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ABSTRACT

A fundamental challenge in developing general learning algorithms is their ten-
dency to forget past knowledge when adapting to new data. Addressing this
problem requires a principled understanding of forgetting; yet, despite decades of
study, no unified definition has emerged that provides insights into the underlying
dynamics of learning. We propose an algorithm- and task-agnostic theory that
characterises forgetting as a lack of self-consistency in a learner’s predictive distri-
bution over future experiences, manifesting as a loss of predictive information. Our
theory naturally yields a general measure of an algorithm’s propensity to forget and
shows that Bayesian learners are capable of adapting without forgetting. To validate
the theory, we design a comprehensive set of experiments that span classification,
regression, generative modelling, and reinforcement learning. We empirically
demonstrate how forgetting is present across all deep learning settings and plays a
significant role in determining learning efficiency. Together, these results establish
a principled understanding of forgetting and lay the foundation for analysing and
improving the information retention capabilities of general learning algorithms.

1 INTRODUCTION

Forgetting is a ubiquitous yet poorly understood phenomenon in machine learning (McCloskey &
Cohen, 1989). When a learner updates its beliefs based on new observations, it often forgets prior
knowledge. This leads to a degradation in performance on previous observations. Although this
behaviour is well documented in continual learning (CL; Kirkpatrick et al., 2017) and reinforcement
learning (RL; Atkinson et al., 2021; Khetarpal et al., 2022), forgetting also occurs in independent and
identically distributed (i.i.d.) settings (Lee & Storkey, 2023).

Most studies of forgetting come from the CL literature. Here, metrics usually track how performance
degrades on earlier tasks after training on later tasks (Chaudhry et al., 2018a). Although widely
adopted, these measures poorly capture forgetting and often conflate two distinct phenomena: back-
ward transfer, where new learning improves performance on past tasks (Benavides-Prado & Riddle,
2022), and forgetting, where updates erode prior knowledge (Jagielski et al., 2022). This makes it
challenging to distinguish between constructive and destructive adaptation.

In contrast, we study forgetting as a fundamental property of learning. It is a consequence of how any
adaptive system updates its beliefs. CL, RL, and neural networks are not our focus. Instead, we treat
them as instances of a broader phenomenon. We believe that before effective learning algorithms
for CL can be developed, a precise conceptual understanding of forgetting must first be formulated.
Therefore, our aim is to provide a general formalism that characterises forgetting in learning systems.

Our new conceptual foundation of forgetting is built on the following insight:

If a learner updates its predictions on data it already expects, that update cannot
represent the acquisition of new information. Instead, it must represent the loss of
previously acquired knowledge.
This allows us to give a precise and general definition of forgetting. We ask: What is forgetting?
When and why does it occur? How does forgetting impact learning?

We address these questions through the following contributions:
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1. Formulation of learning over time: Inspired by Hutter (2005); Dong et al. (2022); Fortini &
Petrone (2019); Fong et al. (2023), we define a general theoretical formulation for reasoning about
how learners acquire, retain, and lose capabilities during learning (§3).

2. Conceptualisation of forgetting: We formulate forgetting from a predictive perspective. Specifi-
cally, we define forgetting as a violation of self-consistency in the learner’s predictive distribution,
providing a unified probabilistic foundation that generalises prior conceptions of forgetting (§4.2).

3. Operational measure: This conceptualisation naturally yields a measure of the propensity to
forget, which we propose to assess the validity of our formalism (Definition 4.7).

4. Empirical characterisation: We empirically study the propensity to forget in diverse environ-
ments and learning paradigms. These include regression, classification, generative modelling,
CL, and RL. Our results confirm that forgetting dynamics conform to expected characteristics.
They also reveal a trade-off between forgetting and training efficiency (§5).

2 RELATED WORK

In this paper, we study the prevalence of forgetting in general learning algorithms. While terminology
varies across fields, all phenomena involving the loss of previously acquired knowledge reflect the
same underlying process. For clarity, we refer to all such phenomena collectively as forgetting.

Forgetting in CL. Forgetting is often studied in the context of CL (De Lange et al., 2021; Wang
et al., 2024), often measured as the loss of performance on previous tasks (Kirkpatrick et al., 2017;
Chaudhry et al., 2018b;a).

However, it is important to distinguish between two distinct effects: backwards transfer, where
learning on new data improves performance on past tasks (Benavides-Prado & Riddle, 2022), and
forgetting, where learning on new data degrades previously acquired knowledge (McCloskey &
Cohen, 1989; Jagielski et al., 2022). Performance on previous tasks depends on both how current data
informs the learner about past data (backwards transfer) and the extent to which updating on new
tasks results in a loss of previous knowledge. Furthermore, most metrics are tailored to CL settings
and do not easily accommodate arbitrary learning settings, domains, or learners. Thus, we suggest it is
critical to develop a learner-agnostic definition of forgetting that can apply to CL and non-CL settings.

Various approaches have sought to quantify forgetting. In toy settings with known data distributions,
forgetting can be measured relative to an oracle (Lee et al., 2021). Others examine changes in internal
representations (Kim et al., 2025) or model the trade-off between generalisation and forgetting
(Raghavan & Balaprakash, 2021). Mechanistic accounts in associative memory models demonstrate
how interference between correlated patterns leads to retrieval errors (Hopfield, 1982; Amit et al.,
1985). A related line of work studies models trained on their own generated outputs, typically in the
context of generative model collapse (Alemohammad et al., 2023; Shumailov et al., 2023; Bertrand
et al., 2023; Scholten et al., 2025). These studies implicitly touch on the phenomenon we formalise
as forgetting: updating a model on self-generated targets can degrade previously encoded knowledge.

Forgetting in RL. Forgetting has also been studied in RL. Early work in continual RL noted the
risk of knowledge degradation when agents adapt over long time horizons (Ring, 1994; 1997). Recent
surveys highlight that forgetting is a persistent challenge in RL (Khetarpal et al., 2022). Empirical
studies document several forms of forgetting, with forgetting measured in a manner similar to the
CL counterpart, either by tracking the degradation of performance on previously learned tasks or by
quantifying the distributional shift in the agent’s policy or value function over time (Shenfeld et al.,
2025). Value-based methods with function approximation often lose performance on earlier estimates
(Mnih et al., 2015; van Hasselt et al., 2018). This is closely related to the phenomenon of policy
churn identified by (Schaul et al., 2022) in which the greedy policy of a value-based learner changes
in a large portion of the input space after just a few updates. Policy gradient methods are also prone
to overwriting earlier strategies during continual adaptation (Ring, 1994; Kirkpatrick et al., 2017).
Replay buffers are widely used to mitigate these effects by reintroducing past experiences during
training (Rolnick et al., 2019; Fedus et al., 2020).

Characterisations of forgetting. Across learning settings, forgetting is often characterised using a
variety of different learner-specific mechanisms. For instance, model-centric views equate forgetting
with parameter drift (McCloskey & Cohen, 1989; French, 1999; Rusu et al., 2016; Kirkpatrick
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etal., 2017; Zenke et al., 2017; Aljundi et al., 2018; Masse et al., 2018; Li et al., 2024; Zhao et al.,
2023), or policy drift (Shenfeld et al., 2025), while accuracy-centric views characterise forgetting
as performance decay on earlier tasks (Kemker et al., 2018; Parisi et al., 2019; Jagielski et al.,
2022; Van de Ven et al., 2022). Notably, these mechanism-specific views can be useful when these
particular mechanisms are present within the class of learners of interest.

However, we again suggest that it is fruitful to conceive of forgetting from a general point of view
that is agnostic to both the choice of learner, the loss, the domain, and the learning setting. For
this reason, we adopt a general vantage and treat the predictive distribution as the object of interest,
again embracing the predictive Bayes perspective discussed in §3.2. Under this view, we develop
a principled theory of forgetting based on predictive self-consistency that applies broadly across
settings and learners. We further demonstrate the generality of our conceptualisation and show how
it supports an empirical measure of forgetting that aligns with theoretical expectations.

3 LEARNING AND INFERENCE PROCESSES

We present a general framework in which supervised learning, RL, and generative modelling are all
specific cases of a single stochastic interaction process. The formalism draws inspiration from the
agent-environment perspective from general RL (Hutter, 2005; Lattimore, 2014; Dong et al., 2022;
Abel et al., 2023b; Hutter et al., 2024; Kumar et al., 2025), but is adapted to emphasise conventions
standard in machine learning (Bishop, 2006; Goodfellow et al., 2016; Fong et al., 2023).

Notation. We let capital calligraphic letters denote measurable spaces (X')!, lowercase letters denote
elements () or functions ( f), and uppercase italics denote random variables (X ). For any measurable
space X, we let D(X) denote the set of probability distributions over X'. For example, a mapping

p: X xY—=D(Z) 1)
is interpreted as a family of conditional distributions p(- | z,y) on Z, indexed by (z,y) € X x Y.

3.1 PRELIMINARIES: LEARNING INTERACTION

We formalise learning as an ongoing interaction between a learner and an environment, evolving over
discrete time steps ¢t € Ng = {0, 1, ... }. We distinguish between two sources of stochasticity:

* External probabilities p.(-) describe the stochasticity inherent to the environment.
* Predictive distributions ¢y (-) describe the predictive uncertainty of the learner.

We formalise the data exchanged between a learner and the environment by defining an interface.
Definition 3.1 (Interface). An environment-learner interface is a pair (X,)) of measurable spaces.

Elements of X" are observations made by the learner (e.g., numerical features, targets, etc.), and
elements of ) are outputs emitted by the learner (e.g., actions, classifications, regression values, etc.).

Definition 3.2 (Histories). The set of histories relative to an interface (X, ) is

H=[J@x )t )

t=0

An element of H is a history H € H, which is a sequence Hy.; = ((Xo,Y0),..., (X, Y:)) of t + 1
observation-output pairs (X;,Y;). For a sequence A = (Ap, A1, ..., A;) and indices 0 < i < j < ¢,
the subsequence between indices ¢ and j is A;.; = (A;, Ait1, ..., 4j).

Definition 3.3 (Environment). An environment relative to interface (X, )) is a pair (e, px, ), where

*e: H,Y — D(X) assigns to each history-current output pair (H,Y") € (#,)) a conditional
distribution p. (- | H,Y") over the next observation,
* px, € D(X) specifies the distribution of the initial observation Xj.

Definition 3.4 (Learner). A learner relative to interface (X', ) is a tuple (Z, f, u, u’, pz, ), where:

'We assume that all measurable spaces (X, ), Z, ... ) are standard Borel (Borel o-algebras of Polish spaces),
such that conditional probability kernels p(- | h,y) and ¢(- | z, x) exist and are measurable.
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* a measurable space Z, called the learner state space;

* aprediction function f : Z x X — D(}), giving conditional distributions ¢;(- | z, z);
* alearning-mode state update functionu : Z x X x Y — D(Z);

* an inference-mode state update functionu’ : Z x X x Y — D(Z2);

* an initial learner state distribution pz, € D(Z).

Although a learner’s state could, in principle, be updated by a single function (as in work by Dong
et al., 2022, Abel et al., 2023a, and Kumar et al., 2025), we distinguish between two update functions
to capture different modes of learner evolution. During interaction with the environment, the learning-
mode update u governs the evolution of the entire state, including predictive parameters and auxiliary
components, such as replay buffers. In contrast, the inference-mode update v’ allows auxiliary
components of the state, such as buffers or counters, to evolve while keeping the predictive parameters
fixed. This distinction allows an observer to analyse the learner’s behaviour in both dynamic
conditions, where beliefs are updated over time, and in static conditions, where beliefs remain fixed.

The interaction process. The interaction between a learner and an environment defines a joint
stochastic process over observations X € X, outputs Y € ), and states Z € Z.

