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Critical phenomena reveal universal behavior in complex systems, and uncovering analogous ef-
fects in quantum weak measurement protocols with post-selection provides new insight into how
measurement backaction can shape quantum dynamics. This work investigates dynamical discon-
tinuities that arise when the post-selected polar angle is used as a control parameter. The system
evolves under repeated applications of a weak measurement protocol with post-selection, in which
the meter state is retained after each iteration while the system is renewed. The emergence of
these discontinuities is shown to be determined by the structure of the weak value: when the weak
value has a nonzero imaginary component, a discontinuity appears in the expectation value of me-
ter observables precisely at the point where the imaginary part of the weak value vanishes as a
function of the post-selection polar angle. In contrast, no discontinuities occur when the weak
value remains real for all post-selection angles. The phenomenon originates from the eigenstructure
of the protocol’s Kraus operator, with the stability of fixed points changing at the critical point
where the discontinuity arises. Remarkably, the associated critical exponent is 1, independent of
system parameters. These results open new perspectives for engineering non-analytic behavior in
measurement-based quantum control and for probing criticality in post-selected quantum dynamics

using weak measurements with weak values.

I. INTRODUCTION

Weak measurements with post-selection, first intro-
duced by Aharonov and colleagues in [I]], reveal a shift
in the meter proportional to the so-called weak value,
which can lie outside the eigenvalue spectrum of the mea-
sured observable. These anomalous weak values have
proven useful both in foundational studies of quantum
theory [2H7] and in enhancing sensitivity to weak signals
in precision measurement and sensing applications [8-
IT]. Furthermore, weak values are closely connected to
the Kirkwood—Dirac quasiprobability distribution, which
exhibits nonclassical features whenever weak values are
anomalous. In addition, anomalous weak values serve as
evidence of contextuality in quantum mechanics [12HT4].
The study of non-equilibrium quantum dynamics has re-
vealed a rich landscape of critical phenomena that ex-
tend the concept of phase transitions beyond equilibrium
physics. In addition to traditional equilibrium transi-
tions driven by temperature or external fields [I5HIS],
non-equilibrium settings exhibit sharp, non-analytic be-
havior in time-evolving observables [19, [20] and entan-
glement measures [21], 22]. Dynamical phase transitions,
characterized by non-analyticities in quantities such as
the Loschmidt echo following a quantum quench, have
been widely explored in spin chains, cold-atom systems,
and trapped-ion simulators, uncovering deep connections
between dynamical criticality, equilibrium transitions,
and excited-state quantum phase transitions [19] 23, [24].
In parallel, measurement-induced phase transitions have
highlighted the fundamental competition between uni-
tary entanglement generation and measurement-induced
decoherence, leading to a transition between volume-
law and area-law entangled phases in many-body sys-

tems [25H27]. These measurement-driven transitions ex-
hibit universal scaling behavior reminiscent of classical
percolation and have been observed in both numerical
simulations and quantum experiments [28, 29]. Remark-
ably, signatures of criticality and non-analytic behavior
are not restricted to the thermodynamic limit: even mini-
mal systems, such as two-level and Rabi-type models, can
display dynamical discontinuities when system parame-
ters are tuned across critical regimes, suggesting that es-
sential features of quantum criticality persist in few-body
settings [30H32].

Although weak measurements with post-selection have
been associated with mathematical features related to
quantum criticality, such as non-normality [6], they have
not yet been connected to critical phenomena, nor has the
weak value been studied as a potential indicator of such
behavior. This work investigates these aspects within a
repeated weak measurement protocol.

This work investigates discontinuities, analogous to phase
transitions, that emerge when the post-selection polar
angle serves as the control parameter. Such disconti-
nuities manifest in the expectation value of a meter ob-
servable after repeatedly applying the weak measurement
protocol, as defined in [I], to the meter state. Analysis
of the protocol’s structure reveals the conditions under
which discontinuities emerge. Importantly, my focus is
not on the thermodynamic limit of many-body systems
but rather on discontinuities within small systems. As a
possible extension, one could explore whether enlarging
the system Hilbert space enables genuine phase transi-
tions in the thermodynamic sense.

The study examines how discontinuities emerge in the
expectation value of meter observables during repeated
weak measurement interactions. In each iteration, the



system and meter interact via a weak unitary coupling,
characterized by small interaction strength and short du-
ration, after which the system is post-selected. The sys-
tem is then discarded, while the meter is retained to in-
teract with a new system initialized in the same initial
state, following the same procedure. After N iterations,
the expectation value of an observable (e.g., a Pauli oper-
ator ¢ for a two-level system) is evaluated as a function
of the post-selection polar angle. Discontinuities arise
precisely when the imaginary part of the weak value van-
ishes, provided that (i) the weak value is not purely real
for all post-selection angles and (ii) the Kraus operator
governing the meter’s evolution has nondegenerate eigen-
values.

