Probing Intrinsic Ellipticity in Neutron Star Binaries
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We present a novel resonance mechanism that can naturally occur in neutron star binaries: a spin-
orbit resonance. This resonance locks the binary into a unique state where the neutron star spin
evolves alongside the orbit. The resonance requires a finite neutron star ellipticity e possibly sourced
by strong internal magnetic fields in magnetars, which are motivated by population study of eccentric
neutron star-black hole binary GW200105. We find that the locking probability is proportional to
ve. We derive the phase correction in the gravitational waveform due to this resonance locking
effect, and have conducted a search in all neutron star binaries up to the O4a gravitational-wave

catalog, with no positive event found so far.

Observations by next-generation detectors such as

Einstein Telescope and Cosmic Explorer, or even the upcoming upgrade of Advanced LIGO, have
the potential to detect such locking signals, enabling precise measurements of both neutron star’s
ellipticity and moment of inertia. Future searches should be performed to discover this resonance,
or, if undetected, to place constraints on the magnetar fraction in neutron star binaries.

INTRODUCTION

Ten years after the first detection of binary black hole
coalescence [1], Gravitational Wave (GW) Astronomy
has gradually become a precision science, with physi-
cal quantities measured at percentage levels, as partic-
ularly celebrated by the loudest event detected so far,
GW250114 [2], at the signal-to-noise ratio (SNR) ~ 80.
This not only allows for better and more frequent de-
tection of events for population studies, but also the
discoveries of small but important effects not necessar-
ily included in current compact-binary templates, such
as resonances [3-9|, nonlinear ringdowns [10-17], mem-
ory [18-24], etc. In this work, we point out an exciting
opportunity associated with probing the intrinsic ellip-
ticity of neutron stars.

Neutron stars are generically elliptical, as sourced from
the internal magnetic stress. In fact, searching for con-
tinuous gravitational waves from rotating pulsars in our
own galaxy is one of the science goals of ground-based
detectors [25, 26]. On the other hand, measuring star
ellipticity € has not been seriously considered previously,
partially due to weak coupling of the ellipticity to the
waveform, except in the scenario of exotic compact object
(ECO) with order-unit deviation from spherical symme-
try [27]. We have discovered a novel spin-orbit resonance
that naturally takes place in the inspiral stage, locking
the evolution of spin and orbit for elliptical stars, pro-
viding a much stronger impact on the waveform. De-
riving and incorporating the waveform model with such
an effect, we find that magnetars within binaries may
be discovered by measuring the gravitational waveform
alone, together with the determination of their elliptic-
ity and moment of inertia. Interestingly, recent detec-
tion of eccentricity in a neutron star-black hole (NSBH)
binary [28-30] motivates the existence of magnetars in
binaries due to the relatively short (10* — 10° yr) lifetime

of the binary [31].

We have performed parameter estimation of all bi-
naries including neutron star up to the Od4a GW cat-
alog. The mass-gap event GW190814 shows an inter-
esting peak (corresponding to € ~ 1072), but statisti-
cal evidence is weak. All other events present no sig-
nature of this spin-orbit resonance. We find that third-
generation (3G) detectors are able to constrain the frac-
tion of magnetars within neutron-star binaries assuming
non-detection. In addition, a single detection of an ellip-
tical star likely leads to precise measurements of both the
neutron star ellipticity and its moment of inertia, yielding
significant implications for both astrophysics and funda-
mental physics. We adopt the natural unit ¢ = 1.

HIERARCHICAL TRIPLE AND MAGNETARS

There is growing evidence that NSBH binaries can
have dynamical origins. In particular, of the four NSBH
merger events detected so far, there is a recent detection
of nonzero eccentricity (esg ~ 0.145 at an orbital period
of 0.1s) in GW200105 [28-30]. In dense stellar environ-
ments, multi-body interactions provide a natural path-
way to produce such eccentric merger systems [32-36].
However, they are predicted to produce a merger rate of
roughly Ryspa ~ 0.1 — 1Gpe~2 yr~!, orders of magni-
tude lower than the rate inferred from gravitational-wave
observations. A more compelling explanation for such
eccentric mergers is the hierarchical triple scenario [31,
37, 38|, in which secular dynamics—most notably the
Zeipel-Lidov-Kozai mechanism [39-41]—mediate angu-
lar momentum exchange between the inner binary and
the outer tertiary, leading to an eccentric fraction in the
LIGO band. In addition, recent simulations show that
such tertiary-driven NSBH systems can produce a merger
rate of Ryspy ~ 1 — 23 Gpc~2 yr~! [31], consistent with
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current gravitational-wave observations.