Definition 3.5 (Interaction Process). The (learning) interaction process between an environment
(e,px,) and a learner (Z, f,u,u’,pz,) relative to an interface (X, )) is defined by:

Initialisation (t =0): Yo =1, Xo~px,, Zo~ Dz,

Interaction (¢t > 1): Y, ~qp(- | Ze—1, Xi-1), (learner samples output)
X ~pe(-| Hot—1, Y1), (environment samples observation)
Zy ~uw(Zy—1, X4, Y2). (learner updates state)

This interaction process generates the stochastic processes Yo XoZoY1 X121Y2 X025 ...

3.2 PREDICTIVE DISTRIBUTIONS

At any time during learning, the learner’s state encodes expectations about how future interactions
will unfold. We can make these expectations explicit by asking the learner to internally simulate
the future. Rather than waiting for new observations, we let the learner induce an infinite sequence
of future interactions based on its current beliefs, using update ' throughout the induced process.

We refer to such a simulation as an induced future or predictive distribution. It represents a
hypothetical rollout of the learner’s predictive model under its current beliefs. To distinguish this
hypothetical evolution from real learning progression, we introduce a future time index s € N and
denote steps within the simulated trajectory as superscripts on X, Y, and Z.

During the rollout, the learner generates targets from its own predictive distribution. Formally, given
a history Hy.; and a state Z;, the predictive distribution evolves according to

Y®~ qf(' | Zts_l’Xs_l)v X7~ qe(' | stzts_l)7 Zf ~ u/(Zts_lvxsays)a 3)

where s € {t+1,t+2,...}, and ¢, is defined as the learner’s current distribution over observed data.
Any component not modelled by the learner is instead sampled from the environment (e.g., inputs
from a validation set). The futures distribution is entirely isolated from the interaction process.

We refer to an element of future histories H € H as a sequence of future observation-output pairs
(X%, Y?) fori € s, induced by the learner H 1% = (X1 yt+l) (X2 yi+2) ).

Definition 3.6 (Predictive Distributions). The predictive distribution of the learner at state Z; with
realised history Hy.; is the joint distribution obtained by rolling out the inference-mode process in (3):

q(H'™1° | Zy, Hoy). “)
Thus, an induced future is a probability distribution over entire infinite sequences of future inputs

and outputs (X x V)N, Because the learner’s state Z; and subsequent observations are random, the
predictive distribution at each step q(- | Z¢, Ho.;) is a random variable taking values in D((X x Y)V).
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Figure 1: State evolution and predictive distributions. The learner’s internal state Z; evolves
through training updates u given (Z;_1, X:,Y:). Each state induces a predictive distribution
q(H'TE°° | Z; 4, Hy.), which is updated in inference mode u'. This separation illustrates how
each state encodes retained capabilities, and how training vs. introspective updates interact.

Predictive-Bayesian perspective. This construction is inspired by predictive Bayesianism (Fortini
& Petrone, 2019; 2025) and the martingale posterior framework (Fong et al., 2023). In this setting,
an infinite sequence of future observations is simulated, and the resulting statistics form a martingale
that can be shown to converge. A central challenge in CL is that learning occurs in parameter
space; however, quantities of interest are in data space. Predictive Bayes provides a principled
transformation from parameter updates to predictive statements. This allows predictive statements
to be validated against realised outcomes and provides an interpretable representation of the learner’s
knowledge at any time.

3.3 LEARNING AS A STOCHASTIC PROCESS

The stochasticity of the environment induces stochasticity in the learner’s state evolution; throughout
the interaction process, the sequence {Z;} forms a stochastic process, which in turn defines a
stochastic process over predictive distributions {q(H'*>° | Z;, Hy.;)}. Thus, the distribution over
learner states at time ¢ defines a distribution over predictive distributions. This is illustrated in Figure 1.

Interpretation across learning paradigms. The abstract variables (X, Y;, Z;) admit natural
interpretations across learning settings. In supervised learning, X, denotes (current input, previous
target) pairs and Y; the learner’s output in response to the previous input; in RL, X; contains states
and rewards while Y; are actions; in generative modelling, Y; directly models X;. Across these
paradigms, the learner state Z; encapsulates all contents of the learner (including parameters, latent
variables, buffers, etc.). Distinct modes of operation correspond to different update rules: in training
(update rule u), both the learner’s belief and auxiliary structures may adapt, whereas an inference
update (u’) leaves its beliefs fixed while transient components continue to evolve.

For example, in a supervised classification setting, X; consists of a (current input, previous target)
pair, Y; is the label predicted by the learner given X;_;, and Z; may represent parameters and
momenta. The learning-mode update u performs gradient steps on a loss that compares the observed
and predicted labels. The inference-mode update u’ does not change the parameters and momenta.

Thus, while the same symbols are used throughout, their interpretation shifts depending on the
paradigm. What remains consistent is the structural principle: the learner generates Y; conditioned
on (Zs_1,X;_1), the environment supplies the observation X;, and the state Z; evolves via u. This
defines a single stochastic-process formalism that encompasses general learning processes.

4 FORGETTING

We consider an observer monitoring the interaction between a learner and its environment. The
observer evaluates how the learner’s capabilities evolve over time, with particular emphasis on
quantifying the extent to which the learner forgets during the interaction.

4.1 CHARACTERISING FORGETTING

Before formalising forgetting, we first outline desiderata that any valid notion of forgetting should
satisfy. These desiderata are motivated by thought experiments, detailed in §C.

Desideratum 4.1. A forgetting measure should quantify the loss of learned information over time.
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Forgetting is distinct from measurable success on a task, such as accuracy or cumulative reward. It is
a property of the learner itself, independent of the environment. A learner can maintain outdated or
incorrect beliefs yet still perform well, or lose relevant knowledge without an immediate change in task
outcomes. Conventional metrics, including backward transfer, may fail to capture these underlying
changes in knowledge, highlighting the need to disentangle forgetting from task performance.
Desideratum 4.2. A characterisation of forgetting must not conflate forgetting with the correctness of
outputs or with justified updates that change beliefs.

When a learner incorporates new observations, its beliefs (and therefore its state) will change. A
change in belief does not necessarily imply anything is forgotten. Therefore, conceptualisations based
on changes to beliefs (or parameters) can misidentify information-preserving updates as forgetting.

Desideratum 4.3. Forgetting should characterise the learner’s loss of prior information and capabili-
ties, not just the retention of previously observed data.

Forgetting encompasses the loss of general capabilities, not only individual observations. For
example, a learner may fail to generalise to unobserved examples that it previously handled correctly.
Conceptualisations of forgetting that prioritise memorisation overlook this broader notion.

Desideratum 4.4. Forgetting is a property of the learner, not of the environment in which it operates.

An environment cannot forget; however, it can influence the rate or magnitude of forgetting. These
desiderata provide a principled foundation for developing and evaluating conceptualisations of
forgetting. The thought experiments in §C justify the desiderata and formalism developed below.

4.2 FORGETTING

Learning is a process of both absorption and loss. Each new observation provides the learner with
new information while simultaneously displacing or overwriting previously learned information.
Therefore, every update reshapes what the learner can represent and, consequently, what it may forget.

If a learner’s behaviour changes after observing information that it has already incorporated from
previous observations, this cannot reflect the acquisition of new information. Therefore, it indicates
a loss of prior knowledge. The learner’s expectations are formalised by its predictive distribution;
consequently, simulating training updates on samples drawn from this predictive distribution provides
a principled perspective on the learner’s likelihood of forgetting at any point in time.

Recall that the learner maintains a state that evolves recursively:
Zy ~u(Z—1, X4, i) )

At each time ¢, the state Z; induces a predictive distribution q(H tt+lioo | Zi, Ho.¢), which charac-
terises both the learner’s current predictive capabilities and its expectations about futures.

We therefore define forgetting in terms of induced futures, rather than the learner’s state. Different
states—whether parametric, non-parametric, or otherwise—may induce identical futures:

q(H'™5% | Zy, Hoy) = q(H'0 | Z{, Ho), ©6)
where Z; # Z]. Furthermore, predictions about already-seen observations may shift without
indicating that forgetting has occurred. By grounding our definition in induced futures, we ensure

that updates are evaluated with respect to the learner’s expected predictions, thereby distinguishing
between constructive and destructive adaptation. This satisfies Desideratum 4.2 and Desideratum 4.3.

Consistency as non-forgetting. Intuitively, a learner is unforgetful if, in expectation, its predictive
distribution is invariant to updates on targets that are consistent with its own predictions.

Formally, let q(H**t%° | Z;, 1, Hy.;_1) denote the predictive distribution. We define a simulated
marginalisation, in which k updates are performed on targets sampled from the learner, as follows.

Definition 4.5 (k-Step Simulated Marginalisation). The k-step simulated marginalisation
qi(H t+hioo | 7, | Ho.;—1) induced by updating on learner-consistent targets and environmen-
tal inputs is given by

q;:(HtJrkiOO | Zt—laHO:t—l) = ]EXt:t’th:t/th:t’ I:q(Ht+kCOO | Zt’7HO:t')] ) (7)

wheret' = t+ k — 1, and for i = t¢,...,t' the expectation is taken over X; ~ ¢.(- | Y, Z;—1),
Yi~qr(c| Zich, Xica), Zi ~ul- | Zim1, X3, Y5).
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Updates are performed on learner-consistent targets (with g. as introduced in §3.2) to separate
forgetting from backward transfer. In this formulation, the expectation accounts for the stochasticity
of target generation, environmental inputs, actions, and state updates.

A learner is non-forgetting if simulated marginalisation results in the same predictive distribution as
before the simulated marginalisation g( H**t*>° | Z,_1, Hy.;_1). This yields the following notion of
predictive self-consistency.

Definition 4.6 (Self-Consistency Condition). For & > 1, a learner is k-step consistent if and only if
q(H' 8| Zy 4, Hou 1) = qo(H™5° | Z, 1, Hoy ). (®)

Intuitively, this implies that the learner’s predictive distribution must be the same as the distribution
recovered from its own simulated marginalisation.

Propensity to forget. In practice, most learning algorithms do forget. To quantify how much the
learner is likely to forget at any time, we introduce a concrete measure grounded in our formalism.
When the self-consistency condition (Definition 4.6) is violated, the learner’s updated predictive
distribution diverges from its initial predictive distribution. Measuring this divergence yields a natural
notion of a learner’s propensity to forget, operationalising our conceptual definition.

Definition 4.7 (Propensity to Forget). The k-step propensity to forget incurred at time ¢, using a
suitable divergence measure D(-||-), is given by

Ty(t) =D (q(H"™™ | Z,_1, Hou—1) || g (H™5 | Z,_1, Ho—1)) - )

Takeaway 1. Forgetting occurs when the self-consistency condition is violated; the predictive
distribution after k updates is no longer recoverable from those before the updates.

Scope and boundary of validity. Our formalism applies whenever the learner’s predictive distribu-
tion accurately represents the learner’s state, Z; — q(H ttlioo | Z¢, Ho.¢). Only information used
to generate predictions contributes; state components that do not influence predictions (e.g., unused
buffer entries) are excluded. Typically, the predictive distribution reflects the state, but this may not
be the case during transitory phases such as buffer reinitialisation, target-network lag, or other mecha-
nisms that temporarily decouple the state from predictions. In these intervals, forgetting is undefined,
not because the formalism fails, but because the learner temporarily lacks a predictive model of its
behaviour. Some algorithms may never produce a predictive mapping and thus fall outside the scope
of this formalism. In most cases, however, the predictive distribution is representative of the state.

5 EMPIRICAL ANALYSIS

Our theoretical account provides a general conceptualisation of forgetting. To illustrate its utility, we
empirically study Definition 4.7 across multiple environments and learning algorithms.

5.1 UNFORGETFUL LEARNERS

Theorem 5.1 (Bayesian Non-Forgetting). Let k € N and for everyt € N definet’ =t + k — 1.
Under Assumptions B.1 to B.5 the learner’s posterior-predictive distribution satisfies

q(H"™H> | Zy_1, Hoy—1) = qp(H™° | Zy_1, Ho:—1) (10)
when Z; is determined by deterministic Bayesian updates. Thus, Ty, (t) = 0 for all k,t € N.
We defer the proof of this theorem to §B.3.

