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Abstract

Raimi’s theorem guarantees the existence of a partition of N into two parts with an un-
avoidable intersection property: for any finite coloring of N, some color class intersects both
parts infinitely many times, after an appropriate shift (translation). We establish a polynomial
extension of this result, proving that such intersections persist under polynomial shifts in
any dimension. Given non-constant polynomials P ... P() e Z|z] with positive leading
coefficients and P)(0) = 0, we construct a partition of N*¥ such that for any coloring of N*
with finitely many colors, there exist o € N and a single color class that meets all partition
pieces after shifts by 2o+ P (h) in each of the k coordinate directions, for every j and infinitely
many values h € N. Our proof exploits Weyl’s equidistribution theory, Pontryagin duality, and
the structure of polynomial relation lattices. We also prove some finite analogues of the above
results for abelian groups and SLq(F,).
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Introduction

Ramsey theory admits two complementary perspectives. The coloring approach begins with an

arbitrary finite partition of the integers and seeks structures that some color class must contain, for



instance, Van der Waerden’s theorem [25] guarantees arbitrarily long monochromatic arithmetic
progressions. The density approach assumes only that a set has positive upper density and proves
the occurrence of prescribed patterns. Szemerédi [24] established the existence of arbitrarily
long arithmetic progressions in sets of positive density, while Sarkozy [22] and independently

Furstenberg [6] proved that such sets contain pairs whose difference is a nonzero square.

Raimi [21] introduced a complementary viewpoint that begins with neither a given dense set nor
a given coloring. Instead, one constructs a specific partition of N with an unavoidable intersection
property: for every finite coloring, there exists a shift such that a single color meets every piece of
the partition in an infinite set. Informally, while classical Ramsey results ask “what patterns
are forced by density or by finite colorings?”, Raimi’s perspective asks “which partitions are

unavoidable in any finite coloring after an appropriate shift?”
Raimi’s theorem reads as follows.

Theorem 1.1 (Raimi [21]). There exists a subset E C N with the following property. For every
partition of N into finitely many parts, N = U§:1 F; with t € N, there exist j € {1,2,...,t} and
k € N such that both (Fj + k)N E and (Fj+ k) \ E are infinite sets.

In other words, after an appropriate shift k£, the set F; + k unavoidably intersects both E and
its complement in infinitely many elements. This theorem was originally proved by Raimi using
topological methods, and subsequently Hindman [13] provided an elementary proof. Strengthened
versions specifying the densities of the partition sets or guaranteeing positive densities in the

conclusion can be found in [1, 10].

Throughout this paper, 1 stands for the element of N* whose each coordinate is 1. For any finite
or infinite set X of integers (or elements of a group equipped with a binary operation +), let FS(X)

denote the set of all finite sums formed by the elements of X.
Raimi’s theorem extends naturally to higher-dimensional lattices using diagonal shifts.

Theorem 1.2. Let r,t,k € N. There exists a partition \J;_, E; of N* such that for any partition
U;:le of N¥ into t parts, there exist m € {1,2,...,t}, an element o € N, and a sequence
{Zn}n>1 in N such that for every h from the set xo +FS({zn}tn>1) and every i € {1,2,... 1}, the
set (Fp, + h1lg) N E; has infinitely many elements.

While Theorem 1.2 extends the intersection property to higher dimensions with diagonal shifts,
a natural question arises: does this property persist under polynomial shifts? This question
is motivated by Bergelson and Leibman’s celebrated extension [2] of Szemerédi’s theorem from
arithmetic progressions to polynomial progressions. Their work demonstrated that polynomial

patterns are just as robust as linear patterns in dense sets.

Our main result establishes an analogous phenomenon for Raimi-type intersections, showing that
partition unavoidability extends to polynomial shifts and revealing deep connections to Weyl’s

polynomial equidistribution theory.

Theorem 1.3. Let r,t,k, f € N. Let POV, ... PU) ¢ Z[z] be non-constant polynomials with the
properties that P1)(0) = - = PU)(0) = 0 and the leading coefficients are positive.

There exists a partition \J;_, E; of N* such that for any partition Ug-:l F; of N*, there exist



m € {1,...,t}, an element xy € N, and a set H C N of positive lower density with the property
that for every h € H and every j € {1,..., f}, the set

(Fo + (z0 + PY(h)1%) N E;

has infinitely many elements.

While Theorem 1.3 extends the intersection property to polynomial shifts, it does not formally
generalize Theorem 1.2. The latter provides shifts forming an FS-set with additive structure,
while Theorem 1.3 guarantees infinitely many individual shifts that simultaneously work for all
polynomial shifts PU)(h), 1< j < f.

