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ABSTRACT. The Delaunay metrics form a family of conformally flat, constant fractional (order
s € (0,1)) Q-curvature metrics on a twice-punctured sphere. They are all (after a Mobius
transformation) rotationally symmetric and periodic, and admit several elegant variational
descriptions. We prove that there exists 6 > 0 such that when s € (1 — §,1) any complete,
conformally flat constant Q-curvature metric on a twice-punctured sphere is a Delaunay metric.
Along the way, we prove a sharp a priori bound for the conformal factor of these metrics, which
may be of independent interest.

1. INTRODUCTION

Much of geometric analysis in the last 40 years has concentrated on conformally invariant
equations. The first step in this program for a given equation is to demonstrate the existence
of a solution in a given conformal class. As a next step, one can try to classify the solutions, or
at least prove compactness of the solution set in the form of a priori bounds. In the case of the
conformal class of the round sphere, the conformal invariance of the equation combines with the
noncompactness of the group of conformal transformations to complicate both the a priori bounds
and the uniqueness of solutions.

In the present paper, we consider the following conformally invariant equation

n+2s .
Pou = cpsun—2s in €, (1)

where s € (0, %), P, is the family of fractional Paneitz operators constructed by Graham and
Zworski in [20] (see also [8]) and ¢, s > 0 is the normalization constant defined as

The function T is the classical Gamma function defined as I'(z) = [;°t* te~!dt. Here we assume

Q := M\ A to be the so-called regular set, where (M, g) is an n-dimensional smooth, compact

Riemannian manifold without boundary, with n > 3 and A C M is a closed subset called the

singular set. We adopt the same terminology as in the study of constant scalar curvature metrics

and denote a solution u € C*®(f2) of (1) as a fractional, singular Yamabe solution, and the
4

associated metric ¢ = un-2s g as a fractional, singular Yamabe metric.
We are mostly interested in this equation on subdomains of the sphere, i.e. Q := 8™\ A with
A C S™ a closed set. We denote the usual round metric as go. In this locally conformally flat
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setting, Ps has the explicit form (originally given by Branson in [5]) given by

T(3-s)0(B+s+3) . _\/_ n—1)\2
PS_F(%—FS)F(B—S—I—%) with B = Ago—l-( 5 ) (2)

Later, we will see a similar expansion for P in the cylindrical setting, which was first derived
in [17].
Now, let A = {N,S} with N, S € S™ denote its north and south poles, respectively. The

conformally flat metric g = U =T go has constant @Q)s-curvature if the (positive) conformal factor
U:S"™\{N, S} — (0,00) satisfies the PDE

nt2s
P,U = cp Un2 on S"\{N,S}. (Qn.s)
In this setting, completeness of the metric g € [go] is equivalent to the boundary condition

liminf U(p) = oo.
gl Vo) = o

Equivalently, we say that U € C*°(S" \ {N, S}) is a singular solution to (Qy, ;).

Let gaat be the standard Euclidean metric on R™. We can use conformal invariance to transfer
this problem to (a subdomain of) Euclidean space. Let IT : S"\{N} — R" be the standard
stereographic projection and let u, : R™ — (0, 00) be the standard spherical solution (i.e. Aubin—
Talenti-type bubble or Chen—-Li-Ou bubble [11]) given by

o) = s (“2“””'2) - 3)

2s—n 25—n
e (TRG)) T (T3-9)7
o L(z(5-9) I'(5+s)

Here we remark that ¢, s > 1 (cf. [17, Proposition 6.1]).

We can now write a conformally flat metric in both the spherical and Euclidean gauges, where
the two are related by

with

g:Uﬁgo:uﬁgﬂm with u="U - uo. (4)

We observe that the spherical solution described above does not correspond to the unit sphere,
but rather to a sphere S™(p) of radius p = p(n, s) > 0 given by

(T GG Ts) ~2/s (r(g—s)>”5
Pr,s =2 (r(;(g_s))> T(2+s) :

We choose this scaling so that the sphere fits with the form of the Delaunay solutions we derive
below in § 2.2.

It will be useful to transfer without further comment between these two gauges, as well as
the cylindrical gauge mentioned earlier. In the Euclidean gauge, the positive conformal factor
u: R™"\ {0} — (0, 00) satisfies

(—A)°u = cn,suztigi in R™\ {0}, (On.s)

where A is the standard Euclidean Laplacian and (—A)? is the fractional Laplacian, which can be
understood as the principal part of a singular integral. Here, the boundary condition translates to
liminf, o u(z) = occ.
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In previous work, DelaTorre, del Pino, Gonzalez and Wei [16] constructed a family of solutions
on the twice-punctured sphere. These solutions are, after an appropriate conformal dilation, all
rotationally symmetric. They generalize the well-known Delaunay metrics in the scalar curvature
setting, which were found by Schoen [32], and we call them Delaunay metrics as well. A Delaunay
metric is uniquely determined by its fundamental period, or equivalently by its necksize. More
precisely, the fractional Delaunay family can be equivalently characterized as the set of even,
positive, periodic solutions v: : R — (0,00) of a nonlocal initial value problem (see (@né)) that
fixes the necksize parameter ¢ = min;egr v<(t). For each necksize ¢ € (0, 1], the Euclidean conformal
factor -

ue(@) = 2] v~ In Ja]), (5)

4

n—

solves (9, s) and defines g = us > ggat a complete constant Qs—curvature metric on R™\{0}. We
can also write out the Delaunay metric in the spherical gauge as

4
n—2s

ge = U¢ go and wu. =U; - uo.

In what follows, we call u € C*°(R" \ {0}) a singular solution to (Q, ) if it does not extend
continuously to the origin, i.e. lim, o u(z) = co; otherwise, we call it a nonsingular solution.

Our first main result is a partial classification of singular solutions to the fractional Yamabe
equation, which can be stated as

Theorem 1. Let n € N with n > 3. There exists 6 > 0 such that if s € (1 —6,1) and
u € C®(R™\ {0}) is a singular solution to (Q,.s), then there exists € € (0,1] and R > 0 such that

25—n X
w=ien with wop(r) = R u (5)),

where i, € C*°(R™\ {0}) is the Fuclidean Delaunay solution of necksize € (see (12)).