Martingale interpretation. Filtrations formalise the accumulation of information over time in
non-forgetting settings. In this perspective, the learner’s posterior-predictive distribution can be seen
as a stochastic process (Q););>0 adapted to the state filtration (G, );>0, which encodes all information
that has been encoded by the learner up to time ¢. Exact Bayesian updates ensure that (Q;) forms
a martingale with respect to this filtration E[Q:+1 | Gi] = Q+ (Fong et al., 2023). This indicates
that, in expectation, updating the learner state on a simulated future observation does not change the
predictive distribution. Violations of this property correspond to a drift in the learner’s predictive
beliefs, which manifests as forgetting. For a detailed discussion of the martingale perspective on
forgetting, see §B.4.
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Evolution of Parameter Distribution Across Trials
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Figure 2: Exact Bayesian learners update parameters without forgetting. Axes showing obser-
vations (z,y) are shaded white, and parameter axes (wg, wy) are shaded grey. Top row: The same
four observations are presented to a linear regression learner in different orders. Second row: By
Theorem 5.1, an exact Bayesian posterior can update its parameters without forgetting. Bottom rows:
Two constrained learners — a Gaussian variational posterior with diagonal covariance and a point
estimate updated by gradient descent — violate self-consistency, resulting in forgetting. The final
column shows the resulting posterior predictive distributions.

Non-forgetting with parameter updates. A prevalent conception in continual learning is that
updating parameters necessarily causes forgetting (McCloskey & Cohen, 1989; French, 1999; Rusu
et al., 2016; Kirkpatrick et al., 2017; Zenke et al., 2017; Aljundi et al., 2018; Masse et al., 2018; Li
et al., 2024; Zhao et al., 2023; Shenfeld et al., 2025). However, this conflates changes made to parame-
ters with the loss of the information they represent. Exact Bayesian learners provide a counterexample:
although their parameters are updated with every new observation, the resulting posterior is capable of
remaining self-consistent. Thus, the learner does not forget despite the changes made to its parameters.

This demonstrates that forgetting is caused by the failure of an update rule to preserve its predictive
information (see Figure 2). While many regularisation techniques attempt to mitigate forgetting by
penalising parameter changes (Kirkpatrick et al., 2017; Zenke et al., 2017; Li & Hoiem, 2017), this
only addresses a proxy of the actual issue. In many cases, different parameter configurations admit
the same predictive distribution. Ultimately, forgetting reflects a loss of predictive information and
can be prevented despite changes made to parameters.

[Takeaway 2. Algorithms may adapt to new observations without forgetting. )

5.2 FORGETTING IN DEEP LEARNING

Across deep learning settings, forgetting is consistently non-zero, with both its magnitude and dynam-
ics varying substantially (Figure 3). Even in i.i.d. settings, forgetting fluctuates throughout training,
reflecting how neural networks continually update and overwrite their knowledge. Although absolute
T (t) values are domain-specific, the forgetting trajectory reveals how the learner’s beliefs evolve
over time. Forgetting is, therefore, functionally meaningful in all tasks, highlighting the importance
of a general conceptualisation of forgetting, motivating our paper title, “Forgetting is Everywhere”.
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Forgetting Landscape
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Figure 3: Forgetting occurs across all deep learning scenarios. Left: Forgetfulness dynamics of
a shallow neural network trained on regression, classification, and generative modelling tasks. The
solid line shows the k-step forgetfulness (where k varies from 1 to 40) over the normalised training
step. Regression and classification tasks use KL divergence, while the generative task uses the
maximum mean discrepancy (MMD). Forgetting dynamics vary throughout training, even without
any distribution shift. Right: A class-incremental learning example using a single-layer neural
network on a two-moons classification task. We show the k-step forgetting profile over four seeds,
with the shaded area indicating the spread of I';,(¢) over k from 1 to 40. The plot illustrates the abrupt
increase in forgetting at the task boundary. See §F for details on the experimental implementation.

5.3 APPROXIMATE LEARNERS CAN BENEFIT FROM FORGETTING

At each update, an approximation-based learner incorporates new information from current observa-
tions while discarding parts of its existing state (§4.2). Because approximate updates yield imperfect
representations, a learner’s performance depends on striking a balance between adapting to new
information and retaining useful prior information.

To study this effect, we investigate how modifications to the learner influence the propensity to forget.
Across experiments, a consistent pattern emerges for approximate learners: a moderate amount of
forgetting improves learning efficiency. Here, we quantify training efficiency using the inverse of the
normalised area under the training loss curve, a practical proxy for learning speed and convergence
quality. Empirically, the forgetting-efficiency relationship shows an “elbow” (Figure 4), indicating
that optimal training efficiency occurs at a non-zero level of forgetting. This suggests that effective
approximate learners utilise forgetting as a mechanism for adaptive and efficient learning.

Takeaway 3. Forgetting is ubiquitous in deep learning. The trade-off between training efficiency
and forgetting determines the optimal amount to forget—in deep learning, this is rarely zero.

Momentum vs. Training Efficiency in Regression # Parameters vs. Training Efficiency in Regression

Mean Ty
Training Efficiency
Mean Ty
Training Efficiency

0.0 0.2 04 0.6 0.8 1.0 0 20 40 60 80 100
Momentum # Parameters
—— Forgetfulness == Training Efficiency —e— Forgetfulness =+~ Training Efficiency

Figure 4: Approximate learners can benefit from non-zero forgetting. We analyse how training
efficiency and forgetfulness co-vary across learning algorithms. Training efficiency is measured as the
inverse of the normalised area under the training loss curve, an approximate but informative proxy for
learning speed and convergence quality in the setting we study. Forgetfulness is quantified as the mean
40-step propensity to forget, I'4o(t), across training steps. Left: In a regression task, varying stochastic
gradient descent’s momentum parameter shows that higher momentum increases forgetfulness, with
maximum training efficiency at 0.9 momentum. Right: Varying model size shows that maximum
efficiency occurs at 20 parameters. In both cases, the most efficient learners exhibit some forgetting—
too little slows adaptation, too much destabilises learning—highlighting a fundamental trade-off.
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Figure 5: DQN actively manages the information acquisition-retention trade-off. We show TD
loss, Q-value evaluation, and the forgetting profile of a DQN learner trained on cartpole across ten
seeds. Early in training, TD loss is low; it rises as the agent acquires new information, then decreases
once knowledge is integrated. The forgetting curve follows this trajectory, highlighting that forgetting
is a deliberate mechanism for balancing knowledge acquisition with knowledge retention.

5.4 IMPLICATIONS OF DISTRIBUTION SHIFT

Distribution shift and stochasticity strongly influence forgetting dynamics. In i.i.d. environments, the
interaction process is stationary, and the predictive distributions are stable. When learner hyperparam-
eters are well-tuned and training conditions are stable, the learner effectively balances adaptation and
retention. In such settings, training efficiency is high because the learner’s updates operate under con-
sistent conditions, and the underlying data distribution provides consistent feedback for improvement.

In CL, abrupt shifts in the observation distribution cause discontinuous changes in state, Z;, and the
predictive distribution. Consequently, the magnitude of self-consistency violation abruptly increases
at task boundaries (Figure 3) as the learner must rapidly adapt to a new task.

All learning involves balancing the integration of new information with the retention of current
knowledge. RL presents this challenge in an extreme form. Here, the learner’s policy influences future
observations, inducing continual non-stationarity. In DQN, for example, as the agent experiences new
transitions, the TD loss rises because the agent incorporates new information (Figure 5). As the agent
consolidates this information, the TD loss declines and the rate of information acquisition plateaus.
The forgetting curve follows the TD loss because forgetting information is the mechanism by which
the agent manages this process, demonstrating that forgetting is an essential component of RL.

Takeaway 4. Forgetting is an integral component of learning: effective learning requires
selectively forgetting outdated knowledge to integrate new information.

6 CONCLUSION

In this work, we proposed a general, algorithm- and task-agnostic formulation of forgetting, character-
ising it as the temporal inconsistency of a learner’s predictive distribution. This perspective provides a
unified conceptualisation of forgetting, disentangling it from backward transfer and separating it from
parameter updates. Furthermore, we introduce the propensity to forget as an operational measure of
forgetting (Definition 4.7), and under Assumptions B.1 to B.5, we prove that Bayesian learners do not
forget. This result confirms the intuition that some learners can adapt to new data without forgetting.

Our empirical analysis across a diverse set of algorithms and task settings shows that forgetting is
widespread in deep learning and is influenced by the interactions between the learner and the envi-
ronment. Furthermore, we observe that training efficiency and forgetting are not monotonic: in the
settings we study, an intermediate amount of forgetting can maximise learning efficiency. This demon-
strates the importance of considering forgetting when designing and evaluating learning algorithms.

Looking ahead, several directions for future work remain. These include identifying non-forgetful
learners that are not Bayesian and exploring how increasing the self-consistency of learners affects
learning. This would provide valuable insights into the dynamics of adaptive learning systems.

Overall, our work reframes forgetting as a fundamental property of learning, rather than a failure
mode restricted to continual learning or non-stationary settings. We hope our work establishes a
principled foundation for analysing how learning algorithms acquire, maintain, and lose capabilities
over time, guiding the development of new learning algorithms that can optimally adapt their beliefs.

10



Preprint.

ACKNOWLEDGEMENTS

The authors would like to thank Guy Frankel, Jonathon Hare, Henry Gouk, Joseph Mellor, Andras
Szecsenyi, and Matej Sandor for their help and valuable insights. This research was enabled by
computer resources provided by the School of Informatics at the University of Edinburgh. Funding
for this research was provided by EPSRC through a PhD studentship within the CDT in Machine
Learning Systems hosted in the School of Informatics, University of Edinburgh (EP/Y03516X/1).

REFERENCES

David Abel, André Barreto, Hado van Hasselt, Benjamin Van Roy, Doina Precup, and Satinder Singh.
On the convergence of bounded agents. arXiv preprint arXiv:2307.11044, 2023a.

David Abel, André Barreto, Benjamin Van Roy, Doina Precup, Hado P van Hasselt, and Satin-
der Singh. A definition of continual reinforcement learning. Advances in Neural Information
Processing Systems, 36:50377-50407, 2023b.

Sina Alemohammad, Josue Casco-Rodriguez, Lorenzo Luzi, Ahmed Imtiaz Humayun, Hossein
Babaei, Daniel LeJeune, Ali Siahkoohi, and Richard Baraniuk. Self-consuming generative models
go mad. In The Twelfth International Conference on Learning Representations, 2023.

Rahaf Aljundi, Francesca Babiloni, Mohamed Elhoseiny, Marcus Rohrbach, and Tinne Tuytelaars.
Memory aware synapses: Learning what (not) to forget. In Proceedings of the European conference
on computer vision (ECCV), pp. 139-154, 2018.

Daniel J] Amit, Hanoch Gutfreund, and Haim Sompolinsky. Spin-glass models of neural networks.
Physical Review A, 32(2):1007, 1985.

Craig Atkinson, Brendan McCane, Lech Szymanski, and Anthony Robins. Pseudo-rehearsal: Achiev-
ing deep reinforcement learning without catastrophic forgetting. Neurocomputing, 428:291-307,
2021.

Diana Benavides-Prado and Patricia Riddle. A theory for knowledge transfer in continual learning.
In Conference on Lifelong Learning Agents, pp. 647-660. PMLR, 2022.

Quentin Bertrand, Avishek Joey Bose, Alexandre Duplessis, Marco Jiralerspong, and Gauthier Gidel.
On the stability of iterative retraining of generative models on their own data. arXiv preprint
arXiv:2310.00429, 2023.

Christopher M Bishop. Pattern recognition and machine learning, volume 4. Springer, 2006.

Arslan Chaudhry, Puneet K Dokania, Thalaiyasingam Ajanthan, and Philip HS Torr. Riemannian
walk for incremental learning: Understanding forgetting and intransigence. In Proceedings of the
European conference on computer vision (ECCV), pp. 532-547, 2018a.

