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Abstract

An acyclic coloring of a digraph that maximizes the number of colors such that
each color class has a vertex pointing to all other classes and a vertex pointing to it
from all other classes is known as the dib-chromatic number of a digraph.

In this paper, we answer the question about the existence of the dib-chromatic
number and study the dib-chromatic number of bipartite digraphs.
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1 Introduction

Chromatic graph theory requires ways to optimize the search for its parameters; one way
is through algorithms. For instance, we would like to perform an operation to reduce the
number of colors in a graph with a given proper coloring. One way to achieve this is by
recoloring its vertices, not necessarily in a greedy way, but by distributing the vertices of a
single color to the rest of the color classes. Of course, such recoloring is not feasible if such a
color class contains a vertex with neighbors to all other color classes; such a vertex is called
a b-verter. A b-coloring of a given graph is a coloring of the vertices such that in each color
class there exists a b-vertex. The b-chromatic number of the graph G is defined as the worst
case for the number of colors used by this coloring heuristic method, equivalently defined
as the maximum k such that a proper b-coloring using k colors is accepted, and denoted by
b(@). Note that, if G is a graph with a proper coloring using x(G) colors, such a coloring is
a b-coloring.

The study of the b-chromatic number emerged in the late 1990s [7] where its complexity
was determined. Since then, several papers have expanded its study, for example [9, 12, 13].
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It has been of interest to extend the chromatic number to the theory of digraphs [10, 11], as
it has been for other coloring parameters [1, 2, 3, 16, 17].

For instance, the dichromatic number dc is a generalization of the chromatic number for
a graph, where a proper coloring in graphs corresponds to an acyclic coloring in a digraph
D and the goal is to find the minimum number of colors de(D) used in this type of coloring
introduced by Neumann-Lara [16] and by Erdés [4] when they showed that in a tournament
Ty, then de(T,) = O(3%), also see [8].

In an acyclic coloring of D with dc(D) colors, there are arcs in both directions between
each pair of color classes, giving rise to the extension of complete coloring of graphs to
digraphs [5, 6]. In [1], the achromatic number dac(D) of a digraph D is defined as the maxi-
mum over the acyclic and complete colorings in D, showing results such as in a tournament
Ty, then dac(T5,) = Q(57)-

To generalize the b-chromatic number from an algorithmic point of view, one could define
a “b-vertex” with respect to an acyclic coloring of a digraph D as a u vertex colored ¢ such

that u U C; contains a directed cycle for each color class C}, @ # j. However, if we consider

a directed cycle 63, with an acyclic coloring using two colors, the singular color class is a
“b-vertex” but the other color class has no “b-vertices”.

In [10], a vertex u is called a bT-vertex with respect to a coloring I' of a digraph D if
u is incident to a vertex colored with each color different from the color of u. Analogously,
a vertex v is a b~ -verter with respect to I' if v is incident from a vertex colored with each
color different from the color of v.

A b-coloring of D is a coloring such that each color class contains a b*-vertex and a
b~ -vertex. The dib-chromatic number of D, denoted by dib(D), is the maximum k such that
D admits an acyclic b-coloring with k colors. The question then arises as to the existence of
the dib(D) for a given digraph D.

This paper is divided as follows. Section 2 presents the existence of the dib-chromatic
number. Section 3 addresses the study of the dib-chromatic number in bipartite digraphs,
including simple bipartite digraphs.

2 Existence

In this section, we will show that for any given digraph D, the dib-chromatic number dib(D)
of D exists, by showing that de(D) < dib(D), where dc¢(D) is the dichromatic number of D.
We consider finite, and loopless digraphs, i.e., digraphs where digons are permitted.

Let D = (V(D), E(D)) be a digraph and r > 2 be an integer. An acyclic coloring T’
of V(D) using r colors will be called b-irreducible if there is no other acyclic coloring I of
V(D) using r — 1 colors such that, for each i € [r — 1] := {1,...,r — 1}, T71(s) C T"71().

Given an acyclic coloring of V(D) using r colors and i € [r], we will say that a vertex
x € T71(d) is a b-vertex if it is a b™-vertex and a b~-vertex, and a pair of vertices {z,y} C
['~1(7) will be called a b-pair if x is a b*-vertex and y is a b~-vertex.

Recall that the out-neighborhood of a vertex z of D is N} (x) = {y € V(D): zy € E(D)},
and its in-neighborhood is Ny (z) ={y € V(D): yx € E(D)}.



Lemma 1. Let D be a digraph and T' : V(D) — [r] be an acyclic coloring of D using r
colors. If I is b-irreducible, then I' is a b-coloring of D.

Proof. Let D be a digraph, I' : V(D) — [r]| be an acyclic b-irreducible coloring of D using r
colors and let us suppose there is no b-vertex nor b-pair in I'"1(r).

