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Abstract

A four-dimensional effective model with GSM × SL(2,Z) × U(1)X is proposed in string-derived

supergravity framework, where GSM is the Standard Model (SM) gauge group and U(1)X is gauged.

We show SL(2,Z)- and U(1)X -mixed anomalies should vanish. Anomalies induced by Kähler trans-

formations match those from gaugino chiral rotations. When SM fermions transform nontrivially

under SL(2,Z), and with vanishing gaugino contributions, the anomaly-free conditions are pow-

erful enough to determine the quark and lepton flavor structures, set scales for U(1)X breaking,

and ensure the strong CP phase remains unmodified. While the Green-Schwarz coefficient δGS
X

is generically non-zero, vanishing U(1)X anomalies cause gauge boson decoupling and δGS
X → 0,

yielding a massless global U(1)X without a Nambu-Goldstone mode. We show that the modulus

vacuum expectation value stabilizes near 〈τ〉 ≈ i, where exact SL(2,Z) (T -duality) is spontaneously

broken, removing residual modular symmetry. The framework predicts seesaw-generated neutrino

masses and flavored axion properties, with all Yukawa coefficients constrained to unit-magnitude

complex numbers. Our model reproduces current quark and lepton data, predicts an axion mass

ma ≈ 0.9 × 10−2 eV and photon coupling |gaγγ | ≈ 1.7 × 10−13 GeV−1, and unlike the ordinary

case, suppresses flavor-violating axion couplings to s, d quarks and µ, e leptons to O(λ4) (with λ

the Cabibbo angle). It also yields normal neutrino mass hierarchy consistent with oscillation data,

0νββ-decay rate, and cosmological and astrophysical measurements.
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I. INTRODUCTION

The Standard Model (SM) gauge symmetry, while successful in describing fundamental

interactions, fails to constrain the flavor structure, leaving the observed fermion mass hier-

archies, mixing patterns, and strong CP invariance unexplained. This strongly motivates

the existence of new symmetries beyond the SM to address these unresolved flavor puzzles.

For instance, an anomalous U(1) could simultaneously resolve multiple issues: (i) generating

a QCD axion (via the Peccei-Quinn (PQ) mechanism [1, 2]) to solve the strong CP prob-

lem while providing a dark matter candidate, (ii) constraining flavor structures to reduce

Yukawa coupling arbitrariness [3, 4] . Additionally, modular SL(2,Z) invariance offers a min-

imal flavor framework where Yukawa couplings are modular forms, intrinsically constraining

quark/lepton structures without excessive scalars [5–7]. Recent work [7] demonstrates that

CP- and modular-invariant model can yield a vanishing QCD angle and reproduce quark

(though not lepton) observables. In a separate approach, a U(1)×A4 model addressing the

flavor and strong CP problems [8] utilizes an A4 subgroup of SL(2,Z). See also Ref.[9].

Within the framework of string-derived supergravity1, we propose a modular- and gauge-

invariant model within a four-dimensional (4D) effective action. This model incorporates the

symmetry group GSM×SL(2,Z)×U(1)X , where GSM = SU(3)C×SU(2)L×U(1)Y is the SM

gauge group. The modular symmetry SL(2,Z), particularly its T -duality transformation,

enforces strict invariance of the superpotential, Kähler potential, and gauge kinetic function

under modular transformation. The gauged U(1)X acts as a flavored PQ symmetry [3],

distinguished by flavor-dependent PQ charges. However, these symmetries can be violated

by quantum anomalies which must cancel for the consistency of the theory, even though

SL(2,Z) is a global symmetry. Modular forms – holomorphic functions of τ acting as

Yukawa couplings – are constrained to polynomials in the Eisenstein series E4 and E6 that

transform as SL(2,Z) singlets [7]. Their holomorphicity across the fundamental domain

(including τ = i∞) yields nearly unique, weight-specific forms.

In this framework, we demonstrate that the anomalies induced by Kähler transformations

align with those generated by the chiral rotation of gauginos. And, we argue that when SM

1 In the global supersymmetry limit (MP → ∞), modular symmetry is generally not required to be pre-

served at the quantum level, see Eqs.(11) and (23). We argue that, although the SM fermions transform

nontrivially under SL(2,Z), this does not necessarily affect the SM strong CP phase.

2



fermions transform nontrivially under SL(2,Z), the cancellation of modular anomalies – with

gaugino contributions vanishing – imposes stringent constraints. These anomaly-free con-

ditions, along with the guaranteed cancellation of mixed SL(2,Z)× {[SU(3)C ]2, [U(1)EM]2}
anomalies, can determine the flavor structure of both quarks and leptons, set scales for

U(1)X symmetry breaking, and ensure the strong CP phase remains unmodified. The re-

sulting framework can predict physical quantities, including hierarchical quark and lepton

masses and mixings, seesaw-generated neutrino masses [10], and flavored axion properties,

with Yukawa coefficients restricted to unit-magnitude complex numbers.

We construct a simple moduli superpotential to determine Yukawa couplings (especially,

the vacuum expectation value (VEV) of the modulus τ), gauge couplings, SUSY-breaking

scale, and cosmological constant. Previous studies on modulus τ stabilization have found

that the VEV of τ often approaches specific fixed points, such as i, ei2π/3 and i∞ [7, 11–13].

We demonstrate that the modulus τ VEV stabilizes near a fixed point (particularly τ ≈ i).

Although SL(2,Z) is treated as an exact discrete gauge symmetry, it becomes spontaneously

broken when τ develops a VEV. Notably, at 〈τ〉 ≈ i, no non-trivial subgroup of the modular

group survives at low energies.

The anomaly coefficients for U(1)X × [GSM]
2—determined by the U(1)X charges of SM

fermions—can either vanish or remain finite, depending on the specific charge assignments

across SM fermions (see Eq.(31)). Upon spontaneous breaking of the U(1)X gauge symmetry

and subsequent decoupling of the associated gauge boson, a protected global U(1)X sym-

metry emerges, which remains robust against quantum gravitational effects [14]. We argue

that this residual global (non)-anomalous symmetry, which exhibits its flavor dependence,

can be identified with the flavored U(1) PQ symmetry (Froggatt-Nielsen U(1) [15]) or with

baryon-lepton number U(1)B−L.

The rest of this paper is organized as follows. Section II demonstrates the anomaly

cancellation conditions for the symmetry group GSM×SL(2,Z)×U(1)X and their constraints

on the chiral spectrum. We also examine the flavored U(1)X symmetry and the VEV of the

modulus τ . In Section III, we construct the superpotentials for the quark, lepton, and scalar

fields. In Section IV, we visualize the interactions between quarks, leptons, and the flavored-

QCD axion, and present a numerical analysis of their phenomenological implications. The

final section provides a summary of our work.
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II. MINIMAL SET-UP

We work in 4D N = 1 string-derived supergravity with chiral superfields Φ = (ϕ, τ, ...).

The generalized Kähler potential is G(Φ, Φ̄) = K(Φ, Φ̄)/M2
P+ln(|W (Φ)|2/M6

P ), whereMP =

2.436× 1018 GeV, K is gauge-invariant, and W is holomorphic. The framework includes a

gauge kinetic function f(Φ). In type IIA intersecting D-brane models (T -dual to magnetized

branes), the theory must be invariant under SL(2,Z) modular transformations [16]

τ → aτ + b

cτ + d
= γτ , (a, b, c, d ∈ Z, ad− bc = 1) , (1)

which is acting on the modular group SL(2,Z) of the complex modulus τ , with Im(τ) >

0. Modular forms are holomorphic in the fundamental domain (including τ = i∞) and

constructed from Eisenstein series E4 and E6 that transform as SL(2,Z) singlets [5, 7].

Our model has GSM × SL(2,Z)× U(1)X symmetry, where GSM × U(1)X may arise from

D-branes. The supersymmetry (SUSY) action is given by

S =

∫

d4xd2θd2θ̄ K(Φ, Φ̄e2V ) +
{

∫

d4xd2θ
(

W (Φ) +
fab(Φ)

4
WαaWb

α

)

+ h.c.
}

, (2)

where V ≡ V aT a is the gauge multiplet for all gauge groups containing Yang-Mills multiplet

and T a are the gauge group generators, and Wα is a gauge-invariant chiral spinor superfield

that contains the Yang-Mills field strength, as well as the U(1)X gauge field strength. Under

the modular transformation, the action remains invariant with Kähler transformations

K(Φ, Φ̄e2V )→ K(Φ, Φ̄e2V ) +
(

g(τ) + g(τ̄)
)

M2
P ,

W (Φ)→W (Φ)e−g(τ) ,

f(Φ)WαWα → f(Φ)WαWα . (3)

At the quantum level, the symmetry GSM×SL(2,Z)×U(1)X can be violated through both

modular and gauge anomalies. However, such anomalies should be absent. Especially, since

modular symmetry is exact in string theory, any low-energy supergravity derived from it

must exhibit vanishing modular anomaly (see Sec.IIA).

Under the modular group SL(2,Z) and the gauged U(1)X , for the action (2) to be

invariant we consider a low-energy Kähler potential K, superpotential W , and gauge kinetic

4



function fab:

K = −M2
P ln

{

(−iτ + iτ̄ )h
(

S + S̄ − h

4π2
ln(−iτ + iτ̄ )

)

(

UX + ŪX −
δGS
X

16π2
VX

)h}

+ (−iτ + iτ̄ )−k|ϕ|2 + ZXϕ
†
Xe

−XVXϕX + ... ,

W =
1

3
Y (τ)ϕiϕjϕk +W (S, UX , τ) ,

fab = δab(S + UX) , (4)

with h = 3 and the U(1)X charge |X| = 1 determined by the transformation of ϕX , where

−k is the modular weight of ϕ, ZX is the normalization factor, S denotes the axio-dilaton,

τ represents the Kähler modulus, UX corresponds to the complex structure modulus, and

the modular- and gauge-invariant superpotential W (S, UX , τ) is given by Eq.(33). The dots

in Eq.(4) denote the contributions of non-renomalizable terms scaled by an UV cutoff MP .

The U(1)X charged matter fields ϕX and complex structure modulus UX and the vector

superfield VX of the gauged U(1)X containing the gauge field AµX participate in the 4D

Green-Schwarz (GS) mechanism [17]. The axio-dilaton S, the U(1)X charged modulus UX ,

and the U(1)X charged scalar field ϕX can be decomposed as 2

S =
1

g2s
+ iθs , UX = σ + iθX , ϕX

∣

∣

θ=θ̄=0
=

1√
2
e
i
AX
vX (vX + hX) , (5)

where 3 σ = 1/g2X with gX being the 4D gauge coupling of U(1)X , and AX , vX , and hX are the

Nambu-Goldstone (NG) mode, VEV, and Higgs boson of scalar components, respectively.

The GS parameter δGS
X characterizes the coupling of the anomalous gauge boson to the closed

string axion θX .

A. SL(2,Z) modular anomaly cancellation

Under the modular group SL(2,Z), invariance of the 4D action Eq.(2) requires that the

matter fields ϕi and the modulus S transform as

ϕi → (cτ + d)−kiϕi , S → S − 1

4π2
ln(cτ + d)h , (6)

2 The superpotential W (S,UX , τ) of Eq.(33) explicitly breaks the S-shift symmetry.
3 Assuming Re(UX)≫ Re(S), the dilaton S couples to all SM gauge groups with equal strength at tree level,

as set by the string scale. However, this universality is broken by quantum effects, including threshold

corrections and renormalization group running.

5



where −ki is the modular weight of the matter field ϕi. Under the modular transformation

Eq.(1) with Eq.(6), the Kähler potential K transforms as in Eq.(3), yielding g(τ) = ln(cτ +

d)h. This redundancy in the Kähler transformation induces a modular anomaly [8, 18, 22, 23],

see below Eq.(13). For the superpotential W (Φ) to remain modular-invariant under the

Kähler transformation in Eq.(3), the modular form Y (τ) must transform as a modular form

of weight −kY :

Y (τ)→ Y (γτ) = (cτ + d)−kY Y (τ) (7)

where kY = h−(ki+kj+kk). Canonically normalized fields ϕ̂, defined by ϕi = (K−1/2)ijϕ̂j,

ensures that the modular forms are normalized. The field transformation is given by

ϕi → (−iτ + iτ̄)
ki
2 ϕ̂i . (8)

This normalization leads to W = 1
3
Ŷ (τ)ϕ̂iϕ̂jϕ̂k with the normalized modular form given 4

by Ŷ (τ) = eK/2M
2
PY (τ)(−iτ + iτ̄ )(ki+kj+kk)/2 within the framework of supergravity. Under

the modular transformations of Eqs.(1) and (6), the normalized fields and modular forms

transform as

ϕ̂i →
(cτ + d

cτ̄ + d

)−
ki
2

ϕ̂i , Ŷ (τ)→
(cτ + d

cτ̄ + d

)
1
2
(ki+kj+kk−h)

Ŷ (τ) . (9)

In the framework where the Einstein-Hilbert term is canonically normalized, the kinetic

and mass terms of normalized SM fermions ψ̂ and gauginos λ̂ arise as functions determined

by the Kähler potential K and superpotential W . The relevant Lagrangian can be written

in two-component spinor notation as (see also Refs.[7, 19, 20])

−1
2
e

K

2M2
P (K−1/2) ki (K−1/2) lj (DkDlW )ψ̂iψ̂j +

1

4
(Re f)−1

ac F
i∂ifcb λ̂

aλ̂b + h.c.

