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Abstract

A four-dimensional effective model with Gy x SL(2,Z) x U(1)x is proposed in string-derived
supergravity framework, where Ggr is the Standard Model (SM) gauge group and U(1) x is gauged.
We show SL(2,Z)- and U(1) x-mixed anomalies should vanish. Anomalies induced by Kéhler trans-
formations match those from gaugino chiral rotations. When SM fermions transform nontrivially
under SL(2,7), and with vanishing gaugino contributions, the anomaly-free conditions are pow-
erful enough to determine the quark and lepton flavor structures, set scales for U(1)x breaking,
and ensure the strong CP phase remains unmodified. While the Green-Schwarz coefficient 59(8
is generically non-zero, vanishing U(1)x anomalies cause gauge boson decoupling and 59(8 — 0,
yielding a massless global U(1)x without a Nambu-Goldstone mode. We show that the modulus
vacuum expectation value stabilizes near (1) & i, where exact SL(2,7Z) (T-duality) is spontaneously
broken, removing residual modular symmetry. The framework predicts seesaw-generated neutrino
masses and flavored axion properties, with all Yukawa coefficients constrained to unit-magnitude
complex numbers. Our model reproduces current quark and lepton data, predicts an axion mass
me ~ 0.9 x 1072 eV and photon coupling |Gayy| = 1.7 x 10713 GeV~!, and unlike the ordinary
case, suppresses flavor-violating axion couplings to s,d quarks and p,e leptons to O(A?) (with A
the Cabibbo angle). It also yields normal neutrino mass hierarchy consistent with oscillation data,

Ovf[-decay rate, and cosmological and astrophysical measurements.
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I. INTRODUCTION

The Standard Model (SM) gauge symmetry, while successful in describing fundamental
interactions, fails to constrain the flavor structure, leaving the observed fermion mass hier-
archies, mixing patterns, and strong CP invariance unexplained. This strongly motivates
the existence of new symmetries beyond the SM to address these unresolved flavor puzzles.
For instance, an anomalous U(1) could simultaneously resolve multiple issues: (i) generating
a QCD axion (via the Peccei-Quinn (PQ) mechanism [1, 2]) to solve the strong CP prob-
lem while providing a dark matter candidate, (ii) constraining flavor structures to reduce
Yukawa coupling arbitrariness [3, 4] . Additionally, modular SL(2,Z) invariance offers a min-
imal flavor framework where Yukawa couplings are modular forms, intrinsically constraining
quark/lepton structures without excessive scalars [5-7]. Recent work [7] demonstrates that
CP- and modular-invariant model can yield a vanishing QCD angle and reproduce quark
(though not lepton) observables. In a separate approach, a U(1) x A4 model addressing the
flavor and strong CP problems [8] utilizes an A4 subgroup of SL(2,Z). See also Ref.[9].

Within the framework of string-derived supergravity!, we propose a modular- and gauge-
invariant model within a four-dimensional (4D) effective action. This model incorporates the
symmetry group Gy X SL(2,7Z) x U (1) x, where Gy = SU(3)e x SU(2), xU(1)y is the SM
gauge group. The modular symmetry SL(2,7Z), particularly its T-duality transformation,
enforces strict invariance of the superpotential, Kahler potential, and gauge kinetic function
under modular transformation. The gauged U(1)x acts as a flavored PQ symmetry [3],
distinguished by flavor-dependent P(Q) charges. However, these symmetries can be violated
by quantum anomalies which must cancel for the consistency of the theory, even though
SL(2,7Z) is a global symmetry. Modular forms — holomorphic functions of 7 acting as
Yukawa couplings — are constrained to polynomials in the Eisenstein series Ey and FEjg that
transform as SL(2,Z) singlets[7]. Their holomorphicity across the fundamental domain
(including 7 = ic0) yields nearly unique, weight-specific forms.

In this framework, we demonstrate that the anomalies induced by Kéhler transformations

align with those generated by the chiral rotation of gauginos. And, we argue that when SM

1 In the global supersymmetry limit (Mp — 00), modular symmetry is generally not required to be pre-
served at the quantum level, see Egs.(11) and (23). We argue that, although the SM fermions transform
nontrivially under SL(2,Z), this does not necessarily affect the SM strong CP phase.



fermions transform nontrivially under SL(2, Z), the cancellation of modular anomalies — with
gaugino contributions vanishing — imposes stringent constraints. These anomaly-free con-
ditions, along with the guaranteed cancellation of mixed SL(2,Z) x {[SU(3)c]?, [U(1)em]?}
anomalies, can determine the flavor structure of both quarks and leptons, set scales for
U(1)x symmetry breaking, and ensure the strong CP phase remains unmodified. The re-
sulting framework can predict physical quantities, including hierarchical quark and lepton
masses and mixings, seesaw-generated neutrino masses [10], and flavored axion properties,
with Yukawa coefficients restricted to unit-magnitude complex numbers.

We construct a simple moduli superpotential to determine Yukawa couplings (especially,
the vacuum expectation value (VEV) of the modulus 7), gauge couplings, SUSY-breaking
scale, and cosmological constant. Previous studies on modulus 7 stabilization have found
that the VEV of 7 often approaches specific fixed points, such as i, ¢”*™/3 and ioco [7, 11-13].
We demonstrate that the modulus 7 VEV stabilizes near a fixed point (particularly 7 = 7).
Although SL(2,7Z) is treated as an exact discrete gauge symmetry, it becomes spontaneously
broken when 7 develops a VEV. Notably, at (1) ~ i, no non-trivial subgroup of the modular
group survives at low energies.

The anomaly coefficients for U(1)x x [Gsy]?>—determined by the U(1)x charges of SM
fermions—can either vanish or remain finite, depending on the specific charge assignments
across SM fermions (see Eq.(31)). Upon spontaneous breaking of the U(1)x gauge symmetry
and subsequent decoupling of the associated gauge boson, a protected global U(1)x sym-
metry emerges, which remains robust against quantum gravitational effects[14]. We argue
that this residual global (non)-anomalous symmetry, which exhibits its flavor dependence,
can be identified with the flavored U(1) PQ symmetry (Froggatt-Nielsen U(1)[15]) or with
baryon-lepton number U(1)g_7.

The rest of this paper is organized as follows. SectionIl demonstrates the anomaly
cancellation conditions for the symmetry group G'gm X SL(2,Z) x U (1) x and their constraints
on the chiral spectrum. We also examine the flavored U(1)x symmetry and the VEV of the
modulus 7. In SectionIII, we construct the superpotentials for the quark, lepton, and scalar
fields. In Section IV, we visualize the interactions between quarks, leptons, and the flavored-
QCD axion, and present a numerical analysis of their phenomenological implications. The

final section provides a summary of our work.



II. MINIMAL SET-UP

We work in 4D N = 1 string-derived supergravity with chiral superfields ® = (¢, 7, ...).
The generalized Kéhler potential is G(®, ®) = K(®, ®)/M2z+In(|W (®)?/MS), where Mp =
2.436 x 10'® GeV, K is gauge-invariant, and W is holomorphic. The framework includes a
gauge kinetic function f(®). In type ITA intersecting D-brane models (7-dual to magnetized
branes), the theory must be invariant under SL(2,Z) modular transformations [16]
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T, (a,b,c,d € Z,ad — bc =1), (1)

which is acting on the modular group SL(2,Z) of the complex modulus 7, with Im(7) >
0. Modular forms are holomorphic in the fundamental domain (including 7 = io0) and
constructed from Eisenstein series £y and Eg that transform as SL(2,Z) singlets [5, 7].

Our model has Ggy x SL(2,Z) x U(1)x symmetry, where Ggy X U(1)x may arise from
D-branes. The supersymmetry (SUSY) action is given by

fab(q))

S = / dizd?0d%0 K (®, eV ) + { / d4xd29(W(<I>) + Twaawg) + h.c.}, 2)

where V' = VT is the gauge multiplet for all gauge groups containing Yang-Mills multiplet
and T are the gauge group generators, and W, is a gauge-invariant chiral spinor superfield
that contains the Yang-Mills field strength, as well as the U(1)x gauge field strength. Under

the modular transformation, the action remains invariant with Kéahler transformations

K(®,0e?) — K(®, de?V) + (g(T) + g(?))MI%,
W(®) — W(®)e 9
f(@WW, — f(P)WW,, . (3)

At the quantum level, the symmetry Gy x SL(2,7Z) x U(1)x can be violated through both
modular and gauge anomalies. However, such anomalies should be absent. Especially, since
modular symmetry is exact in string theory, any low-energy supergravity derived from it
must exhibit vanishing modular anomaly (see Sec.ITA).

Under the modular group SL(2,Z) and the gauged U(1)y, for the action (2) to be

invariant we consider a low-energy Kahler potential K, superpotential W, and gauge kinetic



function f:

B h N 5GS h
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K = —Mz;1In {(—ZT +i7)"(S+ S5 - Eln(—w +i7)) (UX +Ux — 167T2VX> }
+ (=i +i7) *| + Zxole X Xy + ...,
1
W = gY(T) QOZQOJQOk + W(‘Su UX7 T) )
fao = (S +Ux), (4)

with h = 3 and the U(1)x charge |X| = 1 determined by the transformation of ¢x, where
—k is the modular weight of ¢, Zx is the normalization factor, S denotes the axio-dilaton,
7 represents the Kéahler modulus, Uy corresponds to the complex structure modulus, and
the modular- and gauge-invariant superpotential W (S, Ux, 7) is given by Eq.(33). The dots
in Eq.(4) denote the contributions of non-renomalizable terms scaled by an UV cutoff Mp.
The U(1)x charged matter fields ¢x and complex structure modulus Ux and the vector
superfield Vx of the gauged U(1)x containing the gauge field A% participate in the 4D
Green-Schwarz (GS) mechanism [17]. The axio-dilaton S, the U(1)x charged modulus Uy,
and the U(1)x charged scalar field px can be decomposed as?

. . 1 ;Ax
+ s , Ux =0 +ibx, SOX‘ezg:O = ' (vx +hx), (5)

V2

where?® o = 1/¢% with gx being the 4D gauge coupling of U(1)x, and Ay, vx, and hx are the

1
S:

a2
S

Nambu-Goldstone (NG) mode, VEV, and Higgs boson of scalar components, respectively.
The GS parameter §§° characterizes the coupling of the anomalous gauge boson to the closed

string axion fx.

