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Abstract

Given a graph G, a set F' of edges is an edge dominating set if all edges in G
are either in F' or adjacent to an edge in F. G is said to be well-edge-dominated
if every minimal edge dominating set is also minimum. In 2022, it was proven
that there are precisely three nonbipartite, well-edge-dominated graphs with girth
at least four. Then in 2025, a characterization of all well-edge-dominated graphs
containing exactly one triangle was found. In this paper, we characterize all well-
edge-dominated graphs that contain a triangle and yet are K4-free.
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1 Introduction

Given a graph G, a set of edges F in ( is called a matching if no pair of edges in F share
a common vertex, and it is called an edge dominating set if each edge in G is adjacent
to an edge in F. We typically want to maximize the cardinality of a matching, giving
us the matching number o/(G), and minimize the cardinality of an edge dominating
set, giving us the edge domination number 7/(G). G is said to be equimatchable if
all maximal matchings in G have the same cardinality. This property was first defined,
independently, by Lewin [12] and Meng [13]. Later Lesk, Plummer, and Pulleyblank [11]
presented a polynomial time algorithm for recognizing when a graph is equimatchable,
and since then, a search for a structural characterization has been a running theme. G
is said to be well-edge-dominated if all minimal edge dominating sets in G have the same
cardinality. Seeing as how any maximal matching in G is also a minimal edge dominating
set, it is no surprise that if G is well-edge-dominated, then it is also equimatchable.
The class of equimatchable graphs are well-studied (see [1, 4, 7, 10]). Notably, Fren-
drup, Hartnell, and Vestergaard [9] proved that a connected equimatchable graph with



no cycles of length less than 5 is either C, C'7, or belongs to the family of bipartite graphs
C that contains K5 as well as those with a bipartition AU B where A is the set of support
vertices. Then in [4], Biiylikcolak et al. characterized all nonbipartite equimatchable
graphs containing 4-cycles. It is worth mentioning that although the equimatchable
graphs were characterized in [11], no structural results were provided so it was unclear
what the class of bipartite graphs containing 4-cycles look like. Since then, several pa-
pers have attempted to give a structural characterization of the bipartite equimatchable
graphs containing 4-cycles (see [5, 6]). Frendrup, Hartnell, and Vestergaard [9] also
proved that an equimatchable graph with girth at least 5 is well-edge-dominated. In
[2] Anderson et al. showed that there are only three nonbipartite well-edge-dominated
graphs with girth at least 4; namely, C5, C7, and C7 which is obtained from C7 by
adding a chord to C7 between two vertices at distance 3. Then in [3], Berg et al. charac-
terized all well-edge-dominated graphs containing exactly one triangle. Based on their
construction, we characterize all K4-free well-edge-dominated graphs of girth 3.

The remainder of the paper is organized as follows. In Section 1.1 we provide defi-
nitions and known results that we rely on in later sections. In Section 2 we provide an
infinite class of nonbipartite K4-free well-edge-dominated graphs which we refer to as G,
and we prove that any nonbipartite Ky-free well-edge-dominated graph is either in G or
one of five exceptions.

1.1 Previous Results

Let G = (V(G), E(G)) be any graph where we write n(G) to denote |V (G)|. Given any
v € V(G), the open neighborhood of v is the set Ng(v) = {u € V(G) : wv € E(G)}
(or simply N(v) when the context is clear). The closed neighborhood is defined to be
Nglv] = Ng(v)U{v} (or simply N[v] when the context is clear). For any set S C V(G),
Ng(S) = UyesNg(v). Similarly, given any edge f € E(G), the open edge neighborhood
of f, denoted N.(f), is the set of all edges in G adjacent to f, and the closed edge
neighborhood of f is N¢[f]. For any v € V(G), the degree of v is degg(v) = [Ng(v)| (or
simply deg(v)). Any vertex with degree one is called a leaf, and its lone neighbor in G
is referred to as a support vertex in G. Given any two vertices u,v € V(G), the graph
obtained by identifying u and v is found by removing u and v from G and replacing
with a vertex w where w is adjacent to each vertex in (Ng(u) U Ng(v)) — {u,v}. We
will refer to the operation of identifying each vertex in S C V(G) into a single vertex to
mean removing each vertex in S and replacing with a vertex w where w is adjacent to
each vertex in Ng(S) — S. Given a graph F, G is said to F-free if G does not contain
F as an induced subgraph.

An edge dominating set is a set D C E(G) such that every edge in G is either in D
or adjacent to an edge in D. The edge domination number of G, denoted 7/(G), is the
minimum cardinality among all edge dominating sets of G. Given e € D, the private
edge neighbors of e with respect to D is the set of edges f where N.[f]N D = {e}. A
matching in G is a set of independent edges in G, and the matching number, denoted
o/ (@), is the maximum cardinality of a matching in G. For any graph G, 7/(G) < o/(G).
Recall that G is bipartite if we can partition V(G) into two independent sets. If G is



bipartite, we write G = (AU B, E) to mean that A and B are the partite sets in G.

G is said to be equimatchable if every maximal matching in G has the same cardi-
nality, namely, o/ (G). Seeing as how our constructions for well-edge-dominated graphs
rely on equimatchable bipartite graphs, one important result regarding equimatchable
bipartite graphs is the following.

Lemma 1. [5] Let G = (AUB, E) with |A| < |B| be a connected equimatchable bipartite
graph. Then each vertex u € A satisfies at least one of the following.

(i) w is a support verter in G,
(11) w is included in a subgraph Ko in G.

The next question would be what can be said about bipartite equimatchable graphs
G = (AUB, E) where |A| = |B|? A graph G is defined to randomly matchable if it is an
equimatchable graph admitting a perfect matching. Sumner characterized all randomly
matchable graphs.

Theorem 1. [1}] A connected graph is randomly matchable if and only if it is isomorphic
to Koy, or Ky, forn > 1.

In this paper, we focus on graphs that are well-edge-dominated, i.e. graphs where
every minimal edge dominating set is also minimum. There is a well-known chain of
inequalities, namely

7(G) < o/(G) <T'(G)

where I(G) is the maximum cardinality among all minimal dominating sets. Thus, if
G is well-edge-dominated, then +/'(G) = I''(G), implying that G is equimatchable. This
together with the fact that all equimatchable graphs of girth 5 or more are characterized
meant that the only well-edge-dominated graphs left to classify were those of girth 3 or
4. In 2022, Anderson et al. [2] proved that there are only three nonbipartite well-edge-
dominated graphs of girth 4. We let C7 denote the graph obtained from C7 by adding
a chord between one pair of vertices at distance three.

Theorem 2. [2] If G is well-edge-dominated with g(G) > 4, then either G is bipartite
or G € {05,07,0;}.

Then in [3], a characterization of well-edge-dominated graphs containing exactly one
triangle was provided. It relied on two infinite families of graphs, each of which were
constructed from well-edge-dominated bipartite graphs (of which we still do not have
a nice structural description, but nevertheless). Given a well-edge-dominated bipartite
graph G = (AU B, E) such that |A| < |B|, we say that v € B is detachable if G — v is
well-edge-dominated. Note that in this case /(G —v) = |A| as G —v contains a matching
of size |A|. Additionally, we say that v € B is strongly detachable if G — v is well-edge-
dominated and each vertex in Ng(v) is a support vertex in G — v. The first class of
well-edge-dominated graphs containing exactly one triangle is denoted F and defined as
follows. We say that G € F if G is obtained from the disjoint union of the house graph



H, depicted in Figure 1(b), and a well-edge-dominated bipartite graph G' = (AU B, E)
where |A| < |B|, by identifying the vertex of degree two in H on the triangle with
w € V(G') where w is strongly detachable. Examples of such graphs are W7 and V7,
found in Figures 3 and 4, respectively. The second class of well-edge-dominated graphs
containing exactly one triangle is denoted 7 and defined as follows. We say that G € T
if G is obtained from the disjoint union of K3 and a well-edge-dominated bipartite graph
G' = (AU B, E) where |A| < |B|, by identifying z € V(K3) with w € V(G’) where w
is detachable. Examples of such graphs are W5, Wy, Wy, V4, V5, and Vg in Figures 3 and
4. Letting Cr denote the “crystal” graph depicted in Figure 1(c) and DH denote the
“dream house” graph depicted in Figure 1(a), the complete class of well-edge-dominated
graphs containing exactly one triangle is the following.