For a given doubleton set {p, g} € S™ with p # ¢ we define the marked moduli space of complete
metrics with constant fractional QQ-curvature as

Mgy = {g = UﬁgO € [go] : U € C*°(S™ \ {p, q}) is a positive solution to (Qf”)} / ~,

where the quotient is taken under diffeomorphism preserving the singular set {N,S} and is
furnished with the Gromov-Hausdorff topology.
In this fashion, we may reformulate our main theorem as

Corollary 2. Let n € N with n > 3 and let p,q € S™ with p # q. There exists 6 > 0 such that if
s € (1 =4,1) then each element of My, oy is a Delaunay metric.

Alternatively, we could say that My, 1 is a half-open interval in the real line, where the
parameter represents the minimal period of the corresponding Delaunay solution or (equivalently)
the minimum value of the Delaunay solution, i.e. the necksize.

We use the same technique as in the proof of Theorem 1 to prove that all Delaunay solutions
are nondegenerate. This condition is easiest to define in the cylindrical gauge. For any
v:R x S" 1 — (0,00) solution to (Q, ), we set the associated linearized operator as

4s

I n+2s =
Ly :=Ps+cns — 755, CpsUn2

We say that v is nondegenerate if w € L?(R x S” 1) and L,(w) = 0 implies w = 0.
In this setting, our second main result is

Theorem 3. Let n € N with n > 3. There exists § > 0 such that if s € (1 —9,1) and
v:R x S" 1 — (0,00) satisfies (Ons), then v is nondegenerate.
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In the scalar curvature setting, the conformal factor satisfies a second order ODE, and so the
uniqueness follows very quickly from phase-plane analysis. However, as demonstrated in [17],
one cannot apply these techniques directly in the nonlocal setting. Nonetheless, we can prove
uniqueness if s is close to, but less than one.

Our proof of uniqueness relies on two new ideas. In § 3.2, we use the fact that the spherical
solution has Morse index one to derive a sharp a prior: upper bound for a solution to the -
curvature equation of order s on a twice-punctured sphere, with the spherical solution giving us a
universal upper bound. This allows us to associate a Delaunay solution with the same L°-norm
to any solution on the twice-punctured sphere. We prove Theorem 1 by contradiction, assuming
there exists a sequence s " 1 and solutions vy that are not Delaunay solutions. Letting v be the
matched Delaunay solution, in § 4.1 we prove that a rescaling of the difference vy — vy converges
locally to a solution of a homogeneous second order ODE. In § 4.2 we extend this local convergence
to global convergence. This limit must be zero by the conditions of the ODE, which contradicts the
normalization of our rescaling. The passage from local convergence to global convergence relies
on a sharp estimate for the integral kernel and the solution operator of the nonlocal equation,
derived in [16] and described below in § 2.2. We expect this strategy to be robust and to have
applications in other fractional geometric problems, and indeed we adapt our technique to prove
Theorem 3 in § 5. We conclude this paper with a brief outlook in § 6. First, in § 6.1, we discuss
work in progress [1] in which we extend the classification to s € (1,14 ), where once again § > 0 is
sufficiently small. Next, in § 6.2, we describe some possible applications of our classification result,
including refined asymptotics of solutions with isolated singularities and a general compactness
result.

2. QUALITATIVE PROPERTIES OF DELAUNAY SOLUTIONS

In this section, we first describe the reduction to a one-dimensional problem. Next, we describe
the Delaunay solutions. Finally, we recall that Dévila, Del Pino and Sire [15] (see also [4]) proved
that the standard bubble has Morse index one.

2.1. Rotational symmetry. Here, we describe why all the complete, constant )s-curvature
metrics on a twice-punctured sphere depend only on one variable. We begin with a complete,
4

conformally flat, constant Q)s-curvature metric g = U»=25 g, on a twice-punctured sphere. After a
conformal dilation, we can assume the two punctures are antipodal, and after a global rotation,
we can take the punctures to be the north and south poles, which we denote respectively as N
and S. We now use stereographic projection to transfer the problem to R™\{0}. Following this
change of coordinates, we arrive at (Q, 5).

One can now apply [6] to see that u is rotationally invariant. Alternatively, one can argue as
follows. Ngo and Ye [28] prove that, because the singular set {0} has capacity 0, the function w is
s’-superharmonic for each 0 < s’ < s. One can now use the method of moving planes to show that
u is radial. One can also use the method of moving planes in integral form (see [13] and [12]) to
show the radial symmetry directly.

2.2. Existence of Delaunay solutions. The Delaunay solutions form a particularly nice family
of rotationally symmetric solutions of (Qp ) on R"\{0}, or, equivalently, of (Qy, ,) on S™\{N, S}.
In the classical setting (i.e. s = 1) the existence of the Delaunay solutions goes back to the
1930s, due to the work of Fowler [18]. In the fractional setting, DelaTorre, Del Pino, Gonzéalez and
Wei [16] first established their existence provided s € (0,1). Later, Jin and Xiong [23] extended
this construction to the range of exponents s € (1,%).
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The Emden-Fowler change of coordinates lies at the heart of this construction. Given u :
R™\{0} — R, we let

o(t,0) = §w)(t,0) = e(FT)u(e7'0) with t=—Injz| and 6= % (6)

obtaining a new function v : R x S"~! — R. One can, of course, invert this change of coordinates,

giving us
u(z) =F (v)(2) = ( o ol |z I)

The construction in [16] starts with the Ansatz that the solution u has the form
u(x) = a7 0(~In|z]),

where v : (0,00) — (0,00) is a positive smooth function. In fact, one can use the a priori bounds
of [6] to show that v is bounded, and so the integral operators written below are convergent. This
change of variables transforms (Q,, ) into

7 2s—n

é L — 2 v n—1 n+2s
o [ O SO ) ™
sn=t |r2 +p? = 2rp(0, )| 2
with
B I''2+s
Rps =T n/2228FE12—3))8
They then make the change of variables p = p/r. Using the identity
o) = (1-7"7") 8(r) + 577 5(r),
the equation (7) becomes
v(r) —v(pr ~ n+t2s
o [ ° OO =50 4 () = en o) ®
st |1 +77 —2p(0, )| 2

where
—n—1

/ / PP dodp
n+2s SD p
s ( 1+p —2p<9 ©)) 2

is a positive constant; in fact, our normalizations imply A = ¢, s (see [17, Proposition 2.7]).
Finally, we complete the Emden-Fowler change of variables by letting t = —Inr, 7 = —Inp and
v(t) = v(—Inr), which transforms (8) into

n+2s o~

Pi(v) + cpsv =cpsvn2s  in R, (Qnys)
where -
PO = [ (00) = o(r) Kt~ 7)dr ©)
and

=K
s n,8 gn—1 (1 + e—26 _ 2672§<g’ SD>)
From this formulation, one can search for periodic solutions with minimal period L by setting

Kop(t—7)=)Y Kit—71—jL) (10)
JEZ

s A
2



6 J.H. ANDRADE, A. DELATORRE, J.M. DO O, J. RATZKIN, AND J. WEI

and minimizing

2K, 1.(t — 7)dtd - (t)%dt
£u) = B0 T 00 = VPR (£ iy o Jy wlt (11)

(fo v(t)mdt) "

where one minimizes over all the functions such that the numerator is finite. The main theorem
of [16, Theorem 1.1] states that for each L > 0 the functional & 7, in (11) has a nonzero minimizer.
Furthermore, when 0 < L < 1 is sufficiently small, this minimizer is a positive constant; however,
it is not constant when L >> 1 is sufficiently large.