A. SL(2,Z) modular anomaly cancellation

Under the modular group SL(2,Z), invariance of the 4D action Eq.(2) requires that the

matter fields ¢; and the modulus S transform as

1
wi — (et + d)_kicpi, S =S — ) In(er + d)h, (6)

2 The superpotential W (S, Ux, 7) of Eq.(33) explicitly breaks the S-shift symmetry.
3 Assuming Re(Uyx) > Re(9), the dilaton S couples to all SM gauge groups with equal strength at tree level,
as set by the string scale. However, this universality is broken by quantum effects, including threshold

corrections and renormalization group running.



where —k; is the modular weight of the matter field ¢;. Under the modular transformation
Eq.(1) with Eq.(6), the Kahler potential K transforms as in Eq.(3), yielding g(7) = In(cm +
d)". This redundancy in the Kihler transformation induces a modular anomaly [8, 18, 22, 23],
see below Eq.(13). For the superpotential W (®) to remain modular-invariant under the
Kéhler transformation in Eq.(3), the modular form Y'(7) must transform as a modular form

of weight —ky:

Y(1) = Y(y7) = (et + d) 7" Y (1) (7)

~

where ky = h— (k;+k;+kj,). Canonically normalized fields , defined by ¢; = (K~/2),;¢;,
ensures that the modular forms are normalized. The field transformation is given by

k

vl

This normalization leads to W = %Y(T)@Z@j@k with the normalized modular form given?

by Y (1) = e52M2Y (1) (=it + i7) i tkitk6)/2 within the framework of supergravity. Under
the modular transformations of Eqs.(1) and (6), the normalized fields and modular forms

transform as

. cer+d\-% A et + d 3 (kitkj+kp—=h) .
b () Te YO = (E) v (). (9)

In the framework where the Einstein-Hilbert term is canonically normalized, the kinetic
and mass terms of normalized SM fermions Qﬂ and gauginos A arise as functions determined
by the Kahler potential K and superpotential W. The relevant Lagrangian can be written

in two-component spinor notation as (see also Refs.[7, 19, 20])
L Saiz  pr1/2y ke ge—1/2y 1 i L —1 i Laib
e (K7H) B2 (DLDW ) + £ (Re [ F10if A + .
+( - %@i5ﬂr;kaﬂ¢jz/}k n h.c.) — WG Dl — iAGP DA, (10)
where F' = X?MEKUD:W, o = (1,0%) and 6 = (1, —0*) with ¢* the Pauli matrices,

I, = K"0;K;; is the modular connection (Kéhler Christoffel symbol), K = (9,0;K)~" is

the inverse Kahler metric, the Kéahler-covariant derivative of the superpotential is D;W =

4 The physical modular forms can be expressed in a good approximation for Mp > (¢x), (¢) and Vyx = 0
as V(1) ~ Y (7)(—ir + i) Fithithe=h)/2([y 4 Ux)"3 (S + 5 — 2 In(—ir + i7))~2. Without loss of

generality, the term (Uy 4+ Ux)™2(S + 5 — £ In(—ir + i7))~% can be absorbed to Yukawa coefficients
and normalized to one, leading to Y (1) ~ Y (7)(—ir + i) kitkithe=h)/2,

6



Wi+ A%W, and the fully covariant second derivative® is D;D;W = Wi+ ﬁ—éW—i— MLIZ%DJ-W—F
]\I;—éDZ-W — KA’J—Z’W — F%DkW. The spacetime covariant derivatives acting on SM fermions

and gauginos are given by

D;ﬂ/;j = aqu)j + Z.QKKMZ)j )

DA = 9\ + [ ALN + igr K\, (11)
for flat spacetime, where K, = —#(Kﬁlﬁbi — Kg@l@g) is the Kahler connection®. For
P

the gauginos 5\‘1, which transform in the adjoint representation of the gauge group, the fo
are the totally antisymmetric structure constants. The Kahler charge qx takes the values
—1/2 for SM fermions, and +1/2 for gauginos in Eq.(11). Under the Kéhler transformation

Eq.(3) the Kéhler connection transforms as

h( coT cOT )7

K,—> K, —i— —
K po ! cr+d  cT+d

y (12)

where 0,9(7) = %GMT is used. To cancel this variation, the SM fermions and gauginos

should transform with their respective Kéahler charge ¢ as
U e T, U e T with U =, \. (13)

In addition, under the modular transformation Eq.(1) the term including the modular

connection in Eq.(10), that is, 5(I'%, 0,7 — I'£,,0,7) transforms as

ki / cOT cOT E <8u7' + 6M7'>

§<cr+d_cf+d)_2 (14)

T—T
where we have used that for a diagonal Kahler metric F;Z = 0;In K;;. The second term in

Eq.(14) vanishes in the cusp limit 7 — ioo, while the first term must be cancelled by the

® The covariant derivative D; acting on an object V; with Kéhler weight (p,¢), meaning it transforms as
Vi — e—(pg+a§)Vj under the Kéahler transformation Eq.(3), is given by D;V; = 9,;V; — Fijk + ML]%KiVj.
Here, under the Kihler transformation Eq.(3), the object D;W transforms as D;W — e~ 9(®) D, W.

6 In the global SUSY limit Mp — oo, the Kéhler connection vanishes. Consequently, the associated
modular anomalies disappear (see below Eq.(16)), and the chiral transformations of Eq.(15) effectively
reduce to the case h = 0. Meanwhile, the term containing the modular connection in Eq.(10) is required
to maintain covariance under SM fermion reparameterizations on the Kéhler manifold. The quantum
anomalies associated with the modular connection are benign in this limit, as it pertains to a spacetime-
like symmetry rather than an internal gauge symmetry, and thus do not jeopardize the consistency of the

quantum theory.



transformation of the first term in Eq.(9). To achieve the cancellation of Egs.(12) and (14),
the canonically normalized SM fermions @/3 and gauginos A should transform as

- ct + d\Fky, ~ “ T+ d\ %+ i h 1
R - N hk: — = _ Zf 1
v (c7‘+d) Vi A (c7‘+d) A withky =7 gk (15)

which 7 ensures that the kinetic and mass terms of Eq.(10) are invariant under the Kéhler
transformation in Eq.(4) and modular transformation Eq.(1) (up to total derivative). How-
ever, these transformations Eq.(15) induce chiral rotations in the fermionic path-integral
measure, generating modular anomalies — triangle anomalies analogous to the Adler-Bell-
Jackiw anomaly [21]. At the quantum level, this anomaly appears in the effective action

under the Kahler transformation in Eq.(4) and modular transformation Eq.(1) as
SL<27Z) X {[U<1>X]27 [U<1)Y]27 [SU<2>L]27 [SU(3)0]2} : (16>

First, the anomaly generated by the chiral rotation of gauginos, which exactly matches

that from the Kéhler transformation ®, takes the form

B C
3272

{ - (g(r) + g(f))Q“"QW + i(g(T) - g(%))Q“”@W} ’ (17)

where the first term in the brackets corresponds to the gauge boson kinetic term, while
the second, CP-odd term involves the dual field strength Q;w = %GWPUQ”". The gauge field
strengths @) are given by {G, W, Y, Fx} for SU(3)¢, SU(2)r, U(1)y, and U(1) x, respectively.
In Eq.(17), the coefficients take values C' = 3,2,1,1 for gluino, wino, bino, and U(1)x
gaugino, respectively. The anomalies are cancelled via the transformation of the modulus S

in Eq.(6), which enters the one-loop corrected gauge kinetic function,
1
f;l;lOOp(cI)) ) 5ab{S ~ 3 In(er 4+ d)h} , (18)
T

as discussed in Refs.[8, 18, 22, 23]. The gaugino masses M; transform according to M; —

h
(g;ig) * M; due to Eq.(15). Since gauginos do not mix with SM fermions, their contribution
to the modular anomalies cancels through the one-loop corrected gauge kinetic function [8],

yielding

arg(M;) =0. (19)

7 See also Ref.[7].
8 Under the Kihler transformation, the modular anomaly manifests via the variation of the action 69 =

—ét [ dzd?OV W, g(T) + h.c. [23].



For example, the gluino contribution to the strong CP phase vanishes: arg(Msz) = 0.

Consequently, the effective strong CP phase then reduces to

Ve = Uqep + Ac arg (ﬁ;) +arg [ det(M,M)] | (20)

cT +

where Ygcp comes from 6, and 0x of Eq.(5), and Ac denotes the sum of the modular
weights of the quark fields, under the assumption? ku,,, =0 for the Higgs doublets Hyq).
Second, since the modular group is treated as a discrete-gauge symmetry in our frame-
work, see below Eq.(11), any anomalies that would break this invariance must be canceled.
The anomaly generated by the rotation of chiral fermions in Eq.(15) also takes the form
presented in Eq.(16). The QCD anomaly coefficient for SL(2,Z) x [SU(3)c]? is given by

Ac = 2Trlk; TS%U(?’)C]:

Ac =Y (2ky, + ke + Kpe) s (21)

where k4. and kU;(k f)ic) denote the weights for the normalized left-handed quarks and right-
handed up (down)-type quarks, respectively. The U(n) generators (n > 2) are normalized to
Tr[TeT®] = §%/2. Similarly, the electromagnetic anomaly coefficient for SL(2, Z) x [U(1)gn]?*
is given by Ap = 2Tr[k; (Qs™)?]:

3
2
Ap = 52{3(@1 + kge) + Bk, + 4kge + kpe} (22)

where k; and k; denote the weights for the normalized left-handed leptons and right-
handed leptons, respectively. Due to the modular- and SM gauge-invariant structure of the

superpotential with non-negative weight modular forms, from Eqs.(21) and (22) we obtain

3 3 3

> (kg +hge) =0, (kg +hp) =0, Y (kg + ki) =0, (23)

i=1 i=1 i=1

for kg, ,, = 0, which means Ac = Ag = 0. And the anomaly coefficients for SL(2,Z) x
[SU(2)]* and SL(2,Z) x [U(1)y]* are given, respectively, by Ay = 2Tr[k; T3] and Ay =
2Tr[k; Y], which expand explicitly as

3 3
1
A; = Z (kf,i + 3]{;@1) , Ay = g E (sz + 8]{301_0 + Qkﬁic + 3kﬁi + 6/{3@) , (24)

i=1 i=1

9 We assume that all symmetry-breaking scalars have modular weight zero; otherwise their VEVs would

have to be zero in order to remain invariant under the modular transformation, see Eqs.(6) or (9) and
Eq.(47).



which satisfy A = —Ay using Eq.(23). We note that the conditions Ac = 0 = Ag and
Ap = —Ay persist in the global SUSY limit. If the GS counterterms are introduced to
cancel Eq.(24), certain anomalies of the form shown in Eq.(16), that were already cancelled,
are reintroduced, and additional anomalous contributions arise. So, A, = —Ay should be
ZEro:

3

> (kg +3kg,) =0. (25)

i=1
Using Eq.(23) the anomaly coefficient for SL(2,7Z) x [U(1)x]?* is given by

3

Asx =) {%Qi (2XG, — X{e — Xbe) + by, (2X7, — XG2) + kaXJQ\fg} , (26)

i=1

which must also vanish, especially, constraining the flavor-dependent U(1)x charges and
the modular weights of right-handed neutrinos Nf. Here, X¢, (Xp,) represent the U(1)x
charges of the left-handed quark (lepton) doublets, Xpe (Xpe) represent the charges of the
gauge singlet right-handed down (up)-type quarks, and X (Xye) represent the charges of
the gauge singlet right-handed charged-leptons (neutrinos).