Theorem 3. [3] G is a well-edge-dominated graph with exactly one triangle if and only
ifGeTUFU{Ks,Cr,H,DH}.

x Y
¢ (a) DH b (b) H ‘ (c) Cr :

Figure 1: The dream house (a), the house graph (b) and the crystal graph (c)

In this paper, we characterize all K -free well-edge-dominated graphs containing a
3-cycle. In that vein, we will need the following preliminary results used in the next
section.

Lemma 2. [3] If G is a graph of order at least 4 obtained from the triangle xyz by
appending leaves to x,y, or z, then G is not well-edge-dominated.

Additionally, the “edge version” of a fact used by Finbow, Hartnell and Nowakowski
in [8] is that provided G is well-edge-dominated, then M U D; and M U Dy are both
minimal edge dominating sets of G for any matching M and any pair D; and Dy of
minimal edge dominating sets of the graph G — N.[M]. This was first observed in [2].

Lemma 3. [2] Let M be a matching in a graph G. If G is well-edge-dominated, then G —
N [M] is well-edge-dominated. If G is equimatchable, then G — N[M] is equimatchable.

We also need the following result regarding well-edge-dominated bipartite graphs.



Lemma 4. Let G = (AUB, E) be a well-edge-dominated bipartite graph where |A| < |B).
If y € A is not a support vertex in G, then there exists a minimal edge dominating set
F of G that does not contain an edge incident to y.

Proof. To see this, we construct such an edge dominating set F'. First, for each b €
N¢(y), choose an edge incident to b and a vertex in A — {y} and call the resulting set
Fy. Let A ={ay,...,axr} be the vertices in A — {y} that are not incident to an edge in
Fy. We construct sets F; for each ¢ € [k] in the following way. If there exists an edge
a1t/ such that b’ is not incident to an edge in Fy, set Fy = Fy U {a1b'}. Otherwise, set
Fy = Fy. Continue this process for each 2 < ¢ < k until we arrive at the set Fj,. We
claim that Fj is a minimal edge dominating set of G. Note that if z € A — {y} is not
incident to an edge in FJ, then every neighbor of x in B is incident to an edge in Fj
by construction. So F} is indeed an edge dominating set of (G. Moreover, each edge
e € Fy, — Fy is its own private edge neighbor with respect to Fj. Finally, each edge in
Fy is of the form bx where z € A — {y} and b € Ng(y). Thus, the private edge neighbor
of bx is by. O

Finally, we introduce two other graphs that will show up throughout Section 2. The
graph Fj is the fan on 5 vertices. A diamond is the graph K4 — e for any edge e. Given
a diamond with vertices {w,z,y, z} where w and z have degree 2, we refer to w and z
as the exterior vertices of the diamond, and we refer to x and y as the interior vertices
of the diamond.

2 K,-free well-edge-dominated graphs

Our first step in finding all K4-free well-edge-dominated graphs was to have Sage find
all such graphs up to order 8. Figures 3 and 4 are a complete list of all connected,
well-edge-dominated graphs of orders 7 and 8, respectively. We are now ready to define
three infinite classes of graphs, each of which whose members are well-edge-dominated.
First, we define the class P (referred to as the propellers) and the class W (referred to
as the windmills). Let T1,...,T; be k disjoint triangles and for each i € [k] label one
vertex of triangle T; by v;. G € P if it is obtained from T, ..., T} by identifying each
vertex in {v1,...,v;} into a single vertex (see Wi3 in Figure 3). To define W, we let H
be the house graph, depicted in Figure 1(b), and label the vertex on the triangle with
degree two x. G € W if it is obtained from T, ..., T}, and H by identifying each vertex
in {v1,...,v, x} into a single vertex (see Wy in Figure 3). In either case, the identified
vertex in G will be referred to as the “nose” of the windmill/propeller. We will also
consider K3 as a propeller and ‘H as a windmill. Before defining our broader class, we
show that every graph in P U W is indeed well-edge-dominated.

Lemma 5. If G € PUW, then G is well-edge-dominated.

Proof. Suppose first that G € P and is obtained from the triangles T1,...,T,. Any
minimal edge dominating set will contain exactly one edge from each of the k£ edge
disjoint triangles in G, meaning that v'(G) = k =T"(G).



Next, let G € W. Note that if G =2 H, then G is well-edge-dominated. Thus, we may
assume G 2% H. In addition, assume we have obtained G from the triangles T1,..., T}
and the house graph H where the vertex in H on the triangle with degree two is « by
identifying each vertex in {v1,...,vg, x} (for any v; in T;, i € [k]) into a single vertex w.
Any minimal edge dominating set D of G will contain exactly one edge from each of the
k triangles in G originally found in T7,...,Tk. Moreover, no matter which k£ edges are
chosen from T7,..., T}, the vertices in H — z induce a Cy. So D must contain at least
two edges from H. To see that D contains exactly two edges from H, suppose to the
contrary that D contains three edges from H. Then all three edges must be incident to
a vertex with degree three in H, say y. However, in this case, xy must have a private
edge neighbor which is not in H and since all edges outside H are dominated by an edge
in its respective triangle, D is not minimal. Therefore, D contains exactly two edges
from H. It follows that G is well-edge-dominated. O

Now, we are ready to define our broader class G, built from the classes P U W, as
follows. Consider the graph obtained from the disjoint union of a diamond and K» by
identifying a vertex of Ko with an exterior vertex of the diamond. Call the graph K*
and put K* in G. Additionally, if G € PUW, then put G in G. All other graphs G € G
can be constructed in the following way. Take the disjoint union of

G Wi,...,Wi,P1,...,P.,D1,...,Dy

where G’ = (AU B, E’) is a connected, nontrivial, bipartite and well-edge-dominated
graph with |A| < |B|, W; € W is a windmill, P; € P is a propeller, and each D; is a
diamond. For each diamond, label one of the vertices of degree two as the “nose”. Let
B’ C B be a set such that G’ — B’ is a well-edge-dominated graph with (G’ — B') =
7' (G"), G' — B’ has no trivial components, and |A| < |B — B’|. Each vertex v in B’
is called detachable and it is called strongly detachable if each neighbor of it in G’ is
a support vertex in G’ — B’. Enumerate the vertices of B’ = {s1,..., 8k, @1,..., %}
such that each s; is strongly detachable. Then choose a set {y1,...,y¢} C A where y;
is a support vertex in G’ — B’. We obtain G from G', W1,..., Wy, Py,...,P.,Dy,...,Dy
under the following rules:

(a) The nose of W; is identified with the strongly detachable vertex s; of B'.
(b) The nose of P; is identified with the detachable vertex x; of B’.

(¢) The nose of Dj is identified with the support vertex y; of G’ (which stays a support
vertex in G).

Note that of all the graphs shown in Figures 3 and 4, only W1y, Wy, W3, Wig, and Wio
are not in G. However, Wiy =2 DH and Wis = Cr. So there are only three exceptions of
connected, well-edge-dominated graphs with order 7 or 8 that both contain at least two
triangles (and are therefore not in 7 U F) and are not in G. We next prove that each
graph in G is in fact well-edge-dominated. First, we prove a more general result about
constructing well-edge-dominated graphs from two smaller well-edge-dominated graphs.



Lemma 6. Let G; and G2 be two nontrivial well-edge-dominated graphs with x € V(G1)
and y € V(G2) such that G1 — x is well-edge-dominated with v'(G1 — z) = v'(G1) and
Go —y is well-edge-dominated with v'(Go—vy) = v'(G2). Then the graph H obtained from
G1 and G by identifying x and y is well-edge-dominated with +'(H) = v'(G1) + ' (G2).