We complete this description by remarking that the preceding paragraphs classify the Delaunay
solutions in the cylindrical gauge. We can subsequently change coordinates to write the Delaunay
solution in the Euclidean or the spherical gauges. In the Euclidean gauge, we have

_ 25—n _
() = F(ve)(2) = |2 72 ve(~Ina]). (12)
One can then transfer this solution to the sphere using stereographic projection, obtaining

U=t.oll=F 1og. oIl

2.3. Morse index and stability. We discuss the Morse index of the standard Aubin—Talenti
bubbles classified by Chen, Li and Ou [11, Theorem 1.1]. Let us recall that this family of bubbles
of order s € (0,n/2) solving (Q,,s) such that lim, ,ou(z) < oo is given by

2s—n
x — xo . e+ ]z — 20?2
uxo,s(x) = Uo - = Cn,s T y

for some zy € R™ and € > 0, where up;1 = uo is the spherical solution defined as (3). These
solutions transform, after the Emden-Fowler change of variables, into

2s—n
t—1t t—1t 2
Vto,e(t) = o ( 0> = (p,s cosh ( 0>
€ €

2s—n

for some ¢ty € R and € > 0, where vg1(t) = vo(t) = &, cosh(t)
The main result of Dévila, del Pino and Sire [15, Theorem 1.1] characterizes the kernel of
4s

Lo=(=A) —t25e 077 (13)

n—2s

In fact, they are generated by the Jacobi fields arising from the action of two conformal
transformations, namely translations and dilations. Later, Andrade, Wei and Ye [4, Lemma 4.6]
(see also [10, Lemma 5.1]) extended this nondegeneracy result to the full range of exponents,
namely s € (0,%). Changing from the Euclidean gauge to the cylindrical gauge transforms the
spherical linearized operator into

4s

Lo(w)(t) = )+ ens0(t) — P2 o (£) 75 o(t)

n—2s

4s

= / Ky(t — 1) (v(t) — o(7))dr + ¢ s0(t) — 22 00 (t) 2 0(t).

Theorem A ( [15]). Letn € N and s € (0,1) with n > 3. There holds

ker(zs) NLYR) = span{g?; :1=0,1,... ,n} ,

where

au@ n—2s
@(:U) = 252y (2) + (2, Vo).
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In particular, the Morse index of the spherical solutions
25—n

1 2\ 2 s=n
Uo(T) = Cn s <+2|$’> and v (t) = Cns cosh(t)2 2

are both equal to one.

The last result states that the standard bubble solution above is nondegenerate in a sense,
the set of bounded solutions in the kernel of the spherical linearized operator is spanned by the
functions

Ouo , o Ou, ,
520 () = 5= uo(w) + (x, Vu,)  and e () for 1e€{l,...,n}.

On a related note, we observe that the results of [14, Theorem 1.2] prove that all the Delaunay
solutions (and its deformations) u. € C>**(R™\ {0}) and v, € C*°(R) described above have infinite
Morse index.

3. A PRIORI AND SHARP SUPREMUM ESTIMATES

In this section, we establish two types of upper bounds for positive solutions to the critical
fractional equation on the punctured sphere and its cylindrical counterpart. We begin with a
general upper bound in the setting that the singular set is a closed subset of S with zero capacity.
This estimate, though quite general, is not sharp enough for our purposes, so after establishing
this general upper bound we specialize to the case of a twice-punctured sphere. Using the spectral
properties of the linearized operator around the spherical profile v,, we show that this profile
realizes the global supremum among all positive solutions to the logarithmic cylindrical equation.
This rigidity result exploits the fact that v, has Morse index one and illustrates the optimality of
the bubble in this conformal class.

3.1. Upper bound estimate. In this section, we derive a priori upper bounds in a more general
setting.

Lemma 4. Letn € N and s € (0,1) with n > 3, and let A C S™ be a closed set with zero capacity.
IfU : S"\A — (0, 00) satisfies (Q 5), then there exists C > 0 depending only on n and s such that

2s

U(z) < Cdisty, (z,A) "7 . (14)

Remark 5. In the case that A is finite, this result follows from [6, Proposition 3.1]. This more
general proof when A is a closed set with zero capacity follows the model first used by Pollack
in [29, Theorem 4.3] and has since been adapted in a number of other places, such as [26], [30], [9],
and [3]. Since this same argument has appeared now a number of times in the literature, we only
provide its sketch.

Proof. We argue by contradiction, adapting the blow-up argument of Pollack [29, Theorem 4.3],
combined with the convexity argument of Schoen [33] and its conformal extension by Qing and
Raske [30, Theorem 4.1].

Fix a regular point xo, € S™ \ A and consider the stereographic projection with pole at xo,
identifying S\ {zs } with R™. Let u : R”\K — (0, 00) be the stereographic projection of U, where
A is the image of A under the projection. Then u satisfies the Euclidean conformally invariant
equation

n+2s o~
(=A)’u=cpsun—2s in R"\A,
where A is a finite set. Since the singular set A has capacity zero, the results of [28] imply that u
is s’-superharmonic for every s’ € (0, s).
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Next, we define the conformal metric g, = uﬁ Jaat- By applying the moving planes method
of Schoen [33] adapted to the fractional setting by Qing and Raske [30, Theorem 4.1], we deduce
that every Euclidean ball in the domain R™ \ A is strictly mean-convex with respect to g,. This
key convexity property will be used to obtain a contradiction.

