
BRANCHING RULES FOR IRREDUCIBLE SUPERCUSPIDAL REPRESENTATIONS
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Abstract. Let G denote the unramified quasi-split unitary group U(1, 1)(F ) over a p-adic field F with

residual characteristic p ̸= 2. In this article, we determine the branching rules for all irreducible supercuspidal
representations of G, that is, we explicitly describe their decomposition upon restriction to a fixed maximal

compact subgroup K in terms of irreducible representations of K. We also present two applications of these

decompositions, which verify two new conjectures in the literature for G. Together with the results from a
previous paper by the author, this article completes the description of the branching rules for all irreducible

smooth representations of G.

1. Introduction

The study of branching rules refers to determining the decomposition of an irreducible representation of a
group G upon restriction to interesting subgroups. The aim is to uncover hidden internal symmetries within
the original representation and to highlight shared features across related families of representations. For
real Lie groups, this problem has been extensively studied where one seeks to determine the branching rules
for irreducible representations of a group upon restriction to its maximal compact subgroup. In the p-adic
setting, however, there is no unique conjugacy class of maximal compact subgroups. Nevertheless, these
subgroups are rich enough in structure to make the study of the decomposition of irreducible representations
upon restriction to them both natural and meaningful.

Our goal is to provide the branching rules for all irreducible smooth representations of G upon restriction
to a fixed maximal compact subgroup K. In a previous article, we determined the branching rules for
all the principal series representations. In the present article, we establish those for all the irreducible
supercuspidal representations. As these representations together generate the category of smooth irreducible
representations of G, our results completely solve the branching problem for G.

Our main tool is Mackey theory, which provides a decomposition into infinitely many components that
we refer to as Mackey components. The main challenge is to prove that these Mackey components are
indeed irreducible. The strategy to achieve this differs between depth-zero and positive-depth supercuspidal
representations. In the depth-zero case, irreducibility is established using character theory, whereas in
the positive-depth case it follows from a combination of Frobenius reciprocity, Mackey theory, and several
structural properties of the groups and representations involved. Note that these techniques are quite
different from those used in the principal series case, where Mackey theory produced a single highly reducible
component.

For supercuspidal representations, we establish the irreducibility of the Mackey components by showing that
they are isomorphic to certain key representations of K constructed in [Tiw25, Theorem 5.6]. We briefly
recall this construction here. For each integer d > 0, we select elements X in the Lie algebra g of G whose
centralizer T (X) in K is abelian. Each such element X determines a character ΨX of depth d on a subgroup

2020 Mathematics Subject Classification. Primary: 22E50.
Key words and phrases. representation theory of p-adic groups, supercuspidal representations, maximal compact subgroup,

local character expansion.

1



2 EKTA TIWARI

Jd ⊂ K. Given a character ζ of T (X) whose restriction to T (X) ∩ Jd agrees with ΨX , we denote by ΨX,ζ

the unique extension of ΨX and ζ to T (X)Jd ⊂ K. Then

Sd(X, ζ) := IndKT (X)Jd
ΨX,ζ

is an irreducible representation of K of depth d and degree (q2 − 1)qd−1.

The principal results of this article, stated precisely in Theorems 4.12 and 5.18, provide a multiplicity-free
decomposition characterized by a unique degree for all irreducible supercuspidal representations of G upon
restriction to K. The analogous result for all principal series representations of G was established in [Tiw25,
Theorem 6.3.1 and Corollary 6.3.2]. Together, these results yield a complete description of the restriction of
all irreducible representations of G to K. In terms of the notation introduced above, this may be summarized
as follows.

Theorem 1. Let π be an irreducible smooth representation of G of depth r with central character θ. Then

ResKπ ∼= πr ⊕
⊕
d

Sd(X, ζ),

where, up to twisting by a character of G,

• πr appears only for certain supercuspidal representations and for all principal series representations,
where π is of depth r and is either irreducible or a twist of 1⊕St; here 1 and St denote the inflations
to K of the trivial and Steinberg representations of U(1, 1)(Fq) ∼= K/K0+, respectively;

• the sum is taken over integers d ≥ r + 1
2 , with either all odd or all even such d appearing when π

is a supercuspidal representation of integral depth (the parity depending on π), and all d ≥ r + 1
2

appearing otherwise;
• when π has depth zero, X is a nilpotent element and ζ = θ, while when π has positive depth, X and
ζ are twists of the data used to construct π.

As noted in the first article, such explicit descriptions have been obtained only for a few low rank cases,
underscoring the significance of the present work. This article thus represents a first step toward resolving the
problem for higher rank unitary groups. Moreover, having an explicit decomposition enables us to identify
new instances of existing conjectures in the literature, two of which we verify here as applications of our
results.

As a first application, we show that one can fix four depth-zero irreducible supercuspidal representations
{τ00, τ01, τ10, τ11} such that the higher depth components of any irreducible supercuspidal representation or
any principal series representation, upon restriction to K, coincide with the higher depth components, upon
restriction to K, of a subset of these four fixed representations, up to twisting by a character of G. This
answers [GMF24, Question 1.2] for all smooth irreducible representations of G.

Theorem 2 (Corollary 6.2). Given any irreducible smooth representation π of G, the higher depth compo-
nents occurring in the decomposition of π upon restriction to K are the same as the higher depth components
occurring in the decomposition upon restriction to K of a subset of {τ00, τ01, τ10, τ11}, up to twisting by a
character of G, where τij are some fixed depth-zero irreducible supercuspidal representations of G.

For our second application, we recall from the first paper that our unitary group G admits exactly two
non-zero nilpotent G-orbits in its Lie algebra g, which we denote by N1 and Nϖ. To each of these orbits,
we associate a highly reducible representation

τN1
(θ) =

⊕
d∈2Z>0

Sd(Xd, θ), τNϖ
(θ) =

⊕
d∈2Z≥0+1

Sd(Xd, θ),

where θ is a character of the center of G and Xd is a nilpotent element in the Lie algebra of G. Then, in
the Grothendieck group of representations, we obtain a decomposition analogous to [Tiw25, Theorem 7.4].
Combining the two results, we derive the following theorem for all irreducible smooth representations of G,
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thereby proving a representation-theoretic analogue of the local character expansion, that is, verifying [Nev24,
Theorem 1.1] for G.

Theorem 3 (Theorem 6.4). Let π be an irreducible supercuspidal representation of G of depth r, and let θ
denote its central character. Then there exists an integer n(π) such that

ResK2r+π = n(π)1 ⊕ aN1 ResK2r+

(
τN1(θ)

)
⊕ aNϖ ResK2r+

(
τNϖ (θ)

)
,

where aN1
, aNϖ

∈ {0, 1}.

These remarkable similarities in the branching rules across all classes of irreducible smooth representations
of G naturally lead to the question of whether a similar phenomenon persists for higher rank unitary groups,
thereby opening several directions for future research.

This article is organized as follows. In §2, we present the necessary background, and in §3 we recall the
construction of irreducible representations of K from the first article. In §4, we determine the branching
rules for the depth-zero supercuspidal representations. We first provide an explicit description of all such
representations using the constructions due to Moy and Prasad [MP94, MP96] and, independently, due to
Morris [Mor99]. Using Mackey theory, we then describe their decomposition upon restriction to K. We show
that each component appearing in this decomposition, referred to as its Mackey components, is irreducible
and has distinct depth and degree (Theorem 4.12); consequently, the decomposition is multiplicity free.
In §5, we establish the branching rules for positive-depth irreducible supercuspidal representations of G. As
in the depth-zero case, we first provide an explicit description of all such representations (Theorem 5.3), this
time using the Adler–Fintzen–Yu method [Adl98, Yu01, Fin21a]. We then restrict these representations to
K, and Mackey theory again yields several components. We prove that each of these Mackey components
is irreducible and has distinct depth and degree, and thus the decomposition is again multiplicity free
(Theorems 5.7, 5.18). Finally, in §6, we present two important applications.

Acknowledgements. I am extremely grateful to Monica Nevins, my PhD supervisor, for suggesting this
problem and for patiently answering my countless questions on branching rules for SL(2, F ). This paper
could not have been written without her generous guidance and invaluable feedback on earlier versions of
this work. I would also like to thank the University of Ottawa for its support and for providing a stimulating
research environment.

2. Notations and background

2.1. The field. Let F be a non-archimedean local field, and let E = F [
√
ϵ] be the quadratic unramified

extension of F , where ϵ is a non-square element of O×
F . We fix ϖ a uniformizer of F and normalize the

valuation ν on F such that ν(ϖ) = 1. The valuation ν is extended to E, and we use the same symbol ν for
this extension. We denote the ring of integers of F by OF and that of E by OE . Their respective maximal
ideals are denoted by pF and pE . The residue fields of F and E are given by f ∼= OF /pF and e ∼= OE/pE ,
respectively. The cardinality of f is q where q = pn for some n ∈ N, and that of e is q2. Let σ denote the
nontrivial element of Gal(E/F ). For x ∈ E, we write x := σ(x). The norm and trace from E to F are
defined by

NE/F (x) = xx, TrE/F (x) = x+ x, for all x ∈ E.

We denote by E1 ⊂ E× the subgroup consisting of elements of norm one, i.e., E1 := {x ∈ E× | NE/F (x) = 1}.
The norm map induces a surjection

(2.1) NE/F : O×
E ↠ O×

F , NE/F : 1 + pdE ↠ 1 + pdF , for every d ∈ Z≥1.

Proposition 2.1. For any integer d ≥ 1, one has[
E1 : E1 ∩ (1 + pdE)

]
= (q + 1)qd−1.
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Proof. By (2.1), the norm map induces a surjection NE/F : O×
E/(1 + pdE) ↠ O×

F /(1 + pdF ), whose kernel is

E1/(E1 ∩ (1 + pdE)). Therefore, [
E1 : E1 ∩ (1 + pdE)

]
=

[O×
E : 1 + pdE ]

[O×
F : 1 + pdF ]

.

Since |O×
E/(1 + pE)| = |e| − 1 = q2 − 1, and |(1 + pE)/(1 + pdE) |=| pE/pdE | = q2(d−1), we have

[O×
E : 1 + pdE ] = (q2 − 1)q2(d−1), [O×

F : 1 + pdF ] = (q − 1)qd−1,

and hence [
E1 : E1 ∩ (1 + pdE)

]
=

(q2 − 1)q2(d−1)

(q − 1)qd−1
= (q + 1)qd−1.

□

2.2. Some structure theory. We adopt the convention of using blackboard bold font to denote an algebraic
group G defined over F , and the corresponding roman letter for its group of F -rational points, that is,
G = G(F ). For simplicity of notation, we may refer to a group T as a “maximal torus of G” when we mean
that T is the group of F -rational points of an algebraic torus T ⊂ G that is defined over F .

Given subsets Li of F or E, we use the shorthand notation{(
L1 L2

L3 L4

)}
:=

{(
a1 a2
a3 a4

) ∣∣∣∣ ai ∈ Li

}
.

For g ∈ G and a subgroup K ⊂ G, we write Kg := gKg−1 and gK := g−1Kg.

2.2.1. The group U(1, 1). Let G denote the quasi-split unitary group U(1, 1) whose group of F -points is

G := G(F ) =
{
g ∈M2(E) | g⊤wg = w

}
,

where w =

(
0 1
1 0

)
, and g⊤ = (gij)

⊤ = (gji). More explicitly, G has the form

G =

{(
a b
c d

)
∈M2(E)

∣∣∣∣∣ ad+ cb = 1,

ac, bd ∈
√
ϵF

}
.(2.2)

The Lie algebra g of G is defined as {X ∈ gl(2, E) | X⊤
w+ wX = 0} and thus has the form

g := u(1, 1)(F ) =

{(
u+

√
ϵv y

√
ϵ

z
√
ϵ −u+

√
ϵv

) ∣∣∣∣ u, v, y, z ∈ F

}
.

The center of G is the subgroup Z of scalar matrices, which we identify with E1. Let Gder = SU(1, 1) denote
the derived subgroup of G, and we denote its group of F -points by Gder.

Lemma 2.2. The quotient group G/ZGder has order two and the nontrivial coset of ZGder in G is represented
by the matrix

ξ :=

(
εE 0
0 εE

−1

)
,

where εE ∈ O×
E represents the nontrivial class of O×

E/(O
×
E)

2.

Proof. If g ∈ G, then gTwg = w, it follows that det(g) ∈ E1. The determinant of any element of ZGder lies
in (E1)2. By Hilbert’s Theorem 90 [Bou03, V.11.6 Theorem 3], the map x 7→ xx−1 induces an isomorphism
O×

E/O
×
F → E1, so in particular (E1)2 is the image of the subgroup (O×

E)
2O×

F /O
×
F . Write O×

E/(O
×
E)

2 =

{1, εE}, where εE is a fixed nonsquare of O×
E ; then εE /∈ O×

F since the extension is unramified (implying that

every element of O×
F is a square of an element of O×

E). We conclude that E1/(E1)2 has order 2, and that the
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nontrivial coset is represented by γ = εEεE
−1 ∈ E1. Now ξ lies in G and has determinant γ ∈ E1 \ (E1)2.

It follows that

G = ZGder ⊔ ξZGder.

□

The group G has two conjugacy classes of maximal compact subgroups, represented by

K = G(OE) =

(
OE OE

OE OE

)
∩G and Kη =

(
OE p−1

E

pE OE

)
∩G,

where η = ( 1 0
0 ϖ ) ∈ GL(2, E) is such that it normalizes our unitary group G. The next lemma was established

in [Tiw25, Lemma 2.1]; we include it here for ease of reference.

Lemma 2.3. Let

(
x y
z w

)
∈ K. Then x,w ∈ O×

E or y, z ∈ O×
E .

We now describe certain double coset representatives, which will be of use in the arguments developed in
the subsequent sections.

Lemma 2.4. A set of double coset representatives for K\G/K, K\G/Kη, and Kη\G/Kη is{
αt :=

(
ϖ−t 0

0 ϖt

) ∣∣∣ t ≥ 0
}
.

Proof. By the Cartan decomposition we have G = KTK, where

T = {diag(uϖk, u−1ϖ−k) | u ∈ O×
E , k ∈ Z}.

For any such element, (
uϖk 0
0 u−1ϖ−k

)
=

(
u 0
0 u−1

)(
ϖk 0
0 ϖ−k

)
∈ Kαk K,

so every double coset KgK meets some αk with k ∈ Z. Recall that w = ( 0 1
1 0 ) ∈ K. Then wαkw−1 = α−k, so

αk and α−k lie in the same coset. Thus we may assume k ≥ 0. Using Lemma 2.3, an entrywise case analysis
of KαtK shows that the minimal valuation among its entries is −t, and this minimum is attained by at least
one entry; hence distinct t yield distinct double cosets. Hence {αt}t≥0 is a complete set of representatives
for K\G/K. Since η commutes with αt, conjugating the Cartan decomposition of G with respect to K by η
yields G =

⊔
t≥0 KηαtKη. A similar argument gives G =

⊔
t≥0 KαtKη. □

Finally, we conclude this subsection with a lemma that lets us build new double coset representatives from
known ones; we will apply it in later sections.

Lemma 2.5. Let G be a group and let K,J be subgroups of G such that J ⊆ K. If B is a set of double coset

representatives of K\G/K, and for all g ∈ B, Ag is a set of double coset representatives for (K∩Kg−1

)\K/J ,
then {gh | g ∈ B, h ∈ Ag} is a set of double coset representatives for K\G/J .

2.2.2. Moy–Prasad filtrations of G. In this subsection, we introduce the Moy–Prasad filtrations of parahoric
subgroups of G and recall the structure of the building of G. Our interest lies in the explicit description of
these filtrations for our unitary group G = U(1, 1), so most of the definitions are presented in a specialized
form adapted to this case. For the general theory, standard references include [KP23, MP94, MP96, BT72].

Let Gm denote the multiplicative group GL1. A torus T is an algebraic group that is isomorphic to (Gm)n

for some n > 0. When it is defined over F , we call it an F -torus. It is F -split if the isomorphism T to Gn
m

is defined over F and at the other extreme it is anisotropic if it contains no F -split subtori. The group of
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characters X∗(T) of T is the homomorphism space Hom(T,Gm), and the group of cocharacters X∗(T) is the
homomorphism space Hom(Gm,T). Moreover, there is a natural bilinear pairing

⟨·, ·⟩ : X∗(T)×X∗(T) −→ Z
defined by the condition that for χ ∈ X∗(T) and γ ∈ X∗(T), one has χ(γ(t)) = tm, for all t ∈ Gm, where the
integer m is identified with the corresponding element of Hom(Gm,Gm) ∼= Z.

We now turn to our unitary group G. Note that every maximal torus T of G contains the center Z of G.
Let T be the diagonal torus of U(1, 1), whose group of F -points is

(2.3) T := T(F ) =
{(

a 0
0 a−1

)
| a ∈ E×

}
.

We have T(F ) ∼= E× is a maximally F -split maximal F -torus of G. Any other maximal torus of G is a
G-conjugate of T . The maximal F -split subtorus of T is S where

S := S(F ) =
{(

a 0
0 a−1

)
| a ∈ F×

}
.

A direct computation shows that the centralizer of S in G, denoted CG(S), coincides with the centralizer of
T in G and is equal to T .

One of the ingredients in defining a parahoric subgroup is the family of filtration subgroups of T for each
real number r ≥ 0. For real numbers r ≥ 0, the filtration on T is defined as follows [KP23, Definition 7.2.2]:

T0 = { t ∈ T | ν(χ(t)) = 0 for all χ ∈ X∗(T ) } ,(2.4)

Tr = { t ∈ T0 | ν(χ(t)− 1) ≥ r for all χ ∈ X∗(T ) } , for r > 0.(2.5)

In general, these filtration subgroups are rather difficult to compute. However, in our case they admit a nice
description, given by

T0 =

{(
a 0
0 a−1

) ∣∣∣∣ a ∈ O×
E

}
and Tr =

{(
a 0
0 a−1

) ∣∣∣∣ a ∈ 1 + p
⌈r⌉
E

}
, for r > 0.

