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ABSTRACT

Context. Modeling the solar atmosphere is challenging due to its layered structure and dynamic multi-scale processes.
Aims. We aim to validate the new radiative MHD code MAGEC—built by integrating the Mancha3D and MAGNUS codes into a
finite-volume, shock-capturing framework—and to explore its capabilities through 2D simulations of magneto-convection in the solar
atmosphere.
Methods. The MAGEC code is parallelized with MPI, enabling efficient scalability for large-scale simulations. We have enhanced it
with advanced numerical techniques to address the specific complexities of the solar corona, including a module for LTE radiative
coronal losses. To address the small time steps due to large heat flux values, we adopted the hyperbolic treatment for the thermal
conduction of Mancha3D, which significantly improves the computational times. In addition, we estimated the effective numerical
resistivity and viscosity through a dedicated set of experiments. To evaluate the robustness and accuracy of MAGEC, we performed a
series of 2D simulations covering a domain extending from 2 Mm below the solar surface to 18.16 Mm into the corona. Simulations
were conducted with both open and closed magnetic field configurations. For each case, we analyzed the resulting steady-state
temperature profiles and examined the energy contributions at different heights. In addition, we investigated the influence of the
perpendicular component of thermal conduction in a dedicated simulation.
Results. The MAGEC code effectively reproduced expected temperature profiles based on the boundary conditions applied and the
imposed magnetic field configuration. All simulations reached a thermally stable state. When using an open vertical magnetic field,
the temperature in the middle corona was higher than in the case with a closed, arcade-like magnetic field structure. We quantified the
contributions to the internal energy from all explicit and implicit terms in the steady state, both in terms of temporal averages and as
functions of height, as well as their relative contributions to total heating and cooling. In a second phase of the study, we investigated
the role of the perpendicular component of thermal conduction, often neglected in coronal models, and found that it can influence
plasma dynamics around reconnection events. Although local effects are modest, their cumulative impact can lead to measurable
changes in the average temperature profile.
Conclusions. Through detailed validation, MAGEC is a reliable and efficient code for radiative MHD simulations of the solar at-
mosphere. The integration of shock-capturing methods is particularly well-suited to modeling the plasma environment, effectively
handling the shocks and discontinuities characteristic of the solar atmosphere. MAGEC is a robust tool for high-fidelity magneto-
convection simulations of the solar atmospheric dynamics.
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. Introduction

Modeling the solar atmosphere presents a significant computa-
ional challenge because of the complexity and diversity of its
tructure. The solar atmosphere comprises multiple layers—each
ith distinct dynamics, physical processes, and scales—that in-

eract intricately with each other. From the convective motions
n the photosphere to the highly structured magnetic fields in the

corona, each layer requires specific modeling techniques to accu-
rately capture its unique characteristics. Developing a code that
can address these diverse and dynamic processes is a complex
task. As our understanding of solar physics deepens and compu-
tational capabilities advance, it becomes crucial to continuously
improve and adapt numerical codes to better capture the com-
plexities inherent in the solar atmosphere.

The simulation of the solar atmosphere has evolved consid-
erably over the past few decades, with successive studies incor-
porating increasingly sophisticated physics and numerical meth-
ods. Several representative works have focused on the layers up
to the photosphere. For example, Stein & Nordlund (1998) in-
vestigated solar granulation using the STAGGER code, empha-

sizing convective motions and energy transport in the absence
of magnetic fields. Steiner et al. (1998) explored the interac-
tion between magnetic flux sheets and granular convection, high-
lighting dynamic phenomena such as shock formation, using an
early version of the CO5BOLD code. Vögler et al. (2005) devel-
oped the MURAM code to simulate solar magneto-convection,
analyzing the concentration and amplification of magnetic flux.
Stein & Nordlund (2006) used STAGGER to study small-scale
magneto-convection and the evolution of magnetic flux. Further-
more, Jacoutot et al. (2008), using the SOLARBOX code, exam-
ined the influence of magnetic fields on convection and acoustic
oscillations.

Further studies have extended into the chromosphere, where
additional complexities arise from this layer’s partial ioniza-
tion and strong interactions with radiation. Schaffenberger et al.
(2005) introduced the CO5BOLD code to model the solar atmo-
sphere from the convection zone to the chromosphere, focusing
on dynamic magnetic flux reshuffling, shock propagation, and
flux tube formation. Using an earlier version of the BIFROST
code (Gudiksen et al. 2011), Carlsson et al. (2010) performed 3D
radiative MHD simulations to investigate chromospheric heat-
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ing, emphasizing mechanisms such as Ohmic dissipation, mag-
netic field interactions, and swirling motions as channels for en-
ergy transport. More recently, Khomenko et al. (2018) employed
the Mancha3D code (Modestov et al. 2024) to study the role of
ambipolar diffusion in wave propagation, Poynting flux absorp-
tion, and chromospheric heating, highlighting the importance of
ion-neutral interactions in the partially ionized chromospheric
plasma.

Increasing the complexity of solar models, several stud-
ies have succeeded in including the solar corona within the
same computational domain as the convection zone and chro-
mosphere. Among the first to achieve this were Abbett (2007),
using the RADMHD code, and Hansteen et al. (2007), who em-
ployed 3D MHD simulations with the STAGGER code to model
the dynamic coupling between these layers. These pioneering
works highlighted the role of magneto-convection in driving en-
ergy and magnetic flux transport and emphasized the importance
of magnetic connectivity in shaping coronal structures and en-
abling energy dissipation for heating.

Later, Rempel (2017) extended the MURaM code to simulate
the corona, incorporating key physical processes such as opti-
cally thin radiative losses, field-aligned thermal conduction, and
the Boris correction to manage high Alfvén speeds. Similarly,
the BIFROST code (Gudiksen et al. 2011) - which includes non-
gray, non-LTE (non-local thermodynamic equilibrium) radiative
transfer, field-aligned thermal conduction, ambipolar diffusion,
and the Hall effect - was employed by Martínez-Sykora et al.
(2017, 2020) to investigate the influence of ion-neutral interac-
tions and non-equilibrium ionization on chromospheric heating
and spicule dynamics.

The two-fluid JOANA code (Wójcik et al. 2018) has been
widely used for many solar applications; for example, Mu-
rawski et al. (2022) demonstrated how granulation-generated
waves and plasma viscosity can balance radiative losses in the
chromosphere. The MAGNUS code, derived from earlier work
by Navarro et al. (2017) and built on the CAFE (Lora-Clavijo
et al. 2015) and Newtonian-CAFE (González-Avilés et al. 2015)
codes, has been applied to model chromospheric jets (Navarro
et al. 2021) and flux emergence (Navarro et al. 2019).

The RAMENS code was used by Iijima et al. (2023) to sim-
ulate the formation of the solar wind, highlighting the roles of
convection-driven wave excitation and magnetic reconnection.
The R2D2 code was used by Toriumi et al. (2024) to study the
impact of magnetic flux tube twist on flux emergence, reveal-
ing key processes underlying active region formation. A wide
range of applications in solar and astrophysical plasma model-
ing have also been carried out using codes such as AMRVAC
(Keppens et al. 2023), LARE3D (Arber et al. 2001), PENCIL
(Pencil Code Collaboration et al. 2021), PLUTO (Mignone et al.
2007), and GOEMHD3 (Skála et al. 2015).

Expanding into stellar contexts, Chiavassa et al. (2024) re-
viewed simulations performed with CO5BOLD (Freytag 2013,
2017) and Athena++ (Stone et al. 2008), uncovering the global-
scale nature of convection in cool, evolved stars and its sig-
nificant role in driving stellar winds and mass loss. Similarly,
Canivete Cuissa & Teyssier (2022) used the RAMSES code to
investigate stellar magneto-convection. Incorporating adaptive
mesh refinement techniques for large-scale solar simulations, the
codes DISPATCH (Popovas 2025) and DYABLO (Delorme et al.
2025) are being developed.