Beyond the infinite setting, we can ask whether similar phenomena occur in finite algebraic
structures. We answer this affirmatively, establishing finite analogues in both abelian groups and
the non-abelian group SL2(F,). These results demonstrate that Raimi-type intersection properties

extend to finite algebraic structures, with quantitative bounds replacing infinite intersections.

Theorem 1.4. Letr,t € N. Let G be a finite cyclic group of order N, written additively. There are
constants o = a(r,t) > 0 and Ny = Ny(r,t) such that the following holds for every N > Ny. There
exists a partition \J;_, E; of G such that for each partition U;:1 F; of G, there existm € {1,...,t}
and an element h € G such that

Vie{1,2,...,r}, |(Fm+h)NE]|>alG|.

The same conclusion holds for any finite abelian group G whose exponent is at least Ny, albeit with

a weaker constant o (r,t) > @

If the finite abelian group G is written multiplicatively, then, of course, the conclusion should read
as |(F, - h) N E;| > a|G|.

Theorem 1.5. Let r,t € N. There are constants a = «(r,t) > 0 and qo = qo(r,t) such that the
following holds for every odd prime power q > qo. There exists a partition | J;_; E; of SLa(Fq) such
that for every partition UE’:1 F; of SLy(Fy), there existm € {1,...,t} and an element h € SLy(FF,)
such that

Vie{l,...,r}, |(Fm-h)NE;]|>al|lSLy(F,)|

The above results illustrate that Raimi-type intersection properties are robust across diverse
mathematical structures, from infinite lattices under polynomial shifts to finite groups, both abelian

and non-abelian.

Another closely related topic in this area is Hindman’s theorem [14], which asserts that for any
finite coloring of N there exists an infinite set X C N such that FS(X) is monochromatic. Recent

work on density refinements of Hindman’s theorem can be found in [12, 16].

It would be interesting to explore whether Theorem 1.4 and Theorem 1.5 can be applied to other
geometric problems in the finite field setting. For instance, they might have implications for the

Erdds—Falconer distance problem [9, 15] or for understanding expansion phenomena in the group
SLy(Fg) [3, 11].



1.1 Proof ideas and techniques

Our proofs employ a variety of methods from combinatorics, harmonic analysis, and equidistribution

theory.

For Theorem 1.2, we construct a partition of N¥ using a coloring based on Q-linearly independent
real numbers o, ...,a;. The key is to define p(a) = {3, aa;} € (0,1) and color points based
on which interval in a dyadic partition of (0,1) contains ¢(a). By choosing 8 = a1 + -+ + oy
irrational, we can apply Lemma 2.2 to find a sequence whose finite sums land in prescribed narrow

intervals modulo 1, ensuring the desired intersection property.

Theorem 1.3 requires significantly deeper machinery. The main step is to simultaneously control
the fractional parts {3PU)(h)} for all j = 1,..., f. While Weyl’s classical theorem handles a single
polynomial, we need Theorem 3.1, which guarantees a set of positive lower density satisfying these
constraints simultaneously. The proof relies on Weyl’s equidistribution criterion (Theorem 3.5),
Pontryagin duality for locally compact abelian groups (Proposition 3.6), and careful analysis of
the relation lattice R and the associated subtorus H C T/. We show that the sequence {v(n)},>1,
v(n) = {BPM(n)},...,{BPY)(n)}), is equidistributed on H (Lemma 3.4), which provides many

choices of h with the required properties.
For the finite group results, the techniques shift to combinatorics and probability.

Since G is a finite cyclic group, it is sufficient to consider the case G = Zy. Theorem 1.4 uses
an iterative refinement argument: we partition Zy into nested intervals of decreasing size, apply
a density-averaging at each stage, and carefully track how intersections propagate through the

hierarchy.

Theorem 1.5 employs a probabilistic method based on Chebyshev’s inequality. We project SLo(F,)
onto [F 2, then apply Lemma 5.2, which shows that for any sufficiently large subset U C Fg, there
exists a direction such that most lines in that direction contain many points from U. We then lift
the configuration back to the group using a carefully chosen element h € SLy(FF;). The key is that
most lines contain a substantial portion of the projected set, which translates to large intersections
in SLo(Fy).

Notation. By {z,},>1 we mean a sequence with infinitely many elements x1,x2, ..., and if the
sequence has k elements, then we write {z,}*_,. For any = € R, let {x} stand the fractional part

AN[1L,N
of xz. For A C N, we define the lower density of A as d(A) = liminf M

N—o00
- AN[1,N -
density of A as d(A) = limsup WN,” If d(A) = d(A), then we say the density of A exists
N—o00

and denote it by d(A) := d(A) = d(A).