A second ingredient required for defining parahoric subgroups are affine apartments and affine root subgroups.
We begin by describing the root system on G associated with S. The root system Φ := Φ(G,S) associated
with S consists of α and −α, where for a ∈ F×,

α

((
a 0
0 a−1

))
= a2, (−α)

((
a 0
0 a−1

))
= a−2.

The corresponding root subgroups are

Uα := Uα(F ) =

{(
1

√
ϵb

0 1

) ∣∣∣∣ b ∈ F

}
and U−α := U−α(F ) =

{(
1 0√
ϵb 1

) ∣∣∣∣ b ∈ F

}
.

The elements Xα =
(

0
√
ϵ

0 0

)
and X−α =

(
0 0√
ϵ 0

)
form a Chevalley system. Let Φ∨ = {α∨ | α ∈ Φ} denote the

set of coroots of T. The affine apartment of G associated with S, denoted A(G,S, F ), is the real vector space
X∗(S)⊗Z R. Since S ∼= F×, it follows that X∗(S) ∼= Z, and therefore A := A(G, S, F ) = X∗(S)⊗Z R ∼= R.
Thus, in this case, the affine apartment is simply the real line. The pairing ⟨·, ·⟩ extends linearly toA(G, S, F ).
We fix a parametrization of A ∼= R so that α(y) := ⟨α, y⟩ = y for all y ∈ A.

Given the root system Φ = Φ(G, S), we define the set of affine roots by

Φaff = {α+ n | α ∈ Φ, n ∈ Z}.
If φ ∈ Φaff , then φ = α + n for some α ∈ Φ and n ∈ Z. Each φ = α + n defines an affine function on
A(G, S, F ) via

φ(y) := ⟨φ, y⟩ = ⟨α, y⟩+ n = α(x) + n, y ∈ A(G,S, F ).
Note that ⟨α, α∨⟩ = 2. For φ = α+n ∈ Φaff , the associated affine root subgroup is defined by Uφ := Uφ(F ) =
Uα(p

n
F ). Finally, for y ∈ A, the corresponding parahoric subgroup of G is

Gy,0 = ⟨T0, Uφ | φ ∈ Φaff , φ(y) ≥ 0 ⟩.
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If φ = α + n, then for y ∈ A we have φ(y) ≥ 0 if and only if α(y) + n ≥ 0 if and only if n ≥ −α(y). In
particular, for y ∈ R,

Gy,0 =

(
OE p

⌈−y⌉
E

p
⌈y⌉
E OE

)
∩G.

For r > 0, the parahoric subgroups admit a further filtration, called the Moy–Prasad filtration, given by

Gy,r = ⟨Tr, Uφ | φ ∈ Φaff , φ(y) ≥ r ⟩.

Explicitly, we have

(2.6) Gy,r =

(
1+p

⌈r⌉
E p

⌈r−y⌉
E

p
⌈r+y⌉
E 1+p

⌈r⌉
E

)
∩G, and we set Gy,r+ =

⋃
s>r

Gy,s.

For all y ∈ A and r ≥ 0, the subgroup Gy,r is normal in Gy,0. The quotient Gx,0/Gx,0+ is the group of
Fq-points of a connected reductive group Gx defined over the residue field Fq of F . For r ∈ R>0, the quotient
Gx,r/Gx,r+ is abelian and can be naturally identified with an Fq-vector space [MP94, MP96]. For example,
if we take y = 0 ∈ A, then G0,0 is the maximal compact subgroup K of G. The other maximal compact
subgroup, denoted Kη, corresponds to the parahoric G1,0 associated with y = 1 ∈ A.

For y ∈ A and r ∈ R, we can similarly define a filtration gy,r of the Lie algebra g and a filtration g∗y,r of the
F -linear dual of the Lie algebra g as follows. Let t denote the Lie algebra of the torus T . Then we set

tr = {X ∈ t | ν(dχ(X)) ≥ r for all χ ∈ X∗(T )},

where dχ denotes the derivative of χ, gα,y,r = ϖ⌈r−y⌉OFXα, for α ∈ Φ, and

gy,r = tr ⊕
⊕
α∈Φ

gα,y,r.

Thus we have

(2.7) gy,r =

(
p
⌈r⌉
E

√
ϵp

⌈r−y⌉
F√

ϵp
⌈r+y⌉
F p

⌈r⌉
E

)
∩ g.

We define the filtration subspace g∗y,−r of the dual of the Lie algebra by

(2.8) g∗y,−r = {λ ∈ g∗ | λ(Y ) ∈ pE , ∀Y ∈ gy,s, s > r}.

We can identify g∗ with g by using the trace form. In particular, for X ∈ g, we define λX ∈ g∗ by the
equation λX(Y ) = Tr(XY ) for all Y ∈ g. Under this identification, g∗y,r = gy,r for all y ∈ A and all r ∈ R≥0.

For r, s ∈ R>0 with 2r ≥ s > r, we have the Moy–Prasad isomorphism Gx,r/Gx,s
∼= gx,r/gx,s. For our

unitary group U(1, 1), it is the isomorphism that sends a coset represented by g to a coset represented by
g − I. We are now ready to introduce the building of G. The Weyl group W of G is

W := NG(S)/CG(S) ∼= Z/2Z = {I,w}.

The affine Weyl group, denoted by W aff , is defined as W aff := NG(T )/T0 ∼= T/T0 ⋉W. The group T/T0
acts on the apartment A by translations of the form t ·y = y−ν(t), where ν(t) denotes the valuation of the
upper-left entry of the matrix t ∈ T , while the nontrivial element w acts by reflection along the line y = 0
[KP23, Chapter 3(d)]. With this action in place, the enlarged Bruhat–Tits building Ben(G, F ) is defined
as the polysimplicial complex Ben(G, F ) =

(
G × A(G, S, F )

)/
∼, where (g, x) ∼ (h, y) if and only if there

exists n ∈ NG(T ) such that y = n · x and g−1hn ∈ Gx,0.

Let B(G, F ) := Ben(Gder, F ) denote the reduced Bruhat–Tits building of G over F . For our unitary group G,
since the center Z of G is compact, we have Ben(G, F ) = B(Gder, F ) = B(G). For every y ∈ B(G), there

exists g ∈ G such that g · y ∈ A. The parahoric subgroup attached to y is then defined by Gy,0 := g−1

Gg·y,0,

and for r > 0, the corresponding Moy–Prasad filtration subgroups are Gy,r := g−1

Gg·y,r.
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2.2.3. Conjugacy classes of anisotropic tori of G. As mentioned in the introduction, to describe the branch-
ing rules for positive-depth supercuspidal representations we first provide an explicit description of these
representations using the Adler–Fintzen–Yu method. One of the key ingredients required in this construc-
tion is a sequence of twisted Levi subgroups. In our case the first element of such a sequence is an anisotropic
torus of G. We describe these sequences in greater detail in §5, but for the present subsection our goal is to
classify all anisotropic tori of G up to conjugacy and provide filtrations on these tori.

Each maximal anisotropic torus of G = U(1, 1) splits over some extension of F . If it splits over an unramified
extension, we call the torus unramified, and if it splits over a ramified extension, we call the torus ramified.

Proposition 2.6. The group G has four conjugacy classes of maximal anisotropic tori. They are given by

Tγ1,γ2
=

{(
a bγ1
bγ2 a

) ∣∣∣∣ aa+ bb γ1γ2 = 1, ab ∈
√
ϵF

}
,

where (γ1, γ2) ∈
{
(1, 1), (ϖ−1, ϖ), (1, ϖ), (1, ϵ−1ϖ)

}
. The pairs (1, 1) and (ϖ−1, ϖ) correspond to unramified

tori, while (1, ϖ) and (1, ϵ−1ϖ) correspond to ramified tori.

Proof. Since the center of G is compact, every anisotropic torus of G arises as the centralizer of an anisotropic
torus of Gder. In our case, there is a simple isomorphism Ξ : SL(2, F ) → Gder given by

(2.9) Ξ(g) =

(√
ϵ 0
0 1

)
g

(√
ϵ
−1

0
0 1

)
for g ∈ SL(2, F ).

The SL(2, F )-conjugacy classes of maximal anisotropic tori of SL(2, F ) are well-known. By [Nev13, §2.3],
each such class is represented by a matrix of the form

T
SL(2,F )
δ1,δ2

=

{(
a bδ1
bδ2 a

) ∣∣∣∣ a, b ∈ F, a2 − b2δ1δ2 = 1

}
where (δ1, δ2) ∈ {(1, ϵ), (ϖ−1, ϵϖ), (1, ϖ), (ϵ, ϵ−1ϖ), (1, ϵϖ), (ϵ,ϖ)}, understanding that if −1 is not a square,

then T
SL(2,F )
1,ϖ ≃ T

SL(2,F )
ϵ,ϵ−1ϖ and T

SL(2,F )
1,ϵϖ ≃ T

SL(2,F )
ϵ,ϖ . Moreover, T

SL(2,F )
1,ϖ ≇ T

SL(2,F )
1,ϵϖ as they split over different

field extensions. Here, ≃ denotes tori representing the same conjugacy class, whereas ∼= denotes isomorphic
tori.

The centralizer in U(1, 1) of Ξ(T
SL(2,F )
δ1,δ2

) is

Tγ1,γ2 = CU(1,1)

((
0

√
ϵδ1√

ϵ
−1
δ2 0

))
=

{(
t rδ1

rϵ−1δ2 t

) ∣∣∣∣ t, r ∈ E

}
∩G,

where γ1 = δ1 and γ2 = ϵ−1δ2. Thus we get six anisotropic tori Tγ1,γ2
where

(γ1, γ2) = {(1, 1), (ϖ−1, ϖ), (1, ϵ−1ϖ), (ϵ, ϵ−2ϖ), (1, ϖ), (ϵ, ϵ−1ϖ)}.

Let g :=

(√
ϵ 0

0 −
√
ϵ
−1

)
∈ G; then we have T g

1,ϖ = Tϵ,ϵ−1ϖ, and T g
1,ϵ−1ϖ = Tϵ,ϵ−2ϖ. Since T1,ϵ−1ϖ and T1,ϖ

correspond to the non-ismorphic tori T
SL(2,F )
1,ϖ and T

SL(2,F )
1,ϵϖ respectively, they are not G-conjugates.

Now let us verify the nonconjugacy of the two tori

T1,1 =

{(
a b
b a

) ∣∣∣∣ aa+ bb = 1

}
and Tϖ−1,ϖ =

{(
a bϖ−1

bϖ a

) ∣∣∣∣ aa+ bb = 1

}
.

If there were an element zh ∈ ZSU(1, 1) conjugating T1,1 to Tϖ−1,ϖ, then since SU(1, 1) is normal, h would

conjugate T1,1 ∩ SU(1, 1) to Tϖ−1,ϖ ∩ SU(1, 1), a contradiction. Let ξ =

(
ϵE 0
0 ϵE

−1

)
be the non-trivial

coset representative of U(1, 1)/ZSU(1, 1) as in Lemma 2.2. To prove that T1,1 and Tϖ−1,ϖ are not U(1, 1)-
conjugate, it suffices to prove that ξT1,1ξ−1 is conjugate to T1,1 via an element of SU(1, 1).

Note that since ϵEϵE ∈ O×
F , Hensel’s Lemma assures us that O×

E contains a square root of ϵEϵE . Set
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h =

(
0 −

√
ϵEϵE√

ϵEϵE
−1

0

)
.

We readily verify that h ∈ SU(1, 1). Then

ξT1,1ξ−1 =

{(
a bϵEϵE

b(ϵEϵE)
−1 a

) ∣∣∣∣ aa+ bb = 1

}
=

{(
a −bϵEϵE

−b(ϵEϵE)−1 a

) ∣∣∣∣ aa+ bb = 1

}
= hT1,1h−1.

Therefore, the conjugacy class of T1,1 under U(1, 1) is equal to its conjugacy class under SU(1, 1), whence
T1,1 ̸≃ Tϖ−1,ϖ. □

Since we have already introduced the definition of the building, it is useful to recall an important fact. The
building of an anisotropic torus consists of a single point, and this point embeds naturally into the building
of G, as stated in the lemma below.

Lemma 2.7. Let T be an anisotropic torus of G defined over F , with splitting field F ′. Then the corre-
sponding point in B(G, F ) is the unique class [g, x] ∈ B(G, F ′) such that x ∈ A and

η(g−1)g ∈ G(F ′)x,0 for all η ∈ Gal(F ′/F ),

where T = Sg for some g ∈ G(F ′).

Proof. The argument is given in [Nev13, § 2.3]; but we recall it here for the sake of completeness. Since
p ̸= 2, the splitting field F ′ of T is tamely ramified. By [Tit79, 2.6.1], we may realize the Bruhat–Tits
building B(G, F ) as the subset of B(G, F ′) fixed by Gal(F ′/F ), and A(G,T, F ) = A(G,T, F ′) ∩ B(G, F ).

Since T(F ) is totally anisotropic, this intersection consists of a single point. Moreover, B(G, F ′) admits the
description B(G, F ′) ∼= (G(F ′)×A)/∼, where (g, x) ∼ (h, y) if there exists n ∈ N = NG(F ′)(CG(F ′)(S(F ′)))

such that n · x = y and g−1hn ∈ G(F ′)x,0 [BT72, 7.4.1]. Since T splits over F ′, there exists g ∈ G(F ′) such
that T = Sg, and hence A(G,T, F ′) = g · A. This is identified with the image of {g} × A in B(G, F ′). We
denote by [g, x] the class of (g, x), so that [1, x] = x.

The Galois action on the building is given by η([g, x]) = [η(g), x], for all η ∈ Gal(F ′/F ). Thus, the class [g, x]
is fixed by Gal(F ′/F ) if and only if η(g−1)g ∈ G(F ′)x,0 for all η ∈ Gal(F ′/F ). This condition determines a
unique x ∈ A, and hence a unique fixed point [g, x] ∈ B(G, F ) corresponding to T. □

Proposition 2.8. Let T(F ) be one of the four anisotropic tori in G, represented by T1,1, Tϖ−1,ϖ, T1,ϖ, and
T1,ϵ−1ϖ, as in Proposition 2.6. Then the unique Galois-fixed point y ∈ A(G,T, F ′) ∩ B(G, F ) is given by

y = 0 if T(F ) = T1,1, y = 1 if T(F ) = Tϖ−1,ϖ, and y = 1
2 if T(F ) ∈ {T1,ϖ, T1,ϵ−1ϖ}.

Proof. The splitting field F ′ and the Galois group depend on the anisotropic torus T(F ). In particular, if
T(F ) = T1,1 or Tϖ−1,ϖ, then we have F ′ = E, with Gal(E/F ) = {1, σ}, and it acts on G(E) by σ(g) =

J⊤g−1J . If T(F ) = T1,ϖ or T1,ϵ−1ϖ, then we have F ′ = E[
√
ϖ], with Gal(F ′/F ) = {1, σ, δ, σδ}, where δ acts

entry-wise on the elements of G(F [
√
ϵ,
√
ϖ]).

A direct computation shows that the element

h :=

 1 −
√
γ−1
1 γ2

−1√
γ−1
1 γ2 1


satisfies T = Sh. One verifies that for each such h and corresponding T, the elements h and η(h−1)h lie
in G(F ′)y,0 for the value of y stated in the lemma. Hence the unique Galois-fixed point of A(G,T, F ′) is
[h, y] = [1, y] = y ∈ A(G,T, F ′) ∩ A ⊂ B. □
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The biquadratic extension Ẽ = F (
√
ϵ,
√
ϖ) of F has three quadratic intermediate fields F (

√
ϵ), F (

√
ϖ), and

F (
√
ϵϖ). These are precisely the distinct quadratic extensions of F . For any quadratic subfield F ′ ⊂ Ẽ, we

write U(1)Ẽ/F ′ for the group of elements of Ẽ of norm one relative to the extension Ẽ/F ′. Table 1 provides

a complete list of the conjugacy classes of anisotropic tori in G and the corresponding points in B(G).

Isomorphism classes Anisotropic torus t(a, b) = A(G, T , F )

T(F ) = Tγ1,γ2

(
a bγ1

bγ2 a

)
={y}

U(1)E/F × U(1)E/F

unramified torus

T1,1
Tϖ,ϖ−1 = T η

1,1

(
a b
b a

)(
a bϖ−1

bϖ a

) y = 0

y = 1

U(1)Ẽ/F [
√
ϖ]

ramified torus
T1,ϖ

(
a b
bϖ a

)
y = 1

2

U(1)Ẽ/F [
√
ϵϖ]

ramified torus
T1,ϵ−1ϖ

(
a bϵ−1

bϖ a

)
y = 1

2

Table 1. Representatives of equivalence classes of anisotropic tori Tγ1,γ2 in G. Here a, b
are elements of E, and y is the image of building of Tγ1,γ2

in the building of G.

2.2.4. Filtrations on anisotropic tori of G. In §2.2.2, we described a filtration on the maximal parahoric
subgroups of G. We now use this to define a filtration on the anisotropic tori of G as follows. By [HM08,
§ 2.5], for r > 0 the filtration on Tγ1,γ2

is simply the intersection of Tγ1,γ2
with filtrations of Gy,r where y is

the point corresponding to Tγ1,γ2
in the building of G. In particular, for r > 0 we have

Tr =

{(
a bγ1
bγ2 a

)
∈ Tγ1,γ2

∣∣∣∣ a ∈ 1 + p
⌈r⌉
E , bγ1 ∈ p

⌈r−y⌉
E

}
.

