pgq
pyq

›

›

l8 ď eL
ΦpGq

›

›⃝G´1
g“1 Ψpgq

pxq ´ ⃝G´1
g“1 Ψpgq

pyq
›

›

l8 ď

G
ź

g“1

eL
Φpgq

›

›x ´ y
›

›

l8 (31)

So one can deduce the Lipschitz constant is at-most
śG

g“1 e
LΦpgq

.

Note that one can apply the same procedure of (30) for φpgq and conclude

Lφpgq

“ eL
V pgq

(32)
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We again use induction to show inequality (34). The base case is already proved in Lemma 20. For the
step of the induction consider the induction assumption bellow:

›

›⃝G´1
g“1 φ

pgqpxq ´ ⃝G´1
g“1 Ψpgqpxq

›

›

L8pRdql8 ď

G´1
ÿ

g“1

˜

2}ωpgqpN1, . . . , Nd, Lq}l8

G´1
ź

j“g

eL
V pjq

¸

Using (29) we can write:

›

›φpxq ´ ⃝G
g“1 Ψpgqpxq

›

›

L8pRdql8 “
›

›⃝G
g“1 φ

pgqpxq ´ ⃝G
g“1 Ψpgqpxq

›

›

L8pRdql8

ď
›

›⃝G
g“1 φ

pgqpxq ´ φpGq ˝ ⃝G´1
g“1 Ψpgqpxq

›

›

L8pRdql8

`
›

›φpGq ˝ ⃝G´1
g“1 Ψpgqpxq ´ ⃝G

g“1 Ψpgqpxq
›

›

L8pRdql8

ď
›

›⃝G´1
g“1 φ

pgqpxq ´ ⃝G´1
g“1 Ψpgqpxq

›

›

L8pRdql8e
LV pGq

` 2}ωpGqpN1, . . . , Nd, Lq}l8eL
V pGq

Where for the last inequality we used (24) and (32).
Then by the induction assumption:

›

›φpxq ´ ⃝G
g“1 Ψpgqpxq

›

›

L8pRdql8 ď

G
ÿ

g“1

˜

2}ωpgqpN1, . . . , Nd, Lq}l8

G
ź

j“g

eL
V pjq

¸

By Lemma 20 the right hand side goes to zero as L Ñ 8 and Nj Ñ 8 for each j P rds. We have thus
concluded the proof.

Now we are in a position to prove Proposition 8.
Proof of Proposition 8: Take free parameters N “ N1 “ N2 “ ¨ ¨ ¨ “ Nd then the result follows from
Proposition 21

B.1.3 Smooth Case

First we prove Theorem 9 and then Proposition 10.

Lemma 22 (Normality) The set Flow generates a normal subgroup (denoted as) xFlow y of Diff0pr0, 1sdq.

Proof : If φ “ Flow pV q then using Corollary 9.14 (Lee, 2013) in our case it shows that for every F P

Diff0pr0, 1sdq the Flow of the (pushforward) vector field F˚V is η “ F ˝ φ ˝ F´1, in other words η “

Flow pF˚Dq ñ η P Flow so for φ in the generated subgroup xFlow y and the diffeomorphism F P Diff0pr0, 1sdq

we can write :

φ P xFlow y ñ Dn P N` s.t. @i P t1, . . . , nu, Dφpiq P Flow pViq s.t. φ “ φpnq ˝ ¨ ¨ ¨ ˝ φp1q

then one can write:

F ˝ φ ˝ F´1 “ pF ˝ φpnq ˝ F´1q ˝ pF ˝ φpn´1q ˝ F´1q ˝ ¨ ¨ ¨ ˝ pF ˝ φp1q ˝ F´1q “ ηpnq ˝ ¨ ¨ ¨ ˝ ηp1q P xFlow y

Lemma 23 (Large Granularity Triviality for Smooth Regularity) There exists a Kd P N` s.t. for

any integer G ą Kd, HG,8
d pr0, 1sdq is empty.
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Proof : Note HG,8
d

`

r0, 1sd
˘

“ HG,8
d

`

p0, 1qd
˘

because these set of functions are zero on the boundary of
r0, 1sd by continuity. Define the autonomous norm