, and the upper

Organization. The rest of the paper is organized as follows. In Section 2, we establish Theorem 1.2
(higher dimensions with diagonal shifts). In Section 3, we prove Theorem 1.3 (polynomial shifts).
The proof of the key equidistribution result (Theorem 3.1) is presented in Subsections 3.1-3.2.
Sections 4 and 5 handle the finite cyclic case (Theorem 1.4) and the non-abelian case SLy(F,)
(Theorem 1.5), respectively.



2 Higher dimensions — Proof of Theorem 1.2

2.1 Partition and an induced coloring

Fix integers r > 2 and k > 1, and real numbers «j,...,a; such that 1,a1,...,a; are Q-
independent. Such numbers exist, say a; = logypi+1 where p» = 3 < p3 = 5 < ... are the

prime numbers, and logy(-) means a logarithm in base two.

Write, for a = (ay, ..., a;) € N¥,
k
@(a)::{Zamam}e(O,l), Bi=ar+ - +a, ¢Q.
m=1

For 5 > 0 set
Sji=(1-271-2"0] c(0,1), a;j:=1-277, w;:=|S;|=2"0FD,

Define

For i € {1,...,r} define the tile
Tjﬂ‘ = (aj—l— (i— 1)Tj, a; +iTj .

These r tiles Tj; form a partition 5.

Partition Structure of (0, 1)

1/2 3/4 7/8

Sj=(1—2—j,1—2—(i+1)],
|Sj|=Wj=2_(j+1)

Partition of S
a,=1/2,t,=w,/r=1/4r)

i o .
a =172 3/4

Lru | 72 | 1 |- T e N T

Tii=(aj+(i-Drtj,aj+itj] ie{l,...r}

Figure 1: The partition of (0,1) with M; =1 for all j



Define the coloring on N* by

Color(a) =i e {l,...,r} <= ¢(a) e T}, for the unique j with ¢(a) € S;.

2.2 Preliminary lemmas

Lemma 2.1. Let |J,_, F; be any partition of NF. There exist an Fy, and an interval (x,y) C [0,1)

such that p(Fy,) is everywhere dense in (z,vy).

Proof. Indeed let’s assume that the opposite holds. Let (zg,yo) C [0,1) any interval. Inductively
let j € {1,2,...,t}. Assume that {p(x): x € F}} is not dense in (2;_1,yj—1), hence there is an
interval (z;,y;) with (z;,y;) C (zj—1,yj—1) and {¢(x): = € Fj} N (xj,y;) = 0. After ¢t many steps,
we get that (z¢,y:) ﬂU;Zl{go(x): x € Fj} =0, so (z,y:) N {p(x): x € N¥} = (). This leads to a

contradiction. ]

For x € R, define

= mi — 0, 3].
[} := min | —n| € [0, 3]

Equivalently, with the fractional part {z} € [0, 1),
[|#| = min{{z}, 1 - {z}}.

We now recall some basic identities and bounds. For all z,y € R and n € Z:
1. Range and zeros: 0 < [|z[| < §, and ||z]| =0 < z € Z.
2. Periodicity and parity: |z + n|| = ||z|| and ||—z| = ||z]|.
3. Triangle inequality: ||x + y|| < ||z|| + ||ly||-
4. Lipschitz property: | |lz]| — |yl | < llz -yl
5. Difference via fractional parts: ||[{a} — {b}|| = ||a — b for all a,b € R.

Lemma 2.2. Let § ¢ Q. For every ¢ > 0 there exists a sequence X = {xp}n>1 in N such that for
every h € FS(X), we have ||Bh] < e.

Proof. There is an integer 1 € N such that ||Sz1|| < £/2. Assume that the sequence Xj =
{z1,22,..., 21} has been defined in such a way that for every h € FS(Xy), [|Bh] < e (1 — 2%) (this
statement is true, e.g., for k = 1). Now choose an 2,1 € N for which ||Szr1| < /287!, We have

FS(Xk11) = FS(Xk) + {0, 241}
Thus, if h € FS(Xj41) then h = b’ + p, where p € {0, 2541} and b’ € FS(X}). Hence,
, , 1 € 1
1881 = 1B + )1 < 18R+ 80l < (1 o ) + gy = (1 5r ).

This completes the proof. O



Let AC T =R/Z and € > 0. Note that
T:=R/Z=10,1) (addition mod 1).
Define
Aye = {ze€T: dist(z,A) <e} and A_. := {xe€ A: dist(z,04) > ¢},

where by 0A we mean the boundary of A.

