High-Fidelity Controlled-Phase Gate for Binomial Codes via Geometric Phase Engineering
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High-fidelity two-logical-qubit gates are essential for realizing fault-tolerant quantum computation with
bosonic codes, yet experimentally reported fidelities have rarely exceeded 90%. Here, we propose a geo-
metric phase engineering approach for implementing controlled-phase gates for binomially encoded logical
qubits. This method leverages the structural simplicity of geometric drives to reduce the numerical optimization
dimensionality while fully incorporating system nonlinearities, enabling fast and high-fidelity logical operations.
As an example, we experimentally demonstrate a process fidelity of 97.4+0.8% for a controlled-Z gate between
two binomial codes, surpassing all previously reported two-logical-qubit gates in bosonic codes. This work
demonstrates that geometric phase engineering provides an effective and experimentally feasible route to fast,
high-fidelity logical operations in bosonic quantum processors.

Introduction. Quantum error correction (QEC) is a cen-
tral challenge on the path to universal fault-tolerant quantum
computation [1]. Bosonic codes, including Gottesman-Kitaev-
Preskill (GKP) codes [2], cat codes [3], and binomial codes [4],
offer a hardware-efficient approach by exploiting the high-
dimensional Hilbert space of a single bosonic mode to redun-
dantly encode quantum information [5]. Recent years have wit-
nessed critical milestones in bosonic QEC, with logical qubit
lifetimes now surpassing the coherence of their best physical
counterparts in the same system [6—11]. However, most prior
work has remained limited to single logical qubits [6—14].
While there have been demonstrations involving two bosonic
logical qubits, the reported gate fidelities remain relatively low,
with none exceeding 90% to the best of our knowledge [15-19].

The implementation of bosonic codes is typically based on
cavity quantum electrodynamics (cavity-QED) systems, where
storage cavities are used to encode logical qubits and ancil-
lary two-level systems provide nonlinear control as well as
coupling between cavities [20]. In such systems, universal
gate operations are generally realized through two primary ap-
proaches: geometric phase gates combined with displacement
operations, or Hamiltonian engineering. The representative
schemes of the former are the selective number-dependent ar-
bitrary phase (SNAP) gate [21-24] and the echoed conditional
displacement (ECD) gate [25], which are suited for strong-
and weak-coupling regimes, respectively. The latter is exem-
plified by gradient ascent pulse engineering (GRAPE) [26—
28] and other quantum optimal control techniques [29, 30].
Geometric gates have the advantage of a transparent circuit
decomposition, but they are slow, difficult to compensate for
residual cross-Kerr interactions, and susceptible to a contin-
uously changing reference phase between Fock states caused
by the cavity self-Kerr. In contrast, Hamiltonian engineering
enables faster gates, but is sensitive to system latency and ef-
fective drive strengths, and suffers from high computational
complexity when scaled to larger dimensions and multiple

modes. A key challenge for realizing high-fidelity multi-qubit
logical gates is therefore to combine the distinct advantages of
both approaches.

In this work, we propose and demonstrate a new approach,
referred to as geometric phase engineering, to realize a high-
fidelity controlled-phase gate for binomial codes. We leverage
a key property of the binomial code: its ideal controlled-phase
gate is natively equivalent to a geometric phase gate, without
requiring additional displacement operations. This allows us
to adopt a geometric phase method, reducing the number of
control drives that need to be optimized. Building on this sim-
ple control scheme, we then employ waveform optimization
to further shorten the gate duration, compensate for residual
couplings, and enhance the fidelity. A major advantage of our
approach is that the geometric gate preserves photon-number
distributions, confining the optimization to a small effective
Hilbert space and thus significantly lowering computational
complexity. Moreover, because the self-Kerr and cross-Kerr
commute with geometric phase gate operations, our scheme
is insensitive to timing delays among different drive lines. As
a result, we demonstrate a binomial code controlled-Z (CZ)
gate with a fidelity of 97.4%, which, to the best of our knowl-
edge, surpasses all previously reported two-logical-qubit gate
fidelities in bosonic QEC.

