Stability of parabolic systems of Hodge bundles over
punctured P!

Xingyu Cheng

Abstract

We consider the problem of existence of semistable systems of Hodge bundles with
parabolic structure over a finite set S C P! of type (1,n). That is, we consider parabolic
Higgs bundles (£,6), where £ = L® V and (L) C V ® Qg (log S), where rank £ = 1
and rankV = n. Such systems of Hodge bundles are C*-fixed points in the space of
all such (parabolic) Higgs bundles and these correspond to local systems coming from
complex variations of Hodge structure under Simpson’s correspondence. In the spirit
of Agnihotri-Woodward and Belkale, we use enumerative geometry to give numerical
criteria for the existence of such semistable parabolic systems of Hodge bundles with
semisimple local monodromy.
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1 Introduction

1.1 The Deligne-Simpson problem

Given conjugacy classes C,Cy,...,Cs C GL(n), the Deligne-Simpson problem asks for
necessary and sufficient conditions for the existence of matrices A; € C; such that A;... A, =
1. This problem is the same asking for the existence of a local system £ over P!\ S for
S ={p1,...,ps} where the A; are viewed as the local monodromy of £. Such local systems
are equivalent to representations p : m (P! \ S,b) — GL(L) for some base point b € P!\ S.
The fundamental group is presented as 7 (P'\ S,b) = (y1,%2,---,7s | 1172 ---7s = 1), where
~v; denotes the class of a curve 7; that goes around the puncture p; exactly once (see Figure
1)). Here, we can interpret A; as the image of +; under p, which is the same as the local
monodromy of the local system L.

1.2 The unitary existence problem
Suppose now that each matrix A; is unitary with eigenvalues

2mia (ps) 2mian (pi)

e e €

with 0 < aq(p;) < ao(p;) < ... < au(pi) < 1. Mehta-Seshadri [MS80] showed that irre-
ducible local systems with (special) unitary local monodromy matrices and prescribed eigen-
values as in above are in correspondence with stable parabolic vector bundles of parabolic
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Figure 1: Picture of monodromy

degree 0, which are vector bundles V such that for each p € S, V, is equipped with a (com-
plete) flag and to each subspace of the flag is attached parabolic weights given by the o;(p)’s
(see Definition . In this case, the problem of existence of unitary matrices in prescribed
conjugacy classes multiplying to one is equivalent to the existence of (semi)stable parabolic
bundles of degree 0.

1.2.1 Preliminary notation

We will denote by Gr(r, W) the Grassmannian of dimension r subspaces of a vector space

W. We will also denote Gr(r,C") = Gr(r,n).

Definition. Let F, : F} C F, C ... C F, = W be a complete flag of subspaces of an
n-dimensional vector space W. For a subset [ = {i; < iy < ... <.} C[n] ={1,2,...,n}
of cardinality r, the Schubert variety Q;(F,) C Gr(r,W) is

Q(F) ={U e Gr(r,W) |dm(UNF;,) > j,j=1,...,1}

We will denote by oy € A*Gr(r, W) the cycle class of Q;(F,). We will also write

T

codim o; = codim Q;(F,) = Z(n —r+4j—ij).

j=1
Definition. Let [P*, ... IP* C [n] be subsets each of cardinality r and d > 0 an integer. The
Gromov-Witten number (o/pi,...,0m:)q is the number of stable maps (counted as zero

if infinite) f : P! — Gr(r,n) of degree d such that f(p;) € Qi (Fu(p;)) for complete flags
Fo(p1),..., Fo(ps) of W in general position.

Such Gromov-Witten numbers can be computed using the quantum cohomology of Grass-
mannians [Ber97].
1.2.2 Existence of semistable parabolic bundles

Because (semi)stability is an open condition, it suffices to look at generic parabolic bundles
of parabolic degree 0. We can then apply the shifting operation described in Section {4 to



get the sum of weights

> > ailp) =0

peS i=1
Doing this forces the parabolic bundle to have degree 0. Generic bundles of rank n and degree
0 are isomorphic to the trivial bundle O®". This then reduces the problem to checking the
semistability of the trivial bundle O%" with generic flags and prescribed parabolic weights.

For such a parabolic bundle to be semistable, we need every subbundle V', with parabolic
structure induced by how it intersects the data of flags, to satisfy the parabolic slope in-
equality parpV < parp O%" = 0 (see Definition 7 that is, we must not have a subbundle
that contradicts this inequality. A rank r subbundle ¥V C O®" have a degree, —d, and in-
duced weights determined by how V intersects the parabolic flags of O%". How V intersects
the flag at p can be recorded by which Schubert cell Q;(F,(p)) C Gr(r,n) = Gr(r,O5")
contains V,. The parabolic slope of V is completely determined by this data of degree and
weights, and so the question of which inequalities to write becomes one of existence of sub-
bundles of V C O%" with prescribed degree such that V), lies in some Schubert variety in
Gr(r,n) = Gr(r,O5") forp € S.

The question of which inequalities to write is then an enumerative problem. Degree —d
subbundles of O®" are exactly in correspondence with degree d maps f : P! — Gr(r,n) and
to ask for V, to lie in a Schubert variety Q»(Fo(p)) is exactly the same as as having f(p) €
Qp(Fo(p)). The Gromov-Witten invariant (oe1, ..., 0. )4 records exactly this information.

Agnihotri-Woodward [AW9S8] and Belkale [Bel01] were then able to give numerical condi-
tions for the existence of such semistable parabolic bundles in terms of nonvanishing Gromov-
Witten numbers and semistability inequalities.

Theorem (The unitary existence theorem). A semistable parabolic bundle of parabolic degree
zero and weights aq(p) < az(p) < ... < ap(p) < aa(p) + 1 for each p € S exists if and only
if the following condition holds:

e For any integers r,d with 0 < r < n, and subsets I" = {i} <5 < ... < i} such that
(o1, 0ms)a # 0, the semistability inequality

—d + Z Z Qn—iy1(p) <0

peS i€IP

must hold.

1.3 The existence problem for variation of Hodge structures

On the other hand, Simpson ([Sim90], [Sim92], [Sim94]) showed that GL(n) solutions of
such matrix problems can be associated with certain parabolic Higgs bundles (see Section
. In particular, there is a correspondence between filtered local systems on one side and
parabolic Higgs bundles on the other. In the space of such (parabolic) Higgs bundles, there
are certain special C* fixed points called systems of Hodge bundles (see [Sim90]), which are in
association with complex variations of Hodge structures. Such local systems are interesting,
for example, because these are the local systems that come from geometry and all rigid local
systems over a multiply punctured P! in the sense of [Kat96|] are of this type.
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We can set up a general algebro-geometric problem. Let (£, 6) be a parabolic system of
Hodge bundles. Then by Definition [5, we must have that

E=EBEB...BéN

and 0 must satisfy 0|g, : & — Ei41 ® Qp (log S). In this parabolic system of Hodge bundles
case, we can assume that the parabolic flags are compatible with this decomposition of £
[Sim92], i.e. the subspaces making up the flag of &, can be broken up into a direct sum
of subspaces of &;,. We can then give each &; the data of flags with weights at each point
pesS. Setai(p) < ab(p) < ... < ol (p) be the parabolic weights of &, and denote the
flags of &, as Fi(p) C F5(p) C ... C F},(p), where the subspace Fj(p) will be associated
with weight af,_; (p).

Question. If we fix the data of rank &;, deg &;, rank f|¢,, and weights {Ozé»(p) |1 <ji<mr,ie
[N],p € S}, then does there exist a semistable parabolic system of Hodge bundles (&,6),
with nonzero 6, where &; has flags with weights aé- (p) for each j and p as in the above?

The problem may look very different for different numerical data, and so this question
actually consists of many different problems, each perhaps requiring separate techniques.
Another question to ask is to ask exactly what numerical data is needed to isolate an irre-
ducible component of the moduli space of all such objects, and therefore make the question
more tractable for enumerative techniques. We explain more about the general problem in
Section [3|and give some examples of some situations that give rise to irreducible components.

The difference between our situation of systems of Hodge bundles and the unitary case
is that the existence of our Higgs field # imposes certain restraints. In the unitary case,
we can assume our parabolic bundle are as general as possible and that our flags are as
general as possible. However the condition that 6 : & — &1 ® Q'(log S) along with the
numerical data of rank @ |¢, imposes restrictions on the bundles &;. Furthermore, Res, 6 (see
Definition [5)) is required to preserve the flags of the parabolic systems of Hodge bundles, i.e.
Res, 0(Eaip) C Eap) @ Q' (log S),, where &, denotes the (largest) part of the flag of &,
with weight «(p). This then imposes additional restraints on the parabolic flags and hence
we cannot assume the flags to be generic in this case.

1.4 The (1,n) problem

We will not attempt to solve the question for every possible combination of numerical data.
We restrict our attention to solving the case where where our bundle is of type (1,n) (ex-
plained below) with distinct parabolic weights, along with the (1,2) case when we ask only
for semisimple local monodromies instead of distinct weights. This is the main goal of this
present work.

Restricting to the (1,7n) case means &£ only breaks up into two bundles & @ & where
&1 = L is a line bundle and & = V is rank n. For p € S, we give £ weights a(p) and V
weights B1(p) < fa2(p) < ... < Bu(p). We further ask that «(p) # Si(p) for all i as well,
so the all the weights are distinct or generic. Furthermore, through parabolic shifting (see
Section [4)), we can further assume that a(p) < 8i(p) for all p.

Semistability of such (&,0) are determined by #-stable subbundles of £, and so in this
(1,n) situation, there are two types of subbundles to consider:
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All subbundles § C V.

Subbundles of the form £ & S where & C V is a subbundle such that S ® Q'(log S)
contains the image 0(L).

We must handle these two situations separately and they give rise to two different classes of
slope inequalities.

We must also consider two different types of bundles as well. Let W =V @ Q'(log S).
Set w = deg W and d = deg L. If d is too large, then we cannot assume W and hence V to
be generic, and so this case must be dealt with separately.

If d < [w/n], then in this case we can deform £ C W so that W is a generic degree w
bundle containing L.

If d > [w/n], say L ~ O(d), then the most generic W containing £ we can deform to
is W~ O(d) ®G_4,-1, where G_4,,1 denotes a generic degree —d rank n — 1 bundle.
A generic rank n bundle over P! is one of the form @}, O(e;) where |e; —e;] <1 for
all 7, 5.

From hereon, we will always assume V), equivalently W, to be deformed to be as generic as
possible as described above.

1.4.1 Generalized Gromov-Witten numbers

A main ingredient in the (1,n) case will the generalized Gromov-Witten numbers, which
will allow us to count subbundles beyond just the trivial bundle. We can replace O®" by
a generic degree —D vector bundle and play the same game with counting subbundles. A
generic rank n vector bundle over P! takes the form W ~ @} | O(e;), where |e; —¢;| < 1
for all 4, 5. In this situation, we will also call generic vector bundles evenly split. Evenly
split bundles are unique in the sense that for any fixed degree —D and rank n, there is a
collection of integers (eq, ..., e,) such that any evenly split bundle of this degree and rank is
isomorphic to @, O(e;). This leads to the notion of generalized Gromov-Witten invariants
(see, for example, Section 2.4 of [Bel0§] and Section 4.3 of [Bel22]).

Definition 1. Let I',... I° be subsets of [n] with cardinality r each. Let d € Z. Let W
be a generic vector bundle over P! of degree —D, and suppose we have general (increasing)
flags Fo(p) € FIW,) for all p € S.

The generalized Gromov-Witten number (o1,...,07)4p is defined the be number of
degree —d rank r subbundles (counted as 0 if infinite) ¥ C W such that for p = p,; € S,
Vy € Qi (Fo(p)) C Gr(r,W,).

One can reduce the calculation of these generalized Gromov-Witten numbers to the
regular Gromov-Witten numbers via the parabolic shifting operation described in Section [4]
If we pick a point p = p; € S to apply the parabolic shift operation at, we get that

<U[17"'7015>d,D = <0-K17"'aO'KS>d’,D71

where



o d=dif1¢Pandd =d—1if 1 € I;
o KF =T for k # j;

o Ki={i -1 —1,...,il —1}if1¢ Vand K7 = {i} —1,...,il —1,n}if 1 € V.

1.4.2 The main (1,n) theorem

Recall that we have made the assumption that a(p) < fi(p) < fa(p) < ... < Bu(p). The
data that we need to fix for this problem is the data of deg £, deg V', and the data of parabolic
weights. If we have fixed all such data, then by definition

pardeg £ = deg L + degV + Z (oz(p) + Z 51‘(17))
i=1

pES

is a fixed number. In the statement of the theorem, we also have a corrective factor r(2 — s).
This corrective factor comes from us looking at subbundles of W =V ® Q'(log S), and so to
get a subbundle of V, we need to twist by (Q2'(log S))" ~ O(=2 + 5)" ~ O(2 — 5). Thus for
a rank r subbundle S C W, to get a subbundle V, we need S ® O(2 — s), which has degree
deg S+ (2 —s).