Proof. Let w be the identified vertex in H and let F' be a minimal edge dominating set
of H. We claim that FNE (G —x) is a minimal edge dominating set of G1 —x. Indeed, if
not, then some edge e € FNE(G1—x) has no private edge neighbor in G —x with respect
to FNE(G1 —x). However, e does have a private edge neighbor in H with respect to F,
meaning e has a private edge neighbor incident to w. This in turn implies that no edge
in F' is incident to w and F'N E(G1 — z) is a minimal edge dominating set of G1. Hence,
|FNE(G1 —z)| =+ (G1) =+ (G1 — z), a contradiction. It follows that F N E(G1 — x)
is a minimal edge dominating set of G; — x, and as G71 — x is well-edge-dominated,
[FNE(G1—2)| =7/(G1—x) =7/(G1). Similarly, [FNE(G2—y)| = (G2—y) =7 (G2)
from which it follows that |F| = 4/(G1) + +4/(G2). As F is an arbitrary minimal edge
dominating set of H, H is well-edge-dominated. O

Note that each graph in G can be viewed as performing a sequence of identifications
between two well-edge-dominated graphs. Next, we show every graph in G is in fact
well-edge-dominated.

Corollary 1. If G € G, then G is well-edge-dominated.

Proof. Note that the graph obtained by identifying a vertex of Ko with an exterior vertex
of a diamond is well-edge-dominated. Moreover, if G € P U W, then Lemma 5 shows G
is well-edge-dominated. Therefore, we shall assume that G was created from the disjoint
union of

G Wi,....Wi,P1,...,Po.,D1,..., Dy

where G’ = (A U B, E’) is connected, nontrivial, bipartite and well-edge-dominated
with |A| < |B|, W; € W is a windmill, P, € P is a propeller, and each D; is a di-
amond. Further, we shall assume that B’ C B was chosen to create G where B’ =
{s1,..., Sk, x1,...,2,} such that each s; is strongly detachable, and we chose ¥ =
{y1,...,y¢} C A where y; is a support vertex in G’ — B’. In G, we give the vertex
representing an identification with a vertex in B’ UY the same label as the vertex in
B'UY.

Suppose first that W; was used to create G where W; is a windmill that was created
from n; triangles and the house graph. We claim that |E(W;) N F| = n; + 2. Note
first that each of the n; triangles must contain an edge from F. Moreover, the house
graph contains a 4-cycle whose vertices are not the nose of the W;. This means that
F' contains at least two edges from the house graph in W;. To see that F' does not
contain three edges from the house, label the vertices on the house graph in W; as
{zi, yi, Si, ¢i, d; } where s; is the nose of W, x;y;s; is the triangle, and ¢;z; and d;y; are
edges in W;. Note that the only way for F' to contain 3 edges from the house graph is
if F' contains {z;s;, x;y;, a;x;} or F contains {y;s;, y;x;, yib; }. Without loss of generality,



we may assume F' contains {x;s;, z;y;, a;z; }. It follows that the private edge neighbor
of x;s; must be an edge incident to s;, but not y;s;. Moreover, since each of the n;
triangles used to create W; contain an edge of F', the private edge neighbor of x;s; is
s;yw; where s;w; was originally an edge in G’. Moreover, by the construction of G, s; is a
strongly detachable vertex in B’, meaning that s; is a support vertex in G’ — B’ so that
F contains an edge incident to s;. Therefore, x;s; indeed has no private edge neighbor
and |[E(W;) N F| =n; + 2.

Next, suppose for some i € [r] that P; was used to create G where P; is a propeller
that was created from n; triangles. It is clear that |E(FP;) N F'| = n;. Lastly, suppose for
some i € [{] that D; was used to create G where D; is a diamond with vertices z;, y;, z;, w;
where y; is the nose of the diamond and w; is the other exterior vertex of the diamond.
Note that |E(D;) N F| < 2. Suppose that |E(D;)| N F| = 1. It follows that x;z; € F for
otherwise all edges of the triangle w;z;z; are not edge dominated. Note further that by
construction of G, y; is a support vertex in G’ — B’ so that F contains an edge of the
form y;a where y;a is an edge in G’. We may weakly partition the diamonds Dy, ..., Dy
as D1,...,Dq,Dot1,...,Dy where |E(D;) N F| = 2 for i € [a] and |E(D;)NF| =1
otherwise.

Next, note that if |[E(D;) N F| = 2, then at least one of the edges in E(D;) N F is
incident to y;. This is because in G’ — B’, y; is a support vertex. Therefore, if neither
edge in E(D;)NF is incident to y;, then E(G’)NF contains an edge incident to y; which
would imply that for some edge in E(D;) N F, say e, F'— {e} is also an edge dominating
set of G, contradicting the minimality of F. Now for each i € [a], let a; be a leaf of y;
in G' — B', Z be the set of all edges of the form a;y; for i € [a], and let F/ C F be a
matching that saturates all y; € Y where o +1 <1 < /. As G’ is well-edge-dominated,
G'— N [F'UZ] is well-edge-dominated by Lemma 3. Thus, any minimal edge dominating
set of G' — N [F' U Z] has cardinality |A| — ¢. Therefore, there are exactly |A| — ¢ edges
in E(G’) N F that are not incident to a vertex in Y. It follows that

0
|E(G)NF|+ Y |E(D)NF| > |A] = £+20=|A| + 1.
=1

Seeing as how F' is arbitrary, we have that

k r V4 k r
|F| = |E(G)NF[+> (ni+2)+> ni+ Y |ED)NF|=]A[+(+> (ni+2)+> n;
=1 =1 =1 =1 =1

and G is well-edge-dominated.
O

The remainder of the paper is now focused on showing that we have found all K-
free well-edge-dominated graphs of girth 3. We note that our proof will rely heavily
on considering when a well-edge-dominated graph contains a diamond or not. For this
reason, we point out the following observation about the graphs depicted in Figures 3
and 4.



Observation 1. Assume G has order 7 and contains a diamond as an induced sub-
graph. G is a Ky-free well-edge-dominated graph with girth 3 if and only if G €
{W1, Wo, Ws, Wy}, where Wy is the graph in G that contains a diamond as well as three
pendent edges.

x T x x
w z w z w z w z
Y
a C a & a C a C
b b b b
W1 W2 WS W4

Figure 2: The graphs Wy, Wo, W3, and Wy

Before we prove the general result, we consider well-edge-dominated graphs contain-
ing triangles that have small diameter. We refer to any graph G obtained by appending
n > 1 leaves to exactly one exterior vertex of a diamond as a kite. We let K be the set
of all kites. We also let R be the set of all graphs G obtained from the disjoint union of
a propeller or windmill and k£ > 1 copies of P by identifying the nose of the propeller
or windmill with exactly one leaf from each of the Pss. Note that X UR C G.

Lemma 7. Let G be a connected K4-free well-edge-dominated graph built from an in-
dependent set I, a set S, and a triangle xyz such that no vertex t € I is adjacent to a
vertez in {x,y,z} U (I — {t}), and each vertex in S has a neighbor in {x,y,z}. Then
Ge{CryH}UKUPURUW.

Proof. Suppose to the contrary that a counterexample exists and among all such coun-
terexamples, choose one with minimum cardinality. We may assume that n(G) > 9.
Furthermore, if G contains only one triangle, then by Theorem 3 and the assumptions
on G, G e FUTU{H,Ks,Cr} where K3 € P and H € W. Thus, we may assume that
G contains at least two triangles. We proceed by considering whether I = () or I # 0.

Case 1: Suppose I # ().

Let st € E(G) where t € I and s € S. As G is assumed to be well-edge-dominated,
H = G — N¢|st] is well-edge-dominated. Moreover, H satisfies the assumptions in the
statement of the theorem so we may conclude that H € {Cr, H} UK UPUWUTR.