Now, we suppose by contradiction that the desired estimate (14) fails. Then, there exists a
sequence of data Ay, solutions uy, points xg j, and radii py > 0 such that B,, (xo) C R”\Kk and
the function

2s—n

fu(@) = (o — |z — zoxl) 7 ur(z)
attains arbitrarily large supremum in B, (zo ). That is, there exists x1 ) € B, (zo ) such that

My = fr(z1p) = sup  fr(z) 200 as k— oo.
xeBpk(Io,k)

__2
We define the scaling factor S := %M . "%, and consider the blow-up sequence

n—2s
wp(y) =5, % up(z1p + Sky),

which, by construction, satisfies wy(0) = 2% and
nt2s 1 ~
(—A)*wg = cpswy ™™ in Q= 5 (Rn \ Ay — xl,k) :

Because the singular sets /A\k C R" diverge to infinity in the rescaled variables, and thanks to
the uniform a priori Harnack inequality from [35, Theorem 1.2], we obtain local C> estimates for
wj, on compact subsets. Passing to a subsequence, we conclude that wy — wse in CIQOC(R”), where

Weo € C?(R) satisfies weo (0) = 2%3" and solves

n+2s
(—A)’weo = cpsws® in R™

By the classification result of Chen, Li and Ou [12, Theorem 1.1] ws must be the standard spherical
solution

< c )"f
w = _—

o(0) 1+ e%ly — yol?

for some € > 0 and yo € R".

Since wy — Woo locally uniformly, we find that for large £ > 1, the metrics g,, become nearly
spherical on large balls centered at ;. In particular, there exists R > 0 such that the ball
Bpr(z1) has a boundary that is strictly mean-concave with respect to the conformal metric gy, .
But this contradicts the earlier geometric result that all Euclidean balls must have strictly mean-
convex boundaries for g, , as deduced from the fractional moving planes method.

Finally, this contradiction proves the desired a priori upper bound (14). The constant C' > 0
depends only on n and s, completing the proof. O

3.2. Sharp supremum estimate. In the special case where A = {N, S} is a pair of points, we
can transform this problem to the cylinder using (6), and so (14) reads v(t) < C, where C is a
positive constant depending on n and s. However, because the proof of (14) uses an argument by
contradiction, we do not obtain a sharp constant.

In preparation, we need the following result.

Lemma 6. Let n € N and s € (0,1) withn > 3. Ifv: R x S"1 — (0,00) solves (@ns) we
cannot have v > v, on all of R x Sn—L,
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Proof. This is an adaptation of the proof of [14, Proposition 2.5]. Following their notation, for any
L > 0 we define

— ) (v(t) — v(71))?dtdr
Al(L)_inf{ 3 Jr Jr Ks tvaz ()275 (1))2dtd

and let ¢1 € H*(R)\{0} be the associated eigenfunction. They show in [14, Lemma 2.4] that
the eigenvalue is positive for each L > 0 and that Llim AM(L) = 0, as well as the fact that the
— 00

:v € H*(R)\{0} and supp(v) C [—L,L]}

eigenfunction is a positive solution to

P5(¢1> = )\1(L)(Z51 in (—L, L) (15)
Now we analyze Ps(v— v, — apy) on the interval [—L, L] where aw > 0 and L > 0 are parameters
n+42s
to be chosen later. First we estimate Ps(v — v,). The function n;(§) = & = ¢ is convex, so its
graph lies above each of its tangent lines. In other words,
m(v) =2 1 (ve) (v = vo) + m(vo),

and so
n+2s

Pov—vo)(t) = cns((v(£)F 5 —v(t) = (vo(t) "2 +va(t)) (16)
s (1 (V) () = 171 (00) (£))
Cu st (1) (O((0) = vo(0)

Cns <<Z a §z> 577 (cosh £) 25 — 1) (0(t) — vo(1)).

AV

If we choose Lg > 0 such that

n+2s\ 25 3
- n S hL [
(n—?s)c (cos 0) 2
then (16) implies
1
Ps(v—wvo)(t) > icms(v(t) —vo(t)) for te [—Lo, Lo (17)
Now, we choose o > 0 such that
L, e
« te[—Lo,Lo] 'U(t) - 'Uo(t)
We then have
w(t) = v(t) —vo(t) — agy(t) > 0, (18)

and, by continuity, there exists tg € [—Log, Lo such that w(tg) = 0. Combining (17) and (18), we
obtain

1
R0 2 (one = ML) (00) = 0. (0),
so we can conclude that Ps(w) > 0 and use the maximum principle (see [14, Proposition 2.2])
as soon as we know Aj(Lg) < C’;S However this inequality follows from [14, Eq. (2.4)] and the
subsequent scaling law. O

Proposition 7. Let n € N and s € (0,1) withn > 3. Ifv: R x 8" ! — (0,00) solves (@ns);
then

sup’l}(t) < sup 'Uo(t) = én,s-
teR teR
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Remark 8. In some sense, this estimate is similar to the height estimate of a constant mean
curvature graph in [25, Lemma 1.7].

Proof. Suppose by contradiction that there exists a solution v : R — (0, 00) to (9) such that
sup v(t) > supvo(t) = éys.
teR teR
After a translation, we may assume
v(0) > vo(0) = ép s = sUp vo(t).
teR
By the lemma above, we cannot have v > v,, so there is a maximal open interval (t9—,to 1)
containing 0 on which v(t) > vo(t).
Let us define
to4 :=sup{t > 0:v(r) > wvo(r) for all 7 € (0,%)},
and
to,— :=inf{t <0 :v(r) > vo(r) for all 7 € (¢,0)}.

Then, by the classification result in [12, Theorem 1.1], we know that any solution v € C?(R) with
fast-decay lim;_,o, v(t) = 0 must be a translation of the spherical solution v.. Since v # v, there
holds

limsup v(t) > 0.

t—=+o0
This ensures that the function v — v, oscillates and changes sign. In particular, there exist maximal
intervals (to +,%1,+) and (¢1,—,to—) such that
V—1,<0 1in (to,_;_,tl’_;,_) @] (tl’_,t07_).
We sketch the intervals (fg4,t1.4) and (t1,—,%p,—) in Figure 1 below.
Now, let us define the test functions

w (t) . U(t) - Uo(t)7 if te (t0,+7t1,+)7
* . 07 ift e (—OO,t07+) U (t1,+7 OO)

and
w (1) = v(t) — vo(t), %f te (ti—,to,—),
0, if t € (—o0, tl,f) U (toﬁ, 00).
Notice that both wy < 0 on supp(w+), and are compactly supported, piecewise smooth functions
in the energy space.