If A= (a,b) C T is an interval (interpreting endpoints mod 1), then

(a,b)ye =(a—¢e, b+¢), (a,0)—c = (a+¢, b—¢) (when b—a > 2e¢).

Lemma 2.3. Let A C T be an interval and o,y € T with ||y — o|| <e. Then
(At+o)-e C Aty C (A+0)4e.
Proof. We first observe that

dist(u,0A) = dist(u+ 0,0(A+0)) forallueT.

Take x € (A+ 0)_. Then dist(z,0(A+ o)) > e. Write z = u+ ¢ with u € A. So,
dist(u, 0A) = dist(u + 0,0(A + 0)) = dist(z,0(A + 0)) > €.

Since ||y — 0| < g, the circle point u + (o — ) lies within distance < ¢ of u, so u + (0 — ) € A.
Therefore,
r=(u+(c—7)+yv€A+r.

Take y € A+, s0oy=v+~ with v € A. From ||y — || <&, we have v + (y — o) € Ay.. Thus,
y=@w+(y—0)+oc€(A+0)e.
This completes the proof. ]

2.3 Proof of Theorem 1.2
For 1 <i <, let E; be the set of x € N¥ such that Color(x) = i.

Let N¥ = |J! _, Fy, be given. By Lemma 2.1, choose m and an interval J = (z,y) C (0,1) with
©(Fy,) dense in J. Write § :=y — 2 > 0.

Choose a band S+ with width |S;«| = 270 1) < §/3. Choose 2 € N so that

J+o DO S modl, o :={xf}.



Now choose € > 0 so small that
Si« C (J4+o)oe={ue J+o: dist(u,d(J +0)) > c}.

Apply Lemma 2.2 to obtain {z,},>1 with ||Sh/|| < e for all b’ € FS({xy}n>1). For any h = zo+ 1/
(so h € xo+FS({xn}n>1)), set v := {hS}. Then

lv = ol = [{~B} — {zoB}| = 1Nl <.

By Lemma 2.3, one has
(J+o)—e C J+v C (J+0)4e,

hence,

Because p(x + hlp) = ¢(x) + 7, we have that ¢(F,, + hly) is dense in J + 7, and in particular
intersects each tile T}« ; inside S« infinitely often. By the definition of E; this gives

(Fy + h1g) N E; s infinite for every i = 1,...,7r.

This holds for every h € g + FS({zy}n>1), completing the proof.

3 Polynomial shifts — Proof of Theorem 1.3

We proceed along the same lines as in the proof of Theorem 1.2, except that we need to modify

Lemma, 2.2, as follows.

Theorem 3.1. Let 3 ¢ Q. Let PW ... PU) ¢ Z[z] be non-constant polynomials satisfying
PO0) =--- = PU)(0) = 0. For every e > 0, there exists a set X. C N of positive lower density
such that for each fized h € X, for every i € {1,..., f}, we have H{ﬁP(’)(h)}H <e.

The case f = 1 was first proved by Weyl from 1910s.

Lemma 3.2 (Weyl [26, 27]). Let f ¢ Q and P(z) € Zlx]. Let J C (0,1) be a finite union of
intervals. Then the asymptotic density of the set

H={neN:{8P(n)} e J}

exists and d(H) = pu(J). Here p is the Lebesgue measure.

For f > 2, a weaker version of Theorem 3.1 can be deduced from the works of Schmidt [23] and
Maynard [18]. More precisely, they proved that for every x > 1, there is h < z satisfying the
inequality max; H{ 6P(i)(h)}H < Cz~? where the constants C' and 6 depend on the polynomials
P® . This implies that there exists at least one h € N such that H{BP(Z)(h)}H < ¢ for every i. If,
in addition, we also assume that the polynomials P(Y) have no common positive integer root, then
it is not hard to deduce that there are infinitely many values of h meeting the requirements. Our
Theorem 3.1 guarantees the existence of a set of such values h with positive lower density, without

any additional assumption.



Taking the above modification into account, we outline the proof of Theorem 1.3, for completeness.

Proof of Theorem 1.3. By Lemma 2.1, choose m and an interval J = (x,y) C (0,1) such that
©(Fy,) is dense in J. Write 6 :=y —z > 0.

Choose a band S+ with width |S;«| = 270U 1) < §/3. Pick 29 € N and put o := {20/}, so that
J+o O S mod 1.
Choose € > 0 so small that

Sjw C (J4+o0)e:={ueJ+o: dist(u,d(J +0)) > e}

It follows from Theorem 3.1 that there exists a set X, C N of positive lower density such that for
any h € X, one has
I{BPV (W)} <e forall j=1,...,f.

