BRANCHING RULES FOR IRREDUCIBLE SUPERCUSPIDAL REPRESENTATIONS
OF UNRAMIFIED U(1,1)

EKTA TIWARI

ABSTRACT. Let G denote the unramified quasi-split unitary group U(1,1)(F) over a p-adic field F' with
residual characteristic p # 2. In this article, we determine the branching rules for all irreducible supercuspidal
representations of G, that is, we explicitly describe their decomposition upon restriction to a fixed maximal
compact subgroup K in terms of irreducible representations of L. We also present two applications of these
decompositions, which verify two new conjectures in the literature for G. Together with the results from a
previous paper by the author, this article completes the description of the branching rules for all irreducible
smooth representations of G.

1. INTRODUCTION

The study of branching rules refers to determining the decomposition of an irreducible representation of a
group GG upon restriction to interesting subgroups. The aim is to uncover hidden internal symmetries within
the original representation and to highlight shared features across related families of representations. For
real Lie groups, this problem has been extensively studied where one seeks to determine the branching rules
for irreducible representations of a group upon restriction to its maximal compact subgroup. In the p-adic
setting, however, there is no unique conjugacy class of maximal compact subgroups. Nevertheless, these
subgroups are rich enough in structure to make the study of the decomposition of irreducible representations
upon restriction to them both natural and meaningful.

Our goal is to provide the branching rules for all irreducible smooth representations of G upon restriction
to a fixed maximal compact subgroup K. In a previous article, we determined the branching rules for
all the principal series representations. In the present article, we establish those for all the irreducible
supercuspidal representations. As these representations together generate the category of smooth irreducible
representations of G, our results completely solve the branching problem for G.

Our main tool is Mackey theory, which provides a decomposition into infinitely many components that
we refer to as Mackey components. The main challenge is to prove that these Mackey components are
indeed irreducible. The strategy to achieve this differs between depth-zero and positive-depth supercuspidal
representations. In the depth-zero case, irreducibility is established using character theory, whereas in
the positive-depth case it follows from a combination of Frobenius reciprocity, Mackey theory, and several
structural properties of the groups and representations involved. Note that these techniques are quite
different from those used in the principal series case, where Mackey theory produced a single highly reducible
component.

For supercuspidal representations, we establish the irreducibility of the Mackey components by showing that
they are isomorphic to certain key representations of K constructed in [Tiw25, Theorem 5.6]. We briefly
recall this construction here. For each integer d > 0, we select elements X in the Lie algebra g of G whose
centralizer T'(X) in K is abelian. Each such element X determines a character ¥ x of depth d on a subgroup
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Ja C K. Given a character ¢ of T'(X) whose restriction to T'(X) N J; agrees with ¥x, we denote by ¥x ¢
the unique extension of ¥x and ¢ to T'(X)Jy C K. Then

Sa(X, Q) = Indg(x)yd‘l’x,g

is an irreducible representation of K of depth d and degree (¢ — 1)g9~1.

The principal results of this article, stated precisely in Theorems 4.12 and 5.18, provide a multiplicity-free
decomposition characterized by a unique degree for all irreducible supercuspidal representations of G upon
restriction to K. The analogous result for all principal series representations of G was established in [Tiw25,
Theorem 6.3.1 and Corollary 6.3.2]. Together, these results yield a complete description of the restriction of
all irreducible representations of G to IC. In terms of the notation introduced above, this may be summarized
as follows.

Theorem 1. Let 7w be an irreducible smooth representation of G of depth r with central character 8. Then

Resxm & 7, @ @Sd(X,C),
d
where, up to twisting by a character of G,

o 7, appears only for certain supercuspidal representations and for all principal series representations,
where 7 is of depth r and is either irreducible or a twist of 1@ St; here 1 and St denote the inflations
to K of the trivial and Steinberg representations of U(1,1)(F,) = K/Ko4, respectively;

e the sum is taken over integers d > r + %, with either all odd or all even such d appearing when w
is a supercuspidal representation of integral depth (the parity depending on w), and all d > r + %
appearing otherwise;

e when m has depth zero, X is a nilpotent element and ( = 0, while when m has positive depth, X and
C are twists of the data used to construct .

As noted in the first article, such explicit descriptions have been obtained only for a few low rank cases,
underscoring the significance of the present work. This article thus represents a first step toward resolving the
problem for higher rank unitary groups. Moreover, having an explicit decomposition enables us to identify
new instances of existing conjectures in the literature, two of which we verify here as applications of our
results.

As a first application, we show that one can fix four depth-zero irreducible supercuspidal representations
{700, T01, T10, 11 } such that the higher depth components of any irreducible supercuspidal representation or
any principal series representation, upon restriction to X, coincide with the higher depth components, upon
restriction to IC, of a subset of these four fixed representations, up to twisting by a character of G. This
answers [GMF24, Question 1.2] for all smooth irreducible representations of G.

Theorem 2 (Corollary 6.2). Given any irreducible smooth representation © of G, the higher depth compo-
nents occurring in the decomposition of m upon restriction to K are the same as the higher depth components
occurring in the decomposition upon restriction to K of a subset of {700, To1,T10,T11}, up to twisting by a
character of G, where 7;; are some fized depth-zero irreducible supercuspidal representations of G.

For our second application, we recall from the first paper that our unitary group G admits exactly two
non-zero nilpotent G-orbits in its Lie algebra g, which we denote by A} and N. To each of these orbits,
we associate a highly reducible representation

w0 = @ SuXa0), @)= @ SdXa0),
d€2Z0 de€2Z50+1

where 6 is a character of the center of G and Xy is a nilpotent element in the Lie algebra of G. Then, in
the Grothendieck group of representations, we obtain a decomposition analogous to [Tiw25, Theorem 7.4].
Combining the two results, we derive the following theorem for all irreducible smooth representations of G,
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thereby proving a representation-theoretic analogue of the local character expansion, that is, verifying [Nev24,
Theorem 1.1] for G.

Theorem 3 (Theorem 6.4). Let m be an irreducible supercuspidal representation of G of depth r, and let 6
denote its central character. Then there exists an integer n(m) such that

Resk,, . m = n(m)1 @ an, Resk,, (T/\/l (9)) @ an, Resg,, . (TNW(Q)),

where apn,,an, € {0,1}.

These remarkable similarities in the branching rules across all classes of irreducible smooth representations
of G naturally lead to the question of whether a similar phenomenon persists for higher rank unitary groups,
thereby opening several directions for future research.

This article is organized as follows. In §2, we present the necessary background, and in §3 we recall the
construction of irreducible representations of K from the first article. In §4, we determine the branching
rules for the depth-zero supercuspidal representations. We first provide an explicit description of all such
representations using the constructions due to Moy and Prasad [MP94, MP96] and, independently, due to
Morris [Mor99]. Using Mackey theory, we then describe their decomposition upon restriction to . We show
that each component appearing in this decomposition, referred to as its Mackey components, is irreducible
and has distinct depth and degree (Theorem 4.12); consequently, the decomposition is multiplicity free.
In §5, we establish the branching rules for positive-depth irreducible supercuspidal representations of G. As
in the depth-zero case, we first provide an explicit description of all such representations (Theorem 5.3), this
time using the Adler-Fintzen—Yu method [Ad198, YuO1, Fin2la]. We then restrict these representations to
K, and Mackey theory again yields several components. We prove that each of these Mackey components
is irreducible and has distinct depth and degree, and thus the decomposition is again multiplicity free
(Theorems 5.7, 5.18). Finally, in §6, we present two important applications.

Acknowledgements. I am extremely grateful to Monica Nevins, my PhD supervisor, for suggesting this
problem and for patiently answering my countless questions on branching rules for SL(2, F'). This paper
could not have been written without her generous guidance and invaluable feedback on earlier versions of
this work. I would also like to thank the University of Ottawa for its support and for providing a stimulating
research environment.

2. NOTATIONS AND BACKGROUND

2.1. The field. Let F be a non-archimedean local field, and let E = F[\/e] be the quadratic unramified
extension of F, where € is a non-square element of 0. We fix @ a uniformizer of F' and normalize the
valuation v on F' such that v(w) = 1. The valuation v is extended to E, and we use the same symbol v for
this extension. We denote the ring of integers of F' by O and that of E by Og. Their respective maximal
ideals are denoted by pr and pg. The residue fields of F and FE are given by f &2 Op/pr and ¢ = Og/pE,
respectively. The cardinality of § is ¢ where ¢ = p™ for some n € N, and that of ¢ is ¢?>. Let o denote the
nontrivial element of Gal(E/F). For x € E, we write T := o(z). The norm and trace from E to F are
defined by
Ng/p(z) =27, Trg/p(z) =2 +7, forallzeE.

We denote by E* C E* the subgroup consisting of elements of norm one, i.e., E* := {z € E* | Ng/p(z) = 1}.
The norm map induces a surjection

(2.1) Ng/p: O - O, Ng/p:1 +p% = 1+pd, for every d € Z>q.
Proposition 2.1. For any integer d > 1, one has

[E':E'n(1+p%)] = (¢+1)g* "
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Proof. By (2.1), the norm map induces a surjection Ng,r: Of /(1 +p%) — O /(1 + p%), whose kernel is
E'/(E* N (14 p%)). Therefore,

(0% : 14 pd]
[OF : 14 pt]

Since |05 /(1 +pg)| =le| —1=¢*>—1,and |(1 +pp)/(1 +p%) |=| pe/p%| = ¢4V, we have
[OF :1+p%] = (* - 1)**™V, [0F :1+p] = (q— 1)g*?,

[E':E'n(1+ph)] =

and hence
(¢* —1)g* Y

[EltElﬂ(l—f'p%)] :W

= (q+1)q"".
O

2.2. Some structure theory. We adopt the convention of using blackboard bold font to denote an algebraic
group G defined over F', and the corresponding roman letter for its group of F-rational points, that is,
G = G(F). For simplicity of notation, we may refer to a group T as a “maximal torus of G” when we mean
that T is the group of F-rational points of an algebraic torus T C G that is defined over F.

Given subsets L; of F or E, we use the shorthand notation

(2= {( e foren)

For g € G and a subgroup K C G, we write K9 := gKg~! and 9K := g~ 'Kg.

2.2.1. The group U(1,1). Let G denote the quasi-split unitary group U(1, 1) whose group of F-points is
G:=G(F)={g€ My(E) | g wg=w},

where w = <(1) (1)>, and g' = (7i;) " = (gji). More explicitly, G has the form
. a b ad+7ch=1,

2.2 = € My (E - .

(22) (C d) 2(B) ac,bd € \/eF

The Lie algebra g of G is defined as {X € gl(2, E) | X wtwX = 0} and thus has the form

g:=u(l,1)(F) = {(u —:\/\égv —Uy‘f\'[f/gv>

u,v,y,zGF}.

The center of G is the subgroup Z of scalar matrices, which we identify with E'. Let Ggqeo; = SU(1,1) denote
the derived subgroup of G, and we denote its group of F-points by Gger.

Lemma 2.2. The quotient group G/ZG4ex has order two and the nontrivial coset of ZGaer in G is represented

by the matrix
. [€E 0
5 - ( 0 gE_l) )

where ep € OF represents the nontrivial class of O /(Of)?.

Proof. If g € G, then T wg = w, it follows that det(g) € E'. The determinant of any element of ZGqe, lies
in (E')2. By Hilbert’s Theorem 90 [Bou03, V.11.6 Theorem 3], the map = ++ 27 ' induces an isomorphism
0f /0% — E', so in particular (E')? is the image of the subgroup (O3)?05/Of. Write O /(0F)? =
{1,eg}, where eg is a fixed nonsquare of O; then e ¢ O} since the extension is unramified (implying that
every element of O} is a square of an element of O} ). We conclude that E'/(E')? has order 2, and that the
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nontrivial coset is represented by v = eggg ! € E'. Now ¢ lies in G and has determinant v € E* \ (E')2.
It follows that

G = ZGdcr U €ZGdcr-

The group G has two conjugacy classes of maximal compact subgroups, represented by
_ _ (O Og 0 _ (Op pg'
K=G(0Og) = (OE OE) NG and K= bp Og NG,

where n = (3 2 ) € GL(2, E) is such that it normalizes our unitary group G. The next lemma was established
in [Tiw25, Lemma 2.1]; we include it here for ease of reference.

Lemma 2.3. Let (ij g)) € K. Then x,w € Of ory,z € Of.

We now describe certain double coset representatives, which will be of use in the arguments developed in
the subsequent sections.

Lemma 2.4. A set of double coset representatives for K\G/K, K\G/K", and K"\G/K" is
—t
¢ (@™ 0 ‘ <
{a = < 0 wt) t> O}.

Proof. By the Cartan decomposition we have G = KT, where
T = {diag(uw”, ') |u € OF, k€ Z}.

uw® 0 Uu 0 wk 0
< 0 ulwk> = (0 u1> ( 0 wk) € KatK,

so every double coset KgK meets some o with k € Z. Recall that w = (9 }) € K. Then wafw=! =a~*, so
a® and a~F lie in the same coset. Thus we may assume k > 0. Using Lemma 2.3, an entrywise case analysis
of KatK shows that the minimal valuation among its entries is —¢, and this minimum is attained by at least
one entry; hence distinct ¢ yield distinct double cosets. Hence {a'};>¢ is a complete set of representatives
for K\G/K. Since n commutes with of, conjugating the Cartan decomposition of G' with respect to K by 7
yields G = | |, K"a'K". A similar argument gives G = | |,~, Ka'K". O

For any such element,

Finally, we conclude this subsection with a lemma that lets us build new double coset representatives from
known ones; we will apply it in later sections.

Lemma 2.5. Let G be a group and let K, J be subgroups of G such that J C K. If B is a set of double coset
representatives of K\G/K, and for all g € B, A, is a set of double coset representatives for (KﬂK-‘fl)\K/J,
then {gh | g € B,h € Ay} is a set of double coset representatives for K\G/J.

2.2.2. Moy—-Prasad filtrations of G. In this subsection, we introduce the Moy—Prasad filtrations of parahoric
subgroups of G and recall the structure of the building of G. Our interest lies in the explicit description of
these filtrations for our unitary group G = U(1,1), so most of the definitions are presented in a specialized
form adapted to this case. For the general theory, standard references include [KP23, MP94, MP96, BT72].