+
(

− i

2
¯̂
ψ īσ̄µΓijk∂µφ

jψ̂k + h.c.
)

− i ¯̂ψ īσ̄µDµψ̂
j − i¯̂λσ̄µDµλ̂ , (10)

where F i = eK/2M
2
PKij̄D̄j̄W̄ , σµ = (1, σk) and σ̄µ = (1,−σk) with σk the Pauli matrices,

Γijk = Kiℓ̄∂jKkℓ̄ is the modular connection (Kähler Christoffel symbol), Kij̄ = (∂i∂j̄K)−1 is

the inverse Kähler metric, the Kähler-covariant derivative of the superpotential is DiW =

4 The physical modular forms can be expressed in a good approximation for MP ≫ 〈ϕX〉, 〈ϕ〉 and VX = 0

as Ŷ (τ) ≃ Y (τ)(−iτ + iτ̄)(ki+kj+kk−h)/2(UX + ŪX)−
h
2 (S + S̄ − h

4π2 ln(−iτ + iτ̄ ))−
1

2 . Without loss of

generality, the term (UX + ŪX)−
h
2 (S + S̄ − h

4π2 ln(−iτ + iτ̄))−
1

2 can be absorbed to Yukawa coefficients

and normalized to one, leading to Ŷ (τ) ≃ Y (τ)(−iτ + iτ̄ )(ki+kj+kk−h)/2.
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Wi+
Ki
M2
P

W , and the fully covariant second derivative 5 is DiDjW = Wij+
Kij
M2
P

W + Ki
M2
P

DjW +
Kj
M2
P

DiW − KiKj
M4
P

W − ΓkijDkW . The spacetime covariant derivatives acting on SM fermions

and gauginos are given by

Dµψ̂
j = ∂µψ̂

j + iqKKµψ̂
j ,

Dµλ̂
a = ∂µλ̂

a + fabcAbµλ̂
c + iqKKµλ̂

a , (11)

for flat spacetime, where Kµ = − i
2M2

P

(Ki∂µφ
i − Kī∂µφ̄

ī) is the Kähler connection 6. For

the gauginos λ̂a, which transform in the adjoint representation of the gauge group, the fabc

are the totally antisymmetric structure constants. The Kähler charge qK takes the values

−1/2 for SM fermions, and +1/2 for gauginos in Eq.(11). Under the Kähler transformation

Eq.(3) the Kähler connection transforms as

Kµ → Kµ − i
h

2

( c∂τ

cτ + d
− c∂τ̄

cτ̄ + d

)

, (12)

where ∂µg(τ) = ∂g
∂τ
∂µτ is used. To cancel this variation, the SM fermions and gauginos

should transform with their respective Kähler charge qk as

Ψ→ e−qK
g−ḡ
2 Ψ , Ψ̄→ e−qK

g−ḡ
2 Ψ̄ with Ψ = ψ̂, λ̂ . (13)

In addition, under the modular transformation Eq.(1) the term including the modular

connection in Eq.(10), that is, 1
2
(Γϕτϕ∂µτ − Γϕτ̄ϕ∂µτ̄) transforms as

ki
2

( c∂τ

cτ + d
− c∂τ̄

cτ̄ + d

)

− ki
2

(∂µτ + ∂µτ̄

τ − τ̄
)

, (14)

where we have used that for a diagonal Kähler metric Γiji = ∂j lnKīi. The second term in

Eq.(14) vanishes in the cusp limit τ → i∞, while the first term must be cancelled by the

5 The covariant derivative Di acting on an object Vj with Kähler weight (p, q), meaning it transforms as

Vj → e−(pg+qḡ)Vj under the Kähler transformation Eq.(3), is given by DiVj = ∂iVj − Γk
ijVk + p

M2

P

KiVj .

Here, under the Kähler transformation Eq.(3), the object DjW transforms as DjW → e−g(Φ)DjW .
6 In the global SUSY limit MP → ∞, the Kähler connection vanishes. Consequently, the associated

modular anomalies disappear (see below Eq.(16)), and the chiral transformations of Eq.(15) effectively

reduce to the case h = 0. Meanwhile, the term containing the modular connection in Eq.(10) is required

to maintain covariance under SM fermion reparameterizations on the Kähler manifold. The quantum

anomalies associated with the modular connection are benign in this limit, as it pertains to a spacetime-

like symmetry rather than an internal gauge symmetry, and thus do not jeopardize the consistency of the

quantum theory.
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transformation of the first term in Eq.(9). To achieve the cancellation of Eqs.(12) and (14),

the canonically normalized SM fermions ψ̂ and gauginos λ̂ should transform as

ψ̂i →
(cτ + d

cτ̄ + d

)k
ψ̂i ψ̂i , λ̂→

(cτ + d

cτ̄ + d

)−h
4
λ̂ with kψ̂i =

h

4
− 1

2
ki , (15)

which 7 ensures that the kinetic and mass terms of Eq.(10) are invariant under the Kähler

transformation in Eq.(4) and modular transformation Eq.(1) (up to total derivative). How-

ever, these transformations Eq.(15) induce chiral rotations in the fermionic path-integral

measure, generating modular anomalies – triangle anomalies analogous to the Adler-Bell-

Jackiw anomaly [21]. At the quantum level, this anomaly appears in the effective action

under the Kähler transformation in Eq.(4) and modular transformation Eq.(1) as

SL(2,Z)×
{

[U(1)X ]
2, [U(1)Y ]

2, [SU(2)L]
2, [SU(3)C ]

2
}

. (16)

First, the anomaly generated by the chiral rotation of gauginos, which exactly matches

that from the Kähler transformation 8, takes the form

− C

32π2

{

−
(

g(τ) + g(τ̄)
)

QµνQµν + i
(

g(τ)− g(τ̄)
)

QµνQ̃µν

}

, (17)

where the first term in the brackets corresponds to the gauge boson kinetic term, while

the second, CP-odd term involves the dual field strength Q̃µν =
1
2
ǫµνρσQ

ρσ. The gauge field

strengths Q are given by {G,W, Y, FX} for SU(3)C , SU(2)L, U(1)Y , and U(1)X , respectively.
In Eq.(17), the coefficients take values C = 3, 2, 1, 1 for gluino, wino, bino, and U(1)X

gaugino, respectively. The anomalies are cancelled via the transformation of the modulus S

in Eq.(6), which enters the one-loop corrected gauge kinetic function,

f 1−loop
ab (Φ) ⊃ δab

{

S − 1

4π2
ln(cτ + d)h

}

, (18)

as discussed in Refs.[8, 18, 22, 23]. The gaugino masses Mλ̂ transform according to Mλ̂ →
(

cτ+d
cτ̄+d

)
h
2
Mλ̂ due to Eq.(15). Since gauginos do not mix with SM fermions, their contribution

to the modular anomalies cancels through the one-loop corrected gauge kinetic function [8],

yielding

arg(Mλ̂) = 0 . (19)

7 See also Ref.[7].
8 Under the Kähler transformation, the modular anomaly manifests via the variation of the action δS =

−c̃14
∫

d4xd2θWαWαg(τ) + h.c. [23].
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For example, the gluino contribution to the strong CP phase vanishes: arg(M3) = 0.

Consequently, the effective strong CP phase then reduces to

ϑeff = ϑQCD + AC arg
(cτ + d

cτ̄ + d

)

+ arg
[

det(MuMd)
]

, (20)

where ϑQCD comes from θs and θX of Eq.(5), and AC denotes the sum of the modular

weights of the quark fields, under the assumption 9 kHu(d) = 0 for the Higgs doublets Hu(d).

Second, since the modular group is treated as a discrete-gauge symmetry in our frame-

work, see below Eq.(11), any anomalies that would break this invariance must be canceled.

The anomaly generated by the rotation of chiral fermions in Eq.(15) also takes the form

presented in Eq.(16). The QCD anomaly coefficient for SL(2,Z) × [SU(3)C ]
2 is given by

AC = 2Tr[ki T
2
SU(3)C

]:

AC =

3
∑

i=1

(

2kQ̂i + kÛci
+ kD̂ci

)

, (21)

where kQ̂i and kÛci
(kD̂ci

) denote the weights for the normalized left-handed quarks and right-

handed up (down)-type quarks, respectively. The U(n) generators (n ≥ 2) are normalized to

Tr[T aT b] = δab/2. Similarly, the electromagnetic anomaly coefficient for SL(2,Z)×[U(1)EM]2

is given by AE = 2Tr[ki (Q
em
i )2]:

AE =
2

3

3
∑

i=1

{

3(kL̂i + kℓ̂ci
) + 5kQ̂i + 4kÛci

+ kD̂ci

}

, (22)

where kL̂i and kℓ̂ci
denote the weights for the normalized left-handed leptons and right-

handed leptons, respectively. Due to the modular- and SM gauge-invariant structure of the

superpotential with non-negative weight modular forms, from Eqs.(21) and (22) we obtain

3
∑

i=1

(kQ̂i + kÛci
) = 0 ,

3
∑

i=1

(kQ̂i + kD̂ci
) = 0 ,

3
∑

i=1

(kL̂i + kℓ̂ci
) = 0 , (23)

for kHu(d) = 0, which means AC = AE = 0. And the anomaly coefficients for SL(2,Z) ×
[SU(2)L]

2 and SL(2,Z)× [U(1)Y ]
2 are given, respectively, by AL = 2Tr[ki T

2
SU(2)] and AY =

2Tr[ki Y
2], which expand explicitly as

AL =
3

∑

i=1

(

kL̂i + 3kQ̂i
)

, AY =
1

3

3
∑

i=1

(

kQ̂i + 8kÛci
+ 2kD̂ci

+ 3kL̂i + 6kℓ̂ci

)

, (24)

9 We assume that all symmetry-breaking scalars have modular weight zero; otherwise their VEVs would

have to be zero in order to remain invariant under the modular transformation, see Eqs.(6) or (9) and

Eq.(47).
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which satisfy AL = −AY using Eq.(23). We note that the conditions AC = 0 = AE and

AL = −AY persist in the global SUSY limit. If the GS counterterms are introduced to

cancel Eq.(24), certain anomalies of the form shown in Eq.(16), that were already cancelled,

are reintroduced, and additional anomalous contributions arise. So, AL = −AY should be

zero:
3

∑

i=1

(

kL̂i + 3kQ̂i
)

= 0 . (25)

Using Eq.(23) the anomaly coefficient for SL(2,Z)× [U(1)X ]
2 is given by

ASX =

3
∑

i=1

{

3kQ̂i
(

2X2
Qi
−X2

Uci
−X2

Dci

)

+ kL̂i
(

2X2
Li
−X2

ℓci

)

+ kN̂c
i
X2
Nc
i

}

, (26)

which must also vanish, especially, constraining the flavor-dependent U(1)X charges and

the modular weights of right-handed neutrinos N c
i . Here, XQi (XLi) represent the U(1)X

charges of the left-handed quark (lepton) doublets, XDci
(XUci

) represent the charges of the

gauge singlet right-handed down (up)-type quarks, and Xℓci
(XNc

i
) represent the charges of

the gauge singlet right-handed charged-leptons (neutrinos).

B. Gauged U(1)X anomaly-free and global U(1)X

The 4D action of Eq.(2), combined with the Kähler potential Eq.(4), must remain U(1)X

gauge invariant. Under the U(1)X gauge transformation VX → VX + i(ΛX − Λ̄X), the fields

transform as ϕX → eiXΛXϕX and UX → UX + i
δGS
X

16π2ΛX , respectively, where ΛX(Λ̄X) are

(anti)chiral supefields parametrizing U(1)X transformation in superspace. So, the axionic

modulus θX (from UX) and axion AX (from the matter sector) have shift symmetries

θX → θX −
δGS
X

16π2
ξX , AX → AX + αQX fXξX , (27)

where ξX = −ReΛX |θ=θ̄=0, fX = XvX is the U(1)X breaking scale, and αQX are transforma-

tion constants. Then, the U(1)X gauge field AµX transforms as

AµX → AµX − ∂µξX . (28)

Then the 4D gauge-invariant effective action for θX , AX , and A
µ
X reads [4, 24]

KUX ŪX

(

∂µθX −
δGS
X

16π2
AµX

)2

− 1

4g2X
F µν
X FXµν + gXξ

FI
XDX −DXgXX|ϕX |2

+
1

2
D2
X + |DµϕX |2 + θXTr(Q

µνQ̃µν) +
AX
fX

δQX
16π2

Tr(QµνQ̃µν) , (29)
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where Q = G,W, Y, FX denote the gauge field strengths for SU(3)C , SU(2)L, U(1)Y , and

U(1)X , respectively, with gauge couplings absorbed into their definitions. The first, third,

fourth, and sixth terms result from expanding the Kähler potential Eq.(4), and the second,

fifth, seventh, and eighth terms result from the gauge interaction term in Eq.(2). F µν
X =

∂µAνX − ∂νAµX is the U(1)X gauge field strength. The U(1)X gauge covariant derivative

DµϕX = ∂µϕX− iXAµXϕX governs the coupling of the scalar component of ϕX to the U(1)X

gauge boson, where the gauge coupling gX is absorbed into AµX . The first and seventh

terms together, and the sixth and eighth terms in Eq.(29), are gauge invariant under the

anomalous U(1)X transformations of Eqs.(27) and (28). Under the gauge transformations

of Eqs.(27) and (28), it requires

δGS
X = αQX δ

Q
X , ∂µJ

µ
X =

δGS
X

16π2
Tr(QµνQ̃µν) = −∂µJµθ , (30)

where the anomalous current JµX and Jµθ couplings to AµX are represented by Jθµ =

KUX ŪX

δGS
X

8π2 ∂µθX and JXµ = −iXϕ†
X

←→
∂µϕX . The coefficients δQX of the mixed U(1)X ×

[SU(3)C ]
2, U(1)X × [SU(2)L]

2, U(1)X × [U(1)Y ]
2, and [U(1)X ]

3 anomalies are given, re-

spectively, by

δGX = 2Tr[XψT
2
SU(3)] =

3
∑

i=1

(

2XQi +XDci
+XUci

)

,

δWX = 2Tr[XψT
2
SU(2)] =

3
∑

i=1

(

XLi + 3XQi

)

,

δYX = 2Tr[XψY
2] =

3
∑

i=1

(1

3
XQi +

8

3
XUci

+
2

3
XDci

+XLi + 2Xℓci

)

,

δFXX = 2Tr[X3
ψ] = 2

3
∑

i=1

(

3(2X3
Qi

+X3
Dci

+X3
Uci
) + 2X3

Li
+X3

ℓci
+X3

Nc
i

)

. (31)

where the trace is over all fermions ψ carrying U(1)X charges, TSU(3), TSU(2) are gauge group

generators, Y is the hypercharge operator, and Xψ denotes the U(1)X charge of ψ. Here, for

convenience, δYX and δFXX are defined as above for hypercharge and U(1)X , respectively. The

Fayet-Iliopoulos (FI) term LFI
X = ξFIX

∫

d2θd2θ̄VX = ξFIX gXDX with DX = gX(−ξFIX +X|ϕX |2)
leads to D-term potential VD =

g2X
2
(−ξFIX +X|ϕX |2)2 for the anomalous U(1)X . Here ξ

FI
X is

the FI factor ξFIX = ∂K
∂VX
|VX=0,σ=σ0∆σ produced by expanding the Kähler potential Eq.(4) in

components linear in VX :

ξFIX = hM2
P

δGS
X

16π2

∆σ

σ0
, (32)
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where ∆σ = σ− σ0. Since the FI term is controlled by the string coupling (σ in Eq.(5)), in

general, it can not be zero for δGS
X 6= 0, see AppendixB.