Principle. The codewords of the lowest-order binomial code
are defined on the basis of the Fock states [4]:
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Performing a controlled-phase gate is equivalent to adding
an arbitrary phase (e.g. a m phase for a CZ gate) to the
[1.1L) = |22) component, while leaving all other compo-
nents unchanged. To realize this operation, we employ an
ancilla qubit as a coupler between the two logical cavities.
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FIG. 1. Approaches for implementing controlled-phase gate between binomial codes. (a) Geometric phase gate. A frequency-selective drive
is applied to the coupler qubit, targeting the |22) state in the two cavities. This completes a full rotation on the Bloch sphere, imparting a pure
geometric phase of 7 to the |22) component (green). The drive must be sufficiently slow to minimize undesired off-resonant effects on other
states (red). (b) Hamiltonian engineering. This general approach implements arbitrary unitary operations, such as the CZ gate, by driving all
relevant modes with waveforms optimized via quantum optimal control techniques. (c) Geometric phase engineering. It adopts the geometric
phase concept while employing optimization algorithms to further compress the gate duration and achieve higher fidelity. The coupler qubit
undergoes a complex evolution and all Fock states accumulate geometric phases. The control is tailored so that the coupler returns to its ground
state, yielding a 7 phase only on the target |22) state (green) while the phases on all other states are strictly zero (red).

The interaction Hamiltonian is given by (i = 1):

H = —yqa'ale) (e| - xpb'be) (el 2
where @' (@) and b (b) are the creation (annihilation) operators
of the two storage cavities, respectively; |e) is the excited
state of the coupler; y, and y; are the cross-Kerr coefficients
between the coupler and the cavities.

As discussed previously, the logical controlled-phase gate
can be implemented by exploiting the geometric phase. Equa-
tion (2) indicates that the resonance frequency of the coupler
qubit depends on the photon numbers in the cavities. Taking
the CZ gate as an example [Fig. 1(a)], a frequency-selective
drive, resonant with the coupler frequency when the cavities
are in the [22) state, is applied to the coupler qubit. This
induces a full rotation on the Bloch sphere, thereby accumu-
lating a geometric phase of 7 on the target [22) component
(green circle). To ensure spectral selectivity, the drive must be
sufficiently slow to suppress the influence on other Fock-state
components (red circles, which may lead to reduced fidelity);
however, if the drive is too slow, decoherence becomes a dom-
inant source of error. Consequently, optimizing this trade-off
between spectral selectivity and decoherence is essential under
realistic experimental conditions.

A second approach, Hamiltonian engineering, is illustrated
in Fig. 1(b). Despite potential computational challenges, ap-
plying coherent drives to all modes of the system and exploit-
ing the nonlinear couplings described by Eq. (2) makes it, in
principle, possible to implement any unitary operation, with
the CZ gate being a natural instance. For this approach, the

use of optimization algorithms allows the gate time to be mini-
mized, typically achieving durations several times shorter than
the geometric phase gate approach. However, its reliance on
three simultaneous drives necessitates careful calibration of
the system delays.

It should be noted that the two approaches are affected
differently by deviations of the actual system Hamiltonian
from Eq. (2). In the geometric phase scheme [Fig. 1(a)], the
residual cross-Kerr interactions between the two cavities (i.e.,
—xap@tab’b) can only be treated as an error source, thus re-
ducing the gate fidelity. Moreover, self-Kerr terms of cavities
(i.e., —=K;j7jTjJ, with j = a,b) lead to the accumulation of
phases over time. While these phases are non-entangling and
can, in principle, be tracked and compensated by redefining
the phase references of the Fock states in subsequent optimiza-
tions, this procedure adds operational complexity. In contrast,
in the Hamiltonian engineering approach [Fig. 1(b)], all Kerr
terms can be explicitly incorporated into the optimization al-
gorithm, thus avoiding any adverse impact on fidelity and
eliminating the need for additional classical post-processing.