An important aspect of these dynamically assembled
systems is that they typically have very short lifetimes.
For example, simulations show that the median life-
time of tertiary-driven NSBH systems is approximately
10* —10° yr [31], which is shorter than the timescale over
which the internal magnetic field (not the crust field) of
a magnetar decays through Ohmic dissipation and Hall
drift (10° — 106yr) [42][43]. Although the birth rate of
magnetars remains uncertain, some studies estimate that
approximately 1 —40% of NS are born as magnetars [44—
46]. We therefore argue that a substantial fraction of
such tertiary-driven NSBH systems may harbor a neu-
tron star that remains a magnetar at the time of merger,
with the neutron star itself sustaining a comparatively
large ellipticity induced by magnetic deformation. This
ellipticity can be estimated as [47]
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where M and R are the mass and radius of the neutron
star, respectively. G is the gravitational constant. B rep-
resents the volume average of the internal magnetic field.
Its value can be much larger than the surface magnetic
field strength of magnetars (typically a few times 10'* G),
and could even reach up to 10'6 G, especially if a strong
toroidal magnetic field is present [48-50]. The parameter
 is of O(1) and depends on the internal magnetic field
geometry and the equation of state (EOS) of the neutron
star.

While we have primarily focused on NSBH systems
above, it should be noted that the same dynamical
channels—both multi-body interactions and hierarchical
triples—are also applicable to binary neutron star (BNS)
systems [32, 38]. Therefore, we propose that some BNS
systems could also harbor magnetars during the inspiral
phase. In the following, our analysis will remain focused
on NSBH systems, but we also include BNS systems in
our injection studies and signal search for existing GW
events.
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RESONANCE LOCKING, BREAKING, AND
WAVEFORM

Consider an NSBH binary with an elliptical neutron
star, as illustrated in Fig. 1. For simplicity, we merge the
axis of principal inertia and the spin axis, and assume the
spin is perpendicular to the orbital plane. We further re-
strict our discussion to circular orbits. (see Supplemen-
tary Material [51] for discussions on the general cases,
including arbitrary spin—principal axis orientations and
eccentric orbits.). The quadrupole moment of the star
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FIG. 1. Schematic diagram of the binary M — M’, where
the neutron star has a finite ellipticity. The long axis of the
neutron star lies in the orbital plane and makes an angle
with a reference axis fixed in inertial space. f is the true

anomaly.
10]_ [ T T
- forb
fspiu
g 75 T T
g
=
¥
=
o
<
= 65F -
100 . . 7
100 200
+3.542 % 10°
L 1 1
0 10° 2x10° 3x10°
Time [s|

FIG. 2. The evolution of the orbital frequency and neutron
star spin frequency with time for a specific locking example,
where M = 1.4Mg, ¢ = 3, and € = 5 x 107°. The initial
phase is set as f — 68 = 0.3986.

couples with the tidal field from the black hole, which
in turn affects the rotation of the star. The equations
of motion for the orbit and the star’s rotation can be
written as

;3 GM' I ¢

o5 s = 0)] = Qons (2)
- 3 GM' | -

0 — 56 e sin [2(f _9)] = Qspina (3)

where M’ is the black hole mass, I and I, are the mo-
ments of inertia of the star and the orbit, respectively. f
is the true anomaly and 0 is the rotation angle of the neu-
tron star, as shown in Fig. 1. Qorb is the orbital decay
rate and Qspin is the neutron star spin down rate due
to electromagnetic radiation, gravitational-wave radia-
tion and the tidal dissipation. We set Qspin to zero, since
it is negligible compared to Q1,, within the regime of our
interest. We also neglect the /I, term in Eq. (2) since
I < I,,. By defining the relative phase v = 20 — 2f,
and combining Eqgs. (2) and (3) we obtain the following
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where B = 3¢GM’/a® and C = 2001h-

Equation (4) resembles the equation of motion of a
rigid pendulum that is subject to a periodic torque and
a (nearly) constant external torque. Such systems gen-
erally exhibit two types of motion: circulation and libra-
tion. When B > C, resonance locking becomes possible,
driving the system into a libration state in which the
stellar spin and orbital frequency evolve synchronously.
The general theory of resonance capture predicts that the
probability of entering resonance is approximately [52—
54]
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where we have used the relation ., = —%%Qorb and
g = M'/M is the mass ratio. This is also confirmed by
our numerical investigations.