For each x e T (r) let V, (z) ={j € [r — 1] : Ny(z) NT(j) =0} and V" (z) = {j €
[r—1]: Nj(x)nT71(j) = 0}.

Observe that since there is no b-vertices in I'"1(r), it follows that for every z € T'~!(r)
we have that V" (z) # 0 or V" (z) # 0.

Claim 2. Fither for every x € T7Y(r) we have V' (x) # 0, or for every x € T (r) we have
V, (z) # 0.

Suppose there is @ € T!(r) where V;"(z) = 0. Hence, for every j € [r — 1] it follows that
Nf(z)NT71(j) # 0. That is, x is a b™-vertex. Since there is no b-pairs in I'"*(r) it follows
that for each y € T7'(r) \ {z} there is i, € [r — 1] such that Ny (y) "T"'(4,) = 0. That is,
for every y € I'"!(r) \ {z} we have V; (y) # 0. Finally, since x is not a b-vertex, there is
i € [r — 1] such that Np () NT=(i) = 0. Thus V; (2) # 0 and the claim follows.

By the previous claim, without loss of generality, we suppose that for every x € T=!(r)
we have V;"(z) # 0. Let By = {& € T7'(r) : 1 € V;" ()} and, for 1 < j < r —1, let
Bi={z el '(r):je V" (@)}\ U B

1<i<j

Observe that since for every z € I'™!(r) we have V' (x) # 0, it follows that {Bjy, ..., B,_1}
is a set of pairwise disjoint sets whose union is I'"(r).

Let IV : V(D) — [r — 1] be a coloring of D using r — 1 colors defined as follows: Given
z € V(D), I"(z) = j whenever I'(z) = j or x € Bj.

Claim 3. I is an acyclic coloring such that, for each i € [r — 1], T7'[i] C T""']i].

By definition of I, it follows that, for each i € [r—1], we have I "![i] C I""![i]. Let j € [r—1].
By definition, I""'(j) = I'"'(j) U B; with B; C T'"!(r). Since I is acyclic, there is no cycle
contained neither in D[I'"*(j)] nor D[B,], and since for every z € B;, Nj(z) nT7(j) = 0,
it follows that there is no cycle in D[I"71(5)].

From the last claim, it follows that I' is not a b-irreducible coloring which is a contradic-
tion. Thus, for every i € [r] there is either a b-vertex or a b-pair and the result follows. [

Theorem 4. Given a digraph D, dc(D) < dib(D).

Proof. Let D be a digraph and let I" be an acyclic coloring of D with dc(D) colors. Clearly
I' is a b-irreducible acyclic coloring which, by Lemma 1, implies that I'" is a b-coloring and
therefore de(D) < dib(D). O



3 Bipartite digraphs

An independent set of vertices in a digraph D is a set of vertices without any arcs between
them. A bipartite digraph is a digraph D = (V(D), E(D)) where V is partitioned into the
independent sets A and B, for short denoted by D = (A, B). In this section, we state some
results on bipartite digraphs.

We recall that the independence number S(D) of D is the maximum possible number of
vertices of an independent set.

A digraph D is weak (or weakly connected) if for every pair u,v € V(D) there exists a
uv-path (not necessarily a directed path), otherwise, D is called disconnected. The number of
arcs in a shortest uv-path is denoted by d(u, v), and if u and v belong to different components
of a disconnected digraph, then d(u,v) = occ.

Let &}, denote the minimum out-degree, d5, denote the minimum in-degree, and dp =
min{d},,d,} denote the minimum degree of D, respectively.

Proposition 5. Let D = (A, B) be a bipartite digraph such that ép > 2, then dib(D) > 2.

Proof. Consider a directed uv-path P of maximum length, then vertex v has an out-neighbor
in P thus D contains a directed cycle and the result follows. O

The following result is given in [10].
Corollary 6. [10] For any digraph D of order n, then dib(D) < n — (D) + 1.
Lemma 7. If D = (A, B) is a connected bipartite digraph with |A| =n <m = |B|, then
dib(D) <n+1

Proof. By Corollary 6, we have dib(D) < n+m — (D) +1=n+m —maz{n,m} +1=
n+ 1. [l

Lemma 8. Let D = (A, B) be a bipartite digraph. If D has a b-coloring with k > 3 colors,
then a partition contains vertices of all k colors and the other partition contains vertices of
at least k — 1 colors.

Proof. Since k > 3, there are at least two bT-vertices at some partition, say B. Hence A
contains all the k colors in its vertices. If A contains a b™-vertex then it is incident to k — 1
different colors in B, otherwise, all b™-vertices belong to B, then B has vertices of all the k
colors. O

The following two results are generalizations of a result given in [13], which provide
sufficient and necessary conditions for bipartite digraphs with dib(D) > 2.