These codes adopt a variety of numerical methods. Some
use finite-volume methods with shock-capturing schemes such
as CO5BOLD, RAMSES, MAGNUS, JOANA, DISPATCH, and
DYABLO. The rest employ finite-difference methods, and some

have modular frameworks such as AMRVAC and PLUTO that
support both schemes. Among the codes that implement shock-
capturing schemes, only CO5BOLD, JOANA, DISPATCH, and
DYABLO have been used to simulate magneto-convection. Of
these, only JOANA has employed a simulation domain that ex-
tends into the corona and includes key coronal physics, such as
radiative losses and thermal conduction.

Finite-volume methods with high-resolution shock-
capturing techniques are particularly well suited for simulations
of the solar atmosphere, as they are designed to handle complex
fluid dynamics. Unlike traditional numerical schemes, advanced
approaches such as Godunov-type methods use approximate
Riemann solvers to accurately capture shocks and discontinu-
ities (Toro 2009). These techniques allow the resolution of sharp
gradients and abrupt changes in the plasma state without relying
on artificial diffusivity, which can obscure the underlying
physics. However, their implementation is generally more
complex than finite-difference schemes, and they may require
more computational resources, especially in multi-dimensional
setups.

In this paper, we present the new numerical code MAGEC,
which takes advantage of shock-resolving finite volume tech-
niques. The paper is organized as follows: Section 2 provides
a detailed introduction to the newly developed MAGEC code.
The fundamental equations governing the simulations are out-
lined in Section 2.1, followed by a description of the numeri-
cal schemes implemented in Section 2.2. The thermal conduc-
tion model and its implementation are discussed in Section 2.3,
while the equation of state is presented in Section 2.4. Section
2.5 gives an overview of the radiative modules, and Section 2.6
describes the calculation of the numerical resistivity and viscos-
ity. The simulation setup and results are presented in Section 3.
Finally, Section 4 summarizes the main findings and a discussion
for potential future research.

2. Description of the MAGEC code

The MAGEC code is a finite volume-based tool developed to
model magnetohydrodynamic (MHD) phenomena in the so-
lar atmosphere and other astrophysical environments. It em-
ploys shock-capturing methods for high-precision simulations.
MAGEC integrates the Mancha3D code (Modestov et al. 2024)
with the MAGNUS code (Navarro et al. 2017), merging the ad-
vanced numerical schemes of MAGNUS with the efficient, MPI-
parallelized framework of Mancha3D and its physical modules.

Beyond incorporating MAGNUS’s core schemes, MAGEC
includes critical modules from Mancha3D for optically thick
LTE radiative transfer, thermal conduction, and non-ideal
physics derived from plasma partial ionization in the single-fluid
approximation (ambipolar diffusion and Hall effects), though the
latter features are not applied in the present study. The code also
integrates a newly developed module for coronal thin radiative
losses. This section offers a comprehensive overview of each
component within the code.

2.1. Equations

A gravitationally stratified plasma under the influence of ther-
mal conduction and radiative terms can be represented by the
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following set of equations:

∂ρ

∂t
+ ∇ · (ρv) = 0 , (1)

∂B
∂t
+ ∇ · (vB − Bv) = 0 , (2)

∂(ρv)
∂t
+ ∇ ·

[
ρvv +

(
p +

B2

2µ0

)
I −

BB
µ0

]
= ρg , (3)

∂e
∂t
+ ∇ ·

[(
e + p +

B2

2µ0

)
v −

B
µ0

(B · v)
]
= (4)

ρv · g − ∇ · q + Qrad + Qloss ,

where ρ is the density, v is the velocity, p is the gas pressure,
B is the magnetic field, g is the gravitational acceleration, q is
the heat flux vector, Qrad/Qloss are the radiative terms in optically
thick/thin plasma, and µ0 is the magnetic permeability of free
space. The dot “·” represents the scalar product of vectors, while
the notation “BB” stands for the tensor product and I is the iden-
tity tensor. In equation (4) e represents the total energy per unit
volume given by

e = eint +
1
2
ρv2 +

B2

2µ0
, (5)

where eint is the internal energy per unit volume given by the
equation of state, which will be discussed in subsection 2.4.

2.2. Numerical methods

The same system of equations (1)-(4) can be written in the con-
servative form

∂U
∂t
+ ∇ · F = S , (6)

where U is the vector of conservative variables, F is the flux
dyad and S is the vector of source/sink terms given by U =[
ρ, ρv, e,B

]T ,

F =



ρv

ρvv +
(
p +

B2

2µ0

)
I −

BB
µ0

(e + p) v −
B
µ0

(B · v)

vB − Bv


, (7)

and

S =


0
ρg

−∇ · q + Qrad + Qloss
0

 . (8)

The equations are solved using the method of lines, which
transforms PDEs into ODEs via spatial discretization with a fi-
nite volume (FV) approach, followed by time integration,

dU(i, j,k)

dt
= −
Fx

(i+1/2, j,k) − F
x
(i−1/2, j,k)

∆x
−
F
y
(i, j+1/2,k) − F

y
(i, j−1/2,k)

∆y
(9)

−
Fz

(i, j,k+1/2) − F
z
(i, j,k−1/2)

∆z
+ S (i, j,k) ,

where Fx
(i±1/2, j,k), F

y
(i, j±1/2,k), and Fz

(i, j,k±1/2) are the numerical
fluxes at the interfaces of a cell and will be calculated using

High-Resolution Shock Capturing methods (HRSC), which cou-
ple slope limiters and Riemann solvers.

The modular structure of the code allows for a flexible com-
bination of numerical methods. For time integration, the code
includes third-order Strong-Stability preserving Runge-Kutta
time-steppers (SSP-RK3) (Gottlieb et al. 2001) as well as fourth-
and sixth-order standard Runge–Kutta schemes. The available
HRSC methods include the Riemann solvers HLL (Harten et al.
1983), HLLC (Li 2005), and HLLD (Miyoshi & Kusano 2005)
and the slope limiters: MINMOD (Roe 1986), MC (Van Leer
1977), Van Leer (van Leer 1974), Ospre (Waterson & Decon-
inck 2007), and WENO5 (Titarev & Toro 2004). The code uses
the Flux Constrained Transport method (Evans & Hawley 1988)
to prevent the divergence of magnetic field from growing in time
due to numerical errors. The general expressions of the methods
are provided in the appendix A.

The time step due to advection is

∆t = Ccfl ×mini jk

 ∆x
|λx

i jk |
,
∆y

|λ
y
i jk |
,
∆z
|λz

i jk |

 , (10)

where Ccfl stands for the Courant number, and λd
i jk is the speed

of the fastest wave present traveling in direction d = x, y, z at
the grid cell indexed by (i, j, k). The minimum is taken over all
grid cells of the domain. The values of λd

i jk are obtained from the
eigenvalues of the Jacobian matrix associated with the system of
equations (6). For instance, in the x−direction, they are given by

λ1 = vx , λ2,3 = vx ± va , λ4,5 = vx ± cs , λ6,7 = vx ± c f , (11)

where va is the Alfvén speed and c f and cs are the fast and slow
magnetosonic speeds given by

va =
Bx
√
µ0ρ
, c f ,s =

1
√

2

√
a2 + v2a ±

√(
a2 + v2a

)2
− 4a2v2a , (12)

with a the speed of sound.

2.3. Thermal conductivity

The effects of thermal conduction (TC) are represented by the
term ∇ · q in the energy equation (4). In the strongly magnetized
regime, the heat flux is aligned with the magnetic field,

q = −κ∥∇∥T , (13)

where ∇∥ gives the projection in the parallel direction to the mag-
netic field and κ∥ is the thermal conductivity. This approximation
is valid for most astrophysical applications and is commonly re-
ferred to as Spitzer’s (Spitzer 1956) thermal conduction.