Arslan Chaudhry, Marc’ Aurelio Ranzato, Marcus Rohrbach, and Mohamed Elhoseiny. Efficient
lifelong learning with a-gem. arXiv preprint arXiv:1812.00420, 2018b.

Matthias De Lange, Rahaf Aljundi, Marc Masana, Sarah Parisot, Xu Jia, Ale§ Leonardis, Gregory
Slabaugh, and Tinne Tuytelaars. A continual learning survey: Defying forgetting in classification
tasks. IEEE transactions on pattern analysis and machine intelligence, 44(7):3366-3385, 2021.

Shi Dong, Benjamin Van Roy, and Zhengyuan Zhou. Simple agent, complex environment: Efficient
reinforcement learning with agent states. Journal of Machine Learning Research, 23(255):1-54,
2022.

J. L. Doob. Stochastic Processes. John Wiley & Sons, New York, 1953.

William Fedus, Prajit Ramachandran, Rishabh Agarwal, Yoshua Bengio, Hugo Larochelle, Mark
Rowland, and Will Dabney. Revisiting fundamentals of experience replay. In International
conference on machine learning, pp. 3061-3071. PMLR, 2020.

Edwin Fong, Chris Holmes, and Stephen G Walker. Martingale posterior distributions. Journal of the
Royal Statistical Society Series B: Statistical Methodology, 85(5):1357-1391, 2023.

11



Preprint.

Sandra Fortini and Sonia Petrone. Quasi-bayes properties of a recursive procedure for mixtures.
arXiv preprint arXiv:1902.10708, 2019.

Sandra Fortini and Sonia Petrone. Exchangeability, prediction and predictive modeling in bayesian
statistics. Statistical Science, 40(1):40-67, 2025.

Robert M French. Catastrophic forgetting in connectionist networks. Trends in cognitive sciences, 3
(4):128-135, 1999.

Ian Goodfellow, Yoshua Bengio, Aaron Courville, and Yoshua Bengio. Deep learning, volume 1.
MIT Press, 2016.

J. J. Hopfield. Neural networks and physical systems with emergent collective computational abilities.
Proceedings of the National Academy of Sciences of the United States of America: Biological
Sciences, 79(8):2554-2558, 1982.

Marcus Hutter. Universal artificial intelligence: Sequential decisions based on algorithmic probabil-
ity. Springer Science & Business Media, 2005.

Marcus Hutter, David Quarel, and Elliot Catt. An introduction to universal artificial intelligence.
Chapman and Hall/CRC, 2024.

Matthew Jagielski, Om Thakkar, Florian Tramer, Daphne Ippolito, Katherine Lee, Nicholas Carlini,
Eric Wallace, Shuang Song, Abhradeep Thakurta, Nicolas Papernot, et al. Measuring forgetting of
memorized training examples. arXiv preprint arXiv:2207.00099, 2022.

Ronald Kemker, Marc McClure, Angelina Abitino, Tyler Hayes, and Christopher Kanan. Measuring
catastrophic forgetting in neural networks. In Proceedings of the AAAI conference on artificial
intelligence, volume 32, 2018.

Khimya Khetarpal, Matthew Riemer, Irina Rish, and Doina Precup. Towards continual reinforcement
learning: A review and perspectives. Journal of Artificial Intelligence Research, 75:1401-1476,
2022.

Joonkyu Kim, Yejin Kim, and Jy-yong Sohn. Understanding the behavior of representation forgetting
in continual learning. arXiv preprint arXiv:2505.20970, 2025.

James Kirkpatrick, Razvan Pascanu, Neil Rabinowitz, Joel Veness, Guillaume Desjardins, Andrei A
Rusu, Kieran Milan, John Quan, Tiago Ramalho, Agnieszka Grabska-Barwinska, et al. Overcoming
catastrophic forgetting in neural networks. Proceedings of the national academy of sciences, 114
(13):3521-3526, 2017.

Saurabh Kumar, Henrik Marklund, Ashish Rao, Yifan Zhu, Hong Jun Jeon, Yueyang Liu, Ben-
jamin Van Roy, et al. Continual learning as computationally constrained reinforcement learning.
Foundations and Trends in Machine Learning, 18(5):913-1053, 2025.

Tor Lattimore. Theory of general reinforcement learning. PhD thesis, Australian National University,
2014.

Sebastian Lee, Sebastian Goldt, and Andrew Saxe. Continual learning in the teacher-student setup:
Impact of task similarity. In International Conference on Machine Learning, pp. 6109—6119.
PMLR, 2021.

Thomas L Lee and Amos Storkey. Chunking: Forgetting matters in continual learning even without
changing tasks. arXiv preprint arXiv:2310.02206, 2023.

Qinglang Li, Jing Yang, Xiaoli Ruan, Shaobo Li, Jianjun Hu, and Bingqi Hu. Spirf-cta: Selection of
parameter importance levels for reasonable forgetting in continuous task adaptation. Knowledge-
Based Systems, 305:112575, 2024.

Zhizhong Li and Derek Hoiem. Learning without forgetting. /EEE transactions on pattern analysis
and machine intelligence, 40(12):2935-2947, 2017.

12



Preprint.

Nicolas Y Masse, Gregory D Grant, and David J Freedman. Alleviating catastrophic forgetting using
context-dependent gating and synaptic stabilization. Proceedings of the National Academy of
Sciences, 115(44):E10467-E10475, 2018.

Michael McCloskey and Neal J Cohen. Catastrophic interference in connectionist networks: The
sequential learning problem. In Psychology of learning and motivation, volume 24, pp. 109-165.
Elsevier, 1989.

Volodymyr Mnih, Koray Kavukcuoglu, David Silver, Andrei A Rusu, Joel Veness, Marc G Bellemare,
Alex Graves, Martin Riedmiller, Andreas K Fidjeland, Georg Ostrovski, et al. Human-level control
through deep reinforcement learning. nature, 518(7540):529-533, 2015.

German I Parisi, Ronald Kemker, Jose L Part, Christopher Kanan, and Stefan Wermter. Continual
lifelong learning with neural networks: A review. Neural networks, 113:54-71, 2019.

Krishnan Raghavan and Prasanna Balaprakash. Formalizing the generalization-forgetting trade-off in
continual learning. Advances in Neural Information Processing Systems, 34:17284—17297, 2021.

Mark B Ring. Child: A first step towards continual learning. Machine Learning, 28(1):77-104, 1997.

Mark Bishop Ring. Continual learning in reinforcement environments. The University of Texas at
Austin, 1994.

David Rolnick, Arun Ahuja, Jonathan Schwarz, Timothy Lillicrap, and Gregory Wayne. Experience
replay for continual learning. Advances in neural information processing systems, 32, 2019.

Andrei A Rusu, Neil C Rabinowitz, Guillaume Desjardins, Hubert Soyer, James Kirkpatrick, Koray
Kavukcuoglu, Razvan Pascanu, and Raia Hadsell. Progressive neural networks. arXiv preprint
arXiv:1606.04671, 2016.

Tom Schaul, André Barreto, John Quan, and Georg Ostrovski. The phenomenon of policy churn.
Advances in Neural Information Processing Systems, 35:2537-2549, 2022.

Yan Scholten, Sophie Xhonneux, Leo Schwinn, and Stephan Gii nnemann. Model collapse is not a
bug but a feature in machine unlearning for llms. arXiv preprint arXiv:2507.04219, 2025.

Idan Shenfeld, Jyothish Pari, and Pulkit Agrawal. R1’s razor: Why online reinforcement learning
forgets less. arXiv preprint arXiv:2509.04259, 2025.

Ilia Shumailov, Zakhar Shumaylov, Yiren Zhao, Yarin Gal, Nicolas Papernot, and Ross Ander-
son. The curse of recursion: Training on generated data makes models forget. arXiv preprint
arXiv:2305.17493,2023.

Terence Tao. Analysis i, volume 1. Springer, 2006.

Gido M Van de Ven, Tinne Tuytelaars, and Andreas S Tolias. Three types of incremental learning.
Nature Machine Intelligence, 4(12):1185-1197, 2022.

Hado van Hasselt, Yotam Doron, Florian Strub, Matteo Hessel, Nicolas Sonnerat, and Joseph Modayil.
Deep reinforcement learning and the deadly triad. arXiv preprint arXiv:1812.02648, 2018.

Liyuan Wang, Xingxing Zhang, Hang Su, and Jun Zhu. A comprehensive survey of continual learning:
Theory, method and application. IEEE transactions on pattern analysis and machine intelligence,
46(8):5362-5383, 2024.

Friedemann Zenke, Ben Poole, and Surya Ganguli. Continual learning through synaptic intelligence.
In International conference on machine learning, pp. 3987-3995. PMLR, 2017.

Haiyan Zhao, Tianyi Zhou, Guodong Long, Jing Jiang, and Chengqi Zhang. Does continual learning
equally forget all parameters? In International Conference on Machine Learning, pp. 42280-42303.
PMLR, 2023.

13



Preprint.

APPENDIX

The appendix is organised as follows: §A defines the notation, §B provides a formal theoretical
exposition, §C gives illustrative thought experiments, §D provides additional details regarding
empirical implementation, §E reports additional results, and §F details our experiments.
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A NOTATION

We first provide a table summarising the notation used throughout the paper.

Table 1: A summary of notation.

Symbol

Description

Domain / Type

Interface-related
(X,Y)
X

y
H

Environment—learner interface
Observation space

Prediction space

Set of histories

Observation at time ¢

Output at time ¢

History up to time ¢

Pair of measurable spaces
Measurable space

Measurable space

UrZo (X x V)

Element of X

Element of Y

Sequence ((Xo, Y0), ..., (X, 13))

Environment-related

(e,px,) Environment e:H —DX), px, € D(X)
pe(- | hyy) Environment distribution given D(X)
history h and output y
qe( | hyy) Learner-sampled input distribu- D(X)
tion given history h and output
Y
Learner-related
(Z, f,u,v,pz,) Learner Tuple
Z Learner state space Space
Zy Learner state at time ¢ Element of Z
zZ7 Learner state in inference mode at  Element of Z
a futures time s
Pz, Initial learner state distribution D(2)
Prediction function ZxX =D
Learning-mode state update ZxXxY—>D(2)
u’ Inference-mode state update ZxXx)Y—->D(Z)
qr(- | z,x) Predictive distribution D(Y)
Induced futures
q(H'™1>° | Z,, Hy.;) Induced future distribution D((X x Y)Y)
X Future observation at future time Element of X’
s
Y*s Future output at future time s Element of
Hitlee Sampled induced future at time ¢  Sequence in

((Xt+1,Yt+1)’ (Xt+2, Yt+2), .

)
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A.1 FRAMEWORK GENERALITY

We now provide explicit examples of different realisations of the abstract variables introduced in §3.

Table 2: This table provides specific examples of values for the abstract variables: X;,Y;, and Z;
across different common machine learning settings.