The effective action (29), after canonical normalization with θX = aθ/8π
2fθ where

fθ =
√

2KUXŪX/8π
2, and incorporating the gauge kinetic function, yields kinetic terms

for both axions along with their couplings to the topological term Tr(QµνQ̃µν). The U(1)X

gauge boson acquires mass mX =
√

2KUXŪX (δ
GS
X /16π2)2 + 2f 2

X through the super-Higgs

mechanism, while the D-term potential VD remains. The open string axion AX (with its

decay constant fX) is mixed linearly with the closed string axion aθ (with its decay constant

fθ) such that the orthogonal combinations G ≈ aθ (NG mode, absorbed by the gauge boson)

and Ã ≈ AX (pseudo-NG mode, remaining as the physical axion) emerge when fθ ≫ fX .

Below the scale mX , the gauge boson decouples, leaving an anomalous 10 global U(1)X . See

the details in Ref.[4, 8].

Interestingly, the vanishing U(1)X anomaly coefficient (δGS
X = 0) ensures the gauge boson

decouples at low energies, leaving an anomaly-free global symmetry without a massless NG

mode. Flavor-dependent charges satisfying δQX = 0 cancel the gauge anomaly, making both

∂µJ
µ
X and ∂µJ

µ
θ exactly conserved. This simultaneously nullifies the FI term (ξFIX = 0)

and enforces D-flatness, stabilizing the scalar potential. The superpotential W (UX , τ) (for

α = 0 in Eq.(33)) lifts aθ’s mass while AX becomes the longitudinal mode of the massive

U(1)X gauge boson, leaving only a non-anomalous global U(1)X below mX . For instance,

this fundamental symmetry could correspond to baryon-lepton number. This symmetry

exactly reproduces U(1)B−L when charges are assigned as XQi = 1/3, XDci
= XUci

= −1/3,
XLi = −1, Xℓci

= 1, and XNc
i
= 1, yielding δGX = δWX = δYX = δFXX = 0 and ensuring complete

anomaly cancellation 11.

10 In certain gravitational backgrounds, non-perturbative quantum gravitational anomaly effects (specifically,

instantons) can lead to an anomalous non-conservation of an axial vector current: ∂µJ
µ ∝ RR̃ where R

is the Riemann curvature tensor and R̃ is its dual [25]. In this work, for simplicity, we assume that the

gravitational mixed anomalies are canceled by the GS mechanism.
11 Generically, for example, by considering three-stacks of D-branes with gauge symmetry U(3)×U(2)×U(1),

one may realize the three U(1)X × U(1)Y × U(1)B−L.
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C. The VEV of the modulus τ

To determine Yukawa couplings, gauge couplings, SUSY-breaking scale, and cosmological

constant, we consider a simple modular- and gauge-invariant superpotential W (S, UX , τ)

in terms of the Dedekind η-function, which 12 is a modular form of weight 1/2, η(τ) →
(cτ + d)1/2η(τ), and non-perturbative effect for gaugino condensation:

W (S, UX , τ) = C0
e−αSM3

P

[η(τ)]2h(1+α/4π2)
+

M3
P

[η(τ)]2h
(

Ae−aUX − Be−bUX
)

, (33)

where C0, α, a, b are constants. In the limit α → 0, this superpotential takes a racetrack

type for UX [28]. Under the modular transformation Eq.(1), the modular invariance of the

generalized Kähler potential implies that the superpotential transforms as W → We−g(τ)

with Eq.(6). Under the U(1)X transformation of UX , see above Eq.(27), the A(ϕX/MP ) and

B(ϕX/MP ), which are analytic function of ϕX , transform as

A
( ϕX
MP

)

→ A
( ϕX
MP

)

ei
a

16π2
δGS
X ΛX , B

( ϕX
MP

)

→ B
( ϕX
MP

)

ei
b

16π2
δGS
X ΛX . (34)

The F -term potential has the form VF = eK/M
2
P

{

KIJ̄DIWD̄J̄W̄ − 3
M2
P

|W |2
}

, where I, J

stand for UX , τ, S, and matter fields are set to zero. From Eq.(33) the covariant derivatives

DUXW , DτW , and DSW are expressed as

DUXW =
M3

P

[η(τ)]6
(

− aAe−aUX + bBe−bUX
)

− 3W

UX + ŪX
,

DτW = −3W
[1− 1/(4π2y)

τ − τ̄ + 2
η′(τ)

η(τ)

]

− 3

2π2

η′(τ)

η(τ)
αC0

e−αSM3
P

[η(τ)]6(1+α/4π2)
,

DSW = −W
y
− αC0

e−αSM3
P

[η(τ)]6(1+α/4π2)
, (35)

where y = S + S̄ − 3
4π2 ln(−iτ + iτ̄ ). For small α, the superpotential Eq.(33) becomes

W = W (UX , τ)− αC0
M3

P

[η(τ)]6
(

S +
3

2π2
ln η(τ)

)

+
1

2
α2C0

M3
P

[η(τ)]6
(

S +
3

2π2
ln η(τ)

)2 − 1

6
α3C0

M3
P

[η(τ)]6
(

S +
3

2π2
ln η(τ)

)3
+ .... (36)

12 Here, for simplicity, the Dedekind multiplier eiǫ(a,b,c,d) is omitted, where ǫ(a, b, c, d) is a moduli-

independent phase, which can depend on the SL(2,Z) transformation. Under the modular transformation

given in Eq.(1), in general, the Dedekind eta function η(τ) transforms as η(τ) → eiǫ(cτ + d)1/2η(τ) and

the superpotential W transforms as W → e−g(τ)−i2hǫW where the matter fields ϕi transform as: ϕi →
e−iǫi(cτ + d)−kiϕi with the condition

∑

i ǫi = ǫ, and the dilaton transforms as S → S− 1
4π2 {g(τ)+ i2hǫ}.
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Then the potential VF is expanded as VF = V
(0)
F + αV

(1)
F + α2V

(2)
F + ..., where V

(0)
F is the

potential at α = 0 and V
(n)
F (n 6= 0) is the n-th order correction due to small α 6= 0. In the

limit α → 0 (where VF → V
(0)
F , see Eq.(A1)), the scalar potential for the fields σ, τ has a

local minimum at σ0, τ0. It is supersymmetric and Minkowski, i.e.,

W (σ0, τ0) = 0 , DIW (σ0, τ0) = 0 , V (σ0, τ0) = 0 . (37)

And C0 and σ0 are determined by the conditions V
(0)
F (σ0) = 0 and ∂V

(0)
F /∂σ|σ=σ0 = 0:

C0 = −A0

(aA0

bB0

)− a
a−b

+B0

(aA0

bB0

)− b
a−b

, σ0 =
1

a− b ln
(aA0

bB0

)

, (38)

where A0 and B0 are the values of A(ϕX/MP ) and B(ϕX/MP ) at 〈ϕX〉, respectively.
The spontaneous breaking of modular symmetry is governed by the VEV of the modulus

(Imτ > 0), which can always be constrained to lie within the fundamental domain D of the

modular group. This domain is defined as

D ≡
{

τ ∈ H : −1
2
≤ Re τ <

1

2
, |τ | > 1

}

∪
{

τ ∈ H : −1
2
< Re τ ≤ 0, |τ | = 1

}

, (39)

where H denotes the upper half-plane of complex numbers H ≡ {τ ∈ C|Im(τ) > 0}. While

no specific value of τ preserves the full modular symmetry, partial modular symmetries are

retained at special symmetric points such as τ = i, i∞, ei2π/3 [11, 13]. As shown in Ref.[26],

all extrema of the potential V (τ, τ̄) must lie either on the boundary of the fundamental

domain D or on the imaginary axis.

When α 6= 0, the VEV of τ is determined by solving ∂VF /∂τ = 0. For small α, the VEV

shifts to τ0(α) ≃ τ0 + αδτ where δτ represents the first-order correction. At τ ≡ τ0(α), we

expand ∂VF/∂τ to n-th oder in α:

∂VF
∂τ

∣

∣

∣

τ=τ0(α)
= α2∂V

(2)
F

∂τ

∣

∣

∣

τ0
+ α3

(

δτ
∂2V

(2)
F

∂τ 2

∣

∣

∣

τ0
+
∂V

(3)
F

∂τ

∣

∣

∣

τ0

)

+O(α4) . (40)

where the vanishing conditions
∂V

(0)
F

∂τ

∣

∣

τ0,s0,σ0
= 0,

∂2V
(0)
F

∂τ2

∣

∣

τ0,s0,σ0
= 0,

∂3V
(0)
F

∂τ3

∣

∣

τ0,s0,σ0
= 0,

∂V
(1)
F

∂τ

∣

∣

τ0,s0,σ0
= 0,

∂2V
(1)
F

∂τ2

∣

∣

τ0,s0,σ0
= 0 are used. Note that both V

(0)
F and V

(1)
F expressed in

Eq.(A1) vanish at σ0 as a consequence of Eq.(38). Consequently, the minimization condi-

tion reduces to ∂V
(2)
F /∂τ

∣

∣

τ0,s0,σ0
= 0, which yields

τ0(α) ≈ i , (41)
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FIG. 1: Contour plot of ∂V
(2)
F /∂τ

∣

∣

τ0,s0,σ0
= 0, where τ = z1 + iz2. Blue curve is for ∂V

(2)
F /∂z2 = 0

and red line for ∂V
(2)
F /∂z1 = 0, where s0 = 1 is used for simplicity.

as shown by the cross point in Fig.1. Here, the second-order potential V
(2)
F is given by

V
(2)
F = eK/M

2
P

M6
P

|η(τ)|12 |C0|2
{

|S +
3

2π2
ln η(τ)|2

(

Kτ τ̄ |H|2 + 1

M2
P

)

− y

M2
P

(

S + S̄ +
3

2π2
ln η(τ)η(τ̄)

)

+
y2

M2
P

− 3

2π2
Kτ τ̄

(

(S +
3

2π2
ln η(τ))H

η′(τ̄)

η(τ̄)
+ h.c.

)

+
2

π4
Kτ τ̄

∣

∣

η′(τ)

η(τ)

∣

∣

2
}

, (42)

where H = 3
τ−τ̄

(1 − 1
4π2y

) + 6η
′(τ)
η(τ)

and Kτ τ̄ = −(τ − τ̄ )2/{M2
P (3(1 − 1

4π2y
) + 9

16π4y2
)},

and Eq.(38) has been used to simplify the expression. The shift δτ is given by 13 δτ =

−∂V
(3)
F

∂τ
/
∂2V

(2)
F

∂τ2

∣

∣

τ0,s0,σ0
∼ O(1).