B. Gauged U(1)x anomaly-free and global U(1)x

The 4D action of Eq.(2), combined with the Kéhler potential Eq.(4), must remain U(1)x
gauge invariant. Under the U(1)x gauge transformation Vx — Vx +i(Ax — Ax), the fields

. GS —
transform as ¢x — X py and Uy — Ux + 2'166?(7/\)(, respectively, where Ax(Ay) are

(anti)chiral supefields parametrizing U(1)x transformation in superspace. So, the axionic

modulus fy (from Ux) and axion Ax (from the matter sector) have shift symmetries

5GS
GX_>‘9X_ 16);_25)(7 AX—>AX+a?(fX§X7 (27>
where {x = —ReAx|p_j—o, fx = Xvx is the U(1)x breaking scale, and oz)Q( are transforma-

tion constants. Then, the U(1)x gauge field A% transforms as
A — A — OFEx . (28)

Then the 4D gauge-invariant effective action for 0y, Ay, and A% reads [4, 24]

5GS 9 1 ,
Ky oy (a”‘gx T 2A§> — — F{ Fxu + 9x6X Dx — Dxgx X|ex|®
167 4g%
1 2 2 LV ) AX 5?( LV )
+_DX + |DM¢X| + QXTI(Q Quu) + 2Tr(Q Quu) 9 (29)
2 fx 167

10



where Q) = G, W,Y, Fx denote the gauge field strengths for SU(3)¢, SU(2)r, U(1)y, and
U(1)x, respectively, with gauge couplings absorbed into their definitions. The first, third,
fourth, and sixth terms result from expanding the Kéhler potential Eq.(4), and the second,
fifth, seventh, and eighth terms result from the gauge interaction term in Eq.(2). F{ =
oM A% — O A% is the U(1)x gauge field strength. The U(1)x gauge covariant derivative
Dtox = 0Mpx —iX A o x governs the coupling of the scalar component of px to the U(1)x
gauge boson, where the gauge coupling gx is absorbed into A%. The first and seventh
terms together, and the sixth and eighth terms in Eq.(29), are gauge invariant under the
anomalous U(1)x transformations of Eqs.(27) and (28). Under the gauge transformations

of Eqgs.(27) and (28), it requires
5GS

_16

5X = Qy 537 a;v]“ TI(QWQW) = _au‘]gv (30)

where the anomalous current J% and Jj couplings to A% are represented by Jg =

Kngxgalﬂx and Jf = —chp}gch. The coefficients 5?( of the mixed U(1l)x X
[SU(3)c]?, U(l)x x [SU(2).]?, U(l)x x [U(1)y)?, and [U(1)x]|* anomalies are given, re-
spectively, by

0% = 2Te[Xy TSy = ) (2Xo, + Xpe + Xue) ,

- 11

oy =2Te[Xy Tyl = ) (Xi, +3Xq,)
i=1
S /1 8 2
§Y = oTr[X, V2 = (—X, S Xpre + 2 Xpe + X1 zxc)
X [ Xy Y] 23621"‘3 vp T3 Xpy + X1, +2Xee ),

i=1

w

O =2Te[X]) =2 (3(2X9, + Xpe + Xio) +2X7 + Xit + X3e) - (31)

i=1
where the trace is over all fermions ¢ carrying U(1)x charges, Tsu (), Tsu(2) are gauge group
generators, Y is the hypercharge operator, and X, denotes the U(1)x charge of 1. Here, for
convenience, d% and 55{‘ are defined as above for hypercharge and U(1), respectively. The
Fayet-Iliopoulos (FI) term L = ¥ [ d?0d*0Vy = {lgx Dx with Dy = gx (=& + X|ox|?)
leads to D-term potential Vp = ﬁ(— Y+ X|px|?)? for the anomalous U(1)x. Here X!
the FT factor 51 = av K| —0.0=0o A0 produced by expanding the Kihler potential Eq.(4) in
components linear in Vy:

GS
FI _ » 0% Ao
X P16n2 oy

(32)

11



where Ao = 0 — gy. Since the FI term is controlled by the string coupling (¢ in Eq.(5)), in
general, it can not be zero for §§° # 0, see Appendix B.

The effective action (29), after canonical normalization with 0x = ay/87?fy where
fo = m /872, and incorporating the gauge kinetic function, yields kinetic terms
for both axions along with their couplings to the topological term Tr(QWQW). The U(1)x

gauge boson acquires mass my = \/ZKUXUX(5§S/167T2)2 +2f% through the super-Higgs
mechanism, while the D-term potential Vp remains. The open string axion Ax (with its
decay constant fx) is mixed linearly with the closed string axion ay (with its decay constant
fa) such that the orthogonal combinations G ~ ay (NG mode, absorbed by the gauge boson)
and A ~ Ay (pseudo-NG mode, remaining as the physical axion) emerge when fy > fx.
Below the scale my, the gauge boson decouples, leaving an anomalous® global U(1)y. See
the details in Ref.[4, §].

Interestingly, the vanishing U(1)x anomaly coefficient (6{> = 0) ensures the gauge boson
decouples at low energies, leaving an anomaly-free global symmetry without a massless NG
mode. Flavor-dependent charges satisfying 5?2( = 0 cancel the gauge anomaly, making both
0,J% and 9,J) exactly conserved. This simultaneously nullifies the FI term (£§ = 0)
and enforces D-flatness, stabilizing the scalar potential. The superpotential W (Ux, 1) (for
a = 0 in Eq.(33)) lifts ap’s mass while Ay becomes the longitudinal mode of the massive
U(1)x gauge boson, leaving only a non-anomalous global U(1)x below my. For instance,
this fundamental symmetry could correspond to baryon-lepton number. This symmetry
exactly reproduces U(1)p_r when charges are assigned as Xq, = 1/3, Xpe = Xye = —1/3,
Xp, = -1, Xpe = 1, and Xye = 1, yielding 6§ = 0¥ = 6} = 6% = 0 and ensuring complete

anomaly cancellation !!.

10 Tn certain gravitational backgrounds, non-perturbative quantum gravitational anomaly effects (specifically,
instantons) can lead to an anomalous non-conservation of an axial vector current: 0,J" RR where R
is the Riemann curvature tensor and R is its dual [25]. In this work, for simplicity, we assume that the

gravitational mixed anomalies are canceled by the GS mechanism.
11 Generically, for example, by considering three-stacks of D-branes with gauge symmetry U(3) x U (2) x U(1),

one may realize the three U(1)x x U(1)y x U(1)p_L.
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C. The VEV of the modulus 7

To determine Yukawa couplings, gauge couplings, SUSY-breaking scale, and cosmological
constant, we consider a simple modular- and gauge-invariant superpotential W (S, Ux,T)
in terms of the Dedekind 7-function, which!? is a modular form of weight 1/2, n(t) —
(et + d)?n(7), and non-perturbative effect for gaugino condensation:

e S M3, N M3, (
[(7)]2h(+a/an) = (7))

W(S,Ux,7) = Cqy Ae™Ux — Be™?Vx) | (33)

where Cy, «,a,b are constants. In the limit @ — 0, this superpotential takes a racetrack
type for Ux [28]. Under the modular transformation Eq.(1), the modular invariance of the
generalized Kéhler potential implies that the superpotential transforms as W — We 9(")
with Eq.(6). Under the U(1)y transformation of Uy, see above Eq.(27), the A(px/Mp) and

B(px/Mp), which are analytic function of ¢y, transform as

X j SGSA X PX\ SGSA
Aar) = AGEJem s B(RE) » B(g)em S @
My — Mpem My — MPGIG ()

The F-term potential has the form Vi = eK/MIQD{KIjDIWDjW — 32 |W|?}, where I, J
P
stand for Uy, 7,5, and matter fields are set to zero. From Eq.(33) the covariant derivatives

Dy W, D W, and DgW are expressed as

M3 3W
Dy W = —L_(— qAe Ux 4 pBetUx) - =
v = Gt ) O Ox
1—1/(4n%)  _7/(7) 3 /() e S M}
D = — 2
W = [ 2] s O
e*asM]?_i,

W
D5W = —z — OZCO (35)

[n(7)]6(+a/an?)

where y = S+ S — % In(—i7 4 7). For small «, the superpotential Eq.(33) becomes

MI% i nn(r
W = W(Ux,7) — aco[ G (S+27r21 (7))
o? M3 5 n 2—1043 Mg i nn(r ’
3 CO[ Bl (S—i— = Iny(7)) G CO[’I}(T)]6(S+27T21 n(m))" + ... (36)
e(a,b,c,d)

12 Here, for simplicity, the Dedekind multiplier e’ is omitted, where €(a,b,c,d) is a moduli-
independent phase, which can depend on the SL(2,Z) transformation. Under the modular transformation
given in Eq.(1), in general, the Dedekind eta function 7(7) transforms as 1(7) — e*(cr + d)'/?n(r) and
the superpotential W transforms as W — e~9(")=2h€|})/ where the matter fields ¢; transform as: @; —

e~ (cr +d)Fip; with the condition Y, €; = ¢, and the dilaton transforms as S — S — 725 {g(7) + i2he}.