Setting X, (observation) Y; (prediction) Z; (learner state)
Regression Current input, previous  Predicted target g, Parameters (e.g.,
target pair (x¢, Y¢—1) weights, optimiser state)
Classification Current input, previous  Predicted class label Classifier parameters,
label pair (x¢, ;1) li_q latent state (e.g., neural
network weights,
momenta)
Generative . .
molclierllill;] Data to generate x4 Attempted generations  Generative model
& of x; parameters, latent
variables, buffers
Bayesian . . - . L
mo}élells Data (possibly Posterior predictive Posterior / variational
(¢, yt—1) pairs) sample §;_1 parameters, latent
variables
Action a (policy output) Policy/value parameters,
Reinforcement  State-reward (s, r) @ {policy outp transition/reward models,
. - ' or predictive model of -
learning or transition (s, a,r, s’) replay buffer, auxiliary

next state

structures

—appendices continue on next page—
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B THEORETICAL RESULTS

Recall, the learner’s state is updated according to

Zy ~u(Zy—1, X4, Ye). (11)
Before observing X}, Y; and updating to Z;, we have a futures distribution
q(H"™™% | Zy—y, Hop1). (12)

B.1 ONE-STEP SIMULATED MARGINALISATION

The one-step simulated marginalisation is obtained by marginalising over observations X, Y3, and
the updated state Z;:

q(Ht+1100 | Zt*hHO:tfl) = /q(Ht+1:ooaXt7}/;f7Zt | Zt*hHOit*l)dXt d}/; dZt (13)
This can be factorised to:
/ G(X0. Vi Zo, HYVV | 2,y Hyyy) dX, Y, dZ,

. 14
- / G(HHY™ | X, Yy, Zt, Zoor, Hour) w(Ze | Zoor, X2, Yo, Hoe1) (14)

“qe(Xy | Yo, Zi—1, Hou—1) qp (Yo | Zio1, Hoxp—1) d Xy dY; dZ;.

In generic learning scenarios and under the assumption of learning over time, we assume no access
to the history. Thus, for non-forgetting algorithms, the state update, input, and prediction are
conditionally independent of the history. Furthermore, the induced futures distribution is conditionally
independent of past learner states:

X WL Hoy1 | Yy, Zy—a, Yy AL (Hoip—2,Yi-1) | Zp—1, X1

15
Zy L Hopr | X0, Ve, Zoa,  HUPVYS AL 240 | 2, (1
This reduces the factorised form to:
= /(I(HHLOo | Zy, Ho.t) u(Zy | Ze—1, Xy, Yy) (16)
'Qe(Xt | YuZt—l)C]f(Yt \ Zt—lvxt—l)dXt dY; dZ;.
which is the 1-step simulated marginalisation:
qi(HY | Zy 1, Hou 1) = Ex, vz, [q(H™V | Zy, Hou)] (17)

where
Xt ~ Qe(' | YtaZt—l)a )/t ~ Qf( | Zt—laXt—l)a Zt ~ 'LL( | Zt—let;}/t)'

B.2 K-STEP SIMULATED MARGINALISATION
We can apply the same reasoning to derive the k-step simulated marginalisation. If we denote ¢’ as
t'=t+k—1,we get
k:
q(H"™ | Z,_1, Ho—1)

= /Q(Xt:t',Y;s:t',Zt:t',HHk:OO | Zt—l;HO:t—1> dXy.p dYyy dZy.y

. (18)
= [att > | Zy How) - ] (20| 21, X0 Y2)

s=t
(X | Yo, Zs-1)ay (Ys | Zoo1, Xs-1)]|dX g AYew A2,
which is the k-step simulated marginalisation given in Definition 4.6:
aR(H™M5% | Zy, Hour) = Bx, v, .2, [0(HT9 | Zo, How)] - (19)
where, fori =t,...,t
Xi~qe(- | Yis Zic1), Yi~qp(c| Zicn, Xica),  Zi~ul | Zio, Xa, Y5).
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B.3 BAYESIAN NON-FORGETTING

We now formally state and prove Theorem 5.1.

Let © denote a measurable latent space that takes values § € ©. The learner maintains a state Z;
for ¢ > 0, which defines a posterior density ¢z, over ©. We assume the existence of predictive
distributions g(H!*1>° | 0, X;,Y;) for € ©, which are related to the predictive distributions
conditioned on Z; (§3.2) via Assumption B.4 below.

In what follows, we assume that the prior and all posterior measures are absolutely continuous with
respect to some fixed o-finite base measure ;. on ©. This assumption justifies the use of distributions
over O interchangeably with their densities (Radon-Nikodym derivatives with respect to (), which
are unique up to p-a.e. equality.

We will show that under simple assumptions, the posterior predictive is self-consistent under Bayesian
updates. This implies that, under Bayesian updates, the simulated marginalisation yields the same
predictive distribution as the original predictive distribution.

Assumption B.1 (Likelihood Existence). For any t, the marginal likelihood obtained by marginalising
over 0,

G (Xs | Yo Zis) = / 4e(X, | i 0)az,_,(6) 0, 20)
€]

is well defined and finite, with the integrand integrable over © with respect to qz,_, (0) d#.

Assumption B.2 (Bayesian Updates). The learner’s posterior, denoted by qz,(0) = q(0 | Z¢), is
updated by Bayes’ rule
_ (Xt [ Y4,0)qz7, ()

QZt(H)_ q(Xt |}/2-5) )

2D

where
o0 1Y) = [ a.(Xi] Yi0)az,_, ()30, @2
e
Therefore, the update procedure is deterministic. We denote the Z,; that represents the resulting
distribution by ®(Z;_1, X, Y3), so the update rule is

u(- | Zi—1, X6, Y1) = 0a(z, 1, X,v0)- (23)

Assumption B.3 (Predictive Conditional Independence). The predictive distribution H'*1:% js
generated by the current state Zy, and is therefore independent of past states Zy, Zy, ..., Zy_1:

q(H'™E | X0, Yy, Zy, Zo1, Houor) = q(H™E | X0, Yy, Zy, How— ). (24)

Assumption B.4 (Mixture Representation). For any t, the learner’s predictive future distribution is
equal to the mixture

q(H' | 2, X,,Y,) = / q(H'™"1% [ 0, X4, Y7)qz,(0) d6. (25)
(S

Assumption B.5 (Regularity). All probability distributions are non-negative measurable functions
and may be integrated over the considered ranges. Thus, Tonelli’s/Fubini’s theorem (Tao, 2006) may
be applied to change the order of integration.

Lemma B.1 (Predictive Independence). Under Assumption B.3,
q(H* 5> | Zy, Hou) = q(H'™ 5 | Zy, X, V). (26)

Proof. This naturally follows from the Markov property in Assumption B.3. O

We first show that exact Bayesian updates do not forget after each individual update.

Lemma B.2 (One-Step Bayesian Non-Forgetting). Under Assumptions B.1 to B.5, for every t € N,
the learner’s posterior-predictive distribution satisfies the one-step self-consistency condition,

QY | 2y Hogor) = 0" (HYY | Ziy, o), @)

where state updates are determined by deterministic Bayesian updates. Thus, T'1(t) = 0 forallt € N.
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Whenever the above assumptions hold, Bayesian updates are not forgetful, even without access to
past data. To demonstrate this, we will show that the equality in (17) holds when the update procedure
is a deterministic Bayesian update.

Proof. Start from the one-step simulated marginalisation expansion in (16):

qi(H'"T® | Zy_1, Hop—1) = ///Q(HHLOO | Zi, Hot)

cu(Zy | Zi—1, X1, V) (28)
2 qe(Xe | Vi, Zi1)
cqr(Yi | Zy—1, Xi—1) d X, dYi dZ,.

Under Assumption B.2, the update is deterministic: u(Z; | Z;—1, X, Y;) = 5®(_)_ Furthermore,

under Assumption B.3, the predictive distribution is independent of past states. Therefore, the triple
integral reduces to a double integral:

gy (H"5 | Z,_q, Hoy) = //Q(HHLOC | Zy = ®(Z4—1, X1, Yy), Hot)
'(Je(Xt \ Y:, thl)(If(Y% | thlathl) dX; dY;.

(29)

Substituting Assumption B.4 into the double integral and using Assumption B.5 to swap the order of

integration gives
= [ [[ ot 10.t000z10)

(30)
“qe(Xy | Yz-S;thl)Qf(Y;f | Zi—1, Xi—1)dX; det:| dé.

Inserting the Bayes update formula (Assumption B.2) for gz, (0) gives:

_ t+1:00 qe(Xt ‘ Y;?e)qu,—l(a)
-/ [// A 0 o) 1 R, Ve gz, (0) 6

X | Yo Ze)ap (Ve | Zor, Xoo) X, dYt} a0.

€1y}

Under Assumption B.4, we may also represent ¢.(-) as a mixture over 6:

Go(X0 | Yo Zoy) = / 4 (X, | Yi, 00z, (6) do. (32)

Substituting these into (31) lets us cancel the normalisation term in the Bayesian update:

[ t+1:00 qe(Xt | Y;aa)qzt—l(o)
J 1] O Hod) T (X1 Ve )4z (0) 40

- / 0 (Xs | Yo 0)az, () A0 (Vi | Zr, Xi—1) dX, dY; | d6

(33)

- / / / Q(H 0, Ho )z, (0) au(X | Yo 0)ay (Vi | Zooy, Xo1) dX,dY: | do.

=q(X¢,Ye| Ze—1,X¢-1)

By Definition 3.4, all parameters or latent variables 6 are encoded in the learner state. Under
Assumption B.2, the Bayesian posterior gz, (0) is computed using the previous learner state Z;_;
and the new observation (X, Y;). Therefore, all dependence on 6 in the likelihood ¢.(X; | Y%, 0) is
given by Z;_;:

Qe(Xe | Yo, 0)qr(Ye | Zp—1, Xe—1) = (X, Y | Ze1, Xi1). (34)
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After changing the order of integration (Assumption B.5) and then using the equality in Assump-
tion B.4, we get

/ [ / / q(H™° | 0, Ho)qz, , (0)q(Xe,Ye | Zi—1, X4—1) dX, dY;| dO
- / / [ / G(HY° |9, Ho )z, (0)d0| a(X0, Y | Zor, Xo1)dX A (35)

= [[at | 2y, Hoa(X0 e | Zir, X dX Y
Therefore, by the law of total probability, we may integrate out X; and Y; to get
// Q(HHLOO \ Zt—l,HO:t)Q(Xt,Yt \ Zt—laXt—l)dXt dY; = Q(HHLOO | Zt—laHO:t—1)~ (36)

Thus, even when the learner has no access to the history, the Bayesian inference procedure does not
forget under the above assumptions:

q(H'™ 5% | Zy_y, How—1) = i (H'™0 | Zoo1, Hoie-1), (37)
completing the proof.
Given the equality in (37), for every choice of divergence measure, 'y (t) = 0. O

Now that we have shown the one-step non-forgetting property of Bayesian updates (Lemma B.2), we
can extend the result to the general k-step self-consistency condition. First, we restate Theorem 5.1.

Theorem 5.1 (Bayesian Non-Forgetting). Let k € N and for every t € Ndefinet' =t + k — 1.
Under Assumptions B.1 to B.5, the learner’s posterior-predictive distribution satisfies

qH' | Zyy, Hoyor) = qi(H8 | Zioy, Hoyoa) (38)
when Zy is determined by deterministic Bayesian updates. Thus, T';.(t) = 0 for all k,t € N.

Proof of Theorem 5.1. We prove by induction. The base case (k = 1) is Lemma B.2:

q(H'"™™Y | Zy_y, How—1) = ¢*(H'™°° | Z,_1, Hou—1), (39)
We now prove the inductive step.
Lett’ =t + k — 1. Assume the k-step self-consistency condition holds:

q(H'" 8| Zy 4, Hou 1) = o (H™5° | Z, 1, Hoy ). (40)
We wish to show that (40) holds for k& + 1.
We begin with the k + 1-step self-consistency expansion:

QZ+1 (HH’CH:OO \ Zy 1 ,HO:tfl)

- ///‘I(HHHLOC | Ztrv1, Howr 1)

t'+1
! H |:U(ZS | Zs—laXm)/s)Qe(Xs ‘ Y97Zs—1)

s=t

(41)

: qf(Ys | Zs_1, Xsl):| dXp 41 AV 11 dZep 4.
We can factor out the last interaction step from the product. The factored out update is deterministic
w(Zyy1 | Zy, Xpry1, Yiry1) = Oa(.) under Assumption B.2, giving:

¢

= ///q(Ht+k+1:oo ‘ Zt’+1 = (I)(Zt/, Xt/+17 )ft/+1), HO:t’+1) . H [u( . .)qe(. . .)Qf(. . )] (42)

s=t

e Xy | Y1, Zy)qr (Ypga | Zoy, X)) dX 41 AY 41 A2y
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Substituting Assumption B.4 for the predictive distribution and using Assumption B.5 to swap the
order of integration gives

t

-/ [ [ a6, o0 s)0z,,,0) T Tt ol ast..)]

e (43)
“qe( X1 | Yoqr, Ze)ay(Yoqr | Zo, Xp) dX g1 dYip g1 dZgy | d6.