If the magnetization is not strong, the propagation of heat
along the other directions can be expressed in the following form

q = −κ∥∇∥T − κ⊥∇⊥T + κ×b̂ × ∇⊥T , (14)

where ∇⊥ = ∇−∇∥ is the projection operator in the perpendicular
direction to the magnetic field, and the last term is the projection
in the transverse direction (second perpendicular direction to the
magnetic field). Braginskii (1965) deduced the general expres-
sions for the conductivity coefficients (κ∥, κ⊥ and κ×) for elec-
trons and ions in terms of the plasma properties like density,
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temperature, pressure and magnetic field. In the case of elec-
trons, they are given by

κe
∥
=

3.1616 kB pe

νeime
, (15)

κe⊥ =
kB pe

νeime

4.664x2
e + 11.92

x4
e + 14.79x2

e + 3.77
, (16)

κe× =
kB pe

νeime

5
2 x2

e + 21.67
x4

e + 14.79x2
e + 3.77

, (17)

and for ions,

κi
∥
=

3.906 kB pi

νiimi
, (18)

κi⊥ =
kB pi

νiimi

2x2
i + 2.645

x4
i + 2.70x2

i + 0.677
, (19)

κi× =
kB pi

νiimi

5
2 x2

i + 4.65

x4
i + 2.70x2

i + 0.677
. (20)

where the subscripts and superscripts e and i denote the elec-
trons and ions, respectively. The pressures and masses of the
two species are represented by pe, pi, me, and mi. The colli-
sion frequencies are given as νii for ion-ion collisions and νei
for electron-ion collisions. The variables xi and xe represent the
ratio of the cyclotron frequency (Ω) to the collision frequency
(ν) for each specie, respectively

xe =
Ωe

νei
, xi =

Ωi

νii
, (21)

where

Ωe =
|e|B
me
, νei = 3.7 × 10−6 ln(Λ)ne

T 3/2
e

, pe = nekBTe, (22)

Ωi =
|e|ZiB

mi
, νii = 6 × 10−8 ln(Λ)niZ4

i

T 3/2
i

, pi = nikBTi, (23)

e is the electron charge, Zi is the charge of the ion, ne and ni are
the electron and ion number densities. All definitions are in SI
units. The Coulomb logarithm can be approximated by:

ln(Λ) = 23.4 − 1.15 log10(ne) + 3.45 log10(Te), (24)

for Te < 50eV, with ne given in cm−3 and Te in electronvolts.
From these expressions, we can see that in the case of a null
magnetic field, the heat flux becomes isotropic q = −κ∥∇T since
xe = 0 and κe⊥ = κ

e
∥
.

The parallel conductivity values predicted by the two mod-
els are nearly identical, with the value in the Spitzer model be-
ing 1.013094636 times that predicted by the Braginskii model.
The difference between the models lies in their treatment of con-
duction: the Spitzer model considers only conduction along the
magnetic field, whereas the Braginskii model accounts for prop-
agation in all directions.

The numerical treatment of thermal conduction is challeng-
ing in regions with high temperatures and strong magnetic fields.
Under these conditions, the parallel component of the heat flux
becomes too high, causing a reduction of the timestep associ-
ated with heat conduction. To overcome this difficulty, we use
the hyperbolic heat-conduction equation, which allows for larger
timesteps.

This equation modifies the classical Fourier heat flux by
adding a thermal inertia term. It was independently proposed

by Vernotte (1958) and Cattaneo (1958) to resolve the paradox
of infinite propagation speed in Fourier’s theory, leading to the
concept of thermal waves. This approach has been extensively
studied both theoretically and experimentally (see Abdel-Hamid
1999 and references therein). In astrophysics, it was first ap-
plied to model field-aligned diffusion of cosmic rays by Snodin
et al. (2006) and later introduced in solar simulations by Rempel
(2017) in the MURAM code. It has since been implemented in
the PENCIL code (Warnecke & Bingert 2020), the MANCHA
code (Navarro et al. 2022), and the BIFROST code (Cherry et al.
2024).

This method introduces an additional hyperbolic equation to
evolve the parallel component of the heat flux q∥, the equation is
given by

∂q∥
∂t
=

1
τ

(
− fsatκ∥

(
b̂ · ∇

)
T − q∥

)
. (25)

where fsat is the saturation factor used for stability

fsat =

1 + |κ∥(b̂ · ∇)T |
1.5ρc3

s

−1

, (26)

and τ is the relaxation time, which should be calibrated depend-
ing on the problem. For the simulations used in this paper we
used a value of τ = 10∆t.

In the code, the user can select the thermal conduction model
appropriate for their simulation: either the Braginskii or Spitzer
formulation for solar plasma conditions, or, for more general
MHD applications, specify constant conductivity values manu-
ally. Additionally, the user can choose between a hyperbolic or
parabolic treatment.

2.4. Equation of state

The system of equations is closed using an equation of state
(EOS) for the solar chemical composition, as provided by An-
ders & Grevesse (1989). The internal energy per unit volume,
density, and electron pressure are precomputed over a tempera-
ture–pressure grid, following the algorithm of Mihalas (1967),
which is based on the Saha equation. This EOS accounts for the
effects of both first and second atomic ionization for all elements
up to Z = 92, as well as the formation of hydrogen molecules.
The EOS results are stored in lookup tables, enabling efficient
conversion between thermodynamic quantities. For more details
check Vitas & Khomenko (2015) and Modestov et al. (2024).

2.5. Radiative terms

The radiative loss term in the optically thick plasma of the
sub-photospheric regions, photosphere, and low chromosphere
(Qrad) is calculated by solving the non-gray radiative transfer
(RT) equation under the assumption of LTE, using a domain de-
composition following Vögler et al. (2005). The wavelength de-
pendence of emission and absorption coefficients is discretized
through the opacity binning method (Nordlund 1982). For the
simulations discussed in this paper, a single bin was used, cor-
responding to the gray approximation. Angle integration is per-
formed using quadrature with three rays per octant. The RT mod-
ule’s formal solver is based on the short-characteristics method
by Olson & Kunasz (1987). A detailed description is provided in
Modestov et al. (2024).

While the LTE assumption limits the accuracy of the RT
module in regions above the photosphere, we turn off this term
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Fig. 1. Density-averaged radiative loss rate Λ(T) from the CHIANTI
10.1 database with photospheric abundances.

in regions with temperatures higher than 20,000 [K], for which
we use an approximation for radiative losses in the optically thin
plasma of the form

Qloss = −nenHΛ(T ), (27)

where the electron/hydrogen number densities ne/nH are given
by

ne =
ρ

mp

1 + X
2
, nH =

ρ

mp
X , (28)

with X = 0.7 begin hydrogen abundance, and mp the proton
mass. We use the tabulated loss function Λ(T ) from the CHI-
ANTI 10.1 database (Dere et al. 2023) with photospheric abun-
dances. Since the loss rate function in the database is provided
for a specific particle density, we average the loss function over
the range of 108 to 1012 particles per cm3. The resulting loss
function is illustrated in Fig. 1.

2.6. Numerical resistivity and viscosity

To estimate the numerical resistivity and viscosity of the code,
we performed a series of experiments in which we introduced
additional terms into the source vector to account for both ef-
fects. The modified source vector is given by:

S =


0

ρg + ∇ ·Π
−∇ · q + Qrad + Qloss + ∇ · (Π · v) − ∇ · (ηJ × B)

−ηµ0J

 , (29)

where η is the resistivity and Π is the viscous stress tensor given
by

Π = ρν

(
∇v + ∇vT −

2
3

I∇ · v
)
, (30)

with ν representing the kinematic shear viscosity.
To evaluate the numerical resistivity in our experiments, we

evolved a series of magneto-convection simulations using an
arcade-like magnetic field configuration, varying the explicit re-
sistivity. The specific details of the simulation setup will be pre-
sented in the following section. Starting from a baseline snap-
shot in the steady-state regime, we performed multiple simula-
tions with different resistivity values, each evolved for one solar
second. At the end of this period, we measured the maximum
amplitude of the magnetic field. The top panel of Figure 2 shows
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Fig. 2. Graphical estimation of numerical resistivity (top panel) and
numerical viscosity (bottom panel). Each dot represents the maximum
magnetic field (Bmax) or velocity (Vmax) obtained from a simulation with
a specific explicit value of η or ν. The blue solid line is a fit to these
data points. Two horizontal lines are shown: one corresponds to the
Bmax/Vmax value for the case with η = 0 and ν = 0, and the other marks
the threshold of numerical noise. The intersection of this threshold with
the fitted curve defines the estimated numerical resistivity or viscosity,
indicated by the vertical line.

the maximum value of the magnetic field amplitude decreasing
as the resistivity value grows.

