LOCAL COHOMOLOGY MODULES OF A REGULAR AFFINE
DOMAIN

SAYED SADIQUL ISLAM

ABSTRACT. For a Noetherian commutative ring R, let H:(R) be the i-th local cohomology
module of R with respect to I. In [6], Hellus posed the question of identifying rings R such that
injdimp Hi(R) = dimg(Suppg Hi(R)). In this paper, we show that a regular affine domain
over a field of characteristic O satisfies this condition. In fact, we prove that injdimy Hi(R) >
dimg(Suppy Hi(R)) — 1 when R is a differentiably admissible K-algebra. Indeed, we establish
both of these conclusions for a substantially broad class of functors known as Lyubeznik functors.
We also prove that if R is a polynomial ring over a differentiably admissible K-algebra, then
Assg Hi(R) is finite for all i > 0 and for every ideal I of R.

1. INTRODUCTION

Throughout this paper, R is a commutative Noetherian ring with unity. For a locally closed
subscheme of Spec(R), let Hi,(M) denotes the i-th local cohomology module of M supported
in Y. When Y is closed in Spec(R), defined by an ideal I of R, Hi{.(M) is denoted by H:(M).

Local cohomology modules are not finitely generated in general. For example, if (R, m) is
a local ring of dimension d > 1, then HZ(R) is never finitely generated. The lack of finite
generation has turned attention of researchers to study other type of finiteness properties. In
this direction, one deals with the following finiteness properties of local cohomology modules
over certain regular rings.

(1) H]%(H}(R)) is injective, where m is maximal ideal of R.
(2) injdimp HY(R) < dimg(Suppg H:(R)).

(3) The set of associated primes of Hi(R) is finite.

(4) All the Bass numbers of Hi(R) are finite.

The above properties were first proved by Huneke and Sharp in [7] for regular rings of char-
acteristic p > 0 using Frobenius map. Later Lyubeznik in his remarkable paper [9] used the
theory of D-modules and proved properties (1), (2) and (4) for large class of functors (known
as Lyubeznik functors) over regular rings containing a field of characteristic 0. He also proved
(3) under the assumption that R is local. Later in [10] Lyubeznik developed the theory of F-
modules over regular rings containing a field of characteristic P > 0 and proved the results of
Huneke and Sharp for Lyubeznik functor. Recently, Bhatt et al. in [3] proved property (4) for
smooth Z-algebras.
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In [6], Hellus deals with following question.
Question: When does injdimp H(R) = dimpg(Suppp H:(R)) hold?

He also provided a positive answer to this question when R is either Noetherian regular local
ring containing a field with H:(R) a I-cofinite or R is Noetherian local Gorenstein ring with
H}(R) = 0 for n # i; see [0, Corollary 2.6, Remark 2.7]. Hellus further provided examples of R
where the equality does not hold; see [0, Example 2.9, 2.11].

Let R be the polynomial ring KJ[z1,...,z4] where K is a field of characteristic 0 and let
T be a Lyubeznik functor in the category of R-modules. In [16], Puthenpurakal proved that
if ¢ = injdimp T (R), then pu.(P,T(R)) = 0 for each non-maximal prime ideal P of R. As
a consequence, he proves that injdimg(7(R)) = dimp(Suppgr 7(R)). Later in [22], Zhang
proved a stronger version of these results by establishing it for holonomic Dx (R)-modules.
Puthenpurakal also asked if these results can be extended to positive characteristic. In [22],
Zhang gives positive answer to these question as well by proving injdimp M = dimg(Suppp M)
for Fgr-finite, Fr-module M where R is a regular ring of finite type over an infinite field of
characteristic p > 0.

Taking these results as motivation, we now state the results proved in this paper.

Theorem A. (Theorem 3.7) Let K be a field of characteristic 0 and R be a regular affine domain
over K. Let injdimp T (R) = ¢ for some Lyubeznik functor T on Mod(R). If the Bass number
te(P, T(R)) >0 for some prime ideal P of R, then P is a mazimal ideal of R.

Note that if R is a regular K-algebra and 7 is a Lyubeznik functor then injdimp 7(R) <
dimp(Suppp T (R)), see [9, Theorem 3.4] and [10, Theorem 1.4]. Surprisingly, as a direct impli-
cation of Theorem A, we establish that the equality holds for regular affine domains over a field
of characteristic 0.