Theorem 1 (Existence of semistable (1,n) parabolic system of Hodge bundles with distinct
weights). A semistable system of Hodge bundles of type (1,n) with weights a(p) and p1(p) <
Pa(p) < ... < Bn(p) as above with deg L and degV fixed exist if and only if the following
conditions in the different cases of bundles are satisfied.

If deg L < [w/n], then the following two types of numerical conditions must be met.
For every IP*, ... IPs C [n] of size r such that the usual Gromov- Witten number
<UIP1> s aUIPS>6 7é 0,

the inequality

—0+r(2—s5)+ Zpes Y icrr Bniv1(p) < pardeg &£

r - on+1
holds.
For every JP' ... JPs C [n — 1] of size r — 1 such that the generalized Gromov-
Witten number (oyp1, ..., 0ums)sa # 0, the inequality

2d = 6+71(2=38)+ ) e (a(p) + B1(p) + ngﬂ ﬁnfjﬂ(p)) < pardeg £
r+1 - on+l

holds.

If deg L > [w/n], then the following two types of numerical conditions must be met.
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For every IP',... IP> C [n]| of size v such that (orp,...,0ms)s—w # 0, the in-
equality
—0+r(2—s)+ Zpes Y icrr Bniv1(p) < pardeg &£

T n+1

18 satisfied.

For every JP', ... JPs C [n—1] of size r — 1 such that {(oe1,...,0ms)sd-w # 0,
then the inequality

2d = 6+71(2=38)+ ) e (Oé(p) + Bi(p) + Zjer Bn*jﬂ(p)) - pardeg £
r+1 - on+l

15 satisfied.

If n = 2, we could in fact strengthen the conditions on the weights. Here we can allow the
weights a(p), 51(p), f2(p) to be equal. We can then apply the parabolic shifting operation
at every point of S to get rid of the parabolic structure and get similar inequality conditions
for existence of semistable (1,2) bundles. We explore this in Section |7] and in particular
Theorem [ is another one of our main results.

We also analyze in Section [§ parabolic systems of Hodge bundles of type (1,1). Such
local systems correspond to U(1,1) representations of 71 (P* \ S) and so must not be U(2)
local systems. We give a proof that stable (1, 1) parabolic systems of Hodge bundles cannot
satisfy the criterion given in [Bis98] for the existence of U(2) local systems. The (1,1,...,1)
case was also analyzed with particular focus on (1,1, 1) systems of Hodge bundles in Section
9l

1.5 Acknowledgment

I wish to thank my advisor Prakash Belkale for many helpful discussions.

2 Basic notions

2.1 Parabolic vector bundles

Definition 2. A parabolic vector bundle over P! with parabolic structure at S is a vector
bundle V such that at each p € S, V, comes equipped with a complete flag, which we will
denote as

Fi(p) C Fy(p) C ... Fu(p) =V,.

To each subspace F;(p) we associate a parabolic weight «;,_;1(p), which must satisfy

ai(p) < ax(p) < ... < an(p) < au(p) + 1.

Given a bundle with parabolic structure, we may also denote by V. to be the largest
subspace in the flag of V, associated with weight a(p).



The parabolic degree of V is defined as

pardegV = degV + Z z”: a;(p).

peS i=1
The parabolic slope of V is defined as
v pardeg V
arpV =
path rank V

Given a subbundle W C V of rank r, we can give W induced flags by intersecting W,
with Fj(p). This subspace, call it U C W, is then given the largest weight possible, that
is, if U =W, N F;(p) = W, N F}(p), then we give U the weight max{c,_i+1(p), n—j+1(p)}-
This procedure may not necessarily produce a complete flag. For example, we could have
dimW, N F;(p) = m + dim W, N F;11(p). In this case, we can complete the flag by adding
in generic subspaces which must get the largest weight possible. In our example, we add
in, say, U; C ... C Up—1 between W, N Fi(p) and W, N Fi1(p) where each U, gets weight
Qni(p).

Denote the the induced weights of W by ;(p), i = 1,...,7r. Then

pardeg W = deg W + Z i Bi(p).

peS =1

Definition 3. A parabolic bundle V is called (semi)stable if for all subbundles W C V,
we have that

pardeg W - pardeg V

— <)
rank W rank V parpV (<)

parp W =

2.2 Parabolic Higgs bundles and Simpson’s correspondence

Definition 4. A parabolic Higgs bundle over P! consists of a pair (£,6), where £ is a
parabolic bundle over P! with parabolic structure at S as above, and a morphism

0:€— &R (logS).

Locally, over a point p € S, given a local parameter ¢, we have

Hp:A%+AO+A1t+....
We will call the A in the above expansion the residue, written Res, 6 := A. These residues
will also be part of the data of a parabolic Higgs bundle. The residue is required to preserve
the parabolic flags of &,, that is Res, 0(Ea, () C Ea,(p)-

A parabolic Higgs bundle is called (semi)stable if for all subbundles W C &, which are
preserved by 6, we have that

pardeg W - pardeg &€ (<)
rank W rank £ -
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To state Simpson’s correspondence, we need the notion of a filtered local system. Given
a local system £ on U with base point b, we give £, a filtration for each p € S

Ly=LYDLED...DLP

such that each L is associated with a number §;(p) with 8i(p) < Sa2(p) < ... < Bu(p).
The local monodromy matrix A; (the image of ; under the representation map) acts on
the associated graded of £;, with the filtration labeled by 3.(p;); call that matrix Res(A;).
Now Res A; acts on the associated graded part £§i / L’fﬁ of L,. Putting Res A; into Jordan

canonical form gives us a partition Pi’B i®):A Which denotes the sizes of the Jordan blocks
associated to eigenvalue .

On the Higgs bundle side, since Res, § preserves the filtration at each p € S, this also acts
on the associated graded. Call that induced map Gr Res, 8. We can take A(p;) = Gr Res,, 0
at each p; € S, which acts on &, and from this we can similarly get partitions P}’ (po).7
which denotes the sizes of the Jordan blocks of A(p;) associated to its eigenvalue 7. Under
Simpson’s correspondence, the partitions we get from Res A; are the same as the partitions

we get from A(p;) after doing the following change of labels:

(a7 T=a+ b\/__l) — (ﬁ = —2a, A= 627“/_710‘_4”())’
(B,A) = (a = arg(N), 7 = —3/2 — V—1log |A| /4m).

2.3 Variation of Hodge Structures

Over any curve (', the moduli space of Higgs bundles carries with it a natural C* action by
t-(€,0) = (&,t0). If C is compact, then the limits ¢ — 0 exist and give fixed points of the
C* action. Fixed points of this C* action gives rise to local systems coming from complex
variation of Hodge structures. Over a noncomplete curve, we lose the ability to take limits
of the C* action. However C* fixed points in this moduli of Higgs over the noncompact
curve are still in correspondence with local systems coming from complex VHS as shown
in [Sim90]. Such local systems are interesting, for instance, because they are local systems
coming from geometry and all rigid local systems over P!\ S in the sense of [Kat96] are of
this class.

Parabolic Higgs bundles that come from such complex VHS break up in a special way.
They correspond to systems of Hodge bundles defined below.

Definition 5. A parabolic system of Hodge bundles consists of a parabolic Higgs
bundle (€, 0) with parabolic structure at S C P! such that £& decomposes as

E=6EDED...DEN,

with Og, : & — &1 @ Q'(log S). We will further say that a system of Hodge bundles has
type (r1,...,7rn) if rank & = r; for each i.

Such parabolic systems of Hodge bundles are called (semi)stable if they are (semi)stable
as parabolic Higgs bundles.
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To check stability of such systems of Hodge bundles one only need to check subbundles
compatible for the Hodge decomposition [Sim8§|. That is, we only need to check stability for
bundles W = W, @ ... & Wy with each W; C & and 6 |,y (W;) C Wiy1 @ Q' (log S). We will
call such subbundles subsystems of Hodge bundles. Furthermore, we can suppose that
the flags of &, respect the filtration as well, that is the subspaces of the flags of &, breaks
up into a direct sum of subspaces of &; ,. Thus, we can give each &; the data of its own flags
and weights. Now, since Res, 6 preserves the filtration, this means that Res, 0(& ) C &5,
where 5 > a.

In this situation of local systems coming from C-VHS, since we have that Res, 0(&;,) C
Eit1p, after composing Res, 0 with itself N times we must have that (Res, )" = 0. Hence
all the eigenvalues of Res, 8 are zero. Looking at the change of labels are described by the
Simpson correspondence above, («, 7) — (5, \), we must have that every § = 0 because, all
eigenvalues the of Res, 6, 7 = 0. This means that there is no filtration on the level of local
systems. Furthermore, because 7 = 0, we must also have that A must also lie on the unit
circle. Thus, when we restrict ourselves to looking at local systems coming from C-VHS, the
correspondence is between stable parabolic systems of Hodge bundles of parabolic degree
zero and local systems with local monodromies with eigenvalues of unit length.

2.4 Strongly parabolic Higgs bundles

In [BMW13], a notion of strongly parabolic Higgs bundles was defined. Adapted to our case
and notation, it is defined in the following way.

Definition 6. A strongly parabolic Higgs bundle will mean a parabolic Higgs bundle
(€,0) as we defined such that the Higgs field 6 will be such that

Res, 0(Ea(p)) C Eap)

where a(p) will denote the next highest weight after a(p), i.e. a(p) < a(p) with no other
weights in between. In terms of flags, this means that Res,  takes each subspace to the next
smallest subspace. In this case, we will also call § as a strongly parabolic Higgs field.

Remark. We note that in [BMWT13] they call this notion as just a parabolic Higgs bundle.
However, we will reserve this notion for Higgs bundles with the structure of parabolic vector
bundles.

In terms of the local monodromies on the local system side, we note that asking for
the Higgs field to be strongly parabolic will mean that once we take associated graded,
GrRes, 0 = 0. So then going back to Simpson’s correspondence to local systems, we will
have that each local monodromy must be semi-simple, since the only partitions we will have
are blocks of size one each. We will restrict ourselves to only looking at local systems with

semisimple monodromies from now on, and hence we only look at strongly parabolic systems
of Hodge bundles.
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2.5 Stability and the Harder-Narasimhan filtration

Any rank n parabolic Higgs bundle (&, 6) comes equipped with a unique Harder-Narasimhan
filtration by subbundles
E=62862D...26&

such that each &; is preserved by 6 (i.e. is a Higgs subbundle) with paru(&;) < paru(&;) <

. < paru(&) (see e.g. Section 3 of [Sim94]). Consequently, if (€,6) is not a semistable
parabolic Higgs bundle, then &, will be the unique subbundle with maximal slope that
violates the semistability inequalities. This &, is unique, therefore when we do enumerative
Gromov-Witten calculations, it suffices to check for only the cases where the Gromov-Witten
number is one.

3 The general algebro-geometric problem

We now explain more about the general algebro-geometric/enumerative problem associated
with the existence of stable parabolic systems of Hodge bundles. The big main question we
context with is the following.

Question 1. Given the data of (ry,...,7n), (d1,...,dn), (e1,...,en—1) and weights {o’(p) |
1 <j<r,i€[N],pe S} does there exist a semistable parabolic system of Hodge bundles
(€,0) with

E=5E0ED... . BEN

with rank & = r;, deg & = d;, rank 0|g, = €;, and such that &; has flags at p € S with weights
o’ (p) for 1 < j <ry?

This question can be tackled using enumerative geometry. Asking for such a stable bundle
is the same as asking for all #-stable subbundles compatible with the Hodge decomposition to
have parabolic slopes less than that of (£,6). In other words, suppose we have a subbundle
W =W ®&Wy, @ ... ® Wy where each W, C &; is a subbundle of rank, say, s;, and
0w W) C Wi @ Q' (log S). Give each W; the induced filtration from &; as described
in a similar process to usual parabolic bundles, and call these induced weights Bé(p) for
1<j<s;andi=1,...,N and p € S. To ask for (£,6) to be semistable is to ask for all
such subbundles W C £ the inequality

S (deg Wi+ Tpes 0L Ai0) S (deg i s Ty al(p))
Zj\il Si - fo\il Ti

holds.

In order to write down the inequalities above, we need to know when we have subsystems
of Hodge bundles of type (s,...,sy) that meets the flags of £ in such a way as to give rise
to parabolic weights {3}(p) | i € [N],j € [si],p € S}. This leads us to our enumerative
problem.