13



Then the potential Vi is expanded as Vp = Véo) + aVél) + oﬂvp + ..., where V}O) is the
potential at o = 0 and V}"’ (n # 0) is the n-th order correction due to small o # 0. In the
limit @« — 0 (where Vp — V}O), see Eq.(Al)), the scalar potential for the fields o, 7 has a

local minimum at og, 7. It is supersymmetric and Minkowski, i.e.,
W(O'(),TQ> :O, D[W(O'(),To) :O, V(O'(),To) :O (37)
And Cj and oy are determined by the conditions VF(O)(JO) =0 and 0VF(O) /00| p=s, = 0:

co=-afi) Tom() T e heGE). o

where Ay and By are the values of A(px/Mp) and B(px/Mp) at (px), respectively.
The spontaneous breaking of modular symmetry is governed by the VEV of the modulus
(Im7 > 0), which can always be constrained to lie within the fundamental domain D of the

modular group. This domain is defined as
1
D= {7'67—[ ——<ReT< \T|>1} {TEH:—§<ReT§O,|T\:1}, (39)

where ‘H denotes the upper half-plane of complex numbers H = {7 € C|Im(7) > 0}. While
no specific value of 7 preserves the full modular symmetry, partial modular symmetries are
retained at special symmetric points such as 7 = 4,00, €23 [11, 13]. As shown in Ref.[26],
all extrema of the potential V(7,7) must lie either on the boundary of the fundamental
domain D or on the imaginary axis.

When a # 0, the VEV of 7 is determined by solving 0V /07 = 0. For small «, the VEV
shifts to 7o(a) ~ 70 + adT where §7 represents the first-order correction. At 7 = 7p(«), we

expand OVp/0T to n-th oder in a:

oV,

Vi L,V 3< v
Wel g (5 2V )iowh. o
or T=70() or 70 @ ’ or?2 70 or 70 + (a) ( )
(0) (0) (0)
where the vanishing conditions agi }TO,SOJO = 0, %}msom = 0, ag’a‘ig ’msom =0,

(1) (1)
BVF ‘ A = 0 are used. Note that both VF(O) and VF(I) expressed in

10,80,00 ) 0712 ‘To,S0,0'O

Eq.(A1) vanish at og as a consequence of Eq.(38). Consequently, the minimization condi-

tion reduces to 8\/ @) / 87" = 0, which yields

70,50,00

To(a) =~ 1, (41)
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FIG. 1: Contour plot of 8V(2)/8T‘ =0, where 7 = 21 +i29. Blue curve is for BVEQ)/(?ZQ =0

70,50,00

and red line for 6V / 0z1 = 0, where sg = 1 is used for simplicity.

as shown by the cross point in Fig.1. Here, the second-order potential V}z) is given by

1

s M} 3 _
V(Q) _ K/Mp P C 2{ S 1 K™ H2 -
F e | (7_)|12‘ 0| ‘ _'_ nn( )| ( ‘ | +M]%)
3 y?
— M2(S+S+—ln77( T)In(T ))+W
3 s 3 n'(7) 2 e (T) 2
— LKT((S+ == 1 H he) + =K' } 42
S F g Oy he) ke
where H = —2( e y) - 6’7 ) and K™ = —(7 — 7)2/{M2(3( pre y) + ﬁ)},
and Eq.(38) has been used to sunphfy the expression. The shift §7 is given by ! d7 =
av(S) 82‘/(2)
- 817:' 87'}; }7’0,80,0'0 ~ 0(1)

While the a-dependent term in the superpotential modifies the potential and induces a
shift in 7, this term acts as a small perturbation when « is sufficiently small. Consequently,
the shape of the potential for 7 is not significantly affected, and the location of the minimum
(the VEV of 7) remains close to its value at a = 0. Supersymmetry is broken in the direction
of 7 and S for @ # 0. Meanwhile, in the Ux direction, a deeper supersymmetric Anti-de

Sitter (AdS) minimum emerges. As in Ref.[28, 30], an uplift term (e.g., from a D-term) AV

Vi = P il ot (= 315+ 3t mn()P(S 5+ g KT+ i) 3

52z ()2 HLE + o) + 3 (S+ 522 (7)) >+ hee)] = (S+ 5+ 52 nn(r)n(F)(Z K77 552+ 1)}
where Eq.(38) has been used for simplification.
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slightly shifts Ux, see Appendix B, making Dy, W # 0 of Eq.(B3), but this contribution is
strongly suppressed by m,, of Eq.(B3). At the shifted minimum &y, 7y, so, Eqs.(35) and (B3)
lead to

Comparing the F-term magnitudes:

FT
FS

3 <KTT>
~ on2 (KSS)In

2> In(2Im 7p)

A2

H 250
—s0 4+ 12 (2Inn(79) + In(2Im 7))

77

)<< 1) (44)

where K% = y2/M3, K™ = —(1 — 7)2/{6M3(1 — 1/(4n%y) + 3/(87*y?))}, and |n(i)| ~
0.192. This implies that supersymmetry is broken predominantly by the dilaton S and
slightly by the modulus 7, induced by e~ term in Eq.(33). This is decoupled from the
AdS minimum of the Ux direction. When including the uplifting term and o # 0, the

gravitino mass m§/2 eKIME|W |2 /M becomes
(2)
> |VF\  Vaas| + o[V

evaluated at the shifted minimum &g, 7y, Sg, where Vaqs and VPSQ) are given by Eq.(B2) and
Eq.(42). The gravitino mass emerges through the uplifting potential and when « # 0, both

of which break supersymmetry and lift the minimum to a de Sitter (dS) vacuum. For o — 0,

a—b 2 ‘AW‘
\/8 (21m7’0)3( aAg) For

a # 0, the gravitino mass gains an explicit a-dependence via the second term of Eq.(45).

the gravitino mass becomes, as expected in Ref.[28], m3/, ~

When the a-term dominates,

|So+2%1n7)(7'0)| (a—b)%
2|77 70)|61/6(y) (2Immy)? \In 2o /-
For particularly simple parameter choices Ay = By = 1, a = 27/100, b = 27/101, sg = 1,
In(7)| ~ 0.768, the resulting values are Cy = 3.66 x 1073 and oy = 15.99. This leads to a

(46)

mzja =~ a|Co| M

gravitino mass of mgj, ~ a x 7.13 X 10~°Mp. The corresponding gravitino mass scales are

1.74 x 10° TeV (a = 1072), 1.74 x 10® TeV (o = 107%), and 1 TeV (a = 6 x 1078).

ITII. SUPERPOTENTIAL FOR QUARK AND LEPTON

Since SL(2,7Z) acts as a flavor symmetry (e.g. modular transformations on fields) the

associated anomalies must cancel over the fermion spectrum. To build quark and lepton
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Yukawa superpotentials consistent with the anomaly cancellations (including Ac = A =0
(Eq.(23)), AL, = —Ay =0 (Eq.(25)), and Asx = 0 (Eq.(26)), we assign the U(1)x quantum
numbers and modular weights k; to quark and lepton fields under SL(2,Z)xU(1)x. A viable
charge assignment is presented in Table-I and II. Such viable assignments subsequently can
naturally constrain the U(1)x-breaking scale, as all Yukawa coefficients are restricted to
unit-magnitude complex numbers. This scale connects to physical scales like the neutrino
seesaw scale or the axion mass scale via the PQQ mechanism.

To construct a unique supersymmetric, modular-, and gauge-invariant scalar potential,
we consider minimal supermultiplets. Under SL(2,7) x U(1)y, we assign Higgs doublets
H, 4 as (0,0) and SM singlets x, X, xo as (0,+1), (0, —1), (3,0), respectively. The modular
weight-3 field yo ensures that modular forms Y (7) are 7-independent constants[8]. The

leading-order superpotential invariant under SL(2,Z) x U(1)x is

WU = gonO Hqu + XO(gXXX - :ui) ) (47)

where g,, and g, are initially set to unity but receive corrections from higher-order terms
(see Eq.(51)). The scale p, sets the spontaneous U(1)x breaking scale. Minimizing the
F-term potential (Appendix C) yields '

W=(="5 =G (48)

assuming (x), (X) > (Hy.q). This supersymmetric solution satisfies the D-flatness condition
for €& = 0. For £§! # 0, SUSY must be broken by the F-term to allow the D-term to uplift
the potential from the AdS minimum to dS [29, 30] (see Sec.I1 C).

After spontaneous U(1)x breaking ({x) # 0), the NG mode Ax emerges. Decomposing
the complex scalar fields[3, 31, 32]

iAX h . ¢ —ifx hs )
X:%e T <1+f—j), X:%e T (1+f—j) with fa = /02 +vZ, (49)

with v, = vy and h, = hy in the SUSY limit.

14 From the vanishing of the F-terms associated to x(x) and H,_4, the VEV of xq is determined as {xq) = 0.
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TABLE I: Representations of the SM quark fields under SL(2,Z) x U(1)x and modular weight
kr with h = 3, where Q; (i = 1,2, 3) represent the left-handed quark doublets, (d, s¢,b¢) are the

right-handed down-type quarks, and (u€, ¢, t¢) are the right-handed up-type quarks.

Field Q1 Q2 Q3 d° s¢ b u® c© t¢
kr hyog by Bypg0 b9 b_og B _j9 b9 h_g h_jg
U(1)x -3 -3 9 23 13 -5 26 13 -9

A. Modular-invariant Yukawa superpotential for quark

According to Table-I, the quark Yukawa superpotential reads

= [ o (5) 0o (3) v

12 12 S\ 10
+ Oét2(%) Y1(4)th2+05t1<%> Yl(g)thlﬂLOécl(%) Y1(4)CCQ1}Hu

+ o (X) Qs + 0 (3) V8 Qs +au (3) ViV,

+ ay (%) mgcQz T g (%) 10Y1(4)30Q1 + ad<%>20ch1] Hy+ ..., (50)

where all Yukawa coefficients «a; are complex numbers with unit magnitude, and dots
represent higher-order contributions compactly expressed as Zle(%)n X leading terms.
Here the flavor dynamics scale A can be identified with the stabilization scale of the lightest
modulus Myedquus ~ A, ensuring that fluctuations of heavy moduli are suppressed below A.