On the other hand, when B < C, the resonance can-
not be sustained and eventually breaks down. This oc-
curs when the orbital frequency reaches a critical value,
which we denote as Q. At this point, the corresponding
gravitational wave frequency is given by

Plock =

3/5
. Qpe 1 (5M+M’) / Y

7 w(M+M)\64 M

2/5 )
1 1AM\ [ € \3/5
~ 10 Hz.
(1 +q) ( M ) (10*5) z

In Fig. 2, we present an illustrative example of locking
by numerically evolving Eqs. (2) and (3), where M =
1.4Mg, ¢ = 3 and € = 5 x 107°. The evolution starts
with an initial orbital frequency of fo,1, = 0.4Hz and an
initial neutron star spin frequency of fepin = 0.5Hz. As
forb increases and passes through 0.5 Hz, resonance oc-
curs and fspin begins to evolve synchronously with forp.
This locking continues until f,.1, reaches about 7.1 Hz
(corresponding to fi,, = 14.2 Hz), at which point the lock-
ing breaks down.

Resonance locking will induce the angular momen-
tum exchange between the orbit and the neutron star,
which should affect the orbital decay and cause a phase
shift in the gravitational waveform. Using the formula
d?/dw? = 2(dE/dw)/E for the phase 9(f) of the fre-
quency domain waveform h(f) = Ae™*(/) [55], we derive
the phase correction due to resonance locking as
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where My = M + M’ and p = MM'/M; are the to-
tal mass and the reduced mass, respectively. Here v =
(M, f)l/ 3, v; < vy is an arbitrary constant related to
the initial time and phase of the waveform. The correc-
tion clearly enters at 2PN (Post-Newtonian) order, with
a large prefactor ~ I/(u?M,;) ~ (R/M)?. For a NSBH
system with M = 1.4 Mg and M’ € [3 Mg, 10 Mg)], the
accumulated phase correction reaches O(1) radians when
integrated from a start frequency of 5 Hz up to a breaking
frequency fp, = 10 Hz.

INJECTION STUDIES

The large phase modulation suggests that resonance
locking may be detectable, given sufficient detector sen-
sitivity at low frequencies. To investigate the detec-
tion prospect, we perform injection studies to evaluate
whether its signature can be reconstructed in parameter
estimation for the upgrade of Advanced LIGO [56] (A+)
and 3G detector network [57] (Cosmic Explorer [58-60]
and Einstein Telescope [61-63]; CE4+ET), based on their
designed sensitivities. We consider two representative
systems: a NSBH system with ¢ =5 (M’ =5M =7 M)
and an equal-mass BNS (M’ = M = 1.4 Mg), both
placed at a luminosity distance of d; = 100Mpc and
the sky location of GW170817 with R.A. = 3.446 and
DEC. = —0.408 [64]. We also assume a nonspinning
companion and an orientation with 8y = 2.57. Because
the locked neutron star has a spin frequency below fi,,
we also neglect its spin in the waveform model. The
TAYLORF2 waveform [65], including tidal effects [66],
is used as the baseline waveform for the BNS system,
while IMRPHENOMXPHM waveform [67] is employed
for the NSBH system (tidal effects are not included,
as they are marginally small in this case). We also
adopt APR model [68] as fiducial EOS, which corre-
sponds to a tidal deformability of A = 248 and a mo-
ment of inertia of I = 30.18 M2 for a 1.4 Mg neutron
star. For each merger, we calculate the expected SNR as

P =D det. 1 (Pk|hi), where the inner product is defined

as

Sn,k(f)

where S, and hy, are the noise power spectrum density
(PSD) and the signal strain of the k-th detector, respec-
tively. For the NSBH system, the SNRs can reach 117
with A+ and 2135 with CE4+ET, while for the BNS case,
the corresponding SNRs are 69 and 1190. Owing to these
high SNR values, we adopt the approach of injecting into
zero-noise [69]. The parameter estimations are performed
with BILBY [70], with injection and template waveforms
all having a low-frequency cutoff of 5 Hz and ending when
the system reaches fisco = 1/(6%/2wM,), where fisco is
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FIG. 3. Posterior distributions of breaking frequency fnr and moment of inertia I for different recovered injections.

injection values are marked with blue lines.
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FIG. 4. Posterior distributions of breaking frequency fy, for
the search in several GW events. Here, fiow indicates the
minimum frequency of our search range. Note that the results
for GW190814 shown in the figure are based on the Hanford
data only.

the GW frequency at the innermost stable circular orbit
(ISCO).

We first inject a locking signal with f,, = 20Hz. In
Fig. 3, we show the posterior distributions of fy, and
I. We find that in all cases, the injected values can be
well reconstructed. For A+, the measurement accuracies
of fyr and I can reach 0.1% and 1%, respectively. For
CE+ET, these accuracies can be further improved by up
to an order of magnitude. We also inject locking signals
with a lower breaking frequency of fi,, = 10Hz (see Sup-
plemental Material [71]). In this case, although CE+ET
is still able to reconstruct the injected parameters, A+
fails to do so. The reason is that the SNR accumulated
in the 5 — 10Hz band is only p ~ O(1) for A+, provid-
ing essentially no information, whereas CE+ET collects a
SNR of p ~ O(100) in the same frequency band, enabling
precise measurements.