Corollary B. (Corollary 3.8) Let K be a field of characteristic 0 and R be a reqular affine domain
over K. Let T be a Lyubeznik functor on Mod(R). Then, injdimg T (R) = dimpg(Suppg T(R)).

Effort has also been made to obtain lower bound for the injective dimension of F-module and
D-module. M. Dorreh in [5] proved that if M is either a F-finite, F-module over a regular local
ring of characteristic p > 0 or if a module of the form H}(R), over a regular ring of characteristic
0, then injdimp M > dimp(Suppgr M) — 1. Later, Zhang and Switala in [20] proved same result
for holonomic D-modules over formal power series ring over a field of characteristic 0 and for
F-finite, F-modules over regular rings of characteristic p > 0. When the regular ring does not
contain a field, the bounds on injective dimension of local cohomology modules are different.
In [23], Zhou proved that injdimp H:(R) < dimpg(Suppy Hi(R)) + 1 when R is an unramified
regular local of mixed characteristic and I is an ideal of R.

The next result we prove is the following.
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Theorem C. (Theorem 4.5) Let R be a differentiably admissible K -algebra where K is a field
of characteristic 0. Let T be a Lyubeznik functor on Mod(R). Then

injdimp 7 (R) > dimg(Suppr T (R)) — 1.

As mentioned at the very beginning of the Introduction, substantial progress has been made
toward identifying rings for which local cohomology modules have only finitely many associated
primes. In fact, in [I 1] Lyubeznik conjectured the following.

Conjecture: Let R be a regular ring and I be an ideal of R. Then for each ¢ > 0, the set
Assp H(R) is finite.

In general, the above problem has a negative answer when R is not regular. Singh gave the
first example of a singular ring R having an ideal I such that Assg Hi(R) is infinite; see [19].
Further negative examples appear in Katzman’s work [3] and Singh-Swanson’s [21].

Now we state the final result of this paper.

Theorem D. (Theorem 5.2) Let R be a differentiably admissible K-algebra and S be the
polynomial ring R[x1,...,Tm]. If I is an ideal of S, then the set Assg Hi(S) is finite.

We now describe in brief the contents of this paper. The paper is organized in five sections.
Section 2 introduces the necessary preliminaries and key supporting results. Section 3 is devoted
to the proof of Theorem A and as an interesting consequence we derive Corollary B. In section
4, we prove Theorem C. Finally, the last section proves Theorem D.

2. PRELIMINARIES

This section reviews the theory of D-modules, introducing necessary definitions and results
that will be referenced throughout the paper.

2.1. Rings of differential operators: Let R be a commutative A-algebra. The ring of A-
linear differential operators of R is a subring D4(R) C Homy4 (R, R) whose elements are defined
inductively as follows: the differential operators of order zero are defined by the multiplication
by elements of R, i.e. D°(R) = R. Suppose we have defined operators of order < n. An operator
d € Homa(R, R) is of order less than or equal to n if [d,7] = dr — rd is an operator of order less
than or equal to n — 1 for all 7 € R. We have a filtration DY (R) C DL (R) C ... and the ring of
differential operators is defined as
Da(R) = | DF(R).
m>0

Let M be a Dy(R)-module and f € R. Then My is also a D4(R)-module such that the
natural map M — Mjy is a morphism of D4(R)-modules. Let I C R be an ideal of R generated
by f = f1, f2,..., fr € R, and let M be an R-module. Then the Cech complex of M with respect
to f is defined by

C'(f,M): 0—>M—>@Mﬂ %@Mfifj — ... = Mg . —0
i 1:7j
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where the maps on every summand are localization map upto a sign. The local cohomology
module of M with support on I is defined by

Hj(M) = H'(C*(f,M))

Therefore, it follows that every local cohomology module over a D 4(R)-module is again a D 4(R)-
module.

2.2. Rings of differentiable type: We say that an associative ring R is filtered if there exists
an ascending filtration o C 31 C 3. .. of additive subgroups such that 1 € Xy, [J¥; = R and
Y2 C X;qj for every ¢ and j. We denote by gr>(R) the associated graded ring which is defined
as

grE(R) =0 @31 /S0 B 8y/S1 & ...

R is said to be a ring of differentiable type if gr*(R) is commutative Noetherian regular with
unity and each graded maximal ideals have same height [14, Definition 1.1.1].