To enhance the gate fidelity, we propose a geometric phase
engineering strategy, as illustrated in Fig. 1(c). The target gate
is first decomposed into a sequence of geometric phase gates
and displacement operations, such that the number of drives
required at each step is minimized. For the binomial-code CZ
gate considered here, the decomposition can be further sim-
plified to a single drive applied to the coupler. To achieve a
shorter gate duration, we must mitigate the infidelity caused by
unwanted rotations of nearby Fock levels. We therefore employ
quantum optimal control techniques, specifically GRAPE, to
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FIG. 2. Quantum process tomography (QPT) for performance characterization. (a) Device layout and the QPT sequence. The device consists
of two cavities (blue) and three transmon qubits, with the middle qubit serving as the coupler (green) and the two side qubits serving as ancillas
(yellow). Measurement of the coupler qubit (gray) is used to filter out unwanted excitations arising from experimental imperfections, thereby
improving the gate fidelity. (b) Results for the encode/decode processes. To exclude leakage, the post-selection probability for the coupler
remaining in the ground state |g) is 96.5%. (c) Results for the full encode-CZ-decode sequence. The extracted CZ gate fidelity is 94.9+0.7%.
By post-selecting on the coupler ground state |g) after the sequence (92.2% success probability), the fidelity is improved to 97.4+0.8%.

optimize the drive waveform. The optimization is constrained
to enforce a solid angle of 7 on the target state |22) (green
curve), while ensuring a strictly zero solid angle for all other
states (red curves). The resulting solution can be regarded as a
black box: although the phases of the relevant Fock states may
evolve rapidly and in a complicated manner during the pro-
cess, the only requirement is that the final outcome faithfully
implements a logical CZ gate. In this scheme, the simplicity of
the drive and the fact that the phase gate does not alter photon
numbers result in an extremely small computational Hilbert
space for the optimization: three dimensions ({|0),|2),[4)})
for each cavity and two dimensions for the qubit. Moreover,
this method inherits the insensitivity to timing delays, a key
characteristic of geometric phase gates, while also retaining the
adaptability to various Kerr effects in the additional Hamilto-
nian, as offered by the Hamiltonian engineering approach.

Results. In the experiment, we characterize the target gate
using standard quantum process tomography (QPT) [31], from
which the corresponding Pauli transfer matrix is obtained and
the fidelity is subsequently calculated [32]. The device is
implemented with a superconducting circuit quantum electro-
dynamics (circuit-QED) architecture [33, 34] and its layout is
shown in the left panel of Fig. 2(a). The blue components
are two long-lived cavities, S and S», serving as the logi-
cal space of the binomial code. The yellow components are
the ancilla transmon qubits [35] associated with each storage
cavity, which are used to perform the QPT protocol and to en-
code/decode the binomial code. The central green component
is the coupler transmon qubit, which mediates the cross-Kerr
interaction of the form given in Eq. (2). The storage cavities
exhibit coherence times on the millisecond scale, whereas the
qubits have coherence times on the order of one hundred mi-

croseconds. The coupling strengths between adjacent modes
are on the order of megahertz. Detailed parameters are pro-
vided in the Supplementary Materials [36].

The QPT sequence is shown in the right panel of Fig. 2(a),
and we reconstruct all the density matrices obtained in the ex-
periment using the maximum likelihood estimation (MLE)
method [37]. We first measure the fidelity of the en-
code/decode processes (with a duration of 3 us each) as a
reference for characterizing the CZ gate fidelity. As illus-
trated in Fig. 2(b), ideally the encode/decode operations to-
gether form an identity. Experimentally, the measured fidelity
is 86.1+0.3%, which is somewhat lower than the fidelities re-
ported for single-cavity, single-qubit GRAPE gates in previous
works [6, 10-12]. The main reason is that the non-negligible
cross-Kerr interaction between S1 and S2 (about 10 kHz) pre-
vents us from performing encode and decode on each cavity
independently. Instead, we must take into account the entire
large system (i.e. Q1 ® S; ® S» ® Q») and perform the GRAPE
optimization jointly. Since the photon numbers during encod-
ing and decoding can be several times higher than in the logical
states, each cavity must be modeled with more than a dozen
Fock levels. This introduces substantial computational chal-
lenges. Moreover, small discrepancies between the calibrated
and actual system Hamiltonian, arising from higher-order ef-
fects in the multi-mode, high-dimensional dynamics, further
reduce the fidelity. This challenge is reflected in previous
works with two logical qubits, where encode/decode fidelity
rarely exceeds 90% [16—18]. Our results thus validate the in-
herent difficulties of Hamiltonian engineering and suggest that
the geometric gate design method proposed here could provide
a viable alternative for improving these fidelities in the future.