Moreover, since the leading coefficient of each PU) is positive, we may choose h large enough to
make sure that PU)(h) > 0 for all j. The set of h satisfying this condition still has positive lower
density.

For each fixed j, set
vj =0+ {BPY)(h)} mod 1,

Then ||v; — of| = I{BPY) (h)}| < e, and by Lemma 2.3,
(J+0o)e C T+ C (J+0)te.

In particular,
J‘i"'}/} D) (J+0-)_€ D) Sj*.

Since PU)(h) > 0, the translate Fy, + (zo + PY(h))1; lies in N¥, and
p(x + (z0 + PY'(h)14) = p(x)+7; mod 1.

Because ¢(Fy,) is dense in J, it follows that o(E,, 4+ (xo + PY)(h))1;) is dense in J + 7}, hence
intersects each tile T+ ; C S+ infinitely many times. By the definition of the color classes E;, we

conclude that
(Fm + (zo + P(j)(h))lk) N E; is infinite for every ¢ =1,...,7.

This holds for every j = 1,..., f at the same h. Since there are infinitely many such h, the theorem
follows. m

3.1 Proof of Theorem 3.1

We first recall Weyl’s equidistribution criteria in [17].



e One-dimensional torus T: A sequence {x,,},>1, with z,, € T, is equidistributed iff

N
o1 2rik
_ TIKRITn — . ] .
]\}gI})o 321 e 0 for every k € Z \ {0} ([17, Theorem 2.1, Chapter 1])

e Multidimensional torus T/: A sequence {xp}n>1, with x,, € T/, is equidistributed iff

N—oo

N
1 .
lim N E e?mikxn — for every k € 27\ {0}. ([17, Theorem 6.2, Chapter 1])
n=1

e For a closed subgroup H < T/ (subtorus version): Let {x,},>1 C H. Then {x,},>1 is

equidistributed on H iff for every non-trivial character y of H,

N

. 1

lim v E:IX(XH) = 0. ([17, Corollary 1.2, Chapter 4])
—

N—o00
Note that every character of H is of the form
Xm(z) = ¥imZ me 7/ ([5, Appendix C.3])
By non-trivial on H, we mean that m is not in the annihilator
Amn(H):= {m¢€ 27 xmlu=1 }.

So the criterion becomes

N
. 1 2mim-X, f
A}gnoo an:le =0 for all m € Z/ \ Ann(H). (1)
Let PY ... PY) € Z[z] with PD(0) = --- = PU)(0) =0, and let 8 € R\ Q. Define

v(n) = ({BPY(n)},....{8PDn)}) e T/,  neN,

the relation lattice

f
R = {m: (my,...,my) eZ': Qm ::ZmiP(i) =0in Z[:c]},
i=1

the relation-defined subtorus
H:={zecT/: ™™2—=1 forallmec R},

and the closed subgroup generated by the sequence {v(n)},>1

H := (v(n):neN) < T/ (closure of all finite Z-linear combinations).

Note that closure of a subgroup is a subgroup.

10



The proof of Theorem 3.1 makes use of the following lemmas.

Lemma 3.3. We have H = H', that is, the relation-defined subtorus H equals the closed subgroup
generated by the sequence {v(n)}p>1.

Lemma 3.4. The sequence {v(n)},>1 is equidistributed on H with respect to Haar measure mp.

We now prove Theorem 3.1.
Proof of Theorem 3.1. Consider the open box
U:=(—¢,¢e)f cT/.

Since 0 € H and U is a neighborhood of 0, we have mg(U N H) > 0 (see [7, page 341]).

By Lemma 3.4, there exist infinitely many h € N with

v(h) = ({BPY(W)},... . {BPY(h)}) e UNH.

To see this, we argue as follows.

We know that H is a closed subgroup of T/ (from Lemma 3.3 or its definition), so it is locally
compact. Thus, the measure my is regular (for this fact, see, for example, [7, Chapter 2] or [8,
Chapter 44]). Assume that my(U N H) = ¢ > 0, then we can find a compact set K ¢ UNH
such that mpg(K) > ¢/2. Notice that H is compact Hausdorff, and therefore normal, so one
can apply Urysohn’s lemma (see, for example, [19, Theorem 33.1]) to find a continuous function
F: H — [0,1] such that 1x < F < 1pyng. This implies

/deHZ/ 1xdmpg =my(K) > ¢/2.
H H

On the other hand, from the equidistribution of v(h) in H, we know that

N

i ! = m c
lim hZF(v(h))—/HFd o> c/2.