Let R be a filtered ring of differentiable type with filtration {3;}. A filtration {I';} compatible
with {3;} on a left R-module M is called good if the associated graded gr*(R)-module gr' (M) is
finitely generated. It is well known that a left R-module M can be equipped with good filtration
if and only if it is finitely generated and the Krull dimension of gr™(R)-module gr' (M) does not
depend on the choice of the good filtration I' of M. This number is called Bernstein dimension
of M and denoted by d(M).

Let us recall the following result from [14].

Theorem 2.3. [, Theorem 1.2.2] Let R be a ring of differentiable type. For a nonzero finitely
generated left or right R-module M, the following holds

gradeg (M) 4 d(M) = dim(gr*(R))

where

gradep(M) = inf{j > 0 : Extl;(M, R) # 0}.

In particular, d(M) > dim(gr*(R))—w. gl. dim(A) where w. gl. dim(A) denote the weak global
dimension of A. If this is an equality (or if M = 0), then M is said to be holonomic or module
in the Bernstein class.

Now we define what is called a differentiably admissible algebras over a field of characteristic
0. These algebras were introduced by Nunez-Betancourt in [2].

Definition 2.4. Let K be a field of characteristic 0. We call a K-algebra R differentiably
admissible if it is Noetherian, reqular with unity and satisfies the following conditions:

(1) R is equi-codimensional of dimension n, i.e, the height of any mazximal ideal is equal to n.

(2) Ewvery residual field with respect to a maximal ideal is an algebraic extension of K.

(3) Derg(R) is a finitely generated projective R-module of rank n and Ry ®pr Derg(R) =
Derg (Rm) for each mazimal ideal m of R.
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This hypothesis of the above definition is inspired by a result of Mebkhout and Narvaez-
Macarro; see [14, 1.1.2]. There R is a commutative Noetherian ring containing a field K of
characteristic 0 and satisfies hypothesis (1) and (2) of the definition but instead of condition (3),
there exist K-linear derivations 01,...,0, € Derg(R) and a1, ...,a, € R such that 0;(a;) = ;5.
In this way, the algebras considered by Nunez-Betancourt includes a larger class of rings; see [2,
Proposition 2.6].

It is clear that the localization of a differentiably admissible K-algebra at a maximal ideal
and the completion of a differentiably admissible K-algebra at a maximal ideal are again a
differentiably admissible K-algebra. If R is a differentiably admissible K-algebra of dimension
d, then the power series ring R[[y]] is also a admissible K-algebra of dimension d + 1 [15,
Proposition 5.5]. It is worth mentioning that the property does not carry over polynomial rings
(for example, see [15, Page 28]). We note that any equidimensional regular finitely generated K-
algebra is also differentiably admissible [14, Proposition 1.2.4.1]. Interested readers are referred
to [17] and [18] for some recent examples. We also note that the authors in [1] extend most of
Lyubeznik’s finiteness properties for D-modules over formal power series rings to differentiably
admissible K-algebras.

Let R be a differentiably admissible K-algebra and D be the corresponding ring of differential
operator on R. We refer [9] for the definition of Lyubeznik functor, but we note that the
composition of local cohomology functors of the form Hﬁ(HE( H}:(—) ...) are significant

examples of Lyubeznik functors. The following result is important for us.

Theorem 2.5. [2, Theorem 4.4] Let R be a differentiably admissible K-algebra and let T be a
Lyubeznik functor on Mod(R). Then, Assg T(R) is finite. In particular, this holds for Hi(R)
for every i > 0 and ideal I of R.

3. HoLoNOMIC D-MODULES OVER DIFFERENTIABLY ADMISSIBLE ALGEBRAS

Throughout this section, we continue to assume K to be a field of characteristic 0. In this
section, we prove Theorem A and as an interesting consequence we derive Corollary B. Before
that we need some results about holonomic D-modules over differentiably admissible K-algebra.

We now recall the following result from [13].

Theorem 3.1. [13, Proposition 1.2.3.9] Let R be a differentiably admissible K -algebra. For any

mazximal ideal m of R, the canonical maps
Ry ®rD(R,K) = D(Rn,K) < D(R,K) ®pr Rn
are isomorphisms.
We recall a result from [!] that we need to prove our result.

Proposition 3.2. [I, Proposition 2.5] Let (R, m, K) be local differentiably admissible k-algebra.
If M is a D-module, then R ®r M is a D(ﬁ, K)-module. Moreover, M is holonomic D-module
if and only if R ®p M is holonomic D(ﬁ7 K)-module.
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Similarly, we have the following.