Theorem 9. Let D = (A, B) be a disconnected bipartite digraph such that ép > 2 and it
is the union of Dy, ..., D, weak bipartite subdigraphs. The component D; = (A;, B;) where
A=U;_, 4 and B =\J,_, Bi. Then dib(D) > 2 if and only if



1. r>3; or
2. r =2 and at least one of D1, Dy 1s not a complete symmetric bipartite digraph.

Proof. Suppose D has no b-colorings with at least 3 colors, by Proposition 5, dib(D) = 2.
Note that each component D; has at least 4 vertices.

1. Case r > 3. We can easily color a vertex in D; to be b-vertex of color ¢;, for i = 1,2, 3.

2. Case r = 2. Assume D; is not complete bipartite. Let u € A and v € B be, such that
uwv is not a digon in D;. Color u and v by color ¢, the vertices of A\ {u} by color
co and all vertices of B\ {v} by color ¢3. Because of the connectivity of D; there is a
b-pair of color ¢y in A and a b-pair of color ¢35 in B. Now, we can easily color a vertex
in Dy to be b-vertex of color ¢;.

On the other hand, if D, and D, are complete symmetric bipartite digraphs, its dichro-
matic and diachromatic number is 2, then dib(D) = 2.

]

Let v be a vertex in D, let N *(v) = {u € V(D) :vu ¢ E(D),v # u} and N ~(v) = {w €
V(D) : wv ¢ E(D),v # w} denote the out-non-neighborhood and in-non-neighborhood of
v, respectively. We define the sets N,(v) = N T(v) UN ~(v) and Nn(v) = N T(v) NN ~(v).

Theorem 10. Let D = (A, B) be a weakly connected bipartite digraph such that p > 2.

1. If dib(D) > 2 then A C |, Nu(v) or B C J,c4 Nu(v); and

vEA
2. If AC Uypep Nn(v) or B C Uyes Nn(v) then dib(D) > 2

Proof. 1. We assume there exists a b-coloring using k£ > 3 colors of D. By Lemma 8§,
the set A or B has vertices of all k£ colors. Without loss of generality, A contains
vertices v; colored ¢; for i € {1,...,k}. If there is w € B\ U, Ny(v;), then AU {w}
are the vertices of a symmetric star and the coloring is not acyclic, hence, we have

B C U Nu(vi) € Uyen, Nu(v).

2. Now, suppose D has no b-colorings with at least 3 colors, by Proposition 5, dib(D) = 2.
Without loss of generality, suppose B C U,eaNn(v).

Let w; a vertex of B. By assumption, there exists a vertex v; € A such that w; €
Nn(vy), then there are no arc between v; and w;, so color v; and Nn(vi) N B by
c1. Since §(vy) > 2, there exists at least one uncolored vertex wy € B and a vertex
vy € A\ {v1} such that wy € Nn(v2), then vowy ¢ E(D) and wyvy ¢ E(D). Color vy,
wy and the uncolored vertices of Nn(v2) N B by cy. Since d(w;) > 2, there exists at
least one uncolored vertex v € A. We continue with this procedure until all vertices of
B are colored. If there are uncolored vertices in A, color them all with an additional
color ¢;, with © > 3. We use £ > 3 colors and at least k£ — 1 color classes have non-
empty intersection with the sets A and B by construction. Suppose that the coloring is
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not a b-coloring, then there is a color class without a b-vertex or a b-pair. Recolor the
vertices of this color class obtaining an acyclic coloring with k£ —1 colors. Again at least
k — 2 color classes have non-empty intersection with the sets A and B. Continue this
process until a b-coloring is obtained. Since a b-coloring using 2 colors is not possible, a
contradiction to the assumption. Hence the result is a b-coloring with at least 3 colors.

O

3.1 On simple bipartite digraphs
Recall a simple digraph is a digraph without digons, that is, an oriented graph.

Theorem 11. Let D be a simple bipartite digraph. If §(D) > 2 then dib(D) > 3.

Proof. Let D = (A, B) be a simple bipartite digraph, with §(D) > 2 and suppose dib(D) < 2.
A (non-directed) path P = (xy,...,2x) in D will be called bad if every zq; € V(P), with
1 <21 <k, x9; is a sink in P (respectively, zy; is a source in P); and every zo;,_1 € V(P),
with 1 < 2i —1 <k, z9;_; is a source in P (respectively, xq; 1 is a sink in P).

Let P = (z1,...,x;) be a bad path in D of maximum order. Without loss of generality,
we will assume that every zo; € V(P), with 1 < 2i < k, x; is a sink in P; every z9;_1 € V(P),
with 1 <27 —1 < k, x9;_1 is a source in P and that the sources are in A and the sinks are
in B.