FiGUure 1. This figure shows the spherical solution in green and the supposed
solution v whose maximum is greater than the spherical solution in red.
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[¢]
We compute the quadratic form associated with the linearized operator L4 at v, on w4 to get

/OO wi Lo(ws ) dt = /t”(v ) <ZS(U _ UO)) dt

—00 to,+
t+ n+2s 4s
— / (v — o) <Ps(v — Vo) + Cps(v — Vo) — (n 23) Cn,sVa 2 (v — vo)> dt
to,+ -
t1,+ n4+2s n+2s 2 4s
= cn,s/t (v — o) (vntgs —plT — (Z j 22) v (v — vo)> dt. (19)
0+

n+4

Observe that 12(£) = =4 is a strictly convex function, and that the integrand has the form
(v = o) (m2(v) — 1m2(vs) — Ma(ve) (v — v5)).
Since 72 is convex, the second term
112(v) = n2(ve) — 03 (ve) (v — vo) > 0
is strictly positive. By our construction v — v, < 0 on the interval (fp +,%1,), and so the total
integral is negative i.e.

[e%¢) o oo o
/ wyLs(wy)dt <0 and / w_Lg(w_)dt < 0.
—0o0 —0o
Since supp(w, ) Nsupp(w_) = &, these test functions are orthogonal in L?, and span{w,w_}

is a two-dimensional subspace on which the linearized operator around spherical solutions is
negative definite. Therefore, the quadratic form has at least two negative directions, contradicting
the fact that v, has Morse index one. This contradiction proves that no such function v with
sup;cg v(t) > €5 can exist. Hence, one has

supv(t) < supvo(t) = Cn .

teR teR
and the proof of the proposition is finished. O

4. THE PROOF OF CLASSIFICATION

We now prove Theorem 1. The argument has two parts. First, a local compactness step shows
that the normalized difference between a solution and the corresponding Delaunay profile vanishes
on compact intervals. Second, a global step enhances the local convergence to the entire line by
combining the Green representation, the decay of the kernel, the weighted norm, and an ODE
barrier that excludes nontrivial limit profiles in the noncompact recentering regime.

4.1. Local classification. The local step relies on a compactness argument for the normalized
difference between two solutions. After normalizing and rescaling on [—L, L], we extract a limit
profile that solves a homogeneous limiting equation with zero Cauchy data; hence, it must be
trivial.

Proposition 9. Let n € N and s € (0,1) with n > 3. For each fivred L > 0, there exists § > 0

such that if 1 —d < s <1 and v : R — (0,00) satisfies (@né), then the restriction of v to [—L, L]
1s a Delaunay solution.

Proof. We prove this proposition by contradiction. Assume there exist a sequence {sx}ren C (0,1)
of fractional powers such that s ' 1 as kK — oo and a sequence of positive smooth solutions
{vitken C C3(R) to (Qys), that is

n+25k

n—2sy

Py, (Vk) + Cnsy Uk = Cnsy, Uy, in R for keN. (20)
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Furthermore, we assume v is not a Delaunay solution for each k.
Now, for each k£ € N, we choose a Delaunay solution 7 so that

vkl oo (= r,0)) = Wkl Lo ((=2,)) and  v(0) = [[vkllpeo(=1,2)) = Ikl Loo((=L,1]) = Vk(0)-

Let us set
O = U — Vg, (21)
which implies
¢x(0) = ¢3,(0) = 0. (22)
Also, setting
n+t2sy,

Nic(0) = Py (0) + a0 = s, 0725,

it holds
0 = Np(@k) — N(vr) (23)
n+2sg nt2s,
= Psk (¢k) + Cn,sk¢k — Cn,sy, (U;;%k — (ﬁkz — ¢k,)"2sk>
= Li(or) — Ri(Pr),
where

4s

k
Li(9r) = Po(00) + a0 — (252 Jense 0 F 60 and Ri(on) = O(llén]?) as k— oo.

Define a normalized sequence {9y }ren C C2(R) such that

_ o) _
Yi(t) == A with Ay = ter[riaﬁ(u |pr(t)] for ke N.

Then, it holds ||9x| oo (—1,z)) = 1 and ¢ (0) = ¢/3,(0) = 0. Moreover, one has

1
Li(Yr) = Af}g&:(%) = O(llplloe-r,))) =0 as k— oo.

Recall that each 7y is a Delaunay-type solution to (@ns) corresponding to the same necksize
normalization
0(0) = vk(0) = [JvkllLe(w)-
Since the parameters s " 1, the coefficients of the equation are uniformly bounded, and by
Proposition 7, we can extract a subsequence such that 7, — v, in CIQOS‘(R) for some a € (0,1),
where T, € C?(R) is the classical (local) Delaunay profile solving
n+2

—/! - —n—2 :
—T, + Cp,1 Vs = Cp,1 Uy in R.

The corresponding linearized operator around the local Delaunay profile is therefore

Lo() = =" +enitp - (:;%g) Cna v;%%,z) for 1 € C%(R). (24)

This operator is precisely the local (s = 1) limit of the family Ly, since Ps, — —d? in the strong
resolvent sense as sp — 1~ (see the estimates (35), (36) and (37) below) and vy, — ¥, in CZ_.
Next, recall from (23) that
1
Ly (Yr) = XkRk(¢k> =o(l) as k— oo, (25)
and [|¢ | poe((—r,07) = 1 with ¢(0) = ¢;,(0) = 0. By Lemma 4 and standard regularity estimates,

the sequence {{ }ren C C*%([—L, L]) is equicontinuous and uniformly bounded.
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From this, we can apply the Arzela-Ascoli theorem to find a function s, € C>“([—L, L]) such
that, up to subsequence, ¥ — ¥oo in C>*([—L, L]) satisfying

U+ (332) 0 — (M52) T e =0 in (-L.D) -
¥o(0) =0, ¥ (0)=0
Hence, passing to the limit in the equation (25) gives us
L.(¥e) =0 in [-L,LJ.

In view of (24) and the initial conditions 1, (0) = ¥/ (0) = 0, the uniqueness theorem for ODEs
implies 1o, = 0 on [~L, L], which in turn contradicts the normalization ¢y fee(—r,z)) = 1 for
each k.

4.2. Global classification. In this section, we complete the proof of Theorem 1 by showing the
convergence of {1} to ¥ is global, in L*>°(R). In other words, we show that one can choose the
same ¢ for each L in Proposition 9.

Before proving global convergence, we record the ODE barrier that excludes fast left decay for
global limit profiles.