Question 2. Given a parabolic system of Hodge bundles (£,6) with parabolic weights o (p)
and flags as denoted above, when is there a 6-stable Hodge subbundles W =W, @ ... & Wy
that meets the flags of £ in such a way as to give W weights 6} (p) as above.
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To tackle such an enumerative question, one should ask for irreducible components of the
moduli space of all such Higgs bundles. Because stability is an open condition, to do the
enumerative problem is to ask for general points of each component to be stable. So then
we are lead to asking what data do we need to give ourselves an irreducible component?

e One easy example of an irreducible component is to ask for only one component in the
Hodge decomposition and fixing any degree, i.e. ask for § = 0 and fixing the degree
of £. So here we are looking at the moduli space of all bundles with fixed rank and
degree, which is irreducible. In this case, we are really left with solving the unitary
problem because the data we have is exactly the data of a regular parabolic vector
bundle.

e We can next ask for bundles of type (1,n), so here E~ L&V, 0: L =V Q(log 9).
We ask for 6 # 0 and so is injective, then this leaves us with the case of a bundle lying
as a subsheaf inside another bundle. If we fix the numerical data of the &’s (i.e. their
ranks and degrees), this would then correspond to a quot scheme, which over P! is
irreducible.

e Another irreducible component we can find is the case where (£, 60) is such that 6; :
E — & ® Q(log S) makes each & into a subbundle of the next. So here we have
flags

ViCVC...CVn,

where each V; is an appropriated twisted &;. To then get irreducibility, we need to fix
the numerical data of the degree and rank of each &;.

e We may also consider the dual version of the situation above. That is, consider a
system of Hodge bundles & @ ... ® Ey where each 0; := 0 |¢,: & — Eiv1 @ Q' (log )
is a surjection. So, for example when N = 2, we are left with & — & @ Q'(log S) is
a surjection, in which case this is exactly the situation parametrized by certain quot
schemes after fixing ranks and degrees. In the general situation, we have chains of
surjections

Vl—»VQ—»...H?VN

and the space of which is also irreducible again after fixing degrees and ranks of each
V.

In general, we may need to fix not just the data of the type of the system of Hodge bundles
and degrees of the bundles, but also the data of the ranks of each 6; : & — &i11 ® Q! (log S).
An interesting question would be to determine exactly what numerical conditions we need
to fix in order to fix an irreducible component of the moduli space.

4 Parabolic shifting operations

For a parabolic bundle, there is a notion of a parabolic shifting operation. This operation
does a cyclic shift on the weights and flags of the parabolic bundle and will be one of our
main technical tools.
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Let V be a rank n bundle over P! with parabolic structure at point p € S, with weights
ap <ay<... <o, <o+ 1 Let F, D F,_; D... D F; be the flag of V, coming from the
parabolic structure with each F,_;;; associated with weight «;. Fix a local parameter ¢ at
p. Then the shifted parabolic bundle V consists of sections s € V(p) such that ts|, € Fy. V
coincides with V outside of p, so nothing happens away from p, therefore it suffices to only
look at what happens when applying the shifting operation at the single point p. At p, we
have that V, — V), has kernel F;. We can define F; to be the image of Fj; of this map for
1 < n and equal to )7], for ¢ = n. The shifted weights of V at p are called a;, and similar with
the flags a; = a;_1 for i > 1 and a; = «,, — 1. For our shifted bundle ]7, at point p we have
the flag B B B

F,OF,_1D>...0HF

associated to weights

&1:an—1§&2:a1< .&n:an_l.

Explicitly, if ey, ..., e, is a basis of V, compatible with the filtration, that is, F} = (e;) C
Fy = (e1,e3) C ... C F, = (eq,...,e,), then a basis of V, would be ey, ..., e,, e/t and we
have

Fi = (e)) C Fy=(eg,€3) C ... Fp_1=(e9,...,en) CF,={ea,....en e1/t).

We can apply this operation to parabolic systems of Hodge bundles, and it turns out that,
after applying this operation, we are still left with a parabolic system of Hodge bundles. The
main thing to verify when applying the parabolic shifting operations in this setting is what
happens with the Higgs field 6 : £ — £ ® Q'(log S). Locally at a point p in S with a chosen
local parameter ¢,

dt
and the matrices A, B must be linear in ¢ as well. Given our local basis ey, ..., e, of £, com-
patible with the filtration of &, as above, once we shift, we are left with basis e, ..., e, e1/t.

Then 6 is defined by extending 6 to e;/t by factoring out the 1/t linearly. We will be much
more explicit about how the shifting changes the Higgs field in various situations in the proof
of Lemma [1l

One subtlety around defining the shift operation for systems of Hodge bundles comes
when we allow weights to be the same. Suppose we have a system of Hodge bundles given
by € = & ®&,, where rank & = r and rank & = s, and 0 : & — £ ® Qg (log S). Suppose at
p, &1 has weights a; < as < ... < ;. and & has weights 51 < B < ... < [,. When we shift
the whole bundle (£, 0), we need to shift only the highest weight and hence move the lowest
subspace of the flag at p. Therefore, we need to resolve the ambiguity whenever a,. = 5,. In
this case, we will always take the subspace associated with 5, to be the subspace we shift
along, i.e. the smallest subspace of &,.

This shifting operation is also invertible. Going back to the original situation of rank n
V with weights a1 < ap < ... < q, then if we shift n times, we get that V = V(p) with
weights

ap—1<a—-1<... <q,— 1.
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We can then recover the original bundle V by twisting by O(—p) and the original weights by
adding each weight of V by 1. Alternatively, we can simply reverse all the operations we’ve
done for the shifting operation backwards.

Lemma 1. Let (€,0) be a parabolic system of Hodge bundles over P! with parabolic structure
at S. Let & be the image of £ under the shift operator, and 6 be the induced map. Then
(€,0) is also a parabolic system of Hodge bundles.

Proof. Tt suffices to prove this for systems of Hodge bundles of type (r,s). Suppose & =
EDEy,0:E — E QN (logS), rankE; =7, and rank & = 5. Fix p € S as needed. Denote
the parabolic weights of & at p as

o <ap<... <«

— — T

and the weights of & at p as
fr < By <. < B

Denote the flag of &, as [y C F, C ... C F, and the flag of &, as G; C ... C G, where
F; gets weight «,_;11 and G gets weight B,_;1.
Let ey, ..., e, be a (local) basis for £, compatible with its filtration, i.e.

F = <€1> C Fy, = <€1,€2> CcC...CF, = <61,...,€7«>
Similarly, we pick a compatible basis fi,..., fs of &, such that

G1:<f1> CG2:<f1,f2>C...GS:<f1,...,f8>.

There are two possible cases for the shift operation: either «,. or §, is the highest weight,
that is either o, > B or a, < fs.
Case a, > f: L
We first tackle when «,. is the highest weight. After shifting & = & & &. & remains
unchanged after the shift operator with all the flags and weights remaining the same. The
weights of £ become now
a—1<a <. . <oy,

and the compatible basis for glm becomes e, ..., €., e/t and the subspaces in the flag be-
comes

Fi=(e)) CFy=(eg,e3) C...Fooy = {eg,...,e,) C Fr={ea, ... ere1/t).

Here ]?T gets weight «,, — 1 and ﬁ gets weight a,,—; for i < r. We need to check that Res, ]
still preserve this filtration. Note that the only thing we need to check in this situation is
what happens to e, /t.

Write 0, as

dt
A—+Bdt+...,

where we can write A = (a;;) and B = (b;;). Note that in the original unshifted bundle, «,
was the largest weight. This means that Res,0(e;) = 0, so a;; = 0. Further applying B to
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61/t will now leave a pole. Hence we must have that Resp b(e1/t) =, birer. Now, since
— 1 < (4, this means that actually e/t is allowed to go to anythlng in (f1,...,fs) =&y,

SO 9 still sends e/t to the correct part of the flag in & ,. Thus, Res, ] preserves the filtration

in this case.

Case a, < f: B
Next we need to check this result for when j3; is the largest weight. In that case & =~

&1 & &, where now &£ remains unchanged. The new weights of & at p are

65_1§51§---§65—17

the new basis is fo, ..., fs, fi/t, and the flag becomes

G1=(f) C Gy = (fa, f3) C Gy = (far .- fs) C G, = (fo, ... [s, [i/1),

where similar to above, és gets weight 5 —1 while C~¥, gets weight 3,_; for i < s. Now we need
to make sure that Res, 6 still preserve the filtration. Suppose Res, 0(€;1,,) C &3 such that
&0 = F;, and & 5 = Gj, so we have that Res, 0(F;) C Gj, i.e. we have that (e;,...,e;) —
(fi,-.., f;), and when we shift, we must have that Res, 0((e1,...,e)) C (far. .., fiyforj<s
and if j = s, we must have Res, 0({e1, ..., €)) C (fo,..., fs, f1/t). The only case we need to
worry about is when j < s.

If j < s, then we encounter a problem only if any image of Res, 6|, has a component in

fi =t(f1/t). But note that we can decompose Res, 6 by

s—1

Res, 8(v) = Z Ai(v) fi + As(v) f,

i=1

where each A4; € £)/,. So then under the shift operation, 0 becomes

ZAfZJrAt(fS) .,

which means then that the f; part is no-longer part of the residue, and hence Res, 5(1)) =
Yo ' A, (v) fi, and this map preserves the filtration because the original Res, § preserved the
ﬁltratlon and hence every basis vector goes to the correct part of the filtration that it needs
to go to. O

Corollary 1. The parabolic shift operations preserve stability of systems of Hodge bundles.

Proof. Let (£,60) be a parabolic system of Hodge bundles of rank n and let W C &£ be a
subsystem of Hodge bundles or rank r, that is, VW is a #-stable subbundle of £. This in
particular implies that (W, 6|,y) is a system of Hodge bundles in its own right and it has the
parabolic structure inherited as a parabolic subbundle. Fix a point p where £ has parabolic
structure and suppose that the weights of £ at p are given by

o1 <o <<y,
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while W has induced weights w; < ... < w,. Applying the parabolic shifting operation at

p, we have that (€,0) becomes (£, 6), which is a parabolic system of Hodge bundles where
deg & = deg £ + 1 with parabolic weights at p given now by

a, — 1 <a; <... < a,_1,

so we have then that pardeg & = pardegg because the —1 in «a,, — 1 cancels out with the +1
in deg& =deg& + 1.

Now let F}y C > C ... C F, be the parabolic flag at £,. One of two things may happen
with (W, 8]y) after shifting along Fy. First, denote the resulting bundle by (W, 68|yy). If
Fy € W,, then this means that after shifting, we have a new bundle W with degVNV =
deg W + 1 and (VNV, g) has parabolic weights at p given by

w, — 1 <w; < ... <w._1.

Again by the same argument for (£,6) we have that pardeg )V = pardeg W. If Fr g W,,
then (17\7, 5) = (W, 0), so we still have pardeg)?\j = pardeg W.

Now with a similar argument with the above lemma, one can show that the inverse shifting
operation also preserves the property of being a system of Hodge bundles. This means that
we have also a one-to-one correspondence between f-stable subbundles of & and f-stable
subbundles of £ via the shifting operation. We just saw that this shifting operation preserves
parabolic degrees, and hence stability of (£, 0) is preserved by the shifting operation. O

We will analyze this shifting operation again, more explicitly, when we analyze the (1, 2)
case.

5 The setup of the general (1,7) problem

Here our system of Hodge bundles decompose as &€ = L & V as above where L is a line
bundle and rankV = n with 8(£) C V ® Q'(log S). The main difficulty in the (1,n) case
is to determine when rank r subbundles & C V passes through prescribed Schubert cells
in Gr(r,V,). Since (semi)stability is an open condition, we are allowed to deform to the
most generic case possible. In the unitary case, we are able to deform so that our bundle
is an evenly split bundle, however, in this (1,n) case, we have 6 : L — V ® Q!(logS),
which means that ¥ must contain a certain line subbundle (or subsheaf). This becomes
an obstruction to deformation, and hence we cannot assume that ) is a generic rank n
bundle. Furthermore, the condition that Res, § preserves the filtration means that in certain
configuration of weights, we need the flags of V, to contain £, in some special way, which
means that we may not assume our flags to be generic in general. These obstructions means
that we cannot apply older techniques of Gromov-Witten theory from the unitary case to
this new situation as is.

Since 0 : £ — V ® Q'(log S) and we need to consider only those bundles preserved by 6
for stability of (L @& V), ), there are two types of bundles to consider.

(I) Every subbundle & C V gets mapped to 0 by § and are in particular #-stable. Hence,
we need to check every subbundle of V.
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(IT) The other type of bundle to consider are those bundles containing the £ factor in
& =L®V. Thus, we need to consider subbundles of V ® Q!(log S) that contains the
image of L.

To enumerate bundles of type we will need to do enumerative geometry involving the
nongeneric bundle V equipped with nongeneric (quasi)parabolic structure, i.e. nongeneric
flags at points p € S. To enumerate bundles of type , we can look at suitable quotient
bundles.