Claim 12. £ < 7.

Proof. Suppose there is a bad path (z1,29,...,2;) in D with & > 8 Let I' : V(D) —
{c1,¢a,c3} defined as: I'(xy) = [(zy) = [(z7) = c1; D(xg) = [(x5) = I'(zs) = ¢ and
[(x3) = T'(zg) = c3. Also, for every x € A\ {z1,23,25,27}, I'(z) = ¢; and for every
x € B\ {x9, x4, 26,28}, I'() = c3. It is not hard to see that this is a b-coloring of D with
3 colors, where x5, x4 and g are b~ -vertices and x3, 5 and x7 are b -vertices, which is not
possible. O

Claim 13. k£ < 6.

Proof. Suppose there is a bad path P = (x1,z9,...,27) in D. By Claim 12 there is no bad
path of order 8, thus N*(z7) C V(P) and since §(D) > 2, either z7xo € E(D) or xz7x4 €
E(D). If z7z9 € E(D) then in D there is the undirected cycle Cg = (x9, x3, x4, 5, Tg, 7).
Let I' : V(D) — {c1, c2, c3} defined as: I'(z3) = I'(z6) = c1; I'(24) = T'(27) = 2 and I'(z2) =
['(z5) = c3. Also, for every x € A\ {z3, 25,27}, I'(x) = ¢; and for every x € B\ {2, x4, 76},
['(x) = ¢3. It is not hard to see that this is a b-coloring of D with 3 colors, where x5, 24 and
x6 are b~-vertices and w3, 5 and 7 are b'-vertices, which is not possible.

Hence, z7x4 € E(D) and, by an analogous argument than above, x1z4 € E(D). Thus,
{1, 23, 25,27} € N~ (z4) and since §(D) > 2, there is a pair {21,225} C N*t(z4) in A\
{z1,23,25,27}. Let I' : V(D) — {ci1,co,c3} defined as: T'(z1) = T'(z4) = D(x5) = e;
[(zy) = ['(xz7) = I'(21) = ¢ and ['(z3) = ['(xg) = T'(22) = c3. Also, for every = €
AN\ {21, 20,1, 23, 5,27}, I'(x) = ¢3 and for every © € B\ {23, 24,26}, ['(x) = co. It is not



hard to see that this is a b-coloring of D with 3 colors, where x4 is a b-vertex, x5 and g are
b~ -vertices; and x3 and x7 are bt-vertices, which is not possible. O

Claim 14. k£ < 5.

Proof. Suppose there is a bad path P = (x1,zs,...,2¢) in D. By Claim 13 there is no bad
path of order 7, thus N*(z;) C V(P) and since §(D) > 2, either z126 € E(D) or x4 €
E(D). If zyz6 € E(D) then in D there is the undirected cycle Cg = (21, 22, T3, T4, T5, T¢).
As in Claim 13 we see that this is not possible. Thus z124 € E(D). In an analogous way
we see that xgzg € E(D). Let I' : V(D) — {c1,c2,c3} defined as: T'(zy) = T'(zg) = c1;
[(x3) = ['(x4) = ¢o and ['(z9) = ['(z5) = ¢3. Also, for every x € A\ {1, 23,25}, ['(x) = ¢
and for every x € B\ {z2, 24,26}, ['(x) = c3. It is not hard to see that this is a b-coloring of
D with 3 colors, where x1, x3 and x5 are b -vertices; and x5, 74 and xg are b~-vertices, which
is not possible. O

Claim 15. k£ < 4.

Proof. Suppose there is a bad path P = (x1,25,...,25) in D. By Claim 14 there is no bad
path of order 6, thus N (x;) C V(P) and since §(D) > 2, ;x4 € E(D). In an analogous way,
we see that xsxe € E(D). Moreover, d*(z) = d™(x3) = d*(x5) = 2. Thus, {z1, 23,25} C
N~ (x2) and {z1, 23,25} € N~ (z4) and therefore N*(xs), N*(x4) C A\ {1, 23,25}. Let
{Zl,ZQ} Q N+(l’2) and {wl,wg} Q N+(I4).

Case 1. z; = wy and 29 = w».

Since §(D) > 2 and {z2, 24} € N~ (21), there is a pair {y1,y2} C N*(z1) such that {y;,y2} C
B\ {zo,24}. Let I' : V(D) — {c1,co,c3} defined as: I'(zg) = I'(z5) = ['(21) = ¢1; ['(xy) =
[(xg) =T(y2) = coand I'(z3) = ['(y1) = I'(22) = ¢3. Also, for every x € A\{z1, 20, x1, 3, 25},
['(x) = ¢1 and for every © € B\ {xa, x4, %1,y2}, I'(z) = co. It is not hard to see that this is
a b-coloring of D with 3 colors, where x4 is a b-vertex, x3 and 2, are b'-vertices; and z, and
2o are b~ -vertices, which is not possible.