Since 1yng(v(h)) > F(v(h)) for all h, we have:

Mz

1 Y 1
75 1 —
N v (v Nh_

So
lgnlnf— #{h<N:v(h)eUNH}>c/2>0.

This implies the existence of the set X, C N with positive lower density such that for each fixed
h € X., for every i € {1,..., f}, we have H{BP“Nh)}H < e. Note that the density of X, depends

on € and polynomials. O

3.2 Proofs of Lemmas 3.3 and 3.4

We first recall some results from [7, 17].

11



The following is known as the 1-dimensional form of Weyl’s polynomial equidistribution criterion.

Theorem 3.5 (Theorem 3.2, Chapter 1, [17]). If Q(z) = cqz? + --- + c1z +co € Rlz] is a

non-constant polynomial and at least one coefficient c;, j > 0, is irrational, then

1 N
; 2 : 2miQ(n) _
lim Nn 16 mEN = 0.

N—o0

Equivalently, the sequence {Q(n)}n>1 is uniformly distributed mod 1.
Since T7 is a locally compact abelian group, the next proposition follows by Pontryagin duality.

Proposition 3.6 (Proposition 4.39, [7]). Let K < T/ be a closed subgroup and
Am(K):={meZ/ : &M% =1 forallzcK}.

Then
K = {ZETf: emmE — 1 for allm € Ann(K) }. (2)

To complete the proof of Lemma 3.4, we also need to establish that Ann(H) = R. This will be
done in two steps: first show that Ann(H’) = R, then we prove that H = H’ (Lemma 3.3).

Proposition 3.7. The annihilator of H' in Z7 equals R, i.e.
Amn(H') = {m e Z/: ™™ =1 forallzc H'} = R.
Proof. The characters of TS are xm(2) = €*™™7 with m € Zf. By definition,

Amn(H')={mc Z/ : xm(z)=1forallzec H'}.

We first prove that R C Ann(H’). If m € R, then Qp, = 0. Hence, for every n,

Xm(V(n)) _ 6271’1' m-v(n) _ e27riBQm(n) _ 627”‘.0 -1

So, xm equals 1 on {v(n)},>1 and, therefore, on the subgroup they generate, and by continuity
also on its closure H'. Thus, m € Ann(H").

We now show that Ann(H’) C R. Let m € Ann(H'). In particular, we have ym(v(n)) = 1 for all
n €N, i.e.
2 BQm(n) — 1 forallpeN = BQm(n) € Z for all n € N.

Suppose, by contradiction, that Qm # 0. Then there exists ng € N with Qm(np) # 0. From
u
ng) € Z we get 8 =
5 Qm(no) et 8 = o
contradiction since § ¢ Q. Hence, Qm =0, i.e. m € R.

for some u € 7Z, which makes § rational, which leads to a

In other words, Ann(H') = R. O

Proof of Lemma 3.3. From Proposition 3.7, we know that Ann(H') = R.

12



For any closed subgroup K < T/, Proposition 3.6 implies

K = {zeT/: &™m% =1 forallme Ann(K) }. (3)
Applying (3) to K = H' and using Ann(H') = R gives

H = {zeT/: &™m2_-1 foralme R} = H.
This completes the proof. ]

Proof of Lemma 3.4. Let H be the character group of H. Then, we know from Proposition 3.7
and Lemma 3.3 that Ann(H) = R. Any non-trivial in H is of the form ym(2) = ¢2™ ™% with some
m € Z/ \ R. Recall

/
Qm(n) = Z mi P (n).
i=1

With m ¢ R and P®) are non-constant with P(*)(0) = 0, the integer-coefficient polynomial Qy, is
non-constant and Qu,(0) = 0. Since f is irrational, at least one coefficient of SQy, is irrational.
By Theorem 3.5,

1 N
: 21 8 Qm((n) _
lim — E_l e =0.

N—oo

This is equivalent to

N
. 1 2mim-v(n) _ f
A}gnooanjle =0 for all m € Z/ \ Ann(H).
By Weyl’s criterion (1) on H, {v(n)}n>1 is equidistributed in H. O

4 Finite abelian groups — Proof of Theorem 1.4

Since every finite cyclic group is isomorphic to Zy for some N, we first prove the theorem for
G=17Zy.

Proof of Theorem 1.4 for cyclic groups. Choose k := 1 + 2713t Set Ay := k™! L%J, where
Sp=1+%+ -+ g=. Then k"' | A; and A1 Sy < N — 1.