Bundles of type must be of form LB S C £ = L &V, where L is the first factor
of £ and § is a subbundle of V. Note that because of our conditions on weights, we may
have 6 : L — V ® 2'(log S) may not make £ into a subbundle. For example, if a(p) are
the weights of £ and f51(p) < fa(p) < ...0Bu(p) are the weights of V', and we have that
Bn(p) < a(p) for some p € S, then we must have that # has a zero at p, and hence would
fail to make £ into a subbundle. We can insist on 6 generic enough so that the only zeroes
are those where (3,(p) < a(p). In this case, suppose that pi,...,p; are the points where
Bn(p) < a(p) and pi41, ..., ps are the points where £, (p) > a(p). Suppose L ~ O(—d) and
let £ denote the saturation of £, then we have that £ ~ O(—d +1). If S is a subbundle of
V such that S ® Q'(log S) contains £, then because S is a subbundle, it must contain the
saturation L as well.

Now £ ~ O(—d + 1) is a subbundle of V ® Q'(log S) and, by arguments in [Bel0g], we
can assume that ¥V @ Q'(log S)/CA is an evenly split bundle. In this case, suppose V' has
degree v, then V ® Q! (log S)/E is an evenly split bundle of degree v +n(s —2)+d — 1. The
strategy now is to control S by enumerating subbundles of V ® 2! (log S)/ L and then taking
preimages, since such preimages are exactly those subbundles that contain L.

Lemma 2. Let W be a vector bundle and £ C W is a subbundle. Suppose W has flags at
point p giwen by Fy C F, C ... C F,. Denote byW =W/L and F1 c Fy C ... C F,
the induced flag. Suppose S C W is a subbundle that contains £, and denote S = S/L, the
image in the quotient W. Then

dim(S, N F;) = dim (S, N F;) + dim(F; N L,).
Proof. Consider the intersection gp N F,;. Writing this out, we get

- S, FE+L (S,NE,+L,) S,NE
F. =P i P _ \“p v p) _ p L
Sy Fi ﬁpm L, L, FNnc,

Hence we find that dim(S, N F;) = dim(S, N F;) — dim(F; N L,,). O

6 The (1,n) case with generic weights

In our attack for the (1,n) case, we need to make some extra assumptions on the weights of
our bundle. Give £ weights a(p) for all p € S and V weights [;(p) < Sa2(p) < ... < Bu(p),
and fix the degrees of £ and V. Furthermore, we also ask for the a’s to be distinct from
the (’s, that is, we ask for all weights distinct. Suppose that the induced flags on V are
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called Fi(p) C Fy(p) C ... C F,(p) =V,, where each Fj(p) is associated to weight £,_;11(p)
(remember the weights and flags have reverse ordering).

Because we assumed that all the weights of £ are distinct, the shifting operation works
in the exact same way as in the unitary case. And hence we still have a correspondence
between subbundles of £ and subbundles of £. In this case, there is no trouble if we just
shift our weights to be such that

a(p) < Bi(p) < ... < Bulp)

for all p € S. In this case, we have that (L), C F,(p) for all p, and hence we can give V
generic flags. Furthermore, since we have that a(p) < 81(p) < B.(p) for all p, we necessarily
have that 6 has poles at every p € S, and hence we will have no subtleties in terms of
not making £ into a subbundle in this case. Thus, we assume further that # makes £ into a
subbundle of V @ Q'(log S).

Set W=V ® Q(log S). For simplicity, suppose that degW = deg(V @ Q'(log S)) = 0,
since the other cases will not be substantially different; the only difference would be, if
deg W = w, we would compare deg £ with [w/n| instead of 0. There are now two situations
to consider:

(A) deg £ < 0, then in this case case, we can assume £ ~ O(—d) for d > 0 and, in this
case, we can deform W along with £ to be an evenly split bundle, so we can assume
W ~ O%". So in this case we have O(—d) C O%".

(B) If deg £ > 0, so say L ~ O(d) for d > 0. In this case the most generic W (along with
L) we can deform to is W >~ O(d) & G_4,—1 (see Lemma [3), where G_,,,—1 denotes the
evenly split degree —d rank n — 1 bundle, so we can assume W is of this form already.

From here on, we assume that £ has been deformed to the most generic case possible as
described in the two cases above.

The case when deg L < 0 has already been solved before. In this case, we are left
with counting subbundles of an evenly split bundle VW meeting generic flags with prescribed
incidence conditions, which has been solved using quantum cohomology of Grassmannians.
So the interesting case is exactly the case when we have a large subbundle.

The main goal of this section is to prove Theorem [I] Recall the statement of the main
theorem. Recall that pardeg £ + pardeg V = pardeg £, and so fixing pardeg £ and pardeg V
automatically fixes pardeg&. Recall that we also made the simplifying assumption that

degW = 0.

Theorem. A semistable system of Hodge bundles of type (1,n) with weights a(p) and 51 (p) <
Ba(p) < ... < Bu(p) as above with fized deg L and degV exist if and only if the following
conditions in the different cases of bundles are satisfied.

If deg L < 0, then the following two types of numerical conditions must be met.
For every IP*, ... IPs C [n] of size r such that the usual Gromov-Witten number
<0’[p1,...,0'[ps>§ 7é 0,

19



the inequality

—0+r(2—s)+ Zpes > icrr Bniv1(p) < pardeg &£

r - on+1
holds.
For every JP' ... JPs C [n — 1] of size r — 1 such that the generalized Gromov-
Witten number (oo, ..., 0ums)sq 7 0, the inequality

2d = 6+71(2=35)+ ) e (Oé(p) + Bi(p) + Zjer Bn,jﬂ(p)) - pardeg £
r+1 - on+l

holds.
If deg L > 0, then the following two types of numerical conditions must be met.
(I) For every IP*,... IPs C [n| of size r such that (o, ...,0ms)s # 0, the inequality

—0+7(2=8)+ D s Dicr Bn-iv1(p) < pardeg £
T - n+1

18 satisfied.

For every JP', ... JPs C [n—1] of size r — 1 such that {(oei,...,0ms)sd-w 7 0,
then the inequality

2d—0+1(2—s)+ Zpes (a(p) + Bi(p) + ZjeJP ﬁn—j+1<p)> < pardeg &
r+1 -on+l

1s satisfied.

We will prove this theorem by proving Theorem [2| which covers Case and Theorem
which covers Cas, from which the result follows as an immediate corollary.

6.1 Case where £ C )V deforms to a generic bundle

We will now tackle the Case|(A )|situation. Recall that to check stability for (£,0), £ = LBV,
we need to check for two types of bundles: bundles that contain £ and bundles that are
contained purely in V. To control bundles that contain £, note that such bundles take the
form

LOSCE=LDY

where & C V is a subbundle where #(£) C S ® Q!(log S). To enumerate such bundles, we
can use the strategy outlined above by looking at subbundles V ® Q!(log S) quotiented out
by £, which is given by G_4,,—1.

Let F,(p) denote the flags of W at the point p € S. Since we asked for a(p) < f1(p) for
all p, we always have 6(L), C F,(p). And so the induced flag on W := W/0(L) ~ G_4,, 1
for each p € S is given by Fi(p) C Fy(p) C ... C F,_1(p) with associated weights 3,(p) >
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Bn-1(p) > ... > Pa(p) respectively. For subset J? = {j7 < ... < 37} C [n — 1], we know
there will be a subbundle S of G_4n—1 of degree —d and rank r — 1 meeting F.(p) such that
dim S, N F»(p) > a if the generalized Gromov-Witten number (see [Bel22] Definition 4.3.1)
(og1,...,05s)5-a # 0. Because of our arguments in Section [2.5] it suffices to just check the
cases where these Gromov-Witten numbers are nonzero.

Proposition 1. With the assumptions above, if JP* ... JPs C [n — 1] are cardinality r — 1
subsets such that (o1, ...,0ums)sa # 0, then the inequality

—2d—0+r(2—-s)+ Zpes (04(17) + B1(p) + ZjeJP ﬁn—j+1(p)> < pardeg £
r+1 -on+1

is a necessary inequality for the semistability of the parabolic system of Hodge bundles (€,0).

Proof. As above, we let S be the subbundle of G dn-1 w guaranteed by the nonvanishing
of the generalized Gromov-Witten number (o1, ...0p:)s54. This lifts to a subbundle of
W =V ®Q (logS) containing §(L) of rank r; call this subbundle S. Then LHS(2—s) C &
will be a #-stable subbundle of rank 7 + 1, and hence we need to check pary L & S(2 — s)
against parp £.

Firstly, note that degS = —0 and S ~ S/L ~ §/O(—d), this gives us that degS =
—0 — d, and hence degS(2 — s) = —d — 6 + r(2 — s). Hence we get that

deg(LBS(2—35))=—-2d—0+7r(2—3s).

Note that we can always take 0(L) to be contained in F,,(p) for all p € S, this means that we
can give §(2 — s) the weights f;(p) at all times, and the other weights must come exactly by
how S meets F'y(p) C ... C F,_1(p) at each p € S, i.e. the weights of S(2 — s) are exactly
given by f1(p) and f,,_;4+1(p) for j € J? for each p € S. O

Next we need to enumerate the subbundles purely of V, equivalently those purely of W.
In such a case, we can simply use regular Gromov-Witten numbers to count such subbundles.

Proposition 2. Let I = {I? < I} < ... < I’} C [n] be size r subsets for p € S. If
(o1, ..., 0ms)s # 0, then the inequality

—0+7(2=8)+ 2 s Dicrr Bn—it1(p) < pardeg £
r - n+1

is a necessarily inequality for the semistability of (€,0).

Proof. Since W =V ® Q!(log S) is the trivial rank n bundle, subbundles of this are exactly
enumerated by Gromov-Witten invariants, i.e. (oyp1,...,0m.)s counts the number of degree
—0 subbundles of W. If this is nonzero, then we have a subbundle & C W such that S,
meets the flag Fo(p) of W, at j2 for a = 1,...,7, which would give S weights 5,_;11(p)
for j = 47,45, ..., 72. Now S is a subbundle of W if and only if S(2 — s) is a subbundle of
V, so then writing down the semistability condition for §(2 — s) gives us the inequality we
desire. O
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Combining the two propositions above together, we get the following theorem.

Theorem 2. A semistable (1,n) parabolic system of Hodge bundles (€,0), with parabolic

weights {a(p), Bi(p) }icn pes given as above and of C’ase exists if and only if the following
conditions hold:

For every IP*, ... IPs C [n] of size r such that the usual Gromov- Witten number
<UIP17 cee 7UIPS>5 # 07

the inequality

—0+7(2=8)+ D cs Dicr Bn—iv1(p) < pardeg £

r n-+1

holds.
For every JP', ..., JPs C [n—1] of size r — 1 such that the Generalized Gromov-Witten

number (o yp1, ..., 0ums)sa # 0, the inequality

—2d—6+7(2—5)+ s (a(p) + B1(p) + 2 e 5n—j+1(p)> - pardeg £
r+1 - on+l

holds.

6.2 Case when the degree of L is large

In Case |(B)|, when deg £ > 0, this requires more care. Here, we can deform £ C W so that
W >~ O(d) ®G_4n-1 by the following argument. In the below argument we do not make any
assumptions on deg W = 0, which again will not make a difference.

Lemma 3. In Case we can deform L C W so that W ~ L ® G, where G is an evenly
split rank n — 1 bundle.

Proof. After sufficiently twisting £ C W by O(—m) for m >> 0, we can say that L C W C
O%N for some N. Thus, we can view £ C W C O®Y as some element of a flag quot scheme
Q. Kim [Kim96|] showed that such quot schemes are irreducible, so if we can show the locus
where £ C W C O%¥ is such that W ~ L &G where £ C W sits inside W as the first factor
is open in this quot scheme, then we are done because semistability is an open condition and
in an irreducible space, the intersection of two nonempty open sets is still nonempty open.
Consider the bundle U over P! x Q defined such that if ¢ represents the point £ C W,

Z/{’]plxq :Z/{‘q ~ W/E

It is a standard fact then that the locus in Q where U|, splits as an evenly split bundle is
open in Q, say U|, ~ G. So we can restrict to looking at 0 - L - W — G — 0. If we can
show that Ext'(G, £) = H'(P',GY ® £) = 0, then every extension 0 — £ — W — G — 0 is
trivial, thus split, and hence we must have W ~ L & G.
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Say that deg £ = d and deg W = w, rank W = n. We know that G must have degree w—d
and rank n — 1, so then G ~ @/~ O(e;) where each |e; — ¢;| < 1. This forces ¢; < [u=d].
Ext'(G, £) = 0 if each

Ext'(O(e;), £) = Ext'(O(e;), O(d)) ~ H*(P*,O(d — ¢;)) = 0,

so if we can show that d — e; > 0, then we are done. We know that

d_ezzd_ ’Vw_d-‘v

n—1

so it suffices to show d > [“=4]. We will show that w/n > (w — d)/(n — 1), and hence

]2 2=,

Since d > [w/n| > w/n, we must have that —d < —w/n, and so

w(n —1) wn —w

—w = —w > —d.
n n
Rearranging, we then get that
w o w—d
n n-—1
But by case assumptions, we must have that d > [w/n], and thus d > [(w —d)/(n —
1)]. O

Now we want to understand subbundles S C W. We will proceed along techniques similar
to Section 9 of [BGM15]. Here, we are looking for subbundles

SCOd)®G_gn-
Here there are two cases to consider:
(a) When O(d) C S C O(d) ® G_gqn—1 and
(b) O(d) is not in S.