Case 2. z; = w; and 29 # ws.

Let I' : V(D) — {c1, o, c3} defined as: T'(z1) = ['(z4) = ['(22) = ¢1; T'(25) = '(21) = ¢ and
[(x9) = ['(x3) = I'(wy) = ¢3. Also, for every x € A\ {21, 22, we, 1, 23,25}, ['(x) = ¢3 and
for every © € B\ {z2, 24}, ['(x) = ¢;. It is not hard to see that this is a b-coloring of D
with 3 colors, where z, and x4 are b-vertex, and x5 and z; is a b'-vertex and a b~ -vertex,
respectively; which is not possible.

Case 3. {z1, 22} N {wy,we} = 0.

Since wy; € Nt (x3) and §(D) > 2 there is y3 € N~ (wy) N (B \ {xg,x4}). Let T : V(D) —
{c1, c9,c3} defined as: T'(x1) =T'(z4) =(21) = ¢1; ['(x2) = T'(x3) = T(y1) = T'(wsy) = ¢ and
['(z5) = T'(wy) = T'(22) = ¢3. Also, for every x € A\ {21, 20, w1, we, 1, 23,25}, ['(x) = ¢4
and for every x € B\ {x2,z4,y1}, ['(x) = co. It is not hard to see that the chromatic classes
of colors ¢; and c3 are acyclic. For the chromatic class of color ¢y, observe that the only
vertices of color ¢y in A are x3 and wy. Thus, any directed cycle of color ¢, is a square and
contains the vertices {x3,ws}. Since d*(z3) = 2 and I'(z4) = ¢1, any directed cycle of color
co must contain the path (x3, 22, wy) which is not possible since zows ¢ E(D). Hence, T is



a b-coloring of D with 3 colors, where x5 and x4 are b-vertices, and x5 and w; is a b'-vertex
and a b~ -vertex, respectively; which is not possible. O

Claim 16. D is 2-regular.

Proof. Let x € V(D) with d"(z) = r > 2 and let N*(x) = {y1,...,y,}. By Claim 15 it

follows that for some z € V(D) \{z,y1,...,4:}, [ N (y) = {z, 2}, which again, by
yeNT(z)

Claim 15, implies that r = 2 (in other case, there is a bad path of order 5 where x4, x3 and x5

are sinks, and x9, x4 are sources). Thus, for every x € V(D), d*(z) = 2 and since 6(D) > 2,

the claim follows. O

Claim 17. There are no bad paths of order 4.

Proof. Let P = (x1, 29, x3,x4) be a bad path in D. By Claim 15 it follows that z124 € E(D).
By Claim 16, (D) = 2 and therefore we see that N (x9) = {21, 20} and Nt (z4) = {w;, ws}
where NT(z3), NT(x4) C A\ {z1,23}. Again, by Claim 15, either w; = z; and z9 = wy; or
{z1, 22} N {w, we} = 0.

Case 1. {Zl, 22} N {wl, U)Q} = @

By Claim 15 there is a pair {y1, y2} C B\ {22, 24} such that N*(y;) = {21, 22} and N (y2) =
{wy,we}. Let I' : V(D) — {c1,co,c3} defined as: I'(z1) = I'(y2) = ['(z1) = I'(wy) = ¢
[(x9) = I'(x3) = T'(wy) = ¢ and ['(xy) = (y1) = [(22) = ¢3. Also, for every z €
AN\ {21, 29, w1, wa, 1, 3,25}, ['(x) = o and for every z € B\ {x9, 24, y1,y2}, ['(x) = 3. Tt
is not hard to see that I' is a b-coloring of D with 3 colors, where x4 is a b-vertex; xy and xo
are bt-vertices; and z; and wy are b~ -vertices, which is not possible.

Case 2. w; = z; and zy = ws.

Since §(D) = 2, N*(z1) = {1,492} and N~ (x1) = {y3,ya} where N7(z), N~ (x1) C B\
{9, 24}.

Let T' : V(D) — {c1,co,c3} defined as: I'(z4) = ¢1; I'(x1) = I'(22) = I'(21) = ¢ and
['(x3) = T'(22) = c3. For the vertices {y1,yo, 3,44}, it is possible that either {y;,y.} =
{ys,ya}; or {y1,y2} N {ys,ya}0 or y1 = y3 and yo # y4. In any case, color the vertices with
colors ¢; and ¢z in a way that both colors are present in N~ (z1) an N (z1).