The Lie algebra t of the torus T is a two-dimensional subalgebra of g, spanned by

z =

(√
ϵ 0
0

√
ϵ

)
, YT =

(
0 γ1

√
ϵ

γ2
√
ϵ 0

)
.

For any r ∈ R, by [HM08, § 2.5] the corresponding filtration subring of t is given by t ∩ gy,r, and therefore

tr =
{
az+ bYT | a ∈ p

⌈r⌉
F , b ∈ p

⌈r−y⌉
F

}
.

For r ∈ R, we define the filtration on the F -linear dual of t by

t∗r = {λ ∈ t∗ | ⟨λ, Y ⟩ ∈ ϖOE ∀ Y ∈ ts with s > −r} .
We can again identify t∗ with t using the trace form. In particular, for Γu,v = uz+ vYT we define λu,v ∈ t∗

by the equation λu,v(Y ) = Tr(Γu,vY ) for all Y ∈ t.

2.3. Representation theory. In this section, we recall some basic definitions and concepts from represen-
tation theory specializing to the case of our unitary group G (see [Car79, §I]).

2.3.1. Classical definitions and results. Let G be a connected reductive algebraic group defined over F , and
let G denote the group of its F -rational points.

Lemma 2.9. Let (λ,C) be a character of G. Let (ρ, V ) be an irreducible representation of a compact open
subgroup H of G modulo its center. Then

c-IndGH(λ⊗ ρ) ∼= λ⊗ c-IndGHρ.

We now review two important results that we will use quite frequently [BH06, §2.4].
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Theorem 2.10 (Frobenius Reciprocity). Let H be a closed subgroup of G, (ρ,W ) a smooth representation
of H and (π, V ) a smooth representation of G. Then

HomG(π, Ind
G
Hρ)

∼= HomH(π, ρ)

Similarly, for open subgroups H of G, compact induction has its own form of Frobenius Reciprocity property.

Theorem 2.11. Let H be an open subgroup of G, let (ρ,W ) be a smooth representation of H and (π, V ) a
smooth representation of G. Then

HomG(c-Ind
G
Hρ, π)

∼= HomH(ρ, π).

Remark 2.12. Note that if G/H is compact then c-IndGHρ = IndGHρ. Thus, in that case, induction is both
left and right adjoint to restriction.

We now mention a theorem that will be used repeatedly throughout the paper, as it describes how a compactly
induced representation decomposes when restricted to a closed subgroup [Yam22, Theorem 1.1].

Theorem 2.13 (Mackey decomposition). Let H and K be closed subgroups of G, and let (ρ,W ) be a
smooth representation of H. Suppose that at least one of H and K is open in G. Then we have the Mackey
decomposition

ResGK c-IndGHρ =
⊕

c∈K\G/H

c-IndKK∩Hc ResH
c

K∩Hc ρc.

Remark 2.14. In our setting, we shall see that the supercuspidal representations arise as compact inductions
from compact open subgroups of the unitary group G = U(1, 1), and to describe the branching rules we will
restrict these representations to the compact open subgroup K defined in §2.2.1. Since in locally compact
totally disconnected groups every open subgroup is also closed, the above theorem applies in our case.

We now recall the definition of the depth of a representation, which provides a fundamental link between
representations, the Moy–Prasad filtrations, and the building of G.

Definition 2.15 (Depth of a representation). Let (π, V ) be a smooth representation of G. The depth of
π is defined as the minimal real number r ≥ 0 such that there exists a point x in the building B(G) with
V Gx,r+ ̸= {0}.

Analogously, for a representation (σ,W ) of Gx,t with t ≥ 0, we define

(2.10) depth(σ) := min{r ≥ t | WGx,r+ ̸= {0}}.

2.3.2. Generic characters of T(F ). To construct positive-depth supercuspidal representations of G, one re-
quires G-generic characters of positive depth of the anisotropic torus T . In this subsection, we define and
describe G-generic characters of positive depth for the maximal torus T(F ), which includes both the diagonal
torus (2.3) and the anisotropic tori listed in Table 1.

Let T be a maximal torus of G, and let Φabs(G,T) denote the absolute root system of G with respect to
T. For each root a ∈ Φabs(G,T), set Ha = da∨(1) ∈ g, where da∨ denotes the derivative of the coroot a∨

associated to a.

Definition 2.16. An element λ ∈ t∗−r is called G-generic of depth −r if ν(λ(Ha)) = −r for each a ∈
Φabs(G,T).

Since we have identified t∗ with t, we may equivalently say that an element Γ ∈ t−r is G-generic of depth r
if ν
(
Tr(ΓHa)

)
= −r for each a ∈ Φabs(G,T).
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Lemma 2.17. Let T = T(F ) be a maximal F -torus of G.

If T is the maximally F -split torus as in (2.3), then the depth r of any G-generic element of t satisfies r ∈ Z.

If T = Tγ1,γ2
is an anisotropic torus from Table 1, then the depth r of any G-generic element in t satisfies

r ∈ Z when Tγ1,γ2
is unramified, r ∈ 1

2 + Z when Tγ1,γ2
is ramified.

Proof. Note that for our unitary group G, the absolute root system Φabs(G,T) has a unique positive root
α. In the split case we have Hα =

(
1 0
0 −1

)
. Let Γ =

(
a 0
0 −a

)
∈ t−r with a = a0 + a1

√
ϵ. Then ν(ai) ≥ r and

Tr(ΓHα) = a + a = 2a0. The genericity condition gives ν(2a0) = −r, hence ν(a0) = −r. Since a0 ∈ F and
valuations on F are integral, this forces r ∈ Z.

On the other hand, if we take T(F ) = Tγ1,γ2
to be one of the anisotropic tori listed in Table 1, then

Hα =
(
1 0
0 −1

)h
, where h =

(
1 −

√
γ−1
1 γ2

−1

√
γ−1
1 γ2 1

)
is the matrix conjugating T to S. An element Γu,v =(

u
√
ϵ v

√
ϵ

v
√
ϵ u

√
ϵ

)
∈ t−r is G-generic of depth −r if and only if ν (Tr(Γu,vHα)) = ν

(
2v

√
ϵ
√
γ1γ2

)
= −r. Thus the

condition ν(Tr(Γu,vHα)) = −r is equivalent to ν(v) = −r − ν(
√
γ1γ2). As ν(

√
γ1γ2) ∈ {0, 12} and ν(v) ∈ Z,

we deduce that

(2.11) r ∈ Z when ν(
√
γ1γ2) = 0, r ∈ 1

2 + Z when ν(
√
γ1γ2) =

1
2 .

Since ν(
√
γ1γ2) = 0 precisely when Tγ1,γ2 is unramified, and ν(

√
γ1γ2) =

1
2 precisely when Tγ1,γ2 is ramified,

the lemma follows. □

We are now in a position to define G-generic characters of T(F ) of depth r. Set s := r
2 and let e be the

Moy–Prasad isomorphisms of the abelian groups

ts+/tr+ → Ts+/Tr+, gx,s+/gx,r+ → Gx,s+/Gx,r+.

Let ψ′ be an additive character of the field F , chosen to be trivial on the maximal ideal pF and nontrivial
on the ring of integers OF . Using ψ′, we define an additive character ψ of the quadratic extension E by
ψ(x) = ψ′(x+x

2

)
for all x ∈ E. Then ψ is a character of E that is nontrivial on OE but trivial on pE . We

will fix this choice of ψ for the remainder of the paper.

Definition 2.18. A smooth complex-valued character ϕ of T(F ) is called G-generic of depth r if it is trivial
on T(F )r+, non-trivial on T(F )r and is realized by an element Γ ∈ t−r that is G-generic of depth r, i.e., for
every t ∈ T(F )s+, ϕ(t) = ψ(Tr(Γ(e−1(t)))).

Note that the image of Γ in t−r/t−s is uniquely determined by this relation, and each distinct representative
gives rise to a distinct G-generic character of T(F ) of depth r.

Remark 2.19. To define a G-generic character ϕ of depth r for an anisotropic torus T , one requires a
G-generic element of t−r of depth r. By Lemma 2.17, such an element can exist only when r is an integer
or a half-integer. Therefore, the depths of G-generic characters are integral when T is unramified and
half-integral when T is ramified.

3. Irreducible representations of K

In this section, we recall the description of irreducible representations of K that we constructed in [Tiw25,
§5]. Let d ∈ Z>0 and let z, u, v ∈ F such that ν(z) ≥ −d and ν(v) > ν(u) = −d. We choose a particular X
element of g0,−d of the following form:

(3.1) X = X(z) + X̃(u, v) =

(
z
√
ϵ 0

0 z
√
ϵ

)
+

(
0 u

√
ϵ

v
√
ϵ 0

)
∈ g0,−d.
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The function k 7→ ΨX(k) = ψ(Tr(X(k− I))) defines a character of the group K d
2+

of depth d, where ψ is an

additive character of E that is trivial on pE but nontrivial on OE that we fixed in 2.3.2. The centralizer of
X in K is denoted by T (X), and is equal to

(3.2) T (X) =

{(
a b

bu−1v a

) ∣∣∣∣ a, b ∈ OE , aa+ bbu−1v = 1, ab ∈
√
ϵOF

}
= T1,u−1v.

The following theorem recalls the construction of a family of irreducible representations of K associated with
elements of g0,−d.

Theorem 3.1. Let X be as in (3.1), and let ζ be a character of T (X) which coincides with ΨX on the
intersection T (X) ∩ Jd. Write ΨX,ζ for the unique character of T (X)Jd which extends ζ and ΨX . Then

(3.3) Sd(X, ζ) := IndKT (X)Jd
ΨX,ζ

is an irreducible representation of K of depth d and of degree qd−1(q2 − 1).

3.1. Representations associated with nilpotent orbits. It is shown in [Tiw25, §5.3] that there are

three nilpotent G-orbits in g, denoted by Nδ = G ·Xδ, where Xδ =
(

0 δ
√
ϵ

0 0

)
and δ ∈ {0, 1, ϖ}. For d ∈ Z>0

and a ∈ O×
F , let Xaϖ−d ∈ g0,−d. Then the centralizer T (Xaϖ−d) of Xaϖ−d in K is given by ZU , where

U =
{(

1
√
ϵb

0 1

)}
∩ K.

The following theorem summarizes the results proved in [Tiw25, §5.3].

Theorem 3.2. Let d ∈ Z>0, Xaϖ−d ∈ g0,−d with a ∈ O×
F . Let θ be a character of Z extented trivially to U ,

and let ΨX
aϖ−d ,θ for the unique character of ZUJd that extends θ and ΨX

aϖ−d
. Then

(3.4) Sd(Xaϖ−d , θ) := IndKZUJd
ΨX

aϖ−d ,θ

is an irreducible representation of K of depth d and of degree qd−1(q2 − 1). Moreover, for all a ∈ O×
F

(3.5) Sd(Xϖ−d , θ) ∼= Sd(Xaϖ−d , θ).

Finally, we recall the following lemma, proved in [Tiw25, Lemma 5.9], which will be used in the subsequent
sections.

Lemma 3.3. Let X = X(z) + X̃(u, v) ∈ g0,−d be such that ν(z), ν(v) > −⌈d
2⌉ and ν(u) = −d. Then

ΨX = ΨXu and T (X)Jd = T (Xu)Jd = ZUJd.

4. Branching rules for depth-zero supercuspidal representations of G

In this section, we provide an explicit description of all depth-zero irreducible supercuspidal representations
of G, together with their branching rules upon restriction to K.

4.1. Construction of the representations. The depth-zero irreducible supercuspidal representations of G
are induced from the cuspidal representations of G(f) = U(1, 1)(f), which are well-known; see, for example,
[Cam14]. Briefly: let e denote the unique quadratic extension field of the residue field f of OF , and let
N : e → f be the norm map. For distinct characters α and β of ker(N) = e1, Deligne-Lusztig induction
associates a representation σ = σ(α, β) of U(1, 1)(f) of degree q − 1. This representation is cuspidal, and all
cuspidal representations of U(1, 1)(f) arise in this way.

Since ( x y
0 x ) = ( 0 1

1 0 )
(
x 0
y x

)
( 0 1
1 0 ), the matrices ( x y

0 x ) and
(
x 0
y x

)
belong to the same conjugacy class of G.

Therefore, Table 2 (c.f. [Cam14]) below summarizes the values of the character χσ(α,β) corresponding to the
cuspidal representation σ(α, β) of U(1, 1)(f).
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Conjugacy class ( x 0
0 x ),

(
x 0
y x

)
,

(
x 0
0 y

)
, ( x y

y x ),

representatives x ∈ e1 x ∈ e1, y ̸= 0 x ̸= y y ̸= 0

χσ(α,β) (q − 1)α(x)β(x) −α(x)β(x) 0 α(x+ y)β(x− y)+

α(x− y)β(x+ y)

Table 2. Character χσ(α,β) of the cuspidal representation σ(α, β) of U(1, 1)(f).

Let σ be a cuspidal representation of G(f) ∼= K/K0+. Inflate σ to a representation (also denoted by σ) of
K, and let ση denote the corresponding representation of Kη, where η = ( 1 0

0 ϖ ). As a special case of the
general result for depth-zero supercuspidal representations found in [MP96, Mor99], one has the following
well-known fact.

Proposition 4.1. Let σ be a cuspidal representation of G(f) = K/K0+. Then the compact inductions

c-IndGKσ and c-IndGKηση

are depth-zero irreducible supercuspidal representations of G, and every depth-zero irreducible supercuspidal
representation of G arises in this way.

Remark 4.2. From now on, we identify a cuspidal representation σ of K/K0+ with its inflation to K.

4.2. Restriction to K. In this section, we restrict the depth-zero irreducible supercuspidal representations
of G to K and obtain a canonical decomposition using Mackey theory. The Mackey components occurring
in this decomposition may a priori be reducible. Therefore, we compute the degree of each component
and determine the maximal depth of any irreducible subrepresentation it contains. The proof that these
components are in fact irreducible is deferred to the next section, which builds on the results established
here.

Let σ be a cuspidal representation of K/K0+. Then from Mackey theory it follows that

ResGKc-Ind
G
Kσ

∼=
⊕

g∈K\G/K

IndKK∩(K)gσ
g and ResKc-Ind

G
Kηση =

⊕
g∈K\G/Kη

IndKK∩Kgησgη.

By Lemma 2.4, a set of double coset representatives for K\G/K or K\G/Kη is given by {αt | t ≥ 0} , where
αt :=

(
ϖ−t 0
0 ϖt

)
. Therefore, we obtain the following decompositions

(4.1) ResKc-Ind
G
Kσ =

⊕
t≥0

IndKK∩Kαtσαt

and ResKc-Ind
G
Kηση =

⊕
t≥0

IndKK∩Kαtησ
αtη.

For each t > 0, the matrix zt = ϖ−tI satisfies αt = ztη
2t. Since zt centralizes G, the conjugated representa-

tions σαt

and ση2t

are equal. Therefore, we may write (4.1) as

(4.2) ResKc-Ind
G
Kσ =

⊕
t≥0

IndKK∩Kη2tση2t

and ResKc-Ind
G
Kηση =

⊕
t≥0

IndKK∩Kη2t+1ση2t+1

.

Lemma 4.3. Let d ∈ Z>0. Then K∩Kηd

= BKd, where B denotes the subgroup of upper triangular matrices
in K.

Proof. Let a = (aij) ∈ K ∩ Kηd

. Then a ∈ K ∩ Kηd

if and only if (ηd)−1aηd ∈ K and a ∈ K. Solving this
condition yields ν(a21) ≥ d. By Lemma 2.3, either a11, a22 ∈ O×

E or a12, a21 ∈ O×
E . Since a21 ∈ pdE , it follows

that a11, a22 ∈ O×
E . We claim that a = bk with

b =

(
a22

−1 a12
0 a22

)
∈ B and k =

(
1 0

a21a
−1
22 1

)
∈ Kd.
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Indeed, since a ∈ K, we have a12a22 + a12a22 = 0 and a11a22 + a21a12 = 1, therefore

a22
−1 + a12a21a

−1
22 =

1 + a22a12a21a
−1
22

a22
=

1− a22a12a21a
−1
22

a22
=
a11a22
a22

= a11.

Since a22 ∈ O×
E and a12a22 ∈

√
ϵOF , we have b ∈ B. As a = bk with a, b ∈ K, we must have k ∈ K.

Moreover, since a21 ∈ pdE and a22 ∈ O×
E , it follows that a21a

−1
22 ∈ pdE , and hence k ∈ Kd. Therefore we have

shown that K ∩ Kηd ⊆ BKd.

Conversely, let h ∈ BKd with h = bk, where b = (bij) ∈ B and k = (kij) ∈ Kd. Clearly, h ∈ K. Moreover,
since b21 = 0 and k21 ∈ pdE , a direct computation shows that (ηd)−1hηd = (ηd)−1bηd (ηd)−1kηd ∈ K, and
hence h ∈ K ∩ Kηd

. Therefore, BKd ⊆ K ∩ Kηd

, and the lemma follows. □

By the preceding lemma, for any d > 0, K ∩ Kηd

= BKd; that is; elements of BKd can be represented by
matrices (aij) ∈ K such that a21 ∈ pdE . Consequently, (4.2) may be rewritten as

(4.3) ResKc-Ind
G
Kσ = σ ⊕

⊕
d∈2Z>0

IndKBKd
σηd

and ResKc-Ind
G
Kηση =

⊕
d∈2Z>0+1

IndKBKd
σηd

.

Lemma 4.4. Let d ∈ Z>0. Then (BKd)
η−d

= BopKd.