The strategy is as follows: If O(d) C S, then since the inclusion O(d) — O(d) ® G_g4n-1
is canonical (up to scalars), S is then fully determined by S/O(d) C O(d) ®G_4.n—1/O(d) =~
G _dn1. If S does not contain a O(d), then we will look at Ext’(S,O(d) &G _4,1/S) which
is the obstruction space controlling the deformations of & C W; we will show that in this
case we have no obstructions and thus we can view this case as a deformation of a subbundle
inside a generic bundle.

Lemma 4. If O(d) is not in S CW ~ O(d) ® G_gqn_1, then Ext'(S,W/S) = 0.
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Proof. Consider 0 = S — W — W/S — 0. Because we are over a curve, all Ext®’s vanish,
and thus we have a surjection Ext'(S, W) — Ext'(S,W/S). Thus, it suffices to show that
Ext'(S, W) = 0.

Suppose S ~ @;_, O(a;). We have that

Ext'(S,W) = H' (P, 8Y @ W),
so it suffices to show that

hH(P, O(=a;) @ W) = h' (P!, O(—a;) @ (O(d) & G-gn-1))
=h'(P,O(d - a;)) + ' (P, O(—a;) ®G_gn_1) = 0.

Since we have that O(d) S, this means in particular that each a; < d, and hence
Y P, O(—a;) ® O(d)) = W' (P, O(d — a;)) = 0 because d — a; > 0. Thus, we are left
with looking at h' (P!, O(—a;) ® G_qpn_1).

Suppose that all the factors of G_,,_1 are either O(e) or O(e + 1), then

Ext'(O(a;), Gdn-1)
is a direct sum of vector spaces of the form
HY(P', O(—a;) ® O(e)) = H' (P!, O(e — a;))
and
HY(P', O(—a;) ® O(e + 1)) = H (P!, O(e + 1 — a;)).

Because we asked for O(d) ¢ S and S is a subbundle, it must be then that the map S C W
gives a nonzero map O(a;) — G_4,—1, which then implies that a; < e+ 1. This implies that
e—a; > —1and e+ 1—a; > 0, which then implies that

H'(P',0(e - a;)) = H'(P',O(e + 1 - a,)) = 0,
and hence Ext'(O(a;),G 4n-1) = 0. This gives us Ext'(S,W) = 0. -

This result shows that shows that we have no obstructions to deforming both W and S.
This means that by standard deformation of quot schemes (see e.g. Chapter 7 of [Harl0]
or Chapter I of [KoI13]), there exists a scheme B, a P'-family T'— B, and bundles #  and
& C W over T such that over a point b € B we have that .|, =S C #|, = W. Generically,
W will be an evenly split bundle, and our goal will then be to count subbundles along the
generic fiber instead.

Lemma 5 (Case [[B)| type [(I)] inequalities). For each p € S, let I* = {i} < i < ... <} C
[n]. If (o1, ..., 0ms)s # 0, then the inequalily

—0+7(2=8)+ 2 s Dicr Bn—it1(p) < pardeg £
r - n+1

is necessary for the semistability of (£,0).

24



Proof. 1f we have a subbundle S C W where O(d) ¢ S, then by Lemma {4] we have that
Ext'(S,W/S) = 0, so S C W deforms in a family .# C # over base B as above. Let
Q — B denote the quot scheme of subsheaves of # and let Q, be the fiber of Q over b.
Let U C Q be the locus of subbundles inside #, and let U, be the fiber over b. We have a
smooth map U, — [[,cs Gr(r,W,) by sending the subbundle to its fiber over each p € S.
Now if S, is in some Q»(F,(p)), then we can pull back to get an intersection of cycles on
U, and by Kleiman transversality, we can assume that these cycles intersect transversely.
Transversality is an open condition, and so we can look at the corresponding intersection
over a generic fiber, which can be counted using Gromov-Witten invariants.

Let £ € B be a general point of B such that #/| ~ Op". We want to know if there
exists a subbundle S C W such that S, € Q»(Fo(p)) for general flags Fo(p1), ..., Feo(ps). By
the arguments of the previous paragraph, we know such § exists if there is some subbundle
of the same rank and degree of #/|¢ that lives in Schubert varieties of the given classes o»
for p € S. These are exactly given by the numbers (o1, ..., 0ws)s, which if nonzero means
there is a subbundle of the generic bundle of rank r and degree —d that hits generic flags at
the i-th component for i € I? for each p € S, which then tells us such a rank r degree —¢
S C W exists.

Since W =V ® Q!(log S), we need to look at S(2 — s) C V, which has degree

degS(2—s5)=—0+r(2—ys).

At each p € S, S gets weights 3,_;11(p) for each i € IP| hence we get

pardegS(2 —s) = =0+ 1r(2 —s) + Z Z Bn—i+1(p),

peES i€IP
from which the semistability inequality follows. O

Remark. In the above argument, if we did not assume that w = deg W = 0, then instead of
the usual Gromov-Witten number (op1,...,0ms)s, we would need to consider instead the
generalized Gromov-Witten number (0p1, ..., 0ps )5 —w.

Next, we need to handle the subbundles where O(d) C S. In this case, we would need
to look at subbundles S/O(d) C W/O(d) ~ G_4,—1. Here, G_4,_1 comes equipped with

the induced flags Fi(p) C Fa(p) C ... F,_1(p) because O(d), = 0(L), lives (strictly) in
F,.(p). In this case counting subbundles of W that contain O(d) is also the same as counting
bundles of type |(IT)|

Lemma 6 (Case type inequalities). For eachp € S, let JP = {j7 < ... <j’ |} C
[n —1]. If the generalized Gromov-Witten number

<0Jp17 s 7UJPS>6,d 7£ 07
then the inequality

2d—5+r(2—s)+ Zpes (a(p) + Bi(p) + ZjeJP Bn—j+1(p)) < pardeg &£
r+1 - on+l

is necessary for the semistability of (£,6).
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Proof. If the generalized Gromov-Witten invariant (o1, ...,0 s )sqa 7 0, then there exists
a subbundle B
S C gfd,nfl

of degree —¢§ and rank r — 1 such that S, meets the induced flags F,(p) at each each j € J?
for all p € S. Then looking at the quotient W — W/O(d) ~ G_4,,—1, there is a unique
(up-to-scalar) lift of S to a subbundle S < W containing O(d) of rank 7. S ~ O(d) & S, so
it has degree d — 6. This bundle meets F,(p) at F;(p) for each j € J? and at F,(p) for each
p € S, which means that S gets weights f,,_;+1(p) and 51 (p).

Now, if S C W, then we shift to S(2 — s) to get a subbundle of V. Thus, for such §
containing 6(L), we get the inequality

d—0+71(2—=58)+> cs (51 (P) + 2 i 5n—j+1(p)> < pardeg &£

T n—+1

Since this is an inequality for a subbundle of V), it was already covered in the previous
proposition. Now the subbundles of £ of type |(II)| are also exactly of the form £ & S(2 — s)
for such &, which gives us the inequality

2d=6+71(2—35)+ ) e (04(1?) + B1(p) + ZjeJP 5n*j+1(p)> - pardeg £
r+1 - n+1
O
Remark. As in the previous lemma, when w = deg W # 0, the generalized Gromov-Witten
number we need to look at instead would be (o p1, ..., 0ps)sd—w-
Once again, combining the two lemmas above, we get the following criteria for semista-

bility of (&, 6).

Theorem 3. A (1,n) semistable parabolic system of Hodge bundles (€,60) with parabolic
weights {a(p), Bi(p) Yicmpes as above and of Case exists if the following criteria are

met.

For every subsets IP*, ..., IPs C [n| of size r such that (orp,...,0ms)s # 0, the in-
equality
—0+7(2=8)+ 2 s Dicr Bn—it1(p) < pardeg £
r - n+1

is satisfied.

For every subsets JP*, ... JPs C [n— 1] of size v — 1 such that (oei,...,0ms)s4 # 0,
the inequality

2d =0+ 1(2=5)+ > cs (a(p) + Bi(p) + Xicsp Bu-jr1(p)) < pardeg £
r+1 - n+1

15 satisfied.

Combining Theorems [2] and [3], we get Theorem [1] immediately.
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Example 1. We now do a basic example using S = {0, 1, co}.
Suppose we are given the data of weights

a(0) < £1(0) < B2(0) < B83(0) < B4(0),

a(l) < B1(1) < Ba(1) < B3(1) < Ba(1),

a(00) < B1(00) < fa(c0) < P3(o0) < By(0),
where £ = L & V gets the weights in the same notation as above. Consider deg £ = 1 and
degV = 0. Because a(p) < fi1(p) < Bs(p) for all p, we can assume that 6 takes L to a

subbundle of W = V(1). In this case, we can assume that ) is evenly split. We assume also
that pardeg & = 0, in which case we need that the sum of weights

> alp) + Bilp) + Bap) + Bs(p) = 0.

p€{0,1,00}

In this scenario, we have that 6 takes O(1) to O(1)®4. Here, taking W/L we get O(1)%3.
Since both bundles are twists of the trivial bundle, subbundles of W/L are then completely
determined by quantum cohomology of Gr(r,3) and subbundles of V by Gr(r,4).

For subbundles of W/L, we can consider subsets J°, J!, J* of [4 — 1] of size r — 1. Here
we can simply look at

(070,051,075%)s,
which would count rank r — 1 and degree 1 — ¢ subbundles of O(1)®3 in this instance. For
each such nonzero (00,0 1,0 )5, we would get the semistability inequality

1—(0+7)+ Z (oz(p) + Bi(p) + Z 54—1‘(]9)) <0.

pe{0,1,00} ieJp

For subbundles of V, we would need to consider subsets I° I', 1> of [4] and from here
look at (0,071, 07)s # 0. Again, this would count all degree —¢§ subbundles of ¥V = O%4.
This leads to the semistability inequality

o+ Z Zﬂ4-i+1(l?) <0.

p€{0,1,00} i€IP

Hence now we need to consider when curve counts in Gr(r,3) and Gr(r,4) are nonzero.
For subbundles of W/L both Gr(2,3) and Gr(1, 3) are the same as quantum cohomology
of P2, so for an easy illustration, we can simply look at the r = 1 case, i.e. we are looking
for rank two subbundles of W that contains £. In this case, the subsets are {1}, {2} and
{3}. To do quantum cohomology computations, we convert these subsets to Young diagram
data, which for P? just means a single integer 0 < A < 2. The conversion is given as follows:

{1} «—2,
{2} «— 1,
{3} +—0.

We abuse notation and also denote o) for the Schubert class associated with the Young
diagram A. Using this notation, we can then list out the quantum multiplication table for

Gr(1,3):
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(00| o1 | o
Op | 00 | 01 02
01| 01| 02 | 004
02 | 02 | 004 | 014

Reading off some select values, we see that (01,01, 02)1 # 0 and (09, 09, 01)1 # 0. Converting
to subsets, we get (o2}, 042}, 0013)1 # 0 and (013, 0413, 0q23)1 # 0. These would correspond
to

=1+ a(0) + B1(0) + B2(0) + a(1) + Bi(1) + B2(1) + a(c0) + Bi(00) + B3(00) < 0
and
=1+ a(0) + 51(0) + B5(0) + a(1) + B1 (1) + B3(1) + a(00) + Si(o0) + B2(00) <0

respectively.

For an inequality involving subbundles of V, we would need to look at Gr(r,4). In
this case, the only Grassmannian with interesting quantum cohomology is when r = 2,
ie. Gr(2,4). One nonzero Gromov-Witten invariant we can get in this case would be
(0(2,2), 0(2,2), 0(2,2)>2 = 1, which after translating to the language of subsets becomes

<0{1,2}; 0{1,2}, 0{1,2}>2 =L

Translating this into a subbundle of V, we get a degree —2 subbundle of V ~ O%* that passes
through the first and second parts of the flags of V at each 0, 1, co. This corresponds to the
semistability inequality

7 The (1,2) case using parabolic shifting

We can make less assumptions about the weights of our bundle in the (1, 2) system of Hodge
bundles case. Instead of asking for all the weights to be distinct, we will make no assumptions
on the weight data, and instead ask just for the local monodromies of the local systems to
be semisimple.

In this setting, our system of Hodge bundles decomposes again as £ = £ @&V, withf :
L—V®0(ogS). Now, we have rank £ = 1 and rank V = 2. We also fix deg £ and degV
to be some chosen integers. Let a(p) for p € S be the single weight for the line bundle £
and f1(p) < B2(p) be the weights for the rank 2 bundle V. Suppose there are m points p € S
such that

Bi(p) < a(p) < Ba(p)-

This means then that we have m points where the flag of V at that point comes from L.
That is, if F, €V, ® Q'(log S), is the rank 1 subspace coming from the parabolic structure
on V, then we necessarily have that F, = 6(L,) ~ L,.

