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Quantum state discrimination, alongside its other applications, has recently found use as a tool
for witnessing generalised contextuality. In this article, we derive noncontextuality inequalities
for both conclusive and inconclusive outcomes across various guessing strategies. For minimum-
error discrimination, the advantage is in terms of the confidences of individual outcomes, while for
unambiguous state discrimination, it is in terms of the average guessing probability. For maximum-
confidence discrimination, we show that contextual advantages occur not only for the confidence but
also their average, the guessing probability, as well as the inconclusive outcome rate. Our results
unify the contextual advantages across all state discrimination schemes and figures of merit. We
envisage that various quantum information applications based on state discrimination may offer
advantages over non-contextual theories.

INTRODUCTION

If gaps exist between the behaviour of classical and
quantum systems, it is possible to take advantage of the
differences for enhanced information processing. Contex-
tuality, which tells us that measurements do not merely
reveal pre-existing features of quantum states, has long
been considered one such distinguishing feature. Despite
this, it proved difficult for a long to know how to use
this property for practical applications. This was in part
due to the fact that non-projective measurements, which
are required in realistic, noisy scenarios, were difficult to
describe in the original framework of Kochen-Spekker con-
textuality. For this reason, amongst others, a generalised
form of contextuality was later put forward [1].

Taking contextuality as a defining feature of quantum
theory implies a natural definition of classicality as the
set of statistics which can be generated by theories lack-
ing this property. With this in mind, recent work in the
field of generalised contextuality has provided a series of
noncontextual inequalities [2, 3]. These consist of proofs
that the upper bound of a given operationally meaningful
quantity is lower in theories lacking contextuality com-
pared with the equivalent quantum figure of merit. Of
particular importance here, as a fundamental communic-
ation primitive, is state discrimination [4–6]. It was first
shown that quantum advantages may be witnessed in the
setting of minimum-error state discrimination (MESD)
[7] and subsequent works generalised this to aspects of
unambiguous state discrimination (USD) and maximum
confidence measurements (MCMs). [8, 9]. Our aim in
this paper is to complete this picture. We show that the
ability to witness quantum advantages is universal across
all forms of state discrimination, and in all measures of
success.

Demonstrations of quantum advantage take one of two
approaches. On the one hand, one can propose a meas-
ure of the average performance of a given task and then
show that quantum implementations can attain a higher
value than classical ones. The relevant notion of classic-

ality in this case will be statistics that can be realised
in non-contextual theories. In contrast, one can consider
deterministic phenomena that can be witnessed in a single-
shot scenario. The proof of the PBR theorem [10], for
example, follows an analogous procedure by showing the
existence of a task which can be performed perfectly in
ψ-epistemic models but not in quantum theory [11].

State discrimination, the problem of determining by
measurement which state, taken from some ensemble, was
prepared, allows one to witness both forms of advantage.
MESD is concerned with the success probability observed
on average over a run of experiments. USD and MCM, on
the other hand, are concerned with inferring preparations
from a single detection event, as what one learns does not
depend on averaged data. More generally, we may also
ask about the single-shot properties of the former scheme
as well as the averaged properties of the latter two.

In order to do this, we note that the three different
schemes may each be analysed according to three distinct
figures of merit: the average probability of a correct de-
tection event, the probability of conclusive measurement
events, and the retrodictive confidence that a state was
prepared given a measurement outcome. Optimisation
of these three quantities gives arise to MESD, USD and
MCM respectively. Less often noted is that the remaining
figures of merit also play a role in each scenario. In this
work, we show that they are also witnesses of contextu-
ality. We show that, for MESD, the confidences of each
individual outcome give rise to an associated contextual
advantage. The same is true for the average guessing
probability of USD. We also investigate the average guess-
ing probability and inconclusive outcome rate of an MCM
and derive further noncontextual inequalities.

We begin by summarising both what is known so far and
what the precise contributions are of this article. After
reminding the reader of relevant background information,
we then proceed with our main results: demonstrations
that the confidences in MESD as well as the average
success rates in USD and MCMs give rise to contextual
inequalities. We close with remarks on the relevancy of
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these results to realistic experiments and applications.