Proof. Let a = (aij) ∈ BKd. Then aη
−d

=
(

a11 a12ϖ
d

a21ϖ
−d a22

)
. By Lemma 4.3 we have a21 ∈ pdE and

a11, a22 ∈ O×
E . We claim that we can factor the matrix aη

−d

as bk, where

b =

(
a11 0

a21ϖ
−d a11

−1

)
∈ Bop and k =

(
1 a−1

11 a12ϖ
d

0 1

)
∈ Kd.

Since a is an element of K, we have a11a21 + a11a21 = 0, and it follows that

a−1
11 a12a21 + a11

−1 =
a−1
11 a11a21a12 + 1

a11
=

−a−1
11 a11a21a12 + 1

a11
=
a11a22
a11

= a22.

Thus a = bk. As a11 ∈ O×
E and a11a21 ∈

√
ϵOF , we have b ∈ Bop. Since a = bk with a, b ∈ K and a12 ∈ pdE ,

we have k ∈ Kd. Thus we have shown that (BKd)
η−d ⊆ BopKd.

Conversely, let a = (aij) ∈ BopKd. Then a ∈ (BKd)
η−d

if and only if ηdaη−d = aη
d ∈ BKd. Since the

(1, 1)-entry of any element of Bop lies in O×
E and the (1, 2)-entry of any element of Kd lies in pdE , we deduce

that a12 ∈ pdE . Thus we can factor aη
d

as aη
d

= bk, where

b =

(
a22

−1 a12ϖ
−d

0 a22

)
and k =

(
1 0

a21a
−1
22 ϖ

d 1

)
.

As in the proof of Lemma 4.3, since a ∈ K, we have a12a22 + a12a22 = 0 and a11a22 + a21a12 = 1, therefore

a22
−1 + a12a21a

−1
22 =

1 + a22a12a21a
−1
22

a22
=

1− a22a12a21a
−1
22

a22
=
a11a22
a22

= a11.

Since a ∈ K and a12 ∈ pdE , it follows that a22 ∈ O×
E and a22a12 ∈

√
ϵOF , hence b ∈ B. As a = bk with a, b ∈ K

and a12 ∈ pdE , we have k ∈ Kd. Thus we have shown that aη
d ∈ BKd, hence a ∈ (BKd)

η−d

, and therefore

the inclusion BopKd ⊆ (BKd)
η−d

follows. Combining both the inclusions we obtain BopKd = (BKd)
η−d

. □

Proposition 4.5. Let σ be a cuspidal representation of K/K0+. Then for any d ≥ 0, the maximum depth

of any irreducible component of IndKBKd
σηd

is d. Moreover, there exists at least one component of depth d.

Proof. When d = 0, the summand is simply σ, which has depth zero by hypothesis. Let d > 0. By

Lemma 4.4, the action of σηd

on BKd is given by the action of σ on BopKd, and since σ is trivial on Kd, this
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is determined by ResBopσ. Explicitly, for a = (aij) ∈ BKd we have

σηd

(a) = σ
(
aη

−d
)
= σ

((
a11 a12ϖ

d

a21ϖ
−d a22

))
= σ

((
a11 0

a21ϖ
−d a11

−1

))
.

Since Kd+1 ⊂ Kd and σ has depth zero, we deduce that Kd+1 ⊆ ker(σηd

). As Kd+1 is a normal subgroup

of K, it follows that Kd+1 ⊆ ker(IndKBKd
σηd

). Therefore, the maximum possible depth of any irreducible

component of IndKBKd
σηd

is d.

We claim that Kd ⊈ ker(IndKBKd
σηd

), and hence at least one irreducible component of IndKBKd
σηd

has depth

d. Suppose, for contradiction, that Kd ⊆ ker(IndKBKd
σηd

). Since Kd is a normal subgroup of K, it would

then follow that Kd ⊆ ker(σηd

). Therefore, to prove that Kd ⊈ ker(IndKBKd
σηd

), it suffices to show that

Kd ⊈ ker(σηd

). Let b = ( 1 0
c 1 ) ∈ Bop, where c ∈

√
ϵO×

F , and let χσ denote the character of σ. From Table 2,

we have χσ(b) = −1, hence σ(b) ̸= Id. Now consider the element
(

1 0
cϖd 1

)
∈ Kd. Applying σηd

to this
element, we obtain

σηd

((
1 0
cϖd 1

))
= σ

((
1 0
c 1

))
̸= Id.

This shows that the element
(

1 0
cϖd 1

)
is not in the kernel of σηd

, and we conclude that Kd ̸⊆ ker(σηd

). □

Proposition 4.6. Let σ be a cuspidal representation of K/K0+. Then for any d > 0, the degree of IndKBKd
σηd

is qd−1(q2 − 1).

Proof. Since σ has degree q − 1, the degree of IndKBKd
σηd

is given by (q − 1) times the index [K : BKd].
Noting the inclusions Kd ⊆ BKd ⊆ K, and using group isomorphism theorems we have

[K : BKd] =
[K : Kd]

[BKd : Kd]
=

[K : K1][K1 : Kd]

[B : (B ∩ Kd)]
=

[K : K1][K1 : Kd]

[B : (B ∩ K1)][(B ∩ K1) : (B ∩ Kd)]
.

Since K/K1
∼= U(1, 1)(Fq), and B/(B ∩ K1) ∼= B(Fq), we have

[K : K1] = |U(1, 1)(Fq)| = q(q − 1)(q + 1)2 and [B : B ∩ K1] = |B(Fq)| = q(q2 − 1).

The indices [K1 : Kd] and [(B ∩K1) : (B ∩Kd)] are the same as the indices of the corresponding OF -modules
in the Lie algebra. Thus we have [K1 : Kd] = q4(d−1) and [(B ∩K1) : (B ∩Kd)] = q3(d−1). Thus, the degree of

IndKBKd
σηd

becomes

(q − 1) · [K : BKd] = (q − 1)
q(q − 1)(q + 1)2q4(d−1)

q(q2 − 1)q3(d−1)
= (q2 − 1)qd−1.

□

The central character of σ is the map θ : e1 → C× defined by σ(zI) = θ(z)Id for all z ∈ e1. From Table 2, we

infer that θ(z) = α(z)β(z). As Z ⊂ K, the induced representations c-IndGKσ and c-IndGKηση have the same
central character as σ.

Lemma 4.7. Let d > 0. For i ∈ {1, 2}, let σi be a cuspidal representation of K/K0+ with central character

θi. Then ResBKd
σηd

1
∼= ResBKd

σηd

2 if and only if θ1 = θ2.

Proof. By Lemma 4.4, the action of σηd

i on BKd is given by the action of σi on BopKd, and since σi is trivial
on Kd, this is determined by ResBopσi. It thus suffices to show that ResBopσ1 ∼= ResBopσ2 if and only if
θ1 = θ2. Since these representations factor through the finite group quotient U(1, 1)(f) ∼= K/K1, it suffices
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to compare their characters. Write Bop also for the image of Bop in U(1, 1)(f). Using Table 2, the character
χσi of ResBopσi is given on elements of Bop by

χσi

((
a 0
c a−1

))
=


(q − 1)θi(a) if a ∈ e1, c = 0;

−θi(a) if a ∈ e1, c ̸= 0;

0 otherwise.

We now calculate the intertwining number between χσ1
and χσ2

to be

I(χσ1
, χσ2

) =
1

|Bop|
∑

g∈Bop

χσ1
(g)χσ2

(g)

=
1

q(q2 − 1)

 ∑
a∈e1,c=0

θ1(a)θ2(a)(q − 1)2 +
∑

a∈e1,c̸=0

θ1(a)θ2(a)


=

{
1

q(q2−1)

(
(q + 1)(q − 1)2 + (q − 1)(q + 1)

)
= 1 if θ1 = θ2;

0 otherwise.

Thus we obtain that χσ1 = χσ2 if and only if θ1 = θ2, as required. □

Remark 4.8. For any cuspidal representation σ of K/K0+, the preceding lemma ensures that, for every

d ∈ Z≥0, the restriction ResBKd
σηd

remains irreducible as a representation of BKd.

The following proposition shows that, for each d > 0 and each cuspidal representation σ of K/K0+, each of

the Mackey components IndKBKd
σηd

is independent of the choice of σ up to its central character θ.

Proposition 4.9. Let d > 0. For i ∈ {1, 2}, let σi be a cuspidal representation of K/K0+ with central

character θi. Then IndKBKd
σηd

1
∼= IndKBKd

σηd

2 if and only if θ1 = θ2.

Proof. By the preceding lemma, if θ1 = θ2 then ResBKd
σηd

1
∼= ResBKd

σηd

2 , and by functoriality of induction we

have IndKBKd
σηd

1
∼= IndKBKd

σηd

2 . Conversely, assume that IndKBKd
σηd

1
∼= IndKBKd

σηd

2 . As Z ⊆ BKd, the induced

representations IndKBKd
σηd

i have the same central character as that of σi. Since IndKBKd
σηd

1
∼= IndKBKd

σηd

2 , it
follows that θ1 = θ2. □

Since Z ∼= E1, and E1/(E1)2 has index two, let δ denote that unique non-trivial quadratic character of E1.
It can be shown that δ has depth-zero. We now prove a lemma that will be used in §6.

Lemma 4.10. Every depth-zero irreducible supercuspidal representation π of G can be expressed as π ∼=
λ⊗π′, where λ is a character of G and π′ is a depth-zero irreducible supercuspidal representation of G whose
central character is either 1 or δ.

Proof. Let π be a depth-zero supercuspidal representation of G with central character θ. Then there exists
a cuspidal representation σ of K/K0+ with central character θ such that π ∼= c-IndGKσ or π ∼= c-IndGKηση. We
can write θ = δkµ2 for some k ∈ {0, 1}. Let σ̃ = (ϕ−1 ◦ det) ⊗ σ, which is again a cuspidal representation

of K/K0+. Then c-IndGKσ
∼= (ϕ ◦ det) ⊗ c-IndGKσ̃ and c-IndGKηση ∼= (ϕ ◦ det) ⊗ c-IndGKη σ̃η, and the result

follows. □

4.3. Irreducibility of the Mackey components. Let σ be a depth-zero irreducible supercuspidal repre-
sentation of K/K0+ with central character θ. In the previous section we saw that the restrictions to K of

the depth-zero irreducible supercuspidal representations c-IndGKσ and c-IndGKηση are given by

ResK c-Ind
G
Kσ = σ ⊕

⊕
d∈2Z>0

IndKBKd
σηd

and ResK c-Ind
G
Kηση =

⊕
d∈2Z>0+1

IndKBKd
σηd

.
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In this section, we prove that for each d ∈ Z>0, each of the Mackey components IndKBKd
σηd

intertwine with
the irreducible representations of the same degree constructed in Theorem 3.2, and, as a consequence, we
deduce their irreducibility.

Theorem 4.11. Let σ be a cuspidal representation of K/K0+ with central character θ. Then for each

d ∈ Z>0, we have IndKBKd
σηd ∼= Sd(Xϖ−d , θ). Consequently, each K-representation IndKBKd

σηd

is irreducible.

Proof. Let σ be a depth-zero irreducible supercuspidal representation of G with central character θ. Since
σ has depth zero, for each d ∈ Z>0, we have that θ |Z∩Jd

= 1. Therefore, by Theorem (3.2)

Sd(X−ϖ−d , θ) = IndKZUJd
ΨX−ϖ−d ,θ

is an irreducible representation of K of depth d and degree (q2 − 1)qd−1. Since both the representations

Sd(X−ϖ−d , θ) and IndKBKd
σηd

have the same degree and one of them is irreducible, it suffices to show that
the space of intertwining operator between them is nonzero. As

HomK(Ind
K
BKd

σηd

,Sd(X−ϖ−d , θ)) ∼=
⊕

g∈BKd\K/ZUJd

HomBKd∩(ZUJd)g (σ
ηd

,Ψg
X−ϖ−d ,θ

),

it is enough to show that

HomBKd∩(ZUJd)g (σ
ηd

,ΨX−ϖ−d ,θ) ̸= 0.

Since these representations have (maximal) depth d, they factor through the finite group quotient (BKd ∩
ZUJd)/Kd+1. Thus our approach is to evaluate the characters of these representations of finite groups and
calculate their intertwining number I.

Computing the characters is straightforward. The character χηd of σηd

on an element g = (gij) ∈ BKd is
given by

χηd(g) = Tr

(
σηd

((
g11 g12
g21 g22

)))
= Tr

(
σ

((
g11 0

g21ϖ
−d g11

−1

)))
where g11 ∈ O×

E , and g21 ∈ pdE . Therefore, we have

χηd(g) =


(q − 1)θ(g11) if g11 ∈ z + pE for some z ∈ E1, and g21 ∈ pd+1

E ;

−θ(g11) if g11 ∈ z + pE for some z ∈ E1, and g21 ∈ pdE \ pd+1
E ;

0 otherwise.

We now provide a formula for the character ΨX−ϖ−d ,θ. Let g ∈ BKd∩ZUJd. Then by Lemma 4.3, g21 ∈ pdE ,

and g−1
11 g12 ∈

√
ϵOF . Since ZU ⊂ B, we may factor g as g = th where t ∈ ZU and h = (hij) ∈ BKd ∩ Jd.

Then there exists z ∈ E1, such that g11 ≡ z mod p
⌈ d

2 ⌉
E and h21 = z−1g21. Since g11 ≡ z mod p

⌈ d
2 ⌉

E we have

z ∈ g11(1+ g−1
11 p

⌈ d
2 ⌉

E ) which implies that z−1 ≡ g−1
11 mod p

⌈ d
2 ⌉

E and therefore we have h21 = z−1g21 ≡ g−1
11 g21

mod p
⌈d+1⌉
E . As g21 ∈ pdE , h21 ≡ g−1

11 g21 mod p
⌈d+1⌉
E and ψ is trivial on pE , it follows that

ΨX−ϖ−d ,θ(g) = θ(t)ψ(Tr(X−ϖ−d(h− I))) = θ(g11)ψ(−ϖ−dh21) = θ(g11)ψ(−g−1
11 g21ϖ

−d).

Computing the intertwining number is technically challenging, but follows easily once we arrange the sum in
an appropriate way. Note that if g21 ∈ pd+1

E , then ψ(−g−1
11 g21ϖ

−d) = 1 as ψ is trivial on pE , and it follows
that

ΨX−ϖ−d ,θ(g) = θ(g11)ψ(−g−1
11 g21ϖ

−d) = θ(g11).

Thus, to evaluate ΨX−ϖ−d ,θ, it suffices to consider its restriction to the following two subsets of N :=

(BKd ∩ ZUJd)/Kd+1:

S1 := {g ∈ N | g11 ∈ z + p
⌈ d

2 ⌉
E for some z ∈ E1 and g21 ∈ pd+1

E }.

S2 := {g ∈ N | g11 ∈ z + p
⌈ d

2 ⌉
E for some z ∈ E1 and g21 ∈ pdE \ pd+1

E }.
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Note that N = S1 ⊔ S2. Thus we have

ΨX−ϖ−d ,θ(g) =

{
θ(g11) if g ∈ S1,

θ(g11)ψ(−g−1
11 g21ϖ

−d) if g ∈ S2.

Thus the intertwining number I(χηd ,ΨX−ϖ−d ,θ) = dimC(HomBKd∩(ZUJd)g (σ
ηd

,ΨX−ϖ−d ,θ)) is given by

I(χηd ,ΨX−ϖ−d ,θ) =
1

|N |
∑
g∈N

χηd(g)ΨX−ϖ−d ,θ(g)

=
1

|N |
∑
g∈S1

(q − 1)θ(g11)θ(g11) +
1

|N |
∑
g∈S2

(−θ(g11))θ(g11)ψ(−g−1
11 g21ϖ

−d).

For convenience, set

M1 :=
∑
g∈S1

(q − 1)θ(g11)θ(g11) and M2 :=
∑
g∈S2

(−θ(g11))θ(g11)ψ(−g−1
11 g21ϖ

−d).

Then

I(χηd ,ΨX−ϖ−d ,θ) =
M1 +M2

|N |
.

We first compute the second sum M2. Since ψ is unitary, ψ(−g−1
11 g21ϖ

−d) = ψ(g−1
11 g21ϖ

−d) and therefore

M2 =
∑
g∈S2

(−θ(g11))θ(g11)ψ(g−1
11 g21ϖ

−d).

Observe that for each g11 ∈ z + p
⌈ d

2 ⌉
E , the sum∑

g21∈pd
E\pd+1

E

ψ(g−1
11 g21ϖ

−d
√
ϵ) =

∑
y∈e\{0}

ψ(y).

Since
∑

y∈e ψ(y) = 1, and ψ(0) = 1, we obtain that∑
g21∈pd

E\pd+1
E

ψ(zg21ϖ
−d

√
ϵ) = −1.

Therefore,

M2 =
∑
g∈S2

θ(g11)θ(g11).

Adding M1 and M2, and applying the orthogonality relations for characters, we obtain

M1 +M2 =
∑
g∈N

θ(g11)θ(g11) = |N |.

Therefore the intertwining number between the two characters is

I(χηd ,ΨX−ϖ−d ,θ) =
M1 +M2

|N |
=

|N |
|N |

= 1.

Hence the representations IndKBKd
σηd

and Sd(X−ϖ−d , θ) intertwine. Since Sd(X−ϖ−d , θ) is irreducible and has

the same degree as IndKBKd
σηd

, we conclude that IndKBKd
σηd

is irreducible and isomorphic to Sd(X−ϖ−d , θ),
which by Theorem 3.2 is isomorphic to Sd(Xϖ−d , θ), proving the theorem. □

As a corollary, we obtain our main results of this section, and our first set of branching rules.
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Corollary 4.12 (Branching rules for depth-zero supercuspidal representations). Let σ be a cuspidal repre-
sentation of K/K0+ with central character θ. Then the decomposition into irreducible K-representations of
the restrictions to K of the corresponding depth-zero supercuspidal representations of G are given by

ResKc-Ind
G
Kσ

∼= σ ⊕
⊕

d∈2Z≥1

Sd(Xϖ−d , θ) and ResKc-Ind
G
Kηση ∼=

⊕
d∈2Z≥0+1

Sd(Xϖ−d , θ).