While the α-dependent term in the superpotential modifies the potential and induces a

shift in τ , this term acts as a small perturbation when α is sufficiently small. Consequently,

the shape of the potential for τ is not significantly affected, and the location of the minimum

(the VEV of τ) remains close to its value at α = 0. Supersymmetry is broken in the direction

of τ and S for α 6= 0. Meanwhile, in the UX direction, a deeper supersymmetric Anti-de

Sitter (AdS) minimum emerges. As in Ref.[28, 30], an uplift term (e.g., from a D-term) ∆V

13 V
(3)
F = eK/M2

P
M6

P

|η(τ)|12 |C0|2
{

− 1
2 |S+ 3

2π2 ln η(τ)|2(S+ S̄+ 3
2π2 ln η(τ)η(τ̄ ))(K

τ τ̄ |H |2+ 1
M2

P

)+ 1
2 [

3
2π2K

τ τ̄ ((S+

3
2π2 ln η(τ))

2H η′(τ̄)
η(τ̄) +h.c.)+ y

M2

P

((S+ 3
2π2 ln η(τ))

2+h.c.)]−(S+S̄+ 3
2π2 ln η(τ)η(τ̄ ))(

2
π4K

τ τ̄ |η
′(τ)
η(τ) |2+

y2

M2

P

)
}

where Eq.(38) has been used for simplification.
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slightly shifts UX , see Appendix B, making DUXW 6= 0 of Eq.(B3), but this contribution is

strongly suppressed by mσ of Eq.(B3). At the shifted minimum σ̃0, τ̃0, s0, Eqs.(35) and (B3)

lead to

〈DτW 〉 6= 0 , 〈DSW 〉 6= 0 , 〈DUXW 〉 6= 0 . (43)

Comparing the F -term magnitudes:

∣

∣

∣

F τ

F S

∣

∣

∣
≈ 3

2π2

〈Kτ τ̄ 〉
〈KSS̄〉

∣

∣

∣

η′(τ0)

η(τ0)

∣

∣

∣

∣

∣

∣

2s0 − 3
4π2 ln(2Im τ0)

−s0 + 3
4π2

(

2 ln η(τ0) + ln(2Im τ0)
)

∣

∣

∣
≪ 1 , (44)

where KSS̄ = y2/M2
P , K

τ τ̄ = −(τ − τ̄ )2/{6M2
P

(

1 − 1/(4π2y) + 3/(8π4y2)
)

}, and |η′(i)| ≈
0.192. This implies that supersymmetry is broken predominantly by the dilaton S and

slightly by the modulus τ , induced by e−αS term in Eq.(33). This is decoupled from the

AdS minimum of the UX direction. When including the uplifting term and α 6= 0, the

gravitino mass m2
3/2 = eK/M

2
P |W |2/M4

P becomes

m2
3/2 ≃

|VF |
3M2

P

≈ |VAdS|+ α2|V (2)
F |

3M2
P

, (45)

evaluated at the shifted minimum σ̃0, τ̃0, s0, where VAdS and V
(2)
F are given by Eq.(B2) and

Eq.(42). The gravitino mass emerges through the uplifting potential and when α 6= 0, both

of which break supersymmetry and lift the minimum to a de Sitter (dS) vacuum. For α→ 0,

the gravitino mass becomes, as expected in Ref.[28], m3/2 ≈ 1√
8〈y〉(2Imτ0)3

(

a−b

ln
aA0
bB0

)
3
2 |∆W |

M2
P

. For

α 6= 0, the gravitino mass gains an explicit α-dependence via the second term of Eq.(45).

When the α-term dominates,

m3/2 ≈ α|C0|MP

|s0 + 3
2π2 ln η(τ0)|

2|η(τ0)|6
√

6〈y〉(2Imτ0)3
( a− b
ln aA0

bB0

)
3
2

. (46)

For particularly simple parameter choices A0 = B0 = 1, a = 2π/100, b = 2π/101, s0 = 1,

|η(i)| ≈ 0.768, the resulting values are C0 = 3.66 × 10−3 and σ0 = 15.99. This leads to a

gravitino mass of m3/2 ∼ α× 7.13× 10−9MP . The corresponding gravitino mass scales are

1.74× 105 TeV (α = 10−2), 1.74× 103 TeV (α = 10−4), and 1 TeV (α = 6× 10−8).

III. SUPERPOTENTIAL FOR QUARK AND LEPTON

Since SL(2,Z) acts as a flavor symmetry (e.g. modular transformations on fields) the

associated anomalies must cancel over the fermion spectrum. To build quark and lepton

16



Yukawa superpotentials consistent with the anomaly cancellations (including AC = AE = 0

(Eq.(23)), AL = −AY = 0 (Eq.(25)), and ASX = 0 (Eq.(26)), we assign the U(1)X quantum

numbers and modular weights kI to quark and lepton fields under SL(2,Z)×U(1)X . A viable

charge assignment is presented in Table-I and II. Such viable assignments subsequently can

naturally constrain the U(1)X-breaking scale, as all Yukawa coefficients are restricted to

unit-magnitude complex numbers. This scale connects to physical scales like the neutrino

seesaw scale or the axion mass scale via the PQ mechanism.

To construct a unique supersymmetric, modular-, and gauge-invariant scalar potential,

we consider minimal supermultiplets. Under SL(2,Z) × U(1)X , we assign Higgs doublets

Hu,d as (0, 0) and SM singlets χ, χ̃, χ0 as (0,+1), (0,−1), (3, 0), respectively. The modular

weight-3 field χ0 ensures that modular forms Y (τ) are τ -independent constants [8]. The

leading-order superpotential invariant under SL(2,Z)× U(1)X is

Wv = gχ0χ0HuHd + χ0(gχχχ̃− µ2
χ) , (47)

where gχ0 and gχ are initially set to unity but receive corrections from higher-order terms

(see Eq.(51)). The scale µχ sets the spontaneous U(1)X breaking scale. Minimizing the

F -term potential (Appendix C) yields 14

〈χ〉 = 〈χ̃〉 = vχ√
2
, µχ = vχ

√

gχ
2

(48)

assuming 〈χ〉, 〈χ̃〉 ≫ 〈Hu,d〉. This supersymmetric solution satisfies the D-flatness condition

for ξFIX = 0. For ξFIX 6= 0, SUSY must be broken by the F -term to allow the D-term to uplift

the potential from the AdS minimum to dS [29, 30] (see Sec.IIC).

After spontaneous U(1)X breaking (〈χ〉 6= 0), the NG mode AX emerges. Decomposing

the complex scalar fields [3, 31, 32]

χ =
vχ√
2
e
i
AX
fA

(

1 +
hχ
fA

)

, χ̃ =
vχ̃√
2
e
−i

AX
fA

(

1 +
hχ̃
fA

)

with fA =
√

v2χ + v2χ̃ , (49)

with vχ = vχ̃ and hχ = hχ̃ in the SUSY limit.

14 From the vanishing of the F -terms associated to χ(χ̃) and Hu,d, the VEV of χ0 is determined as 〈χ0〉 = 0.
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TABLE I: Representations of the SM quark fields under SL(2,Z) × U(1)X and modular weight

kI with h = 3, where Qi (i = 1, 2, 3) represent the left-handed quark doublets, (dc, sc, bc) are the

right-handed down-type quarks, and (uc, cc, tc) are the right-handed up-type quarks.

Field Q1 Q2 Q3 dc sc bc uc cc tc

kI
h
2 + 2 h

2 + 6 h
2 + 10 h

2 − 2 h
2 − 6 h

2 − 10 h
2 − 2 h

2 − 6 h
2 − 10

U(1)X −3 −3 9 23 13 −5 26 13 −9

A. Modular-invariant Yukawa superpotential for quark

According to Table-I, the quark Yukawa superpotential reads

Wq =
[

αt t
cQ3 + αc

( χ̃

Λ

)10

ccQ2 + αu

( χ̃

Λ

)23

ucQ1

+ αt2

(χ

Λ

)12

Y
(4)
1
tcQ2 + αt1

(χ

Λ

)12

Y
(8)
1
tcQ1 + αc1

( χ̃

Λ

)10

Y
(4)
1
ccQ1

]

Hu

+
[

αb

( χ̃

Λ

)4

bcQ3 + αb2

(χ

Λ

)8

Y
(4)
1
bcQ2 + αb1

(χ

Λ

)8

Y
(8)
1
bcQ1

+ αs

( χ̃

Λ

)10

scQ2 + αs1

( χ̃

Λ

)10

Y
(4)
1
scQ1 + αd

( χ̃

Λ

)20

dcQ1

]

Hd + ... , (50)

where all Yukawa coefficients αi are complex numbers with unit magnitude, and dots

represent higher-order contributions compactly expressed as
∑∞

n=1(
χχ̃
Λ2 )

n × leading terms.

Here the flavor dynamics scale Λ can be identified with the stabilization scale of the lightest

modulus mmodulus ∼ Λ, ensuring that fluctuations of heavy moduli are suppressed below Λ.

These corrections modify the effective Yukawa coefficients αi, constrained by

1− ∆2
χ

1−∆2
χ

≤ |αi| ≤ 1 +
∆2
χ

1−∆2
χ

with ∆χ ≡
vχ√
2Λ

. (51)

According to the canonically normalized fields in Eq.(8), the Yukawa coefficients transform

as

αc1 → (2Im τ)−2 αc1 , αt1 → (2Im τ)−4 αt1 , αt2 → (2Im τ)−2 αt2 ,

αs1 → (2Im τ)−2 αs1 , αb1 → (2Im τ)−4 αb1 , αb2 → (2Im τ)−2 αb2 , (52)

while αu,c,t and αd,s,b remain unchanged. The modular forms of weights 4 and 8, under

SL(2,Z), read [6, 33] (see AppendixD).

Under chiral rotation of the quark fields, the QCD anomaly term reduces to

Lϑ =
(

ϑeff +
AX
Fa

)α′
s

8π
GaµνG̃a

µν with Fa =
fA
δGX

, (53)
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where α′
s = g2s/4π, Fa is the axion decay constant with fA Eq.(49), and ϑeff is the effective

strong CP phase of Eq.(20) with the vanishing modular anomaly conditions, arg(M3) = 0

of Eq.(19) and AC = 0 of Eq.(21). At low energies AX will get a VEV, 〈AX〉 = −Faϑeff ,
eliminating the constant ϑeff term. The QCD axion then is the excitation of the AX field,

a = AX −〈AX〉. The quark quantum numbers in Table-I yield the color anomaly coefficient

for U(1)X × [SU(3)C ]
2 (defined in Eq.(31)) as

δGX = 67 , (54)

determining the domain-wall number NDW = |δGX |. To avoid cosmological domain walls,

either NDW = 1 or the PQ transition must occur during/before inflation for NDW > 1.

B. Modular-invariant Yukawa superpotential for lepton

TABLE II: Representations of the lepton fields under SL(2,Z) × U(1)X and modular weight kI

with h = 3, where Li (i = e, µ, τ) represent the left-handed lepton doublets, (ec, µc, τ c) are the

right-handed charged-leptons, and N c
j (j = 1, 2, 3) are the right-handed neutrinos.

Field Le Lµ Lτ ec µc τ c N c
1 N c

2 N c
3

kI
h
2 − 18 h

2 − 22 h
2 − 14 h

2 + 18 h
2 + 22 h

2 + 14 h
2 − 6 h

2 − 6 h
2 − 6

U(1)X
1
2 + 4 1

2 + 4 1
2 + 4 −1

2 + 20 −1
2 − 15 −1

2 − 8 −1
2 −1

2 −1
2

According to Table-II, the charged-lepton Yukawa superpotential reads

Wℓ =
[

ατ

(χ

Λ

)4

τ cLτ + αµ

(χ

Λ

)11

µcLµ + αe

( χ̃

Λ

)24

ecLe

+ατ2

(χ

Λ

)4

Y
(8)
1
τ cLµ + ατ1

(χ

Λ

)4

Y
(4)
1
τ cLe + αe2

( χ̃

Λ

)24

Y
(4)
1
ecLµ

]

Hd + ... . (55)

And the neutrino Yukawa superpotential reads

Wν =
( χ̃

Λ

)4[

β1eY
(24)
1

N c
1Le + β1µY

(28)
1

N c
1Lµ + β1τY

(20)
1

N c
1Lτ

+β2eY
(24)
1

N c
2Le + β2µY

(28)
1

N c
2Lµ + β2τY

(20)
1

N c
2Lτ

+β3eY
(24)
1

N c
3Le + β3µY

(28)
1

N c
3Lµ + β3τY

(20)
1

N c
3Lτ

]

Hu

+
1

2

[

γ11Y
(12)
1

N c
1N

c
1 + γ12Y

(12)
1

N c
1N

c
2 + γ13Y

(12)
1

N c
1N

c
3 + γ22Y

(12)
1

N c
2N

c
2

+γ33Y
(12)
1

N c
3N

c
3 + γ23Y

(12)
1

N c
2N

c
3

]

χ+ ... . (56)
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Recall that, analogous to the quark sector, all Yukawa coefficients are effectively determined

by Eq.(51), after accounting for the contributions of all higher-dimensional operators induced

by χχ̃. According to the canonically normalized fields in Eq.(8), the Yukawa coefficients

transform as

ατ2 → (2Im τ)−4 ατ2 , ατ1 → (2Im τ)−2 ατ1 , αe2 → (2Im τ)−2 αe2 ,

βie → (2Im τ)−12 βie , βiµ → (2Im τ)−14 βiµ , βiτ → (2Im τ)−10 βiτ ,

γij → (2Im τ)−6 γij , others = invariant , (i, j = 1, 2, 3) . (57)

The modular forms of weights 12, 20, 24, and 28 under SL(2,Z) read [6, 33] (see Ap-

pendixD).

Below the U(1)X symmetry breaking scale (which coincides with the seesaw scale, cf.

Eq.(82)), the effective interactions of QCD axion with the weak and hypercharge gauge

bosons and with the photon are expressed through the chiral rotation of Eq.(60). The elec-

tromagnetic anomaly coefficient E of U(1)X×[U(1)EM ]2 is defined by E = 2
∑

ψf
Xψf (Q

em
ψf
)2

where Qem
ψf

is the electric charge of the field ψf . For the U(1)X charges (see Table-I and -II),

this evaluates to

E = δWX + δYX =
386

3
, (58)

where the anomaly coefficients δWX , δYX are defined in Eq.(31). The physical quantities of

QCD axion, such as axion mass ma and axion-photon coupling gaγγ , depend on the ratio of

electromagnetic anomaly coefficient E to the color anomaly coefficient δGX (see Fig.2). This

example model has the specific ratio E/δGX = 386/201 with the U(1)X breaking scale fixed

at fA = 4 × 1010 GeV (as derived in Eq.(82)). This distinctive prediction makes the model

testable in future axion search experiments.