}f}frag :“ min tm P N | f “ h1 ¨ ¨ ¨hm where hi “ FlowpViq for some Vi P X u

one can check that this norm is conjugate invariant. By Burago et al. (2013) [Theorem 1.17] the autonomous
norm on the group Diff0

`

p0, 1qd
˘

is bounded by a constant Kd as p0, 1qd is portable.8

Lemma 24 (Decomposition) For every diffeomorphism φ P Diff0pr0, 1sdq, there exist some G P N and
flows φp1q, . . . , φpGq P Flow such that

φ “ ⃝G
g“1 φ

piq def.
“ φpGq ˝ ¨ ¨ ¨ ˝ φp1q. (33)

Proof : By Thurston’s Theorem, see e.g. (Banyaga, 1997a, Theorem 2.1.1), the group Diff0pr0, 1sdq is
simple; i.e. it has no proper normal subgroups besides the trivial group consisting only of the identity
(diffeomorphism) on Rd. Since Flow does not contain only the identity diffeomorphism on Rd and, by
Lemma (22), since Flow generates a normal subgroup of Diff0pr0, 1sdq then Flow generates the entire group
Diff0pr0, 1sdq. Consequentially, each φ P Diff0pr0, 1sdq admits a representation of the form (33).

Now we are in a position to prove Theorem 9.
Proof of Theorem 9: By Lemma 24 there exists a G such that φ P HG,8

d pr0, 1sdq; as HG,8
d pr0, 1sdq is

non-empty, by Lemma 23 G ď Kd. This means one can write any diffeomorphism as a composition of at
most Kd flows.

Using Theorem 9 we can prove Proposition 10.
Proof of Proposition 10: As φ P Diff0pr0, 1sdq it is also s differentiable so by Theorem 9 there exists

G ď Kd such that φ P HG,s
d pr0, 1sdq. By Proposition 8 there exists Ψ such that:

›

›φ´ Ψ
›

›

L8pRdql8 ď

G
ÿ

g“1

˜

2}ωpgqpN,Lq}l8

G
ź

j“g

eL
V pjq

¸

ď 170ps` 1qd8s max
g,j

t}V
pgq

j }Cspr0,1sdqupNLq´2s{demaxgtLV pgq
uKd

˜

G
ź

j“2

LV pjq

¸

P O
`

N´2s{d
˘

(34)

as pωpgqqj “ 85ps` 1qd8s}V
pgq

j }Cspr0,1sdqpNLq´2s{d

We are now able to deduce our main qualitative universal approximation guarantee within the class Hdpr0, 1sdq.
Proof of Theorem 4: Now, since φ is supported on Bp0, Rq for large enough R then there exists some M ą 0
such that φ is supported on r´M,M sd Ą Bp0, Rq. Recalling by a contraction/expansion diffeomorphism

φM : Rd Ñ Rd of the form φM pxq
def.
“ Ax for some d ˆ d scalar matrix A “ kId, for some k ą 0, satisfying

φM pr´M,M sq Ď Bp0, 1{8q. Moreover φM can be written as the time 1 flow whose integral curve with initial
condition x P Rd is

xxt “ ktx for all t ě 0

We may without loss of generality consider suppφ ˝ φ´1
M q “ Bp0, 18 q thus φ ˝ φ´1

M fixes all points on a
neighborhood of the boundary of Bp0, 1{4q. Consequently, we may apply the Munkres-Connel-Bing Theorem,
as formulated in (Müller, 2014, Lemma 2) to deduce that: for every ε ą 0 there exists a diffeomorphism
φε : Rd Ñ Rd supported on Bp0, 14 q satisfying the uniform approximation guarantees

}φεpxq ´ φ ˝ φ´1
M pxq}L8pRdql8 ď ε

3 . (35)

8. Take vector field X as the vector field that points toward the point p 1
2
, . . . , 1

2
q at every point and θ a translation.

24



Which by substituting x “ φM pxq we’ll still have:

}φε ˝ φM ´ φ}L8pRdql8 ď ε
3 . (36)

Now, since φε is supported on Bp0, 14 q Ă r0, 1sd and since φε is a diffeomorphism then Theorem 9 implies that

there exists some K̃d (not depending on φε nor on ε) and some 1 ď G ď K̃d such that φε P HG,1
d pr0, 1sdq.