To simplify the situation further, suppose that py,...,p; are the points in S such that
a(p) < P2(p). That is, these are exactly the points where § has a pole. So then p;q,...,ps
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are the points where 6 has no pole. This means that we can simplify our situation to be
such that
0:L-VRUMp+...+pm) CVeQ(ogs).

Simplifying this numerically, we have 6 : £ — V(I —2) =V ® O(l — 2). Now, since stability
is an open condition, and the degrees of £ and )V are fixed, we can suppose then that 6
is generic enough to make £ into a subbundle of V(I — 2). For simplicity of notation, set
W=V(-2).

We will always deform to the most generic bundle & = £ @& V possible. There are two
separate cases of vector bundles we can deform to. Suppose degW = degV(l —2) = w,
then we have either that deg £ > [w/2] or deg £ < [w/2]. If d = deg L > [w/2], then we
necessarily have that the most generic version of W we can deform to is W ~ O(d)®O(w—d)
(see Lemma [3). And in the case that deg £ < [w/2], then £ C W can be allowed to be
deformed so that VW is an evenly split vector bundle of degree w. These two cases are
essentially numerically the same in this situation as we will see by our arguments in the rest
of this section, so we restrict ourselves to the case where W is generic. Further, any differences
differ only by numerical conditions, and does not fundamentally change the problem, so for
ease of notation, we restrict ourselves to W ~ O @& O. In summary, we simplify to the case
of analyzing the situation of £ C O%% with £ ~ O(d), d < 0.

Once again, there are two types of subbundles to consider, each giving a type of inequality.

Subbundles of W.
LBOL)~LDL.

The main challenge here is to study subbundles of W, since we already know how £ @ 0(L)
behaves using the fact that the residues of § must preserve the filtration.

The strategy to handle the (1 2) case is to do the parabolic shifting operation at every
point p € S. Denote by Y and W the bundles after applying the parabolic shifting operation
at every point of S. By doing this, we essentially get rid of the parabolic structure in the
following sense: Asking for numerical conditions means asking which stability inequalities
we need to write. Such inequalities are given by subbundles of S C V. So if we shift along
every point, we know then that the inequality coming from & is valid if and only if S, the
result of § after applying the shift operation, is still a valid subbundle V. We can control this
by directly reading the numerical data of pardegS, i.e. degS and when S, hit the special
line subspace of W, for each p € S, which are controlled by which weights & has at p.

There is one small subtlety with regards to the parabolic shifting here: if we have that
Bi(p) < a(p) < Ba(p) (i.e. Res,@ takes L, to the special subspace of W,), then we will
actually apply the shift operation on £ twice so that we shift both £ and V in this instance;
otherwise, we only shift once. This is mainly a bookkeeping device to preserve the number
of poles of the Higgs field and will not affect anything else because the second shift will only
affect £, leaving V and hence W intact.

For this (1,2) case, we have the following theorem. Recall that fixing deg £ and degV
and the weight data is enough to fix pardeg €.
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Theorem 4 (Existence of semistable type (1,2) system of Hodge bundles). Assume V is
generic in the locus where ¥V @ QY (py +...+p) contains £ as a subbundle. Suppose also that
deg L and degV are some fixed numbers.

A stable system of Hodge bundles of type (1,2) where L takes weights a(p) and V takes
parabolic weights B1(p) < Ba2(p) and € has the degree data as specified above ezists if and only
if the following conditions hold:

Let I = (i(p))pes where each i(p) € {1,2}. Set N = |{p € S| i(p) =2}|. Then for all
I and 6 such that O(§ + N) is a valid subbundle of W, we have

parde 5
l — 2 —l— Z Bz(p) barces ©

3
peS

The inequality

2deg £ — (1 =2) + > g ap) + 220, Bi(pi) + D i1 Bo(pi)  bardeg€
2 - 3

must hold.

7.1 Shifting operations in the (1,2) case

We will examine what the shifting operation does more explicitly in this (1, 2) scenario.

Let W be a rank 2 bundle over P!. Over p € P!, give W, a flag Fy C F, = W, = C%
To complete the parabolic structure of W, suppose we give W weights 3; < 5 at p and for
simplicity, we ignore all other points and say W only has parabolic structure at p. Then in
this case F} has weight > and F5 has weight ;.

Let ¢ be a local parameter of p and give W, = C? a basis compatible with the filtration
{e1, ea} such that

F1:C61, FQZC61@C€2.

Locally around p, we have that W is trivialized as Oe; @ Oey. When we apply the shift
operation around p, we get a new bundle of degree 1 higher, W with flag Fy =Cey C Fy =
Ceq @ Cey / t and local trivialization Qes @ Oe¢; /t After shifting, we have that the parabolic

weights of W are 51 =p—1< Bg [, with F1 taking weight ﬁg (51 and F2 has weight
B1=p— 1

7.1.1 Shifting and subbundles

Suppose S is a subbundle of W of degree d. Then locally around p, § is given by a section
ae; + bey. When we shift, let S denote the subbundle S as viewed as a subsheaf of W.
Locally, S is given by the section

e
at71 + bes.

The goal now is to understand the correspondence between subbundles of W and subbundles
of W and also how the parabolic structure is affected by this correspondence.
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Suppose S is a subbundle of W that hits F;. That means S, = Ce;, and so locally S can
be given by the section e; 4 ates. In this case, once we shift, we get that S is given by

tel/t + Clteg

which means that gp now fails to be a subbundle of W. We can then replace S by its
saturation. Doing this, we get that S is given locally by

e1/t + aes

which is a subbundle that does not hit F = Cesq, and hence S gets the weight coming from
FQ, ie. S gets weight 51 B2 — 1. Since S hits F1, this means that S gets weight ;. Since
locally S is given by e;/t + ateq, it means that we now have a pole of S at p, and hence
degg = d + 1. So then looking at the parabolic degrees of S and S, , we get that

pardegS =d+ 3, and pardegS =d+ 148, =(d+1)+ (B—1) =d+ fo.

So in fact, we have that pardegS = pardegg in this case.
Suppose now S is a subbundle of W that does not hit Fj. So then locally S is given by

aey + eo,

and pardegS = d + ;. Then applying the parabolic shift operation, we get that S is given
locally by section
(lt(@l/t) + es.

Note that we do not have a pole at p, so in fact Si is still a subbundle of W. Note also that
S must hit F} = Ce, at p, so we have that pardegS =d+ 52 = d + ;. So then, we have
that once again pardeg S = pardeg S. This means that shifting in this way does not affect
the parabolic degree. . _ .

Next, we want to look at subbundles of WW. Suppose § is a subbundle of W of degree
d+ 1. Suppose first that S hits F} = Cey at p. Then we can rewrite the local section giving
S as

e + ateq /t.

Now note that S now does not have a pole at p and so in fact is also a subbundle of W. As
above, to distinguish between S as a subbundle of W and as a subbundle of W, we again
denote by & the subbundle of W given by S. As a subbundle of W, § is given by local
section es + aeq, which in particular means that & must not F} = Ce; at p. In terms of
parabolic structure, we can say that

pardegS =d+ 14 B =d+1+ 5

and
pardegS = d + 1+ ;.

So in particular, pardeg S = pardeg S once again in this situation.
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_ Now suppose S is a subbundle of W that does not hit F 1 = Cey. This means that locally
S is given by
aes + e1/t.

Consider a subbundle S of W given locally by
ates + €.

This is a subbundle that hits Iy = Ce, so then from the above arguments, we see that S
arise as a result of taking the saturation of & when viewed as a subsheaf of W. Then, same
argument as above tells us that degS = degS — 1 = d. Under these circumstances, we see
that

pardeg§:d+1—l—§1:d+1+62—1:d+52 and pardegS =d + [s.

Note in this case that pardegg = pardeg § as well. .

So in summary, what we have is that writing the stability inequalities for V' implies every
stability inequality for W, as the subbundles of W corresponds exactly to the subbundles of
W and as we checked, they all have the same parabolic degrees as well.

7.2 Parabolic shifts on the splitting type

Now we look at £ C W, where £ ~ O(—d) and W ~ O @& O. Suppose that we have m
points py, ..., Py such that 6(L), is the special subspace F, C W,. Numerically speaking,
P1,-- -, Dm are the points where 5;(p) < a(p) < Ba2(p). After doing parabolic shifts along the

m points, we shift the bundle to .
O(m —d) — W.

The question is then what happens to the splitting type of W? As a first step, we look at
when W is guaranteed to fail to be evenly split.

Lemma 7. If m > 2d + 1, then w fails to be evenly split.

Proof. Shifting along the m points, we have
O(m—d) — W

where W has degree m. Suppose that W ~ O(a) ® O(b) and that a > b. In order for W
to be evenly split, we would need a < [m/2]|. For convenience, we can simply recast this
inequality as

a<m/2+1/2.

For O(m — d) to even inject into W, we would need
m—d<a<m/2+1/2.

Thus we have m — d < m/2 + 1/2 which implies that m < 2d 4+ 1. So if m > 2d + 1 w
cannot be generic. O

32



Example 2. For a simple example of the situation, consider £L = O(—1) < W =0 ¢ O.
This corresponds to a degree 1 map P! — P!, which we know can send 3 points to any 3
points. That means for 3 points, we can guarantee that the subspaces coming from L are
generic. We can recover this 3 from Lemma [7] because, here d = 1, so 2d + 1 = 3.

Suppose we have m > 2d + 1 points coming from £. That is, we have m points, say
P1s--.,Dm in S such that 0(L), = F, C W, for each p = p1,...,pmn. We want to apply the
parabolic shifting operation along these m points. We can actually see very explicitly what
happens to the splitting type.

We do the shifts one at a time. We can suppose that 0(L) C W generically enough such
that at any three points, 0(L), sits as a generic subspace inside W,. Suppose we shift first

along p1, pa, ps.
No shifts, i.e. the original situation: O(—1) =< O @& O
Shift at p;: O — O(1) @ O
Shift at po: O(1) — O(1) @ O(1)
Shift at ps: O(2) — O(2) & O(1)

Now by the above lemma, we see that afterwards from here, we only get non-evenly split
bundles. If we shift along a fourth point ps, we would get

O(3) = O(3) ® O(1).

Now this must be the case because in order for O(3) must inject into W, one of the summands

of W must be O(a) for a > 3. Further, we have that W C W C W(p,), which numerically
translates to .
O02)a0(1) cWcCO(3)d0O(2).

Note that degW = deg W+ 1. So then in order for O(3) to inject into W, the only possible
choice for W is O(3) @ O(1).
It is then easy to see that continuing further, we get

Om—-1)—=O0(m—-1)d0O(1)

for the general case after shifting along m points lying on the £ = O(—1) sitting inside the
W=0e0.

We can suppose that S C P! and #(L£) C W are generic enough such that if we shift
along less than 2d + 1 points, then the resulting shifted bundle W is still generic.

Lemma 8. For m > 2d + 1, if we shift L = O(—d) CW = O & O along the m points, the
splitting type of the resulting bundles must be

L=0m—d) cW=0(m-—d) ®0O(d).
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Proof. We can choose 2d + 1 among the m points generic enough so that after shifting along
them we get

L=02d+1-d)=0(d+1)cW
where £ and W’ will denote £ and W after shifting along the 2d + 1 points. The degree of
W' is 2d + 1 and it is generic, thus

W~ O(d+1) ® O(d).

We can assume WLOG that m = 2d + 2. So then shifting one more time, say along p,
we then have

L=002d+2—d)=0(d+?2)
and W has degree 2d + 2 with W' C W C W(p). We have that

W>~0Od+1)®0O(d) and W(p) ~O(d+2)®O(d+1).
Then in order for £ = O(d + 2) to inject into W, the only option available is
W = O(d +2) ® O(d).
Continuing this way for arbitrary m > 2d + 1, we would get
O(m —d) = O(m —d) ® O(d).
O

Now pq,...,pm are the only points that impose special conditions on the flags of V),
and hence at all the other points, we may choose the flags to be as generic as we like.
Then, shifting along all the other points will make our bundle less special. If we shift along
Pmt1,-- -1, we would get then that splitting type of W would be O(m —d) & O(d+1—m)
if d4+1—m < m — d and otherwise W would be a generic rank 2 degree [ bundle. However,
we must now be careful about shifting at all the other points.

For p = pi41, ..., ps, we have that S3(p) < a(p), which means that 6 does not admit poles
at these points, but then after shifting, we have that &(p) < 82(p), which means then that we
suddenly get a new pole. This means that extra book keeping is required here. Fortunately,
what happens is that we get an extra pole of ,, and so we will consider instead the shifted
bundle but now twisted with O(p). For example, when we have W ~ O(m—d)®O(d+1—m),
i.e. we have shifted at all the [ points where ¢ already has a pole, if we shift one more time
and twist by O(p;11), we now only consider W(pj41) ~ (O(m —d) & O(d+1—m)) @ O(1).
We will abuse notation to denote by W what happens to W after shifting at all points p € S
as described in the above procedures, including this extra bookkeeping of adding in extra
poles.
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7.3 The semistability inequalities we need

Now we want to write down the inequalities guaranteeing semistability of our bundle & =
L ® V. Recall that we defined W = V(I — 2). Denote the correction term by @ =1 — 2 for
simplicity of notation. Recall that to check stability of £ requires us to check for two types
of subbundles:

(I)| Subbundles purely of W (which are the same as subbundles of V after an appropriate
twist).