SUMMARY OF RESULTS

Let us briefly summarise what is known so far as well
as the contributions of this article.

State discrimination tasks, reviewed in more detail in
the next section, are characterised by three basic figures
of merit: the average guessing probability Pg, the in-
conclusive outcome rate P0 and the set confidences C(i)
associated with measurement outcomes. These quantities
can be associated with each of the three main versions of
state discrimination: minimum error, unambiguous and
maximum confidence. One also considers the resulting
values of these quantities given optimisation of another.

Table I displays the various figures of merit which may
be associated with each scheme. An advantage for the
minimum error guessing probability was shown in Ref.
[7], and advantages for the maximum confidences and the
inconclusive outcome rate were shown in Ref. [8]. We
show, in the current article, the results for the remaining
cases.

BACKGROUND

State discrimination

Any state discrimination task [4–6] is characterised by
a finite, discrete ensemble {qi, ρi}Ni=1 of N quantum states
ρi each prepared with a probability qi. The average state
produced will be ρ =

∑N
i qiρi. One party, Alice, prepares

a system in one of the states and then passes it on to
a receiver, Bob. Bob’s task is to determine the state
using measurements, represented by a positive-operator-
valued-measure (POVM) {πj}, such that 0 ≤ πi ≤ 1 and∑

j πj = 1, in which the outcomes are are associated
with either a given state or an inconclusive detection.
This set-up is displayed in Figure 1. Bob will design his
measurement to be optimal according to a chosen figure of
merit, giving rise to MESD, USD and MCM depending on
the choice. We summarise the key points of each scheme
in Table I.

Three basic quantities can be used to measure the suc-
cess of a protocol. One is the average guessing probability,
given by

Pg =

N∑
i=1

qiPM |P (i|i) =
N∑
i=1

qiTr[ρiπi], (1)

which is the weighted average that measurement outcome
i occurs given that state ρi was prepared. We employ (as
throughout this article) the notation PM |P (i|k) for the
probability of measurement (M) given preparation (P ).

INCONCLUSIVE

CONCLUSIVE

Figure 1. A general state discrimination scheme requires a part
to send one state from an ensemble {qi, ρi}Ni=1 to another. The
latter measures with a POVM which contains both conclusive
(π1, ..., πN ) and inconclusive (π0) outcomes.

The second figure of merit which is involved is the
inconclusive outcome rate. In certain protocols, it is
necessary to include an 0th outcome signifying that the
measurement did not reveal anything about the prepare
state. This may be by design or due to experimental flaws.
The rate at which this happens is given by

P0 = Tr[ρπ0]. (2)

Finally, the set of confidences,

C(i) = PP |M (i|i) =
qiPP |M (i|i)

PM (i)
. (3)

are the retrodictive probabilities that a particular state
was prepared given that the relevant measurement out-
come was observed.
Optimisation over each of these three quantities, with

the potential of additional constraints, can be associated
with a different form of state discrimination. If the av-
erage guessing probability, Eq. 1 is maximised over an
N outcome measurement, one is said to perform min-
imum error state discrimination. In the simplest case of
two states the upper bound is known to be the Helstrom
bound [12].

Unambiguous state discrimination [13–15] refers to scen-
arios in which all conclusive outcomes, those labelled 1
to N , determine the prepared state with certainty. This
result is achieved by the ith POVM element projecting
onto a subspace outside of the support of the span of
the other states. A necessary condition, referred to as
Chefles’ criterion [16], for such a measurement to be im-
plementable is that the states in the ensemble are all
linearly independent. POVMs implementing this will typ-
ically include an inconclusive outcome, and minimising
its occurence rate, Eq. 2, will be optimal.

A maximum confidence measurement [17–19] is defined
as one in which every confidence, Eq. 3, reaches its max-
imum value for all i. This is known to happen if each
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Scheme
Overview Contextual advantages

Optimisation Inc. Outcome? All ensembles? Pg P0 C(i)

MESD maxPg ✗ ✓ Ref. [7] 0 This work

USD minP0 ✓ ✗ This work Ref. [8] 1

MCM maxC(i) ∀ i ✓ ✓ This work This work Ref. [8]

Table I. Three schemes may be used to implement quantum state discrimination. In this table, we display firstly the basic
properties defining them. In the last three columns, we summarise the contextual advantages associated with each scheme.
Cells containing citations were previously shown; cells containing numbers are definitional; cells stating ‘Here’ are shown in the
current work.