First, we define By as By = [0,A1] C Zyn. For 1 < i <r, let A; = Aj_1/k, E; = (u,v;], where
u; = Zé;l Aj and v; = 23‘21 A;. Note that if Zy \ (Ey U---UE,) = R, then |R| < k"~ 15;. We
can add R to any set Ej;, say, to E,, to extend it to a complete covering of Zy, and will not use it

in the next steps. Notice that F1,..., E, are intervals.

Let x be any t—coloring of Zx and let F), be one of the largest parts. Then we have |F,,| >
N/t=:5-N.

Let hi be a translation such that |[(F,, + h1) N E1| > B|E1|. It is not hard to see that such an hy
exists. Indeed, denote by Ej(z) the indicator of the interval E; and F,(x) the indicator function

13



of F,,. We have

LS Y B@he ) == Y B@ Y = B S B = g,

he€Zn x€LN Z‘EZN h€Zn TELN

The left-hand side is the average of |(F,,+h)NE1|, hence there is an hy, for which |(F,,+hi1)NE;| >
BlEA|.

In the next step, we need to define ho, ..., h, such that h := > _;_, h; satisfies the desired property.

We present a complete argument for ho and FEs. For ¢ > 3, we repeat the same process.

We divide E; into k equal intervals, say I, ..., Ix, and note that |Ey N (F,, + h1)| > B|E1|. There
exists an interval I; = (aj;,b;] C Ey with |[;| = % such that |I; N (F, + h1)| > éllj\. Assume
I; is the right most interval with this property. Since I; is the right most interval, the intervals

Iit1,..., I together contain at most SA;/2 elements.

Choose hy = uz — aj, then it is clear that hy < Ay, I; 4+ ho = E», and

|Ey N (Fry + h1 + ha)| > §|E2|-

Note that Iy + ha,...,Ij—_1 + ho are intervals fully contained in F, we have
k
A A A
00 (Bl ho)| 2 B8 — 3 (10 (B h)| = |10 (B h)| > 220 20 P2
i=j+1
4
when k > 3

We repeat this process for Es, ..., E,. As a consequence, we obtain hs, ..., h,. Let h:=>""_ | h;.
At the end, we have |E; N (F, m+Zs+1h)\ > 29+1|E | for all 1 < s <r—1, and |Es N (Fy, +
Soi o hi)| > ;%\ES| for all 1 < s < r. Using the facts that k = 1+ 2"3t and h; < A;_; for all
1 > 2, we have that for each 1 < s <r —2,

" 1 1 kAerl BAS
Z hiSAs+1+"'+Ar—1§As+1<1+k+"'+krS>— 1 §25+3

i=s+2

holds. Therefore,

BAs

B (Fo + 1) =2 |Es NV (F by 4+ 4 hagn)| = Y hi > |Es O (Fn+hy -+ ho) = 53

1=s5+2

Hence,
BA,  BA, _ BA,
92s5+1 B 925+3 — 25—}—2'

|Es N (Fy + h)| >

This is equal to
Ay

Gl ———.
| ’ tks—123+2|G’

Set a = Note that we need |G| > 1 + k"1 Sk| to guarantee that A, > 1. A direct

Ay
TSIk
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computation shows that

2
> .
B R T T

This completes the proof. O

Proof of Theorem 1.4 for general abelian groups. Assume without loss of generality that G = Z x
G’, where G is a finite abelian group and N > Ny. We denote the zero element in G’ by O¢r. Fix
r,t € N. Let F1,..., E, C Zy be the partition family given by Theorem 1.4. Define EZ = F; x G’
of G.

Then, J;_, E; forms a partition of GG, and for every partition Ufn:l F,, of G, there exist an index
m* € {1,...,t} and a shift h € G such that

a(r,t)
t

‘(Fm*-i-h)ﬂﬁi‘ > | E;| foralli=1,...,r,

where a(r,t) > 0 is the same constant as in the first part of the theorem.
We now prove the last statement.

For each = € Zy and each m € {1,...,t}, define
An(z) ={y € G : (z,y) € F}.

Since |J!,_, Fi is a partition of G, the sets {A,(x)}!,_; form a partition of G’ for each fixed .

In particular,

~+

Z | A (2)| = |G| for all x € Zy.

m=1

By the pigeonhole principle, for each = there exists at least one index mg € {1,...,t} such that

!
Aa()] = 151

For each = € Zy, we choose one such mg and denote it by m(x). Define
Copmp={zx€Zy:m(x)=m} form=1,...,t.

Then Uin:l C), is another partition of Zy.