Let G,,, denote the multiplicative group GL;. A torus T is an algebraic group that is isomorphic to (G,,)"
for some n > 0. When it is defined over F', we call it an F-torus. It is F-split if the isomorphism T to G,
is defined over F' and at the other extreme it is anisotropic if it contains no F-split subtori. The group of
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characters X*(T) of T is the homomorphism space Hom(T, G,,,), and the group of cocharacters X,(T) is the
homomorphism space Hom(G,,, T). Moreover, there is a natural bilinear pairing
() X*(T) x X,(T) — Z

defined by the condition that for x € X*(T) and v € X.(T), one has x(v(t)) = ¢™, for all t € G,,, where the
integer m is identified with the corresponding element of Hom(G,,, G,,) = Z.

We now turn to our unitary group G. Note that every maximal torus 7" of G' contains the center Z of G.
Let T be the diagonal torus of U(1,1), whose group of F-points is

(2.3) T:=T(F) = {(g a(_)1> |aeEX}.

We have T(F) = E* is a maximally F-split maximal F-torus of G. Any other maximal torus of G is a
G-conjugate of T'. The maximal F-split subtorus of T is S where

S:ZS(F)={<‘5 a01> |a€FX}.

A direct computation shows that the centralizer of S in G, denoted C(S), coincides with the centralizer of
T in G and is equal to T.

One of the ingredients in defining a parahoric subgroup is the family of filtration subgroups of T' for each
real number r > 0. For real numbers r > 0, the filtration on T is defined as follows [KP23, Definition 7.2.2]:

(2.4) To={teT|v(x(®t)=0forall xe X*(T)},
(2.5) T, ={teTo|v(xt)—1) >rforal x € X*(T)}, for r > 0.

In general, these filtration subgroups are rather difficult to compute. However, in our case they admit a nice

description, given by
a 0 a 0
To = {(0 al) ac Og} and T, = {(0 al)
A second ingredient required for defining parahoric subgroups are affine apartments and affine root subgroups.
We begin by describing the root system on G associated with S. The root system ® := &(G,S) associated
with S consists of a and —«, where for a € F'*,

of(5 22)) = caf(§ )=

The corresponding root subgroups are

vomnie={( ) e} wa vamvan={( %) [rer).

The elements X, = (8 %E) and X_, = (\% 8) form a Chevalley system. Let ®¥ = {a" | « € ®} denote the
set of coroots of T. The affine apartment of G associated with S, denoted A(G, S, F'), is the real vector space
X« (S) ®z R. Since S = F*, it follows that X,(S) = Z, and therefore A := A(G,S, F) = X.(S) @z R = R.
Thus, in this case, the affine apartment is simply the real line. The pairing (-, -) extends linearly to A(G, S, F").
We fix a parametrization of A = R so that a(y) := (a,y) =y for all y € A.

ael—l—pg]}, for r > 0.

Given the root system ® = ®(G,S), we define the set of affine roots by
M —{a+n|aed nelZ}
If o € @ then ¢ = a + n for some a € ® and n € Z. Each ¢ = o + n defines an affine function on
A(G,S, F) via
oY) = (py) =(wy)+tn=al@)+n,  yecAG,SF).
Note that (a,aV) = 2. For ¢ = a+n € &, the associated affine root subgroup is defined by U, := U, (F) =
Ua (p%). Finally, for y € A, the corresponding parahoric subgroup of G is

Gyo=(To,U, | ¢ €, o(y)>0).
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If ¢ = a+ n, then for y € A we have ¢(y) > 0 if and only if a(y) +n > 0 if and only if n > —a(y). In

particular, for y € R,
B OE p(*'yw
Gy,O - (pgy“ gE ) NG.

For r > 0, the parahoric subgroups admit a further filtration, called the Moy—Prasad filtration, given by
Gyr = (T, U, | 9 €@, p(y) 2 7).

Explicitly, we have

(2.6) Gy, = (1?:1%3 PE ;ﬂ ) NG, and we set Gyt = U Gy.s-

Pe HPp s>r
For all y € A and r > 0, the subgroup G, , is normal in G, . The quotient G, /Gy 0+ is the group of
[F,-points of a connected reductive group G defined over the residue field IF, of F'. For € R, the quotient
Gy,r/Gyry is abelian and can be naturally identified with an F,-vector space [MP94, MP96]. For example,
if we take y = 0 € A, then Gy is the maximal compact subgroup K of G. The other maximal compact
subgroup, denoted K", corresponds to the parahoric G o associated with y =1 € A.

For y € A and 7 € R, we can similarly define a filtration g, ;- of the Lie algebra g and a filtration g, , of the
F-linear dual of the Lie algebra g as follows. Let t denote the Lie algebra of the torus 7. Then we set
t, ={X et|v(d(X))>r forall x € X*(T)},

where d,, denotes the derivative of X, ga,yr = wl™V1ORpX,, for a € ®, and

Gy,r = t. @ @ Ja,y,r-

acd
Thus we have
by Vepy Y
(2.7) gy,r = (rer] "T‘I ﬂ g
Vepp PE

We define the filtration subspace gy _, of the dual of the Lie algebra by
(2.8) Oy—r =IAEG|AY) €EpE, VY €9y, s> 1}

We can identify g* with g by using the trace form. In particular, for X € g, we define A\x € g* by the
equation Ax (Y) = Tr(XY) for all Y € g. Under this identification, g, = g, for all y € A and all r € Rxy.

For r,s € Ry with 2r > s > r, we have the Moy—Prasad isomorphism Gy ,/Gys = 0u.r/0s,s. For our
unitary group U(1,1), it is the isomorphism that sends a coset represented by g to a coset represented by
g — I. We are now ready to introduce the building of G. The Weyl group W of G is

W := Ng(S)/Cs(S) = Z/2Z = {I,W}.

The affine Weyl group, denoted by W is defined as W% := Ng(T)/Ty = T/T, x W. The group T/T
acts on the apartment A by translations of the form ¢t-y = y—v(t), where v(t) denotes the valuation of the
upper-left entry of the matrix ¢ € T', while the nontrivial element w acts by reflection along the line y = 0
[KP23, Chapter 3(d)]. With this action in place, the enlarged Bruhat-Tits building $°"(G, F) is defined
as the polysimplicial complex #°*(G, F) = (G x A(G, S, F))/ ~, where (g,z) ~ (h,y) if and only if there
exists n € Ng(T) such that y =n -z and g~ 'hn € G, .

Let B(G, F) := B°®(Gyer, F') denote the reduced Bruhat—Tits building of G over F'. For our unitary group G,
since the center Z of G is compact, we have (G, F') = HB(Gger, F') = #(G). For every y € #(G), there

exists g € G such that g-y € A. The parahoric subgroup attached to y is then defined by G := gfng.%O,
-1

and for 7 > 0, the corresponding Moy-Prasad filtration subgroups are G, :=9 Gg.y,,.



8 EKTA TIWARI

2.2.3. Conjugacy classes of anisotropic tori of G. As mentioned in the introduction, to describe the branch-
ing rules for positive-depth supercuspidal representations we first provide an explicit description of these
representations using the Adler-Fintzen—Yu method. One of the key ingredients required in this construc-
tion is a sequence of twisted Levi subgroups. In our case the first element of such a sequence is an anisotropic
torus of G. We describe these sequences in greater detail in §5, but for the present subsection our goal is to
classify all anisotropic tori of G up to conjugacy and provide filtrations on these tori.

Each maximal anisotropic torus of G = U(1, 1) splits over some extension of F. If it splits over an unramified
extension, we call the torus unramified, and if it splits over a ramified extension, we call the torus ramified.

Proposition 2.6. The group G has four conjugacy classes of mazximal anisotropic tori. They are given by

a by I _
Thﬁz = {(b"}@ al) aa +bbyye =1, ab € \/EF} )

where (y1,72) € {(1,1), (@™, @), (1,@), (1,e '@)}. The pairs (1,1) and (™!, @) correspond to unramified
tori, while (1,@) and (1,¢ @) correspond to ramified tori.

Proof. Since the center of G is compact, every anisotropic torus of GG arises as the centralizer of an anisotropic
torus of Gger. In our case, there is a simple isomorphism = : SL(2, F') — Gger given by

(9) = (f (1)) g (VE_I ‘f) for g € SL(2, F).

(1]

(2.9)

The SL(2, F')-conjugacy classes of maximal anisotropic tori of SL(2, F') are well-known. By [Nev13, §2.3],
each such class is represented by a matrix of the form

SL(2,F) _ a by
Toie ' = {(b62 a )

where (01,02) € {(1,¢), (@1, ew), (1, @), (6 e 'w), (1, ew), (¢, )}, understanding that if —1 is not a square,
then TSL(2 F) o pSLEF) o9 TSL(2 F) o pSLEF SL 2F) oy pSLF)

ee 1w l,ew
field extensions. Here, ~ denotes tori representlng the same conjugacy class whereas = denotes isomorphic

tori.

a,be F,a? —b%5,05 = 1}

. Moreover, T} as they split over different

The centralizer in U(1,1) of = is

— 0 \/E(Sl _ t 7"61
TYl,’Yz_CU(l,l)(<\/E—162 0 )) _{<r6152 ' ) ’t,reE}ﬁG,

where 71 = 1 and 75 = € '82. Thus we get six anisotropic tori T, ., where
(’Yla 72) = {(17 1)a (wilv ’(D), (17 Eilw)a (67 Eizw)v (la w)7 (67 eilw)}'

0
Let g := (\f —\ﬁ_l> € (; then we have ﬂ?w =Tee-1c, and T? el = Te. =20 Since Ti (—15 and Tq
L(2,F)

. . P
correspond to the non-ismorphic tori 77 _

SL(2F)
(T5 5, )

SL(2 F)

and 17 respectively, they are not G-conjugates.

Now let us verify the nonconjugacy of the two tori

a b T a bw !
ﬂ’lz{(b a) aa—l—bb—l} and Tml’w_{(b’w a )

If there were an element zh € ZSU(1, 1) conjugating 71,1 to T-1 &, then since SU(1, 1) is normal, h would
(S 0
0 ezt
coset representative of U(1,1)/ZSU(1,1) as in Lemma 2.2. To prove that 7;; and T,-1 o are not U(1,1)-
conjugate, it suffices to prove that £7; 17! is conjugate to 771 via an element of SU(1,1).

aa—l—bbzl}.

conjugate 711 N SU(1,1) to -1, NSU(L, 1), a contradiction. Let & = ( be the non-trivial

Note that since egeg € O}X,, Hensel’s Lemma assures us that Og contains a square root of egeg. Set
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b 0 —VEEEE
o \/GE@71 0 '

We readily verify that h € SU(1,1). Then

€™ = {(b(eE?Erl beﬁﬁ) ‘ b = 1} B {<—b(e§eE>—1 o 6E> ‘ b = 1} = WTiah

Therefore, the conjugacy class of 771 under U(1,1) is equal to its conjugacy class under SU(1, 1), whence

Tii % To 1w ]

Since we have already introduced the definition of the building, it is useful to recall an important fact. The
building of an anisotropic torus consists of a single point, and this point embeds naturally into the building
of G, as stated in the lemma below.

Lemma 2.7. Let T be an anisotropic torus of G defined over F, with splitting field F'. Then the corre-
sponding point in B(G, F) is the unique class [g,x] € B(G, F') such that x € A and

n(g™ g € G(F)up for alln € Gal(F'/F),
where T = S9 for some g € G(F").

Proof. The argument is given in [Nev13, § 2.3]; but we recall it here for the sake of completeness. Since
p # 2, the splitting field F’ of T is tamely ramified. By [Tit79, 2.6.1], we may realize the Bruhat—Tits
building B(G, F') as the subset of B(G, F’) fixed by Gal(F'/F), and A(G,T,F) = A(G,T,F)NB(G,F).

Since T(F') is totally anisotropic, this intersection consists of a single point. Moreover, B(G, F’) admits the
description B(G, F") = (G(F') x A)/~, where (g, z) ~ (h,y) if there exists n € N = Ng ) (Cg(p) (S(F')))
such that n -2z =y and g7'hn € G(F"), o [BT72, 7.4.1]. Since T splits over F’, there exists g € G(F’) such
that T = S9, and hence A(G,T,F’) = g-.A. This is identified with the image of {g} x A in B(G, F’). We
denote by [g, z] the class of (g, ), so that [1,z] = .

The Galois action on the building is given by 7([g, z]) = [n(g), «], for all n € Gal(F’/F'). Thus, the class [g, z]
is fixed by Gal(F'/F) if and only if n(¢g~')g € G(F'),, for all n € Gal(F’/F). This condition determines a
unique z € A, and hence a unique fixed point [g, 2] € B(G, F') corresponding to T. O

Proposition 2.8. Let T(F') be one of the four anisotropic tori in G, represented by Ty 1, To-1 ) T, and
Ty e-1w, as in Proposition 2.6. Then the unique Galois-fized point y € A(G,T,F") N B(G, F) is given by
y=0iTF)=Ti1, y=14T(F)=Tp-1 n, andy = % if T(F) € {Ti,, T1,c-1w }-

Proof. The splitting field F’ and the Galois group depend on the anisotropic torus T(F). In particular, if
T(F) = Ti,1 or To-1 o, then we have I’ = E, with Gal(E/F) = {1,0}, and it acts on G(E) by o(g) =
JTg ' J. I T(F) = Ti,» or T} -1, then we have F' = E[\/w], with Gal(F'/F) = {1,0,6, 06}, where § acts
entry-wise on the elements of G(F[v/€, /@]).

A direct computation shows that the element

-1
hoe 1 /1 e
VL e 1

satisfies T = S". One verifies that for each such h and corresponding T, the elements h and n(h~1)h lie
in G(F")y,0 for the value of y stated in the lemma. Hence the unique Galois-fixed point of A(G, T, F”) is
hyl=[Lyl =y € AGT,F)NACB. O
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The biquadratic extension E = F(y/e, /@) of F has three quadratic intermediate fields F(,/€), F(y/@), and
F(y/ew). These are precisely the distinct quadratic extensions of F. For any quadratic subfield F’ C E, we
write U(1)z JF for the group of elements of E of norm one relative to the extension E/F’. Table 1 provides

a complete list of the conjugacy classes of anisotropic tori in G and the corresponding points in Z(G).