POVM element πi is a rank-one measurement propor-
tional to the projector onto the eigenvector of ρ−1ρiρ

−1

with the highest associated eigenvalue. For cases in which
this set of quantities is difficult to calculate analytically,
an SDP approach has been developed [19] Note that, un-
der this approach, we can redefine USD as the subset of
MCMs in which it is possible to attain C(i) = 1 for all i
in the ensemble.

Contextual advantages

Different definitions of contextuality have been pro-
posed and here we focus on the ‘generalised contextuality’
approach developed by Spekkens [1]. This framework
shows that operational theories subject to a constraint
of non-contextuality cannot reproduce all of the same
statistics as quantum theory.

An operational theory represents experimental proced-
ures as mathematical functions on an ontic state space Λ,
in which each state is associated with a point λ encoding
all physical properties of the system. An experiment is
then decomposed into preparations, transformations and
measurements. Preparations P are defined as epistemic
states, µx(λ), probability distributions over Λ. Measure-
mentsM are treated as sets of positive response functions
{ξi|M (λ)} normalised so that

∑
i ξi|M (λ) = 1 ∀λ. The

probability of a measurement outcome i given measure-
ment M and preparation j in such models is given by

P(j|i,M) =

∫
Λ

dλµj(λ)ξi|M (λ). (4)

Two epistemic states are said to be preparation equivalent
if every choice of measurement gives the same statistics
for both states:∫

Λ

dλµP1(λ)ξi|M (λ) =

∫
Λ

dλµP2(λ)ξi|M (λ) ∀{i|M}. (5)

We can now define a noncontextual theory: a theory is
said to be preparation noncontextual if it assigns the
same epistemic state to all equivalent preparations in
a model. A similar definition holds for measurement
noncontextuality.

The final piece of terminology required is a measure for
the distance between two pure states. In an operational
model this is called the confusability, c1,2,

c1,2 =

∫
Λ

dλµ2(λ)ξ1(λ)

=

∫
supp[µ1]

dλµ2(λ)
(6)

where the second line follows from imposing noncontextu-
ality and ξ1(λ) is a response function giving PM |P (1|1) =
1. This function is symmetric such that c1,2 = c2,1. When
comparing noncontextual theories with quantum theory,
this value is to be interpreted as the squared overlap of
the state. That is, if |ψ1⟩ and |ψ2⟩ are associated with
the epistemic states µ1(λ) and µ2(λ) respectively, then
the two theories are compared by fixing c1,2 = |⟨ψ1|ψ2⟩|2.
Two additional assumptions are typically made of the

epistemic model. One is that, for each pure state there
exists a deterministic response function. The second is
that probabilistic mixing over quantum states maps onto
probabilistic mixing over the associated epistemic states:

pρ1 + (1− p)ρ2 → pµ1(λ) + (1− p)µ2(λ). (7)

Both of these assumptions will be used in the calculations
that follow.

CONTEXTUAL ADVANTAGES IN STATE
DISCRIMINATION

We begin in earnest by reviewing the previously known
contextual advantages in state discrimination.

MESD: Success Probability

The first contextual advantage to be shown in a state
discrimination task was the guessing probability of a
minimum error measurement [7]. The specific scenario
investigated was a binary, equiprobable state discrimin-
ation task, represented in quantum theory by two pure
states |ψ1⟩ and |ψ2⟩. The quantum upper bound of this
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problem is given by the well-known Helstrom bound

P(Q)
g =

1

2

(
1 +

√
1− |⟨ψ1|ψ2⟩|2

)
. (8)

This is compared with the maximum probability of dis-
tinguishing two preparations µ1(λ) and µ2(λ) with a con-
fusability c1,2 in a noncontextual theory.
In order to impose the constraint of noncontextuality,

preparation equivalence is required. There, however, do
not exist any equivalences if we invoke only two pure
states. In order to get around this, the existence of a
‘mirror ensemble’ {|ψ1⟩, |ψ2⟩} consisting of the pair of
states orthogonal to the initial ensemble ⟨ψi|ψi⟩ = 0 is
assumed. With this addition we now have an equivalence
between alternative preparations of the maximally mixed
state:

1

2
|ψ1⟩⟨ψ1|+

1

2
|ψ1⟩⟨ψ1| =

1

2
|ψ2⟩⟨ψ2|+

1

2
|ψ2⟩⟨ψ2| (9)

which then implies that in a noncontextual model the
following constraint will apply:

1

2
µ1(λ) +

1

2
µ1(λ) =

1

2
µ2(λ) +

1

2
µ2(λ) (10)

in which µi(λ)
∼= |ψi⟩⟨ψi|. This relation constrains the

relationship between the epistemic states in the considered
model. In particular, one finds that

µ1(λ) = µ2(λ) ∀ λ ∈ supp[µ1] ∩ supp[µ2]. (11)

Application of this constraint along with the assumption
that all epistemic states are associated with a determ-
inistic response function then allows one to bound the
guessing probability. The result is that

P(NC)
g = 1− c1,2

2
(12)

which is strictly smaller than the Helstrom bound.

USD: Success Probability and Inconconclusive
Outcome Rate

We now turn our attention to the quantum advantages
associated with unambiguous state discrimination, which
were first demonstrated in Ref. [8]. Full technical details
can be found in that article. These quantum advantages
are associated with the inconclusive outcome rate, which
is strictly higher in a non-contextual theory, and the
guessing probability. We begin by noting that, as the
probability of incorrectly guessing will be equal to zero,
these two quantities are directly related to one another
in USD, Pg = 1− P0, and it suffices to consider just one
property.
It is trivial to show that in the binary discrimination

scenario, USD is possible in a noncontextual theory. The

response functions which satisfy these will be of the form

ξi(λ) =

{
γ, λ ∈ supp[µi+1]

0, otherwise
(13)

where addition in the subscripts is modular and 0 < γ ≤ 1.
Such response functions are equivalent to POVM elements
of the form πi = γ|ψi+1⟩⟨ψi+1|. This observation is fur-
thermore supported by a recent theorem [20] stating that
a sufficient condition for a set of states to be preparable
in a preparation-noncontextual model is that they are
linearly independent. This is in fact the same criterion,
as for states to be unambiguously discriminable.

One can then optimise the choice of γ in order to minim-
ise the inconclusive outcome rate, given that the response
functions are constrained by preparation noncontextuality.
The ‘mirror ensemble’ approach, as taken in the minimum
error calculation, is again used and the result is found to
be

P
(NC)
0 =

1

2
(1 + c1,2). (14)

This value is strictly larger than or equal to the incon-
clusive outcome rate for quantum USD. In this manner,
the contextuality of state discrimination was extended to
USD.

MCM: Confidences

The next result to review is the advantage associated
with the confidence in MCMs. As noted in the background,
MCMs and USD coincide if the latter form is possible.
The simplest case in which it is not is a dephasing of the
binary pure state ensemble. That is, two states with the
form

ρi = (1− p)|ψi⟩⟨ψi|+ p
1

2
i = 1, 2 (15)

where 0 ≤ p ≤ 1 characterises the purity of the pair of
states and {|ψ1⟩, |ψ2⟩} are two arbitrarily chosen pure
states. The quantum problem can be solved using typical
methods and the maximum confidence for each state is
found to be

C(Q)(i) =
1

2

(
1 +

(1− p)
√
1− |⟨ψ1|ψ2⟩|2√

1− (1− p)2|⟨ψ1|ψ2⟩|2

)
. (16)

Using the same methods as discussed above, the noncon-
textual bound to the confidence can also be calculated.
This is found to be

C(NC)(i) =
1

2

(
1 +

(1− p)(1− c1,2)

1− (1− p)c1,2

)
(17)

which again is smaller than the equivalent quantum con-
fidence seen above.
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It was shown in these three results that quantum advant-
ages are common to different forms of state discrimination.
What we will see in the remaining sections is that this
advantage can also be observed for other figures of merit.