Applying Theorem 7 implies that there exists ReLU neural ODEs tΨpgq “ FlowpΦpgqquGg“1 Ă X 0 such that

the diffeomorphism Ψε
def.
“ ⃝G

g“1 Ψpgq is Lipschitz and compactly supported and satisfies the approximation
guarantee:

›

›φϵ ´ Ψε

›

›

L8pRdql8 ď ε
3 . (37)

As φM P Hdpr´M,M sdq by the same theorem:

›

›φM ´ ΨM

›

›

L8pRdql8 ď ε
3LΨε . (38)

Combining (36), (37), (38):

›

›Ψε ˝ ΨM ´ φ
›

› ď
›

›Ψε ˝ ΨM ´ φϵ ˝ φM

›

› `
›

›φϵ ˝ φM ´ φ
›

›

ď
›

›Ψε ˝ ΨM ´ Ψε ˝ φM

›

› `
›

›Ψε ˝ φM ´ φϵ ˝ φM

›

› `
›

›φϵ ˝ φM ´ φ
›

›

ď LΨε
›

›ΨM ´ φM

›

› `
›

›Ψε ˝ φM ´ φϵ ˝ φM

›

› `
›

›φϵ ˝ φM ´ φ
›

›

ď LΨε ε
3LΨε ` ε

3 ` ε
3 “ ε

(39)

and setting Ψ “ Ψε ˝ ΨM and Kd
def.
“ K̃d ` 1 yields the conclusion.

Appendix C. Additional Geometric and Topological Background

1. continuum: a compact and connected metric space that contains at least two points.

2. Tangent vector, tangent bundle and vector field: Let M be a smooth n-manifold.

(a) A tangent vector at a point p P M can be defined as the velocity γ1p0q of a smooth curve γ :
p´ε, εq Ñ M with γp0q “ p, or equivalently as a derivation at p, i.e. a linear map v : C8pMq Ñ R
satisfying the Leibniz rule

vpfgq “ vpfqgppq ` fppqvpgq, f, g P C8pMq.

The set of all tangent vectors at p forms an n-dimensional vector space called the tangent space
at p, denoted TpM .

(b) The tangent bundle of M is the disjoint union

TM “
ğ

pPM

TpM,

together with the natural projection π : TM Ñ M given by πpvq “ p for v P TpM . It is itself a
smooth 2n-dimensional manifold.

(c) A vector field on M is a smooth map

X : M Ñ TM
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such that Xppq P TpM for every p P M . Equivalently, a vector field is a smooth section of the
tangent bundle π : TM Ñ M . In local coordinates px1, . . . , xnq, any vector field has the form

X “

n
ÿ

i“1

fipxq
B

Bxi
,

where fi P C8pMq.

3. Homotopic and Ck-diffeotopy: A homotopy between two continuous functions f and g from a topological
space X to a topological space Y is defined to be a continuous function

H : X ˆ r0, 1s Ñ Y

such that Hpx, 0q “ fpxq and Hpx, 1q “ gpxq for all x P X.
Let M and N be smooth manifolds, and let f0, f1 : M Ñ N be Ck diffeomorphisms (1 ď k ď 8).

We say that f0 and f1 are Ck-diffeotopic if there exists a map

F : M ˆ r0, 1s Ñ N

such that:

(a) For each t P r0, 1s, the map

ftpxq :“ F px, tq : M Ñ N

is a Ck diffeomorphism.

(b) f0 “ F p¨, 0q and f1 “ F p¨, 1q.

(c) The map F is Ck in x and continuous (sometimes Ck) in px, tq.

4. Conjugation invariant and autonomous norm: conjugation-invariant norm ν : G Ñ r0; `8q on a
group G is a function which satisfies the following axioms:

(i) νp1q “ 0;

(ii) νpfq “ νpf´1q @f P G;

(iii) νpfgq ď νpfq ` νpgq @f, g P G;

(iv) νpfq “ νpgfg´1q @f, g P G;

(v) νpfq ą 0 for all f ‰ 1

for a smooth function f define }f}frag :“ min tm P N | f “ h1 ¨ ¨ ¨hm where hi “ FlowpViq for some Vi P X u

where FlowpViq is the time one solution of Cauchy Problem for smooth vector field Vi