We conclude by noting that every component occurring in the decomposition has distinct depth and degree.
Even more, the origin of the representation determines the parity of the depths of the irreducible constituents
occurring in the restriction to K, for compact induction from K yields only even depth components, while
compact induction from Kη yields only odd depth components. We also observe that if σ1 and σ2 are cuspidal
representations of K/K0+ with the same central character, then the corresponding depth-zero supercuspidal
representations of G have isomorphic restrictions to K, i.e.,

ResK c-Ind
G
Kσ1

∼= ResK c-Ind
G
Kσ2 and ResK c-Ind

G
Kησ

η
1

∼= ResK c-Ind
G
Kησ

η
2 .

It is also worth comparing this behaviour with that of depth-zero irreducible supercuspidal representations of

SL(2, F ). In the case of SL(2, F ), each Mackey component IndKBKd
σηd

decomposes further into two irreducible
pieces, whereas for our unitary group each such component remains irreducible.

5. Branching rules for positive-depth supercuspidal representations of G

In this section, we first construct all positive-depth irreducible supercuspidal representations of G using a
method originally due to J. K. Yu, often referred to as the Adler–Fintzen–Yu method [Adl98, Yu01, Fin21a].
Since p > 2, this construction yields all irreducible supercuspidal representations of G [Fin21b, Theorem 8.1].
We then restrict these representations to K and describe their decomposition in terms of the irreducible
representations of K constructed in Theorem 3.1. We prove that this decomposition is multiplicity-free and
is characterized by distinct depth and degree.

5.1. Construction of the representations. Our goal in this section is to provide an explicit parametriza-
tion of all positive-depth irreducible supercuspidal representations of G.

Note that if λ is a positive-depth character of G and π0 is an irreducible depth-zero supercuspidal represen-
tation of G, then λ ⊗ π0 is an irreducible positive-depth supercuspidal representation of G. Since we have
already described the branching rules for all depth-zero irreducible supercuspidal representations of G in §4,
we now turn to the construction of those positive-depth supercuspidal representations not arising in this
way.

We begin by recalling the Adler–Fintzen–Yu method for constructing positive-depth supercuspidal repre-
sentations of connected reductive p-adic groups (together with the twist introduced by Fintzen, Kaletha,
and Spice), specializing to the case of our unitary group G. We first present the datum required for the
construction and then briefly summarize the latter.

5.1.1. Datum for the construction. There are various equivalent ways to present the datum; here we follow
the formulation of [Fin21a, FKS23]. The datum for constructing positive-depth supercuspidal representations
of a general group G is quite complex, but since our group G has rank one, it can be simplified as follows.

(D1) An anisotropic torus T of G;
(D2) The unique point y ∈ B(T ) ⊂ B(G);
(D3) A real number r > 0, and we set s := r

2 ;
(D4) A G-generic character ϕ of T of depth r relative to y;
(D4’) A character ϕ′ of G that is either trivial or of depth r′ > r.



BRANCHING RULES FOR IRREDUCIBLE SUPERCUSPIDAL REPRESENTATIONS OF UNRAMIFIED U(1, 1) 21

For the remainder of this subsection, we briefly recall Yu’s datum for constructing positive-depth super-
cuspidal representations as formulated in [Fin21a, § 2.1], and explain why, in our setting, it reduces to the
simplified form above.

(a) The general construction requires a sequence

G = G1 ⊇ G2 ⊃ G3 ⊃ · · · ⊃ Gn+1

of twisted Levi subgroups1 of G that split over a tamely ramified extension of F , with Z(Gn+1)/Z(G)
anisotropic. Since G has rank one, the only possible sequences are G ⊃ T or G ⊇ G ⊃ T , where
T is an anisotropic torus. We shall see later (5.3) that representations arising from the latter are
simply twists (by characters of G as in (D4’)) of those from the former, so it suffices to consider the
sequence G ⊃ T , as in (D1).

(b) In the general setting, one requires a point y ∈ Ben(Gn+1) ⊂ Ben(G) such that the image of y in
Ben(Gder

n+1) is a vertex. For our group G, the center is compact, and so Ben(Gder) is the reduced
building B(G). Moreover, since T is compact its building (enlarged or reduced) is a single point,
which is thus a vertex of B(T ), justifying (D2).

(c) The general datum requires a decreasing sequence of real numbers r1 > r2 > · · · > rn > 0, depending
on the length of the chain of twisted Levi subgroups. In our case, the two possibilities are a single
parameter r > 0, or a pair r′ > r > 0, corresponding to the sequences noted in (a). So if the sequence
is G ⊃ T , we have a character ϕ of T of depth r, and if the sequence is G ⊇ G ⊃ T , then in addition
to ϕ, we also have a character ϕ′ of G of depth r′.

(d) One also requires, for each 1 ≤ i ≤ n, a character ϕi of Gi+1 of depth ri, trivial on (Gi+1)y,ri+.
If Gi ̸= Gi+1, we also require ϕi to be Gi-generic of depth ri relative to y. In particular for our
case, for either sequence, we need a character of T , which we will denote by ϕ, that is G-generic of
depth r > 0, which is the condition (D4); and for the sequence G ⊇ G ⊃ T we additionally need a
character ϕ′ of G of depth r′ > r, which is the optional condition (D4’).

(e) Another ingredient is an irreducible representation σ of (Gn+1)[y] that is trivial on (Gn+1)y,0+ and
is a cuspidal representation of

(Gn+1)y,0/(Gn+1)y,0+,

where [y] denotes the image of y in the reduced building B(Gn+1). In our case, (Gn+1)[y] = T , since

Ben(T ) = Bred(T ) = {y}, and σ is a cuspidal representation of T /T0+. Since this group is abelian,
σ is one-dimensional, and without loss of generality we may absorb it into ϕ by replacing ϕ with
σ ⊗ ϕ [HM08, Theorem 6.7].

The datum in particular defines a compact open subgroup K ′ and a representation ρ thereof such that
c-IndGK′ρ is an irreducible supercuspidal representation as we will summarize in the next section. In our case,
the inducing subgroup is simply K ′ = Gy,sT .

Remark 5.1. Fintzen–Kaletha–Spice [FKS23, Definition 4.1.10] introduced an additional sign character ε
of the inducing subgroup K ′. However, in our case, since Gn+1 = T is just a torus, ε is a sign character of
Gy,sT , trivial on Gy,sT0+. Since Gy,sT /Gy,sT0+ ∼= T /T0+, ε is simply a depth-zero character of T . As in (e),
we may replace ϕ with ε⊗ ϕ. We note that Yu’s original construction did not include ε; this correction was
introduced in [FKS23] to make Yu’s proof work – his proof relied on a typo in a published reference. Fintzen
also showed in [Fin21a] that Yu’s original construction is valid even without ε, and provided a different
proof of Yu’s main theorem. For our purposes, the presence or absence of ε does not affect the outcome,
though it is crucial in broader contexts such as the local Langlands correspondence [Kal21] and character
theory [Spi18].

Note that we have already classified all anisotropic tori T of G up to conjugacy in Proposition 2.6, with
corresponding vertices y listed in Table 1. We have also provided a description of G-generic characters of T
in 2.3.2. Having assembled the necessary ingredients, we now proceed with the construction.

1For us the symbol ⊃ always denotes a proper subset inclusion.
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5.1.2. The construction. Given a quadruple (T , y, r, ϕ) as in Section 5.1.1, the idea of the construction is to
extend ϕ to a uniquely determined depth r representation ρ = ρ(T , y, r, ϕ) of the compact open subgroup
Gy,sT , whose compact induction to G is irreducible, and hence supercuspidal. It proceeds as follows. Recall
that we denoted by e the Moy–Prasad isomorphisms of abelian groups

ts+/tr+ −→ Ts+/Tr+, gx,s+/gx,r+ −→ Gx,s+/Gx,r+.

Since the character ϕ of T has depth r, its restriction to Ts+ factors through Ts+/Tr+. As established
in Section 2.3.2, every such character is represented by an element of t−r; that is, there exists Γu,v =(

u
√
ϵ v

√
ϵ

v
√
ϵ u

√
ϵ

)
∈ t−r ⊂ g such that

(5.1) ϕ(t) = Ψ
(
Tr
(
Γu,v e

−1(t)
))

for all t ∈ Ts+.
Moreover, as explained in that section, the image of Γu,v in t−r/t−s is uniquely determined by this relation,
and the genericity of ϕ forces ν(vγ1) = −r − y. The element Γ := Γu,v also defines a character ΨΓ of
Gy,s+/Gy,r+ given by

ΨΓ(g) = Ψ(Tr(Γe−1(g))) for all g ∈ Gy,s+.

Since ϕ and ΨΓ agree on the intersection Ts+ of their domains, together they define a unique character ϕ̂ of
Gy,s+T , given by

(5.2) ϕ̂(gt) = ΨΓ(g)ϕ(t) ∀g ∈ Gy,s+, ∀t ∈ T .

The following lemma is a summary of the consequences of the key technical step of Yu’s construction applied
to our case.

Lemma 5.2. If T is ramified, or if T is unramified and r is odd, then Gy,s+ = Gy,s. In these two cases,

ρ = ϕ̂ is a one-dimensional representation of Gy,sT of depth r.

If T is unramified and r is even, then there exists an irreducible representation ρ of Gy,sT of dimension q

such that ρ |Gy,s+Ts is ϕ̂-isotypic, ρ |ZT0+ is ϕ-isotypic, and ResGy,s+ρ is ΨΓ-isotypic.

Idea of proof. If Gy,s+ = Gy,s, then we already have a description of ρ = ϕ̂ given by (5.2). If Gy,s+ ̸= Gy,s,
then ρ is constructed using the Weil–Heisenberg representation. A detailed description of the construction,

together with the fact that dim(ρ) =
√
|Gy,s/Gy,s+Ts| and ρ |Gy,s+Ts is ϕ̂-isotypic, is given in [Fin21a,

Section 2.5]. Since Gy,s+ ≤ Gy,s+Ts ≤ Gy,sTs = Gy,s, using group isomorphism theorems we have

[Gy,s : Gy,s+Ts] =
[Gy,s : Gy,s+]

[Gy,s+Ts : Gy,s+]
=

[Gy,s : Gy,s+]

[Ts : Ts+]
.

As s > 0, by properties of Moy-Prasad filtration subgroups, we have Gy,s/Gy,s+
∼= gy,s/gy,s+ and Ts/Ts+ ∼=

ts/ts+. Therefore

[Gy,s : Gy,s+Ts] =
[gy,s : gy,s+]

[ts : ts+]
=
q4

q2
= q2,

and hence dim(ρ) = q. The remaining properties, namely that ρ |ZT0+
is ϕ-isotypic and that ResGy,s+

ρ is
ΨΓ-isotypic, are established in [Nev13, Lemma 3]. □

We write ρ = ρ(T , y, r, ϕ) for the representation produced by Lemma 5.2. Then by [Fin21a, Theorem 3.1]
the compactly induced representation

πρ := c -IndGGy,sT ρ

is an irreducible supercuspidal representation of G of depth r.

Now suppose our datum includes a character ϕ′ of G of depth r′ > r, as in (D4’). Then the representation
ρ′ = ρ(T , y, r, ϕ, r′, ϕ′) is just ϕ′ ⊗ ρ. Since ϕ′ is a character of G, by applying Lemma 2.9 we have

(5.3) c -IndGGy,sT (ϕ
′ ⊗ ρ) ∼= ϕ′ ⊗

(
c -IndGGy,sT ρ

)
,
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and therefore c -IndGGy,sT (ϕ
′ ⊗ ρ) is also an irreducible supercuspidal representation of G, this time of depth

r′. Hence the simplification in (D1).

Theorem 5.3. [Fin21b] All positive-depth irreducible supercuspidal representations of G have the form

λ⊗ c-IndGGy,sT ρ

for some character λ of G, or λ ⊗ π0, where λ is a positive-depth character of G, and π0 is a depth-zero
irreducible supercuspidal representation of G.

We denote the simplified datum (T , y, r, ϕ) arising from (D1)–(D4) by Σ. When (D4’) is also included,
we denote the extended datum (T , y, r, ϕ, r′, ϕ′) by Σ′. A natural question is: if we tensor ρ (or πρ) by a
character of G of depth r′ > r, then it is the representation arising from the datum (T , y, r, ϕ, r′, ϕ′), but
what happens if we tensor by a character of G of depth ≤ r? How does it arise from a datum?

Lemma 5.4. Let ρ = ρ(T , y, r, ϕ), let λ be a character of G of depth ≤ r, and let ϕ̃ be a character of T
such that ϕ = λ |T ⊗ϕ̃. Then

(1) ϕ̃ is a G-generic character of T of depth r; and

(2) if ρ̃ := ρ(T , y, r, ϕ̃), then with s = r
2 we have c-IndGGy,sT ρ̃

∼= λ⊗
(
c-IndGGy,sT ρ

)
.

Proof. We leverage the work of Hakim and Murnaghan [HM08], who showed when two data produce equiv-
alent representations. Let ϕG be a character of G of depth r1 > r. Then Σ′ := (T , y, r, ϕ, r1, ϕG) is a
well-defined input for the construction of a supercuspidal representation. Consequently, by (5.3),

ϕG ⊗ c-IndGGy,sT ρ

is an irreducible supercuspidal representation of G of depth r1, where ρ = ρ(T , y, r, ϕ).

To prove the lemma, consider Σ̇ = (T , y, r, ϕ̃, r1, λϕG). To verify that it is a valid input, we have to prove

that ϕ̃ is a G-generic character of T of depth r. To do so, we prove that Σ̇ is a refactorization of Σ′ in the
sense of [HM08, Definition 4.19]. To verify that Σ̇ is a refactorization of Σ′, we must check conditions (F0),
(F1), and (F2) of Definition 4.19 in [HM08], which in our setting reduce to the following two conditions:

(F0) If ϕG = 1, then λϕG = 1.

(F1) ϕ̃ |T0+= (ϕλ−1) |T0+ and (λϕG) |Gy,r+= ϕG |Gy,r+ .

Condition (F0) is vacuously satisfied because ϕG has depth r1 > 0 and is therefore nontrivial. For (F1), note

that ϕ = λ |T ⊗ϕ̃, so the first equality holds immediately. Moreover, since λ has depth ≤ r, it is trivial on
Gy,r+, which implies the second equality as well.

In [HM08, Proposition 4.24], Hakim and Murnaghan prove that if Σ̇ is a refactorizaton of Σ′, then Σ̇ is also
a well-defined input, and the representations

ρ(Σ) := ϕG |Gy,sT ⊗ρ and ρ(Σ̇) := (λϕG) |Gy,sT ⊗ρ̃

are equivalent. As a consequence, we obtain an isomorphism

ϕG ⊗
(
c-IndGGy,sT ρ

)
∼= (λϕG)⊗

(
c-IndGGy,sT ρ̃

)
,

of supercuspidal representations. Finally, canceling ϕG on both sides yields the desired result. □

We can now give a further simplification to our data, one that will be crucial in §6.
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Proposition 5.5. Let ρ = ρ(T , y, r, ϕ), and set s := r
2 . Then there exists a character λ of G such that

c-IndGGy,sT ρ
∼= λ⊗ c-IndGGy,sT ρ̃,

where ρ̃ = ρ(T , y, r, ϕ′) is chosen so that c-IndGGy,sT ρ̃ is an irreducible supercuspidal representation of depth
r with depth-zero central character.

Proof. Let θ denote the central character of c-IndGGy,sT ρ. Then we may write θ = δkµ2 for some k ∈ {0, 1}
and some character µ of E1, where δ is the non-trivial quadratic character of E1. Consider the character
µ ◦ det of G. Since c-IndGGy,sT ρ has depth r, its central character θ has depth at most r. Note that µ ◦ det
has same depth as that of θ. Thus µ ◦ det is a character of G of depth ≤ r.

Define ϕ′ := (µ−1◦ det) ⊗ ϕ. Then ϕ′ |Z is δk, and we may write ϕ = (µ ◦ det) ⊗ ϕ′. Applying Lemma 5.4
yields that ϕ′ is a G-generic character of T of depth r, and

c-IndGGy,sT ρ
∼= (µ ◦ det)⊗ c-IndGGy,sT ρ̃

where ρ̃ = ρ(T , y, r, ϕ′). Since ϕ′ |Z is δk, it follows that the central character of c-IndGGy,sT ρ̃ is δk, which
has depth zero for either value of k. This completes the proof. □

The following is a direct consequence of Theorem 5.3 and Corollary 5.5. This corollary will be used in §6.

Corollary 5.6. Every irreducible supercuspidal representation π of G of depth r > 0 can be expressed as
π ∼= λ⊗ π′, where λ is a character of G and π′ is an irreducible supercuspidal representation of G of depth
r whose central character is either 1 or δ.

5.2. Restriction to K. By Theorem 5.3, we know that the positive-depth irreducible supercuspidal repre-
sentations of G have the form

λ⊗ c-IndGGy,sT ρ

for some character λ of G, or λ ⊗ π0, where λ is a positive-depth character of G, and π0 is a depth-zero
irreducible supercuspidal representation of G. Since the decomposition of depth-zero representations of G
was already described in §4.2, and for a character λ of G

ResK

(
λ⊗ c-IndGGy,sT ρ

)
∼= λ |K ⊗ResK

(
c-IndGGy,sT ρ

)
,

it suffices to describe the branching for πρ = c-IndGGy,sT ρ, where ρ = ρ(T , y, r, ϕ). In this section, we do not
need to assume that the depth of the central character of πρ is zero. By Mackey theory we have

ResGK πρ
∼=

⊕
g∈K\G/Gy,sT

c -IndKK∩(Gy,sT )g ρ
g.