IV. QUARK, LEPTON, AND FLAVORED-QCD AXION

At energies below the electroweak scale when Hu(d) acquire non-zero VEVs all quarks

and leptons obtain masses. The relevant quark and lepton interactions are given from
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Eqs.(50,55,56) by

−L ⊃ quRMu q
u
L + qdRMd q

d
L +

g√
2
W+
µ q

u
Lγ

µ qdL

+ ℓRMℓ ℓL +
1

2

(

νcL NR

)





0 mT
D

mD MR









νL

N c
R



 +
g√
2
W−
µ ℓLγ

µ νL + h.c. , (59)

where g is the SU(2)L coupling constant, qu = (u, c, t), qd = (d, s, b), ℓ = (e, µ, τ), ν =

(νe, νµ, ντ ), and N = (N1, N2, N3). MR contains a VEV of χ in Eq.(49). The explicit forms

ofMu,d,l will be given later. The above Lagrangian of the fermions, including their kinetic

terms, should be invariant under U(1)X :

ψf → eiXψf
γ5
2
βψf , t = invariant , N → ei

γ5
2
βN (60)

where ψf = {u, c, d, s, b, e, µ, τ, ν} and β is a transformation constant parameter.

With the VEV of Eq.(48) the mass matricesMu andMd for up- and down-type quarks

are described in terms of ∆χ and modular forms Y
(4)
1

and Y
(8)
1

:

Mu = Cu
R











αu∆
23
χ 0 0

αc1(2Im τ)−2∆10
χ Y

(4)
1

αc∆
10
χ 0

αt1(2Im τ)−4∆12
χ Y

(8)
1

αt2(2Im τ)−2∆12
χ Y

(4)
1

αt











Cu
L vu , (61)

Md = Cd
R











αd∆
20
χ 0 0

αs1(2Im τ)−2∆10
χ Y

(4)
1

αs∆
10
χ 0

αb1(2Im τ)−4∆8
χ Y

(8)
1

αb2(2Im τ)−2∆8
χ Y

(4)
1

αb∆
4
χ











Cd
L vd , (62)

where vd ≡ 〈Hd〉 = v cos β/
√
2, vu ≡ 〈Hu〉 = v sin β/

√
2 with v ≃ 246 GeV, and

Cu
R = diag(e

−i35
AX
fA , e

−i22
AX
fA , 1) , Cu

L = diag(e
i12

AX
fA , e

i12
AX
fA , 1) ,

Cd
R = diag(e

−i28
AX
fA , e

−i18
AX
fA , 1) , Cd

L = diag(e
i8
AX
fA , e

i8
AX
fA , e

−i4
AX
fA ) . (63)

Similarly, the mass matrices Mℓ, MR, and mD for charged-lepton, heavy neutrino, and

Dirac neutrino given in the Lagrangian (59) are derived in terms of ∆χ and modular forms

Y
(4)
1

, Y
(8)
1

, Y
(12)
1

, Y
(20)
1

, Y
(24)
1

, and Y
(28)
1

as,

Mℓ = Cℓ
R











αe∆
24
χ αe2Y

(4)
1

∆24
χ (2Im τ)−2 0

0 αµ∆
11
χ 0

ατ1Y
(4)
1

∆4
χ(2Im τ)−2 ατ2Y

(8)
1

∆4
χ(2Im τ)−4 ατ ∆

4
χ











vd , (64)
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MR = e
i
AX
fA (2Im τ)−6











γ11 Y
(12)
1

γ12 Y
(12)
1

γ13 Y
(12)
1

γ12 Y
(12)
1

γ22 Y
(12)
1

γ23 Y
(12)
1

γ13 Y
(12)
1

γ23 Y
(12)
1

γ33 Y
(12)
1











〈χ〉 , (65)

mD = e
−4i

AX
fA ∆4

χ











β1e Y
(24)
1

(2Im τ)−12 β1µ Y
(28)
1

(2Im τ)−14 β1τ Y
(20)
1

(2Im τ)−10

β2e Y
(24)
1

(2Im τ)−12 β2µ Y
(28)
1

(2Im τ)−14 β2τ Y
(20)
1

(2Im τ)−10

β3e Y
(24)
1

(2Im τ)−12 β3µ Y
(28)
1

(2Im τ)−14 β3τY
(20)
1

(2Im τ)−10











vu , (66)

where γij Y
(12)
1

, βie Y
(24)
1

, βiµ Y
(28)
1

, and βiτ Y
(20)
1

are expanded to γij Y
(12)
1A + γ̃ij Y

(12)
1B ,

βie Y
(24)
1A + β̃ie Y

(24)
1B , βiµ Y

(28)
1A + β̃iµ Y

(28)
1B , and βiτ Y

(20)
1A + β̃iτ Y

(20)
1B , respectively, and

Cℓ
R = diag(e

−i24
AX
fA , e

i11
AX
fA , e

i4
AX
fA ) . (67)

Recall that the coefficients αi, γij, βij are complex numbers satisfying Eq.(51). The different

corrections in Eq.(66), originating from the canonical normalization of the matter fields in

Eq.(8), ensure the observed atmospheric and solar neutrino mass-squared differences, ∆m2
Atm

and ∆m2
Sol, and consequently determine whether the neutrino mass ordering is normal or

inverted, see Sec.IVB.

A. Quark and charged-lepton masses, mixing, and QCD axion interactions

The quark mass matrices Mu of Eq.(61) and Md of Eq.(62) generate the up- and

down-type quark masses: M̂u = V u
RMu V

u†
L = diag(mu, mc, mt) and M̂d = V d

RMd V
d†
L =

diag(md, ms, mb) with the approximate relations

mu ≃ |αu|∆23
χ vu , mc ≃ |αc|∆10

χ vu , mt ≃ |αt| vu ,

md ≃ |αd|∆20
χ vd , ms ≃ |αs|∆10

χ vd , mb ≃ |αb|∆4
χ vd . (68)

Diagonalizing the matrices M†
fMf and MfM†

f (for f = u, d) determines the mix-

ing matrices V f
L and V f

R , respectively [34], as in Eqs.(E1) and (E2). The left-handed

quark mixing matrices V u
L and V d

L in Eq.(E1) enter into the CKM (Cabibbo-Kobayashi-

Maskawa) matrix VCKM = V u
L V

d†
L . Redefining the quark fields via the transformations

uL → e−i(α
u
1−2αu2−α

d
1+2αd2)uL, cL → ei(2α

d
3−α

d
2)cL, tL → ei(2α

d
3−α

d
2+2αd1−2αu1 )tL, sL → ei(2α

d
3−α

d
2)sL,

22



and using the Wolfenstein parametrization [35] (with high precision [36]), we obtain

λ ≡ λd − θu12 , Aλ2 ≡ Adλ
2
d , Aλ3(ρ+ iη) ≡ Bdλ

3
d e

−iϕd −Adλ2d θu12 ,

Aλ3(1− ρ+ iη) ≡ λ3d(Ad − Bd e
iϕd) , αu1 − αu2 − 2αu3 = αd1 − αd2 − 2αd3 , (69)

where ϕd ≡ 2αd3 − αd2. The quark masses and mixing parameters must be matched to the

empirical values provided in Eqs.(E3) and (E4).

The charged-lepton mass matrix Mℓ of Eq.(64) generates the charged-lepton masses

M̂ℓ = V ℓ
RMℓ V

ℓ†
L = diag(me, mµ, mτ ), with the approximate forms

me ≃ |αe|∆24
χ vd , mµ ≃ |αµ|∆11

χ vd , mτ ≃ |ατ |∆4
χ vd . (70)

These must be matched to the empirical PDG values [37], see above Eq.(E). The left-handed

charged-lepton mixing matrix V ℓ
L is one of the components of the PMNS (Pontecorvo-Maki-

Nakagawa-Sakata) lepton mixing matrix, defined in Eq.(85), and reads in Eq.(E5).

After diagonalizing the quark mass matrices of Eqs.(61,62), the leading-order flavored-

QCD axion interactions with quarks (up to O(λ4)) are 15

−Laq ≃ − ∂µa

2fA

{

23 ūγµγ5u+ 10 c̄γµγ5c+ 20 d̄γµγ5d+ 10 s̄γµγ5s+ 4 b̄γµγ5b
}

+
∂µa

2fA

{

12Adλ
2
de
iϕd s̄γµ(1− γ5)b+ 12λ3d

(

Bd − Adeiϕd
)

d̄γµ(1− γ5)b+ h.c.
}

+
∑

q=d,s,b,u,c,t

(

mq q̄q − q̄i6∂ q
)

, (71)

where V u,d
L,R in Appendix E encode quark mixing. These interactions are the result of a direct

interaction of SM gauge-singlet scalars χ, χ̃ coupling to U(1)X -charged quarks. Similarly,

the flavored-QCD axion interactions with charged leptons (up to O(λ4)) are

−Laℓ ≃ − ∂µa

2fA

{

24 ēγµγ5e− 11 µ̄γµγ5µ− 4 τ̄γµγ5τ
}

+
∑

ℓ=e,µ,τ

(

mℓℓ̄ℓ− ℓ̄i6∂ ℓ
)

. (72)

The flavored-QCD axion a is produced by flavor-changing neutral Yukawa interactions in

Eqs.(71) and (72), which leads to induced rare flavor-changing processes such as b→ s+ a,

b → d + a [38], and τ → µ + a [39, 40]. In our flavored-axion model, the bounds on fA

15 The left-handed quark and the right-handed charged-lepton mixing matrices, V
d(u)
L and V ℓ

R, are determined

in Appendix E. These matrices govern the flavored-QCD axion couplings to down-type quarks, up-type

quarks, and charged leptons, respectively.

23



arise from B± → K± + a [41–43], typically requiring fA & 105−6 GeV, rather than K+ →
π+ + a [44–48]. Flavor-violating couplings of the flavored QCD axion to s, d-quarks and

µ, e-leptons are suppressed to O(λ4), as shown in Eqs.(71) and (72). This suppression is a

direct consequence of the U(1)X charge assignments 16 and the following properties of the

mixing matrices: the right-handed down-type quark matrix is approximately unitary up to

O(λ4) (for K+ → π++a), and the right-handed charged-lepton matrix is approximately the

identity up to O(λ4) (for µ→ e+ a), as detailed in Appendix E.

The axion-electron coupling, given by gaee = 24me/fA, is constrained by red giant branch

(RGB) stars [49]:

|gaee| < 4.3× 10−13 (95%CL) ⇔ δGXFa & 2.85× 1010GeV. (73)

White dwarf (WD) cooling further limits |gaee| . 2.8× 10−13 [50], though theoretical uncer-

tainties persist.

The QCD axion mass ma in terms of the pion mass and pion decay constant reads [3, 31]

m2
aF

2
a = m2

π0f 2
πF (z, w) , (74)

where fπ ≃ 92.1 MeV [37] and F (z, w) = z/(1 + z)(1 + z + w) with ω = 0.315 z. Here the

Weinberg value lies in z ≡ mMS
u (2GeV)/mMS

d (2GeV) = 0.47+0.06
−0.07 [37]. After integrating out

the heavy π0 and η at low energies, there is an effective low energy Lagrangian with an

axion-photon coupling gaγγ : Laγγ = −gaγγ a ~E · ~B where ~E and ~B are the electromagnetic

field components. The axion-photon coupling is expressed in terms of the QCD axion mass,

pion mass, pion decay constant, z and w,

gaγγ =
αem

2π

ma

fπmπ0

1
√

F (z, w)

(

E

δGX
− 2

3

4 + z + w

1 + z + w

)

. (75)

The upper bound on the axion-photon coupling, derived from the recent analysis of the

horizontal branch stars in galactic globular clusters [53], can be translated to

|gaγγ| < 6.6× 10−11GeV−1 (95%CL)⇔ Fa & 1.76× 107
∣

∣

∣

E

δGX
− 1.903

∣

∣

∣
GeV , (76)

where z = 0.47 is used. From Eq.(73) with the consideration of Eq.(82), we obtain a U(1)X

breakdown scale or seesaw scale

fA = 4× 1010GeV , (77)

16 See Cd
L in Eq.(63).
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FIG. 2: Plot of |gaγγ | versus ma for Kim-Shifman-Vainshtein-Zakharov (KSVZ) [51] (black dashed

line), Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) [52] (blue dotted line), and the model (red solid

line) in terms of E/δGX = 0, 8/3, and 386/201, respectively. With fA = 4 × 1010 GeV of Eq.(82)

and z = 0.47 our model predicts ma = 9.12 × 10−3 eV and |gaγγ | = 1.69 × 10−13 GeV−1 (black

point).

for 〈χ〉 = 2×1010 GeV in Eq.(82). The flavored-QCD axion mass and axion-photon coupling

are predicted, as depicted in Fig.2, as

ma = 9.12× 10−3 eV , |gaγγ | = 1.69× 10−13GeV−1 . (78)

Numerical simulation for quark mass and mixing: To simulate and match exper-

imental quark data from Eqs.(E3) and (E4), we use linear algebra tools from Ref.[54]. The

quark Yukawa matrices in Eqs.(61) and (62) are defined at the U(1)X symmetry breakdown

scale, where their parameters receive quantum corrections. These matrices are then evolved

down to the top quark mass scale (mt) and diagonalized. We assume that the Yukawa

matrices at the scale of U(1)X breakdown are the same as those at the scale mt, since the

one-loop renormalization group running effect on observables for hierarchical mass spectra

is expected to be negligible. The low-energy Yukawa couplings required for experimental

values are obtained from the physical masses and mixing angles compiled by the PDG [37]

and CKMfitter [55]. Taking Eq.(41) and

∆χ = 0.634 , tan β = 6.4 , (79)

with effective Yukawa coefficients in the range 0.33 . |αi| . 1.67 from Eq.(51), we obtain,
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for the quantum numbers listed in Table-I, the follwoing set of reference inputs