Assume first that at least two vertices of {x,y, 2z} have degree at least three in H.
Without loss of generality, we may assume degy(z) > 3 and degg(y) > 3. It follows that
H e {Cr,H} UK UWUR. However, we have assumed n(H) > 7 meaning that H = Cr
or He KUWUR. Let us assume that H = Cr and label the vertices as in Figure 1 (c).
It follows that {s,a,b,c} = S and {t,d} = I. Without loss of generality, we may assume
that s is adjacent = or y. If sz € E(G), then H' = G — N¢[cd] is a well-edge-dominated
graph containing a triangle with order 7 and yet by choice of minimal counterexample,



H' € {Cr,H} UKUPURUW. However, this cannot be as deg(z) > 4, degy/(y) > 3,
and {z,y, z,a,b} induces the house graph and no such graph in X UP UR UMW satisfies
these conditions. If zs € E(G), then we may also assume that zs ¢ E(G) and sy € E(G).
In this case, H' contains the house graph induced by {z, vy, z, a,b} and yet degy (y) > 4,
which cannot be. Therefore, we may assume that H € KCUWUR. Assume first H € K.
First, label the remaining vertex on the diamond as w and assume that both x and y
are the interior vertices of the diamond and that we have appended leaves b1,...,b, to
w. It follows that {s,w} = S and {b1,...,b,,t} = I. Further, we may assume that s is
adjacent to at least one of z or z. If sx € E(G), then both {sz,wy} and {st,byw,yz} are
minimal edge dominating sets. Otherwise, if sz ¢ E(G) and sz € E(G), then {sz, wy}
and {st,yz,wb;} are minimal edge dominating sets. Note that if z is the exterior vertex
of the diamond with appended leaves, then a similar argument as above works as well.
Finally, assume H € WUR. Note that if H € R, then H is constructed from a windmill
as  and y are assumed to have degree at least 3 in H. Therefore, whether H € W or
H € R, we may assume that H is constructed from a windmill W which contains the
house graph with vertices {z,y, z,a,b} where za and yb are edges, and k > 0 triangles
where the nose of the windmill is z. If k& > 1, we label the remaining vertices of the
windmill as {¢;,d; : i € [k]} where z¢;d; is a triangle in H for i € [k]. Moreover, if
H € R, then said windmill has n > 1 Pss attached to the windmill by identifying z with
one leaf from each of the P3s. In this case, we label each of the remaining vertices of the
Pss as {e;, fi 1 i € [n]} where ¢;f;z is a path in H. Note that if s is adjacent to some
vertex u € {z,y} U{¢;,d; : i € [k]}, then G — N,[ab] contains the propeller with nose z
and yet u does not have degree 2, making it a smaller counterexample. Hence, we shall
assume that the only neighbor of s which is on a triangle is z. Consider H = G — N, [ab]
which we know is either Cr or in CUPURUW. H contains the propeller W — {a,b}
meaning that H % Cr and H ¢ K UP. Moreover, H ¢ W as t is not adjacent to z.
Thus, H € R, tisaleaf in H, Ng(s) C {z,a,b,t}, and Ng(t) C {z,a,b,s}. If W —{a,b}
contains the triangle cidiz, then G — Ne[c1di] € R and we may conclude that G € R.
Similarly, if H contains the pendent edge e; fi, then G — N.[e; fi] € R and we may
conclude G € R. However, now we have V(G) = {z,y, z,a,b, s,t} contradicting that
our chosen counterexample has order at least 9.

Next, assume that exactly one vertex of {z,y,z} has degree at least three in H.
Without loss of generality, we may assume degy(x) > 3. This implies that H does
not contain the house graph as an induced subgraph nor does it contain a diamond.
Therefore, H € P UR where x is the nose of the propeller with degy(z) > 4. Label the
vertices of the remaining triangles other than zyz (if they exist) as xz¢;d; for i € [k] and
label the remaining P3s (if they exist) as we;f; for j € [m]. Recall that G contains at
least two triangles. Therefore, if H contains only one triangle, then we can interchange
the roles of st and eqfi; so that H contains at least two triangles and k£ > 1. If e1 fi
exists, then consider H” = G — Ney f1] where degyn(x) > 3. If degyn(y) > 3 or
degpn(z) > 3, then we have already considered this case above. So we may assume that
degpn(y) = degp(z) = 2 meaning that Ng(s) N {z,y,z} = {x}. On the other hand, if
e1 f1 does not exist, then k > 2 and we consider G — N¢[c1d;]| which again will lead us to
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Na(s)N{z,y,z} = {z}. Lastly, G — N.[yz] contains the triangle xc1d; and is therefore
in P UR where z is the nose of the propeller as it is adjacent to c1,d;, and s. It follows
that G € R.

Case 2: Suppose I = ().

We proceed by considering whether S'is an independent set or not. Suppose first that
S is independent. As we have assumed that G contains at least two triangles, it follows
that there is some vertex in S that is adjacent to two vertices in {z,y, z}. Therefore,
we assume that s € S is adjacent to both = and y. If degy(z) = 2, then every vertex
in S is adjacent to either z or y or both. In this case, xy is an edge dominating set of
G and yet {xz,sy} is a matching in G, which cannot be. Therefore, we may assume
degn(z) > 3. Let s, € S—{s} be a neighbor of z (s is not adjacent to z as G is K4-free).
If there exists s’ € S — {s,s.} adjacent to y, then both {sz,yz} and {sz,s'y,s,z} are
maximal matchings in G. So we may assume Ng(y) C {z, z,s,s,}. A similar argument
shows that we may assume Ng(x) C {y, z,s,s,}. If both z and y have degree 3 in G,
then G € K and we are done. Thus, we shall assume either zs, € E(G) or ys, € E(G).
Without loss of generality, we shall assume zs, € E(G). As G is Ky-free, it follows
that ys, ¢ E(G). Further, |S — {s,s,}| > 4 as n(G) > 9. Let s’ € S — {s,s,} which is
adjacent to z. In this case, both {zs,,ys, sz} and {zz, sy} are maximal matchings in
G. Hence, this case cannot occur and S is not an independent set.

Therefore, we may assume that S is not an independent set. Let si,s2 € S be
adjacent vertices in G. We consider H” = G—N¢[s1s2]. Thus, H" € {Cr}UKUPURUW.
Note that we may assume H” ¢ R as this would imply I # (. If H” = Cr, then we
label the remaining vertices of the induced Py as a, b, ¢, and d where za,yb, and zc are
in E(G). However, this implies that d € I which is a contradiction. Next, suppose
H" € K. This implies that H” is built from the diamond induced by {w,z,y, z} where
w € S. Without loss of generality, we may assume x and y are the interior vertices of
the diamond. Furthermore, since w € S, it must be that H” is built by attaching leaves
bi,...,by to z for otherwise I # (. If both s; and s, are adjacent to a vertex in {w, z,y},
then we could instead view G as built from the triangle wxy so that z,s;, and s are
in S and I = {b1,...,b,}, which is a case we have already considered. Therefore, we
shall assume that Ng(s1) N{x,y,z} = {2} and Ng(s2) N{z,y, 2z} = {z}. In this case, we
could instead view G as built from the triangle zs1s2 where I = {w}, yet another case
that we have already considered. Therefore, H" & K.

Lastly, suppose H” € P U)W where z is the nose of the propeller or windmill. Since
n(H") > 7, we may assume that H” is either built from the house graph where zyz is
the triangle of the house graph and k triangles of the form zr;t; for i € [k], or H” is built
from triangles zyz and zr;t; for i € [k]. In either case, k > 1. If Ng(s;) = {z,s;} where
{i,7} = {1,2}, then G € PUW. Thus, we may assume, up to relabeling, that s; is
adjacent to either x, 71, or perhaps a vertex of degree two on the house graph. If k > 2,
then G — N,[rata] contains the propeller or windmill induced by V(G) — {s1, s2, 72, t2},
meaning that G — Ne[rate] € PUW and Ng(s;) = {sj, 2} for {i,j} = {1,2}, which is
a contradiction. Thus, we shall assume that V(H") = {z,y, 2,a,b,71,t1} where a and
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b are the vertices of degree two on the house graph. If s; is adjacent to a vertex on
the house graph other than z, then G — N.[r1t1] contains the house graph induced by
{z,y,z,a,b} and yet either = or a is adjacent to si, which does not fit the description of
any graph in {Cr, H} UKUPURUW. Thus, we may assume that s; (and similarly, s9)
is not adjacent to any vertex on the house graph. In this case, G — N[ab] contains an
induced propeller and it must be that Ng(s;) = {s;, 2} for {i,j} = {1,2}, and G € W.
Having exhausted all possibilities, no such counterexample exists.