Inserting the Bayes update formula (Assumption B.2) for ¢z, | (#) and substituting the representation
of g.(+) from (32) gives:

. e(Xerg1 | Yiry1,0)qz,, (0)

— Ht+k+1.oo 07H » q ( t'+1 p

/ {///q( | ot +1)ffle(Xt'Jrl | Yirt1,0)qz,, (0)do
t/

Lt et darc ] [ 0K | Yo, 0)az,,(6) @0

s=t

: Qf(Yt’+1 \ Zt’;Xt’) dXy.p 41 dYp 1 dZt:t’:| de

:/ |:///q(Ht+k+1:oo | 07H0:t’+1)q2t/ (0) (44)
t/

: H [ul - )ge (- )ar ()] e(Xega | Yiga, 0)qr (Y | Zo, Xor)

s=t

=q(Xpipr 41 Yo 41520 |1 Ze—1,Xe—1)
dXt:t/—i-l d}/t:t/—i-l dZt:t/:| de.

Using the chain rule of probability and then changing the order of integration (Assumption B.5) gives

— /// {/q(H”k““’O | 0, Ho.'41)qz, (9)d‘9} (45)

“q(Xerg1, Yerv1, Zew | Zi—1, Xoo1) dX 11 dYgpp1dZgyr
We may simplify this with the equality in Assumption B.4:

= ///Q(HHHLOO | Zir, Houtr41)0(Xeetr 1, Yo 41, Zew | Ze—1, Xe—1) dXppr 41 dYep 41d Zpyr

(46)
which is equivalent to

- / / / QP X0 Yo v, Zo | Zaory Hou 1) Ao @VipsndZp, (47)
By the law of total probability, we may integrate out X;.y/ 41, Yi.¢/41, and Zy.ys:
= q(H"F> | Z, 1, Hoy). (48)
Thus, the equality
q(H'"™ 10| Zy_ Hoyo1) = gy (HFPE | Z4_y Ho 1) (49)
holds for k£ + 1. By induction, this holds for all k¥ € N.

Given the equality in (49), for every choice of divergence measure, I'; () = 0. O

Implications. The non-forgetting result relies on a collection of assumptions regarding the learner’s
inference procedure and the interaction dynamics. Assumption B.2 requires that the posterior gz, is
obtained from a deterministic Bayesian update, ensuring the posterior gz, is an exact update of the
preceding posterior qz, ;.

This assumption is not satisfied by approximate inference procedures, such as variational Bayes,
Laplace approximations, and related approaches. In these approximate inference procedures, the
self-consistency condition is no longer guaranteed to hold, implying that such approaches exhibit
forgetting.
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B.4 MARTINGALE PERSPECTIVE

Information available over time may be formalised by a filtration (F;);>¢, Where F; is a o-algebra
representing all information observable up to time ¢. In this construction, once an observation is
made, the information it contains is never lost (Doob, 1953).

In our setting, let
Fi = J(XO:ta Yo.t, Zo:t) (50)

denote the full interaction filtration generated by a history of observations, outputs, and learner states.

The learner, however, does not model the entire interaction process. Its knowledge is contained within
Z € Z, so we instead consider the state filtration

Gy = O—(ZOaZb"'ﬂZt)' (51)
This filtration encodes all of the information that the learner has learned up to time ¢.

Let the learner’s posterior-predictive distribution be

Qe = q(H"""> | Zy). (52)
The learner is non-forgetting if (Q¢):>o forms a martingale with respect to the state filtration (G;);>o:
ElQt+1 | Gi] = Q:. (53)

If the martingale property in (53) does not hold,
ElQi+1 | Gi] # Q1 (54)

then the learner has exhibited a drift in its predictive beliefs. This indicates that the learner has lost
information contained within its previous states, i.e., the learner has forgotten.

Note that the expectations in (53) and (54) are taken over the process in which the future Q; are
generated by the simulated future rather than the environment. This allows us to isolate forgetting
from backward transfer.

Approximate learners typically violate (53), leading to a loss of predictive information. As shown in
§B.3, exact Bayesian updates preserve self-consistency, thus they satisfy the martingale property in
(53) and do not forget.

B.5 THE NEED FOR REPLAY

The above derivations make the role of the learner’s state update function u(Z;_1, Xy, Y;) explicit.
The learner’s update must be such that Z; is conditionally independent of the whole history Hy.;—1
given (Z;_1, Xy, Y}), and such that the predictive futures H'T*:> is conditionally independent of all
of the previous states during the updates Z;, Z; 41, . . . , Zy+r—2 given the current state Z; 1.

However, in practice, many learning algorithms violate these conditions. When these dependencies
exist, correctly performing consistent updates depends on access to past data or past states. Replay
mechanisms provide an empirical solution: by placing past observations into the current observation,
the learner effectively reduces its dependence on previous states and the history.

—appendices continue on next page—
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C THOUGHT EXPERIMENTS

We present a series of thought experiments designed to stress-test potential definitions of forgetting in
general learning systems. Each scenario illustrates a conceptual edge case that any robust definition of
forgetting should naturally handle. For each scenario, we provide a self-consistency verdict, indicating
whether our framework classifies the learner to be forgetting or not, and explain the intuition behind
this judgement.

Scenario C.1 (The degenerate learner.). Consider a learner that never updates its beliefs—its state
is fixed for all time. Such a learner never changes its state or acquires new information and is thus
degenerate. Does this learner ever forget? One might argue that forgetting is defined relative to the
information available to the learner over time; however, if nothing is ever learned, how can anything
ever be forgotten?

Self-consistency verdict: no forgetting. Since the state remains constant across any number of updates,
the induced futures distributions are identical. A learner that never changes its state can never forget.

Scenario C.2 (0-bit and 5-bit stacks.). Consider two first-in, first-out (FIFO) stacks: one with
capacity 0 bits, another with 5 bits. The 0-bit stack cannot store information; the 5-bit stack can.

Self-Consistency verdict: 0-bit does not forget, the 5-bit stack does. The predictive distribution of
the stack is always the returned bit of the address being accessed at each step. A 0-bit stack’s state
never changes, so its future remains constant. The 5-bit stack, however, overwrites past bits when it
is full; its predictive distribution changes as bits are dropped, hence it forgets. Forgetting only exists
in systems capable of learning.

Scenario C.3 (The hash map.). A hash map with infinite associative memory never overwrites
existing entries. It represents a theoretical “perfect rememberer”.

Self-Consistency verdict: no forgetting. The predictive distributions of such a learner are a Dirac at
the retrieved value (or null if unassigned), and the induced futures remain identical over time. Thus,
the learner never forgets.

Scenario C.4 (The clock.). Consider a simple clock that increments its state deterministically with
each tick. Does the clock forget past states? In one sense, yes: it overwrites its register and never
recovers earlier times. In another sense, no: it never misrepresents the current time and updates
consistently. This raises the question: must forgetting be tied to the loss of recoverable information,
or only to deviations from self-consistent updates?

Self-Consistency verdict: no forgetting. Under regular environmental updates, the clock advances
its state (its notion of “time”) by one unit per tick. However, under self-consistent updates, we
propagate the learner’s state forward using its own current beliefs rather than the actual environmental
progression. Since the clock believes time remains fixed at its last known state, it will continue to
predict the exact time indefinitely. Consequently, its futures remain invariant under self-consistent
updates. The clock does not forget.

Scenario C.5 (The moody learner.). Suppose a learner only updates on even timesteps, ignoring all
odd ones. Does inaction indicate perfect memory?

Self-Consistency verdict: no forgetting (on ignored steps). When no update occurs, the state remains
identical, so induced futures distributions are unchanged. Forgetting can only occur during state-
altering updates.

Scenario C.6 (The function picker.). Suppose there are L learner functions, and at each timestep,
one function is selected uniformly at random, independent of both ¢ and the observed data.

Self-Consistency verdict: no forgetting. In expectation, the induced futures after any number of
consistent updates remain invariant. The randomness of selection does not imply loss of information
about possible futures.

Scenario C.7 (The binary flipper.). Consider a binary classification model that flips its predictions
at every timestep.

Self-Consistency verdict: no forgetting. Similar to the clock, the self-consistent update believes time
remains fixed at its last known state; thus, the learner does not flip its predictions, and its state remains
fixed. Consequently, its futures remain invariant under self-consistent updates, and the flipper does
not forget.
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Scenario C.8 (Label permutation.). Take a perfectly trained binary classifier. Now, consider that we
permute the mapping between logits and output labels without changing the parameters. On the one
hand, the parameters remain the same; on the other, the outputs have changed significantly. Has such
a model forgotten everything it knew just because its behaviour has changed, or has it not forgotten
anything at all because it has the same states?

Self-Consistency verdict: no forgetting. Similar to the clock, the self-consistent update believes time
remains fixed at its last known state; thus, the learner does not flip its predictions during consistent
updates, and its state and predictive distributions remain fixed. Consequently, its futures remain
invariant under self-consistent updates, and the learner does not forget.

Scenario C.9 (Forgetting unseen but generalised inputs.). Consider a learner that is trained on the
MNIST dataset. At time ¢, the model correctly classifies all instances of the digit “4” in the test set.
After further training, it loses the ability to correctly classify some test examples. Can a model forget
something that it has never directly encountered (such as specific test inputs) but has nonetheless
learned to generalise to?

Self-Consistency verdict: this forgets. Even though the test data were unseen, the learner’s predictive
distribution changes when its performance on those data changes. Thus, the learner has forgotten:
forgetting occurs whenever the previously supported predictive capabilities vanish, regardless of
whether the corresponding data have been observed.

Scenario C.10 (Even number checkers.). Suppose a model receives binary inputs sequentially and
deterministically predicts a 1 if it has observed an even number of 1s, and 0 otherwise. Does it forget
because its state changes over time?

Self-Consistency verdict: no forgetting. The next k observations may either be a 0 or a 1, drawn from
any distribution. After k£ updates, the learner’s predictive distribution is deterministically either a 0
or a 1. Although the state continues to evolve across the induced futures, the expected predictive
distribution remains the same across them. Therefore, no forgetting occurs.

Scenario C.11 (Surprising events.). Consider the scenario where a fair coin is flipped repeatedly.
After 10 coin flips, we are in an unlikely situation where all flips have so far resulted in heads. If, on
the next flip, we observe a tail, the learner may be surprised, even if it has remembered all previous
results.

Self-Consistency verdict: no forgetting. Under consistent updates, future updates are performed
relative to the learner’s current beliefs rather than the actual environment. This distinction is what
prevents surprise from being mistaken for forgetting. Since the learner’s predictive distribution
already encodes its own uncertainty over future outcomes, an unexpected tail does not constitute loss
of information; it is a valid observation under the learner’s model. Consequently, the expected futures
distribution before and after the k updates remains identical, and no forgetting is detected.

Scenario C.12 (Bayesian optimisation.). Consider a Bayesian optimiser that initially observes high
objective values, then later finds a lower minimum. Its predictive distribution must update in response
to the new observation. However, no previously acquired evidence has been discarded. This is a
knowledge update, not forgetting; naive comparisons of states may mistakenly classify this update as
forgetting.

Self-Consistency verdict: no forgetting. As in Scenario C.11, future updates are computed relative to
the learner’s current predictive distribution rather than the actual environment. Because updates reflect
the learner’s own beliefs, encountering a new minimum does not imply a loss of prior information. In
expectation, the futures distributions before and after k£ updates remain identical, indicating that the
learner has not forgotten.