Also, for every x € A\{z1, 29, 1, 3,25}, ['(x) = co and for every € B\{x2, 24, V1, Y2, Y3, Ys },
I'(z) = ¢;. It is not hard to see that I' is a b-coloring of D with 3 colors, where x4 is a b-vertex;
x3 and z; are bT-vertices; and x; and 2, are b~-vertices, which is not possible. O

From Claim 17 we see that if dib(D) < 2, then there is no bad path of order 4. Since
d(D) > 2, this is not possible, and the result follows.

[
Corollary 18. Let D be a simple bipartite 2-reqular digraph. Then dib(D) = 3.
Proof. By Theorem 11 we see that dib(D) > 3, and it is not hard to see that dib(D) <
max {d},(z),dn(z)} + 1 = 3 and the result follows. O

zeV (D)

From lemmas 7 and 8 we obtain the following upper bound.
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Corollary 19. Let D = (A, B) be a simple bipartite digraph with |[A| =n < m = |B|. If
there is no source or there is no sink in B, dib(D) < n.

Proof. By Lemma 7, dib(D) < n+ 1. If dib(D) = n+ 1, by Lemma 8, there are no vertices

of some color ¢,,1 in A, and b*-vertices and b~ -vertices of ¢; ..., ¢, belong to A. Hence,
each vertex in A is a b-vertex, and the bT-vertex and b~ -vertex of color ¢, are a source and
a sink in B, respectively. [

Now we present some lower bounds. For this, given a digraph D = (A, B), let d4 =
min{d}(x),d,(x) : x € A} and dp = min{d} (z),d,(z) : x € B}.

Theorem 20. Let D = (A, B) be a simple bipartite digraph, with |A| =n <m = |B|. If

m )L’Z}J

2 2<(
" m—éA

then dib(D) > n. Moreover, there is a b-coloring of D with n colors such that every vertex
in A is a b-vertex.

Proof. Let D = (A, B) be a simple bipartite digraph, with |A| = n < m = |B|, and assume
that B = [m]. Let P*(m) be the set of n-partitions of [m] such that each part has cardinality
either [™] or [™] and let re(m,n) be the residue of m modulo n. Observe that for every
n-partition in Py (m), the number of parts of order || is n —re(m,n). First we will assume
that re(n,m) # 0.

It follows that (($1)| _y(m—=[2T)| = re(m,n)|P;(m)| and that (LEJNP{;%(m— [2])| =
(n — re(m,n))|P;(m)|. Thus '

olPim)] = ( ) ) Picatm = 201+ (o )P om = D) 0

(L%J) _ ml(m—da—|"])! > ( m
(’"*M) T (m— 2 ) m— 6A)' = \m—d4

]

On the one hand, observe that )U%) and, similarly,

(%) > ()T I 2n? < (S )L ! then also 2n* < (- (5/1)[%W and therefore 2n? <

() = o

() ()

mm{m & 6A>} Thus, by (1) we see that
12 E

m

olPitm) > 207" Bt = )+ 20 (" Bt — DL @

On the other hand, for every x € A, the number of n-partitions {Y3,...,Y,} of Pf(m)
such that there is a part Y; of order | | such that either N} (x)NY; =0 or N (z)NY; = 0 is

at most. (35 [Py (m = ()] + (P08 ) [Py m = [2))] < 20755 Piy(m — [2))]

In a similar way we see that the number of n-partitions {Y7,...,Y,} of P¥(m) such that
there is a part Y; of order [] such that either N} (z)NY; =0 or N (z)NY; = 0 is at most
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(m 5A)| _1(m—T21)|. Hence, for each vertex z € A, the number of elements {Y1,...,Y,}
of P;( ) such that there is a part Y; such that either N (x) NY; =0 or Ny(z)NY; =0 is

at most 2( (121 [Pi_y(m = [2])] + (1) Py (m = [21)

By (2) we see that | P;(m)| > 2n(("a3) [Py (m—21)|+ (af) [Py (m— | 2])) which
implies there is a partition {Y1,...,Y,} in P’(m) such that for every x € A we have that for
every j € [n], Nj(x) NY; # 0 and N, (z) NY; # 0.

Its is not hard to see that the coloring I' : V(D) — [n] where each vertex in A receives
different color; and for each vertex y € B, y receives color i € [n] if and only if y € Y}, is a
b-coloring of D where every vertex in A is a b-vertex.