O

We are now ready to prove we have completely characterized all well-edge-dominated
graphs with girth 3. Recall that F5 is the fan of order 5.

Theorem 4. Let G be Ky-free. G is well-edge-dominated with girth 3 if and only if
G e {D?‘[,F5,C7", Wl,WQ,Wg} or G €g.

Proof. Based on Corollary 1, we only need to show that if G is well-edge-dominated
with girth 3, then G € G U {DH, F5,Cr,W1, Wy, W3}. Moreover, if G contains only
one triangle, then we know by Theorem 3 that G € T U F U {K3,Cr,H,DH} and
{H,K3}UT UF CG. So we only consider when G contains at least two triangles. We
first note that if n(G) < 8, then Sage verified that G € G U {Wy, Wy, W3}. Therefore,
we may assume that n(G) > 9. Assuming a counterexample exists, we choose the
counterexample G with the smallest order. We may choose a triangle xyz and vertex ¢
in G such that if we contract z,y, and z into a single vertex 7', then dist(7),t) is greatest
among all choices of triangles xyz and vertices t. Then among all neighbors of ¢ in G,
choose s so that dist(7,s) is maximum. Consider G' = G — N¢[st]. We may write
G’ = GoUI where I is an independent set in G and G| is connected for otherwise st was
chosen incorrectly. We can partition I = I,UI,UI; where each vertex in I, is adjacent to
s and not ¢, each vertex in I; is adjacent to ¢ and not s, and each vertex in I is adjacent
to both s and t. We claim that we may assume I; U I = (). Suppose to the contrary
that £ € I; U Ig. If dist(7T,s) <dist(7,t), then dist(7,¢) > dist(T,t) which would imply
that we should have chosen s = ¢. On the other hand, if dist(7,s) =dist(T,t), then
dist(T,¢) >dist(7,t) and we should have chosen s = t. In either case, we reach a
contradiction. So we may assume that I; U Iy; = (). Furthermore, we may assume that
|I;] <1 for otherwise for some ¢ € I;, G — { is also well-edge-dominated, contradicting
our choice of minimal counterexample. Thus, if dist(T,s) < dist(7',t), then it is possible
¢ exists and is a leaf in G. Otherwise, if dist(7,s) =dist(7,¢), we should have chosen
¢ = t so this case cannot occur. It follows that G’ = GoUI where |I5| < 1 and n(Gy) > 6.
We proceed by considering which graph Gy is isomorphic to. Note that since G is well-
edge-dominated, Gg is well-edge-dominated. Since G is the smallest counterexample,
Go € GU{DH, F5,Cr,Wy, Wy, W3}. Since n(G) > 9, Go % F5. We consider when
Go € {W1, Wy, W3} (Case 1), Gy € {DH,Cr} (Case 2), and Gy € G (Case 3).

Case 1: Suppose first that Go € {Wy, Wa, Ws}.

Label the vertices as in Figure 2. Suppose first that ¢ exists and G has order 10. Note
that H = G — N.[ab] is well-edge-dominated with order 8 and contains both a diamond
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and a leaf, namely ¢. Either H is not connected or H € {Vi, V2, V3} in Figure 4.
Therefore, s (and t) is not adjacent to any vertex in {w,z,y}. Similarly, G — N,[bc] is
well-edge-dominated with order 8 and therefore s (and t) is not adjacent to any vertex
in {z,y, z}. Thus, the only neighbors of s in G are in {a,b, c}. Consider H = G — N,[cz]
which contains the triangle wzy, no diamond, and leaf ¢. Suppose first that H’ is
connected so that H' € {Vy, Vs,...,Vi2} in Figure 4. However, H' contains at most two
leaves and if abs is a triangle, then wxy and abs (or abt) are vertex disjoint triangles with
wa € E(Q). Therefore, H' ¢ {Vy, Vs, Vig, Viz}. Furthermore, degy () = 2 = degy (y)
and degy (w) = 3 so H & {Vs, V7, Vi1}. Also, ¢ is not adjacent to a so H' % Vs. It
follows that H' = Vy where at € E(G) and bs € E(G). However, this implies G — N¢[at]
is connected, with order 8, contains a diamond and one leaf (¢). The only graph in
Figure 4 that satisfies these requirements is V3, but ¢ is not adjacent to z. Therefore,
this case cannot occur and we may assume that H’ is not connected, meaning that s
(and t) can only be adjacent to ¢ in Gy. Thus, H is connected, with order 8, contains
a diamond and at most two leaves. Therefore, H € {V5, V3}. In either case, this would
imply s is adjacent to z, which we have already ruled out as a possibility. Hence, we
may assume that ¢ does not exist and G has order 9.

As before, setting H = G — N[ab], we see that H contains a diamond, but now has
order 7. Suppose first that H is not connected. It follows that s and ¢ are not adjacent
to any vertex in {w,z, z,c¢}. Consider H' = G — N,[cz], which is a connected, well-edge-
dominated graph of order 7. By Figure 3, no connected, well-edge-dominated graph of
order 7 contains three triangles except Wis. Thus, {a,b,s,t} is not a diamond. If H'
contains exactly one triangle, then it must be the case that H' = Wy or H' =< Wiy . In
either case, H” = G — N,[bc] is a connected, well-edge-dominated graph of order 7 that
contains a diamond; however, H” is not Wy, Ws, W3, or Wy, which is a contradiction. If
H"” contains exactly two triangles, then those triangles do not share a common vertex,
which cannot occur by Figure 3. Thus, we may assume that H is connected. By
Observation 1, H € {Wq, Wy, W3, Wy}. It is not possible for H to have three leaves.
Thus, H % W, and we may assume that H € {W;, Wy, W3}. Hence, w is adjacent to
either s or ¢. In either case, G — N, [bc] is also in {W7, Wa, W3} using the same reasoning
that H € {W1, Wy, W3}, and yet w has degree four in G — N[bc]. Therefore, this case
cannot occur either and we may assume Go € {Wy, Wa, Ws}.

©

Case 2: Suppose that Gy € {DH,Cr}.

Suppose first that Gp = DH and label the vertices as in Figure 1 (a). Since o/ (DH) =
3, it follows that o/(G) = 4. Note that by our choice of s and ¢, s cannot be adjacent
to x,y, or z for otherwise we should have chosen ab to act as the edge st. Moreover, by
our choice of s and ¢, this implies that we may assume ¢ is not adjacent to any vertex in
{z,y, z}. Therefore, we have only to consider when s is adjacent a vertex in {a,b, c,d}.
Moreover, since GG is symmetric, we need only consider the two cases where s is adjacent
to a versus the case that s is adjacent to c.

We consider H' = G — N,[bd] which is connected, has order 7 or 8 and contains
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the triangle zyz where degy/(z) = degy/(y) = 2 so z is the nose of the triangle. If
H' contains only one triangle, then by Theorem 3, {s,t,a,c,z} (or {s,t,a,c,x, ¢} if £
exists) induces a bipartite graph J in G with bipartition A; U By where |A;| < |By|
and x is detachable. Suppose first that ¢ exists. This implies that s € Aj, meaning
sa € E(H') and sc ¢ E(H'). However, this implies that = is not a detachable vertex in
J. So we shall assume that ¢ does not exist. Moreover, we must have s € B; meaning
that sc € E(H') and sa ¢ E(H'). If ta ¢ E(H'), then again z is not detachable
in J. Now when we consider G — N,[zy], we have a well-edge-dominated (and thus
equimatchable) graph induced by {s,t,a,b,c,d} containing a perfect matching. Thus,
by Theorem 1, the graph induced by {s, ¢, a, b, ¢, d} must be K33 so sb and td are edges in
G. Now {sc, st, sb,dy,zz} is a minimal edge dominating set contradicting the fact that
o/(G) = 4. So we shall assume that H' contains at least two triangles, and perhaps ¢
exists. Note that H' is diamond-free for otherwise said diamond is induced by {s,t, a, ¢}
and the only graph in Figures 3 and 4 that have an edge between a diamond and a
triangle is V3. However, s is not adjacent to z and ¢ is not adjacent to ¢ so this case
cannot occur. Moreover, the only diamond-free graphs in Figures 3 and 4 that contain
at least two triangles are in {Ws, W11, Wis, Vig, Viza}. We know H' cannot contain an
induced propeller so the only possibility is H' = V5, yet this is impossible as it implies
¢ is adjacent to ¢, which cannot be. Thus, we may assume Gy % DH.