Isomorphism classes | Anisotropic torus t(a,b) = A(G, T,F)
TF) =T | (15"0) ={y}
UN)g/rp xU)E/r Tia (¢2) y=0
unramified torus Tow-1 =T (o t=") y=1
U(l)=
( )E/F[\/E] T (b%5) y=73
ramified torus
UM g, pyem) Tiis (o b y=1
ramified torus

TABLE 1. Representatives of equivalence classes of anisotropic tori 75, -, in G. Here a,b

are elements of F, and y is the image of building of 7, , in the building of G.

2.2.4. Filtrations on anisotropic tori of G. In §2.2.2, we described a filtration on the maximal parahoric
subgroups of G. We now use this to define a filtration on the anisotropic tori of G as follows. By [HMOS,
§ 2.5], for r > 0 the filtration on 7, -, is simply the intersection of 7, -, with filtrations of G, , where y is
the point corresponding to 7, , in the building of G. In particular, for r > 0 we have

_ a by
7;_{<b’}/2 a ) ETYI»’YZ

The Lie algebra t of the torus T is a two-dimensional subalgebra of g, spanned by

Ve 0 0 e
= (0 ) (e )
For any r € R, by [HMO0S, § 2.5] the corresponding filtration subring of t is given by tN g, ,, and therefore
t, = {a5+bYT | aep}’”], bep[f’y]}.
For r € R, we define the filtration on the F-linear dual of t by
tr={Aet'|(\Y) ewOg VY €t, withs > —r}.

We can again identify t* with t using the trace form. In particular, for I';, , = u3 + vY7 we define A, , € t*
by the equation A, ,(Y) = Tr(T', ,Y) for all Y € t.

ael+pg], by epgy]}.

2.3. Representation theory. In this section, we recall some basic definitions and concepts from represen-
tation theory specializing to the case of our unitary group G (see [Car79, §I]).

2.3.1. Classical definitions and results. Let G be a connected reductive algebraic group defined over F', and
let GG denote the group of its F-rational points.

Lemma 2.9. Let (A, C) be a character of G. Let (p, V) be an irreducible representation of a compact open
subgroup H of G modulo its center. Then

cIndS (A ® p) 2 A ® c-Ind$p.

We now review two important results that we will use quite frequently [BHO06, §2.4].



BRANCHING RULES FOR IRREDUCIBLE SUPERCUSPIDAL REPRESENTATIONS OF UNRAMIFIED U(1,1) 11

Theorem 2.10 (Frobenius Reciprocity). Let H be a closed subgroup of G, (p, W) a smooth representation
of H and (7,V) a smooth representation of G. Then

Homg (7, Ind% p) = Hompy (7, p)

Similarly, for open subgroups H of G, compact induction has its own form of Frobenius Reciprocity property.

Theorem 2.11. Let H be an open subgroup of G, let (p, W) be a smooth representation of H and (mw,V) a
smooth representation of G. Then

Homg (c-Ind$ p, 7) = Homp (p, ).

Remark 2.12. Note that if G/H is compact then c-Inde,o = Indgp. Thus, in that case, induction is both
left and right adjoint to restriction.

We now mention a theorem that will be used repeatedly throughout the paper, as it describes how a compactly
induced representation decomposes when restricted to a closed subgroup [Yam22, Theorem 1.1].

Theorem 2.13 (Mackey decomposition). Let H and K be closed subgroups of G, and let (p,W) be a
smooth representation of H. Suppose that at least one of H and K is open in G. Then we have the Mackey
decomposition
Res$ c-IndGp = @ c-Ind% e Restir e p°.
ceK\G/H

Remark 2.14. In our setting, we shall see that the supercuspidal representations arise as compact inductions
from compact open subgroups of the unitary group G = U(1, 1), and to describe the branching rules we will
restrict these representations to the compact open subgroup K defined in §2.2.1. Since in locally compact
totally disconnected groups every open subgroup is also closed, the above theorem applies in our case.

We now recall the definition of the depth of a representation, which provides a fundamental link between
representations, the Moy—Prasad filtrations, and the building of G.

Definition 2.15 (Depth of a representation). Let (7, V) be a smooth representation of G. The depth of
7 is defined as the minimal real number > 0 such that there exists a point x in the building Z(G) with
VGart £ {0}.

Analogously, for a representation (o, W) of G, with ¢ > 0, we define
(2.10) depth(c) := min{r >t | W%+ #£ {0}}.

2.3.2. Generic characters of T(F). To construct positive-depth supercuspidal representations of G, one re-
quires G-generic characters of positive depth of the anisotropic torus 7. In this subsection, we define and
describe G-generic characters of positive depth for the maximal torus T(F'), which includes both the diagonal
torus (2.3) and the anisotropic tori listed in Table 1.

Let T be a maximal torus of G, and let ®,15(G, T) denote the absolute root system of G with respect to
T. For each root a € ®,,5(G,T), set H, = da” (1) € g, where da" denotes the derivative of the coroot a
associated to a.

Definition 2.16. An element A € t* is called G-generic of depth —r if v(A(H,)) = —r for each a €
D1 (G, T).

Since we have identified t* with t, we may equivalently say that an element I'" € t_,. is G-generic of depth r
if v(Tr(TH,)) = —r for each a € @ps(G, T).
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Lemma 2.17. Let T = T(F) be a mazximal F-torus of G.
If T is the maximally F-split torus as in (2.3), then the depth r of any G-generic element of t satisfies r € Z.

If T =75, 4, is an anisotropic torus from Table 1, then the depth r of any G-generic element in t satisfies

r € Z when T,, ., is unramified, rE€L+7Z when Ty, , is ramified.

Proof. Note that for our unitary group G, the absolute root system ®,,5(G,T) has a unique positive root
. In the split case we have H, = (§ % ). Let T' = (¢ %) € t_, with a = ap + a1y/e. Then v(a;) > r and
Tr(I'H,) = a + @ = 2ag. The genericity condition gives v(2ag) = —r, hence v(ag) = —r. Since ap € F and
valuations on F' are integral, this forces r € Z.

On the other hand, if we take T(F) = 7, ., to be one of the anisotropic tori listed in Table 1, then
—1 1
H, = (5 ,Ol)h, where h = ( 11 VTN > is the matrix conjugating T to S. An element I'y, , =
VL e 1

(z :Zé) € t_, is G-generic of depth —r if and only if v (Tr(Ty vHy)) = v (21}#,/'71'72) = —7. Thus the

condition v(Tr(Ly, ,Ha)) = —r is equivalent to v(v) = —r — v(\/7172). As v(y/7172) € {0, 3} and v(v) € Z,
we deduce that

(2.11) r€Z when v(y/772) =0, rei+7Z whenv(y2) =3

Since v(,/7172) = 0 precisely when T, , is unramified, and v(\/7772) = 3 precisely when 7, ., is ramified,
the lemma follows. ]
We are now in a position to define G-generic characters of T(F') of depth 7. Set s := § and let e be the

Moy—Prasad isomorphisms of the abelian groups

fs-i—/tr-&- — 7;’+/7;‘+a gx,s-&-/gx,r-&- — Gw,s-i—/Gﬂfﬂ"-i"

Let 1’ be an additive character of the field F, chosen to be trivial on the maximal ideal pr and nontrivial
on the ring of integers Op. Using ', we define an additive character 1 of the quadratic extension E by
Y(x) = w’(w—f) for all z € E. Then v is a character of E that is nontrivial on Og but trivial on pg. We
will fix this choice of ¥ for the remainder of the paper.

Definition 2.18. A smooth complex-valued character ¢ of T(F) is called G-generic of depth r if it is trivial
on T(F),4, non-trivial on T(F), and is realized by an element I" € t_,. that is G-generic of depth r, i.e., for

every t € T(F),s, 6(t) = o(Tr(T(e 1 (1)))):

Note that the image of I" in t_,./t_ is uniquely determined by this relation, and each distinct representative
gives rise to a distinct G-generic character of T(F') of depth 7.

Remark 2.19. To define a G-generic character ¢ of depth r for an anisotropic torus 7, one requires a
G-generic element of t_,. of depth r. By Lemma 2.17, such an element can exist only when r is an integer
or a half-integer. Therefore, the depths of G-generic characters are integral when 7 is unramified and
half-integral when 7T is ramified.

3. IRREDUCIBLE REPRESENTATIONS OF KC

In this section, we recall the description of irreducible representations of K that we constructed in [Tiw25,
85]. Let d € Z~¢ and let z,u,v € F such that v(z) > —d and v(v) > v(u) = —d. We choose a particular X
element of gy _4 of the following form:

(3.1) X = X(2) + X(u,v) = (ZB/E Zoﬁ> + <U\0/g “(\f) € doa.
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The function k — U x (k) = ¢(Tr(X (k —1I))) defines a character of the group K of depth d, where ¢ is an
additive character of F that is trivial on pg but nontrivial on O that we fixed in 2.3.2. The centralizer of
X in K is denoted by T'(X), and is equal to

(3.2) T(X) = {(buﬁlv Z)

The following theorem recalls the construction of a family of irreducible representations of K associated with
elements of go, _g4.

a,b € Og,aa+bbu"'v=1,ab e ﬁOF} =Tiu-10-

Theorem 3.1. Let X be as in (3.1), and let ¢ be a character of T(X) which coincides with ¥x on the
intersection T(X) N Jq. Write Ux ¢ for the unique character of T(X)Jyq which extends ( and Ux. Then

(3.3) Sa(X,¢) :==Indf(x) 7, ¥x.c

is an irreducible representation of K of depth d and of degree ¢~ 1(¢* — 1).

3.1. Representations associated with nilpotent orbits. It is shown in [Tiw25, §5.3] that there are
three nilpotent G-orbits in g, denoted by N5 = G - X5, where X5 = (8 5\0/€) and ¢ € {0,1,w}. For d € Z~q
and a € OF, let X, -4« € go—q. Then the centralizer T'(X,5-a) of X,p-a in K is given by ZU, where

= {3 )}

The following theorem summarizes the results proved in [Tiw25, §5.3].

Theorem 3.2. Let d € Z~q, Xym-a € go,—a with a € OF. Let 0 be a character of Z extented trivially to U,
and let Ux 0 for the unique character of ZUJy that extends 6 and Ux . Then

(34) Sd(Xaw*"“ 9) = Indg“jd‘llxaw*d’e

is an irreducible representation of KC of depth d and of degree ¢?~'(q* — 1). Moreover, for all a € O
(3.5) Si(Xgp-a,0) 2 Sg(Xg—a,0).

Finally, we recall the following lemma, proved in [Tiw25, Lemma 5.9], which will be used in the subsequent
sections.

Lemma 3.3. Let X = X(2) + X (u,v) € go,—a be such that v(z),v(v) > —[%] and v(u) = —d. Then
\I/X = \I/Xu and T(X)jd = T(Xu)jd = ZUJd

4. BRANCHING RULES FOR DEPTH-ZERO SUPERCUSPIDAL REPRESENTATIONS OF G

In this section, we provide an explicit description of all depth-zero irreducible supercuspidal representations
of G, together with their branching rules upon restriction to K.

4.1. Construction of the representations. The depth-zero irreducible supercuspidal representations of G
are induced from the cuspidal representations of G(f) = U(1,1)(f), which are well-known; see, for example,
[Cam14]. Briefly: let e denote the unique quadratic extension field of the residue field f of Op, and let
N:e — § be the norm map. For distinct characters o and 3 of ker(N) = ¢!, Deligne-Lusztig induction
associates a representation o = o(«, 8) of U(1,1)(f) of degree ¢ — 1. This representation is cuspidal, and all
cuspidal representations of U(1,1)(f) arise in this way.

Since (¢ %) = (Y5)(£2)(98), the matrices (§¥) and (§9) belong to the same conjugacy class of G.
Therefore, Table 2 (c.f. [Cam14]) below summarizes the values of the character x,(q,3) corresponding to the
cuspidal representation o(a, 8) of U(1,1)().
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Conjugacy class (52), (52), | (59), (y2),
representatives x€el rcely#£0| x#y y#0
Xo(a.8) (¢ = Defz)B(z) | —a(z)B(x) 0 |alz+y)blz—y)+
a(r —y)B(z +y)

TABLE 2. Character X,(q,5) of the cuspidal representation o(a, 8) of U(1, 1)(F).

Let o be a cuspidal representation of G(f) = K/Ko. Inflate o to a representation (also denoted by o) of
K, and let ¢" denote the corresponding representation of K", where n = (3 2). As a special case of the
general result for depth-zero supercuspidal representations found in [MP96, Mor99], one has the following

well-known fact.

Proposition 4.1. Let o be a cuspidal representation of G(f) = K/Koy. Then the compact inductions
c-IndSo and c-Ind$, 0"

are depth-zero irreducible supercuspidal representations of G, and every depth-zero irreducible supercuspidal

representation of G arises in this way.

Remark 4.2. From now on, we identify a cuspidal representation o of K/Ky4 with its inflation to K.

4.2. Restriction to K. In this section, we restrict the depth-zero irreducible supercuspidal representations
of G to K and obtain a canonical decomposition using Mackey theory. The Mackey components occurring
in this decomposition may a priori be reducible. Therefore, we compute the degree of each component
and determine the maximal depth of any irreducible subrepresentation it contains. The proof that these
components are in fact irreducible is deferred to the next section, which builds on the results established
here.

Let o be a cuspidal representation of X/Kpy. Then from Mackey theory it follows that
ResZc-Ind{o @ Indﬁﬁ(lc)gcrg and Rescc-Indg,o” = @ Ind o .
geEK\G/K geEK\G/Kn
By Lemma 2.4, a set of double coset representatives for \G/K or K\G/K" is given by {a' | t > 0}, where
ol = (w(; ' £t ) Therefore, we obtain the following decompositions

(4.1) Res,cc-Inng = @ Indgmcat o and Res;cc-Ind%7 o'l = @ Indﬁm o',

t>0 t>0

)Cat'r]

For each t > 0, the matrix z; = I satisfies o’ = zn?'. Since z; centralizes G, the conjugated representa-
2t

tions 0 and o are equal. Therefore, we may write (4.1) as

2t+1

(4.2) Rescc-Indgo = @Indgmmzt o' and Resic-Indg, 0" = @Indgnmztﬂ ol

>0 >0
Lemma 4.3. Letd € Z~y. Then KNk = BICq, where B denotes the subgroup of upper triangular matrices
in IC.