SEARCHES

We further perform a signal search for all known
GW events with NS. These include four NSBH sys-
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tems (GW200105 and GW200115 [72], GW230518 [73],
GW230529 [74]), two BNS systems (GW170817 [75] and
GW190425 [76]) and one system with a 2.6 Mg mass-
gap object (GW190814 [77]). For this analysis, we have
used publicly available GW strain data [78] and noise
PSDs and followed an inference procedure similar to that
conducted by LIGO [79], Virgo [80], and KAGRA [8]]
(LVK) collaboration. For BNS mergers, we adopt the
TAYLORF2 waveform as the baseline waveform, while for
the NSBH mergers we employ the IMRPHENOMNSBH
waveform [82] except for GW200105. GW200105 has
been reported with orbital eccentricity [28], and there-
fore our circular-orbit GW phase correction, Eq. (7), is
not applicable in this case. Instead, we modify the equa-
tions of motion by incorporating the locking correction on
top of the post-Newtonian inspiral-only waveform model
(PYEFPE) developed in Ref. [83] (see the Supplemen-
tal Material [51] for details). We have validated that,
in the limit of vanishing eccentricity, the waveform cor-
rection consistently reproduces the results obtained from
our analytical formula for circular-orbit in Eq. (7). For
GW190814, we adopt the IMRPHENOMXPHM wave-
form [67], which incorporates higher-order multipoles, as
the event exhibits strong evidence for them [77].

In Fig. 4, we show the posterior distributions of f,, —
fiow for the seven systems. Here, fioy indicates the min-
imum frequency of our search range, which is 23 Hz for
GW170817 and 20Hz for the other systems. It is ob-
vious that no significant sign for fi,, > fiow iS observed
in both NSBH and BNS systems. In the hypotheses test
framework, if we denote the absence of a locking signal as
model Hy and the presence of a locking signal as model
H1, the Savage-Dickey density ratio method [84] can be
used to estimate the Bayes factors between them, i.e.,

. T Hl)
Bl — 1 %
0 fbrgrfllow p(fbr|D7 Hl)

where D refers to the observational data. For these four
NSBH and two BNS systems, the resulting Bayes factors
In B} are in the range [—3.4, —0.65], indicating that there
is no preference for model H; relative to model Hg [85].

In the case of GW190814, a separate peak at fi,, ~
130Hz is observed using the Hanford data. However,
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FIG. 5. Posterior distributions of breaking frequency fi.
and moment of inertia I with Hanford-Livingston-Virgo data
(black, grey shading), Livingston data only (red) and Hanford
data only (blue), for GW190814.

when we only consider the Livingston data or combine
the Hanford-Livingston-Virgo data, this peak weakens
and a bimodal distribution for fi,, emerges, as seen in
Fig. 5. The left peak is consistent with the absence of a
locking signal, while the right peak may correspond to a
locking signal lasting until fy, ~ 120 Hz. We are unable
to determine which scenario is preferred. For Hanford-
Livingston-Virgo data, the Bayes factor obtained remains
inconclusive, with a value of In B} = 0.11. It should be
noted that LIGO Hanford was not in observing mode
during the event, but its data is still usable [77]. Further-
more, thunderstorms near Livingston caused noise in the
< 30Hz band, as reported in [77]. If the f,, ~ 120Hz
peak is real, it would imply that the secondary object
of GW190814 is not a black hole, but rather a neutron
star with an ellipticity of € ~ 8 x 1073. This would cor-
respond to an extremely strong internal magnetic field
inside the neutron star, with B ~ 8 x 10 G [taking
k=11in Eq. (1)].

DISCUSSION AND CONCLUSION

In this work, we present a novel resonance locking
mechanism—the sustained spin-orbit resonance —that may
occur in neutron-star binaries. Locking occurs when the
orbital frequency sweeps through the neutron star spin
frequency, typically occurring in the range of 0.1 — 1 Hz
for magnetars, which lies within the frequency band of
space-based detectors like DECIGO [86]. However, be-
cause of the relatively large ellipticity of magnetars, the
locking can persist up to O(10)Hz or higher, making it
detectable by ground-based detectors such as A+ and
CE+ET. Although we have not yet observed a positive
event, further searches should be conducted to facilitate

discovery or place meaningful constraints.
The expected merger rate for a resonance-locking
NSBH system is approximately

Riock = fmag Plock RNSBH

€ \1/2 RnsBH 3
~ 018 fmag (107_5> (30(}pc_3yr_l GpC yr ,
(10)

where frnag is the fraction of neutron stars that are mag-
netars in NSBH events. If we take a volumetric merger
rate (number of mergers per comoving volume per cosmic
time at redshift z) as R(2) = Rioek X (1 + 2)32e=% /3 for
z < 6, then the total merger rate in the observer frame
is written as