—appendices continue on next page—
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D EMPIRICAL CONSIDERATIONS

In this section, we detail the approach used to estimate the forgetfulness measure I'x(t). T'x(t)
captures the extent to which the learner’s induced predictive distribution at time ¢ remains consistent
with those obtained after & simulated updates. While the simulated marginalisation g;;(. . .) cannot be
computed exactly, it can be approximated using a particle-based Monte Carlo scheme. At a given time,
we clone the learner into M replicas and propagate each replica forward under k steps of simulated

interaction with its own induced futures. This yields a set of post-update models {Z,:(_T,g_l}ﬁle,
whose mixture distribution provides an approximation to the self-consistency condition:

M
G | Zoy, Hoar) ~ 57 3 a(H™™ | 2000 HTL), (55)

m=1

We compare the learner’s distribution on a reference trajectory of simulated futures with this mixture
distribution. The divergence between the two provides an empirical estimate of I'(¢). This is
detailed in Algorithm 1, provided below.

Predictive distributions. In practice, the predictive distribution ¢¢(Y; | Z;—1, X;—1) is obtained
directly from the model’s output parameterisation. For classification tasks, this distribution is explicit:
the network’s logits define a categorical (or Bernoulli) distribution over discrete classes. A similar
interpretation applies to generative models, where the predictive distribution corresponds to the
model’s generative distribution over data samples. For regression tasks, the predictive distribution
is determined by the likelihood implied by the training loss. When optimising a mean-squared-
error objective, for example, the corresponding likelihood is Gaussian, so the model’s prediction
corresponds to the mean of a normal distribution. The predictive variance can be estimated empirically
from the residual error distribution on a held-out validation set. Thus, even though most practical
neural networks output only point predictions, their underlying training objective defines an implicit
predictive distribution. We use this to evaluate the induced futures and empirically quantify forgetting.

Visualising the propensity to forget Figure 6 compares a single-layer neural network’s futures
distribution at the current training step with the same model but after 40 additional updates on futures
data. This allows us to visualise the divergence between the two induced futures distributions. This
difference quantifies the model’s propensity to forget, as defined in Definition 4.7.

Initial Model (Ground Truth) Mean Consistency Model

— Initial Model
—— Mean Consistency

Figure 6: Comparison of initial and 40-step induced futures. Axes show the input space around
the two-moon binary classification task. Example datapoints are overlaid and coloured by target class
(red = 0, blue = 1). The background grid is shaded according to the classifier’s logit values, from red
(0) to blue (1), with white indicating uncertainty at 0.5. Left: The initial induced futures distribution
q(H t+k:00 | Zi—1, Ho.t—1) serves as the baseline for consistent updates. Right: The k = 40 induced
futures distribution g (H t+kioo | 7, 1 Ho.t—1), showing how the predictive model is likely to evolve
over 40 steps. The divergence in Definition 4.7 is computed between these two distributions.
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D.1 SUPERVISED CLASSIFICATION EXAMPLE

Consider a supervised classification setting with a neural network learner. To approximate future
inputs X;..., we sample uniformly over the empirical distribution of inputs observed thus far. This is
acquired by sampling &, X values from a held-out validation set, X;.;1x—1, and using the remaining
inputs to evaluate predictive distributions, approximating X .o -

We first compute the predictive distribution of the current model, Z;_;.
q(}/tJrk:oo | thlaXlHchl:oo)? (56)

which will act as the reference distribution in the KL divergence.
To form the k-step simulated marginalisation, we perform a Monte Carlo estimate: make N in-
dependent particle copies of the learner and, for each particle n and for s = 1,..., k, we do the
following:

(sample target) Yt(ﬁg ~qr(- | Zt(i)sfb X;zl71)7

(sample input) Xt(i)s ~ qe(- | Hots—1, Yt(fs)% 57)

(update state) Zt(i)s ~ (| Zt(i)sfl,Xt(Z)s, Y;(_C))
After k steps, each particle yields a predictive distribution over the future inputs,

0 Verkoo | Z0% 10 X0 ) (58)

We form the uniform mixture to acquire the simulated marginalisation,

q;(}/t-ﬁ—k::oo ‘ Zt-‘rk?—l) Xt+k—1:<>o)- (59)
We can then compute the learner’s propensity to forget:

Li(t) = Dxr (¢(Yerkioo | Zt—15 Xitk—1:00) | @ (Yetkioo | Ze—1, Xetk-1:00)) . (60)
This process is described in Algorithm 1.

Algorithm 1 Computing the propensity to forget of a learner in a supervised classification setting.

Require: Learner with state Z;_1, update function u, inputs X;..,, # of particles N, horizon k,
history Hp.;—1
Ensure: Propensity to Forget I'; ()
Compute initial predictive distribution (Y00 | Zt—1, Xtt+k—1:00)
Initialise IV particle copies of the learner: {Z,Eﬁ}}fy:l
for each particle n = 1 to NV do
for s =1to k do
Sample target Y;(fs) ~ qg(- | Zt(_fl_l,Xt(zl_l)

Sample input Xt(z)s ~ qe(- | Ho;t+s_1,Y;(+ns))
Update particle state: Zt(i)s ~ (-] Zt(i)sfl, Xt(i)th(fs))

end for
Compute predictive distribution for future inputs q,(gn) (Yitkoo | Z t(_T_L_l, X t(zg_l:oo)
end for

Form a mixture of the N particle predictions ¢; (Yi4x:00 | Zi+k—1, Xitk—1:00)

Compute 'y (t) = Dk, (¢(Yitkioo | Zi—15 Xih—1:00) || G (Yethioo | Zeh—1, Xith—1:00))
return I'; ()

Computational considerations. The primary computational cost of this procedure stems from
propagating N independent particles over k synthetic update steps, each involving a forward pass and
parameter update of the learner. This can be significant for large neural networks or long consistency
horizons k. Two sources of approximation error arise in practice. First, the predictive distributions
gy and g, are evaluated only on a finite validation set, introducing sampling error that decreases with
the number of held-out inputs. Second, the mixture ¢;; is only a Monte Carlo approximation to the
expectation over the learner’s self-generated future. Both sources can be reduced by increasing the
size of the validation set or the number of particles, though at the cost of increased computational load.

—appendices continue on next page—
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E ADDITIONAL RESULTS

In this section, we discuss additional results, including Bayesian learners, permutation sensitivity,
and an expanded discussion of §5.

Batch Size vs. Training Efficiency in Regression Noise vs. Training Efficiency in Regression
-0.14
-0.12
-0.10

-0.08 051

Mean Ty
S
Training Efficiency
Mean Ty
Training Efficiency

0.50-
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0.47-
0 5 10 15 20 25 30 35 40 0.00 0.05 0.10 0.15 0.20 0.25
Batch Size Noise

—— Forgetfulness == Training Efficiency

Figure 7: Optimal forgetting is not necessarily zero. We examine how a regression learner’s training
efficiency and propensity to forget vary under different hyperparameter settings. Left: Increasing the
batch size reduces forgetting while improving training efficiency. Forgetting plateaus once the batch
size approaches the dataset size (40 datapoints), at which point training efficiency increases with
minimal further reduction in forgetting. Right: Reducing the noise in the dataset leads to substantially
higher training efficiency; however, in low-noise regimes, the learner becomes more sensitive to
self-consistency perturbations and therefore forgets more despite performing better on the task.

E.1 FORGETTING IN SUPERVISED LEARNING

Here we expand on the empirical results presented in §5, examining how the dynamics of forgetting
vary with model architecture, hyperparameters, and optimisation settings. In addition to the training
efficiency analysis in Figure 4, we observe that hyperparameters can simultaneously shape both
training efficiency and forgetting in Figure 7.

Impact of Number of Parameters in Regression task

Forgetfulness over k Forgetfulness over Steps Train Loss over Steps
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Figure 8: Impact of model size on forgetting dynamics. Plots illustrating the impact of varying
numbers of hidden-layer parameters in a single-hidden-layer neural network on a regression task
with 40 training datapoints (details in §F). Left: Forgetfulness as a function of the number of updates
k, showing how the learner’s propensity to forget evolves over update steps. Middle: Forgetfulness
throughout training, highlighting changes in the learner’s propensity to forget over time. Right:
Training loss curves, comparing learning dynamics across model sizes. We observe that forgetting
dynamics are strongly influenced by model size: forgetting increases with model size until the
learner’s parameter count approaches or exceeds the task’s effective size, at which point forgetting
reduces again. These dynamics have a major impact on training efficiency, as shown in Figure 4.
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Effect of model size. Figure 8 examines how model size affects forgetting and learning efficiency
on the regression task detailed in §F. Each plot compares networks with different hidden-layer sizes,
trained on 40 datapoints that span both under- and over-parameterised tasks. We find that forgetting
generally increases with model size, peaking near the point where the number of parameters matches
the task’s effective complexity, and then decreases again in the highly overparameterised task. This
inverted trend mirrors the behaviour of training efficiency discussed in Figure 4.

Impact of SGD Momentum in Regression task
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Figure 9: Effect of the momentum parameter on forgetting dynamics. Plots illustrating the
impact of varying momentum coefficients during training of a single-hidden-layer neural network
on the sinusoid regression task. Left: Forgetfulness as a function of the number of updates k. Middle:
Forgetfulness over the course of training. Right: Training loss curves for each momentum value.
We observe that forgetting dynamics exhibit periodicity across updates, with the mean forgetting
and the oscillation amplitude increasing as momentum increases. Optimal training efficiency occurs
at a momentum of 0.9, corresponding to an optimal balance of adaptation and stability.

Effect of momentum. In Figure 9, we vary the momentum coefficient in stochastic gradient descent
while training on a regression task. The propensity to forget exhibits periodic fluctuations, increasing
with higher momentum values. Both mean forgetting, and the oscillatory behaviour grow with momen-
tum, indicating a trade-off between stability and adaptivity. The most efficient training occurs around
a momentum of 0.9, where moderate levels of forgetting coincide with stable and fast convergence.

Impact of Batch Size in Regression task
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Figure 10: Effect of batch size on forgetting dynamics. Lines and markers indicate different
batch sizes used in training a single-hidden-layer neural network on the sinusoid regression task.
Left: Forgetfulness as a function of the number of updates k. Middle: Forgetfulness over the course
of training. Right: Training loss curves across batch sizes. Smaller batches exhibit significant
fluctuations and high variability, resulting in unstable learning and reduced efficiency. Increasing
batch size stabilises learning and reduces forgetting, until the effect plateaus at a batch size of 10,
beyond which forgetting remains non-zero but is approximately the same regardless of batch size.
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Effect of batch size. Figure 10 studies the influence of batch size on forgetting dynamics. Smaller
minibatches lead to higher update variability, resulting in larger oscillations and a greater propensity
to forget as training progresses. As batch size increases, efficiency increases and forgetting decreases,
plateauing at around one-quarter of the training dataset size. Beyond this, forgetting remains non-zero
and is very similar across batch sizes greater than one-quarter of the training dataset.

CIFAR Forgetfulness and Validation Accuracy by Model
Forgetfulness over Steps Validation Accuracy over Steps

Forgetfulness

. 0.3
0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
Step Step
—-==- Logistic Regression MLP —— CNN ResNet

Figure 11: Forgetting dynamics across model architectures on a high-dimensional classification
task. Different-coloured lines and marker styles denote different model types: logistic regression,
MLP, CNN, and ResNet. Left: Forgetfulness over training updates. Right: Validation accuracy over
training time. While CNNs and ResNets exhibit substantially higher levels of forgetting than logistic
regression and MLPs (with ResNets forgetting the most), they achieve the best task performance.
This implies that the most effective deep learning models do not necessarily minimise forgetting.

Effect of architecture. Finally, Figure 11 examines how model architecture influences forgetting
on a high-dimensional classification task (CIFAR-10). We compare logistic regression, a multilayer
perceptron (MLP), a convolutional neural network (CNN), and a ResNet. CNNs and ResNets
exhibit considerably higher forgetting than logistic regression and MLPs, yet they achieve better task
performance. This indicates that the most effective deep learning models do not necessarily minimise
forgetting; instead, they maintain a balance where moderate forgetting supports continued adaptation
and improved generalisation.