These corrections modify the effective Yukawa coefficients «;, constrained by

oA o] < 1+ A ith A, = —2 (51)
- S QG S W1 = .
1-A2 1-A2 YT V2A

According to the canonically normalized fields in Eq.(8), the Yukawa coefficients transform

as

o — (2Im7) % ae, an — 2Im7) M an, ap— (2Im7) % ay,

g — (2Im7) P, ap — (2ImT) o, o — (2ImT) %y, (52)

while ay,.; and a4, remain unchanged. The modular forms of weights 4 and 8, under
SL(2,7), read [6, 33] (see Appendix D).

Under chiral rotation of the quark fields, the QCD anomaly term reduces to
fa

ek
0%

AX O/s apv Fya .
Lo = (Ve + E )gGGr,  with F, =

18



where o, = g2 /4w, F, is the axion decay constant with f4 Eq.(49), and J.q is the effective
strong CP phase of Eq.(20) with the vanishing modular anomaly conditions, arg(M3z) = 0
of Eq.(19) and Ac = 0 of Eq.(21). At low energies Ax will get a VEV, (Ayx) = —F, Vg,
eliminating the constant J.g¢ term. The QCD axion then is the excitation of the Ax field,
a = Ax — (Ax). The quark quantum numbers in Table-I yield the color anomaly coefficient

for U(1)x x [SU(3)¢]? (defined in Eq.(31)) as
5§ =67, (54)

determining the domain-wall number Npw = |6§]. To avoid cosmological domain walls,

either Npw = 1 or the PQ transition must occur during/before inflation for Npw > 1.

B. Modular-invariant Yukawa superpotential for lepton

TABLE II: Representations of the lepton fields under SL(2,7Z) x U(1)x and modular weight kr
with h = 3, where L; (i = e, pu,7) represent the left-handed lepton doublets, (e, u¢, 7¢) are the

right-handed charged-leptons, and N7 (j = 1,2,3) are the right-handed neutrinos.

Field L, L, L, e ue T NY N3 Ng

kr bh18 L4220 214 Bi18 L4222 Ly b6 L6 L-_¢

Ulx 144 i+4 Jt+4 -L+20 -1-15 -1-8 -1 -1 -1

According to Table-II, the charged-lepton Yukawa superpotential reads

X4c Xllc X24c
We = Jar(}) 7ot ou(F) wbutac(§) eLe

4 4 24
+atrg (%) YI(S)TCLM + ar (%) V7 Le 4 ooy (%) Y1(4)66LM} Hy+ ... (55)

And the neutrino Yukawa superpotential reads

v 4
W, = (%) [ﬁleyl(“) NeLo + B YPONL, + i YONCL,
B0 YTV NS Lo + Bop YPV NS Ly, + B YO NS L,

B3 YV NELe + o, YTV NS Ly, + B YV NS L, | H,,

1

+ 5 [711Y1<12>N5Nf + 12V NENE 4 41 YID NENE + 750V, NENE

33 YD NENS + 7os VP NSNSy + ... (56)
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Recall that, analogous to the quark sector, all Yukawa coefficients are effectively determined
by Eq.(51), after accounting for the contributions of all higher-dimensional operators induced
by xX. According to the canonically normalized fields in Eq.(8), the Yukawa coefficients

transform as

oy — (2Im7) g, a1 — (2Im7) % ayy, Qoo — (2Im7) 2 (e
Bie — (QIIH 7_)_12 Bie ) Biu — (QIIH 7_)_14 Biu ) Bir — (QIIH 7_)_10 Bifr ;
Yij — (2Im7) %, others = invariant , (1,7 =1,2,3). (57)

The modular forms of weights 12, 20, 24, and 28 under SL(2,Z) read [6, 33] (see Ap-
pendix D).

Below the U(1)x symmetry breaking scale (which coincides with the seesaw scale, cf.
Eq.(82)), the effective interactions of QCD axion with the weak and hypercharge gauge
bosons and with the photon are expressed through the chiral rotation of Eq.(60). The elec-
tromagnetic anomaly coefficient F of U(1)x x [U(1)gas]? is defined by £ = 2 wa Xy, (Qz‘;‘)Q
where QU7 is the electric charge of the field ¢y. For the U(1)x charges (see Table-I and -II),

this evaluates to

where the anomaly coefficients 6%, 6% are defined in Eq.(31). The physical quantities of
QCD axion, such as axion mass m, and axion-photon coupling g, depend on the ratio of
electromagnetic anomaly coefficient E to the color anomaly coefficient 6§ (see Fig.2). This
example model has the specific ratio £/5§ = 386/201 with the U(1)x breaking scale fixed
at fa =4 x 10'9 GeV (as derived in Eq.(82)). This distinctive prediction makes the model

testable in future axion search experiments.

IV. QUARK, LEPTON, AND FLAVORED-QCD AXION

At energies below the electroweak scale when H, ) acquire non-zero VEVs all quarks

and leptons obtain masses. The relevant quark and lepton interactions are given from
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Egs.(50,55,56) by

—L O g Mg} +aE Magi + ﬂWJ@’V“qﬁ

T
0 mp vy,

q e
+ —W EL’)/“ vy, + h.c. s (59)
mp Mp|] \Ne| V2"

_ 1,

—+ gRMggL—F 5 (Vi NR)

where ¢ is the SU(2), coupling constant, ¢ = (u,c,t), ¢ = (d,s,b), { = (e,u,7), v =
(Ve, Yy, V), and N = (Ny, Na, N3). Mp contains a VEV of y in Eq.(49). The explicit forms

of M, q4; will be given later. The above Lagrangian of the fermions, including their kinetic

terms, should be invariant under U(1)x
vy — eiX“”f%Sﬁwf, t = invariant, N — 3PN (60)

where ¢y = {u,c,d,s,b,e, pu, 7,v} and [ is a transformation constant parameter.
With the VEV of Eq.(48) the mass matrices M, and M, for up- and down-type quarks

are described in terms of A, and modular forms Y1(4) and YI(S):
auAi‘g’ 0 0
My, = C| au(2m7) 2AL Y, a AL 0 |Ctu,, (61)
ay1(2Im T)*4A§<2 Yl(g) ay2(2Im T)*QA;2 Y1(4) o

Qg Aio 0 0
My =C4 g1 (2Im T)_QA;O Y1(4) o A;O 0 Cluyg, (62)
a1 (2Im ) T1AY Y1(8) 2 (2Im 7) 2AY Y1(4) o A

where vg = (Hy) = vcos 8/v2, v, = (H,) = vsin B/v2 with v ~ 246 GeV, and

o A A A
CE _ diag(eﬂ%%, 67122 fi( 1) CE _ diag( 124X fA e fjf ’ 1) ’
PR A A A
o= diag(e_mﬁ, e ST 1), C? = diag(e” i ST e Z4ﬁ) . (63)

Similarly, the mass matrices M,, Mg, and mp for charged-lepton, heavy neutrino, and

Dirac neutrino given in the Lagrangian (59) are derived in terms of A, and modular forms

Y1(4)7 Y1(8)7 Y1(12)7 Y1(20)7 Y1(24)7 and Y1(28) as

. Ai‘l ozng A24(21m )72 0
M, = Ch 0 ay, A;l 0 Vg (64)
aTlYl(4)Ai(21m7')_2 ozTng(g)A;t(QIm7')_4 ar A}
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Y11 Y1(12) Y12 Y1(12) 713 Y(12)
iA2X _
Mg = eTx (2Im7)™%| 7y Y1(12) Va2 Y1(12) V23 Y(lz) X (65)
713 Y1(12) Y23 Y1(12) Y33 Y(12)

Bie Yy (24) (21m7‘) 2 B YQS)(QImT) 1 B3.Y, (20)(21m7-) 10
LA
mp = AL B v Imn) 1 A, v 2Imr) G Y 2mr) 1 | o, (66)
B3 V2P (2Im )12 B3, Y (2Im 7)1 85,V (2Im 7) 10

where 7;; Y1(12), Bie Y1(24), Bin Y1(28), and [, Y1(20 are expanded to 7 Yl(f) + Yij YS;),
Bie Yl(z;l) + Bie Yl(z;l)a Biu Yl(iS) + Biu Yl(]%E;S)a and Bifr Yl(iO) + Bi’r 1B ) respectlvely, and

o A A LA
Ch = diag(eﬂ%ﬁ, T el4ﬁ) . (67)
Recall that the coefficients o, 7;;, Bi; are complex numbers satisfying Eq.(51). The different
corrections in Eq.(66), originating from the canonical normalization of the matter fields in
Eq.(8), ensure the observed atmospheric and solar neutrino mass-squared differences, Am3,
and AmZ,,, and consequently determine whether the neutrino mass ordering is normal or

inverted, see Sec.IV B.

A. Quark and charged-lepton masses, mixing, and QCD axion interactions

The quark mass matrices M, of Eq.(61) and M, of Eq.(62) generate the up- and
down-type quark masses: M, = Vi M, VL“T = diag(my, m., m;) and M, = VEM, VLdT =

diag(mg, ms, my) with the approximate relations

My = |au|Ai3 Uy Me |ozc|A>1<0 Vi My = || vy,

mg ~ |ag| AP vg,  mg = |ag| AL va,  my 2 || A va. (68)

Diagonalizing the matrices M}M s and M fM} (for f = wu,d) determines the mix-
ing matrices V;/ and V], respectively[34], as in Eqs.(E1) and (E2). The left-handed
quark mixing matrices V* and V¢ in Eq.(E1) enter into the CKM (Cabibbo-Kobayashi-
Maskawa) matrix Voxy = VL“VdJr Redefining the quark fields via the transformations

(AU U __ _ N . d__ d
up — e i(af —2ak a1+2a2)uL’ cr — 6@(2a3 a2)CL t; — 6@(2a3 ad+2af— 2a1)tL7 s; — 6@(2a3 O{Q)SL’
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and using the Wolfenstein parametrization [35] (with high precision [36]), we obtain

A=A — 01, AN = AgN2, AN (p +in) = BaAde 1 — Ag\30Y,

AN (1 — p+in) = No(Aqg — Bged), al —ay —2a8 =af —af —2ad,  (69)

where pg = 204 — ad. The quark masses and mixing parameters must be matched to the

empirical values provided in Eqs.(E3) and (E4).
The charged-lepton mass matrix M, of Eq.(64) generates the charged-lepton masses
M, = VEM, vV = diag(me, m,, m,), with the approximate forms

me ~ |oe] A2 vy, my ~ e, Al g, my >~ |a.] A vg. (70)

These must be matched to the empirical PDG values [37], see above Eq.(E). The left-handed
charged-lepton mixing matrix V; is one of the components of the PMNS (Pontecorvo-Maki-
Nakagawa-Sakata) lepton mixing matrix, defined in Eq.(85), and reads in Eq.(E5).