The proof for the case when re(m,n) = 0 is similar, and the result follows. O]

Corollary 21. Let D be a simple bipartite digraph, with |A| =n <m = |B|. Let p be such
that [ | = p(1 + 2loga(n)). If 64 > m(l — —) then dib(D) >

1 L] L% 1\ L7 53]
Proof. If 64 > m(l — —1> then (mT5A> > (+> = <2p> =2r =
27 mfm(lfi)

1
2P
91+2log2(n) — 92 and from Theorem 20 the result follows. O

Theorem 22. Let D = (A, B) be a simple digraph, with |A| = n < m = |B|. If 4 >
2n(n — 1), then dib(D) > n. Moreover, if D is an orientation of K, ,,, with 4 > n?, then
dib(D) > n

Proof. Let A = {z1,...,x,}. First, assume that D is an orientation of K, . Colored x;
with color ¢; and xs with color ¢;. Choose a vertex in N (x;) and another in N~ (z;) and
assign them color ¢o. Similarly, choose a vertex in N*(z2) and another in N~ (z2) and assign
them color ¢;. Colored 3 with color ¢3. Since {NT(x3), N~ (x3)} is a partition of B, in
N*(z3) U N~ (z3) there are already vertices with color ¢; and color ¢o. Thus, we only need
to choose at most one new vertex to be of color ¢; and another new vertex to be of color ¢,
such that in N (z3) there are vertices of color ¢; and ¢y as well as in N~ (z3). Now, choose
a new vertex in N*(z1) and another in N~ (z;) and assign them color ¢3. In this way, in
N* (1) there are vertices of color ¢y and c3 as well as in N~ (z1). Since {NT(xq), N~ (z2)}
is a partition of B, either in N (x2) or in N~ (x9) there is already a vertex of color c3. So,
we only have to choose at most one new vertex to be of color ¢ so that in N (z5) there are
vertices of color ¢; and ¢z as well as in N~ (z3). So far we have colored at most 9 vertices in
B. Following this procedure, assume that for 3 < r < n, for every i € [r] z; receives color ¢;;
for each i € [r] there are vertices of colors {ci,...,¢.} \ {¢;} in N*T(z;) and in N~ (z;); and
that there are at most 72 colored vertices in B. Recall that n? < d4, hence for each z; € A,
with ¢ € [r], in N (z;) (as well as in N~ (x;)) there are at least n* — r? vertices with no color.

Let colored z,41 with color ¢,1. In N*(z,41) U N~ (x,11) there are already vertices of
color ¢,...,¢.. Thus, for each color ¢;, with i € [r], we only have to choose at most one
new vertex in B and assign color ¢; to it, so that there are vertices of colors {ci,...,¢,} in
N*(x,41) and in N~ (z,41). Now choose any new vertex y in B and color it with color ¢, 1.

10



For every i € [r], y € N*(x;) or y € N~ (z;). Therefore, for each color ¢;, with ¢ € [r], we
only have to choose at most one new vertex in B and assign to it color ¢, 1, so that for each
i € [r] there are vertices of color ¢,41 in N*(z;) and in N~ (z;). Observe that in this step
we colored at most 2r + 1 new vertices in B. Thus, so far there are at most (r + 1)? colored
vertices in B.

Since §4 > n?, we can proceed in this way until coloring the vertex x,, with color ¢, and
coloring some vertices in B in a way that, for each i € [n], x; has color ¢;, and such that
there are vertices of colors {c1,...,¢,} \ {¢;} in N*(z;) and in N~ (z;). If there are more
vertices in B, let assign them color ¢;. This coloring of D is a b-coloring with n colors, and
the result follows.

For the general case, colored x; with color ¢; and x5 with color ¢;. Choose a vertex in
N*(z1) and other in N~ (x;) and assign them color ¢,. Similarly, choose a vertex in N (z5)
and other in N~ (z3) and assign them color ¢;. So far we have colored at most 4 vertices in
B. Assume that for some 2 < r < n, for every i € [r| ; receives color ¢;; for each i € [r]
there are vertices of colors {c1,...,¢.} \ {¢;} in N*(z;) and in N~ (x;); and that there at
most 2r(r — 1) colored vertices in B. Since 04 > 2n(n — 1), for each z; € A, with i € [r],
in N*(x;) (as well as in N~ (x;)) there are at least 2n(n — 1) — 2r(r — 1) vertices with no
color. Let colored z,,; with color ¢,,;, and for each i € [r] choose a vertex in Nt (z,1)
and another in N~ (x,,1) and assign them color ¢;. Also, for each i € [r], choose a vertex
in NT(z;) and another in N~ (z;) and assign them color ¢,;;. Observe that in this step we
colored at most 4r vertices in B, so there are at most 2(r + 1)r colored vertices in B. From
here, as in the case of the orientation of K, ,,,, the result follows. O

For the next theorem, given a bipartite digraph D = (A, B), and a pair of vertices
{y1, 92} C B, let c(y1,y2) = [N} (y1) N Np (y2)]-

Theorem 23. Let D = (A, B) be a simple bipartite digraph, with |A| =n < m = |B|. If for

a pair {yhyQ} g B:
m— 2

m—2—(5A—1)

m—2
)LC(ylvyz)J

2c(y1,y2)* < (
then dib(D) > c(y1,y2) + 1.