αu = 0.540, αc = 0.669, αc1 = 0.565, αt = 1.010, αt1 = 0.932, αt2 = 0.978,

arg(αu) = 6.234 , arg(αc) = 1.619 , arg(αc1) = 1.761 , arg(αt1) = 0.989 , arg(αt2) = 5.125

αd = 1.652, αs = 0.346, αs1 = 0.353, αb = 0.963, αb1 = 0.373, αb2 = 0.659, (80)

arg(αd) = 3.706, arg(αs) = 1.024, arg(αs1) = 1.899, arg(αb1) = 4.184, arg(αb2) = 3.903,

which satisfy both the empirical constraints of Eqs.(E3) and (E4). This leads to the following

physical observables θq23 = 2.323◦, θq13 = 0.211◦, θq12 = 13.017◦, δqCP = 63.436◦; md = 4.577

MeV, ms = 103.800 MeV, mb = 4.183 GeV, mu = 2.488 MeV, mc = 1.262 GeV, mt =

173.582 GeV.

B. Neutrino mass and mixing

After integrating out the right-handed heavy Majorana neutrinos, the effective neutrino

mass matrixMν is given at leading order by

Mν ≃ −mT
DM

−1
R mD = U∗

ν diag.(mν1 , mν2, mν3)U
†
ν , (81)

where Uν is the unitary matrix diagonalizingMν, and mνi (i = 1, 2, 3) are the light neutrino

masses. Considering the effective Yukawa coefficients Eq.(51), the seesaw scale 〈χ〉 can be

estimated from Eqs.(65) and (66) as

〈χ〉 ∼ 2× 1010GeV , (82)

for ∆χ = 0.634 and Im τ ≃ 1, and mν3 ∼ 0.05 eV. Then the neutrino masses are obtained

by

UT
ν Mν Uν = diag.(mν1 , mν2, mν3) . (83)

Here mνi (i = 1, 2, 3) are the light neutrino masses. The observed hierarchy |∆m2
Atm| =

|m2
ν3
− (m2

ν1
+ m2

ν2
)/2| ≫ ∆m2

Sol ≡ m2
ν2
− m2

ν1
> 0 and the requirement of a Mikheyev-

Smirnov-Wolfenstein resonance [56] for solar neutrinos lead to two possible neutrino mass

spectra: normal mass ordering (NO) m2
ν1
< m2

ν2
< m2

ν3
and inverted mass ordering (IO)

m2
ν3
< m2

ν1
< m2

ν2
.
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Then from Eq.(59) the PMNS mixing matrix becomes

UPMNS = V ℓ
L Uν , (84)

where the left-handed charged-lepton mixing matrix V ℓ
L is given by Eq.(E5). The matrix

UPMNS is expressed in terms of three mixing angles, θ12, θ13, θ23, and a Dirac type CP violaitng

phase δCP and two additional CP violating phases ϕ1,2 if light neutrinos are Majorana

particle as [37]

UPMNS =











c13c12 c13s12 s13e
−iδCP

−c23s12 − s23c12s13eiδCP c23c12 − s23s12s13eiδCP s23c13

s23s12 − c23c12s13eiδCP −s23c12 − c23s12s13eiδCP c23c13











Qν , (85)

where sij ≡ sin θij , cij ≡ cos θij and Qν = diag.(e−iϕ1/2, e−iϕ2/2, 1). Nine physical observables

can be derived from Eqs.(85) and (83): θ23, θ13, θ12, δCP , ϕ1, ϕ2, mν1, mν2 , and mν3 . Recent

TABLE III: The global fit of three-flavor oscillation parameters at the best-fit and 3σ level with

Super-Kamiokande atmospheric data [60]. NO = normal neutrino mass ordering; IO = inverted

mass ordering. And ∆m2
Sol ≡ m2

ν2 −m2
ν1 , ∆m2

Atm ≡ m2
ν3 −m2

ν1 for NO, and ∆m2
Atm ≡ m2

ν2 −m2
ν3

for IO.

θ13[
◦] δCP [

◦] θ12[
◦] θ23[

◦] ∆m2
Sol[10

−5eV2] ∆m2
Atm[10

−3eV2]

NO

IO

8.58+0.33
−0.35

8.57+0.37
−0.34

232+118
−88

276+68
−82

33.41+2.33
−2.10

42.2+8.8
−2.5

49.0+2.5
−9.1

7.41+0.62
−0.59

2.507+0.083
−0.080

2.486+0.084
−0.080

global fits [57–59] of neutrino oscillations have enabled a more precise determination of the

mixing angles and mass squared differences, with large uncertainties remaining for θ23 and

δCP at 3σ. The most recent analysis [60] lists global fit values and 3σ intervals for these

parameters in Table-III. Furthermore, recent constraints on the rate of 0νββ decay have

added to these findings. Specifically, the most tight upper bounds for the effective Majorana

mass (Mν)ee, which is the modulus of the ee-entry of the effective neutrino mass matrix,

are given by

(Mν)ee < 0.036− 0.156 eV (136Xe-based experiment [61]) (86)

at 90% CL.
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FIG. 3: Plots for 0νββ-decay rate as a function of the neutrino masses mνi (left) and leptonic Dirac

CP phase δCP as a function of the atmospheric mixing angle θ23 (right). Vertical and horizontal

dashed lines represent the 1σ bounds for θ23 and δCP , respectively, in Table-III.

Numerical simulation for lepton mass and mixing: Similar to the quark sector, to

simulate and match experimental results for charged-leptons and neutrinos, Eqs.(E3) and

(E4), we use linear algebra tools from Ref.[54].

Using the reference values Eqs.(41) and (79), we obtain the charged lepton masses, which

agree well with the empirical values shown 17 below Eq.(70), and the left-handed charged-

lepton mixing matrix of Eq.(E5), by putting the inputs in Eq.(64):

αe = [1.1477, 1.1486] , αe2 = [1.0532, 1.0633] , αµ = [0.6091, 0.6095] ,

ατ = [0.3703, 0.3707] , ατ1 = [0.3954, 0.3975] , ατ2 = [0.7390, 0.7419] ,

arg(αe) = [1.26, 1.46] , arg(αe2) = [0.44, 0.95] , arg(αµ) = [0.71, 1.65] ,

arg(ατ1) = [4.90, 5.97] , arg(ατ2) = [3.15, 4.13] . (87)

The seesaw mechanism in Eq.(81) operates at the U(1)X symmetry breakdown scale, while

its implications are measured by experiments below the electroweak scale. Therefore, quan-

tum corrections to neutrino masses and mixing angles can be crucial, especially for degen-

erate neutrino masses [54]. However, based on our numerical calculation that the neutrino

17 In our numerical analysis, we have employed the constraints 0.5110 . me[eV] . 0.5112 for the electron

mass and 105.65 . mµ[MeV] . 105.69 for the muon mass.
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mass spectra exhibit normal mass hierarchy (NH) at the scale of U(1)X breakdown (as

depicted in the left panel of Fig.3), we can safely assume that the renormalization group

running effect on observables can be ignored. To show the viable parameter space, we scan

the precision constraints {θ13, θ23, θ12, ∆m2
Sol, ∆m

2
Atm} at 3σ from Table-III. Using the ref-

erence values from Eqs.(41,79) and taking 〈χ〉 = 2× 1010 GeV of Eq.(77), see also Eq.(82),

we determine the input parameter spaces in Eqs.(65) and (66) at the U(1)X breaking scale :

β1e = [0.642, 0.668], β̃1e = [1.000, 1.129], β2µ = [1.470, 1.479], β̃2µ = [0.514, 0.535],

β3τ = [0.998, 1.122], β̃3τ = [0.335, 0.374], β1µ = [1.428, 1.464], β̃1µ = [0.629, 0.666],

β1τ = [1.184, 1.230], β̃1τ = [1.530, 1.566], β2e = [1.204, 1.230], β̃2e = [0.723, 0.759] ,

β2τ = [1.394, 1.416], β̃2τ = [0.671, 0.697], β3e = [0.658, 0.696], β̃3e = [0.946, 1.135],

β3µ = [1.340, 1.386], β̃3µ = [1.274, 1.338],

arg(β1e) = [1.20, 1.71], arg(β2µ) = [5.50, 2π], arg(β3τ ) = [0.69, 1.17],

arg(β1µ) = [2.61, 3.75], arg(β1τ ) = [2.60, 3.20], arg(β2e) = [3.46, 4.20],

arg(β2τ ) = [5.57, 2π], arg(β3e) = [5.71, 2π], arg(β3µ) = [2.50, 3.56], (88)

for the Dirac neutrino of Eq.(66);

γ11 = [0.616, 0.659], γ̃11 = [0.876, 0.924], γ12 = [1.331, 1.379], γ̃12 = [0.946, 0.967],

γ13 = [0.768, 0.828], γ̃13 = [0.760, 0.816], γ22 = [1.426, 1.468], γ̃22 = [0.652, 0.715],

γ23 = [1.365, 1.409], γ̃23 = [0.930, 0.966], γ33 = [1.343, 1.413], γ̃33 = [0.800, 0.874],

arg(γ11) = [1.70, 2.40], arg(γ12) = [4.41, 5.11], arg(γ13) = [3.70, 4.40],

arg(γ22) = [4.10, 4.99], arg(γ23) = [5.34, 6.10], arg(γ33) = [0.18, 0.81], (89)

for the heavy neutrino of Eq.(65). Neutrino oscillation experiments currently aim to make

precise measurements of the Dirac CP-violating phase δCP and atmospheric mixing angle θ23.

For the parameter regions explored in our model, referring to the two-dimensional allowed

regions at 3σ presented in Ref.[60], we note that there are no favored regions with respect

to θ23 and δCP , as shown in the right panel of Fig.3. Ongoing experiments like DUNE [65],

as well as proposed next-generation experiments such as Hyper-K [66], are poised to greatly

reduce uncertainties in the values of θ23 and δCP , providing appropriate data set for our

proposed model. As shown in the left panel of Fig.4, the predicted 0νββ-decay rate, plotted
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∑
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δCP listed in Table-III.

against δCP , lies entirely below the experimental upper bound in Eq.(86). Moreover, ongo-

ing and future experiments on 0νββ-decay like NEXT [67], SNO+ [68], KamLAND-Zen [61],

Theia [69], SuperNEMO [70] may reach a sensitivity to test the NH of our model. Cosmo-

logical and astrophysical measurements provide powerful constraints on the sum of neutrino

masses. The upper bound on the sum of the three active neutrino masses can be summarized

as
∑

mν = mν1+mν2+mν3 < 0.120 eV at 95% CL for TT, TE, EE+lowE+lensing+BAO [71].

The right panel of Fig.4 illustrates that the sum of neutrino masses lies in the range of 0.0634

to 0.0756 eV when 0.0034 . mlightest = mν1 . 0.0065 eV.

V. CONCLUSION

We have constructed a 4D effective model within a string-derived supergravity framework,

based on the symmetry GSM × SL(2,Z) × U(1)X , where GSM is the SM gauge group and

U(1)X is a gauged symmetry. The string-theoretic origin of the SL(2,Z) modular symmetry

fundamentally constrains the superpotential, Kähler potential, and gauge kinetic function,

while quantum anomaly-cancellation conditions impose stringent restrictions on the chiral

matter content. To simultaneously resolve the strong CP problem and account for the
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observed fermion mass and mixing hierarchies, we introduced a flavored U(1)X symmetry.

After decoupling of the U(1)X gauge boson, the residual global symmetry yields a flavored

QCD axion, providing a solution to the strong CP problem and a well-motivated dark

matter candidate. The combined SL(2,Z) × U(1)X flavor structure successfully generates

realistic quark and lepton mass hierarchies and mixing patterns, with all Yukawa coefficients

restricted to unit-magnitude complex numbers.

We have shown that SL(2,Z)- and U(1)X -mixed anomalies should vanish, despite

SL(2,Z) being a global symmetry. The anomalies induced by Kähler transformations

match those generated by the chiral rotation of gauginos. And, we have argued that de-

spite the non-trivial transformation of SM fermions under SL(2,Z), the strong CP phase

remains unaffected, even in the global supersymmetry limit (MP → ∞), where we as-

sume the symmetry-breaking scalar fields have modular weights zero – so their VEVs

stay invariant under the modular transformations. The vanishing modular anomalies

(SL(2,Z) × [SU(3)C ]
2 and SL(2,Z) × [U(1)EM]

2 guaranteed by modular- and SM gauge-

invariance with non-negative weight modular forms) together with the anomaly-free condi-

tions such as SL(2,Z)×
{

[SU(2)L]
2, [U(1)Y ]

2, [U(1)X ]
2
}

can determine the flavor structure

in both quark and lepton sectors and set the scales for U(1)X symmetry breaking.

We have constructed a simple moduli superpotential to determine Yukawa couplings,

gauge couplings, SUSY-breaking scale, and cosmological constant. We also demonstrated

that the modulus VEV stabilizes near a fixed point (particularly τ ≈ i). Although SL(2,Z)–

interpreted as T -duality–is treated as an exact discrete gauge symmetry, it becomes sponta-

neously broken when τ develops a VEV. Notably, at 〈τ〉 ≈ i, no non-trivial subgroup of the

modular group survives at low energies. Supersymmetry breaking is driven by the dilaton

S, the modulus τ , and the complex structure modulus UX .