CHARACTERISING CONTEXTUAL
ADVANTAGES

MESD: Confidences

Our task in this section is to complete Table I, and we
will start with confidence associated with minimum error
state discrimination. We assume that the measurement
performed optimises the guessing probability Pg and then
calculate the confidence provided by this measurement.
Again we will focus on the binary, equiprobable state
discrimination task, where both states are pure and the
optimal POVM is given by the Helstrom measurement.
Let us first calculate this quantity for the quantum

guessing task. One finds that this is equal to the optimal
guessing probability. The confidence will be given by

C(i) =
PM |P (i|i)PP (i)

PM (i)

=
PM |P (i|i)

PM |P (i|i) + PM |P (i|j ̸= i)

(18)

where the second line follows from equiprobability. Now
we note that, for a Helstrom measurement, the probability
of success is balanced, in the sense that it is equal for
both outcomes: PM |P (0|0) = PM |P (1|1). Given also that
there is no inconclusive outcomes in a minimum error
measurement, we can see that

PM |P (i|i) + PM |P (i|j ̸= i) = 1 (19)

and therefore the quantum confidence given by this meas-
urement is simply

C(Q)(i) = PM |P (i|i) = Pg. (20)

The next stage is to calculate this quantity for the noncon-
textual ontological model. In order to do this, we require
the response functions which implement noncontextually
optimal MESD. These can be found via inspection. One
choice is the following structure, which we label M1:

ξ1(λ) =

{
1, λ ∈ supp[µ1]

0, otherwise

ξ2(λ) =

{
0, λ ∈ supp[µ1]

1, otherwise

(21)

corresponding, in the language of quantum theory, to the
measurement outcome identifying 1 being a projection
onto the state |ψ1⟩ and the outcome identifying 2 being a

projection onto the orthogonal state |ψ1⟩. Alternatively
the inverse of this structure, which we label M2, also
allows for noncontextually optimal guessing probability:

ξ1(λ) =

{
0, λ ∈ supp[µ2]

1, otherwise

ξ2(λ) =

{
1, λ ∈ supp[µ2]

0, otherwise

(22)

Importantly, any classical probabilistic mixing of
strategies of the form ωM1 +(1−ω)M2, where 0 ≤ ω ≤ 1
will also result in the same guessing probability. It is,
however, important to note that the confidences associ-
ated with these measurements will not be the same. To
see this, we can compare the confidences calculated from
M1 and M2. One finds:

C
(NC)
M1

(1) =
1

1 + c1,2
, C

(NC)
M1

(2) = 1 (23)

and

C
(NC)
M2

(1) = 1, C
(NC)
M2

(2) =
1

1 + c1,2
. (24)

Thus, in order to analyse the contextual advantages asso-
ciated with the MESD confidence fully, we must optimise
over the whole set of mixed strategies. The response
functions given by ωM1 + (1− ω)M2 have the following
structure:

ξ1(λ) =


ω, λ ∈ supp[µ1] ∩ supp[µ2]

1, λ ∈ supp[µ1] ∩ supp[µ2]

0, λ ∈ supp[µ1] ∩ supp[µ2]

1− ω, λ ∈ supp[µ1] ∩ supp[µ2]

ξ2(λ) =


1− ω, λ ∈ supp[µ1] ∩ supp[µ2]

0, λ ∈ supp[µ1] ∩ supp[µ2]

1, λ ∈ supp[µ1] ∩ supp[µ2]

ω, λ ∈ supp[µ1] ∩ supp[µ2]

(25)

It can be calculated than this class of response functions

will give P
(NC)
g for any value of ω. Note that this situation

differs from quantum MESD, which is an extremal meas-
urement and therefore implemented by a single POVM
only. We must now calculate the confidences C(1) and
C(2) for this strategy. Let us begin with C(NC)(1). The
full expression for this will be given by

C(NC)(1) =

∫
Λ
dλξ1(λ)µ1(λ)∫

Λ
dλξ1(λ)µ1(λ) +

∫
Λ
dλξ1(λ)µ0(λ)

. (26)

We can evaluate this expression using Eq. 25 and begin
from the numerator:∫

Λ

dλξ1(λ)µ1(λ) = ω

∫
supp[µ1]∩supp[µ2]

dλµ1(λ)

+

∫
supp[µ1]∩supp[µ2]

dλµ1(λ)

(27)
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We can simplify this expression by noticing the following
relation:∫

supp[µ1]∩supp[µ2]

dλµ1(λ) =

∫
supp[µ1]∩supp[µ2]

dλµ1(λ)

+

∫
supp[µ1]∩supp[µ2]

dλµ1(λ)

=

∫
supp[µ2]

dλµ1(λ)

= c1,2.