For each double coset representative g ∈ K\G/Gy,sT , the depth of the Mackey component c -IndKK∩(Gy,sT )g ρ
g

depends on T (via the associated point y), on g, and on r. We denote this depth by d = d(T , g, r).

Theorem 5.7. For each double coset representative g ∈ K\G/Gy,sT , the corresponding Mackey component

c -IndKK∩(Gy,sT )g ρ
g

is an irreducible representation of K.

The proof of Theorem 5.7 proceeds in several steps. In §5.2.1 we give an explicit description of double
coset representatives for the space K\G/Gy,sT . Using these, we compute the degrees of the corresponding
Mackey components in §5.2.2. Finally, in §5.2.3, we show that these Mackey components intertwine with
the irreducible representations of the same degree constructed in Theorem 3.1, thereby establishing their
irreducibility.
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5.2.1. Double coset representatives. Our goal in this section is to explicitly compute a set of double coset
representatives for the double coset space K\G/Gy,sT for each of the anisotropic tori listed in Table 1,
together with their corresponding point y and s > 0. Note that, except for Tϖ−1,ϖ, all such tori are contained

in K. In contrast, the torus Tϖ−1,ϖ = T η
1,1 lies inside the conjugate subgroup Kη, where η =

(
1 0
0 ϖ

)
.

By Lemma 2.4 a set of representatives for K\G/K (and likewise for Kη\G/Kη) is { αt |; t ≥ 0 }, where

αt :=
(

ϖ−t 0
0 ϖt

)
.

When T ⊂ K, we also have Gy,sT ⊂ K; and for the torus corresponding to y = 1, we have T = T η
1,1 ⊂

Gy,sT η
1,1 ⊂ Kη. In both situations, applying Lemma 2.5 shows that each double coset in K\G/T Gy,s

has a representative of the form αtβ, with t ≥ 0 and β a representative of K ∩ Kα−t\K/Gy,sT or Kη ∩
(Kη)α

−t\Kη/Gy,sT , respectively. Therefore, we begin by computing sets of double coset representatives for
these latter double coset spaces.

Note that α−t = ϖtIη−2t, therefore K∩Kα−t

= K∩Kη−2t

= (K∩Kη2t

)η
−2t

. By Lemma 4.3, (K∩Kη2t

) = BK2t

and by Lemma 4.4 we have (BK2t)
η−2t

= BopK2t. Hence

(5.4) K ∩ Kα−t

= BopK2t.

Since Bop ⊆ K ∩ Kα−t

and T ⊂ Gy,sT , each double coset is a union of smaller double cosets, namely,

(K∩Kα−t

)\K/Gy,sT is a union of double cosets from Bop\K/T . Similarly, as η and α−t commute, we have

(Bop)η ⊆ Kη∩ (Kη)α
−t

and T η
1,1 ⊂ (G0,sT1,1)η = Gy,sT . Thus (Kη∩ (Kη)α

−t

)\Kη/Gy,sT is a union of double

cosets from (Bop)η\Kη/T η
1,1.

Proposition 5.8. Let T be one of the tori listed in Table 1, with T ⊂ K. Then

K =

{
BopT , if T = T1,1
BopT ⊔ BopwT , if T is ramified

where w = ( 0 1
1 0 ). Similarly, Kη = (Bop)η(T1,1)η.

Proof. Assume that Tγ1,γ2
⊂ K and let k := ( x y

z w ) ∈ K. If y = 0, then k belongs to the identity coset

BopTγ1,γ2 . If y ̸= 0 but y ∈ pE , then Lemma 2.3 yields x ∈ O×
E . Since x

−1 = x
xx and xz ∈

√
ϵF , we conclude

that x−1z ∈
√
ϵF . We also have xw + zy = 1, implying that w = x−1 − x−1zy = x−1 + x−1zy. Hence we

can express k as (
x y
z w

)
=

(
x 0
z x−1

)(
1 yx−1

0 1

)
.

Observe that if ( x y
z w ) ∈ K, then

(
x 0
z x−1

)
∈ K, thus

(
1 yx−1

0 1

)
has to be an element of K, and therefore it

follows that x−1y ∈
√
ϵpF . Then (1−(yx−1)2γ−1

1 γ2) ∈ O×
F . Choose a ∈ O×

E such that aa = 1−(yx−1)2γ−1
1 γ2.

Note that such a choice of a is possible because the norm map NE/F maps O×
E surjectively onto O×

F . We
then have(

x y
z w

)
=

(
x 0
z x−1

)(
a 0

−a−1yx−1γ−1
1 γ2 a−1

)(
a−1 yx−1a−1γ−1

1 γ1
yx−1a−1γ−1

1 γ2 a−1

)
∈ BopT .

Lastly, if y ∈ O×
E , then we can express k as ( x y

z w ) =
(

y 0

w y−1

)(
xy−1 1

1 0

)
, and xy−1 ∈

√
ϵOF . If xy

−1 ∈
√
ϵO×

F ,

then (γ−1
1 γ2 − (xy−1)2) ∈ O×

F . Choose a ∈ O×
E such that aa = γ−1

1 γ2 − (xy−1)2. We then have(
x y
z w

)
=

(
y 0
w y−1

)(
a 0

−a−1xy−1γ−1
1 γ2 a−1

)(
a−1xy−1 a−1γ−1

1 γ1
a−1γ−1

1 γ2 a−1xy−1

)
∈ BopT .

Finally, let xy−1 ∈
√
ϵpF . Then 1− γ1γ

−1
2 (xy−1)2 ∈ O×

F . Choose a ∈ O×
E such that aa = 1− γ1γ

−1
2 (xy−1)2.

We then have(
x y
z w

)
=

(
y 0
w y−1

)(
a 0

−a−1xy−1γ1γ
−1
2 a−1

)(
0 1
1 0

)(
a−1 (aγ2)

−1xy−1γ1
(aγ2)

−1xy−1γ2 a−1

)
∈ BopwT .
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It remains to show that when T is unramified, then w belongs to the identity double coset; and when T is
ramified, then BopT ̸= BopwT . Indeed, from direct computation one can show that w ∈ BopT if and only if
there exists some a ∈ O×

E such that aa = γ−1
1 γ2. Since NE/F maps O×

E surjectively onto O×
F , such a choice

of a is possible only when γ−1
1 γ2 ∈ O×

F , and this happens only when T is unramified. Finally, since the
groups Bop, K, and T1,1 are conjugated simultaneously, the map x 7→ ηxη−1 induces a bijection between the
double coset spaces Bop\K/T1,1 and (Bop)η\Kη/T η

1,1. Therefore, Kη = (Bop)η(T1,1)η. □

Lemma 5.9. Let T be one of the tori listed in Table 1, and let y = A(G, T ). Then

K =

{
(K ∩ Kα−t

)Gy,sT , if T = T1,1
(K ∩ Kα−t)Gy,sT ⊔ (K ∩ Kα−t

)wGy,sT , if T is ramified.

Similarly, Kη = (Kη ∩ (Kη)α
−t

)Gy,sT if T = T η
1,1.

Proof. As noted earlier (K ∩ Kα−t

)\K/Gy,sT
(
resp. (Kη ∩ (Kη)α

−t

)\Kη/Gy,sT
)

is a union of double

cosets from Bop\K/T
(
resp. (Bop)η\Kη/T η

1,1

)
. When T is unramified, by Proposition 5.8 we have K =

BopT
(
resp. Kη = (Bop)ηT η

1,1

)
, from which we conclude that, when T = T1,1, K = (K∩Kα−t

)Gy,sT , and,
when T = T η

1,1, Kη = (Kη ∩ (Kη)α
−t

)Gy,sT .

It remains to show that I and w represent distinct double cosets of K∩Kα−t\K/Gy,sT when T is ramified.

Let T be a ramified torus with corresponding point y = 1
2 . Since (K ∩ Kα−t

) = BopK2t (5.4), we have

(K ∩ Kα−t

)Gy,sT ⊂ BopK2tGy,sT . Since the (1, 1)-entry of any element of BopK2tGy,sT will always be an

element of O×
E , we deduce that w /∈ (K ∩ Kα−t

)Gy,sT ⊂ BopK2tGy,sT , and hence I and w must represent
distinct double cosets. □

Theorem 5.10. A set of representatives for the double coset space K\G/T Gy,s is given by

M(T ) :=

{
{αt | t ≥ 0} if T is unramified

{I, αt, αtw | t > 0} if T is ramified

where αt =
(

ϖ−t 0
0 ϖt

)
, and w = ( 0 1

1 0 ).

5.2.2. The degree of the Mackey components. For each g ∈ M(T ), we now compute the degrees of the
corresponding Mackey components

IndKK∩(Gy,sT )gρ
g.

Recall that for r > 0 and s = r
2 , the representation ρ = ρ(T , y, r, ϕ) of Gy,sT is an irreducible representation

of depth r that has degree 1 when Gy,s = Gy,s+, and degree q otherwise. Thus, for all g ∈M(T ), the degree
of the corresponding Mackey component is

deg
(
IndKK∩(Gy,sT )gρ

g
)
= deg(ρ) [K : K ∩ (Gy,sT )g].

Thus, the computation reduces to evaluating the index [K : K ∩ (Gy,sT )g] for each g ∈M(T ).

Proposition 5.11. Let g ∈M(T ). Then K ∩ (Gy,sT )g = (K ∩Gg
y,s)(K ∩ T g).

Proof. Since Gy,s ⊴ Gy and T ⊆ Gy, the torus T normalizes Gy,s. In particular, K∩T g normalizes K∩Gg
y,s.

Hence the product (K ∩ Gg
y,s)(K ∩ T g) is a subgroup of K. Let g = αt. If t = 0, then g = I. Since for all

s > 0 we have Gy,s ⊆ K, we have (K ∩Gy,sT ) = Gy,s(K ∩ T ), and there is nothing to prove. Assume t > 0,

and write k = hu ∈ Gy,sT with h ∈ Gy,s and u ∈ T . Then kα
t

= hα
t

uα
t ∈ Gαt

y,sT αt

. Explicitly we have

kα
t

=

(
h11u11 + h12u21 (h11u12 + h12u22)ϖ

−2t

(h21u11 + h22u21)ϖ
2t h21u12 + h22u22

)
.
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For kα
t

to lie in K, the following conditions must be satisfied. Since t > 0, the (2, 1) entry lies in pE ;
hence, by Lemma 2.3, the (1, 1) and (2, 2) entries must lie in O×

E , and the (1, 2) entry must lie in OE . Since

h21 ∈ p
⌈s+y⌉
E ⊆ pE and h22 ∈ 1 + p

⌈s⌉
E , solving the condition on the (2, 2) entry of kα

t

gives u22 ∈ O×
E .

Next, consider the (1, 2) entry of hu. Since h11, u22 ∈ O×
E , ν(h11u12 + h12u22) ≥ min{ν(u12), ν(h12)}. If

ν(u12) ̸= ν(h12), then in order to have kα
t ∈ K it is necessary that ν(u12), ν(h12) ≥ 2t. This implies that

both hα
t

and uα
t

lie in K whenever kα
t ∈ K. Thus we have the desired factorization in this case.

On the other hand, if ν(h12) = ν(u12) ≥ ⌈s− y⌉, more care is required. Since u ∈ T , we have u11 = u22 and

u21 = u12γ
−1
1 γ2. Moreover, we have u11u11+u12u12γ

−1
1 γ2 = 1, which implies that u11u11 ≡ 1 (mod p

2⌈s−y⌉
E ).

Since for all n ≥ 1 the norm map NE/F : 1 + pnE → 1 + pnF is surjective when E/F is a unramified quadratic

extension, there exists c ∈ 1 + p
2⌈s−y⌉
E with NE/F (u11) = NE/F (c). As NE/F (u11c

−1) = 1, u11c
−1 ∈ E1.

Therefore, we can factor(
u11 u12

u12γ
−1
1 γ2 u11

)
=

(
c cu−1

11 u12
cu−1

11 u12γ
−1
1 γ2 c

)(
u11c

−1 0
0 u11c

−1

)
∈ Gy,sZ.

Thus u = ḣz for some ḣ ∈ Gy,s and z ∈ Z. Hence k = hḣz = h̃z with h̃ ∈ Gy,s. Since z
αt

= z ∈ K, kα
t ∈ K

if and only if h̃α
t ∈ K. This yields the desired factorization. The case g = αtw is analogous, and can be

proved by replacing Gy,s with Gw
y,s and ⌈s− y⌉ with ⌈s+ y⌉. □

Let T = Tγ1,γ2
, and take y = A(G, T ) as in Table 1. Before proceeding, for each g ∈ M(T ) and s > 0, we

describe explicitly the subgroups K ∩ T g and K ∩Gg
y,s.

For g ∈M(T ), we define

δ(g) =

{
2t− y if g = αtw

2t+ y otherwise.

Let k ∈ K. Then k ∈ T g if and only if g−1kg ∈ T . A direct computation shows that

(5.5) K ∩ T g =



{(
a b

bγ−1
1 γ2ϖ

4t a

)∣∣∣∣∣a, b ∈ OE

}
∩G if g = αt,

{(
a b

bγ1γ
−1
2 ϖ4t a

)∣∣∣∣∣a, b ∈ OE

}
∩G if g = αtw.

Similarly, k ∈ Gg
y,s if and only if g−1kg ∈ Gy,s, and we have

(5.6) K ∩Gg
y,s = K ∩

{(
1 + p

⌈s⌉
E p

⌈s−δ(g)⌉
E

p
⌈s+δ(g)⌉
E 1 + p

⌈s⌉
E

)}
=

{(
1 + p

⌈s⌉
E pME

p
⌈s+δ(g)⌉
E 1 + p

⌈s⌉
E

)}
∩ K

where M = max{0, ⌈s− δ(g)⌉}.

Lemma 5.12. Let g be αt (t ∈ Z≥0) or α
tw (t ∈ Z>0), and let y = A(G, T ). Then for t > 0 or y ̸= 0, we

have (K ∩ T g) = Z(K ∩ T g
0+).

Proof. Since y is the point associated to T , T0+ = T ∩ Gy,0+. The computations required for the proof of
this lemma are similar to those of (5.5). Let k =

(
a b
c d

)
; then k ∈ T g

0+ if and only if g−1kg ∈ T0+. Suppose

first that g = αt. Then α−tkαt =
(

a bϖ2t

cϖ−2t d

)
and we see that

K ∩ T αt

0+ =

{(
a b

bγ−1
1 γ2ϖ

4t a

)
| a ∈ 1 + pE , b ∈ OE

}
∩G.
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Similarly, when g = αtw, we have y = 1
2 and t > 0, therefore

K ∩ T αtw
0+ =

{(
a b

bγ1γ
−1
2 ϖ4t a

)
| a ∈ 1 + pE , b ∈ OE

}
∩G.

Now let h =

(
a b

bγ−1
1 γ2ϖ

4t a

)
∈ K ∩ T αt

. Then bγ−1
1 γ2ϖ

4t ∈ pF , and aa+ bbϖ4tγ−1
1 γ2 = 1. It follows that

aa ∈ 1+pF . Since NE/F : 1+pE → 1+pF is surjective, there exists c ∈ 1+pE such that NE/F (a) = NE/F (c),
and we have the decomposition(

a b
bγ−1

1 γ2ϖ
4t a

)
=

(
ac−1 0
0 ac−1

)(
c ca−1b

ca−1bγ−1
1 γ2ϖ

4t c

)
∈ Z(K ∩ T αt

0+ ).

Similarly, when h =

(
a b

bγ1γ
−1
2 ϖ4t a

)
∈ K ∩ T αtw, we have bγ1γ

−1
2 ϖ4t ∈ pF , aa ∈ 1 + pF , and(

a b
bγ1γ

−1
2 ϖ4t a

)
=

(
ac−1 0
0 ac−1

)(
c ca−1b

ca−1bγ1γ
−1
2 ϖ4t c

)
∈ Z(K ∩ T αtw

0+ ),

as was required. □

Proposition 5.13. Let ρ = ρ(T , y, r, ϕ) and let g ∈M(T ). Then

deg
(
IndKK∩(Gy,sT )gρ

g
)
=

{
(q − 1)qr when t = 0 and y = 0,

(q2 − 1)qd−1 otherwise

where d = r + δ(g).

Proof. We want to compute the index [K : K∩(Gy,sT )g]. By Proposition 5.11, this equals [K : (K∩Gg
y,s)(K∩

T g)]. From the description of these intersections (5.6), Gy,s+2t+1 is contained in (K ∩ Gg
y,s)(K ∩ T g) and

therefore in K. Hence

[K : (K ∩Gg
y,s)(K ∩ T g)] =

[K : Gy,s+2t+1]

[(K ∩Gg
y,s)(K ∩ T g) : Gy,s+2t+1]

.

We also have Gy,s+2t+1 ≤ (K∩Gg
y,s) ≤ (K∩Gg

y,s)(K∩T g), so by the third isomorphism theorem for groups
we have

[(K ∩Gg
y,s)(K ∩ T g) : Gy,s+2t+1] = [(K ∩Gg

y,s)(K ∩ T g) : K ∩Gg
y,s][K ∩Gg

y,s : Gy,s+2t+1].

Since (K ∩ T g) normalizes (K ∩Gg
y,s), the second isomorphism theorem yields

[(K ∩ T g)(K ∩Gg
y,s) : K ∩Gg

y,s] = [(K ∩ T g) : (K ∩ T g) ∩ (K ∩Gg
y,s)] = [(K ∩ T g) : (K ∩ T g ∩Gg

y,s)].