Next, assume that Gy = Cr and label the vertices as in Figure 1 (c). If s is adjacent
to a vertex in {z,y, 2z} and {t,d} (or {¢,d, ¢} if ¢ exists) is an independent set, then G
satisfies the statement of Lemma 7. Thus, G € {KCUPURUW} C G since CUR C G,
and we are done. So we may assume that either s is not adjacent to any vertex in
{z,y,z} or td € E(G). Suppose first that s (and therefore t) is not adjacent to any
vertex in {z,y,z}. As G contains at least two triangles, we may assume one is zyz
and another contains s and two vertices from {a,b,c,d} or contains s and t and one
vertex from {a, b, c,d}. Suppose first that either abs, sta, or stb is a triangle in G. Then
G — N¢[cd] is connected, has order 7 or 8, contains two vertex disjoint triangles and yet
xyz is not on a diamond and each of z and y have degree 3. No such graph exists in
Figures 3 and 4 so this case cannot occur. Similarly, if bcs or stc is a triangle in G,
then G — N.[ad] satisfies the above and yet is not depicted in Figures 3 and 4. So a
second triangle of G must be one of std, sad, or scd. In this case, G — N,[by] contains
a triangle and an induced C5 ({a,d,c,x, z}) which is not depicted in Figures 3 and 4.
Having exhausted all possibilities, we may assume that s is adjacent to some vertex
in {z,y,2} and td € E(G). In this case, G — N,[td] is connected, has order 7 or 8,
contains the triangle zyz where each of z,y, and z have degree at least three and at
least one of z, y, or z has degree 4, and contains at most one leaf. Based on the graphs in
Figures 3 and 4, it follows that G — N[cd] € {Wa, W3, Wg, V3}. However, {a, b, ¢} induces
a path so G — Nc[cd] & {Wg, V3}. It follows that G — Ne[ed] € {Wa, W3}, meaning that
{s,z,y,z} induces a diamond. In this case, exactly two vertices in {z,y, z} have degree
4 in G — N¢[cd|, meaning G — N.[cd] & {W2, W3}, which is a contradiction. Therefore,
Go 2 Cr.

()
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Case 3: Suppose that Gy € G.

We may assume that of {x,y, 2z},  has the maximum distance to s. Suppose first that
s (and therefore t) is not adjacent to any vertex of {z,y, z}. We proceed by considering
whether xyz is on a propeller, a windmill, or a diamond in Gy.

1. Suppose first that zyz is on a propeller in Go. We may assume that z is the
nose of the propeller. It follows that degg (v) = degg,(y) = 2. Consider H =
G — Nc[zy] which has order at least 7. Since neither s nor ¢ is adjacent to a vertex
in {z,y, z}, we infer that deg(z) = degn(y) = 2. If H € G where z is the nose
of a propeller, then G € G and we are done. Thus, we shall assume that either
H e {Cr,DH, W1, W5, W3} or H € G where z is not the nose of a propeller.

Suppose first that H € {W1, Wy, W3}. This implies that n(G) = 9 and ¢ does not
exist. Label the vertices of the diamond as {a, b, ¢, d} where a and ¢ are the interior
vertices. Further, if H = W5, then assume c is the interior vertex with degree 4
and if H =2 Wj, then a is the interior vertex with degree 4 and b is adjacent to the
vertex with degree 3 that is not on the diamond. Label the remaining vertices of
H as {j,k,m} where j is adjacent to d and m is adjacent to b. Note that s,t and
z are all vertices in H. We proceed by considering each of the possibilities for z.
Note that o/ (G) = 4. If z = j, then {jz,ac,bm} is an edge dominating set of G,
which is a contradiction. If z = k, then {kx, ad, bc} is an edge dominating set of
G. If z = m, then {xm,ac,dj} is an edge dominating set of G. In each case, we
reach a contradiction. So we may assume that z is on the diamond in H. If z = d,
then {xzd, km,ac} is an edge dominating set of G. If z = a, then {za,cd, km} is
an edge dominating set of G. If z = ¢, then {cx, ab, jk} is an edge dominating set
of G. If z = b, then {bx, km, cd} is an edge dominating set of G. In each case, we
reach a contradiction so we may assume that H ¢ {Wy, Wy, W3}.

Next, suppose that H = DH. Again we may assume that ¢ does not exist. Label
the vertices of the triangle in H as a,b, and ¢ where a has degree 2 in H. Label
the remaining vertices in H with j,k, m, and r where jkmr induces a path, b is
adjacent to j, and r is adjacent to c. Note that s,t, and 2z are vertices in H. We
consider the different possibilities for z in H. Since DH is symmetric, we need only
to consider when z € {a,b,j,k}. Note that o/(G) = 4. If z = a, then st = km by
choice of s and ¢t. This implies that {jk, cr,za} is an edge dominating set of G. If
z = b, then {bz, cr, km} is an edge dominating set of G. If z = j, then {jz, mr, bc}
is an edge dominating set of G. If z = k, then {kx,cr,ab} is an edge dominating
set of G. In each case, we reach a contradiction so we may assume H 2 DH.

Next, assume H = Cr. As above, we may assume that £ does not exist. Label the
vertices of the triangle in H as a, b, c and the remaining vertices in H as j, k,m,
and r where jkmr induces a path in H, a is adjacent to j, b is adjacent to k£ and
c is adjacent to m. As above, we consider the different possibilities for z in H.
Further, as Cr is symmetric, we only need to consider when z € {a,b, j, k,r}. Note
that o/(G) = 4. If z = a, then {ax,bk,mr} is an edge dominating set of G. If
z = b, then {bx, aj,cm} is an edge dominating set of G. If z = j, then {xj, km, ac}
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is an edge dominating set of G. If z = k, then {zk, ac,mr} is an edge dominating
set of G. If z = r, then {rx, ac, bk} is an edge dominating set of G. In each case,
we reach a contradiction so this case cannot occur either.

Finally, assume that H € G yet z is not the nose of a propeller in H. This implies
that the induced propeller containing the triangle zyz in Gy is K3. Suppose first
that H € P and built from k triangles Ti,...,Ty with V(T;) = {a;, b;,¢;} for
i € [k]. We may assume that H is obtained from the disjoint union 77 U --- U T},
by identifying the set {a; : ¢ € [k]} into a single vertex, call it a. Since we have
assumed 2z is not the nose of P, we may assume with no loss of generality that
z = by. Moreover, H contains s and ¢t and Gy € G. It follows that a ¢ {s,t} and
st = bjc; for some 2 < ¢ < k. Further, since Gy € G, k = 2 as z is the nose of
the propeller containing zyz in Go. However, this implies n(G) = 7 which is a
contradiction. Hence, we may assume H & P.