(28)

An analogous process can be used to simplify the remain-
ing integrals in Eq. 26 and one finds that the confidence
will be given by

C(NC)(1) =
1− (1− ω)c1,2
1− (1− 2ω)c1,2

(29)

and likewise

C(NC)(2) =
1− ωc1,2

1 + (1− 2ω)c1,2
(30)

Let’s examine these two formulae, which display a tun-
able trade-off in the confidence on each arm of the detector
in a noncontextual MESD measurement. When ω = 0 or
ω = 1 we find that one state is discriminated unambigu-
ously C(NC)(i) = 1 while the other is determined with a
sub-quantum confidence of 1/(1 + c1,2). When ω = 1/2,
both outcomes occur with equal probability and their
confidences coincide as C(NC)(1) = C(NC)(2) = 1− 1

2c1,2,
the noncontextual upper bound on the guessing prob-
ability. Both confidences are monotonic and symmetric
under ω → 1 − ω. Thus we are led to see that, in a
noncontextual theory, for some class of the possible meas-
urement strategies a quantum advantage is observed. We
can calculate this for C(1) as:

C(Q)(1) ≥ C(NC)(1)

→ ω ≥ ω∗ (1− c1,2)(1−
√
1− c1,2)

2c1,2
√

1− c1,2

(31)

where the identification |⟨ψ1|ψ2⟩|2 = c1,2 has been made.
We will have a similar bound for C(2) to express a
quantum advantage when 1−ω∗ is above the same bound.
Thus, when ω is in the range ω∗ ≤ ω ≤ 1 − ω∗, the
quantum value of both C(1) and C(2) is strictly greater
than the noncontextual one. Outside of this range, either
one arm or the other is in fact greater for noncontextual
measurements. The behaviour of these two confidences
is displayed in Fig. 2 alongside the quantum guessing
probability.

MCM: Inconclusive Outcome Rate

We now turn our attention to the inconclusive rate
in maximum confidence measurements, and will study

Figure 2. The confidences found when a minimum error meas-
urement is performed are displayed for both quantum and
noncontextual theories. In a quantum measurement both
arms have equal confidence C(Q)(1) = C(Q)(2) = C(Q)(i), dis-
played as a solid black line. In noncontextual theories the two
arms have different confidences (blue dashed and red dotted
lines) depending on the measurement, parameterised by ω.
We use fixed overlap c1,2 = |⟨ψ1|ψ2⟩| = 1/2.

the noisy discrimination scenario, when the aim in the
quantum case is to discriminate the states in Eq. 15
and the analogy of this in the ontological model is to
discriminate the epistemic states

µ̃i(λ) = (1− p)µi(λ) + pµ1/2(λ), i = 1, 2. (32)

Here, µi(λ) are two extremal epistemic states associated
with the two pure states in the quantum framework and
µ1/2(λ) is the epistemic-state representation of the max-
imally mixed quantum state 1/2. Note that in noncon-
textual theories the latter takes the same representation
for all methods of preparation (i.e., all decompositions in
the quantum framework).
The quantum task has been studied in detail [19]. If

the states are parameterised as

|ψ1⟩ = cos(
θ

2
)|0⟩ − sin(

θ

2
)|1⟩

|ψ2⟩ = cos(
θ

2
)|0⟩+ sin(

θ

2
)|1⟩

(33)

then optimal POVM elements will be rank-one and follow
the structure πi = α|ϕi⟩⟨ϕi| i = 1, 2, where 0 ≤ α ≤ 1 is
a free parameter and

|ϕi⟩ = cos(
ϕ

2
)|0⟩+ (−1)i sin(

ϕ

2
)|1⟩

tan(ϕ) = p cos(θ)