N:/d‘;c(z)’R
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(11)
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where V.(z) is the comoving volume up to redshift
z. However, not all resonance-locking signals in these
merger events can be individually resolved by CE+ET.
To quantify resolvable events, we generate a synthetic
NSBH population of 10° mergers (see Supplemental Ma-
terial [51]). We then place this population at different
redshifts to evaluate the resolvable fraction, fres(z). For
each choice of ¢, we evaluate the corresponding breaking
frequency fp, for the population and identify mergers as
resolvable if the accumulated SNR in the frequency band
[1Hz, f,] exceeds the threshold pin, = 10. This allows
us to estimate the resolvable merger events as

[N RE)
Npes = / ) B e, (12)

= 603 finag (

and hence the expected observing time for CE+ET to
detect one positive event,
T ! (13)
" Noes
In Fig. 6 we show Tos as a function of f,,, and e. We
note that ET performs better than CE at low frequencies
(< 5Hz), so for relatively small values of € (< 107°), the
detection capability is determined primarily by ET.
However, successful detection of a resonance locking
signal will bring in profound opportunities for studying
neutron stars in terms of formation mechanism and fun-
damental physics tests. First, the measurement of f,, can
be translated into neutron star ellipticity, which may pro-
vide direct evidence of a magnetar in the binary system.
The measured ellipticity can further be used to infer the
internal magnetic field strength. Second, such a detec-
tion enables the most precise measurement of the neutron
star moment of inertia, with an accuracy that reaches 1%
or even 0.1%, which offers powerful constraints on the



1073

4102
10 B
w 100 é
I
1072

0.01 0.1 1
f mag

FIG. 6. The expected observing time for 3G detector network
(CE+ET) to detect a positive event, as a function of the mag-
netar fraction fmag in NSBH binaries and the ellipticity e. We
assume a rate of Rnsgu = 30 Gpcf3 yrf1 for NSBH mergers,
which agrees with the current estimate 9.1 — 84 Gpc™ 3 yr—*
from GW detections [87].

dense matter EOS [88, 89]. Note that currently the best
method for measuring the neutron star moment of iner-
tia is in the double pulsar system PSR J0737-3039 [90],
where long-term pulsar timing is used to determine the
periastron advance induced by the Lense-Thirring effect.
This approach is expected to produce a measurement
with ~ 10% precision by around 2030 [91]. Moreover,
spin-orbit resonance locking systems allow simultaneous
measurement of the moment of inertia and the tidal love
number, providing a unique way to test gravity through
the EOS-independent I-Love relation [92].

While our previous discussion has primarily focused
on magnetars, which is the most astrophysically com-
pelling explanation for neutron star ellipticity, the spin-
orbit resonance locking mechanism is a general frame-
work that can be applied to a wider range of scenarios.
For example, systems involving elastic materials, such
as neutron star crusts, solid-quark cores [93], or even
solid-quark stars [94, 95], can sustain relatively large
ellipticities. Theoretical estimates suggest that a solid
crust can support a maximum ellipticity on the order
of €max ~ 107%(op,/0.1) [96], with the breaking strain
opr ~ 0.1 from the molecular dynamics simulations of
crustal fracture [97], while internal stress within a solid
quark core or a solid quark star may allow even larger
deformations. Moreover, exotic compact objects (ECO)
have been proposed to deviate from Kerr black holes by
supporting finite asymmetric deformations [98-100]. The
resonance locking framework can be applied to test these
black hole mimickers and to probe their deviations from
Kerr geometry.
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Supplemental Material

ECCENETRIC ORBIT

In the main text, we discuss spin-orbit resonance lock-
ing for circular orbits. In this section, we extend the
analysis to eccentric orbits. For simplicity, we still con-
sider the case where the long axis of the neutron star
lies within the orbital plane. In the next section, we will
briefly discuss the more general scenario, where the long
axis is oriented off the orbital plane.