After diagonalizing the quark mass matrices of Eqs.(61,62), the leading-order flavored-

QCD axion interactions with quarks (up to O(\?)) are !

0 _ _
— L%~ — LQ{Q?) uyHysu + 10 eyHysc + 20 dyHysd + 10 s97v5s + 4 bv“m:,b}

2fa
n ?‘Ta{lQAd)\fleW §Y"(1 = 75)b + 12X (Ba — Aqe™*) dy* (1 — 75)b + h-C-}
A
+ Y (mgag—aipq), (71)
q=d,s,b,u,c,t

where VLU’ ’g in Appendix E encode quark mixing. These interactions are the result of a direct
interaction of SM gauge-singlet scalars x, ¥ coupling to U(1)y-charged quarks. Similarly,
the flavored-QCD axion interactions with charged leptons (up to O(\?)) are
) o
—L% ~ — L“{m eyt yse — 11 firy"ysp — 4%7“757} + Z (mell — 0ig ). (72)
2fa

ZIG,}L,T
The flavored-QCD axion a is produced by flavor-changing neutral Yukawa interactions in

Eqgs.(71) and (72), which leads to induced rare flavor-changing processes such as b — s + a,

b — d+al38], and 7 — p+ a[39, 40]. In our flavored-axion model, the bounds on f,

) and Vé, are determined

15 The left-handed quark and the right-handed charged-lepton mixing matrices, VLd (u
in Appendix E. These matrices govern the flavored-QCD axion couplings to down-type quarks, up-type

quarks, and charged leptons, respectively.
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arise from B¥ — K* + a[41-43], typically requiring f4 > 105 GeV, rather than K+ —
7t + a[44-48]. Flavor-violating couplings of the flavored QCD axion to s, d-quarks and
u, e-leptons are suppressed to O(\*), as shown in Eqs.(71) and (72). This suppression is a
direct consequence of the U(1)y charge assignments 6 and the following properties of the
mixing matrices: the right-handed down-type quark matrix is approximately unitary up to
O(A\Y) (for KT — 7" +a), and the right-handed charged-lepton matrix is approximately the
identity up to O(\*) (for g — e + a), as detailed in Appendix E.

The axion-electron coupling, given by guee = 24m./ fa, is constrained by red giant branch

(RGB) stars [49]:
|Gace| < 4.3 x 107 (95% CL) < 0%F, > 2.85 x 10 GeV. (73)

White dwarf (WD) cooling further limits |gaee| < 2.8 x 10713 [50], though theoretical uncer-
tainties persist.

The QCD axion mass m, in terms of the pion mass and pion decay constant reads [3, 31]
m2F2 =m2, f2F(z,w), (74)

where fr ~ 92.1 MeV [37] and F(z,w) = z/(1 + 2)(1 + z + w) with w = 0.315 2. Here the
Weinberg value lies in z = mMS(2 GeV) /m)S(2 GeV) = 0.4779:99 [37]. After integrating out
the heavy 7° and 7 at low energies, there is an effective low energy Lagrangian with an
axion-photon coupling gay~y: Layvy = —Garyy a E - B where E and B are the electromagnetic
field components. The axion-photon coupling is expressed in terms of the QCD axion mass,

pion mass, pion decay constant, z and w,

Qe My 1 E 244+ z+w
Y 9 fomo /F(z0) \0% 3 1+ztuw

The upper bound on the axion-photon coupling, derived from the recent analysis of the

(75)

horizontal branch stars in galactic globular clusters [53], can be translated to
E
|G| < 6.6 x 10711 GeV~! (95% CL) < F, > 1.76 x 107‘@ - 1.903‘ GeV,  (76)

where z = 0.47 is used. From Eq.(73) with the consideration of Eq.(82), we obtain a U(1)x

breakdown scale or seesaw scale

fa=4x10"°GeV, (77)

16 See C'¢ in Eq.(63).
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FIG. 2: Plot of |g4y-| versus m, for Kim-Shifman-Vainshtein-Zakharov (KSVZ) [51] (black dashed
line), Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) [52] (blue dotted line), and the model (red solid
line) in terms of F/§§¢ = 0,8/3, and 386/201, respectively. With f4 = 4 x 100 GeV of Eq.(82)
and z = 0.47 our model predicts m, = 9.12 x 1073 eV and |gay,| = 1.69 x 10713 GeV~! (black

point).

for (x) = 2x 10 GeV in Eq.(82). The flavored-QCD axion mass and axion-photon coupling
are predicted, as depicted in Fig.2, as

me =9.12 x 1073 eV, |Garyy] = 1.69 x 1073 GeV ™. (78)

Numerical simulation for quark mass and mixing: To simulate and match exper-
imental quark data from Eqs.(E3) and (E4), we use linear algebra tools from Ref.[54]. The
quark Yukawa matrices in Eqgs.(61) and (62) are defined at the U(1)x symmetry breakdown
scale, where their parameters receive quantum corrections. These matrices are then evolved
down to the top quark mass scale (m;) and diagonalized. We assume that the Yukawa
matrices at the scale of U(1)x breakdown are the same as those at the scale m;, since the
one-loop renormalization group running effect on observables for hierarchical mass spectra
is expected to be negligible. The low-energy Yukawa couplings required for experimental
values are obtained from the physical masses and mixing angles compiled by the PDG [37]

and CKMfitter [55]. Taking Eq.(41) and
A, =0.634, tanf =6.4, (79)

with effective Yukawa coefficients in the range 0.33 < |y S 1.67 from Eq.(51), we obtain,
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for the quantum numbers listed in Table-I, the follwoing set of reference inputs

o, = 0.540, o, = 0.669, a1 = 0.565, oy = 1.010, oy = 0.932, cyo = 0.978,
arg(a,) = 6.234 , arg(a.) = 1.619, arg(a.) = 1.761 , arg(ay;) = 0.989 , arg(aye) = 5.125
g = 1.652, g = 0.346, vy = 0.353, cp = 0.963, ctpy = 0.373, o = 0.659, (80)
arg(ag) = 3.706, arg(as) = 1.024, arg(as ) = 1.899, arg(ap ) = 4.184, arg(aye) = 3.903,

which satisfy both the empirical constraints of Egs.(E3) and (E4). This leads to the following
physical observables 64, = 2.323° 6], = 0.211°,0], = 13.017°, 6}, = 63.436°; my = 4.577
MeV, my, = 103.800 MeV, m;, = 4.183 GeV, m, = 2.488 MeV, m, = 1.262 GeV, m; =
173.582 GeV.

B. Neutrino mass and mixing

After integrating out the right-handed heavy Majorana neutrinos, the effective neutrino

mass matrix M, is given at leading order by
M, =~ —mbMptmp = Us diag.(m,,, my,, my,) UJ (81)

where U, is the unitary matrix diagonalizing M, and m,, (i = 1,2, 3) are the light neutrino
masses. Considering the effective Yukawa coefficients Eq.(51), the seesaw scale () can be

estimated from Eqs.(65) and (66) as
(x) ~2x10"°GeV, (82)

for A, = 0.634 and Im7 ~ 1, and m,, ~ 0.05 eV. Then the neutrino masses are obtained

by
U M, U, = diag.(m,,,, m,,, my,) . (83)

Here m,, (i = 1,2,3) are the light neutrino masses. The observed hierarchy |Am3,, .| =
im2, — (m2 +m2,)/2| > Amg, = m2, —m’ > 0 and the requirement of a Mikheyev-
Smirnov-Wolfenstein resonance [56] for solar neutrinos lead to two possible neutrino mass
spectra: normal mass ordering (NO) m2 < m? < m? and inverted mass ordering (IO)

2 2 2
my, < m, <mg,.
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Then from Eq.(59) the PMNS mixing matrix becomes
Upnins = Vi U (84)

where the left-handed charged-lepton mixing matrix V/ is given by Eq.(E5). The matrix
Upnins is expressed in terms of three mixing angles, 015, 013, 23, and a Dirac type CP violaitng
phase dcp and two additional CP violating phases ¢y if light neutrinos are Majorana

particle as[37]

€13C12 13812 s1ge”cr
_ is i
UpMns = | —co3812 — S93¢12513€°CF  93C12 — S23812513€"°C7 S23C13 Q. , (85)

5 i
S93512 — C23C12513€"°CF  —S93C 0 — €23512513€"°°F 2303

where s;; = sin 6,5, ¢;j = cos0;; and @, = diag.(e~"1/2 e~%2/2 1). Nine physical observables

can be derived from Eqs.(85) and (83): fa3, 613, 012, dcp, @1, P2, My, My,, and m,,. Recent

TABLE III: The global fit of three-flavor oscillation parameters at the best-fit and 3o level with

Super-Kamiokande atmospheric data [60]. NO = normal neutrino mass ordering; 10 = inverted

mass ordering. And Amd; =m2, —m2 , Am3,,, =m2, —mZ, for NO, and Am3,, =mZ, —m2,
for 10.
013[°] dcpl] 012[°] 023[°] AmZy[107%eV?]  Am3, [107%eV?]
NO 8587033 932t118 42.9788 2.507+0-083
0.35 88 33.41413::158 2.5 74141(0]23 0.080
10 857087 27615 49.02% 248610 0%

global fits [57-59] of neutrino oscillations have enabled a more precise determination of the
mixing angles and mass squared differences, with large uncertainties remaining for fy3 and
dcp at 30. The most recent analysis [60] lists global fit values and 3¢ intervals for these
parameters in Table-III. Furthermore, recent constraints on the rate of Ov33 decay have
added to these findings. Specifically, the most tight upper bounds for the effective Majorana
mass (M, ), which is the modulus of the ee-entry of the effective neutrino mass matrix,

are given by
(M,)ee < 0.036 — 0.156 eV (***Xe-based experiment [61]) (86)

at 90% CL.
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FIG. 3: Plots for Ov(-decay rate as a function of the neutrino masses m,, (left) and leptonic Dirac
CP phase dcp as a function of the atmospheric mixing angle fa3 (right). Vertical and horizontal

dashed lines represent the 1o bounds for 633 and dcp, respectively, in Table-II1.