√
1− p2 cos2(θ)

1− cos2(θ)

(34)

The important point here is to note that the optimal
quantum measurement is a function of the amount of
dephasing noise. From this construction we can write the
inconclusive POVM element as 1− π1 − π2 and minimise
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over the parameters α the inconclusive outcome rate,
which is found to be

P
(Q)
0 = (1− p)|⟨ψ1|ψ2⟩|. (35)

This is to be compared with the equivalent quantity in
a noncontextual model of MCMs. The feature which we
must use is that the noncontextually optimal measurement
is represented by the same measurement as is used for
unambiguous state discrimination:

ξ1(λ) =

{
γ1, λ ∈ supp[µ2]

0, otherwise

ξ2(λ) =

{
γ2, λ ∈ supp[µ1]

0, otherwise

(36)

where the response function representing an inconclusive
outcome will be given by ξ0(λ) = 1− ξ1(λ)− ξ2(λ) and
0 < γi ≤ 1 for i = 1, 2. This response function in full will
have the structure

ξ0(λ) =


1, λ ∈ supp[µ1] ∩ supp[µ2]

1− γ1, λ ∈ supp[µ1] ∩ supp[µ2]

1− γ2, λ ∈ supp[µ1] ∩ supp[µ2]

1− γ1 − γ2, λ ∈ supp[µ1] ∩ supp[µ2]

(37)

From this it is possible to calculate the inconclusive
outcome rate. First note that the average density matrix
for the noisy epistemic states will be

µ̃(λ) =
1− p

2
µ1(λ) +

1− p

2
µ2(λ) + pµ1/2(λ) (38)

Then the quantity we wish to evaluate is

P
(NC)
0 =

∫
Λ

dλµ̃(λ)ξ0(λ)

=
1− p

2

∫
Λ

dλξ0(λ)µ1(λ) +
1− p

2

∫
Λ

dλξ0(λ)µ2(λ)

+ p

∫
Λ

dλξ0(λ)µ1/2(λ)

(39)

We can evaluate each of these integrals in turn using Eq.
37. First, we find∫

Λ

dλξ0(λ)µ1(λ) =

∫
supp[µ1]∩supp[µ2]

dλµ1(λ)

+ (1− γ1)

∫
supp[µ1]∩supp[µ2]

dλµ2(λ)

= c1,2 + (1− γ1)c1,2

= 1− γ1 + γ1c1,2
(40)

A similar process gives∫
Λ

dλξ0(λ)µ2(λ) = 1− γ2 + γ2c1,2 (41)

Figure 3. The inconclusive outcome probability P0 in both
quantum (solid black line) and noncontextual (dashed blue
line) theories for the task of discriminating two noisy states
characterised by a noise parameter p and overlap c1,2 is plotted
for varying p (fixed overlap c1,2 = 1/2) and varying c1,2 (fixed
noise p = 3/4).

The final piece to evaluate is the integral over the max-
imally mixed epistemic state. In order to do this, we can
decompose the epistemic state into either preparation,
noting that the two will be the same due to the model’s
noncontextuality. We can thus evaluate:∫

Λ

dλξ0(λ)µ1/2(λ) =

∫
Λ

dλξ0(λ)

(
1

2
µ1(λ) +

1

2
µ1(λ)

)
= 1− 1

2
(γ1 + γ2)

(42)

where the second line follows using similar techniques as
above.

Bringing the previous few results together we now have

P
(NC)
0 = 1− 1

2
(1− (1− p)c1,2) (γ1 + γ2) (43)

We need to find the minimum value of this subject to the
constraints imposed on the non-negativity of the response
function. Clearly, this function reaches a minimum when
γ1+γ2 as is allowed. Examining the inconclusive response
function, Eq. 37, we can see that the piece ξ0(λ) on the
domain λ ∈ supp[µ1]∩ supp[µ2] requires that γ1 + γ2 ≤ 1
to be non-negative. Therefore we can take the upper
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bound γ1 + γ2 = 1 and the minimum inconclusive rate in
a non-contextual model will be

P
(NC)
0 =

1

2
(1 + (1− p)c1,2) (44)

Which is to be compared with Eq. 35 using c1,2 =
|⟨ψ1|ψ2⟩|2. We display the two functions in Fig. 3 with
both fixed c1,2 and fixed noise p where it can be seen that
the inconclusive rate for a noncontextual model is greater
than or equal to that of quantum theory.