Proof. Let a = (a;;) € KN K'. Then a € KN K" if and only if (n)~tan? € K and a € K. Solving this
condition yields v(ag1) > d. By Lemma 2.3, either ajq, a2 € OF or ai2,a21 € Of. Since ag; € p%, it follows
that ai1, a2 € OF. We claim that a = bk with

1
_ (a2 a2 . 1 0
b= ( 0 a22> eB and k= (a21a221 1> € Ky.
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Indeed, since a € K, we have ai13a29 + a12a22 = 0 and ay1a22 + as1a12 = 1, therefore

1 + Gaza12021 a5y 11— U92T12021 Gy _a11G22 a

T B T T oam
Since azy € O and Gizaze € eOp, we have b € B. As a = bk with a,b € K, we must have k € K.
Moreover, since as; € pdE and age € OF, it follows that a21a§21 S pdE, and hence k& € 4. Therefore we have

shown that K N K" C BK,.

S -1
22 ~ + A1202109; =

Conversely, let h € BKq with h = bk, where b = (b;;) € B and k = (k;;) € K4. Clearly, h € K. Moreover,
since bg; = 0 and ko; € p%, a direct computation shows that (n?)~thn? = (n?)~ton? (n?)~kn? € K, and
hence h € KN K. Therefore, BK; C KN K"d, and the lemma follows. O

By the preceding lemma, for any d > 0, £ N Kt = BK4; that is; elements of By can be represented by
matrices (a;;) € K such that as; € pd. Consequently, (4.2) may be rewritten as

(4.3) Resie-IndSo =0 @ @ Indg,cda"d and Resge-Ind$, 0" = @ Indglcdand.
d€e2Z~¢ de2Z~0+1

Lemma 4.4. Let d € Z~qy. Then (BlCd)"fd = BPK,.

Proof. Let a = (a;;) € BKq. Then an ! = ( a1 alde). By Lemma 4.3 we have ag; € pdE and

—d
az1w a2

a1, a2 € Of. We claim that we can factor the matrix a” " as bk, where

o a1 0 op o 1 afllalgwd
b= (aglw_d aul> € B and k= (0 1 S ’Cd.

Since a is an element of I, we have @i7a21 + ai1a21 = 0, and it follows that

1 -1 _ _
1 ___ 1 aqyanagiaiz +1  —aj;anasiai +1  arrass
aqq a12621 +a11 = = =

— — ——— = a22.
ail a1 aiil

Thus a = bk. As a1; € O and @i1az1 € v/eOp, we have b € B°P. Since a = bk with a,b € K and a2 € pg, ,
we have k € K4. Thus we have shown that (BlCd)"fd C B°PK,.

Conversely, let a = (a;;) € B?Kq. Then a € (BKg)" * if and only if ndan=? = a"" € BK,. Since the
(1,1)-entry of any element of B°P lies in O and the (1, 2)-entry of any element of g lies in p%, we deduce
that a0 € p%. Thus we can factor " as a"" = bk, where

1 —d
b— (a22 a12w@ ) and k= ( El ; O) .
0 aso a21055 @ 1

As in the proof of Lemma 4.3, since a € K, we have a1za20 + a12a22 = 0 and a11a23 + as1a12 = 1, therefore

_ 1+ Goza12a21a35 1 — a@i2a91057 @112
— 1
Ao '+ 12021099 = — 2 = — 2 = — = =a.
a22 a22 a22
Since a € K and a5 € p%, it follows that ase € OF and azza12 € v/€Op, hence b € B. As a = bk with a,b € K
d —d
and ajs € p%, , we have k € K. Thus we have shown that a”" € BK,, hence a € (BK4)" ', and therefore

the inclusion BPK, C (BICd)nfd follows. Combining both the inclusions we obtain BPK; = (BICd)’fd. O

Proposition 4.5. Let o be a cuspidal representation of K/Koy. Then for any d > 0, the mazimum depth
of any irreducible component of Indgmand is d. Moreover, there exists at least one component of depth d.

Proof. When d = 0, the summand is simply o, which has depth zero by hypothesis. Let d > 0. By
Lemma 4.4, the action of o™ on B4 is given by the action of ¢ on B°PIC,, and since o is trivial on Iy, this
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is determined by Resgoro. Explicitly, for a = (a;;) € BKq we have

J"d(a) =0 (a"id> =0 an a1z =0 an 0 > i
ag ¢ a22 anw ¢ apg?

Since K411 C K4 and o has depth zero, we deduce that Kyy1 C ker(cr"d). As K441 is a normal subgroup
of K, it follows that Kgy1 C ker(Indjs da"d). Therefore, the maximum possible depth of any irreducible
component of Indg,cda"d is d.

We claim that Kg ¢ ker(Ind gy da"d), and hence at least one irreducible component of Ind/gx da”d has depth
d. Suppose, for contradiction, that g C ker(Indg,CdJ”d). Since K4 is a normal subgroup of K, it would
then follow that Iy C ker(a"d). Therefore, to prove that Ky ¢ ker(Indjg, da”d), it suffices to show that
Ka ¢ ker(o™"). Let b = (L9) € B, where ¢ € /€Oy, and let x, denote the character of 0. From Table 2,
! O) € Kq. Applying 0" to this

cw? 1

(2 )l )

This shows that the element ( ! 0) is not in the kernel of and, and we conclude that Ky & ker(a"d). ]

cw? 1

we have x,(b) = —1, hence o(b) # Id. Now consider the element (
element, we obtain

Proposition 4.6. Let o be a cuspidal representation of K/Koy. Then for any d > 0, the degree ofIndg,Cdand
fod—1(,2
is g1 (g2~ 1).

Proof. Since o has degree ¢ — 1, the degree of Indg,cdand is given by (¢ — 1) times the index [K : BK,].
Noting the inclusions K4 C BK; C K, and using group isomorphism theorems we have
[K:Z ch] [IC Kl][K:lt K:d] [K: ICﬂ[Kli ICd]

R BRa = kK ~ B (BnKy)] B (BAKDIBAKY): BAKD]

Since K/K1 =2 U(1,1)(F,), and B/(BNK;) = B(F,), we have
[: K] = UL 1) (Fg)l = qlg = 1)(g +1)* and  [B: BNKi] = [B(Fy)| = q(¢* — 1).

The indices [[C1: Kq4] and [(BNKy): (BN Ky)] are the same as the indices of the corresponding Op-modules
in the Lie algebra. Thus we have [K;: KCg] = ¢*@~Y and [(BNK1): (BNKy)] = ¢*@~1. Thus, the degree of
Indf dcr”d becomes

q(q —1)(g + 1)%¢*—Y
q(¢® — 1)g3*=1)

(¢q—1)-[K:BKa] =(¢—1) = (¢ —1)¢* "

O

The central character of o is the map 6: ¢! — C* defined by o(21) = 6(z)Id for all z € ¢!. From Table 2, we
infer that 6(z) = a(2)B(z). As Z C K, the induced representations c-Ind¢o and ¢-Indg,o” have the same
central character as o.

Lemma 4.7. Let d > 0. Fori € {1,2}, let 0; be a cuspidal representation of K/Kos+ with central character
d d
0;. Then Respic, 0] = Respi,0q if and only if 01 = 0.

d
Proof. By Lemma 4.4, the action of o] on BK, is given by the action of ; on B°?Kg4, and since o; is trivial
on Kg4, this is determined by Resporo;. It thus suffices to show that Resgoro; = Resgoproy if and only if
01 = 05. Since these representations factor through the finite group quotient U(1, 1)(f) & K/K4, it suffices
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to compare their characters. Write B°P also for the image of B°? in U(1,1)(f). Using Table 2, the character
Xo; Of Resgoro; is given on elements of B°? by

(g —1)0;(a) ifacel,c=0;

a 0 _ ; 17 .
X‘”((c a1>>_ —0;(a) 1fa€e.,c7é0,

0 otherwise.

We now calculate the intertwining number between x,, and X, to be

I(XalaX@ |Bop| Z XO'1 XUz )

geBer
1
:(271) Z Or(a)fa(a)(q — 1)* Z 01(a
g a€el,c=0 a€el,c£0
e @+ D@ =12+ (g - D(g+1)) =1 if 61 =6y
0 otherwise.
Thus we obtain that x,, = Xs, if and only if §; = 6,, as required. |

Remark 4.8. For any cuspidal representation o of /Ky, the preceding lemma ensures that, for every
d € Z>q, the restriction Respi da"d remains irreducible as a representation of BIC,.

The following proposition shows that, for each d > 0 and each cuspidal representation o of /Ko, each of
the Mackey components Ind da"d is independent of the choice of ¢ up to its central character 6.

Proposition 4.9. Let d > 0. For i € {1,2}, let 0; be a cuspidal representation of K/Koy with central
d d
character 0;. Then Indc,0f 2 Indge, oy if and only if 01 = 0.

d d
Proof. By the preceding lemma, if §; = 65 then Respx,0] = ResB;g .09, and by functoriality of induction we

d
have Indg,cdaf = Indg,cda2 Conversely, assume that IndB,C ag’ = IndB,C o . As Z C l’)’ICd7 the 1nduced
d
representations Indg,cda;’ have the same central character as that of ¢;. Since IndBKdaf = IndB,Cdag , it
follows that 6, = 65. O

Since Z = E', and E'/(E')? has index two, let § denote that unique non-trivial quadratic character of E*.
It can be shown that § has depth-zero. We now prove a lemma that will be used in §6.

Lemma 4.10. FEvery depth-zero irreducible supercuspidal representation m of G can be expressed as m =
A7, where X is a character of G and 7’ is a depth-zero irreducible supercuspidal representation of G whose
central character is either 1 or .

Proof. Let m be a depth-zero supercuspidal representation of G with central character §. Then there exists
a cuspidal representation o of K /Ko, with central character 6 such that 7= & c—Indga or T c—Ind,Cén o". We
can write = 6*u? for some k € {0,1}. Let ¢ = (¢! o det) ® o, which is again a cuspidal representation
of K/Koy. Then c-Indgo = (¢ o det) ® e-Indgs and cIndg,0” = (¢ o det) ® e-Indg,5”7, and the result
follows. |

4.3. Irreducibility of the Mackey components. Let o be a depth-zero irreducible supercuspidal repre-
sentation of K/Kop; with central character 6. In the previous section we saw that the restrictions to K of
the depth-zero irreducible supercuspidal representations c-Ind,Céa and c-Ind%, o' are given by

d d
Resk e-Ind¢o = 0 @ @ Indg,cdan and Resg c-Ind$, 0" = @ Indg,cdan
de2Zg d€2Z0+1
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In this section, we prove that for each d € Z~(, each of the Mackey components Indg,c da"d intertwine with
the irreducible representations of the same degree constructed in Theorem 3.2, and, as a consequence, we
deduce their irreducibility.

Theorem 4.11. Let o be a cuspidal representation of K/Koy with central character 0. Then for each
d € Z~q, we have Indg,cdand > Sy(Xg-a,0). Consequently, each K-representation Indlg,cdond 1s irreducible.

Proof. Let o be a depth-zero irreducible supercuspidal representation of G with central character . Since
o has depth zero, for each d € Z~(, we have that 0 |z~7,= 1. Therefore, by Theorem (3.2)

Si(X_-a,0) = Indléujd\I’X,w—dﬁ

is an irreducible representation of K of depth d and degree (¢ — 1)g?~!. Since both the representations
Sa(X_5-a,6) and Indgy da”d have the same degree and one of them is irreducible, it suffices to show that
the space of intertwining operator between them is nonzero. As

K d ~ d
Homy (Indg, 0", Sa(X_5-a,0)) = @ Hompg,n(zu 7,)9 (0" a@§7w7d79)7
geEBKN\K/ZU Tq
it is enough to show that

d
Hompi,n(zu g9 (0" s ¥x___,0) # 0.

Since these representations have (maximal) depth d, they factor through the finite group quotient (BIC;N
ZUJ4)/Ka+1. Thus our approach is to evaluate the characters of these representations of finite groups and
calculate their intertwining number Z.

Computing the characters is straightforward. The character x,« of 0" on an element g = (gi5) € BKq is

given by
0
— Ty n g1 912 -7 g11
Xy (9) <U ((921 922 "7 gnw ¢ gt

where g11 € OF, and g21 € pd. Therefore, we have

(¢ —1)0(g11) if g11 € 2+ pp for some z € E', and go; € pdE+1;
Xna(9) = —0(g11) if g11 € 2+ pp for some z € E1, and go1 € p%, \pdE“;

0 otherwise.

We now provide a formula for the character ‘I’X_w_d,0~ Let g € BK4NZUJy. Then by Lemma 4.3, go1 € pdE,

and gﬁlgm € eOp. Since ZU C B, we may factor g as g = th where t € ZU and h = (h;;) € BKq N Jy.
d d
Then there exists z € E', such that g;; = 2 mod p;ﬂ and hoy = 2 1ge1. Since g7 = 2 mod p;ﬂ we have

d d
z€gn(l +gﬂ1p£ﬂ) which implies that 2! = gfll mod p,;?] and therefore we have hg; = 271 g1 = 91—11921

mod pgﬂ]. As g2y € p%, ho1 = gﬁlgm mod p]gHﬂ and v is trivial on pg, it follows that

Ux __,0(9) = 0)Y(Te(X_g-a(h — 1)) = 0(g11)¥(— har) = 0(g11)(—g11 g1 7).

Computing the intertwining number is technically challenging, but follows easily once we arrange the sum in
an appropriate way. Note that if go; € p%“, then 1(—gi go1w™?) = 1 as 1 is trivial on pgp, and it follows
that

Uy __,0(9) = 0(91)9(—g1y g™ %) = 0(gn1).
Thus, to evaluate Wx __, ¢, it suffices to consider its restriction to the following two subsets of N :=
(B’Cd n ZZ/{jd)/ICdH:

d
S1:={geN|gn € Z—l—po] for some z € E' and go1 € p%ﬂ .

d
Sy:={g€N|gn € erp]L?] for some z € E' and ga;, € p \ pL}.
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Note that N = S; LU Sy. Thus we have

0(911) ifg S Sl,

\I] =
Xiwfd,e(g) {9(911)1/,(_9111921@‘1) if g €55.

Thus the intertwining number I(Xnd, Ux 0= dimC(HomBKdﬂ(ZUjd)g(J"d, Wx_ __,0)) is given by

I(Xndv \IIX w—d>s 9 | Z Xn \IIX o—ds 9(9)
geEN
N Z 0(g11)0(g11) N Z 0(911))0(911) (=911 921~ %).
~ N |g€S1 TN | 55,

For convenience, set

M = Z (q - 1)9(911)9(911) and M, = Z (—9(911))9(911)¢(—9f11921w7d)~

geSh gES?