Since zyz is on a propeller in Gy, it is also the case that H ¢ W and H % K*.
Therefore, we can construct H from the disjoint union of graphs

J,P,....P.,Wi,...,Wi,D1,...,Dy

where J = (A; U By, Ej) is connected, nontrivial, bipartite well-edge-dominated
with [A;| < |By| and we have chosen B, C By such that J — B/, is well-edge-
dominated with no trivial components. Further, when we write

By ={x1,..., 2,81, 8k},

every neighbor of s; in A; is a support vertex in J — B’. So we know that
|Aj| + |Bys| > 3. If we can show that B’} = {zg,z1,...,%r,s1,..., sk} is such that
J — B} is well-edge-dominated with no trivial components where x is the vertex
in J that we identified z with to create Gg and every neighbor of s; in Ay is a
support vertex in J — B}, then G € G. Consider H' = G — N.[zz]. Since y is
on a propeller of Gy and it is assumed that y is not adjacent to s or ¢, it follows
that y is an isolate in H'. Moreover, H' contains a triangle as G contains at least
two triangles. We consider the cardinality of J. Suppose first that J is a star. It
follows that there is some vertex v € By — Bf] for otherwise J — Bf] contains a
trivial component. Therefore, zg € B; — B’ and if |[B; — B’;| > 2, then G € G. So
we shall assume that B; — B, = {x¢}. Thus, By = {xo,x1,...,%r,51,...,5;} and
Ay = {a}. If P, exists with triangle jkm such that j is the nose of P, then the
component G of G — N,[jk| containing a is not well-edge-dominated as it is not in
{Cr,DH, W1, Ws, W3} nor is it in G. We also reach a similar contradiction if W;
exists. However, this would imply that J = K5 and |B;| = |As| which is another
contradiction.

Thus, we may assume that .J is not a star. This implies |A;| > 2 and |B;| > 3.
If H = G — N¢[zz] contains an induced windmill, then n(H’) > 8 and we have
H' € G. Thus, H' is obtained from

J.P,....,P.Wy,....Wy,Dy,...,D,
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where J = J — {z0}, By = By — {ro} and B} = B/} so that J— B} is well-edge-
dominated. Therefore, J — B’} is well-edge-dominated. Moreover, each neighbor
of s; in Ay is a support vertex in J — B}, and G € G. Similarly, if H' contains two
induced diamonds, or H' contains an induced diamond and an induced propeller,
then n(H') > 8 and both H' and G are in G. On the other hand, since H € G,
every triangle in H (and therefore G and H') is either on a diamond where an
exterior vertex has degree two in H, or has exactly one vertex with degree at least
three in H. Hence, since n(H') > 6 and H' ¢ {Wy, Wy, W5, DH,Cr}, it must be
that H' € G. Using the same argument as above, we have that G € G.

. Next, suppose xyz is on an induced windmill W in Gy where z is the nose of the
windmill. Suppose first that Gy € W built from H with vertices {a,b1,c1,d, e}
where abyc; is the triangle, bid is an edge, and all remaining triangles in Gg are of
the form ab;c; for 2 <1i < k (note that k£ > 2 as n(Gp) > 7). Since neither s (nor t)
is adjacent to any vertex in {x,y, z}, we may assume that s is not adjacent to a in G.
Suppose first that s is adjacent to b; (or ¢;) for some i € [k]. Then G — N,[de] is not
well-edge-dominated as there is no graph in G U {Cr, DH, Wy, Wy, W3} containing
an induced propeller where a vertex other than the nose of the propeller has degree
at least three in the graph. So the only neighbors of s (and therefore ¢) in G are
in {d,e}. Without loss of generality, assume that sd € E(G). Let H = G —
Nc[baca] which is connected and n(H') > 7. As H’ contains the house graph as an
induced subgraph (with vertices {a, b1, c1,d, e}) and degy (c1) = degg(b1) = 3 and
degp(d) > 3, it follows that H' = DH. In this case, both {st,de} U{bic; : i € [k]}
and {et,bid} U {ab; : 2 < i < k} are minimal edge dominating sets in G, another
contradiction. Thus, we may assume Go &€ W.

Therefore, we can construct Gy from the disjoint union of graphs
S, Py P Wy, oo Wy, D1, Dy

where W7 = W, J = (A; U By, Ej) is connected, nontrivial, bipartite well-edge-
dominated with |A;| < |By| and we have chosen B/, C B; such that J — B’} is
well-edge-dominated with no trivial components. Further, when we write B/, =
{z1,...,@r,51,..., 5k}, every neighbor of s; in Ay is a support vertex in J — B/.
So we know that |A ;| + |By| > 3 as there is some neighbor u € A; adjacent to s;
which is a support vertex in J — B’;. We let v be a leaf of u in J — B’;. Regardless
of whether xyz is on the house graph in W or not, we label the vertices of the
house graph in W; as {z,a,b,c,d} where zcd is the triangle and da € E(G). We
argue that degg(a) = degn(b) = 2. Suppose to the contrary this is not the case.
Since deg, (a) = degg,(b) = 2, it must be that s is adjacent to either a or b in
G. Without loss of generality, assume sa € E(G). Let G be the component of
G — N.[uv] containing z. Therefore, G contains an induced windmill with nose z
yet the degree of a is at least three. Since z is not adjacent to s or ¢, it follows
that G = DH and W; = H. Thus, zed = zay, dist(7, s) = 2 and since G =~ DH,
neither s not ¢ is adjacent to any vertex in G other than potentially {u,v,a,b}.
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We know that G contains a second triangle and if that triangle is on P, or W5 in
G, then st was chosen incorrectly. Therefore, B, = {s1}. Similarly, st was chosen
incorrectly unless J is a star and we can write Ay = {u} and By = {v1,...,vm, 51}
where v1 = v. If D; exists with vertices {u,w;,ws, w3} where ws is an exterior
vertex, then we should have chosen xyz = wijwows as neither s nor ¢ is adjacent to
any vertex on this triangle. Hence, D does not exist either and the second triangle
in G involves st. In this case, G — N¢[ab] is connected and in G with triangle stv,
and v exists. But then {as, tb, ad, cb, uve} is a minimal edge dominating set of G
as well as {st,ab, cd,uvs}, the final contradiction. Thus, degg(a) = degq(b) = 2.

Now consider H = G — N,[ab] where zyz is on a propeller with nose z and H is

built from N
J.Pi,...,Poi1,Wa,...,Wy,D1,...,Dy

where J = (4 7U By, E5) with |[A5| < |Bj| which is nontrivial, connected, well-
edge-dominated and Bff C By is chosen so that J— B} is well-edge-dominated
with no trivial components. Further, P,11 = W; — {a,b} and we may write Bff =
(x1,... Trs1,82,...,5k} where the nose z of P, is identified with x,4;. All we
need to show is that every neighbor of z,41 in Jis a support vertex in J— Bf7.
Suppose that there is some u' € N3(x,41) that is not a support vertex in J— B}.
Note that u' ¢ {s,t} as neither s nor t is adjacent to z. As u/ was a support
vertex in J — B’; with leaf ¢/, this means that in H v’ is adjacent to either s or
t. Without loss of generality, let us assume sv’ € E(G). Let F be any minimal
edge dominating set of Gy. We can also assume that the remaining vertices in W}
other than those on the house graph induced by {z,a,b,c,d} are of the form b;, ¢;
for i € [k] where zb;c; is a triangle. Note that F' contains an edge incident to v’ so
|[FNE(Wy)| =k+2. Let F/ = FNE(W7) together with the edge in F' incident to
u’. One can easily verify that

(F— F)u{sv'}U{bic; : i € [k]} U{zc,ad}
is a minimal edge dominating set of G with cardinality
|F—F'|+1+k+2=]|F|

On the other hand, F' U {st} is also a minimal edge dominating set of G, which is
a contradiction. It follows that no such v’ exists and G € G.