Next, we insert the CZ gate (with a duration of 1 us) between
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FIG. 3. Preparation of logical Bell state and joint Wigner tomography. (a) Pulse sequence. The logical superposition states (|0L) + [1.))/V2
are first prepared in both cavities, followed by the application of the CZ gate and a Hadamard gate on S; using Qc as the ancilla. Quantum
states are characterized using joint Winger tomograph. (b) Joint Wigner tomography of the initial product state. (c) Joint Wigner tomography
of the entangled state after applying the CZ gate. (d) Joint Wigner tomography of the final Bell state. Normalization factors are omitted in

(b-d) for clarity.

the encode and decode processes. By normalizing the result-
ing fidelity with respect to the encode/decode reference, we
obtain a CZ gate fidelity of 94.9+0.7%, as shown in Fig. 2(c).
This two-logical-qubit gate fidelity is notably higher than that
of the encode/decode process itself, which we attribute to the
reduced number of drives and shorter duration of the CZ gate.
However, excitations in Q¢ at the end of the CZ gate can
degrade the subsequent decoding fidelity. These excitations
originate not only from the CZ gate itself but also intrinsically
from the two-cavity system. This is evidenced by the unex-
pected leakage of Qc even during the encode/decode process
with no drive applied to Qc. We attribute this leakage to a
transmon ionization-like phenomenon [38, 39], which causes
the entire process to fail but can be mitigated through care-
ful system parameter design in the future (see Supplementary
Materials [36]). To obtain a more accurate fidelity, we there-
fore measure Q¢ at the end [Fig. 2(a), gray] and retain only
the data corresponding to Q¢ being in the ground state. As
shown in the right panels of Figs. 2(b) and 2(c), applying this
post-selection procedure yields an encode/decode fidelity of
88.2+0.3% and a CZ gate fidelity of 97.4+0.8%, with cor-
responding post-selection probabilities of 96.5% and 92.2%,
respectively.

As an entangling two-qubit gate, one important application
of the CZ gate is the preparation of the well-known Bell state.
Figure 3(a) illustrates the sequence for generating a logical
Bell state %(lOLlL) + |1.0L)). We first encode the logical
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FIG. 4. Error budget of the logical CZ gate. The dominant error
source is the dephasing of S;. “Control infidelity” is obtained from
the simulation without decoherence, mainly due to imperfection in
the optimized control waveform.

state |[+L+L) = %[(|OL> + [1L)) ® (|OL) + |1L))] into the two
cavities, then apply the CZ gate to generate entanglement, and
finally perform a Hadamard gate on S,. To visualize the state
evolution, we perform joint Wigner tomography [18, 40] at
the end of each stage, with cross-sections of the resulting joint
Wigner functions shown in Figs. 3(b-d). The experimental
results show excellent agreement with the ideal predictions.
Finally, we analyze the error budget of the measured CZ
gate fidelity. By sequentially including various error channels



in the simulation of the master equation [41, 42], we obtain
the infidelities shown in Fig. 4. The largest contribution arises
from the dephasing of S,, which has an anomalously short
T, compared to typical superconducting cavities. Our results
indicates that with a coherence time for S, comparable to that
of Sy, the CZ gate fidelity could exceed 99%. The remaining
discrepancy between simulation and experiment is likely due
to the limited precision in calibrating the system Hamiltonian.

Discussions. In summary, we have proposed a geomet-
ric phase engineering approach and demonstrated its efficacy
with a binomial-code CZ gate of up to 97.4% fidelity. Our
hybrid strategy leverages optimal control (e.g., GRAPE) to
directly optimize the geometric components of unitarily de-
composed operations. This yields a high-performance gate
that is intrinsically robust to timing delays between drives and
fully incorporates system nonlinearities. The resulting control
pulses maintain a fixed phase reference across all Fock states,
thereby simplifying the design of subsequent quantum circuits.
Our work establishes a scalable and practical paradigm for re-
alizing bosonic quantum gates, paving the way for extending
bosonic QEC to multi-mode, high-dimensional systems.