Then
My + M,

I(Xndvq]X_w_d,e) = |N|

We first compute the second sum M,. Since ¢ is unitary, ¥(—g7;' go1@~ %) = ¥(97; 921~ ¢) and therefore

Mz =) (=6(911))6(912)¥ (917 gz ).

gES2

Observe that for each g11 € z + p 7 2] , the sum

Y vgntgmm Ve = Y Wy

g21€pL\pg yee\{0}

Since }_ . ¥(y) = 1, and ¢(0) = 1, we obtain that

Z P(zgn@ Ve = —1.

g21€pE\py!
Therefore,
= Z 9(911)m~
gES2
Adding M; and M,, and applying the orthogonality relations for characters, we obtain

My + My = Z 0(911)0(g11) = |N|.
geN

Therefore the intertwining number between the two characters is

M+ M,  |N|

= =1
[NV [NV

I(Xnda \I/X,wfdﬂ) =

Hence the representations Indg,c dU”d and Sg(X_ -4, 0) intertwine. Since Sq(X_-a,0) is irreducible and has

the same degree as Indg,cda"d, we conclude that Indg,cdand is irreducible and isomorphic to Sg(X_-4,6),
which by Theorem 3.2 is isomorphic to S4(X -4, 6), proving the theorem. ]

As a corollary, we obtain our main results of this section, and our first set of branching rules.
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Corollary 4.12 (Branching rules for depth-zero supercuspidal representations). Let o be a cuspidal repre-
sentation of K /Koy with central character 8. Then the decomposition into irreducible K-representations of
the restrictions to K of the corresponding depth-zero supercuspidal representations of G are given by

Resnc—lndga%a@ @ Si(Xp-a,0) and Res;cc—Ind,%a”% @ Si(X5-a,0).
dGQZZl dEQZzo-‘rl

We conclude by noting that every component occurring in the decomposition has distinct depth and degree.
Even more, the origin of the representation determines the parity of the depths of the irreducible constituents
occurring in the restriction to I, for compact induction from K yields only even depth components, while
compact induction from K" yields only odd depth components. We also observe that if o; and o9 are cuspidal
representations of /Koy with the same central character, then the corresponding depth-zero supercuspidal
representations of G have isomorphic restrictions to &, i.e.,

Resk c-Indgo; = Resy c-IndZoy and  Resk c-Ind%, 07 = Resg e-Indi, ol

It is also worth comparing this behaviour with that of depth-zero irreducible supercuspidal representations of
SL(2, F). In the case of SL(2, F), each Mackey component Indj da”d decomposes further into two irreducible
pieces, whereas for our unitary group each such component remains irreducible.

5. BRANCHING RULES FOR POSITIVE-DEPTH SUPERCUSPIDAL REPRESENTATIONS OF (G

In this section, we first construct all positive-depth irreducible supercuspidal representations of G using a
method originally due to J. K. Yu, often referred to as the Adler—Fintzen—Yu method [Ad198, Yu01, Fin21a].
Since p > 2, this construction yields all irreducible supercuspidal representations of G [Fin21b, Theorem 8.1].
We then restrict these representations to K and describe their decomposition in terms of the irreducible
representations of JC constructed in Theorem 3.1. We prove that this decomposition is multiplicity-free and
is characterized by distinct depth and degree.

5.1. Construction of the representations. Our goal in this section is to provide an explicit parametriza-
tion of all positive-depth irreducible supercuspidal representations of G.

Note that if A is a positive-depth character of G and 7 is an irreducible depth-zero supercuspidal represen-
tation of G, then A ® my is an irreducible positive-depth supercuspidal representation of G. Since we have
already described the branching rules for all depth-zero irreducible supercuspidal representations of G in §4,
we now turn to the construction of those positive-depth supercuspidal representations not arising in this
way.

We begin by recalling the Adler-Fintzen—Yu method for constructing positive-depth supercuspidal repre-
sentations of connected reductive p-adic groups (together with the twist introduced by Fintzen, Kaletha,
and Spice), specializing to the case of our unitary group G. We first present the datum required for the
construction and then briefly summarize the latter.

5.1.1. Datum for the construction. There are various equivalent ways to present the datum; here we follow
the formulation of [Fin21a, FKS23]. The datum for constructing positive-depth supercuspidal representations
of a general group G is quite complex, but since our group G has rank one, it can be simplified as follows.

D1) An anisotropic torus T of G;
D2) The unique point y € Z(T) C B(G);
D3) A real number r > 0, and we set s := &;
) A G-generic character ¢ of T of depth r relative to y;
(D4’) A character ¢’ of G that is either trivial or of depth " > r.



BRANCHING RULES FOR IRREDUCIBLE SUPERCUSPIDAL REPRESENTATIONS OF UNRAMIFIED U(1,1) 21

For the remainder of this subsection, we briefly recall Yu’s datum for constructing positive-depth super-
cuspidal representations as formulated in [Fin2la, § 2.1], and explain why, in our setting, it reduces to the
simplified form above.

(a) The general construction requires a sequence
G:Gl;)GQDGgD"'DGnJrl

of twisted Levi subgroups' of G’ that split over a tamely ramified extension of F', with Z(G,11)/Z(G)
anisotropic. Since G has rank one, the only possible sequences are G O T or G 2 G O T, where
T is an anisotropic torus. We shall see later (5.3) that representations arising from the latter are
simply twists (by characters of G as in (D4’)) of those from the former, so it suffices to consider the
sequence G O T, as in (D1).

(b) In the general setting, one requires a point y € B*(Gpy1) C $(G) such that the image of y in
B (GIr)) is a vertex. For our group G, the center is compact, and so Z°"(Gge) is the reduced
building %#(G). Moreover, since T is compact its building (enlarged or reduced) is a single point,
which is thus a vertex of Z(T), justifying (D2).

(¢) The general datum requires a decreasing sequence of real numbers r; > ry > -+ > 1, > 0, depending
on the length of the chain of twisted Levi subgroups. In our case, the two possibilities are a single
parameter r > 0, or a pair ' > r > 0, corresponding to the sequences noted in (a). So if the sequence
is G D T, we have a character ¢ of T of depth r, and if the sequence is G O G O T, then in addition
to ¢, we also have a character ¢’ of G of depth r'.

(d) One also requires, for each 1 < ¢ < n, a character ¢; of G4 of depth r;, trivial on (Giq1)y,r+-
If G, # G411, we also require ¢; to be G;-generic of depth r; relative to y. In particular for our
case, for either sequence, we need a character of 7, which we will denote by ¢, that is G-generic of
depth r > 0, which is the condition (D4); and for the sequence G 2 G D T we additionally need a
character ¢’ of G of depth 7’ > r, which is the optional condition (D4’).

(e) Another ingredient is an irreducible representation o of (Gy41)p, that is trivial on (Gpy1)y,04 and
is a cuspidal representation of

(Gn+1)y,0/ (Grti1)y,045

where [y] denotes the image of y in the reduced building %(G,,41). In our case, (Gpny1)fy) = T, since
BN (T) = $°YT) = {y}, and o is a cuspidal representation of 7 /7o, . Since this group is abelian,
o is one-dimensional, and without loss of generality we may absorb it into ¢ by replacing ¢ with
o ® ¢ [HMO08, Theorem 6.7].

The datum in particular defines a compact open subgroup K’ and a representation p thereof such that
c-Ind% p is an irreducible supercuspidal representation as we will summarize in the next section. In our case,
the inducing subgroup is simply K’ = G, ;7.

Remark 5.1. Fintzen-Kaletha—Spice [FKS23, Definition 4.1.10] introduced an additional sign character e
of the inducing subgroup K’. However, in our case, since G,,.1 = T is just a torus, € is a sign character of
Gy,sT, trivial on Gy To4. Since Gy sT /Gy, sTo+ = T /To+, € is simply a depth-zero character of 7. Asin (e),
we may replace ¢ with € ® ¢. We note that Yu’s original construction did not include ¢; this correction was
introduced in [FKS23] to make Yu’s proof work — his proof relied on a typo in a published reference. Fintzen
also showed in [Fin2la] that Yu’s original construction is valid even without ¢, and provided a different
proof of Yu’s main theorem. For our purposes, the presence or absence of € does not affect the outcome,
though it is crucial in broader contexts such as the local Langlands correspondence [Kal21] and character
theory [Spil8].

Note that we have already classified all anisotropic tori 7 of G up to conjugacy in Proposition 2.6, with
corresponding vertices y listed in Table 1. We have also provided a description of G-generic characters of T
in 2.3.2. Having assembled the necessary ingredients, we now proceed with the construction.

IFor us the symbol D always denotes a proper subset inclusion.
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5.1.2. The construction. Given a quadruple (T,y,r, ¢) as in Section 5.1.1, the idea of the construction is to
extend ¢ to a uniquely determined depth r representation p = p(T,y,r, ¢) of the compact open subgroup
Gy.sT, whose compact induction to G is irreducible, and hence supercuspidal. It proceeds as follows. Recall
that we denoted by e the Moy—Prasad isomorphisms of abelian groups

tar /ey — Tor/Trv, gz,s+/gm,r+ — Gm,er/Gz,rJr'

Since the character ¢ of T has depth r, its restriction to 7s4 factors through 74 /7.4+. As established
in Section 2.3.2, every such character is represented by an element of t_,; that is, there exists I',, =

(u < vﬁ) € t_, C g such that

vy/€ ur/e
(5.1) o(t) = U(Tr (Dype ' (2))) for all t € Tsy.
Moreover, as explained in that section, the image of I',, ,, in t_,/t_; is uniquely determined by this relation,
and the genericity of ¢ forces v(vy;) = —r —y. The element I' := T, ,, also defines a character Up of

Gy,s+/Gy,r+ given by

Ur(g) = W(Te(Te " (g)) for all g € Gy oy
Since ¢ and ¥ agree on the intersection 7,4 of their domains, together they define a unique character é of
Gy s+ T, given by

(5.2) P(gt) =Vr(g) 9(t) VgeGysy, VEET.

The following lemma is a summary of the consequences of the key technical step of Yu’s construction applied
to our case.

Lemma 5.2. If T is ramified, or if T is unramified and r is odd, then Gy o1 = Gy s. In these two cases,
p = ¢ is a one-dimensional representation of Gy T of depth r.

If T is unramified and r is even, then there exists an irreducible representation p of G, sT of dimension g
such that p|a, ., T, s ¢-isotypic, p|z7,, is ¢-isotypic, and Resg, ,, p is Wr-isotypic.

Idea of proof. It Gy oy = G4, then we already have a description of p = ¢ given by (5.2). If Gy o1 # Gy,
then p is constructed using the Weil-Heisenberg representation. A detailed description of the construction,

together with the fact that dim(p) = /|G, /Gy s+ Ts| and p |g, ., 7. is ¢-isotypic, is given in [Fin21a,
Section 2.5]. Since Gy o4 < Gy s+ Ts < Gy sTs = Gy s, using group isomorphism theorems we have

(Gy,s: Gy,s+] _ [Gy,s: Gys+]
(Gys+Ts: Gy,st] [Ts: Ts+]

As s > 0, by properties of Moy-Prasad filtration subgroups, we have Gy, /Gy s+ = @y.s/8y,s+ and Tg /Ty =
ts/ts+. Therefore

G5t Gy st Ts] =

9y, By.s+] q* 2
G e T = Y, Y, — 1 _ ,
[ Y8 y,s+ S] [ts: ts+] q2 q
and hence dim(p) = ¢. The remaining properties, namely that p|z7,, is ¢-isotypic and that Resg, ., p is
Up-isotypic, are established in [Nev13, Lemma 3]. O

We write p = p(T,y,r, @) for the representation produced by Lemma 5.2. Then by [Fin21la, Theorem 3.1]
the compactly induced representation
Ty 1= c—Indgy TP

is an irreducible supercuspidal representation of G of depth r.

Now suppose our datum includes a character ¢’ of G of depth ' > r, as in (D4’). Then the representation
o =p(T,y,r, 1" @) is just ¢’ ® p. Since ¢’ is a character of G, by applying Lemma 2.9 we have

(5.3) c-Ind (¢ @p) = ¢' @ (C—Indgy,gﬂ)a
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and therefore c—IndgyvsT(qﬁ’ ® p) is also an irreducible supercuspidal representation of G, this time of depth
r’. Hence the simplification in (D1).

Theorem 5.3. [Fin21b] All positive-depth irreducible supercuspidal representations of G have the form
A®cIndg rp

for some character \ of G, or A ® mg, where X is a positive-depth character of G, and my is a depth-zero
irreducible supercuspidal representation of G.

We denote the simplified datum (7,y,r, ¢) arising from (D1)-(D4) by . When (D4’) is also included,
we denote the extended datum (7,y,r, ¢,7’,¢’) by £’. A natural question is: if we tensor p (or 7,) by a
character of G of depth r’ > r, then it is the representation arising from the datum (7 ,y,r, é,7’,¢’), but
what happens if we tensor by a character of G of depth < r? How does it arise from a datum?

Lemma 5.4. Let p = p(T,y,r, @), let X be a character of G of depth < r, and let (E be a character of T
such that ¢ = |7 ®¢. Then

(1) ¢ is a G-generic character of T of depth r; and

(2) if p:= p(T,y,r,¢), then with s = § we have c—Indngﬁ > AR (c—Indgy’sT p) .

Proof. We leverage the work of Hakim and Murnaghan [HMO8], who showed when two data produce equiv-
alent representations. Let ¢g be a character of G of depth 7y > r. Then ¥’ := (T,y,r,¢,r1,0g) is a
well-defined input for the construction of a supercuspidal representation. Consequently, by (5.3),

G
¢ @ c-Indg, 7p
is an irreducible supercuspidal representation of G of depth r1, where p = p(T,y, 7, §).

To prove the lemma, consider ¥ = (T,y,r, 5, r1, A\d). To verify that it is a valid input, we have to prove

that a is a G-generic character of 7 of depth r. To do so, we prove that Y is a refactorization of ¥’ in the
sense of [HMO8, Definition 4.19]. To verify that X is a refactorization of ¥, we must check conditions (F0),
(F1), and (F2) of Definition 4.19 in [HMO8], which in our setting reduce to the following two conditions:

(FO) Tf ¢ = 1, then Adg = 1.
(Fl) ¢‘7?)+: (¢)‘_1) |7—0+ and (/\(ZSG) |Gy,7'+: ¢G' |Gy,7'+'

Condition (F0) is vacuously satisfied because ¢ has depth 71 > 0 and is therefore nontrivial. For (F1), note
that ¢ = A |17 ®¢, so the first equality holds immediately. Moreover, since A has depth < r, it is trivial on
Gy,r+, which implies the second equality as well.