Hence,

[K : (K ∩Gg
y,s)(K ∩ T g)] =

[K : Gy,s+2t+1]

[(K ∩ T g) : (K ∩ T g ∩Gg
y,s)][(K ∩Gg

y,s) : Gy,s+2t+1]
.

Since Gy,s+2t+1 ≤ K0+ ≤ K, the third isomorphism theorem gives

[K : Gy,s+2t+1] =[K : K0+][K0+ : Gy,s+2t+1] =| U(1, 1)(f) | [K0+ : Gy,s+2t+1].

The index [K0+ : Gy,s+2t+1] equals the index of the corresponding OF -modules in the Lie algebra, which is

[K0+ : Gy,s+2t+1] = q2⌈s+2t⌉q⌈s+2t−y⌉q⌈s+2t+y⌉,

so

[K : Gy,s+2t+1] = q(q − 1)(q + 1)2q2⌈s+2t⌉q⌈s+2t−y⌉q⌈s+2t+y⌉ = (q − 1)(q + 1)2q2⌈s⌉+8t+1q⌈s−y⌉q⌈s+y⌉.
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From (5.6), the quotient (K ∩Gg
y,s)/(K0+ ∩Gg

y,s) is a unipotent subgroup of G/(K0+ ∩Gg
y,s), and therefore

is in bijection with the corresponding OF -module in the Lie algebra. This allows us to compute

[(K ∩Gg
y,s) : Gy,s+2t+1] =q

2(⌈s+2t+1⌉−⌈s⌉)q⌈s+2t+1−y⌉−Mq⌈s+2t+1+y⌉−⌈s+δ(g)⌉

=q8t+4−M−⌈s+δ(g)⌉q⌈s−y⌉q⌈s+y⌉

where M = max{0, ⌈s− δ(g)⌉}.

When t = 0 and y = 0, let T(f) = T /T0+, which is an anisotropic torus over f. We then have [(K∩T g) : (K∩
T g ∩Gg

y,s)] = [T : Ts] =| T(f) | [T1 : Ts] = (q + 1)2q2⌈s⌉−2. Hence

[K : (K ∩ (T Gy,s)
g)] =

(q − 1)(q + 1)2q4⌈s⌉+1

q4(q + 1)2q2⌈s⌉−2
= (q − 1)q2⌈s⌉−1.

Since deg(ρ) = q exactly when r = 2⌈s⌉, and deg(ρ) = 1 when r = 2⌈s⌉ − 1, the total degree is (q −
1)q2⌈s⌉−1deg(ρ) = (q − 1)qr.

In all other cases, that is, when t > 0 or y ̸= 0, since T ∩Gy,s = Ts, we have T g ∩Gg
y,s = T g

s . Therefore,

[(K ∩ T g) : (K ∩ T g ∩Gg
y,s)] = [(K ∩ T g) : (K ∩ T g

s )] = [(K ∩ T g) : (K ∩ T g
0+)][(K ∩ T g

0+) : (K ∩ T g
s )].

By Lemma 5.12, [(K∩T g) : (K∩T g
0+)] = [Z : Z0+] = [E1 : (1+pE)∩E1], which equals q+1 by Proposition 2.1.

The second factor is again the index of the corresponding OF -module in the Lie algebra, which is q⌈s⌉−1qM .
Hence

deg
(
IndKK∩(Gy,sT )gρ

g
)
= (q2 − 1)q⌈s⌉+⌈s+δ(g)⌉−2deg(ρ).

When r is an even integer, deg(ρ) = q, and δ(g) is an integer, so the expression simplifies to (q2 −
1)q2⌈s⌉+δ(g)−2q = (q2 − 1)qd−1. Otherwise, we have deg(ρ) = 1, and either r is an odd integer and y is
an integer, or else r and y are half-integers. In either case, ⌈s⌉ + ⌈s + δ(g)⌉ = 2s + δ(g) − 1, and we again
obtain (q2 − 1)qd−1, as desired. □

5.2.3. Proof of the main theorem. In this section, we present the proof of Theorem 5.7. That is, given
ρ = ρ(T , y, r, ϕ), we show that for each double coset representative g ∈ K\G/Gy,sT , the Mackey component

IndK(Gy,sT )g∩Kρ
g

is an irreducible representation of K. By Proposition 5.11, we have

IndK(Gy,sT )g∩Kρ
g = IndK(K∩T g)(K∩Gg

y,s)
ρg,

so it suffices to prove the irreducibility of the right-hand side. As established in Theorem 5.10, the double
coset space K\G/Gy,sT admits a set M(T ) of representatives consisting of elements of the form αt with
t ∈ Z≥0 and αtw with t ∈ Z>0. Moreover, Proposition 5.13 gives the degree of the Mackey component
corresponding to each g ∈M(T ).

We divide the proof of this theorem into two cases: the first case, t = y = 0, is straightforward.

Lemma 5.14. Let ρ = ρ(T , 0, r, ϕ) and let t = 0. Then the Mackey component IndKK∩(G0,sT )ρ = IndKG0,sT ρ
is an irreducible representation of K.

Proof. Note that G0,sT ⊆ K, and therefore K ∩G0,sT = G0,sT . Since c-IndGG0,sT ρ is irreducible, IndKG0,sT ρ
must be irreducible by transitivity of induction.

□

Since we have already handled the case t = y = 0, we shall, from this point onward, assume that t > 0
or y ̸= 0. Our strategy for this case is to construct an irreducible representation of the form Sd(X, ζ)
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(Lemma 5.16), as in Theorem 3.1, having the same degree as the corresponding Mackey component, and to
show that they intertwine, thereby deducing irreducibility (Proposition 5.17).

To compare with the Mackey component attached to g, it is enough to find X and ζ such that

HomK

(
IndKT (X)Jd

ΨX,ζ , Ind
K
(K∩T g)(K∩Gg

y,s)
ρg
)
̸= 0.

Applying Frobenius reciprocity and the Mackey decomposition theorem, this homomorphism space decom-
poses as ⊕

h∈(K∩T g)(K∩Gg
y,s)\K/T (X)Jd

Hom(K∩T g)(K∩Gg
y,s)∩(T (X)Jd)h

(
Ψh

X,ζ , ρ
g
)
.

The summand corresponding to h = 1 is Hom(K∩T g)(K∩Gg
y,s)∩T (X)Jd

(ΨX,ζ , ρ
g) , and the non-vanishing of

this term is precisely the condition we will verify. This will show that Sd(X, ζ) is a subrepresentation of the
Mackey component, and hence the irreducibility will follow once we confirm that their degrees coincide.

Lemma 5.15. Let ρ = ρ(T , y, r, ϕ) and let g ∈M(T ). Then the restriction of ρg to the subgroup K ∩ T g is
ϕg-isotypic.

Proof. By Lemma 5.12, we have K∩T g = Z(K∩T g
0+). Moreover, by Lemma 5.2, the restriction of ρ to ZT0+

is ϕ-isotypic. Conjugating by g, it follows that the restriction of ρg to K∩ T g is ϕg-isotypic, as claimed. □

By Lemma 5.15, the representation ρg is ϕg-isotypic on K ∩ T g. Moreover, by Lemma 5.12, the restriction
of ρ to Gy,s+ is ΨΓ-isotypic, where Γ ∈ t−r realizes ϕ on Ts+/Tr+. Consequently, the restriction of ρg to
K ∩ Gg

y,s+ is ΨΓg -isotypic. Since the centralizer of Γ in G is T , it follows that the centralizer T (Γg) of Γg

in K is K∩ T g. Recalling that T (X) denotes the centralizer of X in K, these observations naturally suggest
taking X = Γg and ζ = ϕg. These choices will be justified in the next lemma and in Proposition 5.17.

Lemma 5.16. Let ρ = ρ(T , y, r, ϕ) and let Γ ∈ t−r be the element realizing ϕ on Ts+/Tr+. Then, for every
g ∈ M(T ) satisfying our standing assumption that t > 0 or y ̸= 0, the element Γg lies in g0,−d and has the
form (

z
√
ϵ u

√
ϵ

v
√
ϵ z

√
ϵ

)
with z, u, v ∈ F satisfying ν(z), ν(v) > ν(u) = −d. Moreover, ϕg and ΨΓg agree on the intersection T (Γg) ∩
Jd.

Proof. Let T = Tγ1,γ2 . Then by the genericity of ϕ we know that Γ =
(

z
√
ϵ uγ1

√
ϵ

uγ2
√
ϵ z

√
ϵ

)
∈ t−r, with z ∈ p

⌈−r⌉
F

and ν(uγ1) = −r − y. Since elements of M(T ) are of the form αt with t ∈ Z≥0 and αtw with t ∈ Z>0, a
direct computation yields

Γαt

=

(
z
√
ϵ uγ1ϖ

−2t
√
ϵ

uγ2ϖ
2t
√
ϵ z

√
ϵ

)
and Γαtw =

(
z
√
ϵ uγ2ϖ

−2t
√
ϵ

uγ1ϖ
2t
√
ϵ z

√
ϵ

)
.

Moreover,
ν(uγ1ϖ

−2t
√
ϵ) = −r − y − 2t = −(r + δ(αt)) = −d,

and
ν(uγ2ϖ

−2t
√
ϵ) = −r − 1

2 + 1− 2t = −(r + 2t− y) = −(r + δ(g)) = −d,
where, in the latter case, (γ1, γ2) ∈ {(1, ϖ), (1, ϵ−1ϖ)} and y = 1

2 . Since d > r when t > 0 or y ̸= 0, we

conclude that in both cases the valuations of z, uγ2ϖ
2t, uγ1ϖ

2t are strictly greater than −d. Thus ΨΓg is
a character of Jd.

It remains to show that ϕg and ΨΓg agree on T (Γg)∩Jd. If t > 0 or y ̸= 0, then δ(g) > 0 and the subgroup
Jd is given by

Jd =

1 + p
s+

δ(g)
2

E p
s+

δ(g)
2

E

p
s+

δ(g)+1
2

E 1 + p
s+

δ(g)
2

E

 ∩G.
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This subgroup lies in Gy,s+. Since T (Γg) = K ∩ T g and Jd ⊆ Gy,s+, we have (K ∩ T g) ∩ Jd ⊆ K ∩ T g
s+.

Since ϕg is realized by Γg on K ∩ T g
s+, the two characters agree on the intersection (K ∩ T g) ∩ Jd . □

By Theorem 3.1, there exists an irreducible representation of K constructed from this data, given by

(5.7) Sd(Γ
g, ϕg) := IndK(K∩T g)Jd

ΨΓg,ϕg ,

which has depth d and degree (q2 − 1)qd−1.

Proposition 5.17. Let ρ = ρ(T , y, r, ϕ) and let Γ ∈ t−r be an element realizing ϕ on Ts+/Tr+. Then for all
g ∈M(T ) that satisfies our assumption t > 0 or y ̸= 0, we have

IndK∩(Gy,sT )gρ
g ∼= Sd(Γ

g, ϕg).

Proof. For g ∈M(T ), our goal is to show that the representation

(5.8) Sd(Γ
g, ϕg) := IndK(K∩T g)Jd

ΨΓg,ϕg

intertwines with the Mackey component

(5.9) c-IndKK∩(Gy,sT )gρ
g = IndK(K∩Gg

y,s)(K∩T g)ρ
g.

As discussed before Lemma 5.16, it suffices to prove that

(5.10) Hom(K∩T g)(K∩Gg
y,s)∩(K∩T g)Jd

(ΨΓg,ϕg , ρg)

is non-zero. The subgroup on which we compare the two representations is

((K ∩ T g)(K ∩Gg
y,s)) ∩

(
(K ∩ T g)Jd

)
= (K ∩ T g)(Gg

y,s ∩ Jd).

If Gy,s = Gy,s+, we have Gg
y,s ∩ Jd ⊂ Gg

y,s+. Therefore, for an element tu ∈ (K ∩ T g)(Gg
y,s ∩ Jd), with

t ∈ K ∩ T g and u ∈ Gg
y,s ∩ Jd, we obtain

ρg(tu) = ϕg(t)Ψg
Γ(u) = ϕg(t)ΨΓg (u) = Ψϕg,Γg (tu).

Hence (5.8) and (5.9) intertwine. This establishes the isomorphism in the case Gy,s = Gy,s+, which occurs
either when T is ramified or when T is unramified and r is odd.

We now consider the case when Gy,s ̸= Gy,s+, that is, when T is unramified and r is even. Note that in this

case the double coset representative is just αt. The subgroup Gαt

y,s ∩ Jd is then given by

Gαt

y,s ∩ Jd =

1 + p
⌈d2 ⌉
E p

⌈d2 ⌉
E

ps+2t+y
E 1 + p

⌈d2 ⌉
E

 ∩G =

1 + p
s+t+⌈y2 ⌉
E p

s+t+⌈y2 ⌉
E

ps+2t+y
E 1 + p

s+t+⌈y2 ⌉
E

 ∩G.

This subgroup is clearly not contained in

Gαt

y,s+ =

(
1 + ps+1

E ps+1−2t−y
E

ps+1+2t+y
E 1 + ps+1

E

)
∩G,

since the (2, 1)-entry of Gαt

y,s+ lies in ps+1+2t+y
E , whereas the (2, 1)-entry of Gαt

y,s ∩ Jd lies in ps+2t+y
E , and

ps+2t+y
E ̸⊆ ps+2t+y+1

E . Hence the simpler argument above does not apply. In this case, the proof is a bit
convoluted and proceeds as follows.

The first point to note is that although Γ is uniquely determined by ϕ in t−r only modulo t−s, the restriction of

ΨΓg to the subgroup Gαt

y,s∩Jd depends on the choice of Γ modulo t−s+1. In what follows, we show that for all

distinct choices of Γ modulo t−s+1, the representation ΨΓαt ,ϕαt intertwines with ρα
t

on (K∩T αt

)(Gαt

y,s∩Jd).
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Since ρ has depth r, ρα
t |(Gαt

y,s∩Jd)
factors through the group Gαt

y,r+ ∩ Jd, which is given as follows. Set

A = max{r + 1, s+ t+ ⌈y
2 ⌉}, B = max{r + 1− δ(αt), s+ t+ ⌈y

2 ⌉}, and C = ⌈r + 1 + δ(αt)⌉. Then

Gαt

y,r+ ∩ Jd =

{(
1 + pAE pBE
pCE 1 + pAE

)}
∩G.

Since 2(s + t + ⌈y
2 ⌉) > r + 1 and 2(s + t + 1) ≥ r + 1 + 2t + y, we obtain that the quotient group H =

(Gαt

y,s∩Jd)/(G
αt

y,r+∩Jd) is abelian and finite. As H is abelian and finite, and deg(ρα
t

) = q, the representation

ρα
t

decomposes as a direct sum of q characters upon restriction to H. The distinct characters of H are given

by ΨY , where Y is an element of the dual lattice quotient Ĥ, which is given by

Ĥ :=

{(
x y

√
ϵ

z
√
ϵ −x

)∣∣∣∣x ∈ p−A+1
E /p

−⌈ d
2 ⌉+1

E , y ∈ p−C+1
F /p

−s−δ(g)+1
F , z ∈ p−B+1

F /p
−⌈ d

2 ⌉+1

F

}
.

Thus we have

(5.11) ResGαt
y,s∩Jd

ρα
t

= ⊕iΨYi

for some Yi ∈ Ĥ. Since ρα
t

restricted to K ∩ T αt

is ϕα
t

-isotypic, we obtain that

(5.12) ρα
t

|(K∩T αt )∩(Gαt
y,s∩Jd)

∼= ϕα
t

|(K∩T αt )∩(Gαt
y,s∩Jd)

Id ∼= ⊕i∈IΨYi
|(K∩T αt )∩(Gαt

y,s∩Jd)
.

Therefore for all i ∈ I we have ϕα
t

= ΨYi
on (K ∩ T αt

) ∩ (Gαt

y,s ∩ Jd), and it follows that

(5.13) Res(K∩T αt )(Gαt
y,s∩Jd)

ρα
t

= ⊕i∈IΨYi,ϕαt .

Since ρα
t

is ΨΓαt -isotypic upon restriction to Gαt

y,s+, the characters ΨYi and ΨΓg must agree on Gαt

y,s+ ∩ Jd.

Next we compute the form of the elements of Ĥ that satisfy this condition. Let h :=
(
1+a b
c 1+d

)
∈ Gαt

y,s+∩Jd,

Γαt

=
(

u
√
ϵ v

√
ϵϖ−2tγ1

v
√
ϵϖ2tγ2 u

√
ϵ

)
and Y =

(
x y

√
ϵ

z
√
ϵ −x

)
∈ Ĥ. Then we have

ΨY (h) = ψ(ax+ cy
√
ϵ+ bz

√
ϵ− dx), and

ΨΓαt (h) = ψ(au
√
ϵ+ cv

√
ϵϖ−2tγ1 + bv

√
ϵϖ2tγ2 + du

√
ϵ).

For these characters to agree, we must have, for all a ∈ p
⌈ d

2 ⌉
E , b ∈ p

⌈ d
2 ⌉

E , and c ∈ ps+1+δ(αt),

ψ
(
a(x− u

√
ϵ)
)
= 1, ψ

(
c(y

√
ϵ− v

√
ϵϖ−2tγ1)

)
= 1, ψ

(
b(z

√
ϵ− v

√
ϵϖ2tγ2)

)
= 1.

These equalities respectively imply that

x ≡ u
√
ϵ (mod p

−⌈ d
2 ⌉+1

E ), y ≡ vϖ−2tγ1 (mod p
−s−δ(αt)
F ), z ≡ vϖ2tγ2 (mod p

−⌈ d
2 ⌉+1

F ).

Thus we see that the elements of Ĥ that satisfy the required conditions have the form

Y (β) := β

(
0

√
ϵϖ−s−δ(αt)

0 0

)
+ Γαt

for some β ∈ OF . Since the (2, 1)-entry of Y (β) is only modulo p
−⌈ d

2 ⌉+1

E , let us pick a more convenient coset
representative as follows.