The numerical resistivity is estimated by locating the value of
η for which the change in the maximum magnetic field amplitude
is above the numerical noise threshold, such as that arising from
round-off errors. We determined the numerical noise threshold
as follows. For each simulation, we computed the average of the
maximum magnetic field amplitude, denoted as |B|maxi, along
with its standard deviation σi. The ratio σi/|B|maxi provides an
estimate of the numerical variations that arise from round-off er-
rors. We then identified the maximum value of this ratio in all
simulations. Finally, we define the numerical noise threshold as
the difference between the maximum magnetic field amplitude
obtained from the zero-resistivity experiment and the largest nu-
merical variation estimated among the simulations. This is

threshold of numerical noise = |B|max(η = 0) −max
 σi

|B|maxi

 .
(31)

The top panel of Figure 2 shows that the intersection of the fitting
function with the noise threshold (horizontal red dashed line) is
when η = ηnum = 1.023 × 103m2/s. To estimate the numerical
viscosity, we followed the same procedure but varied the values
of ν and calculated the maximum speed instead of the maximum
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magnetic field amplitude. In this case, the numerical noise is

threshold of numerical noise = |v|max(ν = 0) −max
 σi

|v|maxi

 .
(32)

where σi corresponds now to the standard deviation of the max-
imum speed in each simulation. The corresponding plot is pre-
sented in the bottom panel of Figure 2. In such a case, we find
that the numerical viscosity is νnum = 4.509 × 103 m2/s.

To estimate the numerical resistivity, we focused on varia-
tions in the magnetic field amplitude, since resistivity appears
in the induction equation and directly influences the magnetic
field. While other physical quantities are also affected, the most
significant variations are expected in the magnetic field. Follow-
ing the same logic, we used the maximum velocity variations to
estimate the numerical viscosity. Because viscosity acts as a dis-
sipative term in the momentum equation, it primarily affects the
momentum and velocity more rapidly than other variables.

It is important to note that the procedure used to estimate
the numerical resistivity and viscosity provides only a simple
approximation. The obtained values give an order-of-magnitude
estimate, but in theory, they should not be constant. Moreover,
the values we obtained may be valid only for our experiments,
as they depend on the resolution, the Riemann solver, and the
flux limiters employed. To obtain more accurate values, more
specialized experiments should be carried out, for instance, as
done by Rembiasz et al. (2017).

3. Coronal simulations

3.1. Initial set-up

The initial atmospheric structure for the simulations is con-
structed by combining several solar models. At heights [−2, 0]
Mm, with z = 0 defined as the height where the continuum opti-
cal depth at 500 nm equals 1, we employed the solar convection
zone model from Spruit (1974). This setup is connected to the
VAL-C model (Vernazza et al. 1981) used in the height range [0,
2] Mm and is smoothly extended to z = 3 Mm where the tem-
perature stabilizes at 1MK from [3, 18.16] Mm. The transition
between models is achieved by imposing the hydrostatic equilib-
rium and ensuring consistency with the EOS. Figure 3 displays
the initial density and temperature vertical profiles.

In all simulations, the computational domain spans 46.08 ×
20.16 Mm2, extending from 2 Mm below the solar surface to
18.16 Mm above. The simulations use 2304 × 1440 points, pro-
viding a resolution of 20 km horizontally and 14 km vertically.
Random noise was introduced to the internal energy to initiate
the instability.

Horizontal boundary conditions (BC) are periodic, while the
bottom boundary is open to allow mass flow, with automated
control applied to regulate the fluctuation of the mass and en-
tropy, as done in Khomenko et al. (2018). The upper boundary
has symmetric (zero gradient) conditions imposed on the internal
energy, density, vx, vy, and Bz and antisymmetric conditions on
Bx and By. In all simulations, the temperature at the top bound-
ary is kept to its initial value. For the vertical velocity vz, we use
an outflow condition and it is set to zero when it is negative, thus
preventing inflows, this is

vz(N) = max(vz(N−2), 0)

vz(N−1) = max(vz(N−2), 0) , (33)
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Fig. 3. Initial profiles of density and temperature as functions of height.
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Fig. 4. Initial plasma-beta profiles as a function of height, evaluated at
the center of the domain in the x−direction, for both the vertical and
arcade magnetic field configurations after field implantation.
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Fig. 5. Colormap of the temperature from the baseline hydrodynamic
simulation at t = 1000 s. Arrows indicate the velocity field, with lengths
proportional to the local flow speed. The full temporal evolution is avail-
able as an online movie (see links in Table 1).

where vz(N) and vz(N−1) are the top boundary points.
We first develop the convection instability in a simulation

without a magnetic field, with q= 0 and Qloss= 0. Once convec-
tion is fully developed and the system stabilizes, we extract a
snapshot at t = 1000 s, which we use as the base state for all
subsequent simulations. Figure 5 shows a logarithmic colormap
of the temperature for this snapshot, overlaid with velocity field
arrows, whose lengths are proportional to the local flow speed.
At sub-surface depths, the plot reveals well-developed convec-
tive granules. However, in the overlying layers, the upward flows
generated by the convective motions disrupt the coronal plasma,
resulting in disorganized and unstructured mixing. This behav-
ior is a consequence of the absence of a magnetic field, which in
reality plays a crucial role in regulating and structuring coronal
dynamics. While this scenario does not occur in nature, it serves
as an intermediate step in the development of our models.
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After 1000s add either of the two different magnetic fields to
the base hydrodynamic convective structure: the first one is a 10
G vertical magnetic field, the second one is a potential arcade-
like magnetic field given by

Bx = B0 cos(kx) exp(−k(z − z0)) , (34)
Bz = −B0 sin(kx) exp(−k(z − z0)) , (35)

where B0 = 10 G, z0 = −2 Mm, k = 2π/Lx and Lx = 46.08
Mm is the horizontal size of the domain (figure 6). The mag-
netic field is either constant or potential and therefore is initially
consistent with the equations because it is force-free. Then, con-
vection smoothly moves the magnetic field to make it consistent
with the flow structures.

Figure 4 presents one-dimensional vertical profiles of the
plasma-beta for each implanted magnetic field configuration,
evaluated at the center of the domain along the x−direction. The
horizontal line indicates the location where plasma-beta equals
one, marking the transition between pressure-dominated and
magnetically dominated regions. Both configurations become
magnetically dominated at approximately the same height (z ≈ 1
Mm), though the vertical field case exhibits a lower plasma-
beta compared to the arcade configuration. In the arcade case,
plasma-beta rises again, indicating a return to pressure domina-
tion around z ≈ 12 Mm.

3.2. Results

We performed a total of 4 simulations evolved for one hour of
solar time, including a simulation featuring the arcade-like mag-
netic field, with Spitzer’s thermal conduction model. We use
the minmod slope-limiter, the HLLC Riemann solver, and the
SSP-RK3 time integration method. Table 1 summarizes the main
characteristics of each simulation and includes hyperlinks to an-
imations of the density and temperature. The Field column indi-
cates the magnetic field configuration, and TC refers to the ther-
mal conduction model applied (either Braginskii, B; or Spitzer,
S).