Proposition 3.3. Let R be a differentiably admissible K -algebra. If M is a D-module, then My,
has a D(Ru, K)-module structure for every maximal ideal m of R. Moreover, M is holonomic

D-module if and only if My is holonomic as D(Rw, K)-module for each mazimal ideal m of R.

Proof. By 3.1, we have D(Rpn, K) = Ry ®g D(R, K).
Now

D(Run,K)®p M = (Rn ®r D(R,K)) @p M
= Rn®r (D(R,K) @p M)
=Rn®r M

The structure of D(Ry,, K) on D(Ry, K) @p M gives the desired action on Ry @ g M. The fact
that M is holonomic D-module if and only if My, is holonomic as D(Rpy, K)-module for each
maximal ideal m of R follows from [13, Proposition 3.2.1.7]. O

We review a result due to M. Dorreh [5, Lemma 3.2].

Lemma 3.4. Let (R,m) be a regular local ring of dimension d which contains a field of char-
acteristic 0. Assume that P € Spec(R) such that height P < d — 2. Then E(R/P) ®r R is not
holonomic D-module.

As a consequence of this Lemma we prove that E(R/P) is not holonomic when R is a differ-
entiably admissible K-algebra of dimension d and P € Spec(R) with height P < d — 2.

Lemma 3.5. Let R be a differentiably admissible K -algebra of dimension d. If P € Spec(R) is
such that height P < d — 2, then Er(R/P) is not holonomic D-module.

Proof. Assume that Er(R/P) is a holonomic D(R, K)-module for some P € Spec(R) such that
height P < d — 2. Let m be a maximal ideal of R containing P. Then by Proposition 3.3,
E(Rw/PRy) = Er(R/P) ®R Ry is holonomic as D(Ry,, K)-module. Again by Proposition 3.2,
E(Rwn/PRyw) ®ng, Ry is holonomic as D(}/%;, F)-module where Ry = F[lz1,...,zq4]] by Cohen
structure theorem. Since R is a differentiably admissible K-algebra, height of each maximal ideal
of R is same and hence dim Ry, = height m = dim R. Since height(PRy) = height(P) < d — 2,
we arrive at a contradiction by Lemma 3.4. O

As an immediate corollary, we obtain the following result.

Corollary 3.6. Let R be a differentiably admissible K-algebra of dimension d. Let T be a
Lyubeznik functor on Mod(R) and injdimg T (R) = c. If p.(P,T(R)) > 0 for some prime ideal
P of R, then height P > d — 1.

Proof. Set M = T(R). Note that pu.(P, M) = po(P, Hp(M)), see [9, Lemma 1.4, Theorem 3.4
(b)]. If possible assume that height P < d — 2. If P ¢ Ass H,(M), then po(P, Hp(M)) = 0,
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a contradiction. Since by Theorem 2.5, Assp 7 (R) is finite, let us assume that Ass Hi(M) =
{P,Q1,...,Qs} where P C Q; for all i. Consider the exact sequence

0— FQl...QS(H]cD(M)) — HJCJ(M) — N — 0.

Note that N = F(R) for some Lyubeznik functor F and Ass N = {P}. Let f € R\ P. Since
injdimp M = ¢, we have the following exact sequence

Hp (M) — Hp(M) — Hp(M); — Hif ) (M) = 0.

This implies that the natural map H§ (M) — Hp (M )y is surjective and hence the natural map
from N — Ny is surjective. Moreover, the fact that Ass N = {P} and f € R\ P implies the
map N — Ny is injective as well. Thus, N = Ny for all f € R\ P. Therefore, N = Np =
F(Rp) = E(Rp/PRp)' = E(R/P)! for some finite ¢t > 0, see [), Theorem 3.4 (b)]. This implies
that E(R/P) is holonomic as D-module. This is a contradiction by Lemma 3.5. O

Having established the antecedent lemmas and propositions, we are now ready to present the
proof of Theorem A. For the reader’s convenience, we restate the theorem below.

Theorem 3.7. Let R be a regular affine domain over a field K of characteristic 0. Let T be a
Lyubeznik functor on Mod(R) and injdimp T (R) = c. If p.(P,T(R)) > 0 for some prime ideal
P of R, then P is a mazimal ideal of R.