Equation of Motion and the Probability of
Capturing Resonance

The eccentric orbit can be described by

r=a(l —ecosu), (S14)
1+e)"? U

f = 2arctan <1 — e) tan 3| (S15)

L=n(t—t)) =u—esinu, (S16)

where a is the semi-major axis and e is the eccentricity.
n=+/G(M + M’)/a? is the mean motion. The auxiliary
variables u, f and ¢ are the eccentric, true and mean
anomalies, respectively. tg is a constant of integration.
With these notations, we can rewrite Eqgs. (2) and (3) in
the main text as

{=n, (S17)
3 5 q a

where we again omit the /I, term and Qspin as done
in the main text. Redefining v = 20 — 2pf, we get
3

5+ 3en? —1— L sin(y + 2p0 — 2f) = —2pn,

1+gqgr (519)

By averaging all the terms in Eq. (S19) over one orbital
period and expanding in terms of e, we then obtain [54]

(S20)

4 4 3en? g H(p,e)siny = —2pn,
q

1+
where H(p, e) = Gago(2p—2)(e) with Gipg(e) the Kaula ec-
centricity function [101]. Only values of p that are integer
multiples of % will make H(p, e) nonzero. For example,

5 13
H(l,e)=1— =2+ —¢t 21
(1,e) 5¢ T 1€ (S21)
3 7 123
H(Z )= —e — 223 22
(56 =56 176" (522)
17 115
H(2,€) = 562 — 764, (823)
5 845
H(Z.e)= —¢3. 24
(5:0)= 75 ° (524)
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We rewrite Eq. (520) as

4+ Bsiny+C =0, (S25)
with
_ 2 4
B = 3en T+ qH(p, e), (S26)
C = 2pn. (S27)

According to the general theory of resonance capture [53],
as By = —2xC — 4BB~1/2 is always negative for the
neutron-star binaries in the inspiral phase, resonance can
only occur if By + By = —8BB~1/2 < 0 (B; and B, are
the two balance of energy defined in Ref. [53]). This con-
dition requires B > 0, which holds only for the p = 1
and p = 3/2 cases. Therefore, for eccentric neutron-star
binaries, spin-orbit resonance locking can only occur in
the 1:1 and 3:2 modes. The probability of capturing into
resonance is then given by

2 4 B

~ rBU2C

_4\/§ q Yz 1/2 H H(p,e) n

SV (a )T (o) + ) 1)
mp \1l+gq 2/ H(p,e)n

(S28)

P(p,e) = :
1+ pB2€

Substituting the evolution for the semi-major axis a and
eccentricity e [102],

64 MM'(M + M) 1 73, 37,
= 14 2 hid
TE AR SR T

a@= 5 a3
(S29)
C 304MM(M+M) e 12,
15 at (1 —e2)5/2 304 ’
(S30)
we obtain,
43 ¢ \'*, 25
le)=—2(— 12 (14 =e? 1
P(l,e) - <1+q> € + TR (S31)
3 . 4v/3( ¢\ 1/217\/7 1

Gravitational waveform correction

In the main text, we derive the gravitational-wave
phase correction due to resonance locking for circular or-
bits, which is not applicable to eccentric orbits. Here,
we provide an alternative correction for eccentric or-
bits, based on the post-Newtonian inspiral-only waveform
model (PYEFPE) developed in Ref. [83]. The equations
of motion for y [(1—e?)y? = (Mw)?/? with M; = M +M’



the total mass and w the mean orbital angular velocity]
and €2 in Ref. [83] are given by

6
Dy = vy’ (ao + Z any"> : (S33)
n=2
6
De? = —vy® <b0 +> bny”> , (S34)
n=2

where v = /M, is the symmetric mass ratio with the re-
duced mass up = MM'/M;. a, and b,, are PN coefficients
with

32 28,
ag = 5 + 5 (& (835)
_ 608 , 242
by = T T (S36)
and D is defined by
M
D= . __d (S37)

(1—e2)3/2 dt’

Adding resonance locking effect, these equations should
be modified as

Dy =D + D'y,
De? = D + D'e?,

(S38)
(S39)

where DY terms are given by Eqgs. (S33) and (S34). Since
the locking occurs at very low y, we consider only the
Newtonian-order contribution to D!. At Newtonian or-
der, the energy and angular momentum of a spin-orbit
locked system are given by

) 2 11 4 243
EF=——y“(1- ——y (1 — 4
G-t gyt =e), (310
I
L=pMy™" + —y*(1 - )2, (S41)
M,

and the energy and angular momentum losses caused by
gravitational wave radiation are [102]

2
dE__gLylo(l_EQ)sﬂ <1+73 2+£ 4) 7

dat 5 M? 24 T 96°

(S42)
dL 3242 - 2)3/2 7 o
O 2R - 14 Le?) . 4
o . Mty (1—¢%) + 86 (S43)

Combining Egs. (S40-S43), we get the correction as

3(1—e2)Y/?1

D'y =vy" S44
y=ry COqu —3(1 —e2)2[yt”’ (S44)
1—e)(1—e2—VI—ed)
Dle2 — —Vy12006( € 2)( € ) . (S45)
uMZE —3(1 — e?)2Iy*
where
2y, Do
cozao(l—e)—i—E. (S46)
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951 —— Modified pyEFPE g
Eq.(7) in main text
20f .
£ 15F —
5
T
101 1
5r ]
O— 1 1 1 1 1 1 1 ]
0 5 10 15 20 25 30
f[Hz]
FIG. S7. Phase correction obtained from the modified

PYEFPE model for a non-eccentric binary merger, with
M = M’ = 1.4 Mg. The locking start from 10 Hz and break
at for = 20Hz. The result is compared with the phase cor-
rection for circular orbits, Eq. (7), derived in the main text.