Applying Theorem 1.4 to Zy, we obtain an index m* € {1,...,t} and an element h; € Zy such
that, foralli=1,...,r,
|(Crmx + h1) N E;| > a(r,t)N. (4)

Let h = (h1,057) € G. For a fixed i € {1,...,r}, we compute

[(Frs +h)NE;| =Y {yeG :(z—h1,y) € Fe}
zeFE;
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Restricting the sum to those x for which & — hy € Cp,», gives

‘(Fm*+h)m-§i‘2 Z HyEG':(m—hl,y)EFm*}

z€FE;
z—h1€C,,*

For x with = — hy € C},», we have, by the definition of C,,«, that

G/
€@ (o= hiy) € Fue}| = 1A (e~ h) = 1

Therefore,
G’
t

[oa== +h)m§-] > . |Ei N (Crm= + h1)].

Moreover, we know from (4) that
|E;i N (C + h1)| > a(r,t)N,

which implies
(<4 o(r, t)
t t

This completes the proof. O

~a(r,t)N =

|(Fps + h) N E;| > G|

5 Special linear groups — Proof of Theorem 1.5

To prove this theorem, we make use of the following lemmas.

Lemma 5.1 (Chebyshev’s inequality). Let X be a real-valued random variable with mean p = E[X]

and variance Var(X) = 2. For every t > 0,

0.2

PIX — > 1) < %

If 0 < p then
2

(n—0)*

Lemma 5.2. Fiz a constantt > 1. Let U C Fg satisfy |U| = ¢?/t. For every real number ¢ with

0 < c <1 and every prime power

4t
q>77
C

there exists a nonzero vector v € Fg such that

#{A €F,: [Unty,] >

V
S
H,_J
V]
—~
-
|
o
S—
o

where by ) == {(z,y) € F2: (z,y) - v = A}.

Proof. For v € F2\ {0} and X € F, define m(v, ) := |UN Ly 5| Set p:=|Ul/q = q/t. By a direct
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computation, we have

> mv, N = (- D(UP~|U) +(¢* = 1)Ul = (¢ = DIUI(JU| +q).

v#0 A

There are ¢g?> — 1 nonzero vectors v, so for at least one v*

—D|U|(|U|+ Ul? 3 2
¢ -1 q t
AR,

Slightly abusing the notation, we write m(\) := m(v*, X). Let X be a random variable defined by
X (A) = m(X), where X € Fy is chosen uniformly. Using the above estimate

=+ [

Var(X) = ¢ 30 (m(n) = ) = - Yo m(N? — i < (2)
A

17X

Set 0 := /2 = q/(2t) and define A := {\ : m(\) < 6}. Applying Lemma 5.1, we obtain

Var(X) ¢/t 4
e R A e L

Note that Pr[X < 0] = %. So |A| < 4t. If ¢ > 4t/c, then there exists a set B of at least (1 — ¢)q
elements A such that m(\) > ¢/2t.

This completes the proof. O

Proof of Theorem 1.5. Let Iy U Iy U - U I, be a partition of Fy with |[1| =--- = [[,_1] = L%J and

1Ll =q—(r=1) ]
()

Let E; be the set of matrices of the form
where zw —yz =1, z € I; C Fy, y,z € F,. Then the sets E; form a partition of SLy(F,).

For each partition | J!_, F; of SLy(F,), let Fy, be the set such that |F,| > ¢°/2t. Assume without
loss of generality that the projection of Fj, onto the first two coordinates, denoted by FTI,L’Q, is of

size at least ¢%/4t, and for each (z,y) € FL2 the number of z is at least q/4t.

Applying Lemma 5.2 with ¢ = = and U = Fj;°, there exists a nonzero vector v = (v1,vs) € IE‘Z

2r
such that
#{/\ €F,: |FL2Nty,] > %} > (1-¢)g,

where 4y ) == {(z,y) € FZ : (z,y) - v = A}, provided that ¢ is large enough. Let

he (1 ).
V2 0

We now show that |F,, - h N E;| > %. Indeed, since #{(x,y)-v: (z,y) € Fa’} > (1 — ¢)q, we
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can conclude that the set v - Fﬁf intersects [; in at least |I;|/2 elements. For each element A in

the intersection, we also have that

#{(z,y) € Byt (z,y) - (vi,v2) = A} > %.

Furthermore, for each (z,y) € Fi;”, the number of z such that

Z w

g2
32t2

_1 A
M - (Ul ”2> = ( * , where * € .
vg 0 x %

This means that |F, - h N E;| > |E;|/2 = & - % = %.

is at least ¢/4t. Hence, for each A, there are at least matrices M in Fj, such that

This completes the proof. ]
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