3.2.1. Overview of the simulations

Intermediate states from Simulations 2 and 3 are shown in Fig-
ure 7, corresponding to the vertical and arcade-like magnetic
field configurations, respectively. The snapshots were taken at
30 minutes of solar time—halfway through the total simulation
duration. The full-time evolution for all simulations is available
via the links provided in Table 1. The colormap represents the
logarithm of the temperature, with magnetic field lines overlaid

Table 1. Summary of simulation parameters, magnetic field configura-
tions, thermal conductivity (TC) models (Braginskii, B; or Spitzer, S),
initial and final times, and corresponding animation links.

# Field TC tini[s] tfin[s] Animation links
1 none none 0 1000 T (link 1), ρ (link 2)
2 vertical

B
1000 4600 T (link 3), ρ (link 4)

3
arcade

1000 4600 T (link 5), ρ (link 6)
4 S 1000 4600 T (link 7), ρ (link 8)
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Fig. 7. Colormap of the logarithmic temperature distribution after 1
hour of solar time. The top panel shows the simulation with a verti-
cal magnetic field (Simulation 2), and the bottom panel shows the sim-
ulation with an arcade-like magnetic field (Simulation 3). The arrows
indicate the velocity field, with lengths proportional to the local flow
speed, black lines are magnetic field lines.

using equally spaced seed points. Velocity vectors are also plot-
ted, with arrow lengths proportional to the local flow speed.

A prominent feature in both cases is the preservation of the
overall magnetic field topology above the surface. In Simula-
tion 2, the field retains its predominantly vertical configuration,
while in Simulation 3, the arcade-like structure remains largely
intact. In both simulations, elongated structures form along the
magnetic field lines.

The transition region behaves differently between the two
configurations. In the arcade-like field simulation, it appears sig-
nificantly broader beneath the loop system, where temperatures
remain cooler than in areas with a predominantly vertical field.

The velocity field exhibits a clear trend with height: the
flow speed generally increases with altitude. However, the
flow does not strictly follow the direction of the magnetic
field—particularly in the arcade-like configuration, where sig-
nificant deviations are observed in the upper regions. These de-
viations occur mainly in areas where the plasma β > 1, as ev-
ident from the plasma β profile shown in Fig. 4. In the regions
where β < 1, the flow is more closely aligned with the magnetic
field; nevertheless, the alignment is not exact, since the plasma
β is less than unity but not sufficiently small to enforce a strong
coupling. In contrast, in the vertical field case, the inclination of
the velocity vectors relative to the magnetic field lines is consid-
erably smaller, indicating a more aligned flow, as expected.
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Below z = 0 Mm, in the sub-convection region, both sim-
ulations exhibit similar thermal and dynamic behavior. The
temperature profiles are comparable, and the granulation pat-
tern—including cell size—is consistent across both runs. How-
ever, the magnetic field evolution differs: in the arcade-like field
simulation, strong concentrations of magnetic field develop near
the footpoints, forming localized, high-intensity braided struc-
tures.

For the statistical analysis, we compute the horizontal aver-
age of the temperature over the last 20 minutes of each simula-
tion. The left panel of Figure 8 shows the horizontally averaged
temperature as a function of height and time. The colormap on
the left corresponds to the vertical magnetic field case, while the
one on the right corresponds to the arcade-like magnetic field
case. Contour lines are overlaid to highlight three specific tem-
perature levels: 104.5 K, 105.5 K, and 105.9 K. The first contour,
104.5 K, is characteristic of chromospheric temperatures; the sec-
ond contour, 105.5 K, also shows little temporal variation and
appears to maintain a height around z = 6 Mm in the vertical
field case but about 1 Mm higher in the arcade-like configura-
tion. This indicates that, beyond the transition region, the ver-
tical field case maintains a hotter corona than the arcade-like
case. The third contour, 105.9 K, shows greater oscillations in the
arcade-like case, consistent with Figure 7, which shows that the
coronal temperature depends in this case on the magnetic field
inclination.

The right panel of Figure 8 presents the temperature aver-
aged both horizontally and over time. The black dotted line in-
dicates the initial temperature profile. The most significant dif-
ference between the two cases occurs in the height range z =
[5, 10] Mm, where the vertical field case retains a much hot-
ter corona. The maximum temperature difference between the
two models reaches approximately 135 kK. Comparing the time-
averaged profiles to the initial state clearly shows that neither of
the two models achieves a restoration of the chromospheric heat-
ing. Vertical error bars represent the standard deviation, which
quantifies the variations of the horizontally averaged tempera-
ture over time. The variations are minimal in the solar interior
(z < 0 Mm), peak in the transition region, and decrease again
towards the corona. The vertical field case exhibits smaller de-
viations overall, consistent with both the left panel and the col-
ormaps of Figure 7.

To illustrate the overall behavior of the magnetic field diver-
gence, Figure 9 shows the time evolution of the maximum and
average values of the dimensionless error associated to the di-
vergence of the magnetic field defined as |∇ ·B|∆x/(|B|+ ⟨|B|⟩h).
Here, the value of the average of the magnetic field is used to
avoid indeterminations. The plot in the top corresponds to all
the values in the domain, and the other two correspond to the
heights z= 0 and z = 10 Mm. The difference between the av-
erage and maximum errors spans approximately two orders of
magnitude, both across the full domain and at fixed heights.
Furthermore, the error is larger in the lower regions of the at-
mosphere and decreases in the upper layers, consistent with a
stronger field in the near-surface convection. The bottom panels
display the logarithmic colormap of the error for an intermediate
snapshot at t=2800s, shown for both simulations. These results
demonstrate that, on average, the constrained transport method
(Evans & Hawley 1988) is effective in maintaining the solenoidal
condition of the magnetic field. However, they also indicate that
the method does not completely eliminate local violations of the
divergence-free constraint.

3.2.2. Energy contributions

To study the processes that most strongly influence the thermal
structure of the atmosphere in our simulations, we now consider
the evolution equation for the internal energy:

∂eint

∂t
= −∇ · (eintv) − p∇ · v − ∇ · q + Qloss + Qrad

+∇ · (Πnum · v) + ηnumJ2 , (36)

where∇·(eintv) represents the internal energy flux, p∇·v the pres-
sure work, ∇ · q the thermal conduction contribution, Qloss the
optically thin radiative losses, Qrad the optically thick radiative
term. We have included the numerical resistive heating ηnumJ2,
and the numerical viscous dissipation term ∇ · (Πnum · v), how-
ever both of them are implicit terms. We estimated the values of
ηnum and νnum back in Section 2.6.

Figure 10 shows the horizontally and temporally averaged
contributions to the internal energy equation, computed over the
final 20 minutes of each simulation. For clarity, values smaller
than 1 × 10−10 are omitted from the plots. Overall, the quali-
tative shape of the total heating and cooling profiles is similar
in both simulations. In the case of the vertical magnetic field,
the total cooling and heating contributions are nearly identical
below a height of z = 3 Mm, but in the corona, the total cool-
ing exceeds the heating. This indicates that the boundary condi-
tion maintaining the temperature at 1 MK dominates the upper
atmosphere; without it, the corona would cool rapidly, as con-
firmed by independent test runs. In contrast, for the arcade-like
magnetic field simulation, heating and cooling contributions are
closely balanced at all heights, indicating a more thermally self-
regulated state. However, in this case, without a fixed temper-
ature at the top boundary, the corona would also cool, but at a
slower rate than in the vertical-field case.

According to Figure 10, the dominant heating mechanism
throughout the atmosphere is Joule heating resulting from nu-
merical resistivity. Below z = 3 Mm, the primary cooling term is
the optically thick radiative loss term Qrad. In the corona, the
main cooling contributions arise from optically thin radiative
losses Qloss, and thermal conduction (∇ · q). The pressure work
(p∇ · v) term exhibits both heating and cooling behavior in the
arcade-like field simulation, depending on height. The contribu-
tion from numerical viscous dissipation is present in both heating
and cooling terms, but its magnitude is approximately five orders
smaller than the dominant contributions.