Numerical simulation for lepton mass and mixing: Similar to the quark sector, to
simulate and match experimental results for charged-leptons and neutrinos, Egs.(E3) and
(E4), we use linear algebra tools from Ref.[54].

Using the reference values Eqs.(41) and (79), we obtain the charged lepton masses, which
agree well with the empirical values shown !” below Eq.(70), and the left-handed charged-
lepton mixing matrix of Eq.(E5), by putting the inputs in Eq.(64):

(o = [L1477,1.1486], e = [1.0532,1.0633], @, = [0.6091,0.6095] ,
a, = [0.3703,0.3707], a1 = [0.3954,0.3975], e = [0.7390,0.7419] ,
arg(a.) = [1.26,1.46], arg(oe2) = [0.44,0.95], arg(a,) =[0.71,1.65],
arg(a,1) = [4.90,5.97], arg(a,2) = [3.15,4.13]. (87)

The seesaw mechanism in Eq.(81) operates at the U(1)y symmetry breakdown scale, while
its implications are measured by experiments below the electroweak scale. Therefore, quan-
tum corrections to neutrino masses and mixing angles can be crucial, especially for degen-

erate neutrino masses [54]. However, based on our numerical calculation that the neutrino

17 In our numerical analysis, we have employed the constraints 0.5110 < me[eV] < 0.5112 for the electron
mass and 105.65 < m,[MeV] < 105.69 for the muon mass.
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mass spectra exhibit normal mass hierarchy (NH) at the scale of U(1)x breakdown (as
depicted in the left panel of Fig.3), we can safely assume that the renormalization group
running effect on observables can be ignored. To show the viable parameter space, we scan
the precision constraints {613, 023, 012, Am2 ;, Am3,,,} at 30 from Table-ITI. Using the ref-
erence values from Eqs.(41,79) and taking (x) = 2 x 10! GeV of Eq.(77), see also Eq.(82),
we determine the input parameter spaces in Eqgs.(65) and (66) at the U(1)x breaking scale :

Bre = [0.642,0.668], [ = [1.000,1.129], Sy, = [1.470,1.479], o, = [0.514,0.535],

B3 = [0.998,1.122], fs, =[0.335,0.374], By, = [1.428,1.464], fi, = [0.629,0.666],

Brr = [1.184,1.230], [y, = [1.530,1.566], [ = [1.204,1.230], o = [0.723,0.759] ,

By = [1.394,1.416], for = [0.671,0.697], fs. = [0.658,0.696], 3. = [0.946,1.135],
Bs, = [1.340,1.386], B3, = [1.274,1.338],
arg(fre) = [1.20,1.71], arg(fs,) = [5.50,2x], arg(fs,) = [0.69,1.17],
arg(B1,) = [2.61,3.75], arg(Bi,) = [2.60,3.20], arg(Ba.) = [3.46,4.20],

arg(fa,) = [5.57,2x], arg(fs.) = [5.71,2n], arg(fs,) = [2.50, 3.56], (88)

for the Dirac neutrino of Eq.(66);

i1 = [0.616,0.659], A1 = [0.876,0.924], ~ip = [1.331,1.379], 15 = [0.946,0.967],
s = [0.768,0.828], A3 = [0.760,0.816], 725 = [1.426,1.468], 7y = [0.652,0.715],
o = [1.365,1.400], A5 = [0.930,0.966], ~ss = [1.343, 1.413], Fus = [0.800, 0.874],
arg(v11) = [1.70,2.40], arg(yi2) = [4.41,5.11], arg(yi3) = [3.70,4.40],
arg(ye2) = [4.10,4.99], arg(ye3) = [5.34,6.10], arg(ys3) = [0.18,0.81], (89)

for the heavy neutrino of Eq.(65). Neutrino oscillation experiments currently aim to make
precise measurements of the Dirac CP-violating phase d¢p and atmospheric mixing angle 6o3.
For the parameter regions explored in our model, referring to the two-dimensional allowed
regions at 30 presented in Ref.[60], we note that there are no favored regions with respect
to fa3 and dcp, as shown in the right panel of Fig.3. Ongoing experiments like DUNE [65],
as well as proposed next-generation experiments such as Hyper-K [66], are poised to greatly
reduce uncertainties in the values of o3 and dcp, providing appropriate data set for our

proposed model. As shown in the left panel of Fig.4, the predicted Ov/35-decay rate, plotted
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FIG. 4: Plots for Ov-decay rate as a function of leptonic Dirac CP phase dcp (left) and > m, =
My, + My, + My, as a function of Myjgneest (right). Vertical dashed lines indicate the 1o bound for

dcp listed in Table-I1I1.

against dcp, lies entirely below the experimental upper bound in Eq.(86). Moreover, ongo-
ing and future experiments on OvSS-decay like NEXT [67], SNO+ [68], KamLAND-Zen [61],
Theia [69], SuperNEMO [70] may reach a sensitivity to test the NH of our model. Cosmo-
logical and astrophysical measurements provide powerful constraints on the sum of neutrino
masses. The upper bound on the sum of the three active neutrino masses can be summarized
as y_ m, = my, +my,,+m,, < 0.120 eV at 95% CL for TT, TE, EE+lowE-+lensing+BAO [71].
The right panel of Fig.4 illustrates that the sum of neutrino masses lies in the range of 0.0634
to 0.0756 eV when 0.0034 S Miightess = My, S 0.0065 eV.

V. CONCLUSION

We have constructed a 4D effective model within a string-derived supergravity framework,
based on the symmetry Ggy X SL(2,7Z) x U(1)x, where Ggy is the SM gauge group and
U(1)x is a gauged symmetry. The string-theoretic origin of the SL(2,Z) modular symmetry
fundamentally constrains the superpotential, Kahler potential, and gauge kinetic function,
while quantum anomaly-cancellation conditions impose stringent restrictions on the chiral

matter content. To simultaneously resolve the strong CP problem and account for the
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observed fermion mass and mixing hierarchies, we introduced a flavored U(1)x symmetry.
After decoupling of the U(1)x gauge boson, the residual global symmetry yields a flavored
QCD axion, providing a solution to the strong CP problem and a well-motivated dark
matter candidate. The combined SL(2,Z) x U(1)x flavor structure successfully generates
realistic quark and lepton mass hierarchies and mixing patterns, with all Yukawa coefficients
restricted to unit-magnitude complex numbers.

We have shown that SL(2,Z)- and U(1l)x-mixed anomalies should vanish, despite
SL(2,7Z) being a global symmetry. The anomalies induced by Ké&hler transformations
match those generated by the chiral rotation of gauginos. And, we have argued that de-
spite the non-trivial transformation of SM fermions under SL(2,7Z), the strong CP phase
remains unaffected, even in the global supersymmetry limit (Mp — o00), where we as-
sume the symmetry-breaking scalar fields have modular weights zero — so their VEVs
stay invariant under the modular transformations. The vanishing modular anomalies
(SL(2,Z) x [SU(3)c|* and SL(2,Z) x [U(1)gm]* guaranteed by modular- and SM gauge-
invariance with non-negative weight modular forms) together with the anomaly-free condi-
tions such as SL(2,Z) x {[SU(2).]?, [U(1)y]?, [U(1)x]*} can determine the flavor structure
in both quark and lepton sectors and set the scales for U(1)y symmetry breaking.

We have constructed a simple moduli superpotential to determine Yukawa couplings,
gauge couplings, SUSY-breaking scale, and cosmological constant. We also demonstrated
that the modulus VEV stabilizes near a fixed point (particularly 7 ~ ). Although SL(2,Z)-
interpreted as T-duality—is treated as an exact discrete gauge symmetry, it becomes sponta-
neously broken when 7 develops a VEV. Notably, at (7) ~ i, no non-trivial subgroup of the
modular group survives at low energies. Supersymmetry breaking is driven by the dilaton
S, the modulus 7, and the complex structure modulus Ux.

The flavored U(1)x plays a crucial role in QCD axion solution to the strong CP problem,
as a candidate for dark matter, and in explaining the SM fermion mass hierarchies. Its
gauge transformation requires the GS parameter 6$° to be directly related to the mixed
anomaly coefficients 6% of U(1)x x {[SU3)c|?, [SU2)]?, [U1)y]?, [U(1)x]*}. These
anomaly coefficients, determined by the U(1)x charges of SM fermions, can either vanish or
remain finite depending on the specific charge assignments across SM fermions. While 5§ is
generically non-zero, the specific case where the U(1)x anomaly coefficients vanish leads to

decoupling of the U(1)x gauge boson at low energies, leaving a non-anomalous global U(1) x
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symmetry without a massless NG mode. Remarkably, with charge assignments Xq, = é,
Xye = Xpe = -5, X, =1, Xge =1, and Xye = 1, this non-anomalous U(1)x reproduces
U(1)p_r, without leaving a NG mode.

A phenomenologically viable model has been presented, in which U(1)x charges and
modular weights k; are systematically assigned to all quark and lepton fields. We have
shown that, unlike in ordinary cases, flavor-violating interactions of the flavored QCD axion
to s, d-quarks and p, e-leptons are suppressed to O(A*). This suppression makes rare decay
B* — K* 4 a the dominant processes constraining the axion decay constant f4, while kaon
decays (KT — 7" + a) remain subdominant. So, the strongest experimental bounds in
our model arise from the axion-electron coupling, which is tightly constrained by red giant
branch star cooling observations.

Numerically, the model is consistent with current experimental data on flavor mixing and
mass spectra. It successfully accounts for the observed quark Dirac CP phase and predicts
a neutrino mass spectrum with a normal hierarchy. Future reductions in the uncertainties
of atmospheric mixing angle 653 and lepton Dirac CP phase dcp will provide appropriate
data set for our proposed model. Additionally, it provides specific predictions for a flavored
QCD axion, including a mass m, = 9.12 x 107 eV and a photon coupling strength |g,.-| =

1.69 x 107" GeV ™!, which are consistent with all known flavor constraints.

Acknowledgments

I would like to thank Prof. Eung Jin Chun (KIAS) for the thoughtful and in-depth
discussions, and Chris Ahn (Port moody secondary school) for pointing out some typos.

This work is supported by NSFC 12135006.