Proof. Set M = T(R). Note that p.(P, M) = po(P, Hp(M)), see [9, Lemma 1.4, Theorem 3.4
(b)]. If possible let P is not a maximal ideal of R. Therefore, height P = d — 1 by Corollary 3.6.

If P ¢ Ass Hp,(M), then po(P, Hp(M)) = 0, a contradiction. Therefore, let us assume that
AssHf(M) = {P,my,...,m;} where each m; is a maximal ideal of R. Consider the exact
sequence

0—I'mym,(Hp(M)) - Hp(M) — N — 0.

Note that N = F(R) for some Lyubeznik functor F and Ass N = {P}. Let f € R\ P. Since
injdimp M = ¢, we have the following exact sequence

Hip (M) = Hp(M) — Hp(M)f — H(C;})(M) =0.

This implies that the natural map H§ (M) — Hp (M) is surjective and hence the natural map
from N — Ny is surjective. Since Ass N = {P} and f € R\ P, the map N — Ny is injective
as well. Since this is true for all f € R\ P, N = Np = F(Rp) = E(Rp/PRp)' = E(R/P)!
for some finite ¢ > 0, see [9, Theorem 3.4 (b)]. Thus, E(R/P) is a holonomic as D-module.
Consider the following exact sequence in the category of D-modules
0— HE '(R) » E(R/P) — @) E(R/m) — 0.
PCm

Since E(R/P) is holonomic as D-module, & p,,, E(R/m) is also holonomic as D-module. There-
fore, there are only finitely many maximal ideals of R containing P. Since R/P is a finitely
generated K-algebra of dimension 1, by Noether normalization we have an integral extension
K|[z] < R/P. Now K]|z] has infinitely many maximal ideals, so does R/P. This implies that
there are infinitely many maximal ideals of R containing P. This leads to a contradiction. [
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As a consequence of the theorem just proved, we now prove Corollary B which shows that the
equality holds of the injective dimension and the support dimension 7 (R) where R is a regular

affine domain.

Corollary 3.8. Let R be a reqular affine domain over a field K of characteristic 0. Let T be a
Lyubeznik functor on Mod(R). Then injdimp 7 (R) = dimg(Suppr 7 (R)).

Proof. We use induction on s = dimg(Suppy 7 (R)). Let t = dim R. If s = 0, there is nothing
to prove. Assume that we have proved the result when dimg(Suppyp G(R)) = s —1 for all regular
affine domain over a field of characteristic 0 and all Lyubeznik functor G on Mod(R).

Let s > 1. By 2.5, Assg T(R) is finite. Let P,..., Py be primes in Suppp 7 (R) such that
dim(R/P;) = s for all 4. Since R is a finitely generated K-algebra, by Noether normalization,
there are algebraically independent variables zp...,x; such that R is a finite K[x1,...,x¢-
module and a linear combination y of z1,...,z; with K[y]N P; = 0 for all i. Then, S~'R where
S = K[y] \ {0} is a regular affine domain over K(y) of dimension ¢t — 1. By [9, Lemma 3.1],
there exists a Lyubeznik functor F on Mod(S~!R) such that F(S™!R) = S~1T(R). Also since
dimg-1z(Suppg-15 (ST!T(R))) = s — 1, by the induction hypothesis injdimg-15 (ST!T(R)) =
s — 1. Let Q' be a maximal ideal of S~'R such that us_1(Q’,S~'T(R)) > 0. Let Q be the
contraction of @’ in R. Then, pus—1(Q, 7 (R)) > 0 implies injdimp 7(R) > s — 1. Again, since
height Q <t — 1, we get injdimp 7 (R) = s by Theorem 3.7. O

4. A LOWER BOUND ON INJECTIVE DIMENSION

In this section, we aim to prove Theorem C. Before that we establish several preparatory
results that are needed for our proofs. We extend some of the results of Zhang and Switala [20]
to the setting of differentiably admissible K-algebras and holonomic D-modules mostly adapting
their proof techniques. We begin with the following lemma.

Lemma 4.1. Let R be a reqular K-algebra where K is a field of characteristic 0. Let T be a
Lyubeznik functor on Mod(R) and let S be a multiplicative closed set of R. Then,

injdimg-15 ST (R) < dimg-15 S~ T(R).
Proof. By [9, Lemma 3.1], there is a Lyubeznik functor F on Mod(S~!R) such that F(S™!R) =

S~'T(R). Note that S™'R is also a regular K-algebra. Therefore, the result follows from [0,
Theorem 3.4 (b)].