. Suppose that xyz is on a diamond and w is the fourth vertex of the diamond.
Without loss of generality, we may assume z and y are interior vertices of the
diamond. We shall assume first that w is the nose of the diamond and consider
H = G — N¢[yz| which is connected and has order at least 7 as s is not adjacent
to either y or z. Moreover, x is a leaf of w in H so that H € G and H ¢ PUW.
This implies that H is built from

J,Pi,...,P.,Wi,....,Wi,D1,...,Dy

18



where J = (A;UBy, E) is a connected, well-edge-dominated bipartite graph with
|Aj| < |Bys| and we have chosen B, C By such that J — B/, is well-edge-dominated
with no trivial components. Furthermore, x € By. Set J' = J — {a}, Ay = Ay,
By = By — {z}, and B, = B’,. If we can show that J' = (Ay UBy,Ey) is a
connected, well-edge-dominated bipartite graph with |Ay| < |By| and J' — B/, =
J' — B, is well-edge-dominated with no trivial components such that w is still
a support vertex in J' — B’;, then we have shown that G € G. First, consider
H' = G — N.[zy] which is also connected, but has order at least 6 as z is an isolate
in H'. However, since H & {Cr,DH, W1, Wo, W3}, H & {Cr,DH, W1, W, W3} so
H' € G. Thus, since H and H’ differ only by a leaf, this means that we can build
H' from
J P, ... P Wi,... . Wy, Di,...,Dy

such that J’ is well-edge-dominated where |A | < |Bj/|. Moreover, letting B’,, =
B';, we see that J' — B’; is well-edge-dominated with no trivial components. We
only need to show that w is a support vertex in J' — B’;. Suppose for the sake of
contradiction that w is not a support vertex in J' — B’;. We construct two different
minimal edge dominating sets for G. For each P;, let F; be the set of edges which
are not incident to the nose of P;. For each Wj, let F; be any maximal matching
of W; with edges that are not incident to the nose of W;. For each D, let e; be
the edge between two interior vertices of D;. Since w is not a support vertex in
J', by Lemma 4, there exists a minimal edge dominating set F' of J’ that does not
contain an edge incident to w. Then both

r k
FUUEZ-UUFjU{el,...,eg}U{a:y}
i=1 j=1

and
_ r k
FU UEiU UFjU{el,...,eg}U{xz,yz}
i=1 j=1

are minimal edge dominating sets of G, which cannot be. Thus, w is a support
vertex in J' and G € G.

Lastly, assume that z is the nose of the diamond containing zyz and degq, (w) = 2.
If w is not adjacent to s or ¢, then we should have chosen wzxy to act as the triangle
where dist(7,t) is maximum. Therefore, we shall assume that sw € E(G). It
follows that dist(7,s) =2 and dist(7,t) < 3. Moreover, Gy is built from

J,Pi,...,Po,Wh,...,.Wi,D1,...,Dy

where D has vertices {w,z,y, 2}, J = (A7U By, E5) is a connected, well-edge-
domin~ated bipartite graph with [A5| < |B5| and we have chosen B} C By such
that J — BL/T is well-edge-dominated with no trivial components. Furthermore, we

have identified z with a € A7 which is a support vertex in J— B} with leaf b,.
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Suppose there exists a’ € Ay — {a}. As J is connected, we may assume that a
and o’ share a common neighbors, say ', in B 7. It follows that the component
Hin G — N,[a'V] containing w contains the vertices {w,z,y, z,s,t,b,}. Thus,
H € {Cr,DH, W1, Wy, W3} UG. However, H contains a diamond and therefore
H ¢ {Cr,DH}. On the other hand, H contains a diamond where both exterior
vertices have degree at least three and neither s nor ¢ is adjacent to = or y. It
follows that H =~ W, and tb, € E(G). Moreover, ¢ does not exist. And now
when we consider G — N¢[tb;], we have a connected graph with order at least 7
and a diamond where both exterior vertices have degree at least three. Thus,
G — N.[th,] = W, meaning that J = P;, which is not a well-edge-dominated
bipartite graph. It follows that no such o’ € A5 — {a} exists and J is a star and
we can write By = {b1,...,b,} where b, = b,. If t is adjacent to some b;, then
G — N,[tb;] is connected with order at least six and contains a diamond where both
exterior vertices have degree at least three. Thus, G — N,[tb;] € {W1, Wy, W3} and
yet this cannot be as By is an independent set. Therefore, this case cannot occur
either and we may conclude that G € G.

Finally, we assume that s is adjacent to at least one vertex of {x,y, z}. In this case,

we can write V(G) = {z,y, 2} USUT where each vertex in S has a neighbor in {z,y, z},

and each vertex in 7" has a neighbor in S, but no neighbor in {z,y,2}, and T is an

independent set in G. However, now G satisfies the statement of Lemma 7, meaning
that G € {Cr, H} UK UPURUW. Since CUR C G, we are done.

O

3 Concluding Remarks

We now have a characterization for all non-bipartite, well-edge-dominated graphs that do
not contain an induced K4. Therefore, the final step to characterizing all non-bipartite,
well-edge-dominated graphs would be to characterize those that contain an induced Kj.
We believe that it is possible to characterize such graphs based on adding K4s to graphs

inG.
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Appendix

4.1 Classes of Graphs

e Class F: A graph G € F if GG is obtained from the disjoint union of the house
graph H, depicted in Figure 1(b), and a well-edge-dominated bipartite graph G’ =
(AU B, E) where |A| < |B|, by identifying the vertex of degree two in A on the
triangle with w € V(G') where w is strongly detachable.

e Class 7: A graph G € T if G is obtained from the disjoint union of K3 and a well-
edge-dominated bipartite graph G’ = (AU B, E) where |A| < |B|, by identifying
x € V(K3) with w € V(G') where w is detachable.

e Class P (Propellers): Let T1,...,T} be k disjoint triangles and for each i € [k]
label one vertex of triangle T; by v;. A graph G € P if it is obtained from T1, ..., Tk
by identifying each vertex in {v1,...,vx} into a single vertex.
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e Class W (Windmills): Let Ty, ..., T} be k disjoint triangles and for each i € [k]
label one vertex of triangle T; by v;. Let H be the house graph, depicted in
Figure 1(b), and label the vertex on the triangle with degree two x. A graph
G € W if it is obtained from Ti,...,Tk, and H by identifying each vertex in
{v1,..., vk, 2} into a single vertex.

e Class G: A graph G € G if:

— The graph G = K*, where K* is obtained from the disjoint union of a diamond
and Ky by identifying a vertex of Ko with an exterior vertex of the diamond.

—GePuUw.

— G can be constructed in the following way. Take the disjoint union of
G Wi,....Wi,P,...,P.,Dq,...,Dy

where G’ = (AU B, E’) is a connected, nontrivial, bipartite and well-edge-
dominated graph with |A| < |B|, W; € W is a windmill, P; € P is a propeller,
and each D; is a diamond. For each diamond, label one of the vertices of
degree two as the “nose”. Let B’ C B be a set such that G’ — B’ is a well-edge-
dominated graph with 4/(G'—B’) = 4/(G"), G'— B’ has no trivial components,
and |A| < |B — B’'|. Each vertex v in B’ is called detachable and it is called
strongly detachable if each neighbor of it in G’ is a support vertex in G' — B’.
Enumerate the vertices of B' = {s1,..., 8k, x1,...,2,} such that each s; is
strongly detachable. Then choose a set {y1,...,y/} C A where y; is a support
vertex in G’ — B’. We obtain G from G',Wy,..., Wy, Py,...,P.,Dy,...,Dy
under the following rules:

(a) The nose of W; is identified with the strongly detachable vertex s; of B'.
(b) The nose of P; is identified with the detachable vertex x; of B'.

(¢) The nose of D; is identified with the support vertex y; of G’ (which stays
a support vertex in G).

e Class K (Kites): A graph G € K if G is obtained by appending n > 1 leaves to
exactly one exterior vertex of a diamond.

e Class R: A graph G € R if GG is obtained from the disjoint union of a propeller or
windmill and k > 1 copies of P3 by identifying the nose of the propeller or windmill
with exactly one leaf from each of the Pss.
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4.2 Connected Well-Edge-Dominated Graphs with 7 Vertices

SOERSSERS AR =

Wl W2 W3 W4
W5 W@ W7 Ws W9
Wio Wi Wia Wiz

Figure 3: All well-edge dominated graphs of order 7, only Wy, Wy, W3, and W, contain
a diamond
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4.3 Connected Well-Edge-Dominated Graphs with 8 Vertices

OEOHA

Vi Va Vi Vi
Vs Ve V7 Vs
Vo Vio Vi Vio

Figure 4: All well-edge dominated graphs of order 8 where only V1, V5, and V3 contain a
diamond
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