Orbital

FIG. S8. The geometry and the motion of a deformed star M
in the body frame and orbital plane, with the companion M’
being located at . w is the angular velocity. &1, é> and és are
the three unit eigenvectors along the principal axes of moment
of inertia. 71 is a unit vector normal to the orbital plane. p
denotes the direction of equinox. 6 is the angle between p
and é; and w + f is the angle between p and 7, where f is
the true anomaly and w is the longitude of periapsis. ¢ is the
angle between 7 and és.

We incorporated this correction to the equations of
motion into the PYEFPE waveform model. Figure S7
shows the phase correction obtained from the modified
PYEFPE model for a non-eccentric binary, compared
with the phase correction for the circular orbit derived
in the main text [cf. Eq. (7)]. It can be seen that both
corrections are consistent. When searching in GW200105
data, we used this modified PYEFPE model.

GENERAL CASE FOR SPIN-ORBIT
RESONANCE

For a deformed neutron star, we denote the three unit
eigenvectors along the principal axes as é;, é; and és,



with corresponding eigenvalues I, I> and I3. The angu-
lar velocity is w = w1 €1 + w2é5 + wzé3. We illustrate the
geometry and the motion of the neutron star in Fig. S8.
In general, the spin vector w does not coincide with the
principal axes. Additionally, w also does not need to
align with the orbital normal 7. These features result
in more complex dynamics of the neutron star, including
two types of precession: one is the precession of w about
the normal to the orbital plane with rate Q, 1 ~ en?/w,
and the other is the precession of é3 about w with rate
Qp2 ~ ew. Near the resonance, we have w ~ n, therefore
both two precessions have a timescale of roughly 1/(en),
which is much longer than the resonance timescale \/1/7n
for € < 107%. In the following discussion, we will neglect
the precessions due to their relatively long timescales.
A detailed study of the precessions may be pursued in
future work.

We work in the body frame (&1, és,é3). The Euler’s
equations of motion are

Ild)l — (IQ — Ig)tdgw;), = N1 5 (847)

IQCZJQ — (.[3 — Il)W3wl = NQ, (848)

I3wz — (I1 — Ia)wiwe = N3, (549)

where the gravitational torques received by the compan-
ion are [54]

3GM’ A

Ny = 3 (.[3 - IQ)(’I’ : 62)(’!’ . 63) s (850)
3GM' T

Ny = 3 (I — I3) (7 - é3)(P-é1), (S51)
3GM' A

N3 = 3 (Ip = I)(F - &1)(P - &2). (S52)

Note we have

7 - €1 =coswcosf + sinwsinf cose,

7€y = —coswsinf + sinw cosf cose, (S53)

7 - €3 = —sinwsine,

where w = w+ f. Plugging Eq. (S53) into Egs. (S50-S52)
we get

3GM’
N, = 5,3 (I3 — I2) [sin(@ — 2w) cos? g sine
1
— sin(f + 2w) sin? % sine — 3 sin @ sin 28} . (S54)
3GM’ 9 € .
Ny _W(Il —Is) [cos(@ — 2w) cos 5 sine
1
+ cos(f + 2w) sin? g sine — 5 c08 0 sin 25} . (S55)
3GM' . 4 €
N3 =— W(Ig - L) [SIH(QQ — 2w) cos 5

1
+ sin(26 + 2w) sin* g +3 sin 20 sin? 5} . (S5h6)

We now consider that the rotation frequency wz = 6 and
the mean motion n = £ are close to resonance (w3 >~ pn).
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By doing average over one orbital period and retaining
all the terms with argument 2(6 — p¢), we then obtain
the average torque [103]

3GM'
N3) =—
(Ng) == =23

+ (z — 1)?H(—p,e)sin2(0 — pl + @)
+2(1 — 22)G(p, ) sin 2(6 — pe)} :

(I, — I) [(:c F1)2H(p, e)sin2(0 — pl — w)

(S57)

where = cose and G(p,e) is a power series in e. For
p=1and p = 3/2, we have

_ 53 3

L9, T, 3
G(l,e) = 1€ + 1€ and G(Q,e) =16¢ (S58)
Substituting Eq. (S57) into Eq. (S49), we get
W3 — ewiwy = —% sin2(0 — pl — w,), (S59)
where
B2
<I;> =4[(g+nht +h7)> —4g(h" +h7) sin? @
—4h*Th” sin® 2], (S60)
(ht — h™)sin 2w
97, = : 1
tan 2 g+ (ht + h~)cos2w (S61)
with
2
= 2
B =3en Trq’ (S62)
1
g:i(l —2%)G(p,e), (S63)
1
ht :g(x +1)2H(+p,e). (S64)