While averaged contributions provide a general view, they do
not always capture the full picture of which terms dominate the
thermal structure at specific locations. To address this, Figure 11
presents a more detailed analysis of the individual contributions
to the internal energy equation at selected heights: z = 10, 6, 3,
1, 0, and -1 Mm. Each row of plots corresponds to one of these
heights and shows histograms of the different terms in Equation
(36), computed over the final 20 minutes of each simulation. The
left panels correspond to the simulation with a vertical magnetic
field, and the right panels to the arcade-like magnetic field. Next
to each histogram are two pie charts that illustrate the relative
contributions of the individual terms to the total heating and total
cooling, respectively. The size of each pie chart is proportional
to the total heating or cooling at that height. This figure offers a
more comprehensive view of the internal energy exchange pro-
cesses at different layers of the atmosphere and highlights the
relative importance of each physical mechanism.

The detailed analysis in Figure 11 reveals key differences in
the heating and cooling balance across atmospheric layers. In
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fact, very few terms are visible in each of these plots. A com-
parison between the two simulations reveals that the flux con-
tributions are generally similar across all heights. However, in
the coronal region -at heights z =6 and 10 Mm, the balance be-
tween heating and cooling is more evenly distributed in the ar-
cade configuration. In contrast, the vertical field case exhibits
slightly more cooling than heating at those altitudes.

Radiative cooling becomes particularly significant in the
mid-corona around z = 6 Mm, but its influence diminishes at
higher altitudes. Thermal conduction, on the other hand, plays a
dominant role in both heating and cooling throughout the coronal
heights, contributing substantially to the energy exchange pro-
cesses.

At z = 1 Mm, there is a net heating effect, where the heating
rate exceeds the cooling rate by a factor of ∼1.8, where the most
dominant heating mechanism is the joule heating due to numer-
ical resistivity. Only at these heights is the contribution of the
numerical resistivity important in magnitude to the other terms,
rather than uniformly throughout the atmosphere as Figure 10
might suggest, where its dominance emerged from the mutual
cancellation of other terms in the average.

In the lower atmosphere, the radiative term for optically thin
plasma (Qrad) is most significant at photospheric and chromo-
spheric heights. In almost all heights, the internal energy flux
and the pressure work term are key contributors to both heating
and cooling and are especially important for near-surface con-
vection layers.

3.2.3. Effects of the perpendicular thermal conductivity

The thermal conductivity model used in our simulations is based
on the formulation by Braginskii, as discussed in Section 2.3.
However, many similar studies adopt the model developed by
Spitzer, which neglects the perpendicular component of thermal
conduction. Although this simplification is often justified, we
hypothesize that the perpendicular component may still play a
non-negligible role in energy transport under certain conditions.
To assess the significance of this effect, we conducted Simula-
tion 4, which uses the Spitzer thermal conduction model. This
simulation employs the same setup as the arcade-like magnetic
field configuration of Simulation 3. Animations illustrating the
time evolution of density and temperature for Simulation 4 are

provided in Table 1. Overall, the simulation behaves similarly to
Simulation 3, though some differences are worth noting.

Figure 12 shows the difference in horizontally and time-
averaged temperature between simulations 3 and 4 over the fi-
nal 20 minutes of the runs. The vertical bars represent the prop-
agated standard deviation, providing an estimate of the uncer-
tainty. Although the differences may not be statistically signif-
icant, they suggest that distinct physical behavior is occurring
between the two simulations.

To further check on the origin of these differences, Figure 13
compares temperature colormaps between the two simulations in
selected zoomed-in regions at different times. The first column
of plots corresponds to the simulation with the Braginskii model
and the right column to the Spitzer model. Each row represents
a snapshot at a different simulation time: from top to bottom-
t =1606, 1613, 2065, 2065, 2075, and 2085 s.

These comparisons reveal localized differences in tempera-
ture structure between the two models during magnetic recon-
nection events near the top boundary, where null points are
formed. Although individually small, the cumulative effect of
many such events likely explains the differences seen in the time-
averaged temperature profile in Figure 12.

From an analytical point of view, this behavior is expected.
Eq. 16 shows how the perpendicular component of thermal con-
duction becomes comparable to the parallel component when the
magnetic field strength approaches zero, as occurs at null points
formed during reconnection. Therefore, while the impact of the
perpendicular conductivity is limited in most regions, it becomes
relevant in localized areas of magnetic reconnection.

4. Discussion and conclusions

We have introduced the new MAGEC code, providing a detailed
description of its numerical methods, as well as its physical mod-
ules for thermal conduction and coronal radiative losses. We
have also presented the methodology used to estimate the ef-
fective numerical resistivity and viscosity. To evaluate the per-
formance and accuracy of the code, we carried out a series of
simulations of the solar atmosphere. These simulations serve to
demonstrate the robustness and capabilities of MAGEC as a re-
liable and versatile numerical tool for solar physics research.

In these simulations, we investigated how the inclination of
the magnetic field influences the thermal structure of the solar
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Fig. 9. Dimensionless error associated with the divergence of the mag-
netic field, defined as |∇ ·B|∆x/(|B|+ ⟨|B|⟩h). The top three panels show
the maximum and average values of this error as functions of time.
The left panels correspond to the simulation with an initially vertical
magnetic field, while the right panels show the results for the arcade
magnetic field configuration. The first row presents values computed
over the entire domain, while the second and third rows show values at
heights of z=0 Mm and z=10Mm, respectively. The bottom colormaps
display the error in logarithmic scale for both simulations for t=2800s.

atmosphere. Our results show that a vertical magnetic field con-
figuration sustains a hotter corona at intermediate heights com-
pared to an arcade-like configuration. The stability of our models
achieved by the inclusion of a hot plate at the boundary top rein-
forces the well-established conclusion that an additional heating
mechanism is required to maintain coronal temperatures. These
findings are consistent with results obtained from other widely
used simulation codes.

Through a detailed analysis of the energy equa-
tion—including both explicit and implicit contributions—we
found that, although numerical resistivity appears dominant
in time-averaged heating profiles, its effects are concentrated
primarily in the photosphere and chromosphere. In contrast,
within the corona, the dominant energy transport mechanisms
are thermal conduction and pressure work. The interplay of var-
ious heating and cooling processes across different atmospheric
layers leads to a complex thermal structure, with alternating
regions of net heating and net cooling.

We also examined the role of the perpendicular component
of thermal conduction, which is often neglected in coronal mod-
els. By comparing simulations using the Braginskii and Spitzer
conductivity formulations, we found that while the overall tem-
perature profiles are broadly similar, the perpendicular com-
ponent can influence local plasma dynamics, especially in the
vicinity of magnetic reconnection events. When such events oc-
cur frequently, the cumulative effect of these localized differ-
ences can become apparent in the average temperature profile.

Although numerous MHD codes have been developed for
solar physics, and several of them employ HRSC methods, we
are some of the first to use these techniques to model both the
near-surface solar interior and the atmosphere in the same com-
putational box. Our approach uniquely incorporates key coronal
physical processes, such as optically thin radiative losses and
anisotropic thermal conduction, enabling more realistic and self-
consistent modeling of the coupled solar interior–corona system.
In future work, we plan to extend its capabilities to fully three-
dimensional simulations and incorporate additional physical ef-
fects, including ambipolar diffusion, the Hall effect, and the Bier-
mann battery.
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Fig. 11. Graphical analysis of the heating and cooling terms from Figure 10 at selected heights. Histograms and pie charts represent the contri-
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ing the final 20 minutes of the simulation. Vertical error bars indicate
the propagated standard deviation.
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Fig. 13. Comparison of the temperature colormap at selected snapshots
for simulations with different heat flux models. The left column corre-
sponds to the Braginskii model and the right to the Spitzer model. Each
row represents a different time: from top to bottom —t=1606 s, t=1613
s, t=2065 s, t=2075 s, and t=2085 s.
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Appendix A: The numerical methods

This section outlines the numerical methods employed for the
1D case, with straightforward extensions to the 3D case achieved
through cyclic permutations of the variables. The expressions are
provided in SI units for clarity and consistency with our code
implementation.