MCM: Guessing probability

The final piece which we fill in is the guessing prob-
ability, Eq. 1, of a maximum confidence measurement.
We can recast the guessing probability into a form more
amenable to the current task by writing it in terms of the
confidences and outcome rates of the ensemble:

Pg =
∑
i

PM (i)C(i), (45)

which follows simply from the definition and Bayes rule.
The index i here runs over the states in the ensemble.

We can again note that for pure quantum states and
extremal epistemic states, the MCM coincides with un-
ambiguous state discrimination. For these cases, we need
simply to repeat that the guessing probability in USD
is Pg = 1 − P0 and we have the same advantage shown
above. For this reason, we need only to focus on the noisy
ensemble discussed in the previous subsection.
The simplest way to demonstrate the contextual ad-

vantage here is to note that both confidences in a binary
discrimination task are equal, as can be seen in Eqs. 16
and 17. We can therefore write C(1) = C(2) = C and Eq.
45 becomes

Pg =
∑
i

PM (i)C

= (1− P0)C

(46)

Both P0 and C have been previously calculated for both
quantum and contextual theories, and both were seen to

display a quantum advantage. As we have PQ
0 ≤ P

(NC)
0

and C(Q)(i) ≥ C(NC)(i) ∀i, it trivially follows that P
(Q)
g ≥

P
(NC)
g and a quantum advantage therefore exists also for

this parameter. For completeness, the full expressions for
these two quantities will be:

P(NC)
g =

1

2

(
1− p

2
− (1− p)c1,2

)
P(Q)
g =

1

2

(
1− (1− p)|⟨ψ1|ψ2⟩|

+ (1− p)

√
1− (1− p)|⟨ψ1|ψ2⟩|
1 + (1− p)|⟨ψ1|ψ2⟩|

√
1− |⟨ψ1|ψ2⟩|2

)
(47)

Figure 4. The guessing probability by quantum (black solid
line) and noncontextual (blue dashed line) implementations
of a maximum confidence measurement on a binary, noisy
ensemble characterised by probability p = 0.5 as it varies with
confusability c1,2.

which are displayed in Fig. 4.

DISCUSSION

Demonstrating advantages of quantum systems over
classical ones plays a central role in the developing of
useful applications for quantum technologies. As state
discrimination is the communication primitive underlying
many applications, it is important to firmly state which
property of quantum theory allow for it to perform above
the classical limit. Here, we show that it is contextuality.
While the contextual advantages associated with state
discrimination were previously known, it was not clear
which aspects were able to show a contextual advantage.
The main lesson of this paper is that all figures of merit are
reliant on this property. This was shown by demonstrating
advantages for the guessing probability and inconclusive
outcome rate in a maximum confidence measurement,
as well as showing that under certain circumstances the
confidence associated with a minimum error measurement
also witness contextuality.

Maximum confidence measurements, and the measure-
ment confidences more generally, play an important role
in this work. One reason is that, in experimental settings,
one is forced to deal with preparation and measurement
noise, including non-detection events. These can be nat-
urally taken into account using the confidence as a figure
of merit, unlike the average success probability. Another
reason is that they allow us to witness two notions of
quantum advantage. In a single-shot setting, we can
make no claims about the average statistics. The confid-
ence, however, is a well-defined quantity in this setting,
and is able to see beyond-classical statistics.

Our results should find use in experimental tests of
contextuality, in which data are unavoidably noisy. It
would be interesting to connect the inequalities found
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in state discrimination, a form of prepare-and-measure
scenario, to nonlocal inequalities through the recent works
bridging the two topics [21, 22], as well as understand
the noise conditions under which contextuality can be
witnessed [23] in state discrimination settings. As state
discrimination plays an important role in many uses of
quantum theory, for example randomness generation s[9,
24] and sequential communications [25], we, furthermore,
believe that this work will find applications in practical
use cases.
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