Future research directions include further improving the
fidelity of the controlled-phase gate, extending it to the error-
correctable regime, and enhancing the fidelity of the encod-
ing/decoding processes. The fidelity of the controlled-phase
gate may be boosted by employing open-GRAPE [28] tech-
niques to mitigate the impact of decoherence and fluctua-
tions in system parameters. To extend the gate to an error-
correctable operation, one may incorporate error-transparent
gate [13], which likely requires additional constraints through-
out the optimization process, rather than only on the initial
and final states. Furthermore, the inclusion of the transmon’s
| f) state could help mitigate the decay error of the coupler
qubit [43]. Enhancing the fidelity of the encoding/decoding
processes could be achieved by engineering improved coupler
designs to suppress residual coupling between the two cavi-
ties, enabling independent operations on each cavity-ancilla
subsystem. Alternatively, our geometric phase engineering
scheme could be directly applied to re-optimize these oper-
ations. Beyond these specific improvements, the framework
introduced here is readily applicable to gate implementations
in diverse bosonic QEC codes, spanning various code types,
orders, and numbers of logical qubits.
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I. EXPERIMENTAL SETUP

The experiment is performed on the same device as in Ref. [1]. The full device contains three storage cavities and four
transmon qubits [2], but this work utilizes only a subset. The wiring diagram is shown in Fig. S1. For simplicity, only one set
of cavity control lines [Fig. S1(a)] and one set of qubit control lines [Fig. S1(b)] are shown, as the wiring is identical for modes
of the same type. The actual experiment uses two sets of cavity lines and three sets of qubit lines; their specific connection ports
and wiring are detailed in Fig. S1(c). The sample is mounted in a cryogenic environment at 10 mK to maintain superconductivity
in the aluminum cavities and tantalum transmons and to suppress thermal excitations.

All drive signals are generated using IQ mixing, and the readout signals from all qubits are amplified by a Josephson parametric
amplifier (JPA). Both the generation of these IQ signals and the readout acquisition are handled by a set of six synchronized
FPGA boards housed in a single chassis. Among them, two boards control the drives for the two cavities; two boards are
dedicated to the coupler qubit’s drive and readout; and the remaining two boards each control and readout one ancilla qubit.
In the latter configuration, where a single FPGA board simultaneously generates both drive and readout signals, precise timing
control, sideband frequency allocation, and marker signals are used to switch between the two functions.

II. SYSTEM HAMILTONIAN

Our device is based on a superconducting circuit quantum electrodynamics (circuit-QED) architecture [3]. The total Hamil-
tonian of the system consists of the individual Hamiltonians of each mode and the coupling Hamiltonians between neighboring
modes:

[:Imt ZI:IQl + I:I31 + I:IQC + I:Isg + ﬁQz

N . N N . (D
+Hs1q1 + Hsigc + Hsagc + Hsis2 + Hsaqo.
The individual Hamiltonians of each mode are given by
N A Ky o«
H =wsazas - TAaIaIasas, for s € {S1,S2}; )

Hy =wy leq) (eq]. for g € {Q1,Q2,Qc}-

Here, 4! (dy) are the creation (annhilation) operators for the storage cavity, and |eq> is the excited state of the transmon qubit.
The coupling Hamiltonians between adjacent modes are

Hyq == xsqalas |eg) (eq], for s € {S1,S2} and ¢ € {Q1,Q2,Qc}s

. R 3)

Hsiso = — xsi1s2dg,ds1dg,ds:.

Here, wy and wy are the frequencies of each mode (s for storage cavities and g for qubits), K are the self-Kerr coefficients, and

Xsq and ysis; are the cross-Kerr coefficients. The mode frequencies, coherent times, and Kerr coefficients are listed in Table S1.

In Eq. (1), we omit the Hamiltonian terms associated with the readout modes for clarity. The readout frequencies and their
cross-Kerr coupling strengths with each qubit are also listed in Table S1.

The system, when driven, can be described by five sets of additional driven Hamiltonians:
AY =&\ (af + a,) + £3i(a] - ay), for s € {S1,S2}: "

Ad _ T A .
Hy =£40x,4 +580'y,q’ for g € {Q1,Q2,Qc}.

Here, 6 are the Pauli operators, and the drive strengths {si., s?} for j € {S1,S7,Q1,Q2,Qc} are obtained by the optimization
process, as shown in Section I'V.