In [HMO8, Proposition 4.24], Hakim and Murnaghan prove that if ¥ is a refactorizaton of X', then ¥ is also
a well-defined input, and the representations

p(X) = 9cla, . T ®p and p(2) == (\dg) la, .7 ®p

are equivalent. As a consequence, we obtain an isomorphism

b6 ® (clndf, 7p) = (\be)® (clndf, 77),

of supercuspidal representations. Finally, canceling ¢ on both sides yields the desired result. O

We can now give a further simplification to our data, one that will be crucial in §6.
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r

Proposition 5.5. Let p = p(T,y,r,¢), and set s := 5. Then there exists a character X of G such that
G ~ G ~
cIndg, 7p = A®QcIndg, 1,

where p = p(T,y,r,¢") is chosen so that c-Indgy 7P s an irreducible supercuspidal representation of depth
r with depth-zero central character.

Proof. Let 6 denote the central character of c—IndgyysTp. Then we may write § = 6*12 for some k € {0,1}

and some character p of El7 where § is the non-trivial quadratic character of E'. Consider the character
o det of G. Since c—IndG .7 p has depth r, its central character § has depth at most 7. Note that p o det
has same depth as that of 9. Thus w1 o det is a character of G of depth < r.

Define ¢’ := (u~'odet) ® ¢. Then ¢’ |7 is 6%, and we may write ¢ = (o det) ® ¢'. Applying Lemma 5.4
yields that ¢’ is a G-generic character of T of depth r, and

c—Indgy 7P = (podet) ® c—Indgy TP

where p = p(T,y,r,¢'). Since ¢’ |z is §%, it follows that the central character of c—Inng’sTﬁ is 6%, which
has depth zero for either value of k. This completes the proof. ‘ O

The following is a direct consequence of Theorem 5.3 and Corollary 5.5. This corollary will be used in §6.

Corollary 5.6. FEvery irreducible supercuspidal representation m of G of depth r > 0 can be expressed as
T A7, where \ is a character of G and 7' is an irreducible supercuspidal representation of G of depth
r whose central character is either 1 or 4.

5.2. Restriction to K. By Theorem 5.3, we know that the positive-depth irreducible supercuspidal repre-
sentations of G have the form

A® c-Indgy TP

for some character A of G, or A ® my, where A is a positive-depth character of GG, and mg is a depth-zero
irreducible supercuspidal representation of G. Since the decomposition of depth-zero representations of G
was already described in §4.2, and for a character A\ of G

Resx ()\ ® c—IndngSTp) >~ )\ |k ®Resg (c—IndgyysTp) ,

it suffices to describe the branching for 7, = c-Indgy 7P, where p = p(T,y,r,¢). In this section, we do not
need to assume that the depth of the central character of m, is zero. By Mackey theory we have

G ~ K
ReS’C Tp = @ C_Ind/Cﬂ(Gy,ST)g pg.
geR\G /Gy, sT

For each double coset representative g € K\G/G, T, the depth of the Mackey component c—Ind%n(nysﬂg p9
depends on T (via the associated point y), on g, and on r. We denote this depth by d = d(T, g, 7).

Theorem 5.7. For each double coset representative g € K\G/Gy T, the corresponding Mackey component

K
c-Indinq, 1)0 P7

is an irreducible representation of K.

The proof of Theorem 5.7 proceeds in several steps. In §5.2.1 we give an explicit description of double
coset representatives for the space K\G/G, sT. Using these, we compute the degrees of the corresponding
Mackey components in §5.2.2. Finally, in §5.2.3, we show that these Mackey components intertwine with
the irreducible representations of the same degree constructed in Theorem 3.1, thereby establishing their
irreducibility.
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5.2.1. Double coset representatives. Our goal in this section is to explicitly compute a set of double coset
representatives for the double coset space KK\G/G, T for each of the anisotropic tori listed in Table 1,
together with their corresponding point y and s > 0. Note that, except for T,,-1 ., all such tori are contained
in K. In contrast, the torus 7,-1 , = 7;'?1 lies inside the conjugate subgroup K", where n = ((1) g)

By Lemma 2.4 a set of representatives for K\G/K (and likewise for K"\G/K") is { o' |; ¢ > 0 }, where
al == (wﬂ Ot).
0 w

When 7 C K, we also have G, ;7 C K; and for the torus corresponding to y = 1, we have T = 77’71 C
Gy.sTy C K" In both situations, applying Lemma 2.5 shows that each double coset in K\G/TG, s
has a representative of the form ofj3, with ¢ > 0 and 3 a representative of X N IC("ft\IC/G%ST or KN
(IC")“_t\IC’7 /Gy.sT, respectively. Therefore, we begin by computing sets of double coset representatives for
these latter double coset spaces.

2t

Note that ot = w!In=2t, therefore KNK® = KNK" " = (KNK" )7 ™. By Lemma 4.3, (KNK"") = BKa,

and by Lemma 4.4 we have (B/Czt)nim = B°?K4:. Hence
(5.4) KNK® " = BPKy,.

Since B C KNK* " and T C Gy sT, each double coset is a union of smaller double cosets, namely,
(ICHICO‘%)\/C/G%ST is a union of double cosets from B°P\K/T. Similarly, as n and a~! commute, we have
(B°P)" C K" (K" " and T € (Go,sTi,1)" = Gy s T. Thus (KN (KM )\K"/G,,.<T is a union of double
cosets from (B°P)"\K" /T/",.

Proposition 5.8. Let T be one of the tori listed in Table 1, with T C K. Then

= BoPT, if T =T
| BeT UBPwT, if T is ramified

where w = (93}). Similarly, K" = (B°?)"(T1,1)".

Proof. Assume that 75, 5, C K and let k := (£ %) € K. If y = 0, then k belongs to the identity coset
BPT,, .. If y # 0 but y € pp, then Lemma 2.3 yields x € OF. Since 27! = % and Tz € y/eF, we conclude
that 71z € \/eF. We also have Tw + Zy = 1, implying that w = 7!

can express k as
z y\ _(x O 1yt
z w) \z z')J\o 1 )°

Observe that if (7 %) € K, then (m 0 ) € K, thus (1 W{l) has to be an element of I, and therefore it

— T 'zy =7 ! + 27 2y. Hence we

P 0
follows that 'y € \/epp. Then (1—(yz )%y, *72) € OF. Choose a € OF such that aa = 1—(yz =)y, 1ya.
Note that such a choice of a is possible because the norm map Ng,r maps O} surjectively onto Oy. We
then have

T y\ (= 0 a 0 a=! ym_la_lwflvl op
(z w) o <z x_l) <—a_1ya:_1’yl_1fyg a_1> (y:clalfyl_lw a~ ! € BT

Lastly, if y € O}, then we can express k as (£ ) = (f’u 591 ) (”Jyf (1)), and zy~! € \/eOp. If zy~t € /eOF,

then (v, 72 — (zy~1)?) € OF. Choose a € O} such that a@ = v; 72 — (vy~")?. We then have

T 0 a 0 a eyt a gt
(2 ) oo )L ST e
Y a "ry "7 2 a a "7y a xy
Finally, let zy~! € /epp. Then 1 — ;75 *(zy~1)? € OF. Choose a € OF such that aa = 1 — 17, '(zy )%
We then have

z y\ _(y O a 0 0 1 a"! (ay2) " tzy~tm op
(z w>_<w y1> (—alxylfyl'le a1> (1 0) \(aye) tzy e a! € BFwT.
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It remains to show that when 7T is unramified, then w belongs to the identity double coset; and when 7T is
ramified, then B°PT # B°PwT. Indeed, from direct computation one can show that w € B°P7T if and only if
there exists some a € O such that a@ = v, lv,. Since Ng /F Maps O} surjectively onto O}, such a choice
of a is possible only when ~; v, e O, and this happens only when 7 is unramified. Finally, since the
groups B°P, K, and T; ; are conjugated simultaneously, the map = + nzn~! induces a bijection between the
double coset spaces BP\K/Ty,1 and (B°?)"\K"/T/",. Therefore, K" = (B°?)"(T1,1)". O

Lemma 5.9. Let T be one of the tori listed in Table 1, and let y = A(G,T). Then

~f(knKeTYG,l T, if T="Tia
(KNK* DG, TUKNK YwG, T, if T is ramified.

Similarly, K" = (K" 0 /(K" )Gy T if T = T/';.

Proof. As noted earlier (K N ICO‘_t)\IC/Gy,ST (resp. (Knn (IC”)O‘_t)\/C"/nysT) is a union of double
cosets from BP\KC/T  (resp. (B°?)"\K"/T";). When T is unramified, by Proposition 5.8 we have K =

BPT (resp. KN = (B"p)”ﬂl) , from which we conclude that, when 7 = T1 1, K = (KNK* )G, T, and,
when T = 77", K = (K7 0 (K" )Gy, T.

It remains to show that I and w represent distinct double cosets of K N IC“_t\IC /Gy.sT when T is ramified.
Let T be a ramified torus with corresponding point y = . Since (KN Ko™") = BPKy, (5.4), we have
(KNK* G, T C B?KyG, . T. Since the (1,1)-entry of any element of B?Kq,G, T will always be an

element of O, we deduce that w ¢ (KN IC"‘ft)Gy,ST C B?K9Gy sT, and hence I and w must represent
distinct double cosets. O

Theorem 5.10. A set of representatives for the double coset space K\G/T G, s is given by

{a' |t >0} if 7 is unramified
{I,a!,a'w |t >0} if T is ramified

M(T) = {

t_ (= ' o0 — (01
where « —( ) wt),andw-(lo),

5.2.2. The degree of the Mackey components. For each g € M(T), we now compute the degrees of the
corresponding Mackey components

Ind%ﬂ(Gy,sT)gpg'
Recall that for 7 > 0 and s = §, the representation p = p(T,y,7,¢) of G ;T is an irreducible representation
of depth r that has degree 1 when Gy, s = Gy s+, and degree g otherwise. Thus, for all g € M(T), the degree
of the corresponding Mackey component is

deg (Indf (g, 70" ) = deg(p) [€: K01 (G TY)

Thus, the computation reduces to evaluating the index [K : K N (G, T)9] for each g € M(T).
Proposition 5.11. Let g € M(T). Then KN (G, T)? = (KNGY )(KNTY).

Proof. Since Gy s I G, and T C Gy, the torus T normalizes G ;. In particular, XN7T9 normalizes KNGy .
Hence the product (KN GY )(K N T7) is a subgroup of K. Let g = o'. If t = 0, then g = I. Since for all

s >0 we have G, s C K, we have (KNG, sT) = G, s(KNT), and there is nothing to prove. Assume ¢ > 0,
and write k = hu € Gy T with h € Gy,s and v € T. Then ko = he'u e ng’tsTo‘t. Explicitly we have

R hiiuir + higugy (h11ui2 + h12U22)w72t
(h21U11 + h22u21)w2t ha1u12 + haotoo ’
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For k% to lie in IC, the following conditions must be satisfied. Since ¢ > 0, the (2,1) entry lies in pg;
hence, by Lemma 2.3, the (1,1) and (2,2) entries must lie in O}, and the (1,2) entry must lie in Og. Since

hoy € p](;ﬂﬂ Cypgand hoy €1+ plgﬂ, solving the condition on the (2,2) entry of ke’ gives ugy € Of.

Next, consider the (1,2) entry of hu. Since hi1,uze € OF, v(hi1uia + hiouge) > min{v(uiz),v(hi2)}. If

v(u12) # v(hi2), then in order to have k' € K it is necessary that v(uis2),v(hi2) > 2t. This implies that
both A% and u®" lie in K whenever k' € K. Thus we have the desired factorization in this case.

On the other hand, if v(h12) = v(u12) > [s — y], more care is required. Since u € T, we have u1; = ug and
Uz = U127y, Y2. Moreover, we have w1717 +u12127; “y2 = 1, which implies that u1 @7 = 1 (mod sz[sfy}).
Since for all n > 1 the norm map Ng,p: 1 +p% — 1+ p} is surjective when E/F is a unramified quadratic

extension, there exists ¢ € 1 + pZEfs—yT with Ng/p(ui1) = Ng/p(c). As NE/F(uHc_l) =1, u ¢t € EL
Therefore, we can factor

—1 —1
U1 U2 o & CUqq U2 Uui1€ 0 c Iel 7
-1 - —1 -1 -1 ,s4-
U127y V2 U1l CUuyq U121 72 c 0 uy1c Y

Thus u = hz for some h € Gys and z € Z. Hence k = hhz = hz with h € Gy.s. Since =z K, k' e K

if and only if he' € K. This yields the desired factorization. The case g = aw is analogous, and can be

proved by replacing G, s with G, and [s — y] with [s+ y]. O

Y,s

Let T = T, ~,, and take y = A(G,T) as in Table 1. Before proceeding, for each g € M(7) and s > 0, we
describe explicitly the subgroups KN 79 and KN GY ..

For g € M(T), we define

2t —y if g=oalw
o(g) = :
2t +y otherwise.

Let k € K. Then k € 79 if and only if g~'kg € T. A direct computation shows that

a b
,beOg NG if g =at,
{<fmlw“ ) } e

a b
,beOg NG if g = alw.
{(lﬁﬂz_lw“ a> “ E} Hy=aw

Similarly, k € G , if and only if g 'kg € Gy 5, and we have

s s—04 s
(56) KNGy, =kn 1[++§<[E J] P ((g )1] = 1f++6p<£3>]1 pg[ 1 enk
: A pi PO 1 gl

where M = max{0, [s — d(g)]}-

(5.5) KNTo =

Lemma 5.12. Let g be o' (t € Zxg) or a'w (t € Zsg), and let y = A(G,T). Then fort >0 ory # 0, we
have (KNTY9) = Z(KNTy,).