The subbundle £ @ (0(L)(—Q)).

The first case gives us an easy inequality to write, since by our assumptions, §(£) hits the
special subspace of V only when f;(p) < a(p) < 52(p), which by assumption only happens

when p = py1,...,pm € S. This means that the inequality we need to write here is
2deg L - Q + Zpes alp) + >, Ba(pi) + Zj:m—}-l Bi(pi) < pardeg &£
2 - 3

We now only need to consider the subbundles of the second type, i.e. subbundles of V,
which are the same as subbundles of WW. Now note that we can write down every single
potential inequality to check for the second type of bundle already:

6 — Q+w < (pardeg £)/3,

where here we use w to denote the sum of weights that any potential degree § subbundle of
W may hit. The question that remains is when do we write such an inequality? Denote by
W the result of parabolically shifting ¥V along every point of S. By the above results, we
know exactly what the splitting type of W is.

Proposition 3. Let N denote the number of times Pa(p) appears in w, then the inequality
d—Q+w < (pardeg &)/3 is a necessary inequality to guarantee the stability of € if and only
if O(6 + N) is a valid subbundle of WW.

Proof. We need to write such an inequality if and only if there exists a degree § subbundle
S of W such that S, = Fi(p) for every (»(p) that appears in w. Such a subbundle exists if

and only if, after shifting, we have a subbundle S ~ O(0 + N) of W. O]

Remark. We can rephrase the above Proposition by looking at the subbundles of V and
compared with the subbundles of V instead. That is, for any O(J) being a valid subbundle
of V, the inequality d +w < pardeg £ is a necessary inequality to guarantee the semistability
of £ if and only if O(§ + N) is a valid subbundle of V.

Remark. N in the above proposition is exactly the N given in Theorem 4} That is, we set

W = Z Biw) ()

peS

for I = (i(p))pes as in the Theorem. And so N = [{p € S | i(p) = 2}|
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7.4 Proof of Theorem 4

Proof. We are given the data of weights «(p), 81(p) < Ba(p) for p € S and fixed degrees
D =deg& and d = deg L. Here L ~ O(d), and we have that V must have degree v = D —d.
We deform V along with £ to be as generic as possible, i.e. we ask for W=V ® O(l — 2) to
be generic containing £ as a subbundle. Thus V is evenly split of degree v if d < [w/2] or
W~ O(d) ® O(w — d) otherwise.

We then apply the shifting operation along every point of S as described above. This
gives us V, W =~ V(I — 2) as described in Section 7.2l In such a situation, the inequalities we
need are described in the above.

For inequalities of type , we are looking at (line) subbundles purely of our rank 2
bundle W, or equivalently, purely of V. Proposition |3| gives exactly the inequalities of this
type. That is, for all I = (i(p)),es with i(p) € {1,2} and for all § such that O(J + N) is a

valid subbundle of W, we must have the inequality

pardeg &£
5~ (12 + 3 By (p) < PUSEE

peS

For the inequality of type |(II), we are looking at the subbundle £ @ 6(L)(2 — ). We get
the inequality

2deg £ — (1 —=2) + > cga®) + 2200, Ba(pi) + 25— i1 (i) - pardeg &
2 - 3 '

7.5 Examples
Example 3. Suppose we have £ ~ O(1) and degV = 0 and S = {0,1,00}. Suppose that

our weights are of the form
a(0) < £1(0) < B2(0),
A1) <a(l) < Ba(1),
P1(00) < a(oo) < fa(0).
We suppose that pardeg £ = 0, so we have that
> alp) + Bi(p) + Falp) = —1.
peS

Here, our correction term ) = 3 — 2 = 1, so we can suppose W ~ O(1) @ O(1), and we
have 6 : O(1) — O(1) @ O(1). The semistability inequality we need to write then for the
subbundle £ & 0(L£)(—Q) is

1+ (a(0) 4+ (1) + a(00)) + (1) + Ba(00) + B1(0) < 0.

We then apply the shift operation at every point p € S to get that V = O(1)®0(2). We
can then look what happens under the shifting operation to subbundles of V and compare

with V.
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We need that O(d) to be a valid subbundle of V = O@® O, so here § = 0 will do (as it has
maximal degree). Then we need that O(6 + N) be a valid subbundle of V >~ O(1) & O(2),
and here N = 2 is one. The semistability inequalities that we get using 6 = 0 and N = 2 are

£2(0) + B2(1) + Bi(o0) <0,
Ba(1) + B2(00) + B1(0) <0,
B2(0) + Ba(o0) + B1(1) < 0.

Example 4. We take £, V and S the same as the previous example. This time we ask for
weights such that

51(0) < a(0) < B2(0),
Bi(1) < a(l) < (1),
P1(00) < a(o0) < fa(0).

Once again Q = 3 — 2 = 1, and so the inequality for £ & 6(L)(—Q) is
1+ a(0) + a(1) + (o) 4+ 1(0) + Bi(1) + Bi(co) < 0.

Now we need to apply the shift operation at each point of S. The difference here is that
we have that each flag of V must come from £ in this case, and so this example highlights
shifting to nongeneric bundles.

As before we can suppose that we are in the situation of L= 0(1) = W = O(1)& O(1).
If we then apply the shifting operation at each point p € S, we get that

L=0A)=W=0(01)d04).

And so here we have V ~ O @ O(3). Since V = O & O, we can again take § = 0 in this case,
so we are looking at S = O — V = O & O. We then need O(N) to be a valid subbundle
of O O(3) ~ V. In this case, we can take N = 3 for the worst case, i.e. we can have our
subbundle S hit the special flag of V, for every p € S. Because this situation is maximal,
we get just one semistability inequality:

B2(0) + F2(1) + P2(oc0) < 0.

7.6 Possible connection to tropical geometry

The problem of enumerating stability conditions for (1,2) systems Hodge bundles with non-
generic rank 2 component is essentially the same as the problem of enumerating subbundles
of the non-generic rank 2. In such a case, suppose for simplicity that we are left with the
situation that 0 : £L ~ O — O®O(—a). Consider then the Hirzebruch surface P(O®O(—a)),
and consider a section C' C P(O @& O(—a))). By universal property characterizing projective
bundles, we must have that the section C' ~ P! corresponds to a line subbundle of O®O(—a).
The degree of this subbundle is then determined by the divisor class of C' inside P(O®O(—a)).
Suppose we set I to be the fiber class and Cy the 0-section class, then all sections of
7 : P(O® O(—a)) — P! must have divisor class of the form C' = Cy + bF. Then to
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understand the stability conditions for O @ O(—a), we are left with understanding the curves
corresponding to certain section classes living inside the Hirzebruch surface P(O & O(—a)).
The (1,2) system of Hodge bundles situation prescribes that we have certain flags, some
coming from 0 : O — O @ O(—a), which would correspond to points lying on the infinity
section of P(O @ O(—a)), and other flags coming without conditions, which would become
generic points on the Hirzebruch surface. The question is then to compute the (logarithmic)
Gromov-Witten invariants of curves passing through certain prescribed generic points along
with adding certain incidence conditions with respect to the infinity section. Such counts
have been computed using techniques from tropical geometry as investigated in [LS25].

8 The (1,1) case

If (£,0) is our system of Hodge bundles, then being in the (1,1) case means that £ = L& L’
with rank £ = rank £’ = 1, and (L) C £’ ® Q'(log S). Since £ and £’ are rank 1, we only
have one subspace for each component and hence one weight for each component, which we
will denote as a(p) and o/(p) for each p € S respectively. Furthermore, for simplicity, we
will restrict to pardeg & = 0.

To check for stability conditions, it suffices to only look at #-stable subsheaves compatible
with the Hodge decomposition, so, in this case, the only such bundle we need to look at is £’.
Since we are only looking at stable parabolic Higgs bundles of degree zero, we immediately
get the inequality

deg L'+ Z o' (p) < deg L+ deg L' + Z(a(p) +d'(p)) = 0.
peS peS
Further, we will need to control the poles of the map 6. To do this, we look at
Res,0: L, — L,

This breaks down into two cases: we have that o/ (p) < a(p) or &/(p) > a(p). In the case that
o/(p) < a(p), then since Res,, 0 takes Lo — L5, and a(p) > o/(p) and hence a(p) > o/(p),
this means that Res, 0 sends £, to 0. Hence we do not have a pole at p € S. In the case
that o/(p) > a(p), this means that o/(p) = a(p), and Res,, 0 sends £, = Lo to L, = L7,
and it cannot be zero, so 6§ must have a pole here. Define for p € S

) = {1 if '(p) > a(p).

0 else, ie. o/(p) < afp).

{(p) counts the number of poles of ¢ at p, and hence ) ¢ ¢(p) counts the number of poles

of 0. This means then that
0:L— £/®Ql<26(p)>,

peES

which gives us the degree inequality

deg £ < deg L' + (—2 - ZE(p))

peS
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8.1 Examples with three points and generic bundle

Suppose S = {0, 1, 00}, all the weights of £ are normalized to be between 0 and 1. We also
assume that our bundle £ is evenly split, i.e. £ ~ O(a) ® O(b) where |a — b| < 1. In this
situation, Y g(a(p) +o'(p)) is either even or odd. In either case, there are actually only a
finite number of situations that can arise. We will examine each situation here.

Suppose that - ¢(a(p) +o'(p)) = 2N + 1 for some integer N. Since our bundle has
generic splitting type, € ~ O(—N) & O(—N — 1). So then £ and £’ could each be either
one of O(=N) or O(—N —1).

Suppose that £ = O(—N — 1) and L = O(—N). So then we have

0:0(-N) = O(-N-1)@Q' (> _«s)).
peES
This condition requires us to have that deg O(=N) < deg O(—=N — 1) ® Q(3_ 5 l(p)), i.e.
~N<-N-3+> (p).
peS

which implies that the number of poles of 8 must be exactly 3. So then in this case, we have
that o/(p) > a(p) for every p € {0,1,00}. Next, note that the stability condition means that

N -1+ d(p) < —2N =1+ (alp) +d(p)).
peS peS

Rearranging, we see that N' < > ¢ a(p) < 3. Therefore, we must then have that 0 < N < 3.
So N = 0,1,2. The question now is then that for each such N, do we have a stable subbundle?

e N=0. Here L = O, £/ = O(—1), £ = O ® O(—1). The number of poles is 3, so

we need that every o/(p) > a(p), and }_ s a(p) +a'(p) = 1. Try each o/(p) = g and

a(p) = é. From here, checking the inequality we have

1+3 2 —1—|—2— 1/3<0
9) 3 ‘
So this example works. Which gives us existence in this case.

e N =1. Here 2N + 1 = 3, and our bundle £ = O(—1) & O(—2). Consider the following

weights.

a'(p) a(p)

7/9  6/9

2/9 1/9

6/9 5/9
Checking stability, we check

7T 2 6 15
B, SR W H Y B Tt
+ 9 + 9 + 9 + 9 3/9<0

as desired.
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e N=2 Here2N+1=5,and £ = O(-2)® O(-3). L =0(-2), L = O(-3). We
need to check that —3 4 > g a/(p) < 0. This can be achieve by the following system
of weights.

o(z)  ax)
14/15 13/15
14/15  2/15
14/15  2/15

3+3 14 _ 3<0
15) 15 '

Next, we try the case L = O(—N — 1) and L = O(—N). We again have that

Checking stability we have

6:0(~N—-1) = O(—N) ® Q'(log 9),

SO
~N-1<-N-2+) Up),

peS

which implies that the number of poles must be greater than or equal to 1. Checking for
permissible N, we have

N+ > d(p) < —2N —1+ Y alp) +a/(p),
peS pES

so rearranging we get N < —1+ > a(p) <2,s0 N =0, 1.
In the N = 0 case we need that

0—|—Zo/(p) <0

peS

which is impossible because o/(p) > 0. So there are no stable parabolic Higgs bundles in
this case.