III. BAYESIAN MATRIX OF READOUT SIGNALS

To calibrate the readout errors for the two ancilla qubits (Q; and Q;), we perform a set of reference experiments, as shown in
Fig. S2(a). Initially, both qubits are measured, and the results are post-selected on the ground states to purify the qubits. Next,
we prepare four distinct states sequentially: (1) both qubits in the ground state: |gg); (2) Qp in |g) and Q; in |e): |ge); (3) Qq in
|g) and Q, in |e): |eg); and (4) both qubits in the excited state: |ee). For each prepared state, we then measure the probability
of observing each possible outcome. These measured probabilities are used to construct the Bayesian matrix [Fig. S2(b)], which
characterizes the conditional probabilities of detecting each outcome given a prepared state. This matrix is subsequently applied
during the experiment to correct for readout errors.



(a) x2 (b) x3

(d)
reference signal @ GD E Filter (low- & band- pass) ® Mixer

Eccosorb filter (low-pass) @ Current source

E DC block
@ Generator

0 20dB Attenuator

[ﬂ RF switch @ Circulator
@ Directional coupler +26dBv Amplifier

300K

_— _— _— _— _— —_— —_— _— _— _— _— _— _— _— -
()20dB  ()20dB 4K

_— _— _— _— _— _— _— _— -

(J20dB  (J20dB 700mK

(©) 10mK

cavity drive input qubit drive & readout input
qubit readout output

— Q, readout output

s Q, drive & readout input —

- — Q. readout output

Q, drive & readout input ——

S, drive input ——=
Q drive & readout input ——

S, drive input —

— Q, readout output

FIG. S1. Wiring diagram of the system. (a) Drive lines for the cavity. The real experiment includes two sets of control lines as shown. (b)
Drive and readout lines for the qubit. The real experiment includes three sets of control lines as shown. (c) Wiring of the device. The ports of
these wires are connected to the corresponding parts in (a) and (b). (d) Legend for the main elements. Attenuation and gain values are indicated
in dB. The temperatures for different plates of the cryogenic are indicated with dashed lines and labels on the right.

01 Rq1 Sy Oc Roc S> ) Rq2

W [2n(GHz) |4.9413 7.5521 6.1453 5.2857 7.5882 5.5939 4.8109 7.5925
T (us) 74 0.054 1503 102  0.052 1051 125 0.067
T (us) 65 - 2017 105 - 219 113 —
—xij/2r(MHz)| Q01 Rqi S Qc  Roc Ss 02 R
() 160 2.8 1.025 - — — — -
Roi 28 - - - - -
Si 1.025 - 0.00232 0.594 - 0.00955 - -
Oc — - 0.594 153 2.5 3.104 0.0158 -
Rqc - - - 2.5 - - - -
S» - - 0.00955 3.104 - 0.02810 0.524 —
0> - — - 0.0158 - 0.524 160 2.1
Ro - - - - - %

TABLE S1. Measured mode frequencies, coherence times (energy relaxation time 77 and Ramsey dephasing time 7»), and Kerr nonlinearities.
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FIG. S2. Bayesian matrix calibration. (a) Experimental sequence. The protocol begins with ground state preparation (|gg)), followed by
1100 ns to ensure that the readout resonators decay to vacuum. Conditional bit-flip gates are then applied to each qubit. Finally, simultaneous
readouts of both qubits are performed for measurement statistics. (b) Results of the Bayesian matrix. The values represent the conditional
probabilities of the measured outcomes for the given initial states. The color mapping indicates deviations from the ideal identity matrix.

IV. GRAPE CONSTRAINT CONDITIONS

In this section, we detail the Hamiltonians and constraints for the GRAPE [4, 5] algorithms employed in this work. We denote
|OL) = % and |1) = |2) as the logical states of the lowest-order binomial code.