A.1. Reconstruction of the variables

In finite volume methods, the fluxes of conserved quantities (e.g,
mass, momentum, energy) are computed at cell interfaces. How-
ever, the state vector Ui is defined over the entire cells, not the
specific values at interfaces. To address this, High Resolution
Capturing (HRSC) methods reconstruct the state vector at the
left UL

i+1/2 and right UR
i+1/2 sides of each interface. This recon-

struction converts the state vector into a collection of local Rie-
mann problems.

For instance, a piecewise linear reconstruction yields

UL
i+1/2 = Ui +

1
2
σi, UR

i+1/2 = Ui+1 −
1
2
σi+1, (A.1)

where σi represents the slope of the solution in cell i. A com-
monly used slope limiter is the minmod limiter,

σi = minmod(Ui − Ui−1,Ui+1 − Ui), (A.2)

with the minmod function defined as:

minmod(a, b) =


a, if |a| < |b| and ab > 0,
b, if |b| < |a| and ab > 0,
0, if ab ≤ 0.

(A.3)

In addition to the piecewise linear method (PLM), more sophis-
ticated reconstruction techniques can be employed, such as the
Piecewise Parabolic methods (PPM), or Weighted Essentially
Non-Oscillatory (WENO) methods. In the code we have imple-
mented the options MINMOD (Roe 1986), MC (Van Leer 1977),
Van Leer (van Leer 1974), Ospre (Waterson & Deconinck 2007),
and WENO5 (Titarev & Toro 2004).

A.2. HLL Riemann solver

Once a Riemann problem is defined on both sides of every in-
tercell, the HRSC methods use a Riemann solver to calculate
fluxes at cell interfaces. To simplify the notation, the left and
right states calculated in eq A.1 are denoted as UL and UR, re-
spectively. In the code we have implemented the HLL (Harten
et al. 1983), HLLC (Li 2005), and HLLD (Miyoshi & Kusano
2005) Riemann Solvers, each offering different levels of accu-
racy and stability. Below, we present the expressions for these
solvers.

The structure of the solution of the Riemann problem (Rie-
mann fan) is bounded by the slowest and fastest signal speeds of
the system (11),

S L = min
[
λR

i , λ
L
i

]
, S R = max

[
λR

i , λ
L
i

]
. (A.4)

The HLL (Harten-Lax-van Leer) Riemann solver (Harten et al.
1983) is designed by assuming an average intermediate state be-
tween the fastest and slowest waves, as shown in figure A.1. This
state, denoted U∗ is given by

U∗ =
S RUR − S LUL + FL − FR

S R − S L
, (A.5)

Fig. A.1. Schematic diagram of the Riemann fan for the HLL Riemann
solver. The exact wave fan is approximated by two waves, S L and S R,
with a uniform state (U∗) in between.

Fig. A.2. Schematic diagram of the Riemann fan for the HLLC Riemann
solver. The exact wave fan is approximated by three waves, S L, S ∗,
and S R, with two uniform states (U∗L and U∗R) separated by a contact
discontinuity.

where FL and FR are the fluxes evaluated at the left and right
states, FL = F(UL) and FR = F(UR). The estimated flux FHLL, is
determined as

FHLL =


FL if S L > 0,
F∗ if S L ≤ 0 ≤ S R,
FR if S R < 0.

, (A.6)

where F∗ is the flux corresponding to the intermediate state U∗,
is given by

F∗ =
S RFL − S LFR + S RS L (UR − UL)

S R − S L
. (A.7)

This method is robust, simple, and computationally efficient
since it does not require resolving the full wave structure of the
Riemann problem, and for the same reason, can be over diffu-
sive.

A.3. HLLC Riemann solver

The HLLC (Harten-Lax-van Leer-Contact) method, proposed
for hydrodynamics by Toro et al. (1994) and has been adapted
for MHD by different authors. It improves the HLL solver by
resolving an additional middle wave associated with the con-
tact discontinuity. This creates left U∗L and right U∗R intermedi-
ate states, as illustrated in Fig. A.2. We use the MHD version
derived by Li (2005).

Assuming that the pressure and velocities do not change
across the contact discontinuity, we have

p∗L = p∗R = p∗, (A.8)
v∗xL = v

∗
xR = v

∗
x = S M. (A.9)

Here p∗L and v∗xL denote the presssure and x-velocity compontent
associated to the state U∗L, while p∗R and v∗xR correspond to the
same quantities for the state U∗R. S M represents the velocity of
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the contact wave and is given by

S M =
ρRvxR(S R − vxR) − ρLvxL(S L − vxL)
ρR(S R − vxR) − ρR(S R − vxL)

(A.10)

+
pL − pR

ρR(S R − vxR) − ρR(S R − vxL)
. (A.11)

The flux FHLLC is given by

FHLLC =


FL if S L > 0,
F∗L if S L ≤ 0 ≤ S M,
F∗R if S M ≤ 0 ≤ S R,
FR if S R < 0,

(A.12)

where

F∗L = FL + S L

(
U∗L − UL

)
, (A.13)

F∗R = FR + S R

(
U∗R − UR

)
, (A.14)

and the intermediate state variables are given by

p∗ = ρL(S L − vx)(S M − vx) + pL −
B2

x

µ0
+

B∗x
2

µ0
, (A.15)

B∗i L = B∗i R = B∗i = BHLL
i , (A.16)

ρ∗L = ρL
S L − vx

S L − S M
, (A.17)

(ρvx)∗L = ρ
∗
LS M , (A.18)(

ρvy
)∗

L
= (ρvy)L

S L − vx
S L − S M

−
B∗xB∗y − BxBy
(S L − S M)µ0

, (A.19)

(ρvz)∗L = (ρvz)L
S L − vx

S L − S M
−

B∗xB∗z − BxBz

(S L − S M)µ0
, (A.20)

e∗L =
e(S L − vx) + p∗S M − pvx

S L − S M

−

[
B∗x(B · v)∗ − Bx(B · v)

]
(S L − S M)µ0

. (A.21)

The expressions for the right state are analogous to those for the
left state, with L replaced by R.

This method offers enhanced accuracy by explicitly resolv-
ing the contact discontinuity, which reduces the over-diffusive
nature of the basic HLL solver. It achieves a balance between
computational efficiency and precision, making it suitable for
many hydrodynamic and MHD applications.

A.4. HLLD Riemann solver

The HLLD (Miyoshi & Kusano 2005) Riemann solver extends
the capabilities of the HLLC solver by introducing a more de-
tailed structure of the Riemann fan. It divides the solution into
four intermediate states U∗L, U∗R, U∗∗L and U∗∗R , as shown in Fig.
A.3 The flux FHLLD is given by

FHLLD =



FL if S L > 0,
F∗L if S L ≤ 0 ≤ S ∗L,
F∗∗L if S ∗L ≤ 0 ≤ S M,
F∗∗R if S M ≤ 0 ≤ S ∗R,
F∗R if S ∗R ≤ 0 ≤ S R,
FR if S R < 0,

(A.22)

where the intermediate fluxes F∗∗L and F∗∗R are calculated as

F∗∗L = F∗L + S ∗L
(
U∗∗L − U∗L

)
, (A.23)

F∗∗R = F∗R + S ∗R
(
U∗∗R − U∗R

)
. (A.24)

Fig. A.3. Schematic diagram of the Riemann fan for the HLLD Rie-
mann solver. The exact wave fan is approximated by five waves—S L,
S ∗L, S M, S ∗R and S R— with four constant states (U∗L, U∗∗L , U∗∗R and U∗R)
separated by Alfvén and contact discontinuities.