Set

Y ′(β) =

(
0

√
ϵβϖ−s−2t−yγ−1

1 γ1√
ϵβϖ−s−y+2tγ−1

1 γ2 0

)
+ Γαt

.

Then we have Y ′(β) = Γ̃αt

β where

Γ̃β =

(
u
√
ϵ (v + βϖ−s−yγ−1

1 )γ1
√
ϵ

(v + βϖ−s−yγ−1
1 )γ2

√
ϵ u

√
ϵ

)
∈ t−r ⊂ gy,−r,

and Γ̃αt

β ∈ g2t+y,−r.

Note that Y (β) and Γ̃αt

β represent the same coset space in g2t+y,−r/g2t+y,−s+.
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Choose i ∈ I such that ΨYi occurs in the decomposition (5.11). By the argument above, we have Yi =

Y (β) ∼= Γ̃αt

β for some β ∈ O×
F . Note that Γ̃β ∈ t; therefore, by (3.2), Γ and Γ̃β have the same centralizer.

Consequently, the centralizer of Yi = Γ̃g
β in K is K ∩ T αt

. Since (K ∩ T αt

) ∩ (Gαt

y,s ∩ Jd) = (K ∩ T αt

) ∩ Jd,

and, for all i ∈ I, we have ΨYi = ϕα
t

on this intersection, it follows that ΨYi,ϕαt is a well-defined character

of (K ∩ T αt

)Jd. By Theorem 3.1, we obtain that

(5.14) IndK
(K∩T αt )Jd

ΨYi,ϕαt

is an irreducible representation of K of depth d and degree (q2 − 1)qd−1. Since Yi was chosen such that ΨYi

occurs in the decomposition 5.11, we obtain that

HomK(Ind
K
(K∩T αt )Jd

ΨYi,ϕαt , IndK
(K∩T αt )(K∩Gαt

y,s)
ρα

t

)

∼=
⊕

h∈(K∩T αt )(K∩Gαt
y,s)\K/(K∩T αt )Jd

Hom(K∩T αt )(K∩Gαt
y,s)∩((K∩T αt )Jd)h

(Ψh
Yi,ϕαt , ρα

t

) ̸= 0.

Since (5.14) is an irreducible representation of K, and both (5.14) and (5.9) have the same degree, we obtain
that (5.9) is an irreducible representation of K. Note that at this point we have shown that the Mackey
component (5.9) is irreducible. It remains to prove the isomorphism stated in the proposition, that is, we
may take Γαt in place of Yi.

Since both representations (5.14) and (5.9) are irreducible, it follows that

HomK(Ind
K
(K∩T αt )Jd

ΨYi,ϕαt , IndK
(K∩T αt )(K∩Gαt

y,s)
ρα

t

) ∼= Hom(K∩T αt )(K∩Gαt
y,s)∩((K∩T αt )Jd)

(ΨYi,ϕαt , ρα
t

) ∼= C.

As the restriction of ρα
t

to (K ∩ T αt

)(K ∩Gαt

y,s) ∩ ((K ∩ T αt

)Jd) is given by (5.13), we obtain

Hom(K∩T αt )(K∩Gαt
y,s)∩((K∩T αt )Jd)

(ΨYi,ϕαt ,⊕i∈IΨYi,ϕαt ) ∼= C.

Thus all the characters ΨYi
occurring in the decomposition (5.11) must be distinct. We conclude that

ResGαt
y,s∩Jd

ρα
t

= ⊕β∈fΨΓ̃αt

β
. Since Y (0) = Γαt

, we see that ρα
t

and ΨΓαt intertwine on Gαt

y,s ∩ Jd as was

required. □

Having established both the irreducibility of these representations and their precise description, we may now
state our main theorem, that provides an explicit and complete description of ResKπρ, analogous to the one
obtained in Theorem 4.12 for depth-zero irreducible supercuspidal representations of our unitary group G.
As in the depth-zero case, all irreducible constituents appearing in the decomposition occur with distinct
depth.

Theorem 5.18. Let ρ = ρ(T , y, r, ϕ), and let Γ be a G-generic element of depth −r that represents ϕ.
The decomposition of the restriction of the associated supercuspidal representation of G into irreducible K
representations is given as follows.

ResGKc-Ind
G
T Ks

ρ ∼= IndKT Ks
ρ⊕

⊕
t>0

Sr+2t(Γ
αt

, ϕα
t

),

ResGKc-Ind
G
T G1,s

ρ ∼=
⊕
t≥0

Sr+2t+1(Γ
αt

, ϕα
t

),

ResGKc-Ind
G
T G 1

2
,s
ρ ∼= Sr+ 1

2
(Γ, ϕ)⊕

⊕
t>0

(
Sr+2t+ 1

2
(Γαt

, ϕα
t

)⊕ Sr+2t− 1
2
(Γαtw, ϕα

tw)
)
.

The resulting decomposition aligns with the restriction behaviour of irreducible supercuspidal representations
of SL(2, F ). This is consistent with expectations, since SL(2, F ) is isomorphic to the derived subgroup of
U(1, 1). Unlike in the depth-zero setting, where our results diverged from those for SL(2, F ), the positive-
depth case follows the same pattern.
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6. Applications

Let πρ be an irreducible supercuspidal representation of G of depth r > 0, associated with the datum
(T , y, r, ϕ), where ρ = ρ(T , y, r, ϕ). Denote by θ the central character of πρ. By Corollary 5.6, we may
assume that θ has depth zero, more precisely, θ = 1 or the unique nontrivial quadratic character δ of E1, at
the expense of twisting our branching rules by characters of G.

6.1. Connection with depth-zero representations. In this section, we study the relationship between
the higher-depth components appearing in the decomposition of πρ and those appearing in the decomposition
of depth-zero supercuspidal representations with the same central character as πρ.

Theorem 6.1. Let Γ =
(

u
√
ϵ v

√
ϵγ1

v
√
ϵγ2 u

√
ϵ

)
∈ t−r be a G-generic element of depth −r representing ϕ. Then for

all d > 2r and all g ∈M(T ), Sd(Γ
g, ϕg) ∼= Sd(Xϖ−d , θ).

Proof. For g ∈ M(T ), we have Γg ∈ g0,−d where d = r + δ(g), and we assume d > 2r. If g = αt,

then Γg =
(

u
√
ϵ v

√
ϵϖ−2tγ1

v
√
ϵϖ2tγ2 u

√
ϵ

)
, and Γg −Xvϖ−2tγ1

∈ g0,−⌈d/2⌉. Hence, by Lemma 3.3, ΨΓg = ΨXvϖ−2tγ1

on Jd. Similarly, if g = αtw with t > 0, then Γg =
(

u
√
ϵ v

√
ϵϖ−2tγ2

v
√
ϵϖ2tγ1 u

√
ϵ

)
. Since t > 0, we again have

Γg −Xvϖ−2tγ2
∈ g0,−⌈d/2⌉, so ΨΓg = ΨXvϖ−2tγ2

on Jd, and T (X)Jd = T (Xvγiϖ−2t)Jd.

Since in both cases ϕg |Z= θ, and the central character θ has depth zero, it coincides with ΨXvγiϖ
−2t on

ZU ∩Jd, as ΨXvγiϖ
−2t is also trivial on this intersection. Extend θ trivially to U , and let ΨXvγiϖ

−2t ,θ denote

the unique extension of θ and ΨXvγiϖ
−2t to T (Xvγiϖ−2t)Jd. Then, by Theorem (3.2), Sd(Xvγiϖ−2t , θ) is an

irreducible representation of K of depth d and degree (q2 − 1)qd−1.

Since T (X) = (K∩T g), by Lemma 5.12, we have T (X) = Z(K∩T g
0+), and a similar computation as in proof

of Lemma 5.12 yields T (X)g
−1

= Z(Kg−1 ∩ T0+) ⊂ ZT2t. As d > 2r, we have T (X)g
−1 ⊂ ZT2t ⊂ ZTr+,

and therefore ϕg |T (X)= ϕ |Z= θ. Hence, ΨΓg,ϕg = ΨXvγiϖ
−2t ,θ. Since T (X)Jd = T (Xvγiϖ−2t)Jd and

ΨΓg,ϕg = ΨXvγiϖ
−2t ,θ, we have

Sd(Γ
g, ϕg) = IndKT (X)Jd

ΨΓg,ϕg = IndKT (X)Jd
ΨXvγiϖ

−2t ,θ = Sd(Xvγiϖ−2t , θ)

Finally, by Theorem 3.2, we obtain Sd(Γ
g, ϕg) = Sd(Xvγiϖ−2t , θ) ∼= Sd(Xϖ−d , θ), as was required. □

We fix σ0 and σ1 to be cuspidal representations of K/K0+ with central characters θ = 1 and θ = δ,
respectively, where δ is the nontrivial quadratic character of E1. Let

τ00 = c-IndGKσ0, τ01 = c-IndGKησ
η
0 , τ10 = c-IndGKσ1, τ11 = c-IndGKησ

η
1

be depth-zero irreducible supercuspidal representations of G. Then the following corollary follows immedi-
ately from Theorem 6.1, Corollary 5.6, Corollary 4.10 and [Tiw25, Theorem 7.1] which answers [GMF24,
Question 1.2] for all irreducible smooth representations of G.

Corollary 6.2. Given any irreducible smooth representation π of G, the higher-depth components occurring
in the decomposition of π upon restriction to K are the same as the higher-depth components occurring in
the decomposition upon restriction to K of a subset of {τ00, τ01, τ10, τ11}, up to scaling by a character of G.

The following table lists the various possibilities where the fourth column indicates the corresponding depth-
zero supercuspidal representation whose higher-depth components agree with those of πρ or a principal series
representations when restricted to K.
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Representations T r Depth-zero supercuspidal

T1,1 r is even τ00 or τ10

T1,1 r is odd τ01 or τ11

πρ where ρ = ρ(T , y, r, ϕ) Tϖ−1,ϖ r is even τ01 or τ11

Tϖ−1,ϖ r is even τ00 or τ10

T is ramified r ∈ 1
2 + Z≥0 τ00 ⊕ τ01 or τ10 ⊕ τ11

Principal series r ∈ Z≥0 τ00 ⊕ τ01 or τ10 ⊕ τ11

Table 3. Correspondence between higher depth components of irreducible smooth repre-
sentations and depth-zero supercuspidal representations upon restriction to K.

6.2. Restriction to K2r+. In this section, we determine the restriction of πρ to K2r+. Throughout this
section, we assume that the central character θ of πρ is of depth zero.

Recall from §3.1 that there are three nilpotentG-orbits in g, and they are parametrized by {Xδ | δ ∈ {0, 1, ϖ}} ,
where Xδ =

(
0 δ

√
ϵ

0 0

)
. For δ ∈ {0, 1, ϖ}, we recall from [Tiw25, §5] that the nilpotent orbits were denoted by

Nδ, and that each G-orbit Nδ decomposes into the following K-orbits

N0 = K ·X0, N1 =
⊔

m∈2Z
K ·Xϖ−m , Nϖ =

⊔
n∈2Z+1

K ·Xϖ−n .

For each depth-zero character θ of the center of G, we define highly reducible representations

τN1(θ) =
⊕

d∈2Z>0

Sd(Xϖ−d , θ), τNϖ (θ) =
⊕

d∈2Z≥0+1

Sd(Xϖ−d , θ).

The dimension of K2r+ fixed points of the these representations are computed in [Tiw25, Lemma 7.3] which
we recall here for convenience.

Lemma 6.3. Let θ be a depth-zero character of the center of G. Then

dim
(
τN1

(θ)K2r+
)
= q

(
q2r − 1

)
, dim

(
τNϖ

(θ)K2r+
)
= q2r − 1.

We now state our main theorem of this section which is a representation theoretic analog of local character
expansion, confirming [Nev24, Theorem 1.1] for G.

Theorem 6.4. Let πρ = c -IndGGy,sT ρ be an irreducible supercuspidal representation of G of depth r > 0,

associated with the datum ρ = ρ(T , y, r, ϕ), and let θ denote its central character. Then, in the Grothendieck
group of representations,

ResK2r+
πρ = n(πϕ)1 ⊕ aN1

ResK2r+
τN1

(θ) ⊕ aNϖ
ResK2r+

τNϖ
(θ),

where aN1
, aNϖ

∈ {0, 1}.

Proof. By Theorem 5.18, the restriction of πρ decomposes as a direct sum of irreducible representations of
the form Sd(Γ

g, ϕg) with d ≥ r. Since K2r+ acts trivially on the components with d ≤ 2r, only the terms
with d > 2r contribute nontrivially to the restriction to K2r+. If d > 2r, then by Lemma 6.1 we have

Sd(Γ
g, ϕg) = Sd(Xvγiϖ−2t , θ) ∼= Sd(Xϖ−d , θ),

therefore in the Grothendieck group of representation we have the desired decomposition with

n(πρ) = dim
(
πK2r+
ρ

)
− aN1

dim
(
τN1

(θ)K2r+
)
− aNϖ

dim
(
τNϖ

(θ)K2r+
)
.
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As g varies, the depths d > 2r occur with a fixed parity determined by T and r; even d assemble into τN1(θ),
and odd d into τNϖ (θ). Therefore,

aN1 =


1,

if T = T1,1 with r even,

or T = Tϖ−1,ϖ with r odd,

or T is ramified,

0, otherwise,

aNϖ =


1,

if T = T1,1 with r odd,

or T = Tϖ−1,ϖ with r even,

or T is ramified,

0, otherwise.

□

We now compute n(πρ) explicitly and record the values in Table 4. Since we have already computed the
dimensions dim

(
τN1

(θ)K2r+
)
and, dim

(
τNϖ

(θ)K2r+
)
in Lemma 6.3, and we know the values of aN1

and aNϖ

for the various choices of the datum (T , y, r, ϕ) with associated supercuspidal representation πρ from the

preceding proof, it remains to compute dim
(
π
K2r+
ρ

)
for all such choices of πρ.

Let Γ ∈ t−r be an element realizing ϕ on Ts+/Tr+. By Theorem 5.18, the restriction of πρ decomposes as a
direct sum of irreducible representations of the form Sd(Γ

g, ϕg) where g ∈ M(T ). Moreover, the restriction
of πρ to the subgroup K2r+1 acts trivially on those components Sd(Γ

g, ϕg) whose depths satisfy d ≤ 2r.

Consequently, the dimension of π
K2r+
ρ is equal to the sum of the dimensions of those Sd(Γ

g, ϕg) occurring in
the decomposition with depth parameter d ranging from r to 2r.

If T = T1,1, then

dim
(
πK2r+
ρ

)
= dim

(
IndKT Ks

ρ
)
+

⌊ r
2 ⌋∑

t=1

(q2 − 1)q(r+2t)−1 = qr
(
q2⌊

r
2 ⌋+1 − 1

)
.

If T = Tϖ−1,ϖ, then

dim
(
πK2r+
ρ

)
=

⌊ r−1
2 ⌋∑

t=0

(q2 − 1)qr+2t = (q2 − 1)qr
⌊ r−1

2 ⌋∑
t=0

(q2)t = qr
(
q2⌊

r−1
2 ⌋+2 − 1

)
.

Finally, if T is ramified,

dim
(
πK2r+
ρ

)
= (q2 − 1)qr−

1
2 +

⌊ r
2−

1
4 ⌋∑

t=1

(q2 − 1)qr+2t− 1
2 +

⌊ r
2+

1
4 ⌋∑

t=1

(q2 − 1)qr+2t− 3
2 = (q2r − qr−

1
2 )(q + 1).

Since n(πρ) = dim
(
π
K2r+
ρ

)
− aN1

dim
(
τN1

(θ)K2r+
)
− aNϖ

dim
(
τNϖ

(θ)K2r+
)
, we obtain the values of n(πρ)

as summarized in Table 4.

n(πρ) Choice of T and r

q − qr T = T1,1, and r is even; or T = Tϖ−1,ϖ, and r is odd

1− qr T = Tϖ−1,ϖ, and r is odd; or T = Tϖ−1,ϖ, and r is even

(q + 1)(qr−
1
2 − 1) T is ramified

Table 4. Values of n(πρ) for various choices of the datum ρ = ρ(T , y, r, ϕ).

Remark 6.5. The values of n(πρ) obtained for G agree with those for the group SL(2, F ) (see [Nev24,
Table 2]) when T is unramified. In the ramified case, however, the values for G are precisely twice those for
SL(2, F ).
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[BT72] F. Bruhat and J. Tits, Groupes réductifs sur un corps local, Inst. Hautes Études Sci. Publ. Math. (1972), no. 41,

5–251. MR 327923

[Cam14] John Joseph Campbell, The irreducible characters of 2 x 2 unitary matrix groups over finite fields, Master of science
thesis, University of Alberta, Department of Mathematical and Statistical Science, 2014, ©John Joseph Campbell,

2014.

[Car79] P. Cartier, Representations of p-adic groups: a survey, Automorphic forms, representations and L-functions (Proc.
Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 1, Proc. Sympos. Pure Math., vol. XXXIII,

Amer. Math. Soc., Providence, RI, 1979, pp. 111–155. MR 546593
[Fin21a] Jessica Fintzen, On the construction of tame supercuspidal representations, Compos. Math. 157 (2021), no. 12,

2733–2746. MR 4357723

[Fin21b] , Types for tame p-adic groups, Ann. of Math. (2) 193 (2021), no. 1, 303–346. MR 4199732
[FKS23] Jessica Fintzen, Tasho Kaletha, and Loren Spice, A twisted Yu construction, Harish-Chandra characters, and en-

doscopy, Duke Math. J. 172 (2023), no. 12, 2241–2301.
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