A. Encode/Decode

In the encode/decode processes, the mode Qc is neglected and drives are applied to all other involved modes. Hence, the
Hamiltonian is

I‘Alen/de = I:IQl + ﬂ31 + I:ISZ + I'AIQz + ﬁSlQl + 1:15152 + ﬁSZQZ + ﬁ?y + I‘A]gl + I:Igz + 1:182 5)

We denote |gen/de,mn) = |mq1,0s1,0s2,nqa) for m,n € {g, e, +,—, +i,—i}, where |£) = (|g) % |e))/V2 and |+i) = (|g) +
ile))/V?2, as the combination of different states in the ancilla qubits with the cavities in vacuum states. Similarly, we denote
|SL.en/de,mn) = |gQ1s mis1, 1L 52, g2) for m,n € {g, e, +,—, +i, i}, where |gL) = [OL), ler) = [1L), [£1) = (|OL) = |1.))/V2
and |+ip) = (|OL) £1]11))/V2, as the combination of different logical states in the storage cavities with the ancilla qubits in

ground states.
Then, the initial and target states of the encode and decode processes can be expressed as:

Encode : |Qen/de,mn> - |SL,en/de,mn> , form,n € {g,e,+,—, +i, —i}; (6)

Decode : [sten/de,mn) = |Genjdemn) > form,n € {g, e, +,—, +i, —i}. (7)

In total, there are 36 constraint conditions for the encode or decode process.

B. CZ gate

For the CZ gate, the modes Q; and Q; are neglected, and drives are applied only to the mode Qc. Hence, the Hamiltonian is
Acz = Hs) + Hoc + Hsy + Hsigc + Hsis2 + Hsaoe + Hyc. ®)

We denote |SL,cz,mn> = \mL,SI ,8QCs nL,52> for m,n € {g, e, +, —1} as the combination of different logical states in the storage
cavities with the coupler qubit in ground state.

Any logical state encoded in the two cavities can be decomposed in the basis of [Or s1,gqc,OL, 52> |OL s1,8Qcs 11, 52>
I s1,8qc, OL 52> and |1L s1,8QC, 1L sz> The action of a logical CZ gate (denoted by a unitary operator Ucz) corresponds to
flipping the sign of the |1L,51, IL’52> component while keeping all other components unchanged. Based on this, we derive the
GRAPE optimization condition for the CZ gate:

CZ: |SL,cz,mn> — Uy |SL,cz,mn>, form,n € {g, e, +,—i}. 9)



C. Hadamard gate

For the Hadamard gate, drives are applied only to Qc and S;. However, since photons in S; can influence both Q¢ and S,, we
must take into account the static Hamiltonian of all three modes jointly. Hence, the Hamiltonian is

Hyaa.s2 = Hsi + Hoc + Hsy + Hsioc + Hsisa + Hsxoc + I:Igc + I?Sz. (10)

We denote sL’Had,mn> = |SL,Cz,mn> because the same modes are used when calculating the control pulses for both the CZ and
the Hadamard gate. The action of a logical Hadamard gate corresponds to

Ins2) — |n%, ), (11)

where n’ € {+, —, e, —i} denotes the counterpart of n € {g, e, +, —i} in the same order. Based on this, we derive the GRAPE
optimization condition for the Hadamard gate on S;:

Hadamards,, Part 1 : |sL,Had,mn> — |sL,Had,mn/> , form,n e {g,e,+,—i}, n’ € {+,—, e, —i}. (12)

In addition to the 16 conditions mentioned above, we further include an additional constraint to improve the fidelity of the Bell
state preparation, which is the main focus in our experiment:

Hadamards,, Part 11 : |01, 8qc, OL,s2) + |OL.s1. 8ocs IL.s2) + |1L,s1, 8oc. OLs2) — |1Lsts 8ocs 1L.s2) (13)

- |0L,51,8QC, ILs2) + |1L,s1,ch, OLs2) -

V. QUANTUM PROCESS TOMOGRAPHY (QPT)

In this work, we adapt the process fidelity defined by the Pauli transfer matrix, following Refs. [6, 7]. The fidelity is defined as

ideal
d*>+d
where Rjdeal and Rexp, are the ideal and experimental Pauli transfer matrix (R matrix), respectively, and d = 4 is the density matrix
dimension.