Lemma 10. Let o, := "T_z >0, V € L*®((—00,0]) be a bounded nonnegative potential satisfying
0 <V < ¢y, and ) € C32(R) be a solution to

'+ ol -V(QY=0 in R, (27)
$(0) = 1.
If for some o > o, one has
[W(Q)] < e forall (<0, (28)

then ¢ = 0.
Proof. Let us define w(¢) := e~ 7*%¢(¢) for ¢ < 0. A direct computation gives us
w” + 20,0 +V(Qw=0 on (—o0,0],
which, by multiplying by an integrating factor, yields the exact derivative identity
(€27w'(€))" = —*V (Ow(()-
Next, from the assumed bound (28), it follows that
[w(C)| =e 7 [p(Q) < e 50 as (= —c0.

Hence, w € L'((—0o0,0]) and €27*V ({)w(¢) € L'((—o0,0]). In addition, by differentiating (27),
we find e27*%w’(¢) — 0 as ( — —oo. From this, by integrating from —oco to ¢, we obtain

w'(¢) = —e20xC /C QQU*TV(T)U)(T)dT.

Integrating by parts and using the Fundamental Theorem of Calculus along with the boundary
condition w(¢) — 0 as { — —oo, we get the Volterra-type identity

¢
w(() = — ! / (1- 6720*(477))‘/(7')10(7')(17'.

204 J_oo

Thus, taking absolute values and recalling 0 < V' < ¢y, we deduce

¢
/ |lw(T)|dr for (¢ <O0.

C2

[w(Q)] <

204
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Finally, by setting G(¢) := f_coo |w(7)|dT, one has that

FHO<0 and lm_6(c) = 0.
and satisfies the differential inequality
d o
90 = w(O)] < £6(0)

By Gronwall’s inequality, it follows G = 0 and hence w = 0. Therefore v = 0, contradicting
1(0) = 1. The proof is then finished. O

Next, we also need a uniform interior C>® estimate for solutions to the cylindrical linearized
operator. For this, we recall the kernel

Lemma 11. Let n € N and s € (0,1) withn > 3. Let I C R be a bounded open interval and
Vi € C2%(I) be a potential satisfying

0<c <Vis(t)<ez and  limsup||Vsllez.e ) < o0
s—1—

for some c1,ca > 0 independent of s. Assume ¢ € L=(R) NC3(I) solves

Ps(9)(t) + ens(t) — Vi(t)o(t) = ws(t) in I (29)
with s € CH(I) and psllcrary < oo uniformly in s. Then, for every J CC I there ewist
a€ (0,1), so € (%, 1), and C > 0 not depending on s € [sg, 1), such that

I¢llcsacry < C (I8llL=m) + l@sllcrac) - (30)

In particular, the C>* constant is uniform as s — 17, and it does not depend on the point t € J
up to third order.

Proof. This is a direct consequence of the regularity results by Silvestre [34, Theorem 5.1] and
Ros-Oton and Serra [31, Theorem 1.1] under the verification that the log-cylindrical operator
P = Ps + ¢, on the right-hand side of (29) satisfies the ellipticity conditions [34, Eq. (2.2),
pg. 1158] and [31, Eq. (1.2), pg. 8676]. Here, we notice that by [22, Theorem 1.1] there exists
50 € (3,1) such that the regularity constant C' > 0 does not depend on s € (s, 1]. O

Let us introduce a weighted space suitable for studying our linearized equation.

Definition 12. Let n € N with n > 3. For any ”7_2 <o < g, let us define the weighted norm
1] == sup|e~"Mg(t)].
teR

Remark 13. In the last definition, we can assume o = 5. Indeed, it is sufficient to choose any

exponent that allows us to annihilate the kernel of the operator P, thereby enabling us to apply
Lemma 10.

We are now ready to prove the global compactness.

Proof of Theorem 1 (global part). Initially, from (23), for each k& € N the difference function
¢ € C*(R) given by (21) satisfies the linearized equation below
Ls (¢r) =0r(1) in R as sp— 1" or k— oo, (31)

where
45k:

Ls, (¢k) = /_ /Sn_l((bk(t) - ¢k‘(7-))KSk (t - T)dT + Cn,sv(t) - (Zi—ig?;)cn,sk @]:_st ¢.
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Thus, by setting

4sp

n+2sg —n—2s},
(n—25k>cnv3k Uk‘ )

Potoi= [ [ (00 - oKt = rdr and V(0

we can reformulate (31) as

{P5k<¢k) + s Ok — Vs, ()0 = 0k(1) in R (32)

¢(0) = ¢,,(0) =0

with 0 < ¢1 <V, (t) < ¢2 for s € (0,1), where we used (22).

We are now in a position to prove that the limit ¢oo = limg_,oo ¢ must vanish identically, and
so (20) has a unique solution, which is the so-called Delaunay solutions v, € C(R?).

We argue by contradiction. Suppose that ¢ # 0 for each k& € N, then by linearity, we may
assume that ||¢|/« = 1. Thus, one can find a sequence {tx}ren C R such that

k]l =1 =e 7 lg(t),
which implies
or(tr) = e and  |gr(t)] < Coet™ for all te R (33)

for some Cy = Cy(n, s;) > 0. This will allow us to take the limit as s — 17.
Setting p = t — 7 and using [16, Lemmas 2.5 and 2.6], one knows that there exist ¢, M € R with
0 < e < 1small and M > 1 large such that the kernel of Ps acting on radial functions satisfies

Gnslp| 02 i 0< || <&

Kq(p) ~ { snsy  if 0<e<|p|<M< o
gmse*%%LDL if |p| > Mv
where
D(g +9)

_n 9 —
Sns =T 22 s~1—5s as s— 1.

— S

Therefore, as s, — 17, we have
Pato) = [ [ 00l = 0Kkt =) ~ ol Ta )~ (L= s0) (B4 Fat ), (39

where

ho= [ G0 - aelrle— 7 ar
[t—T|<e

I = / O
and

I = / (6r(t) — dp(r))e 551l gr,
[t—7|>M
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It remains to estimate the integral terms I;, Is, and I3. First, by using the regularity in
Lemma 11 and the parity of the kernel, we can Taylor expand ¢ (7) to get

L- / (61(t) — dp(r)[t — 7]~0F25%) dr
[t—7|<e

T — 2
= [ o -0 - 605 v ot -] 1 w0
[t—7|<e

€ 2
= [ o [egon+ o0y + 00| do

52—28k

T T2 2s, k() +O() = —M¢Z(t) +0O(%) as s — 17 (35)

Second, using the bound (33), it is straightforward to see that

I, = / (or(t) — ¢p(7))dr = / Coe’Pdp < Co (36)
e<[t—r|<M e<lpl<M

for some Cy = Cy(n,e, M) > 0. Third, again thanks to the bound (33), one has

[I3] =

/ () — d(r))e "2 =l gr
[t—1|>M

n+25k
< / Coe?lle=—2 Wlap <3 (37)
lp|>M

for some C3 = C3(n, M) > 0. Therefore, we have the convergence below

1 1
Py (¢r) ~ (1 — s) {Méﬁlé +C2 + 03] ~ _§¢lkl ~ =gy as s — 1.