5. Nowhere dense and meagerness: Let T “ pS, τq be a topological space and A Ď S. A is nowhere dense
in T if and only if

`

A
˘˝

“ ∅,

where A denotes the closure of A and A˝ its interior.
A is meager in T if and only if it can be written as a countable union

A “

8
ď

n“1

An,

where each An Ď S is nowhere dense in T . Equivalently, complement of A is open and dense.
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6. Complete vector field: Let M be a smooth manifold and let X be a smooth vector field. Denote by φt

the local flow of X, that is, the solution to the ODE

d

dt
φtppq “ Xpφtppqq, φ0ppq “ p.

We say that X is complete if for every p P M , the integral curve γpptq :“ φtppq is defined for all t P R.
Equivalently, X is complete if its local flow extends to a global flow

φ : R ˆM Ñ M.

7. Portable manifold: We say that a smooth connected open manifold M is portable if it admits a
complete vector field X and a compact subset M0 with the following properties:

• M0 is an attractor of the flow Xt generated by X: for every compact subset K Ă M there exists
τ ą 0 so that Xτ pKq Ă M0.

• There exists a diffeomorphism θ P Diff0pMq so that θpM0q XM0 “ H.

8. Recurrent point: Let X be a topological space and let f : X Ñ X be a continuous map. A point x P X
is called a recurrent point of f if there exists a sequence of integers pnkq with nk Ñ 8 such that

fnkpxq ÝÑ x as k Ñ 8.

Equivalently, x is recurrent if it belongs to its own ω-limit set,

x P ωpxq :“ ty P X : fnkpxq Ñ y for some sequence nk Ñ 8u.

9. Orbit, fixed point and periodic point: Let X be a set and f : X Ñ X a map. For x P X, the forward
orbit of x under f is the set

O`pxq :“ tfnpxq : n P N0u,

where N0 “ t0, 1, 2, . . . u and f0 “ idX .

If f is invertible, the (full) orbit of x is

Opxq :“ tfnpxq : n P Zu.

A point x P X is called a fixed point of f if

fpxq “ x.

A point x P X is called a periodic point of period k ě 1 if

fkpxq “ x,

and k is the smallest positive integer with this property.

The set of all periodic points of period k is denoted

Perkpfq :“ tx P X : fkpxq “ x and f jpxq ‰ x for all 0 ă j ă k u.

Appendix D. Proofs of Corollaries

Proof of Corollary 11: By Theorem 7 and using (15), there exists Lipschtiz ReLU neural ODEs tΨi “

Flow pΦiquDi“1 such that for each i P rDs we have:

} Flow pVfiq ´ Ψi}L8pRdql8 ă ϵ
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Which by Theorem 7, ε P O
`

1
n

˘

so restricting the domain and only considering the last coordinate of the
output we’ll have:

}πd`1
1 ˝ Flow pVfiq ˝ ιd`1

d ´ πd`1
1 ˝ Ψi ˝ ιd`1

d }L8pRdq ă ϵ

but by (14) we know fi “ πd`1
1 ˝ Flow pVfiq ˝ ιd`1

d so define Ψ “
ÀD

i“1pπd`1
1 ˝ Ψi ˝ ιd`1

d q then:

}f ´ Ψ}L8pRdql8 ă ϵ.

also width and depth are given in table 1. Also note that by lifting, projecting and concatination the function
remains Lipschitz. This completes our proof.

Proof of Corollary 13: The Benyamini-Lindenstrauss theorem; see e.g. (Benyamini and Lindenstrauss,
2000, Theorem 1.12), implies that for every non-empty subset A Ď r0, 1sd, each L ě 0, and every L-
Lipschitz function g : A Ñ RD, there exists a L-Lipschitz extension G : r0, 1sd Ñ RD; i.e. g|A “ G. There-
fore, (Miculescu, 2002/03, Theorem 1) implies that the set of Lipschitz functions is dense in Cpr0, 1sd,RDq

for the uniform topology. The result now follows from Corollary 11.