Proof. Since y is the point associated to T, To = T N Gy,04+. The computations required for the proof of

this lemma are similar to those of (5.5). Let k = (‘; g); then k € 73, if and only if g~ kg € To;. Suppose
first that g = a. Then a~tkat = ( a bw2t> and we see that

cw™? d

ot a b
KNTg = {<b71172w4t a) |a€ 1+pE,beOE}mG.
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t

Similarly, when g = a*w, we have y = % and t > 0, therefore

alw a b
N7 = {(b%%lw‘“ a) |a€ 1+pE,be(’)E}ﬂG.

a b
by et a
aa € 1+pp. Since Ng/p: 14+pp — 14pp is surjective, there exists ¢ € 14-pp such that Ng,p(a) = Ng/r(c),
and we have the decomposition

a b ac’t 0 c ca'b ot
(b’yl_lfyzw‘“ a) N < 0 ac‘l) (calbfyl_lfygw‘“5 c ) € Z(knToi).

a b ot —1__4¢ —
w h 1
b'nglw‘“ a) e KNT*Y, we have by;y, @w* € pp,aa € 1+ pp, and

a b ac™! 0 c ca b .
(it 2) = (0 at) (mmpgron ") € 20607

as was required. 0

Now let h = ( > € KNT". Then b’yl_lfmw“ € pp, and aa + bgw4t’)/1_l’}/2 = 1. It follows that

Similarly, when h = (

Proposition 5.13. Let p = p(T,y,r,¢) and let g € M(T). Then

(¢g—1)q" whent =0and y =0,

K _
deg (Ind’m(GwT)gpg) B {(QQ —1)g?=t  otherwise

where d =1+ 6(g).

Proof. We want to compute the index [ : KN (G, sT)?]. By Proposition 5.11, this equals [IC: (KNGY () (KN

T9)]. From the description of these intersections (5.6), Gy sy2¢+1 is contained in (KN GY )(K N TY) and
therefore in . Hence

[’Ci Gy,s+2t+1] .
(KNG )KNTI): Gy syaes1]

K: (KNGY )KNT)] =

We also have Gy 512141 < (KNGY ) < (KNGY )(KKNTI), so by the third isomorphism theorem for groups
we have

(KNG )KNT?): Gysiarer] = (KNG )IKNT?): KNG KNG 0 Gysrae4].
Since (KN T9) normalizes (KN GY ), the second isomorphism theorem yields
(KNTHKNGY ): KNGy J=[(KNT): (KNTH)N KNG H)=[(KNT): (KNTINGY )]
Hence,

[’Ci Gy,s+2t+1]
[(KNT9): (KNTINGHIKNGYs): Gysra]

Since Gy, s42t4+1 < Koy < K, the third isomorphism theorem gives
(K: Gy syat+1] =[K: Kot ][Kot 1 Gy syat1] = UL 1)(F) | [Kot: Gy,st2e41]-

The index [Koy: Gy, s1+2t+1] equals the index of the corresponding Op-modules in the Lie algebra, which is

(K: (KNG HKNT)]| =

(Kot : Gy,srory1] = g2l T2 glst2tmvl glst2tryl

SO

(K: Gy sraer1] = q(qg — 1) (g + 1)?2Ter2 glsH2t=vlglst2t0v] — (g 1) (q + 1)2g2Ts1H8t 1 glsmvlglstul,
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From (5.6), the quotient (KX NGY ;)/(Koy NGY ;) is a unipotent subgroup of G /(Ko NGy ), and therefore
is in bijection with the corresponding Op-module in the Lie algebra. This allows us to compute

[(IC N Gg S): Gy,s+2t+1] :q2(]—s+2t+l]—[s"l)q]'s+2t+1—y-\—Mq|'s+2t+1+y-\—[s+6(g)]

=BtHa-M=[s+5(9)] g [s=v] g s+]

where M = max{0, [s — d(g)]}.

When ¢ = 0 and y = 0, let T(f) = T /704, which is an anisotropic torus over f. We then have [(KNT9): (KN

TNG) ) =I[T:Ts]=[T(H) | [T1: Ts] = (¢ + 1)2¢?I*1-2. Hence

(g —1)(g+1)%g I H
q*(q+1)%¢2[s1-2

Since deg(p) = ¢ exactly when r = 2[s], and deg(p) = 1 when r = 2[s] — 1, the total degree is (¢ —
D)g*l*1= deg(p) = (¢ -~ 1)a".

K: (KN (TGys)%)] = = (q— 1)q2m_1.

In all other cases, that is, when ¢ > 0 or y # 0, since T NG s = Ts, we have T9 N GY . = T7. Therefore,
(KT (KNTING ) =[(KNT?): (KNTI)] = [(KNT): (KN TN T ): (KT,

By Lemma 5.12, [(KNT9): (KNT$)] = [Z: Zoy] = [E* : (14pg)NE'], which equals g+1 by Proposition 2.1.
The second factor is again the index of the corresponding @ p-module in the Lie algebra, which is ¢/*1=1¢M.
Hence

deg (Indﬁn(cy,mgp") = (g% — 1)g[*1++0@)1-2gg( ).
2

When r is an even integer, deg(p) = ¢, and 0(g) is an integer, so the expression simplifies to (¢* —
Dg?ls1+9@)=24 = (g2 — 1)¢g?~'. Otherwise, we have deg(p) = 1, and either r is an odd integer and y is
an integer, or else r and y are half-integers. In either case, [s] 4+ [s + 0(g)] = 25+ §(g) — 1, and we again
obtain (¢ — 1)¢?~!, as desired. O

5.2.3. Proof of the main theorem. In this section, we present the proof of Theorem 5.7. That is, given
p=p(T,y,r,¢), we show that for each double coset representative g € K\G/G,, sT, the Mackey component
i
Inde, . 7)sricp’
is an irreducible representation of K. By Proposition 5.11, we have
K K
Ind, . 1ysncr’ = IndGenroycnay. )7

so it suffices to prove the irreducibility of the right-hand side. As established in Theorem 5.10, the double
coset space K\G/G,, T admits a set M (T) of representatives consisting of elements of the form o' with
t € Z>o and o'w with t € Z~(. Moreover, Proposition 5.13 gives the degree of the Mackey component
corresponding to each g € M (T).

We divide the proof of this theorem into two cases: the first case, t = y = 0, is straightforward.

Lemma 5.14. Let p = p(T,0,7r,¢) and let t = 0. Then the Mackey component Indgm(GO_ST)P = Indgo’sTp
is an rreducible representation of K. '

Proof. Note that Gy ;7 C K, and therefore X NGy ;T = Go,sT. Since c-Indg0 .7 p is irreducible, Ind’cc,0 TP
must be irreducible by transitivity of induction.

O

Since we have already handled the case ¢ = y = 0, we shall, from this point onward, assume that ¢ > 0
or y # 0. Our strategy for this case is to construct an irreducible representation of the form Su(X, ()
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(Lemma 5.16), as in Theorem 3.1, having the same degree as the corresponding Mackey component, and to
show that they intertwine, thereby deducing irreducibility (Proposition 5.17).

To compare with the Mackey component attached to g, it is enough to find X and ¢ such that

K K
Homyc (IndT(X)jd\I/X7C, Ind(,cm)(,m%s)pg) £ 0.

Applying Frobenius reciprocity and the Mackey decomposition theorem, this homomorphism space decom-
poses as
D Hom 7o) cnag, onr0) g (Px,e p7) -
he(KNT9)(KNGY I\K/T(X)Ta
The summand corresponding to h = 1 is Hom(Kng)(’CﬂGgys)mT(X)Jd(‘I’X7<7pg), and the non-vanishing of
this term is precisely the condition we will verify. This will show that S4(X, () is a subrepresentation of the
Mackey component, and hence the irreducibility will follow once we confirm that their degrees coincide.

Lemma 5.15. Let p = p(T,y,r,¢) and let g € M(T). Then the restriction of p9 to the subgroup K NTY is
¢I-isotypic.

Proof. By Lemma 5.12, we have KNTY = Z(KN7g, ). Moreover, by Lemma 5.2, the restriction of p to Z7o4
is ¢-isotypic. Conjugating by g, it follows that the restriction of p9 to K NTY is ¢9-isotypic, as claimed. [

By Lemma 5.15, the representation p? is ¢9-isotypic on K N T9Y. Moreover, by Lemma 5.12; the restriction
of p to Gy s+ is Wr-isotypic, where I' € t_, realizes ¢ on 7,4 /7T,4. Consequently, the restriction of p9 to
KNG}, is Ure-isotypic. Since the centralizer of T' in G is T, it follows that the centralizer T'(T'Y) of 'Y
in K is KN TY. Recalling that T(X) denotes the centralizer of X in K, these observations naturally suggest
taking X =T'Y and ¢ = ¢9. These choices will be justified in the next lemma and in Proposition 5.17.

Lemma 5.16. Let p = p(T,y,r,¢) and let I’ € t_,. be the element realizing ¢ on Ty /Tr+. Then, for every
g € M(T) satisfying our standing assumption that t > 0 or y # 0, the element I'Y lies in go,_q and has the

form

vyE  zy/€
with z,u,v € F satisfying v(z),v(v) > v(u) = —d. Moreover, ¢9 and Wry agree on the intersection T(T'9) N
Ja-

Proof. Let T = T4, ~,. Then by the genericity of ¢ we know that I' = (uizf/é uZi/\g/g) €t_,, with z € pL—H

and v(uy;) = —r — y. Since elements of M(T) are of the form o' with ¢t € Z>¢ and a'w with ¢ € Zg, a
direct computation yields

rot _ < 24/€ u’ylw_%\ﬁ> and patv _ < 2\/€ u’ygw_Qt\/E)
T \uypw?/e 2\/€ “ \umo?e 24/€ '
Moreover,
vumw 2eE) = —r —y — 2t = —(r + 6(at)) = —d,
and
v(uypw2e) = —r — % +1-2t=—(r+2t—y)=—(r+4(9)) = —d,
where, in the latter case, (v1,72) € {(1,@), (1,6 '@)} and y = 5. Since d > r when ¢ > 0 or y # 0, we
conclude that in both cases the valuations of z, uy,@?’, uy;w?! are strictly greater than —d. Thus U, is
a character of 7.

It remains to show that ¢9 and U agree on T(T'9) N Jy. If t > 0 or y # 0, then 6(g) > 0 and the subgroup
Ja is given by

145t s+ 2
jd — + pE pE NG
s+ 2L s+ 242 '

be L+pg
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This subgroup lies in Gy s4. Since T(I'Y) = KN T9 and Jg € Gy o4, we have (KNT9)N Ty CKNTE,.
Since ¢9 is realized by T’ on K N TY,, the two characters agree on the intersection (K N79) N Jy . O

By Theorem 3.1, there exists an irreducible representation of IC constructed from this data, given by
(5.7) Sa(T9,¢%) := Indficrray 7, Uro,go,
which has depth d and degree (g% — 1)q¢~'.

Proposition 5.17. Let p = p(T,y,r,¢) and let T € t_,. be an element realizing ¢ on Ty /Trs. Then for all
g € M(T) that satisfies our assumption t > 0 or y # 0, we have

Indicra, , 7)s 7 = Sa(T9, ¢9).

Proof. For g € M(T), our goal is to show that the representation
(5.8) Sa(T9, ¢%) := Indficryray 7, Uro,go
intertwines with the Mackey component

K K
(5.9) c-Indira, .70 = Ind(ings ) cn7o)P?-

As discussed before Lemma 5.16, it suffices to prove that

(5.10) Hom 7o)y (knat . )nicnTe) 7. (Yre, g, p9)

is non-zero. The subgroup on which we compare the two representations is
(KNTHYKNGE )N (KNTNTa) = (KNTINGE N Ta).

If Gy = Gy ey, we have GJ ;N Ty C GY .. Therefore, for an element tu € (KN T9)(GY ;N Ja), with
te KNT7 and u € G ;N Ja, we obtain

P (tu) = 7 ()W (u) = ¢7(t) o (u) = Wgo,ro (tu).

Hence (5.8) and (5.9) intertwine. This establishes the isomorphism in the case G, s = Gy s+, which occurs
either when 7 is ramified or when 7 is unramified and r is odd.

We now consider the case when Gy, s # Gy s+, that is, when 7 is unramified and r is even. Note that in this
case the double coset representative is just af. The subgroup G;; N Jy is then given by

d d Yy Yy
”5] ’—5-‘ s+t+[§] S+t+’—§-‘
Ge'ngy=|tTPE PE 4 |nG= tree P | nG
psE+2t+y 1+ PE2 péE-i- t+y 1+ pE 2

This subgroup is clearly not contained in

1 s+1 s+1—-2t—y
gjer = ( sJ—r|_1£2Et+y P s41 | N G,

since the (2,1)-entry of Gg‘fs+ lies in p3 """ whereas the (2,1)-entry of Gz‘fs N Ja lies in p3 >, and
pEPtY g psFHYTL Hence the simpler argument above does not apply. In this case, the proof is a bit

convoluted and proceeds as follows.

The first point to note is that although I' is uniquely determined by ¢ in t_,. only modulo t_, the restriction of
Urs to the subgroup G‘;’ts NJy depends on the choice of I' modulo t_ 1. In what follows, we show that for all

distinct choices of I' modulo t_,1, the representation Wpar 4.« intertwines with p® on (ICﬁTat)(Gg‘:s NTq)-
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Since p has depth r, pat | (Gt N T) factors through the group G;‘; 4 N Jg, which is given as follows. Set
A=max{r+1,s+t+ 4]}, B=max{r+1—-0(a"),s+t+[%4]}, and C = [r+1+6(a’)]. Then

ot _ (1495 pE
Gy7r+ﬁjd—{( P% 1+P}3 NG.

Since 2(s +t+ [4]) > r+1and 2(s +t+ 1) > r + 1 + 2t + y, we obtain that the quotient group H =
(G;j;ﬁjd)/(G;fTJrﬂJd) is abelian and finite. As H is abelian and finite, and deg(p®') = ¢, the representation

po‘t decomposes as a direct sum of ¢ characters upon restriction to H. The distinct characters of H are given
by Uy, where Y is an element of the dual lattice quotient H, which is given by

(e )

Thus we have

_ —[471+1 _ s _ —rdi41
re PEAH/PEHH ye ch+1/pF 6(g)+1’z c pFB+1/me+ } )

t
(5.11) ResGZmejdeé = @; Py,
for some Y; € H. Since pat restricted to KN T is qzﬁat—isotypic, we obtain that
t t
(5.12) % |(1m7af)m(cggn.7d)= o \(zm’raf)m(agfsmjd) 1d = Sier¥yi |(cnTet)n(@st,nga) -

Therefore for all i € I we have ¢* = ¥y, on (KN T) N (G;ts N Ja), and it follows that

t
(513) Res(’CﬁT“t)(G;fgmjd)pa — @iqu/}/iwd)at .
Since po‘t is W.,¢-isotypic upon restriction to G‘;’tﬁ, the characters ¥y, and ¥y must agree on G;‘fS+ NJq.
Next we compute the form of the elements of H that satisfy this condition. Let h := (11 ° ) € Gg,ter NTa,

c 14+d
re’ — (U\/g;/i’y ”\/E:\;:t”“) and Y = (zfﬁ yf;) € H. Then we have

Uy (h) = (ax + cyy/e + bz/e — dx), and
Upot (h) = Y(auv/e + cov/ew *'y1 + buv/ew® v2 + duv/e).

d d :
For these characters to agree, we must have, for all a € p;f], be pgﬂ, and ¢ € pHH‘S(O‘f),

U (alz —uve)) =1, ¢ (c(yve—vvew ) =1, ¢ (b(zve —vVewy2)) = 1.