Let v = 2(0 — pl — w,), then ¥ = 2(ws — pn), where
we have neglect the slow variation of w, caused by the
precessions. Thus, Eq. (S59) can be rewritten as

(S65)

which is the same as Eq. (4) in the main text or Eq. (S25)
in the Supplemental Material. We may further use
Eq. (5) to evaluate the probability of capturing into res-
onance. Note here w; and wy can be considered as con-
stants due to the long period of precession. For example,

¥ 4+ B, siny = —2pn + 2ew ws ,

for a circular orbit with e = 0, we have g = h~ = 0 and
thus
3
B, = Zerﬂliq(uz)?. (S66)

If we further assume ewiws < 1, we can get the proba-
bility as

44/3 q 1/2 1+x
P(1,0) = —= <1+q> el/QT, (S67)

which is reduced by a factor of (1 + x)/2 compared to
Eq. (5).



INJECTION WITH A LOWER BREAKING
FREQUENCY OF f,, =10Hz

In this section, we inject locking signals with a lower
breaking frequency of fi,, = 10Hz. Figure S9 shows the
posterior distributions of the breaking frequency fp,, and
the moment of inertia I for the different injections. The
figure shows that A+ either fails to recover the injected
values or does so poorly, whereas the CE+ET network
recovers the values accurately.

SEARCH IN GW190814

In this section, we present some details of the search
in GW190814. First, due to noise caused by thunder-
storm in the Livingston data, which affects frequencies
up to 30 Hz, we follow LIGO’s approach and use a start-
ing frequency of 30 Hz to analyze the LIGO Livingston
data. Second, because GW190814 is a system with an ex-
treme mass ratio (¢ & 9), it exhibits stronger evidence for
higher-order multipoles. Therefore we choose the IMR-
PHENOMXPHM waveform [67] as the baseline waveform.
The phase correction derived in the main text only ap-
plies to the (¢,m) = (2, 2) multipole, and for higher-order
multipoles, we take

m 2
Ve (f) = =0 —f), S68
Yem(f) = B on (= f) (365)
where 0192 (f) is given by Eq. (7) in the main text. We
include (2,2), (3,3), (2,1) and (4,4) modes in the analy-
sis.

Third, during the search, we set a uniform prior for the
moment of inertia (I), but we also impose a constraint
of I/M3 > 4, where the value of 4 corresponds to the
Schwarzschild black hole limit. In Fig. S10, we plot the
full posterior distribution of parameters for GW190814

with Hanford-Livingston-Virgo data.

NSBH POPULATION

In order to calculate how many NSBH merger events
with locking can be resolved by CE+ET, we performed a
population analysis. In this section, we provide a detailed
description of our population model. For the black hole
mass, we take a power-law distribution with a spectral
index of 2.7, featuring a sharp cutoff at the lower end of
4 Mg and an upper bound of 40 Mq:

o2 4AMy < mpn <40 M,

m b
p(mBH) 0.8 { BH

. (S69)
0, otherwise .

For the neutron star mass, we assume a uniform mass
distribution between 1.1 Mg and 2.1 Mg, i.e., p(mns) ~
U(1.1 M@,2.1 Mg). For simplicity, we do not consider
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black hole spin in this analysis. We also take a volumetric
NSBH merger rate with locking signal as
R(2) = Rioex X (14 2)>2e /3, (S70)
where the exponent 3.2 is taken from the redshift de-
pendence for the BBH merger rate inferred in GWTC-
4 [87], and the factor e=*"/3 accounts for the suppression
at high redshifts. We assume a flat ACDM cosmology
with Hy = 67.4kms~! Mpe~! and Q,, = 0.315 [104].
For each choice of ¢, we evaluate the corresponding
breaking frequency fy, for the population, and assume
locking signal can be resolved by CE+ET if the accu-
mulated SNR in the frequency band [1Hz, f1,] exceeds
the threshold pn, = 10. This allows us to calculate the
fraction of resolvable events as a function of redshift, i.e.,
fres(z). Then we get the resolvable merger events

L[ dVi(2) R(2)
Nres - / dz 1 T Zfres(z)dz .

(S71)

In Fig. S11, we show the distribution of dNres/dz as a
function of redshift z for different values of e.
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FIG. S10. The posterior distribution of all parameters in the search of resonance locking presented in Fig. 5 in the main text
with data from GW190814.
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