Proof of Corollary 14:
Applying the Benamou-Brenier Theorem (Villani, 2003, Theorem 2.12 (ii) and (iii)), we deduce that there
exists a convex function φ : Rd Ñ R inducing the unique optimal transport map between µ and ν, namely
µ “ ∇φ7ν i.e. φ is a Kantorovich potential. note that, at this state ∇φ may only be defined µ-a.s. therefore
we verify its regularity before being able to continue further with any uniform approximation thereof. Under
Assumption 4.1 the Caffarelli’s regularity theorem, as formulated (Villani, 2009, Theorem 12.50 (ii)) applies
and we deduce that φ P C2,αpp0, 1qdq; in particular, ∇φ is defined on all of p0, 1qd and it’s Lipschitz thereon
by the mean-valued theorem.

Since ∇φ : p0, 1qd Ñ p0, 1qd is L1-Lipschitz, for some L1 ě 0, then it admits an L1-Lipschitz extension
φ̃ : r0, 1sd Ñ r0, 1sd, again by the Benyamini-Lindenstrauss Theorem, see e.g. (Benyamini and Lindenstrauss,
2000, Theorem 1.12) (it is easy to see that it must map the close cube to itself, since ∇φ maps p0, 1qd to
itself and the latter is continuous).

Fix ε ą 0, applying Corollary 11 we find that there exists a Lipschitz Latent Neural ODE Ψ : Rd`D Ñ

Rd`D induced by ReLU MLP of depth Oplog2pdqq, width Opdnd`1q, with Opdnd`1q non-zero parameters,
such that

´

max
xPr0,1sd

›

›φ̃pxq ´ Ψpxq
›

›

2
¯1{2

ă ε (40)

Since µ and ν are both supported on r0, 1sd then they belong to Pppr0, 1sdq for every 1 ď p ă 8; in particular,
µ and Ψ7ν belong to P2pRdq. Therefore, W2pµ,Ψ7νq is finite and we have

W1

`

µ,Ψ7ν
pNq

˘

ď W1

`

Ψ7ν,Ψ7ν
pNq

˘

` W1

`

µ,Ψ7ν
˘

ď W1

`

Ψ7ν,Ψ7ν
pNq

˘

loooooooooomoooooooooon

(I)

`W2

`

µ,Ψ7ν
˘

loooooomoooooon

(II)

. (41)

We begin by controlling term (I) . Indeed, since Ψ is LΨ-Lipschitz, then we have

(I) “ W1

`

Ψ7ν,Ψ7ν
pNq

˘

ď Lip
`

Ψ
˘

W1

`

ν, νpNq
˘

. (42)

Now, applying the concentration of measure result in (Hou et al., 2023, Lemma 18) we have that: for every
δ

LΨ ą 0

P
ˆ

ˇ

ˇ

ˇ
W1

`

ν, νpNq
˘

´ E
“

W1

`

ν, νpNq
˘‰

ˇ

ˇ

ˇ
ě

δ

LΨ

˙

ď 2 e
´2Nδ2

dpLΨq2 and E
“

W1

`

ν, νpNq
˘‰

ď

?
dC

r0,1sd

d?N

for some constant Cr0,1sd ą 0. Consequently, we may control (I) probabilistically: for every δ ą 0

P
´

LΨW1

`

ν, νpNq
˘

ď LΨ
?
dC

r0,1sd

d?N
` δ

¯

ě 1 ´ 2 e
´2Nδ2

dpLΨq2 (43)
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So

P
´

(I) ď LΨ
?
dC

r0,1sd

d?N
` δ

¯

ě 1 ´ 2 e
´2Nδ2

dpLΨq2 (44)

It remains to control term (II). In particular,

(II) “ W2

`

µ,Ψ7ν
˘

“ W2

`

∇φ7ν,Ψ7ν
˘

, (45)

Since r0, 1sdzp0, 1qd is of ν-measure zero, we may again rephrase (45) as

(II) “ W2

`

∇φ7ν,Ψ7ν
˘

ď EX„ν

“

}p∇φq7pXq ´ pΨq7pXq}2
‰1{2

“ EX„ν

“

}φ̃pXq ´ pΨq7pXq}2
‰1{2 def.

“ (III). (46)

But

(II) ď (III) ď

´

max
xPr0,1sd

›

›φ̃pxq ´ Ψpxq
›

›

2
¯1{2

(47)

Consequently, combining (40), (44) ,and (47) yields the conclusion.
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