The flavored U(1)X plays a crucial role in QCD axion solution to the strong CP problem,

as a candidate for dark matter, and in explaining the SM fermion mass hierarchies. Its

gauge transformation requires the GS parameter δGS
X to be directly related to the mixed

anomaly coefficients δQX of U(1)X ×
{

[SU(3)C ]
2, [SU(2)L]

2, [U(1)Y ]
2, [U(1)X ]

2
}

. These

anomaly coefficients, determined by the U(1)X charges of SM fermions, can either vanish or

remain finite depending on the specific charge assignments across SM fermions. While δGS
X is

generically non-zero, the specific case where the U(1)X anomaly coefficients vanish leads to

decoupling of the U(1)X gauge boson at low energies, leaving a non-anomalous global U(1)X
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symmetry without a massless NG mode. Remarkably, with charge assignments XQi =
1
3
,

XUci
= XDci

= −1
3
, XLi = −1, Xℓci

= 1, and XNc
i
= 1, this non-anomalous U(1)X reproduces

U(1)B−L without leaving a NG mode.

A phenomenologically viable model has been presented, in which U(1)X charges and

modular weights kI are systematically assigned to all quark and lepton fields. We have

shown that, unlike in ordinary cases, flavor-violating interactions of the flavored QCD axion

to s, d-quarks and µ, e-leptons are suppressed to O(λ4). This suppression makes rare decay

B± → K±+a the dominant processes constraining the axion decay constant fA, while kaon

decays (K+ → π+ + a) remain subdominant. So, the strongest experimental bounds in

our model arise from the axion-electron coupling, which is tightly constrained by red giant

branch star cooling observations.

Numerically, the model is consistent with current experimental data on flavor mixing and

mass spectra. It successfully accounts for the observed quark Dirac CP phase and predicts

a neutrino mass spectrum with a normal hierarchy. Future reductions in the uncertainties

of atmospheric mixing angle θ23 and lepton Dirac CP phase δCP will provide appropriate

data set for our proposed model. Additionally, it provides specific predictions for a flavored

QCD axion, including a mass ma = 9.12× 10−3 eV and a photon coupling strength |gaγγ| =
1.69× 10−13 GeV−1, which are consistent with all known flavor constraints.
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Appendix A: The potentials V
(0)
F and V

(1)
F

The potentials V
(0)
F and V

(1)
F are expressed, along the σ = Re[UX ] direction, as

V
(0)
F = eK/M

2
P

M6
P

|η(τ)|4h
{

|D|2
(

Kτ τ̄ |H|2 +KSS̄ 1

y2

)

− 4σ2

3M2
P

(−Aae−aσ +Bbe−bσ)

+
2σ

M2
P

(Aae−aσ − Bbe−bσ)(D + D̄)
}

,

V
(1)
F = eK/M

2
P
C0M

6
P

|η(τ)|4h
{

(

−D(S̄ +
h

2π2
ln η(τ̄))− h.c.

)

(

Kτ τ̄ |H|2 + KSS̄

y2

)

− 2σ

M2
P

(Aae−aσ − Bbe−bσ)(S + S̄ +
h

2π2
ln η(τ̄)η(τ)) +

KSS̄

y
(D + D̄)

+
h

2π2
Kτ τ̄

(

DH
η′(τ̄)

η(τ̄)
+ D̄H̄

η′(τ)

η(τ)

)}

. (A1)

where D = C0 + Ae−aUX − Be−bUX .

Appendix B: SUSY breaking in the direction of UX

As shown in Eq.(37), in the limit α → 0, the gravitino mass vanishes, while the mass

squared of the field σ at the local minimum is given by m2
σ = 1

2
KUXŪX∂UX∂ŪXVF |σ0,τ0,s0,

where ∂UX∂ŪXVF = eK/M
2
PKUX ŪX |WUXUX |2 with WUXUX = ∂2W/(∂UX)

2:

m2
σ =

σ0
9〈y〉(2Imτ0)3

∣

∣

∣
A0a

2
(aA0

bB0

)
a
b−a

+B0b
2
(aA0

bB0

)
b

b−a
∣

∣

∣

2 M2
P

|η(τ0)|12
. (B1)

For particularly simple parameter choices A0 = B0 = 0.0005, (1), a = 2π/100, b = 2π/101,

s0 = 1, |η(i)| ≈ 0.768, these values yield C0 = 1.83 × 10−6, (3.66 × 10−3) and σ0 = 15.99,

with resulting scalar masses mσ ≃ 5.75× 1012 GeV (1.15× 1016 GeV).

In this limit, analogous to the Kallosh-Linde (KL) model [28], there exists a deeper su-

persymmetric AdS minimum in the UX direction. When a small weak-scale perturbation

∆W is introduced along UX , the potential minimum shifts from zero to a slightly negative

value VAdS < 0 at (σ̃0, τ̃0, s0), with σ̃0 = σ0 + δσ. At this shifted minimum, supersymmetry

is preserved, that is DUXW (σ0 + δσ, τ0, s0) = 0. This implies WUX (σ0, τ0) = 0, and the min-

imum shifts by δσ ≃ 3∆W/(2σ0WUXUX (σ0, τ0)). The potential at this minimum, expressed

in terms of W (σ0 + δσ) = ∆W +O(∆W )2, becomes

VAdS(∆W ) = −e〈K/M2
P 〉 3

M2
P

∣

∣〈W 〉AdS

∣

∣

2
= − 1

〈y〉(2Im τ0)3(2σ0)3
3

M2
P

∣

∣∆W
∣

∣

2
, (B2)
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where ∆W = 〈W 〉AdS is the value of the superpotential at the AdS minimum. By intro-

ducing an uplifting potential of the form ∆V ≈ |VAdS|(σ0/σ)n, where typical choices are

n = 2 (as in KKLT [62]) or n = 3 (as in Ref. [30]), the AdS minimum turns into a dS min-

imum. This uplifting simultaneously breaks supersymmetry. The uplifting induces a shift

∆σ = σ−σ0 in the UX field, see Eq.(32), determined by solving the minimization condition

∂σ(V + ∆V )|σ0+δσ = 0 along the σ = Re[UX ] direction. For the case of a D-term induced

uplift parametrized as ∆V = 1
2
(ξFIX )2g2X ≈ |VAdS|(σ0/σ)3 [30], and using the approxima-

tion (DσW )σ ≈Wσσ|σ0 , we obtain the displacement ∆σ ≃ 〈y〉(2Im τ0)
318M2

P |VAdS|/(Wσσ)
2.

This leads to the SUSY-breaking F -term in the uplifted minimum DσW ≃ (DσW )σ∆σ ≃
Wσσ(σ0)∆σ:

DσW ≃
√

〈y〉σ0(2Im τ0)3
6|VAdS|
mσ

, (B3)

where the suppression factor m2
σ ≫

√

|VAdS| is characteristic of the KL model frame-

work [28], ensuring the smallness of SUSY breaking effects after uplifting.

Appendix C: Scalar potential for flavon

In the global SUSY limit, i.e. MP → ∞, the scalar potential is determined by the

vanishing of the F - and D-terms for all fields. Then the relevant F -term from Eq.(47) and

D-term in Eq.(29) scalar potentials reads

V global
F =

∣

∣gχχχ̃− µ2
χ

∣

∣

2
, V global

D =
g2X
2

(

− ξFIX + |χ|2 − |χ̃|2
)2
. (C1)

The scalar fields χ and χ̃, with X-charges +1 and −1 respectively, transform under U(1)X

as

χ→ e+iξχ , χ̃→ e−iξχ̃ , (C2)

with a constant ξ, ensuring that the potential VSUSY respects U(1)X symmetry. Since super-

symmetry is preserved after spontaneous breaking of U(1)X , the scalar potential vanishes

at its ground states, i.e. 〈V global
F 〉 = 0 and 〈V global

D 〉 = 0. A vanishing F -term implies a

vanishing D-term as well.
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Appendix D: Modular functions

The Dedekind eta function is defined as

η(τ) = q1/24
∞
∏

n=1

(1− qn) with q ≡ ei2πτ and Im(τ) > 0 . (D1)

It satisfies the following modular transformation properties

η(−1/τ) =
√
−iτ η(τ) , η(τ + 1) = eiπ/12 η(τ) . (D2)

The q-expansions of the three linearly independent modular functions Yi(τ) are given by

Y1(τ) = 1 + 12q + 36q2 + 12q3 + ...

Y2(τ) = −6q1/3(17q + 8q2 + ...)

Y3(τ) = −18q2/3(1 + 2q + 5q2 + ...) . (D3)

The modular forms of weights 4, 8, 12, 16, 20, and 24 under SL(2,Z) read [6, 33]

Y
(4)
1

= Y 2
1 + 2Y2Y3 = E4 , Y

(8)
1

= (Y 2
1 + 2Y2Y3)

2 = E8 = E2
4 . (D4)

Y
(12)
1A = (Y 2

1 + 2Y2Y3)
3 = E3

4 , Y
(12)
1B = (Y 2

3 + 2Y1Y2)
3 = E2

6 −E3
4 ,

Y
(16)
1A = (Y 2

1 + 2Y2Y3)
4 = E4

4 , Y
(16)
1B = (Y 2

1 + 2Y2Y3)(Y
2
3 + 2Y1Y2)

3 = E4(E
2
6 − E3

4) ,

Y
(20)
1A = (Y 2

1 + 2Y2Y3)
5 = E5

4 , Y
(20)
1B = (Y 2

1 + 2Y2Y3)
2(Y 2

3 + 2Y1Y2)
3 = E2

4(E
2
6 − E3

4) ,

Y
(24)
1A = (Y 2

1 + 2Y2Y3)
6 = E6

4 , Y
(24)
1B = (Y 2

1 + 2Y2Y3)
3(Y 2

3 + 2Y1Y2)
3 = E3

4(E
2
6 − E3

4) ,

Y
(28)
1A = (Y 2

1 + 2Y2Y3)
7 = E7

4 , Y
(28)
1B = (Y 2

1 + 2Y2Y3)
4(Y 2

3 + 2Y1Y2)
3 = E4

4(E
2
6 − E3

4) .(D5)

Appendix E: Quark and charged-lepton mixing matrices

The left-handed quark mixing matrices V d
L and V u

L are given by

V d
L = C̃d











1− 1
2
λ2d −λd ei(2αd3−αd2) λ3d(Ad ei(2α

d
3−α

d
2) −Bd)

λd e
−i(2αd3−α

d
2) 1− 1

2
λ2d −Adλ2d

Bdλ
3
d Adλ

2
d 1











K̃d +O(λ4) ,

V u
L = C̃u











1− 1
2
θu212 −θu12 ei(2α

u
3−α

u
2 ) 0

θu12 e
−i(2αu3−α

u
2 ) 1− 1

2
θu212 0

0 0 1











K̃u +O(λ4) , (E1)
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where C̃f = diag(ei(α
f
2−α

f
1−α

f
3 ), ei(α

f
3−α

f
1 ), ei(α

f
2−α

f
1 )), K̃f = diag(ei(α

f
1−2αf2 ), 1, ei2α

f
1 ) (for f =

d, u), and the relevant parameters are given in a good approximation by

λd ≃
|α∗
s1αsY

(4)∗
1

+ α∗
b1αb2Y

(8)∗
1

Y
(4)
1

∆−4
χ (2Im τ)−4|

|αs|2
(2Im τ)−2 ,

Bdλ
3
d ≃

∣

∣

αb1
αb
Y

(8)
1

∣

∣∆4
χ(2Im τ)−4 ,

Adλ
2
d ≃

∣

∣

αb2
αb
Y

(4)
1

∣

∣∆4
χ(2Im τ)−2 , θu12 ≃

|αc1Y (4)
1
|

|αc|
(2Im τ)−2 , (E2)

with the phases defined as αd1 = 1
2
arg(α∗

b2Y
(4)∗
1

), αd2 ≃ 1
2
arg(α∗

b1Y
(8)∗
1

) − 1
2
αd1, α

d
3 ≃

1
2
arg(α∗

s1αsY
(4)∗
1

) + 1
2
αd1 − 1

2
αd2; α

u
1 = 1

2
arg(α∗

t2Y
(4)∗
1

), αu2 ≃ 1
2
arg(α∗

t1Y
(8)∗
1

) − 1
2
αu1 , α

u
3 ≃

1
2
arg(α∗

c1αcY
(4)∗
1

) + 1
2
αu1 − 1

2
αu2 . The right-handed quark mixing matrices V d

R and V u
R are

approximately identity matrices up to O(λ4), that is V
d(u)
R = I + O(λ4), with small

mixing angles given by θrd23 ≃
|αsα∗

b2Y
(4)∗
1

|

|αb|2
∆10
χ (2Im τ)−2, θrd13 ≃

|αdα
∗

b1Y
(8)∗
1

|

|αb|2
∆20
χ (2Im τ)−4,

θrd12 ≃
|αdα

∗

s1Y
(4)∗
1

|

|αs|2
∆10
χ (2Im τ)−2 for down-type quarks, and θru23 ≃ |αcα∗

t2Y
(4)∗
1

|

|αt|2
∆22
χ (2Im τ)−2,

θru13 ≃ |αuα∗

t1Y
(8)∗
1

|

|αt|2
∆35
χ (2Im τ)−4, θru12 ≃ |αuα∗

c1Y
(4)∗
1

|

|αc|2
∆13
χ (2Im τ)−2 for up-type quarks.