O

The next lemma that we prove in the sequel is as follows.

Lemma 4.2. Let R be a differentiably admissible K-algebra where K is a field of character-
istic 0. Let T be a Lyubeznik functor on Mod(R). Let S be a multiplicative closed set of R
with injdimg-15 S~'T(R) = t. If ST'P € Spec(S™'R) with u:(S71P,S7IT(R)) > 0, then
Eg-13(S7'R/S~'P) is holonomic as D(S™'R, K)-module.

Proof. Set M = T(R). Note that (Hf_,,(S7'M))g-1p = Hpp,(Mp) = (Hp(M))p. Lemma
4.1 implies that (H._, ,(S™'M))g-1p is injective as Rp-module. Therefore, p;(S™1P,S™1M) =
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po(S™HP HE , ,(STTM)), see [9, Lemma 1.4]. Since, Hp(M) is holonomic D(R, K)-module,
it has finitely many associated primes. Therefore, Hf_, ,(S™'M) = S~1(H}(M)) has finitely
many associated primes. Let

Assg g Hoy 1 p(STIM) = {ST'P,Q1,...,Qm}
Consider the exact sequence
0— T mqn(Hs1p(STIM)) = Hy 1 p(STTM) — N — 0.

Note that N = F(S7!R) for some Lyubeznik functor F and AssN = {S7'P}. Let f €
S~'R\ S7!'P. Since injdim S~'M = t, we have the following exact sequence

H{g-1p 5 (S™'M) = Hg1p(S™'M) = Hgap(S™' M)y — H{f% (ST'M) = 0.

This implies that the natural map HY_, ,(S™'M) — HL_,,(S7'M)y is surjective and hence
the natural map from N — Ny is surjective. Moreover, the fact that Ass N = {S~'P} and
f e S7T'R\ S7!'P implies the map N — Ny is injective as well. Thus, N = Ny for all f €
S7IR\ S~'P. Therefore, N = Ng-1p = Fr,(Rp) = Er,(Rp/PRp)t = Eg-13(S"'R/S71P)!
for some finite t > 0, see [), Theorem 3.4 (b)]. This implies that Eg-1z(S™'R/S™!P) is
holonomic as D(S~!R, K)-module. O

The next proposition, proved in [20, Proposition 5.4(b)] for when R is a power series ring over
a field K of characteristic 0, also holds in the following setup, with the proof being identical in
every detail.

Proposition 4.3. Let (R,m) be a differentiably admissible K-algebra where K is a field of
characteristic 0. Let T be a Lyubeznik functor on Mod(R). Let S be a multiplicative closed set
of R with injdimg-15 S~ T(R) =t. If ST'P € Spec(S™'R) with pu(S~'P,S~'T(R)) > 0, then
S~IP is contained in finitely many distinct prime ideals of S™'R.

Proof. By Lemma 4.2, Eg-15(S™'R/S™!P) is holonomic as D(S~!'R, K)-module and hence it
has finite length as D(S~! R, K)-module. The remainder of the proof follows verbatim from [20),
Proposition 5.4(b)], and therefore we omit the details. O

The following proposition is pivotal for establishing the main result of this section 5.

Proposition 4.4. Let (R,m) be a differentiably admissible K-algebra where K is a field of
characteristic 0. Let T be a Lyubeznik functor on Mod(R). Let @ be a prime ideal of R
belonging to Suppr T (R), and let f € QR be an element that does not belong to any minimal
prime of T(R)q. Then,

injdim(g,,), (T(R)q)y = dim Supp(r,,), (T(R)q);-
Proof. Combining Lemma 4.2 with Proposition 4.3, one finds that a careful reading of the proof

of [20, Proposition 6.1] shows that exactly the same argument applies to our theorem. O

Now we prove Theorem C. We restate the theorem again for the convenience of the reader.
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Theorem 4.5. Let R be a differentiably admissible K -algebra where K is a field of characteristic
0. Let T be a Lyubeznik functor on Mod(R). Then

injdimp 7(R) > dim Suppp T(R) — 1.