The intermediate wave velocities are defined as

S M =
ρRvxR (S R − vxR) − ρLvxL(S L − vxL)
ρR(S R − vxR) − ρR(S R − vxL)

(A.25)

+
pTL − pTR

ρR(S R − vxR) − ρR(S R − vxL)
, (A.26)

S ∗L = S M −
|Bx|√
µ0ρ

∗
L

, S ∗R = S M +
|Bx|√
µ0ρ

∗
R

, (A.27)

where pTL and pTR are the total pressures on the left and right
states. Additionally, the normal velocity and total pressure are
assumed to be constant over the Riemann fan:

v∗xL = v
∗∗
xL = v

∗∗
xR = v

∗
xR = S M , (A.28)

p∗TL = p∗∗TL = p∗∗TR = p∗TR = p∗T . (A.29)

The variables of the state vector U∗L and U∗R are computed as
follows

ρ∗L = ρL
S L − vxL

S L − S M
(A.30)

v∗yL = vyL −
BxByL(S M − vxL)[

ρL(S L − vxL)(S L − S L) − B2
x
]
µ0
, (A.31)

v∗zL = vzL −
BxBzL(S M − vxL)[

ρL(S L − vxL)(S L − S M) − B2
x
]
µ0
, (A.32)

B∗yL = ByL
ρL(S L − vxL)2µ0 − B2

x

ρL(S L − uL)(S L − S L)µ0 − B2
x
, (A.33)

B∗zL = BzL
ρL(S L − vxL)2µ0 − B2

x

ρL(S L − vxL)(S L − S L)µ0 − B2
x
, (A.34)

e∗L =
(S L − vxL)eL − pTLvxL + p∗T S M

S L − S M
(A.35)

+
Bx(vL · BL − v∗L · B

∗
L)

(S L − S M)µ0
, (A.36)

p∗T =
(S R − vxR)ρR pTL − (S L − vxL)ρL pTR

(S R − vxR)ρR − (S L − vxL)ρL
(A.37)

+
ρLρR(S R − vxR)(S L − vxL)(vxR − vxL)

(S R − vxR)ρR − (S L − vxL)ρL
. (A.38)

For the states U∗∗L and U∗∗R the following assumptions hold con-
stant across the Riemann fan

ρ∗∗L = ρ
∗
L , p∗∗TL = p∗TL , (A.39)

v∗∗yL = v
∗∗
yR = v

∗∗
y , v

∗∗
zL = v

∗∗
zR = v

∗∗
z , (A.40)

B∗∗yL = B∗∗yR = B∗∗y , B∗∗zL = B∗∗zR = B∗∗z , (A.41)
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where

v∗∗y =

√
ρ∗Lv
∗
L +

√
ρ∗Rv

∗
R +

(
B∗yR − B∗yL

)
sign(Bx)/µ0√

ρ∗L +
√
ρ∗R

, (A.42)

v∗∗z =

√
ρ∗Lw

∗
L +

√
ρ∗Rv

∗
zR +

(
B∗zR − B∗zL

)
sign(Bx)/µ0√

ρ∗L +
√
ρ∗R

, (A.43)

B∗∗y =

√
ρ∗LB∗yR +

√
ρ∗RB∗yL +

√
ρ∗Lρ

∗
Rµ0

(
v∗R − v

∗
L

)
sign(Bx)√

ρ∗L +
√
ρ∗R

,

(A.44)

B∗∗z =

√
ρ∗LB∗zR +

√
ρ∗RB∗zL +

√
ρ∗Lρ

∗
Rµ0

(
v∗zR − v

∗
zL

)
sign(Bx)√

ρ∗L +
√
ρ∗R

,

(A.45)

e∗∗L = e∗L −

√
ρ∗L
µ0

(
v∗L · B

∗
L − v∗∗ · B∗∗

)
sign(Bx), (A.46)

e∗∗R = e∗L +

√
ρ∗R
µ0

(
v∗R · B

∗
R − v∗∗ · B∗∗

)
sign(Bx). (A.47)

The expressions for the right state are analogous to those for the
left state, with L replaced by R. The HLLD solver is capable
of exactly resolving isolated discontinuities, which is the origin
of the "D" in its name. This capability significantly enhances
the accuracy of the solutions by capturing the full wave struc-
ture in MHD systems. However, this improvement comes with a
slightly increased computational cost due to the additional calcu-
lations required for the two new intermediate states introduced in
the Riemann fan. Despite this, the HLLD solver achieves an ex-
cellent balance between accuracy and efficiency, making it very
useful to model for complex MHD problems.

A.5. Constrained Transport Method

It is important to complement these numerical methods with an
additional scheme that enforces the divergence-free condition
of the magnetic field. For this purpose we use the Constrained
Transport Method (CT) developed by Evans & Hawley (1988);
Balsara (2004), which is highly compatible with the Riemann
solvers described above. The method consists of a special dis-
cretization of the equation of Faraday. First we need to write the
equation in terms of a vector Ω = v × B like

∂B
∂t
= ∇ ×Ω . (A.48)

Using this equation and finite central differences, an expression
is derived for the evolution of the area-averaged components of
the magnetic field on each face of the numerical cell centered at
(i, j, k),

dBx
i+ 1

2 , j,k

dt
=

Ωz
i+ 1

2 , j+
1
2 ,k
−Ωz

i+ 1
2 , j−

1
2 ,k

∆y
−

Ω
y

i+ 1
2 , j,k+

1
2
−Ω

y

i+ 1
2 , j,k−

1
2

∆z
,

(A.49)

dBy
i, j+ 1

2 ,k

dt
=

Ωx
i, j+ 1

2 ,k+
1
2
−Ωx

i, j+ 1
2 ,k−

1
2

∆z
−

Ωz
i+ 1

2 , j+
1
2 ,k
−Ωz

i− 1
2 , j+

1
2 ,k

∆x
,

(A.50)

dBz
i, j,k+ 1

2

dt
=

Ω
y

i+ 1
2 , j,k+

1
2
−Ω

y

i− 1
2 , j,k+

1
2

∆x
−

Ωx
i, j+ 1

2 ,k+
1
2
−Ωx

i, j− 1
2 ,k+

1
2

∆y
,

(A.51)

where the values of Ω are calculated at the intercells as the aver-
age of the numerical fluxes, given by F i j = viB j − Biv j

Ωx
i+ 1

2 , j,k+
1
2
=

1
4

(
Fyz

i, j+ 1
2 ,k
+ Fyz

i, j+ 1
2 ,k+1
− Fzy

i, j,k+ 1
2
− Fzy

i+1, j,k+ 1
2

)
,

(A.52)

Ω
y

i+ 1
2 , j,k+

1
2
=

1
4

(
Fzx

i, j,k+ 1
2
+ Fzx

i+1, j,k+ 1
2
− F xz

i+ 1
2 , j,k
− F xz

i+ 1
2 , j,k+1

)
,

(A.53)

Ωz
i+ 1

2 , j+
1
2 ,k
=

1
4

(
F xy

i+ 1
2 , j,k
+ F xy

i+ 1
2 , j+1,k

− Fyx
i, j+ 1

2 ,k
− Fyx

i+1, j+ 1
2 ,k

)
,

(A.54)

where the fluxes F i j are taken from the values computed with the
Riemann solver. Finally, the magnetic field in the center of the
cell is obtained by the averages

Bx
i, j,k =

1
2

(
Bx

i− 1
2 , j,k
+ Bx

i+ 1
2 , j,k

)
, (A.55)

Byi, j,k =
1
2

(
By

i, j− 1
2 ,k
+ By

i, j+ 1
2 ,k

)
, (A.56)

Bz
i, j,k =

1
2

(
Bz

i, j,k− 1
2
+ Bz

i, j,k+ 1
2

)
. (A.57)

The CT method is very roboust and stable and is widely used
for MHD applications including simulations of the solar atmo-
sphere, astrophysical accretion disks, star formation, and plasma
dynamics.
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