So we are left with the case N = 1. Suppose we have 3 poles, then we get that o/ (p) > a(p)
for every p € S, and 3 =2N +1=3" _ga(p) +a'(p) <23 4a'(p), which implies that

3 /
5 < > ),
peS

so in fact there are no stable bundles in this case as well because stability requires us to have

-1+ Zo/(xp) <0,

peS

which is not true for > ¢ a/(p) > 3/2. So we need only to find the cases of 2 poles and 1
pole.
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In the case of two poles, there is one p € S where 6 is holomorphic. We can assume
WLOG that p = 0, in which case we must have that o/(0) < «(0), ¢/(1) > «(1) and
a/(00) > a(oo). Stability is equivalent to

a'(0) + /(1) + o' (o) < 1.
Now since a(1) + a(oo) < a/(1) +a'(00) < 3 5 a'(p) < 1, we necessarily have that
3=> a(p)+a(p) <2+a0),
peES

which then implies that a(0) > 1, which is impossible.
So we are finally left with the case of only one pole. In this case, the inequalities could
be satisfied with the following system of weights.

o(z) ax)

1/9  8/9
1/9  6/9
6/9 5/9

Next, we deal with the case }_ o a(p) +a'(p) = 2N. So here the generic £ = O(—=N) &
O(—N), and

0:O(—N) = O(=N) @ Q! (Z é(p)>,

peS

which gives us that
—N > —N — 2+ #poles

so we have that the number of poles is greater than or equal to 2. We can then further
control what N’s are allowed by checking

N+ d(p) < 2N+ alp) +a(p),

peS peS
and then rearranging to see that N < > s a(p) < 3, which again implies that N =0, 1, 2.
e N =0. Again this gives us ) g a/(p) <0, which is impossible.

e N = 1. In this case, we have that ZpGS a(p) + o/ (p) = 2 and stability means

Z o (p) < 1.

When we have two poles, we can assume WLOG that 6 is holomorphic at say 0. This
means that we need the weights to satisfy o/(0) < «(0),a/(1) > a(1),a/(c0) > a(o0).
In this case, an example would be the following data.

o' (p) alp)
1/6  5/6
2/6  1/6
2/6  1/6
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When we have three poles, then this means that o/(0) > «(0),a/(1) > a(1),a/(c0) >
a(o0o). From this, we get that

2:2(04'+04) <2Zo/.

From the stability condition that > o' < 1, we get then that

2<2) d <2,

which is impossible.

e N = 2. Here we have > o + o = 4 and the stability condition is ) o/ < 2.

Again, the two pole situation is when o/(0) < «(0),a/(1) > a(1),a/(c0) > a(cc). An
example of admissible weight data is the following.

(p) alp)
1/6  5/6
5/6  4/6
5/6  4/6

Finally when we have 3 poles, then we need o/(p) > a(p) for every p € S. Again we
can check that we cannot get a stable bundle because

4:Za'+a<22a',

and Y o/ < 2 from the stability condition, so we get 4 < 4, impossible.

8.2 General condition for existence

The above analysis of the generic bundle case and three points give good indication for what
happens in the general case. Again let £ = £ @ L' be our bundle. Suppose the weights of £
are o(p) and the weights of £ are o/(p) for p € S, for S of any size. Assume also that the
weights are normalized so that they all fall between 0 and 1.

Proposition 4. A stable parabolic system of Hodge bundles over P with parabolic structure
over S = {p1,...,pa} of type (1,1) with semisimple local monodromies exists if and only if
there is a system of weights (a(p), & (p))pes such that

o If > csla(p) +d(p)) =2N +1, then

—%E:mﬂ<N+1—§:d@%

peS peS

[\CRGV]

o If > pes(alp) +a'(p)) = 2N, then

L) < N = o).

peES peS
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Proof. We tackle first the case > co(a(z) + o/(z)) = 2N. Then for some k € Z, our
bundle must be O(—N — k) & O(—N + k), where now we can assume £ ~ O(—N — k) and

L' ~O(=N + k). Let
() = {1 if o/ (p) > a(p),

0 else.

We have then that 6 : £ — £’ ® Q'(log S) becomes

0:0(—N —k) = O(=N +k) ®o< 24> Up )

peES

which tells us that - N -k < -N+k -2+ Z {(p), i.e. the

peS
h>1- Z ((p)
peS
And then from the stability condition we get that
deg £ + Z o
peS
Then since £’ = O(—N + k), this condition is exactly
—N+k+20/(p) < 0.
peES
So then we can bound k to be
1 /
L5 ) <k<N-=3Y ()
peS peS

In the case of > o+ o = 2N + 1, we have something similar:
E=0(-N—-k)®O(—=N —-1+k),
where £ ~ O(—=N — k) and L' ~ O(—N — 1+ k). With ¢(p) defined the same as before,
~N-k<-N-1+k=2+) {p)

peS
so we have 3
)
pES
The stability condition finally becomes

~N=1+k+) o(p)<0.

peS

§——Z€ <k<N+1—Zo/(p)

p€eES peS

So we get

Of course, any data that satisfies the conditions specified can be a valid parabolic system
of Hodge bundles. O
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8.3 Comparison with regular parabolic stability

Note that for regular parabolic stability, we need that every subbundle with the induced
filtration must have parabolic degree less than zero. We will see that this is explicitly not
the case in our Higgs bundle setting.

Proposition 5. Stable parabolic system of Hodge bundles of type (1,1) are not stable as
reqular parabolic bundles.

Proof. Suppose after applying shift operations we have that > _ga(p) + o'(p) = 0. This
means that N = 0 in Proposition {4 so our bundle must look like

where 6 : O(—k) — O(k) ® Q'(log S). The parabolic degree 0 condition becomes

<—k +) a(p)) + (k +) o/(p)> =0,

peES pES

and the parabolic stability condition tells us that

k + Zo/(p) < 0.

peS
But then this implies that

—k+ Za(p) > 0,

peS

which contradicts stability, since this is the parabolic degree of the O(—k) subbundle. [

8.4 Comparison with Biswas’ criterion

Biswas provided a criterion for the existence of rank 2 stable parabolic bundles of degree zero
with prescribed weights. Suppose that after applying our shift operations on our bundles, we
have that the parabolic weights sum to zero. Then in this setting, Biswas’ criterion becomes
the following theorem.

Theorem ([Bis98]). There is a parabolic bundle of degree zero and with parabolic weights
{a(p) > B(p)} at p € S if and only if for any subset A C S of cardinality 25 + 1, with j a
non-negative integer, the following inequality holds:

—j+ > alp)+ Y Bp) <0.

pEA peS\A

Now in the case of n = |S| = 3, we have that our local system is necessarily rigid in
the sense of [Kat96]. So if £ = L & L is our parabolic Higgs bundle, then any other local
system with local monodromies conjugate to the ones given by the Higgs bundle must give an
isomorphic local system. But now, Biswas’ criterion gives a necessary and sufficient condition
for the existence of a U(2) local system, whereas our conditions guarantee the existence of
U(1,1) local system. In particular, because we require our local systems to be irreducible,
this necessarily means that we cannot satisfy both Biswas’ criterion and the criterion of
Proposition dl We will show this directly:
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Proposition 6. Suppose |S| = 3 and {a(p),d/(p)}pes is a system of weights that satisfy
Biswas’ criterion. Suppose further that a(p) + o/(p) = 0 for all p € S, i.e. we have local
monodromies of determinant one. Then this system of weights cannot satisfy the criterion
given in Proposition [

Proof. To fix notation, suppose S = {0,1,00} and set £ =} _¢/(p) for ease of notation. ¢
could be 0, 1,2, or 3. We will deal with ease of these cases separately. Now from Proposition

[, we see that
1 /
l—5l<k<- Ep o(p) = Ep a(p),

and recall that we are considering the stability of the bundle £ @& £’ with Higgs field 6
sending £ to £'. We have in this case that £ ~ O(—k) and £ ~ O(k). We further have
that max(a(p),d’(p)) < 1/2 because a(p) + o/ (p) = 0, and |a(p) — &/(p)| < 1 because the
shift operation preserves their distances.

Now we consider each case of £.

¢ = 0: In this case we have that

1<k<) alp)<3/2,

so the only possible k is 1. In this case, set j = 1, so then A C S has cardinality
24+1=23,80 A=S. Now since £ = 0, we have that each o/(p) < «a(p), so then Biswas’
inequality becomes

1+ a(0) + a(1) + a(c) < 0.

But, this implies that £ satisfies the stability condition, i.e. we have that pardeg £ <
0 = pardeg £ & L, but this necessarily implies that pardeg L’ > 0 as pardeg L +
pardeg £ = 0, which contradicts the stability condition for £ & L’ to be a stable
parabolic system of Hodge bundles.

¢ = 1: In this case, suppose WLOG that o/(0) > a(0). This then implies that «(0) < 0,
which then implies that

1
§§k< g a(p) < 1.
So in this case, no such k is allowed.

¢ = 2: Suppose WLOG that o/(0) > «(0) and o/(1) > «(l), so we have that
a(0),a(1) < 0. So then we have that

0<k<1/2

So the only possible £ is 0. Now use the Biswas criterion for j = 0. So in this case
|A| = 1. In this case, let A = {oo}, so then Biswas’ inequality becomes

a(oo) + a(0) + a(1) < 0.

So again, this contradicts parabolic Higgs stability.

45



¢ = 3: This is the case where each a(p) < o/(p). But then this implies that

)
1
S <k<0
g =F=0

and no such k can satisfy this condition.

9 The (1,1,...,1) case

We can further examining the case of (1,1, ..., 1) systems of Hodge bundles. In this situation,
there are no particular subtleties involved with subbundles and flags, and so stability in this
case is a purely numerical phenomenon.

In this setting, we suppose our bundle £ = &, & ... 6 Ex with each &; being a line bundle.
Our Higgs field is 0 : £ — £ @ Q'(log S) with 6; := 0 |¢.: & — &1 ® Q' (log S). Denote the
weights of & at p € S by «;(p). Suppose again that we have semisimple monodromies on
the level of local systems, then this implies that we have a strongly parabolic bundle and in
particular we have that

Resp 9(52'706) C gi_l,a,

where a is the next highest weight after «.
If we have that a;(p) < a;_1(p), then since

Resp e(gi—l,ai(p)) C&— = O,

1,04 (P)

this means that 6; : & — &1 ® Q'(log S), has no pole at p, and so we can regard this map
actually as a morphism & — &1 ® Q(log(S'\ {p})). We can use this information to restrict
the possible degrees of &;.

Similar to the (1, 1) case, define

1 if ay(p) > a;—1(p),
Gp) =40 )=l
0 if ai(p) < ai1(p).
So then from here, we see that £; := > _¢i(p) counts the number of poles of #;. And since

f; is a nonzero map
0;: & = Eip @ (Z gi(p)) )

peS

we must have then that d; := deg&; < d; 1 + <—2 + Zpes Ei(p)>.

In the (1,1,...,1) case, the only #-stable subbundles compatible with the Hodge decom-
position is &, @ ... ® Ey, so the semistability condition tells us that

ZdZ—FZZO{l(p) SO,

i=m peS

46



In the case where our bundle is of type (1,1,1), we can combine all the inequalities into
one single long string of inequalities. In this case, we will denote our parabolic system of
Hodge bundles as £ ~ £ & Ly ® L3 with 0(L;) C L1 @ Q' (log S). Furthermore, we can
also repeatedly apply the parabolic shifting operation described in Section [4]so that the sum

of weights is equal to 0, i.e.
3
2D ailp) =0

peS i=1

Proposition 7. Let (a1(p), az(p), as(p))pes be a system of numbers such that

D aip) =0

i=1 peS

and let (dy,dy, d3) € Z3.

There exists a semistable type (1,1, 1) parabolic system of Hodge bundles (€, 60) of parabolic
degree 0 with L; having weights a;(p) and deg L; = d; if and only if the following numerical
conditions are satisfied:

ZO(Q +Oé3 <d1<d2—2+£1<d3 4+€1+£2< Zag —4+€1+£2,

peS pES

® d1+d2—|—d3:0.
Proof. We assumed that pardeg & = 0, so we have that
3
pardeg & = dy + dy + ds + ZZO@(})) = 0.
i=1 peS

But we have that 2?21 Zpes a;(p) = 0, which implies that d; + ds + d3 = 0.
The only #-stable subsheaves to check in this situation are £3 and L, @ L3. The semista-
bility inequality on L3 gives us

which gives us that

The semistability condition on Ly @ L3 gives

dQ"‘dg"’ZOZQ +063()<0.

peS

Since d; + dy + d3 = 0, we have that dy = —dy — d3, and hence we get

Zag +CY3 <d1,

peS
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which is the first part of our inequalities. Now since £; — L, ® Q!(log S) is a nonzero map,
we have that

dl S dg —2+Z€1<p)

peS

and similarly since Lo — L3 ® Q(log S), we get that dy < dy — 2+ 3 ls(p). Putting
everything together, we get that

ZO(Q +043 <d1<d2_2+zgl <d3—4+zgl(p)+£2(p>§

peS peS peS
Y ) -4+ Y6+ i
peS peS

Replacing > ¢ li(p) by £; gives us the system of inequalities that we desire.

Conversely given numerical data that satisfies inequalities given, it is easy to construct
a semistable parabolic system of Hodge bundles of type (1,1, 1) with these numerical condi-
tions. O

Remark. Since the conditions for the (1,1,...,1) case are purely numerical and require no
subbundle enumeration, we can easily change the inequalities above to strict inequalities and
get necessary stability inequalities.
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