Proof. We may assume that dimp(Suppr 7(R)) > 2, since otherwise we have nothing to
prove. First, we assume that (R,m) is local. By 2.5, Assg T(R) is finite. By prime avoid-
ance, we can choose f € m that does not belong to any minimal prime of 7 (R). Therefore,
dimp, (Suppg, T(R)f) = dim Suppg 7 (R) — 1. By Proposition 4.4 (applied to @ = m), we have
dimp, (Suppg, T(R)f) = injdimg, T(R)s. Since injdimg 7 (R) = injdimp, T(R)s, the result
follows.

If R is not local, we choose a maximal ideal n of R such that dimg,(Suppgr T (R).) =
dimpg(Supppr T (R)). Note that R, is differentiably admissible K-algebra and by [9, Lemma 3.1],
T(R)n = F(Ry) for some Lyubeznik functor F on Mod(R,). Therefore from the local case,

dimg(Suppg T(R)) — 1 = dimpg, (Suppg, 7 (R)s) — 1 < injdimp_ T (R), < injdimg 7 (R).

5. FINITENESS OF ASSOCIATED PRIMES

In this section, we prove Theorem D. First, we recall a theorem [I2, Theorem 23.2] from
Matsumura’s book. It should be noted that there is a typographical error in the book regarding
this theorem. The correct statement is as follows.

Theorem 5.1. If ¢ : A — B is a ring homomorphism and B is flat over A, then for any
A-module M,

(1) Assa (B/PB) =Q if Q € Spec A.
(2) Assp (M ®4 B) = UPeAssAMASSB (B/PB).

Now we prove Theorem D which we restate again.

Theorem 5.2. Let R be a differentiably admissible K-algebra and S be the polynomial ring
Rlx1,. .. xm]. If I is an ideal of S, then the set Assg Hi(S) is finite.

Proof. We divide the proof in two cases.
Case 1: [ is a homogeneous ideal.

Let I be a homogeneous ideal in S = Rx1,...,z,]. Consider the flat extension S — A =
R[[x1,...,zy]]. Since R is a differentiably admissible algebra, R[[x1,...,zn]] is also a differen-
tiably admissible algebra. Therefore, by Theorem 2.5, Assg H} 4(A) is a finite set. Note that
HY(S)®s A= H!,(A). By Theorem 5.1,

(1) Assa(Hj(S)®s A)= ()  Assa(A/PA)

PeAssg HL(S)
We note that if P € Assg Hi(S), then Assy (A/PA) # ¢. This is because if P € Assg H4(S),
then P is a graded prime ideal of S. Therefore, P C (m, (x1,...,2Zy)) for some m maximal ideal
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of S. Let us denote the ideal (m, (x1,...,2zm)) by n. Hence, there is a surjection S/P — S/n,
i.e., we have an exact sequence S/P — S/n — 0. Tensoring this sequence with A gives us the
exact sequence A/PA — S/n®g A — 0. Since S/n®g A # 0, we get A/PA # 0 and hence
Assg (A/PA) # ¢. We also note that if @ € Assy (A/PA), then Q@ NS = P. Therefore, if
Py, Py € Assg Hi(S) such that Py # Py, then Assg (A/P1A) N Assa (A/PyA) = ¢. Therefore,
from equation 1 we conclude that the set Assg H4(S) is finite since Assa(HE(S) ®g A) is finite.

Case 2: [ is not a homogeneous ideal.

Let T = S[z] where S = R[z1,...,zy] with deg(z) = deg(x;) = 1 for all 4. Therefore,
S=T/(z—1). Let # : T — S be the natural homomorphism. We also have the localization
map from T" — T,. Then 7 factors in a natural way through a homomorphism ¢ : T, — S.
Therefore, we have the following commutative diagram

T —7"2+8

| 2
.

By [4, Proposition 1.5.18], T, = (T3), [2,27!] and (%), = S. Let J be the homogenization of
the ideal I i.e., J = IT, NT. Note that IT, = JT,. By case 1, Assy Hf](T) is a finite set and
hence Assy, HY (T%) is finite set. Now

ASSTZ H:L]Tz (TZ) = ASSTZ H}Tz (Tz)
= ASSS[z,z—l] H35[27Z,1](S[Z, z—l})
= ASSTZ (H}(S) Xg Tz).

Note that T, = S[z,271] is a faithfully flat extension of S and if P is a prime ideal of S, then
Tz/PT, = (S/P)[z,2'] is non zero. Therefore, a similar argument as in Case 1 yields that
Assg Hi(S) is finite. O
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