The current best-fit values of the CKM mixing angles in the standard parameteriza-

tion [64] read in the 3σ range [55]

θq23[
◦] = 2.376+0.054

−0.070 , θq13[
◦] = 0.210+0.016

−0.010 , θq12[
◦] = 13.003+0.048

−0.036 , δqCP [
◦] = 65.5+3.1

−4.9 .(E3)

The physical structure of the up- and down-type quark Lagrangian should match up with

the empirical results calculated from the Particle Data Group (PDG) [37]:

md = 4.67+0.48
−0.17MeV , ms = 93+11

−5 MeV , mb = 4.18+0.03
−0.02GeV ,

mu = 2.16+0.49
−0.29MeV , mc = 1.27± 0.02GeV , mt = 173.1± 0.9GeV . (E4)

where t-quark mass is the pole mass, c- and b-quark masses are the running masses in the MS

scheme, and the light u-, d-, s-quark masses are the current quark masses in the MS scheme

at the momentum scale µ ≈ 2 GeV. Below the scale of spontaneous SU(2)L × U(1)Y gauge

symmetry breaking, the running masses of c- and b-quark receive corrections from QCD and

QED loops [37]. The top quark mass at scales below the pole mass is unphysical since the

t-quark decouples at its scale, and its mass is determined more directly by experiments [37].

For the charged-leptons, Eq.(70) must be matched with the empirical values from the

PDG [37] given by me = 0.511MeV, mµ = 105.658MeV, mτ = 1776.86 ± 0.12MeV. The
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left-handed charged-lepton mixing matrix V ℓ
L reads

V ℓ
L = C̃ℓ











1− 1
2
θ22 0 −θ2

0 1− 1
2
θ21 −θ1

θ2 θ1(1− 1
2
θ22) 1− 1

2
θ22











K̃ℓ +O(λ4) , (E5)

where ϕℓ = 2αℓ3 − αℓ2, C̃ℓ = diag(ei(α
ℓ
2−α

ℓ
1−α

ℓ
3), ei(α

ℓ
3−α

ℓ
1), ei(α

ℓ
2−α

ℓ
1)), and K̃ℓ =

diag(ei(α
ℓ
1−2αℓ2), 1, ei2α

ℓ
1) with αℓ1 = 1

2
arg(α∗

τ2Y
(8)∗
1

), αℓ2 ≃ 1
2
arg(α∗

τ1Y
(4)∗
1

) − 1
2
αℓ1, α

ℓ
3 ≃

1
2
arg(α∗

eαe2Y
(4)
1

) + 1
2
αℓ1 − 1

2
αℓ2, and

θ1 ≃ |ατ2Y
(8)
1

|

|ατ |
(2 Im τ)−4 , θ2 ≃ |ατ1Y

(4)
1

|

|ατ |
(2 Im τ)−2 ∼ λ , θ3 ≃ |αeαe2Y

(4)
1

|

|αµ|2
(2 Im τ)−2∆26

χ . (E6)

Here θ1 ∼ O(λ2), θ2 ∼ O(λ), and θ3 ≪ O(λ4) are roughly expected for ∆χ = 0.634 and

Im τ ≃ 1. The right-handed charged-lepton mixing matrix V ℓ
R is approximately the unit

matrix up to O(λ4):

θR1 ≃
|αµατ2Y (8)

1
|

|ατ |2
(2 Im τ)−4∆7

χ ,

θR2 ≃
|αeατ1Y (4)

1
|

|ατ |2
(2 Im τ)−2∆20

χ ,

θR3 ≃
|αe2Y (4)

1
|

|αµ|
(2 Im τ)−2∆13

χ . (E7)

37



[1] R. D. Peccei and H. R. Quinn, Phys. Rev. Lett. 38, 1440 (1977).

[2] R. D. Peccei and H. R. Quinn, Phys. Rev. D 16, 1791 (1977). S. Weinberg, Phys. Rev. Lett.

40, 223 (1978); F. Wilczek, Phys. Rev. Lett. 40, 279 (1978).

[3] Y. H. Ahn, Phys. Rev. D 91, 056005 (2015) [arXiv:1410.1634 [hep-ph]].

[4] Y. H. Ahn, Phys. Rev. D 93, no. 8, 085026 (2016) [arXiv:1604.01255 [hep-ph]].

[5] P. Binetruy and E. Dudas, Nucl. Phys. B 451, 31-52 (1995) [arXiv:hep-ph/9505295 [hep-ph]];

P. Binetruy and E. Dudas, Nucl. Phys. B 442, 21-46 (1995) [arXiv:hep-ph/9411413 [hep-ph]].

[6] F. Feruglio, doi:10.1142/9789813238053 0012 [arXiv:1706.08749 [hep-ph]].

[7] F. Feruglio, A. Strumia and A. Titov, [arXiv:2305.08908 [hep-ph]].

[8] Y. H. Ahn and S. K. Kang, Phys. Rev. D 108, no.9, 095034 (2023) [arXiv:2306.14467 [hep-ph]].

[9] T. Kobayashi and H. Otsuka, Phys. Lett. B 807, 135554 (2020) [arXiv:2002.06931 [hep-ph]].

[10] P. Minkowski, Phys. Lett. B 67, 421 (1977); T. Yanagida, in Proc. of the Workshop on Unified

Theories and Baryon Number in the Universe, ed.O. Sawada and A. Sugamoto, 95 (KEK,

Japan, 1979); M. Gell-Mann, P. Ramond and R. Slansky, in Supergravity, ed. P. Nieuwenhuizen

and D. Freeman (North Holland, Amsterdam, 1979); R. N. Mohapatra and G. Senjanovic,

Phys. Rev. Lett. 44, (1980) 912.

[11] P. P. Novichkov, J. T. Penedo, S. T. Petcov and A. V. Titov, JHEP 04, 005 (2019)

[arXiv:1811.04933 [hep-ph]].

[12] P. P. Novichkov, J. T. Penedo and S. T. Petcov, JHEP 03, 149 (2022) [arXiv:2201.02020

[hep-ph]].

[13] E. Gonzalo, L. E. Ibáñez and Á. M. Uranga, JHEP 05, 105 (2019) [arXiv:1812.06520 [hep-th]].

[14] L. M. Krauss and F. Wilczek, Phys. Rev. Lett. 62, 1221 (1989).

[15] C. D. Froggatt and H. B. Nielsen, Nucl. Phys. B 147, 277-298 (1979).

[16] L.E. Ibanez and A.M. Uranga, String theory and particle physics: an introduction to string

phenomenology, Cambridge University Press, Cambridge U.K. (2012).

[17] M. B. Green and J. H. Schwarz, Phys. Lett. 149B, 117 (1984); M. B. Green and J. H. Schwarz,

Nucl. Phys. B 255, 93-114 (1985); M. B. Green, J. H. Schwarz and P. C. West, Nucl. Phys. B

254, 327-348 (1985).

[18] S. Ferrara, D. Lust, A. D. Shapere and S. Theisen, Phys. Lett. B 225 (1989), 363; S. Ferrara,

38



D. Lust and S. Theisen, Phys. Lett. B 233 (1989), 147-152.

[19] E. Witten and J. Bagger, Phys. Lett. B 115, 202-206 (1982); E. Cremmer, S. Ferrara, L. Gi-

rardello and A. Van Proeyen, Nucl. Phys. B 212, 413 (1983);

[20] J. Wess and J. Bagger, “Supersymmetry and supergravity,” Princeton University Press, 1992,

ISBN 978-0-691-02530-8.

[21] J. S. Bell and R. Jackiw, Nuovo Cim. A 60, 47-61 (1969); S. L. Adler, Phys. Rev. 177,

2426-2438 (1969); W. A. Bardeen, Phys. Rev. 184, 1848-1857 (1969).

[22] L. E. Ibanez and D. Lust, Nucl. Phys. B 382, 305-361 (1992) [arXiv:hep-th/9202046 [hep-th]].

[23] J. P. Derendinger, S. Ferrara, C. Kounnas and F. Zwirner, Nucl. Phys. B 372, 145-188 (1992).

[24] Y. H. Ahn, Phys. Rev. D 100, no. 1, 015002 (2019) [arXiv:1706.09707 [hep-ph]].

[25] M. Kamionkowski and J. March-Russell, Phys. Lett. B 282, 137-141 (1992) [arXiv:hep-

th/9202003]; R. Kallosh, A. D. Linde, D. A. Linde and L. Susskind, Phys. Rev. D 52, 912-935

(1995) [arXiv:hep-th/9502069]; G. Dvali, [arXiv:hep-th/0507215].

[26] M. Cvetic, A. Font, L. E. Ibanez, D. Lust and F. Quevedo, Nucl. Phys. B 361, 194-232 (1991).

[27] C. P. Burgess, R. Kallosh and F. Quevedo, JHEP 10, 056 (2003) [arXiv:hep-th/0309187].

[28] S. Kachru, R. Kallosh, A. D. Linde and S. P. Trivedi, Phys. Rev. D 68, 046005 (2003)

[arXiv:hep-th/0301240]; R. Kallosh and A. D. Linde, JHEP 12, 004 (2004) [arXiv:hep-

th/0411011]; A. Linde, Y. Mambrini and K. A. Olive, Phys. Rev. D 85, 066005 (2012)

[arXiv:1111.1465 [hep-th]].

[29] A. Achucarro, B. de Carlos, J. A. Casas and L. Doplicher, JHEP 06, 014 (2006) [arXiv:hep-

th/0601190]; E. Dudas and Y. Mambrini, JHEP 10, 044 (2006) [arXiv:hep-th/0607077].

[30] C. P. Burgess, R. Kallosh and F. Quevedo, JHEP 10, 056 (2003) [arXiv:hep-th/0309187];

A. Achucarro, B. de Carlos, J. A. Casas and L. Doplicher, JHEP 06, 014 (2006) [arXiv:hep-

th/0601190]; E. Dudas and Y. Mambrini, JHEP 10, 044 (2006) [arXiv:hep-th/0607077].

[31] Y. H. Ahn, Phys. Rev. D 96, no. 1, 015022 (2017) [arXiv:1611.08359 [hep-ph]].

[32] Y. H. Ahn, Phys. Rev. D 98, no. 3, 035047 (2018) [arXiv:1804.06988 [hep-ph]]; Y. H. Ahn,

Nucl. Phys. B 939, 534 (2019) [arXiv:1802.05044 [hep-ph]]. Y. H. Ahn and X. Bi, Nucl. Phys.

B 960, 115210 (2020) [arXiv:1912.09038 [hep-ph]].

[33] S. T. Petcov and M. Tanimoto, Eur. Phys. J. C 84, no.9, 914 (2024) [arXiv:2404.00858 [hep-

ph]].

[34] Y. H. Ahn, H. Y. Cheng and S. Oh, Phys. Rev. D 83, 076012 (2011) [arXiv:1102.0879 [hep-ph]].

39



[35] L. Wolfenstein, Phys. Rev. Lett. 51, 1945 (1983).

[36] Y. H. Ahn, H. Y. Cheng and S. Oh, Phys. Lett. B 703, 571 (2011) [arXiv:1106.0935 [hep-ph]].

[37] R. L. Workman et al. [Particle Data Group], PTEP 2022, 083C01 (2022).

[38] R. Ammar et al. [CLEO], Phys. Rev. Lett. 87, 271801 (2001) [arXiv:hep-ex/0106038].

[39] H. Albrecht et al. [ARGUS], Z. Phys. C 68, 25-28 (1995).

[40] B. Aubert et al. [BaBar], Phys. Rev. Lett. 104, 021802 (2010) [arXiv:0908.2381 [hep-ex]].

[41] F. Björkeroth, E. J. Chun and S. F. King, JHEP 08, 117 (2018) [arXiv:1806.00660 [hep-ph]].

[42] L. Calibbi, F. Goertz, D. Redigolo, R. Ziegler and J. Zupan, Phys. Rev. D 95, no.9, 095009

(2017) [arXiv:1612.08040 [hep-ph]].

[43] L. M. G. de la Vega, N. Nath, S. Nellen and E. Peinado, Eur. Phys. J. C 81, no.7, 608 (2021)

[arXiv:2102.03631 [hep-ph]].

[44] R. D. Bolton et al., Phys. Rev. D 38, 2077 (1988).

[45] A. V. Artamonov et al. [E949 Collaboration], Phys. Rev. Lett. 101, 191802 (2008)

[arXiv:0808.2459 [hep-ex]].

[46] F. Wilczek, Phys. Rev. Lett. 49, 1549 (1982);

[47] J. L. Feng, T. Moroi, H. Murayama and E. Schnapka, Phys. Rev. D 57, 5875 (1998) [hep-

ph/9709411].

[48] Z. G. Berezhiani and M. Y. Khlopov, Sov. J. Nucl. Phys. 51 (1990), 739-746; Z. G. Berezhiani

and M. Y. Khlopov, Z. Phys. C 49 (1991), 73-78; A. S. Sakharov and M. Y. Khlopov, Phys.

Atom. Nucl. 57 (1994), 651-658

[49] N. Viaux, M. Catelan, P. B. Stetson, G. Raffelt, J. Redondo, A. A. R. Valcarce and A. Weiss,

Astron. Astrophys. 558 (2013), A12 [arXiv:1308.4627 [astro-ph.SR]]; N. Viaux, M. Catelan,

P. B. Stetson, G. Raffelt, J. Redondo, A. A. R. Valcarce and A. Weiss, Phys. Rev. Lett. 111

(2013), 231301 [arXiv:1311.1669 [astro-ph.SR]].

[50] M. M. Miller Bertolami, B. E. Melendez, L. G. Althaus and J. Isern, JCAP 1410, no. 10, 069

(2014) [arXiv:1406.7712 [hep-ph]].

[51] J. E. Kim, Phys. Rev. Lett. 43, 103 (1979); M. A. Shifman, A. I. Vainshtein and V. I. Zakharov,

Nucl. Phys. B 166, 493 (1980).

[52] M. Dine, W. Fischler and M. Srednicki, Phys. Lett. B 104, 199 (1981); A. R. Zhitnitsky, Sov.

J. Nucl. Phys. 31, 260 (1980) [Yad. Fiz. 31, 497 (1980)].
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