Hence, when passing to the limit as sy — 1~ or k — oo in (32), we get

{¢go + Cn,l(b/oo - Voo(t)¢oo =0 in R (38)

$o0(0) = ¢ (0) = 0,

where Vo (t) = W(v*(t))% and v, = limy_, o Uy is the limit Delaunay solution.
We now consider two cases, depending on whether the maximum of to., = sup,cr ¢oo(t) is
attained on a bounded domain or not:
Case 1: limsup;,_, o |tx| < oo.
In this case, we can take a limit and arrive at (38), which directly gives us ¢, = 0, contradicting
the normalization ¢ (0) = 0 and proving the desired classification for (20).
Case 2: limsup;,_, o |ti| = oc.
Without loss of generality, we may assume that t; > 0. In this case, we consider the rescaled

function ( )
Pkt +¢
ve(Q) = bi(tr)

which satisfies 1, (0) = 1 and

1 1
[r(Q)] < el —— < 7t < e for (€ (—tg,0),

o(tr) eoltsl =
Thus, since 0 = 5§ < %, we can still pass to the limit as s — 17. Therefore, the limit

Yoo (€) = limg 00 Vi () satisfies
oo (C)] < €761 for ¢ € (—ty,00) (39)
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and solves

(40)
Yo(0) =1

and there exists a constant ca > 0 such that 0 < Vo (¢) < ¢o. Finally, using (39) we can apply the

Lemma 10 and the following remark to (40) and show that the decaying rate as ( — —oo is too

large. Thus, ¥ = 0, which is a contradiction to ¥ (0) = 1, finishing the proof. O

5. THE PROOF OF NONDEGENERACY

In this section we prove Theorem 3. Since the proof is very similar to that of Theorem 1, we
only indicate which changes are necessary.

We let s, 71, let e € (0,1] and let vy satisfy (@ns) on R x S, By Theorem 1, we know
that vy is a Delaunay solution of order s, i.e. vy = v, for some g € (0,1]. Additionally, we let

4sp,

. n+2sy N2
Ly := Psk, + Cn,sp, — n—2sp, Cn,sy, Vey,

be the linearization of (9) about v., and let wy, € L?(R x S"~!) satisfy Ly (wy) = 0. Here we use
two specific functions fD,j of wg~ in the kernel of the operator L, namely

— . — d
wk+ =7, and wp = —| g,
de .

where the dot denotes the derivative with respect to t. If we let T, be the period of the Delaunay
solution with necksize ¢ and differentiate the relation

Ve (t + T2) = v:(1) (41)

with respect to ¢, we see that @,‘: is bounded and periodic. Differentiating (41) with respect to e
we see that w, grows at most linearly. Furthermore, direct computation tells us

@F(0) >0, @ (0)=0, @, (0)=0, and wy(0)>0.

Now we use these two tempered, geometric Jacobi fields to adjust wg. After adding appropriate
multiples of ﬁ,j and wy to wy we produce a new function @y, that once again satisfies Ly (wy,) = 0.
Now fix L > 0 and let

w(t) = 1 @k(t”[—L,L} with Ax = sup wi(t).
k _L<i<L
This new function satisfies
Lk(@k) =0, HwkHLoo([_L,L]) =1, and @k(()) =0= @k(O)

Using the same argument as in § 4.1 we show that {wj,} converges locally to the zero function, and
using the techniques in § 4.2 we pass from local convergence to global convergence. Combining
these two convergence results, we contradict the normalization that |[Wg| re(j=r,z)) = 1, which
yields that @, = 0 and that wy, is a linear combination of &5; and w, . Clearly neither of them
belongs to L2(R x S"~1). This finishes the proof. O

6. EXTENSIONS AND APPLICATIONS

We conclude this paper by first discussing the possibility of extending our classification to the
case that s > 1 and then discuss some possible applications.
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6.1. Extending the range of the fractional parameter. It is quite natural to ask whether our
classification result remains valid when the order of the conformal operator exceeds one. In this
subsection we discuss our work in progress [1] to classify conformally flat, constant Qs-curvature
metrics on a twice-punctured sphere in the case that s € (1,14 ¢), where ¢ is sufficiently small.

The first complication in this classification lies in the description of the Delaunay solutions of
order s when s > 1. Indeed, the integral operator Ps as given in (9) is not well-defined in the case
s > 1, so one needs an alternative formulation of the problem. Jin and Xiong [23] give a dual
formulation of the problem, starting with the equation

n+2s

U= cns(—A) (u) . (42)

After the Emden-Fowler change of variables they arrive at an integral operator with better
convergence properties.

The larger complication is that the passage from local convergence to global convergence, as
described in our Section 4.2 above, relies on a sharp estimate of the growth rate of solutions to
the linearized equation. In the regime s > 1 these estimates are not currently available, and
in particular we do not have an analog of Lemma 10 in this setting. Deriving such estimates
associated to the linearization of the dual operator will occupy a large portion of [1].

6.2. Informed speculation. As a direct consequence of our classification, one can rapidly prove
several related results. First of all, one can combine the nondegenerate with the slide-back
technique in the paper by Korevaar, Mazzeo, Pacard and Schoen [24] to obtain refined asymptotics
of solutions with isolated singularities. Second, we expect that one can adapt the proof of
compactness in the moduli space setting, as in the paper by Pollack [29]. We only sketch the
ideas of both of these proofs and leave the details for future projects.