These equalities respectively imply that
_ —[g1+1
r=uye (modpy )

Thus we see that the elements of H that satisfy the required conditions have the form

Y(8) =8 (0 \/Ew*sfd(a )) +Fat

2t 7575(at))

a
., y=vw 'y (mod pp (2]“).

z=vwy, (mod pg

0 0
_rd
for some 5 € Op. Since the (2, 1)-entry of Y () is only modulo pEDHl, let us pick a more convenient coset
representative as follows.

Set

0 € ,wfsztfy —1 ot
Y'(8) = (\ﬁﬁw—s—mt%—lw Ves ; o 71) Lo

Then we have Y'(3) = fgf where

= uy/e (v+ B Yy /e
I'sg = — t—r Y,—7T>
’ ((v + B Yy D ya/e uy/e €t C 8y

= t
and I’g € g2t 4y, 1

Note that Y (8) and fgt represent the same coset space in goi4y —r/ 9264y, —s+-
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Choose 1 E I such that ¥y, occurs in the decomposmon (5.11). By the argument above, we have Y; =
Y(5) = 1"0‘ for some § € Of. Note that 5 € t; therefore, by (3.2), I and I's have the same centralizer.

Consequently, the centralizer of Y; = f% in K is KN 7. Since (KNT)N (Gg‘; NJy) = (KNT)N Ta,
and, for all ¢ € I, we have ¥y, = (bat on this intersection, it follows that W got is a well-defined character
of (KNT*)J4. By Theorem 3.1, we obtain that

K
(5.14) Ind(,cm_a )jdq/)/i’ant
is an irreducible representation of K of depth d and degree (¢> — 1)g?~!. Since Y; was chosen such that Wy,
occurs in the decomposition 5.11, we obtain that

t

Homye (Indj kTt 74 T¥i pats Ind(mT@ )(KnGe?, )p )

~ h ot

= D Hom oty knggt n(kn et gn (Py; got 07 ) # 0.
he(KNTeM) (KNG K/ (KNT ) Ty

Y,s

Since (5.14) is an irreducible representation of K, and both (5.14) and (5.9) have the same degree, we obtain
that (5.9) is an irreducible representation of IC. Note that at this point we have shown that the Mackey
component (5.9) is irreducible. It remains to prove the isomorphism stated in the proposition, that is, we
may take I',¢ in place of Y;.

Since both representations (5.14) and (5.9) are irreducible, it follows that

t t

¢ Ind(;cmTa )(KﬁG;fS)pa ) = Hom(m’rcﬂ)(mc;fs)n((/mTat)jd)(‘I’m,qaat’Pa )=C.

Hom;g(lnd(’cm,a VT Y gats

As the restriction of p® to (KN T)(KN G;‘/‘;) N ((KNT*)Jy) is given by (5.13), we obtain

Hom en ety knag!n(enTe) 70 (Vy, got» Dier Uy, gor) = C.

Thus all the characters Uy, occurring in the decomposition (5.11) must be distinct. We Conclude that

Res ot ﬁJdp“t = @gef\llfnt. Since Y (0) = I“"t, we see that pat and ¥, intertwine on GO‘ N Jq as was
y,s B

required. (Il

Having established both the irreducibility of these representations and their precise description, we may now
state our main theorem, that provides an explicit and complete description of Resx7,, analogous to the one
obtained in Theorem 4.12 for depth-zero irreducible supercuspidal representations of our unitary group G.
As in the depth-zero case, all irreducible constituents appearing in the decomposition occur with distinct
depth.

Theorem 5.18. Let p = p(T,y,7,¢), and let I' be a G-generic element of depth —r that represents ¢.
The decomposition of the restriction of the associated supercuspidal representation of G into irreducible K
representations is given as follows.

Res%c-lnd%csp = Ind7’C—K5p 3] EB Sr+2t(rat ) ¢at)7

t>0
t t
Res%c-lndg—Gmp = @5r+2t+1(ra %),
t>0
I ot ot atw alw
ReS’CC-IHdTG% p = @ ( +2t+ ) ¢ ) @ S’r+2t7% (F 9 ¢ )) .
t>0

The resulting decomposition aligns with the restriction behaviour of irreducible supercuspidal representations
of SL(2, F'). This is consistent with expectations, since SL(2, F') is isomorphic to the derived subgroup of
U(1,1). Unlike in the depth-zero setting, where our results diverged from those for SL(2, F'), the positive-
depth case follows the same pattern.
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6. APPLICATIONS

Let 7, be an irreducible supercuspidal representation of G' of depth r > 0, associated with the datum
(T,y,7,¢), where p = p(T,y,r, ¢). Denote by 6 the central character of m,. By Corollary 5.6, we may
assume that @ has depth zero, more precisely, # = 1 or the unique nontrivial quadratic character 6 of E', at
the expense of twisting our branching rules by characters of G.

6.1. Connection with depth-zero representations. In this section, we study the relationship between
the higher-depth components appearing in the decomposition of 7, and those appearing in the decomposition
of depth-zero supercuspidal representations with the same central character as m,.

Theorem 6.1. Let T’ = (vq\‘/g; “;(E/gl) € t_,. be a G-generic element of depth —r representing ¢. Then for

alld>2r and all g € M(T), Sa(I'9, ¢9) = Sg(X -4, 0).

Proof. For g € M(T), we have I'Y € gy _q where d = r + 6(g), and we assume d > 2r. If g = af,
then I'Y = (U\/g;/i% ”\/E:;t'“ ), and T — X, -2, € @go,—[a/2]- Hence, by Lemma 3.3, Up, = ¥y

on Jy. Similarly, if g = a’w with ¢ > 0, then 'Y = (v s “ﬁj;%). Since t > 0, we again have

9 — X,l)wat,yQ € go0,—[d/2]> SO Ury = \I/XWW’%W on Jy, and T(X)jd = T(X,,,yiwfm)jd.

vw_Qt'yl

Since in both cases ¢9 |z= 6, and the central character 6 has depth zero, it coincides with ¥ X, -2 OD
ZUNJy, as \I/wafzt is also trivial on this intersection. Extend 6 trivially to I/, and let ‘I’wafzt,f) denote
the unique extension of # and \I!wafzt to T'(X,, -2t )Ja. Then, by Theorem (3.2), Sq(Xyy,m-2¢,0) is an

irreducible representation of X of depth d and degree (¢® — 1)g?~*.

Since T(X) = (KNTY), by Lemma 5.12, we have T'(X) = Z(KN7y.), and a similar computation as in proof

of Lemma 5.12 yields T(X)¢ ' = Z(K9 ' NTos) C ZTa. As d > 2r, we have T(X)?  C ZTo C ZTrs,
and therefore ¢9 |p(x)= ¢ [z= 6. Hence, ¥y 4o = ¥x 9. Since T'(X)Jq = T(Xyy,o-2¢)Jq and

vy —2ts

Urogo =¥x 5.0, We have
Sa(T9,¢%) = Indf x) 7, ¥re.g0 = Indfx) 7Y%, 200 = Sa(Xpmyo-20,6)
Finally, by Theorem 3.2, we obtain Sq(I'9, ¢9) = Sg(Xyy,m-2t,0) = Sq(Xp-a,0), as was required. |

We fix 0¢ and o7 to be cuspidal representations of K/Ko; with central characters § = 1 and 0 = 0,
respectively, where § is the nontrivial quadratic character of E'. Let

Too = c—Indgao7 Tol = c—Ind%,ag , Tio = c—Ind,CéUl, Ti1 = c—Ind,Cé,7 oy

be depth-zero irreducible supercuspidal representations of G. Then the following corollary follows immedi-
ately from Theorem 6.1, Corollary 5.6, Corollary 4.10 and [Tiw25, Theorem 7.1] which answers [GMF24,
Question 1.2] for all irreducible smooth representations of G.

Corollary 6.2. Given any irreducible smooth representation w of G, the higher-depth components occurring
in the decomposition of ™ upon restriction to IC are the same as the higher-depth components occurring in
the decomposition upon restriction to IC of a subset of {700,701, T10,T11}, up to scaling by a character of G.

The following table lists the various possibilities where the fourth column indicates the corresponding depth-
zero supercuspidal representation whose higher-depth components agree with those of 7, or a principal series
representations when restricted to /C.
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Representations T r Depth-zero supercuspidal
Ti r is even Too OT T10
71,1 r is odd To1 O T11
7, where p = p(T,y,7, 9) T, r is even To1 OF T11
To1,w r is even Too OF T10
T is ramified | r € % + Z>o Too @ To1 Or T10 D T11
Principal series r € ZLx>o Too D To1 OF T19 D T11

TABLE 3. Correspondence between higher depth components of irreducible smooth repre-
sentations and depth-zero supercuspidal representations upon restriction to /C.

6.2. Restriction to Ky,.,. In this section, we determine the restriction of 7, to Ko,4. Throughout this
section, we assume that the central character 6 of 7, is of depth zero.

Recall from §3.1 that there are three nilpotent G-orbits in g, and they are parametrized by { X5 | § € {0,1,w}},
where X5 = 8 5\0/E . For 6 € {0,1,w}, we recall from [Tiw25, §5] that the nilpotent orbits were denoted by
Ns, and that each G-orbit Ns decomposes into the following K-orbits

Ny =K - Xo, Ni= || K Xgom, Ne= || K- Xgon.

me27 ne2Z+1

For each depth-zero character 8 of the center of G, we define highly reducible representations

w(0) = P SiXo-a,0), . (0)= P SuXe-a,0).

de2Zs0 de2Z50+1

The dimension of Ky, fixed points of the these representations are computed in [Tiw25, Lemma 7.3] which
we recall here for convenience.

Lemma 6.3. Let 6 be a depth-zero character of the center of G. Then
dim(TN1 (G)K”*) =gq (qzr — 1) , dim(TNw (0)’C2T+) =g —1.

We now state our main theorem of this section which is a representation theoretic analog of local character
expansion, confirming [Nev24, Theorem 1.1] for G.

Theorem 6.4. Let m, = c—Indngp be an irreducible supercuspidal representation of G of depth r > 0,
associated with the datum p = p(T,y,r,®), and let 6 denote its central character. Then, in the Grothendieck
group of representations,

Resk,,, T, = n(my)l @ an,Resi,, 7o, (0) @ an,Resg,, . 7o (0),

where apn,,an_ € {0,1}.

Proof. By Theorem 5.18, the restriction of m, decomposes as a direct sum of irreducible representations of
the form Sg(I'9, ¢9) with d > r. Since Kq,4 acts trivially on the components with d < 2r, only the terms
with d > 2r contribute nontrivially to the restriction to ICopy. If d > 2r, then by Lemma 6.1 we have

Sd(rgv d)q) = Sd(Xv'yiw_%? 0) = Sd(Xw*dv 0))
therefore in the Grothendieck group of representation we have the desired decomposition with

n(mp) = dim(my>+) — an, dim(ny, (6)*+) — ax, dim(rar, (6)>).
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As g varies, the depths d > 2r occur with a fixed parity determined by 7 and 7; even d assemble into 7, (),
and odd d into Tar_ (#). Therefore,

if T =711 with r even, it T =711 with r odd,
I, orT =Ty, withr odd, 1, or T =Ty, with r even,
aN, = . ONw = 3
or T is ramified, or T is ramified,
0, otherwise, 0, otherwise.

O

We now compute n(7,) explicitly and record the values in Table 4. Since we have already computed the
dimensions dim(7x, (§)*2+) and, dim(7x, (/)**+) in Lemma 6.3, and we know the values of ax;, and ax_
for the various choices of the datum (7 ,y,r, ¢) with associated supercuspidal representation 7, from the

preceding proof, it remains to compute dim (77,’.;2”“) for all such choices of 7.

Let " € t_, be an element realizing ¢ on 754 /7,+. By Theorem 5.18, the restriction of 7, decomposes as a
direct sum of irreducible representations of the form Sg3(I'9, ¢9) where g € M(T). Moreover, the restriction
of m, to the subgroup Ko,y1 acts trivially on those components S;(I'%, 9) whose depths satisfy d < 2r.
Consequently, the dimension of W:)CZ"* is equal to the sum of the dimensions of those S4(T'9, $9) occurring in
the decomposition with depth parameter d ranging from r to 2r.

If T = 711, then

3]
dim (r>+) = dim (¥ p) + 3 (a2 = a0 = 7 (2181 —1).

(Vb

~+
=

IfT =7T5-1, then

r—1

dim(my2+) = ¢ =1 = (¢* - 1)q" ) =q (P71 —1).
P

Finally, if T is ramified,
l5—%) L5+1]
: r—1 T -1 r -3 r r—1
dim(m)*+) = (¢* = 1)g" 2 + (@ -2+ > (@ -2 = (" — ¢ 7)(g+ 1)
t=1

ﬁ
Il
N

Since n(m,) = dim (wf”*) — ap, dim(7p, (0)%2+) — apnr, dim(7ar, (9)*2+), we obtain the values of n(r),)
as summarized in Table 4.

n(m,) Choice of 7 and r

q—q" T =T, and r is even; or T = T-1 o, and 7 is odd

1—¢" T = To-1w, and 7 is odd; or T = T-1 o, and 7 is even
(q+1)(¢"z —1) T is ramified

TABLE 4. Values of n(m,) for various choices of the datum p = p(7T,y, 7, ¢).

Remark 6.5. The values of n(m,) obtained for G agree with those for the group SL(2, F) (see [Nev24,
Table 2]) when 7 is unramified. In the ramified case, however, the values for G are precisely twice those for
SL(2, F).
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