32



Appendix A: The potentials V}O) and V}l)

The potentials VF(O) and V}l) are expressed, along the o = Re[Ux] direction, as

Mj T s 1 4o
© = K/ME P 2 TT 2 SS ~\ o —ao b —bo
Vi = S AP (KT K55 5) = gy (e Boe)
20 ’
oz (Aae™ = Bbe™")(D + D)
M2 }
; SS
1) _ K/M? CoMg ¢, o h o K
Vi) = et S (= DS + g () =) (KTHE + =)
20 o e ) ) 5% )
_W(Aae — Bbe ™) (S + S + = Inn(F)n(1)) + — (D + D)
g )
h 7 n'(7) = =n(7)
to0 ( 7 + e } "

where D = Cy + Ae=Vx — Be Ux

Appendix B: SUSY breaking in the direction of Uy

As shown in Eq.(37), in the limit @ — 0, the gravitino mass vanishes, while the mass
squared of the field o at the local minimum is given by m? = %K UxUx Oy O VFoo,70,50
where Oy, 0, Vi = eKIME KUXUX Wy |2 with Wy o, = 02°W/(0Ux)?:

a b
L z(a_Ao>b—a Bbz(“i@)b-a
Mo = @m0 5B, ) TP B,

2 M3
n(mo)[**
For particularly simple parameter choices Ay = By = 0.0005, (1), a = 27/100, b = 27 /101,

so = 1, |n(i)] & 0.768, these values yield Cy = 1.83 x 1075, (3.66 x 107?) and oy = 15.99,

with resulting scalar masses m, ~ 5.75 x 10" GeV (1.15 x 10' GeV).

(B1)

In this limit, analogous to the Kallosh-Linde (KL) model [28], there exists a deeper su-
persymmetric AdS minimum in the Ux direction. When a small weak-scale perturbation
AW is introduced along Uy, the potential minimum shifts from zero to a slightly negative
value Vaqs < 0 at (69, To, So), with 6o = g + do. At this shifted minimum, supersymmetry
is preserved, that is Dy, W (oo + 60, 79, So) = 0. This implies Wy (09, 70) = 0, and the min-
imum shifts by do ~ 3AW/(200Wy vy (00, 70)). The potential at this minimum, expressed
in terms of W (oo + do) = AW + O(AW)?, becomes

1 3

2
2Im 79)3(200)% M2 ’

Kz 3 2__
Vaas(AW) = —e'*/ >M1%}<W>Ads} =N AW (B2)
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where AW = (W)aqs is the value of the superpotential at the AdS minimum. By intro-

ducing an uplifting potential of the form AV =& |[Vags|(00/0)", where typical choices are
n =2 (as in KKLT [62]) or n = 3 (as in Ref. [30]), the AdS minimum turns into a dS min-
imum. This uplifting simultaneously breaks supersymmetry. The uplifting induces a shift
Ao = 0 —0g in the Uy field, see Eq.(32), determined by solving the minimization condition
0y (V 4+ AV)|sp460 = 0 along the o = Re[Ux] direction. For the case of a D-term induced
uplift parametrized as AV = 1(&{N2¢% ~ |Vaas|(0o/0)? [30], and using the approxima-
tion (DoW), & Woyls,, we obtain the displacement Ao =~ (y)(2Im 79)18 M3 |Vaas|/ (W )?.
This leads to the SUSY-breaking F-term in the uplifted minimum D,W ~ (D,W),Ac ~
W, (00) Ao

5 6]Vaas|

o

DoW =~ \/{y)oo(2Im 1) (B3)

where the suppression factor m2 > /|Vaas| is characteristic of the KL model frame-
work [28], ensuring the smallness of SUSY breaking effects after uplifting.

Appendix C: Scalar potential for flavon

In the global SUSY limit, i.e. Mp — o0, the scalar potential is determined by the
vanishing of the F- and D-terms for all fields. Then the relevant F-term from Eq.(47) and
D-term in Eq.(29) scalar potentials reads

2
oba ~ 2 oba g ~ 2
VE = Jgox — 12, VSIbIZ—QX(— T+ =IxP)". (C1)

The scalar fields x and y, with X-charges +1 and —1 respectively, transform under U(1)x

as

x— ey, Yo ey, (C2)

with a constant £, ensuring that the potential Vgysy respects U(1)x symmetry. Since super-
symmetry is preserved after spontaneous breaking of U(1)y, the scalar potential vanishes
at its ground states, i.e. (VE"™) = 0 and (V&™) = 0. A vanishing F-term implies a

vanishing D-term as well.
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Appendix D: Modular functions

The Dedekind eta function is defined as
n(r) = ¢"/* H(l —¢") with ¢ = €™ and Im(7) > 0. (D1)
n=1

It satisfies the following modular transformation properties
n(=1/7) =V—=irn(r),  n(r+1)="n(r). (D2)
The g-expansions of the three linearly independent modular functions Y;(7) are given by

Yi(1) =1+ 12¢ + 36¢> + 12¢° + ...

Ya(1) = =643 (17q + 8¢ + ...)

V3(7) = —18¢*3(1 +2¢ + 5¢* + ...) . (D3)
The modular forms of weights 4, 8, 12, 16, 20, and 24 under SL(2,Z) read [6, 33]

iV =Y ovaYs = By, VY = (VP 4 2YaYs)? = By = B} (D4)

Y242vaYs)? = B, Y = (Y2 + 2vie)® = B2 — B3,

YZ42vaYy)t = EL YUY = (Y2 + 2YaYs (Y2+2Y1Y2) = E,(E2 — E%),

Y +2YaYs)0 = Ef, Y5 = (V7 + 2YaYs)P (Y + 21iYa)® = E§(Ef — ES)

= ( ) ( )
( ) ( )
= (Y2 +20Y3)" = B, V{5 = (Y7 + 212Y3)2 (V] + 2ViYa)* = E}(E} — EY),
( ) ( )
= ( ) ( )

Y2 42Y,Ys) = EI, Y3 = (Y2 4+ 2Y,Ys) (Y2 + 2V, Y2)® = EX(E2 — E}(D5)

Appendix E: Quark and charged-lepton mixing matrices

The left-handed quark mixing matrices V and V}* are given by

1102 ) eiCod—od) \3(4,eiC08-03) _ B )

Vi = Cy| MgeriCoi—ad 113 — A2 Kq+ O\,
BN} AN 1
— 1911122 _9u ’(20‘3 —a3) 0
Vi =C,| gy e-iat—a) —lg 0 [Ku+ OO, (E1)
0 0 1
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where Cf = diag(e i(af —a{—af) i(a’ajf*a{),ei(agfo‘{)), K; = diag(e"(a{”a@ 1, Z2‘3‘1) (for f =

d,u), and the relevant parameters are given in a good approximation by

|O‘:10‘8Y1(4)* + O‘glab2Y1(8)*Y1(4)A;4(2Im 7')74| 2

Ag =~ T (2Im 7)™~
B = |2y ® At (2im 7)™,
. Y(4)
A} =~ O‘*’?Y(“ |AY(2Im 7) 72, oY, ~ %(ﬂm )72, (E2)
o
with the phases defined as af = %arg(ongYlM)*), ad ~ %arg(ozlel(S)*) — 2af, of ~
* 4)x u * 4)x u * 8)* u u
%arg(aslasYl() ) + 3af — Lag; ot = %arg(othYl( ) ), af ~ %arg(ozﬂYl( ) ) — 3a¥, ay ~

%arg(a;ach@)*) + 1ot — 1ay. The right-handed quark mixing matrices V4 and V} are

approximately identity matrices up to O(\), that is Vg(u) = I+ O(\), with small

mixing angles given by 6,, =~ %Am(ﬂmﬂ , O %AQ()(QIIHT) ,
2
My %Am(ﬂmﬂ_2 for down-type quarks, and 6",, ~ MAQQ(QHHT) :

4y
or , ~ %A?’E’(ﬂm )4 o, ~ %Am(ﬂm 7)~2 for up-type quarks.

The current best-fit values of the CKM mixing angles in the standard parameteriza-

tion [64] read in the 30 range [55]
03,°) = 2.376 0075, 01s[7] = 0.21055015,  015[7) = 13.003%5055,  d¢p[*] = 65.5155 (E3)

The physical structure of the up- and down-type quark Lagrangian should match up with
the empirical results calculated from the Particle Data Group (PDG) [37]:

mg = 4.677015 MeV ms = 937t MeV , my = 4.187555 GeV
m, = 2.167059 MeV , me = 1.27 4+ 0.02 GeV , my = 173.14+0.9GeV. (E4)

where t-quark mass is the pole mass, c- and b-quark masses are the running masses in the MS
scheme, and the light u-, d-, s-quark masses are the current quark masses in the MS scheme
at the momentum scale p ~ 2 GeV. Below the scale of spontaneous SU(2), x U(1)y gauge
symmetry breaking, the running masses of ¢- and b-quark receive corrections from QCD and
QED loops [37]. The top quark mass at scales below the pole mass is unphysical since the
t-quark decouples at its scale, and its mass is determined more directly by experiments [37].

For the charged-leptons, Eq.(70) must be matched with the empirical values from the
PDG [37] given by m. = 0.511 MeV, m, = 105.658 MeV, m, = 1776.86 = 0.12MeV. The
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left-handed charged-lepton mixing matrix V/ reads
— 163 0 —0y
vi=Cl o 1—12  —6, |K.+O0QY, (E5)
O,  61(1— %95) 1— %«9%

where ¢, = 204 — af, C; = diag(ei®2—2i-a5) eilos—al) gilas—al))  apnd K, =
diag(e i(ad—203) | e’2a1) with of = %arg(af_zYl(S) ), ab ~ %arg(ozjlYl(A‘)*) — %a{, af ~

(4)

* 1
3 arg(aea62yl

¢
) + 2af — a4, and

0, ~ L= o r)t gy~ 2o 0 1y 2 gy 7‘%%2"9 L(2Im7)"2A% . (E6)

|ar| |ar] |

Here 0, ~ O(A\?), 6, ~ O(N), and 63 < O(A') are roughly expected for A, = 0.634 and
Im7 ~ 1. The right-handed charged-lepton mixing matrix V3 is approximately the unit
matrix up to O(\?):

=Y
0{«2 ~ |Oéu(|)z 2|21 | (2 ImT)leA)?( ’

ar

can "

o ~ 10 T‘ 0 21mr) a2,

Qo

‘0562}/(4)‘ _

o8 ~ ﬁ(z Im7)"2AL (ET7)
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