6.2.1. Local behavior near isolated singularities. Using a blow-up analysis, Caffarelli, Jin, Sire and
Xiong [6] show that any isolated singularity of a singular Yamabe metric on the sphere must be
asymptotically radial. Combining this with our classification of the radial solutions, we see that
any isolated singularity is asymptotic to a Delaunay solution. In other words, if s < 1 is sufficiently
close to 1 and if A C S” is a finite set and U : S"\A — (0, c0) satisfies the boundary condition
and solves the PDE

P,U = Cn,sU% on S"\A. ( %vSvA)

then for each p. € A and sufficiently small radius 0 < r < 1 there exists a (rescaled) Delaunay
solution U, such that

U(p) =U:(p)(1 4+ 0(1)) forall z € B,(p:)\{ps} as p— ps.
Changing to the cylindrical gauge in the punctured ball B, (p)\{p}, we can write this estimate as
lv(t,0) —v(t+T)|=0(1) as t— 0 (43)

for some T € R.
In the case that 1 —§ < s < 1 with § > 0 sufficiently small, we can use the slide-back techniques
of [24] to strengthen this estimate, showing there exist ' € R, a € R", and > 1 such that

n—2s

v(t,0) —v(t+T) — e (0, a) (—Q’Jg(t +T)+ ve(t + T)> ‘ =0 P as t—oo0. (44)
Here, once again, the dot denotes a derivative with respect to t. We expect that this proof should
be very similar to the one in [24], so we provide the strategy for the proof below and leave its
details for subsequent work.
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We start with v € C*°([0,00) x 8"~1) a positive smooth solution to

n+2s . n—1
Pv + ¢y 50 = cpsvn=2 in [0,00) X S

and aim to show that there exists a Delaunay asymptote v. and parameters T' € R, a € R", and
f > 1 such that the estimate (44) holds. Let {7;}ren C R be any sequence of real numbers such
that 7, — oo as k — oo and define the so-called slide-back sequence {vg }ren C C?([—Tg, 00) xS"1)
as

vg(t,0) =v(t + 1,60) for ke N.

By the a priori estimates proven in Section 3.2 , we can use the Arzela-Ascoli theorem to extract
a convergent subsequence v — vy, which (by our classification result) must have the form

Ve(t,0) = ve(t +T).

To obtain simple asymptotics, we must show that both €, > 0 do not depend on the choice of the
sequence. We prove the independence of € using the radial Pohozaev invariant (Hamiltonian) in
(45) below; here it remains for us to prove that different Delaunay solutions in fact have different
Pohozaev invariants. Next we prove the independence of T follows from a delicate rescaling
argument similar to the proof of [24, Proposition 5.

Once we have simple asymptotics, we use the nondegeneracy sketched in the previous subsection
together with a version of the linear decomposition lemma (see [27, Lemma 4.18]) to get the refined
asymptotics.

Remark 14. The completeness condition implies the lower bound u(z) > |z|**=™/2, ruling out
weakly singular behavior. The asymptotic expansion (44) therefore provides a sharp description of
all isolated singularities for s close to one.

6.2.2. Compactness of the moduli space of complete metrics. As a final application, we describe a
compactness result modeled on Pollack’s compactness theorem [29] in the scalar curvature setting.
To state the result properly, we define both the marked moduli space and the unmarked moduli
space of singular Yamabe metrics. If A C S™ is finite, we let

M = {g = UﬁgO € [go] : U € C*°(S™\ A) is a positive singular solution to (QSL@A)} / ~,
Similarly, for k£ > 3, we define
Msyk:{géMs,A:#A:k}/N.

Here, the quotient is taken over diffeomorphisms preserving the singular set A C S™ and the
Gromov-Hausdorff topology is placed on both moduli spaces.

The compactness result we prove is the following: if 2 C My is such that the radial Pohozaev
invariants (Hamiltonian) of all Delaunay asymptotes are bounded away from zero and the distance
between singular points remains bounded away from zero, then any sequence in {2 has a convergent
subsequence. Again, we expect the proof to be similar in spirit to that of [29], [2], and [3], so we
provide only the central ideas of the proof.

Since it plays such a central role, we first take some time to define the (radial) Pohozaev invariant
as (see [17, Theorem 1.2])!

* Cn,s n—2s _2n 1 1 Po $\1—2s [ _x * *
1) = 2 (U220 - L) g [P0 G0 - 00 V) s ()

Iplease notice that there is a typo in the coefficients e] and e* as written in [17], but the asymptotic behavior is
correct.
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where V € C*(R2) is the Caffarelli-Silvestre extension of v € C*(R) and €7, e* € C*(0, pj}) are
positive coefficients depending only on p and the dimension such that ef(p),e«(p) = 1 as p — 0,
where p* € (0, p§) with p§ > 0 being the critical extension parameter given by [17, Corollary 4.2].
Here we recall that in Emden—Fowler coordinates, the bulk (Poincaré—Einstein) hyperbolic metric
takes the form

g+ = dp" + (L+ 35 (p*)" 1) dt* + O(p")dtdp*.

We emphasize that the formula above holds only for the conformal factor expressed in log-
cylindrical coordinates. For the spherical and Euclidean gauge, we also set

Ho(w) = (PsoF () and H(U) = (H;oF ) (uoll),

where v € C*(R), u € C*(R"™\ {0}), and U € C>*(S™\{N, S}) are solutions to (@n,s), (Qn.s), and
(Q5.5), respectively. Here we recall that IT: S\ {N, S} — R™\ {0} is the stereographic projection
and § : C°(R™\ {0}) — C®°(R x S"71) is the log-cylindrical transform.

4

Let {gr = U;" " go} be a sequence of singular Yamabe metrics such that all the asymptotic radial
Pohozaev invariants are bounded away from zero, and the distances between singular points are
also bounded away from zero. Using (for instance) [2, Lemma 11], it suffices to assume the singular
set is a fixed finite set A for the entire sequence. Now, let {Dy}sen be a compact exhaustion of
S™\ A and for any large £ > 1, we extract a convergent subsequence Uy — U, (¢). Letting £ — oo,
we obtain a limit U, € C>*(S™\A) for some « € (0,1). Finally, we use the fact that the Pohozaev
invariants are bounded away from zero to show that U, > 0 is strictly positive and defines a
complete metric on S™\A, i.e. lim, 5 U(p) = co. If U, = 0, we could rescale the sequence and
contradict the positive lower bound for all Pohozaev invariants.

In the regime in which we’ve established our classification, namely 1 — § < s < 1, we expect
the proof described above to carry over from the local setting to the nonlocal setting without any
complications. It is worth remarking that in the local setting one can write the radial Pohozaev
invariant very explicitly in terms of the necksize, while such a relation in the nonlocal setting is
more elusive, mostly because the expression (45) is much more complicated. Thus, it would be very
interesting to relate the necksize more explicitly to the radial Pohozaev invariant in the nonlocal
setting.
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