Summary. Together, these results (Figure 7, Figure 8, Figure 9, and Figure 10) show that forgetting
is a pervasive property of deep learning systems, shaped by both the update dynamics and the learner’s
hyperparameters. Consistent with Figure 4, regimes with improved efficiency do not necessarily
minimise forgetting. While high levels of forgetting can destabilise training, moderate levels appear
beneficial: enabling adaptability while preserving some past information. The relationship between
forgetting and learning efficiency is thus nuanced: efficient learning requires not the absence of
forgetting but its regulation.
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E.2 FORGETTING IN REINFORCEMENT LEARNING

Here, we discuss the impact of hyperparameters in RL on forgetting dynamics.

Buffer size. Replay buffer size determines which past experience is retained and sampled from
during Q-learning updates. A small buffer restricts the effective training distribution to the most
recent transitions, while a large buffer maintains long-range temporal support.

Buffer Size: 500
Forgetting Landscape TD Loss and Q-values Across Seeds

-40 40- -140
0.12 — D Loss
-35 35- === Qualue _19(
0.10
30 30- -100
@ 0.08 -95, 25-
£ » 8" 80 g
& . = 90- =
© 0.06 20~ a 20 g
80 s -60 @
i 15 15-
B}
0.04
-40
10 10-
2 c
0.02 . 5- -920
0.00 - — 0- = -
0 1000 2000 3000 0 1000 2000 3000
Training Step Global Step
Buffer Size: 5000
Forgetting Landscape TD Loss and Q-values Across Seeds
) - 40 40- -140
0.12 —— TD Loss
-35 35- -== Qualue _79(
0.10
~.-100
§ 0.08
£ -80 &
£ ©
2 0.06 3
) -60 &
o
w

0.02 -20
0.00 8 - -0
0 1000 2000 3000 0 1000 2000 3000
Training Step Global Step
Buffer Size: 10000
Forgetting Landscape 40 140- TD Loss and Q-values Across Seeds 140
0.12 —— TD Loss
-35 35- --= Qualie -9
0.10
30 30 -100
§0.08 s 25 |
£ @
E s Sgo-
% 0.06 20 n°
3 S
-15 S
“ 004 15
-10 10-
0.02 -
- 3 P
0.00 . 0- i
0 1000 2000 3000 0 1000 2000 3000
Training Step Global Step

Figure 12: Replay buffers regulate prediction support. Forgetting landscapes for different replay
buffer sizes. Small buffers produce high, unstable forgetting because the learner continually overwrites
supported predictions as the data distribution shifts. Larger buffers stabilise the distribution and reduce
forgetting, but overly large buffers reintroduce outdated transitions that also break self-consistency,
leading to moderate forgetting and reduced learning efficiency.

With very small buffers, the training distribution shifts rapidly as old transitions are discarded.
The learner, therefore, repeatedly overwrites previously supported predictions, producing large
and unstable forgetting dynamics. As the buffer size increases, forgetting becomes smaller and
more stable: predictions are supported by a more stable training distribution, so self-consistency
violations decrease. However, extremely large buffers also reintroduce unsupported transitions,
causing the learner to train on outdated targets, resulting in inconsistency. Thus, both forgetting and
task performance are optimised at intermediate buffer sizes. This is observed in Figure 12.
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Target network update rate. 7 controls the target Q-network update rate. Therefore, 7 controls
how quickly the support for predictions evolves.

Tau: 0.01
0.10 Forgetting Landscape 40 TD Loss and Q-values Across Seeds 100
—— TD Loss
- 35 on -== Q-value
0.08 2 80
-30
80.06 -25 g 15 -60
£ 0 [
E K E
£ 204 3 3
50 R <]
5 0.04 ; =10 -40
i -15
0.02 10 5- -20
-5
0.00 0- > -0
0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
Training Step Global Step
Tau: 0.95
0.10 Forgetting Landscape 40 TD Loss and Q—va!ues Across Seeds - 100
—— TD Loss A
on 7 Q-value ) =1
0.08 20
€0.06 g 15 .
E S 3
< - [
% o 3
g 0.04 F10- S
w
0.02 5-
0.00 0- >
0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
Training Step Global Step
Tau: 0.99
0.10 Forgetting Landscape 40 TD Loss and Q-values Across Seeds 100
—— TD Loss \
-35 -== Q-value i e
20-
0.08 20
-30
E 0.06 -25 3 15-
[ [a]
5 0.04 B} F10-
[y -15
0.02 “10 5
-5
0.00 ‘ 0- ‘
0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
Training Step Global Step
Tau: 1.0
0.10 Forgetting Landscape 10 TD Loss and Q-values Across Seeds 100
—— TD Loss
-35 L === Quale | -
0.08 2 y T g
-30
8006 25 o 15° -60
£ 7] @
3 k] 3
E -20 a >
50.04 _ = 10- -40 @
w -15
0.02 -10 5- _
0.00 e 0- S -0
0 1000 2000 3000 0 1000 2000 3000
Training Step Global Step

Figure 13: Target updates trade-off stability and adaptability. Forgetting landscapes for different
target network update rates 7. Large 7 yields less stable forgetting dynamics due to rapidly shifting
targets; small 7 produces smooth but uninformative updates that prevent learning. Intermediate 7
values best maintain support for predictions and thus yield balanced forgetting and effective learning.
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When 7 is too large, the target network is updated frequently, giving the learner a less stable reference.
Predictions can become unsupported more frequently, potentially producing higher, less stable
forgetting dynamics. When 7 is very small, the target network is rarely updated. These result in
fixed stable targets; however, they also impair the learner’s ability to learn. The learner may not be
forgetting, but they are also failing to learn. When 7 is moderate, the target network adjusts gradually,
allowing predictions at time ¢ to remain approximately supported by subsequent updates, which is
important for self-consistency.

Consequently, both forgetting and performance show optimal behaviour at intermediate 7: the target
evolves slowly enough to provide support for predictions, yet quickly enough to adapt the fixed point
toward a self-consistent solution (see Figure 13).

Training frequency. Training frequency determines how often the learner applies updates relative
to environment interactions. This determines the rate at which the training distribution shifts.

When the learner makes frequent updates (low training frequency values), the effective training
distribution shifts very frequently. As such, updates are frequently performed on shifting distributions,
leading to inconsistent predictive distributions over time.

When the learner makes moderately frequent updates, the effective training distribution is quite
stable because the learner accumulates small batches of experience before updating. This creates
smaller and more stable forgetting as predictions have more persistent support: the effective training
distribution changes gradually, and model updates are less likely to be inconsistent.

However, when the learner makes infrequent updates, the effective training distribution again shifts
frequently: the learner is updated so infrequently that each update incorporates a highly non-stationary
batch of transitions. This again causes model updates to be inconsistent, again breaking support for
many of the predictions the learner made earlier, and the forgetting dynamics again increase and
become more unstable. In this setting, learning performance also drops because the update frequency
impacts the learner’s ability to learn.

Thus, optimal self-consistency emerges only at moderate training frequencies (see Figure 14).

Summary. Across our RL experiments, we observe that forgetting dynamics are strongly influenced
by hyperparameters such as buffer size, target network update rate, 7, and training frequency. Smaller
buffer sizes lead to high and unstable forgetting due to insufficient replay support; very low 7 values
produce stable forgetting dynamics but prevent meaningful learning; and both low and high training
frequencies induce chaotic forgetting dynamics. In all cases, these dynamics previously supported
by the learner’s state are no longer reinforced when there is insufficient support, causing higher
forgetting.

We also note that forgetting tends to track the TD loss over training, indicating that temporal difference
updates implicitly regulate forgetting dynamics. These results highlight that managing forgetting is
not just a consequence of network design or training heuristics, but a vital consideration in the design
of RL algorithms: poor control of forgetting leads to unstable learning, lower sample efficiency, and
suboptimal performance. Optimal algorithm design, therefore, requires balancing the reinforcement
of past knowledge with the acquisition of new information.
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Forgetting Landscape
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Figure 14: Training frequency determines forgetting. Forgetting landscapes for different training
frequencies. Updating too frequently causes highly unstable forgetting due to rapid shifts in the
effective training distribution. Updating too infrequently also causes large shifts in the effective
training distribution. A trade-off must be found to achieve more self-consistent updates.

—appendices continue on next page—
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F EXPERIMENT DETAILS

Hardware. We used NVIDIA GeForce RTX 2080 Ti GPUs to run our experiments.

Hyperparameters. Tables 3 and 4 lists all of the hyperparameters that were used in the experiments.

Open-source code. Upon acceptance, our code will be made available on GitHub.

Table 3: Hyperparameters for generative modelling and DQN reinforcement learning experiments.

Hyperparameter Description Values / Type
Forgetfulness settings

k Number of forgetfulness updates 40
num_particles Number of particles for Monte Carlo approximation 1000
Class Incremental-Learning

setting Dataset used Two Moons
noise Dataset noise 0.1
epochs Number of training epochs 30
num_tasks Number of tasks 2
batch_size Batch size 25
num_samples Number of training samples per task 100
num_val_samples Number of validation samples 100

Ir Learning rate 0.1
optimiser Optimiser Adam
hidden_dim Hidden layer size 10
Reinforcement Learning (DQN)

setting Environment CartPole
batch_size Number of transitions sampled per gradient update 128
buffer_size Replay buffer size 10,000
start_e Initial exploration rate (€) 1.0
end_e Final exploration rate (€) 0.05
exploration_fraction Fraction of training during which e decays 0.5
learning_starts Number of steps before training starts 10,000
train_frequency Number of steps between gradient updates 10
target_network _frequency = Frequency of hard target network updates 500

tau Soft target update rate 1.0
gamma Discount factor for future rewards 0.99

Ir Learning rate for optimiser 0.00025
optimiser Optimiser used for training Adam
num_eval_steps Number of steps per evaluation 1,000
total_timesteps Total number of environment interactions 200,000
num_parameters Number of model parameters 5
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Table 4: Summary of hyperparameters and settings for all tasks. Most hyperparameters are fixed
within each task, with task-specific variations highlighted where relevant.

Hyperparameter Description Values / Type
Regression

setting Dataset used Sinusoid
noise Observation noise 0.1
epochs Number of training epochs 30
batch_size Batch size 10
num_samples Number of training samples 40
num_val_samples Number of validation samples 100

Ir Learning rate 0.1
optimiser Optimiser Adam
num_parameters Number of model parameters 5
Classification

setting Dataset used Two Moons
noise Observation noise 0.1
epochs Number of training epochs 30
batch_size Batch size 25
num_samples Number of training samples 100
num_val_samples Number of validation samples 100

Ir Learning rate 0.1
optimiser Optimiser Adam
hidden_dim Hidden layer size 10
Generative Modelling

setting Dataset used Two Moons
batch_size Number of samples per training batch 2,500
epochs Number of training epochs 250
hidden_dim Number of hidden units in the model 64

Ir Learning rate for optimiser 0.01
optimiser Optimiser used for training Adam
noise Noise added to dataset 0.05
num_integration_steps  Number of integration steps in the model 100
num_samples Total number of training samples 10,000
num_val_samples Number of validation samples 1,000

35



	Introduction
	Related work
	Learning and inference processes
	Preliminaries: Learning interaction
	Predictive distributions
	Learning as a stochastic process

	Forgetting
	Characterising forgetting
	Forgetting

	Empirical analysis
	Unforgetful learners
	Forgetting in deep learning
	Approximate learners can benefit from forgetting
	Implications of distribution shift

	Conclusion
	Notation
	Framework generality

	Theoretical results
	One-step simulated marginalisation
	k-step simulated marginalisation
	Bayesian non-forgetting
	Martingale perspective
	The need for replay

	Thought experiments
	Empirical considerations
	Supervised classification example

	Additional results
	Forgetting in supervised learning
	Forgetting in reinforcement learning

	Experiment Details