Proof. Let D = (A, B) be a simple bipartite digraph and {y1,y2} C B be as in the statement.
Let C = N/ (y1) N N5 (y2) € A and let D’ the subdigraph of D induced by C' U B\ {y1, ya}.
Observe that |C| = c(y1,vy2), |B\ {y1,92}] = m —2 and é¢ > 04 — 1, thus, by Lemma
20, there is a b-coloring IV : V/(D') — [e(y1,y2)] where the vertices in C' receive the colors
{1,...,¢(y1,y2)} and all of them are b-vertices.

Let T' : V(D) — [e(y1,y2) + 1] defined as follows: I'(x) = I(z) if z € V(D'); and
['(z) = c(y1,92) + 1 in other case. Since C' = N} (y1) N Np(y2), all the vertices in C' are
b-vertices in I'; and v is a b'-vertex and ys is a b™-vertex. All the chromatic classes of color
i € [e(y1,y2)] are stars, thus are acyclic. For the chromatic class of color ¢(yy,y2) + 1, since
the only vertices of color ¢(y1,y2) + 1 in B are {y1, 2}, any directed cycle of that color must
be a square and contains the pair of vertices {y, y2}, which is not possible since none of the
vertices in C'= N} (y1) N N (ya) receives color c(yy, y2) + 1. O
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An orientation of the complete bipartite graph (A, B), with |A| = n and |B| = m, such
. —_
that each arc goes from A to B is denoted by K, .
The following theorem shows that dib(D) is an increasing function on min{n, m}, when
D is an orientation of the complete bipartite graph K, ,,.

Theorem 24. Let D = (A, B) be an orientation of K, ,,, with |A| =n < m = |B|, and let
r be an integer such that n > r2"(1 + 2%)” +2r —1. Then

r < dib(D).

Proof. Let D = (A, B) be an orientation of K, ,,,, with |A| =n <m = |B|, and let  be the

greater integer such that there is a subdigraph D’ = (A’, B’) of D isomorphic to K—>m"7 with
A ={zy,...,x.} and B' = {y1,...,y.}.

Let T': V(D) — {c1,..., ¢} be a coloring where: for each i € [r], T'(x;) = I'(y;) = ¢;; for
each x € A\ A", I'(x) = ¢4, and for each z € B\ B, I'(z) = ¢s.

Each chromatic class is a star, thus I" is an acyclic coloring, and for each ¢ € [r], z; is a
bt-vertex and y; is a b~-vertex. Thus, I' is a b-coloring and r < dib(D). Therefore, to end
the proof we just have to show that if n > r2"(1+ 5-)" 4 2r — 1 then there is a copy of K_:
in D. Without loss of generality, let us suppose that > df(z) > > dj(x).

z€A €A

Let H = (X,Y) be the bipartite graph where X = A and Y is the set of r-subsets
of vertices of B. Given z € X and S € Y, zS is an edge of H if S C N} (z). If there

—
is no copy of K,,, it follows that for every S € Y, dy(S) < r — 1 which implies that

> () < (r=1)(7).

zeX
Since Y dj(x) > > dp(x), it follows that Y dj(z) > ™* and therefore ) (dgr(z)) >
€A z€A €A zeX
n(L?). Hence
(r— 1)(m) > n(m),
r r
which implies that
m) . n
(L%J) —r—1

()
1)

and since m > n > r2"(1 + 2%)7" + 2r — 1, it follows that (%)

On the one hand, < (T )r = 2’(2’5_—”1)r < 2r (et )T =2"(1+ m)r,

[3]-r+1

<20+ migy) -

(L%J) 2" (1+ 5=
r 1 r
2"(1+ —T(H%y) .
On the other hand, since n > r27(1 + )" + 2r — 1, it follows that 25 > 27(1 + )"
Thus, 27’(1 + m)r > 2"(1+ 2%)’", which is not possible, and the result follows. ]
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4 Proposed problems

To conclude, we would like to present a couple of problems that, in our opinion, might be
of interest. The first is related to Theorems 9, 10, and 11, and the second is related to
tournaments.

Problem 1. Weaken the condition of dp > 2 when considering bipartite digraphs with
dib(D) > 3, for example, require that 67, > 1, §, > 1 and &}, + 6, > 3. In this case, Figure
1 shows an example.

Figure 1: There are bipartite graphs with 3 components whose dib(D) is 2.

Problem 2. The behavior of the b-chromatic number is closely related to the Grundy
number, for example [14, 15]. In the case of the digrundy number dG [2] and the dib-
chromatic number, we believe that this behavior will hold. In particular, given a tournament
T, it was shown in [1] that the dichromatic number dac(7,) = (%), such bound is given

using an order in the coloring, so the coloring turns out to be greedy, hence dG(7},) = Q(2).

Ign
The question is also whether dib(7,) = Q(%).
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