Tr(R!  Rey) +d
F ( exp) ’ (14)

VI. JOINT WIGNER TOMOGRAPHY

We perform joint Wigner tomography following Ref. [8]. For two cavity modes ds; and ds», the two-mode Wigner function
is defined as

4 A A P N
W(B1,B2) = ) TF[P D1(B)D2(B>) Tl DI (B1)DL(B2) |+ (15)

A A_pgra. . irata
where D ;(8;) = ¢#7%7Pi% s the displacement operator for mode j € {S;, S}, and I1; = €% is the parity operator of that
mode.
For a single mode, the Wigner function at phase-space point 8 can be obtained from the ancilla qubit populations after the
parity-mapping sequence [9] as
2
wp =~ (Pg— Pe), (16)

where P, and P, are the measured populations of the ancilla in the ground and excited states, respectively.
For two modes, each coupled dispersively to its own ancilla qubit, the joint parity operator is

M, =11, ® I. (17)
The joint parity expectation value is then obtained from the four possible outcomes of the two ancillas:
<ﬁ12>=ng+Pee_Pge_Peg- (18)

It is worth noting that these outcomes have been corrected by the Bayesian matrix calibrated in Section III.
Thus, the two-mode Wigner function is reconstructed experimentally as

4
W(ﬂl,ﬁ2)=F(ng"'Pee_Pge_Peg)- (19)
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FIG. S3. Histogram of Qc readout signals at the end of the QPT sequence after applying only the encode/decode operations. (a) Histograms of
Q¢ measurements under all 16 QPT conditions. The white dashed line indicates the threshold used for state discrimination in the experiment.
(b) A zoomed-in view of the data showing the error signals. Note that the “Max” label in the color bar corresponds to the same value as that
in panel (a). (c) Histogram along the Q axis obtained by integrating the data in panel (b) over the / axis, showing that leakage states constitute
the dominant component of the error signals.

VII. POST SELECT Q¢ TO EXCLUDE LEAKAGE

In this section, we discuss the reason for measuring the coupler qubit Q¢ at the end of the experiment and selecting only the
cases where Qc is in the ground state. As mentioned in the main text (Fig. 2) when presenting the QPT results, Q¢ remains in
the ground state only with a probability of 96.5% (for the encode/decode process) or 92.2% (for the encode-CZ-decode process).
This observation is nontrivial. Taking the encode/decode process as an example, no drive is applied to Qc throughout the process,
so the only expected excitation mechanism should be thermal. However, our sample is operated at 10 mK, and the measured
thermal excitation is below 1%, which is insufficient to account for such a large excited-state population.

The histogram of the Q¢ readout signal at the end of the encode/decode process, shown in Fig. S3, reveals three distinct
components. The majority of signals correspond to the ground state |g) [Fig. S3(a)], as expected. Among the error signals
[Fig. S3(b)], some correspond to the excited state |e), which can be attributed to thermal excitation. However, a significant
fraction of the error signals correspond to leakage to at least the level | f). In fact, this leakage constitutes the dominant source of
error events [Fig. S3(c)]. This strong leakage behavior is atypical and has not been observed in other qubits within the system.

We suspect that these high-level excitations may be related to the so-called transmon ionization effect, which has attracted
growing attention in recent years [10, 11]. Transmon ionization is a form of quantum chaotic behavior observed in cavity-transmon
systems, where a cavity prepared in a large-photon-number coherent state effectively acts as a strong drive on the transmon. This
can induce unwanted transitions between low and high energy levels of the transmon, or even promote the transmon beyond its
potential well, leading to ionization.

In our experiment, although the encode/decode GRAPE pulses do not directly drive the coupler qubit Qc, it can populate the
storage cavities S; and S, with relatively high photon numbers (greater than 10), which may induce similar unwanted transitions
in Qc. While a theoretical model describing such effects in multi-cavity systems and for non-coherent cavity states is still
lacking, we have directly observed clear leakage signatures in our measurements. It is also worth noting that, according to
our experimental observations, when multiple cavities are simultaneously coupled to a transmon, the transmon becomes more
susceptible to such transitions, which can occur at even lower photon numbers than in the single-cavity case.

In summary, the post-selection of Qc measurements essentially excludes leakage events likely induced by transmon ionization-
like processes. While a detailed investigation of ionization phenomena in multi-cavity transmon systems is beyond the scope of
this work, we note that similar effects may be prevalent in the multi-mode control of bosonic systems. As the scale of quantum
processors continues to grow, understanding and mitigating such effects will become an important topic for future research.
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