The study of quantum dynamics under repeated mea-
surements has a long history, from the rigorous analy-
ses of quantum nondemolition protocols [33], [34] to the
exploration of measurement-induced phase transitions
in many-body systems [35 [36]. In quantum nonde-
molition protocols and weak-measurement settings, re-
peated probe interactions lead to convergence toward
stable fixed points or steady states, with convergence
rates governed by the eigenstructure of the correspond-
ing Kraus maps. However, these processes are typically
continuous in their control parameters and do not exhibit
sharp dynamical discontinuities. In contrast, many-body
measurement-induced transitions [35] show non-analytic
behavior in entanglement measures as a function of mea-
surement strength, although the mechanism arises from
competition between unitary and non-unitary dynam-
ics. More recently, repeated weak measurements of non-
conserved observables have been shown to yield partial
collapse and emergent steady-state structures [37], but
again without the appearance of discontinuous expecta-
tion values. This work differs by demonstrating that dis-
continuities can emerge even in a minimal two-particle
setting, when the imaginary component of the weak value
crosses zero, producing an exchange of stability bifurca-
tion in the dynamics of the associated Kraus map.
Extending the phase-transition analogy, the relaxation
dynamics reveal a critical exponent of 1, independent of
system parameters, highlighting a form of universality.
Nevertheless, it should be emphasized that these discon-
tinuities do not constitute true phase transitions, as no
thermodynamic limit is involved. However, by extend-
ing the meter dimension, one could potentially approach
such a limit.

This paper is organized as follows: section [[ introduces
the system and analyzes the Kraus operator associated
with the protocol. Section [[TI] examines the fixed points
of the protocol and their stability. Section [[V]specializes
the discussion to the two-level case. Section [V] presents
the analysis of the critical exponent associated with the
observed discontinuities, and Section [VI summarizes the
main conclusions.

II. PROTOCOL PRESENTATION

This section introduces the protocol that gives rise to
discontinuities and stability bifurcations, and examines
the associated Kraus operator. Several qubits serve as
the “systems” in a standard weak measurement protocol
with post-selection, while an N-level system acts as the
meter, the system in which discontinuities are induced.
The system starts in the state |¢g), while the meter is
initialized in the state |¢4). The joint initial state is

V) = |vs) @ |¢a) - (1)

The system and meter interact weakly through a unitary
operator U which, assuming the interaction strength g
and the time ¢ are sufficiently small, can be expanded to
first order in g as

U = e 9t0s®0a o [ [ — igt Os © Oy, (2)

where OS acts on the system and 10) 4 on the meter.
After the interaction, the system is post-selected onto
the state |¢f). The meter state ﬁf; after applying once
the weak measurement protocol is obtained via the ap-
plication of the following Kraus operator K to the initial
meter state:

NS K |pa) (pa| KT
H{k|¢A><¢A|KT]

3)

where K is, in general, non-unitary and, to first order in
g, can be expressed as

K = (ylgs) [ - igt0s,,04] (4)
where
(¥y| Os |vs)
Ogw =~ ——rr 5
5 ) ®)

is the weak value of the observable OS.

The Kraus operator remains non-unitary at first order
in g as long as the imaginary part of the weak value is
nonzero. To generate a dynamical process and observe
discontinuities in the expectation value of certain observ-
ables in the meter’s final state, the weak measurement
protocol is applied n times, each involving a different
system prepared in the same initial state, as illustrated
in Fig. [l Consequently, the meter state after the n ap-
plications is

N K™ |¢4) (pa| KT
Te[ K7 ga) (6] K]

(6)

where the Kraus operator K has been applied n times to
the initial meter state.

The weak measurement protocol to reach the discontinu-
ity (Fig. , consisting of pre-selection, a weak unitary



interaction, and post-selection, is applied to the meter,
with the entire process represented by the Kraus operator
K. After each full application of the weak measurement
protocol, the system is discarded and replaced with a
new one for the next iteration, while the meter is pre-
served throughout all n applications. The eigenvalues of
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Figure 1. The protocol consists of the application of n times
the weak measurement protocol where the system is pre-
selected (ps), then it interacts with the meter (in the state
ﬁﬁl) via a weak unitary operator and finally the system is
post-selected (py). After this protocol a new system is pre-
selected (ps) and the protocol continues using the same meter.

the Kraus operator K are

Aj = (pls) [1 —igtOswoa ], (7)

where j runs from 1 to IV, with N denoting the dimension
of the operator, and 04 ; representing the eigenvalues of

the N-level operator O 4. To the first order in gt, their
moduli are

Nl = [ (Wrlis) [\/1 - 20t Tm(Os ) 0450 (8)

Thus, the moduli of the eigenvalues are equal, |\;| =
|Aj/|, whenever Im(Og,,,) = 0, i.e., when the imaginary
part of the weak value vanishes, or when the operator
O, is degenerate. If O4 is non-degenerate, a transition
from non-unitary to unitary dynamics at first order in gt

occurs at Im(Og,,) = 0. At the point where the abso-
lute values of the eigenvalues become equal, discontinu-
ities may appear in the expectation values of observables
in the meter state after applying the weak measurement
protocol n times. Such discontinuities emerge precisely
at the points where the absolute values of the eigenvalues
coincide (Appendix |A)).

This behavior emphasizes the essential role of complex
weak values: discontinuities in the dynamics can arise
only when Og,, possesses a nonzero imaginary compo-
nent for some post-selected polar angle. Conversely, if the
weak value is purely real, all N eigenvalues coincide for
every value of ¢ (the post-selected polar angle), and no
discontinuities occur since the eigenvalues remain equal.

III. FIXED POINTS AND THEIR STABILITY

Let us consider the Kraus operator K associated with
the weak measurement protocol with post-selection ap-
plied to the meter state, as defined in Eq. [l Under the
assumption that the initial meter state is pure, the Kraus
map ensures that the system evolves only within the man-
ifold of pure states, which, for a two-level system, is geo-
metrically represented by the surface of the Bloch sphere.
When the dynamics consist of repeated applications of
K, the fixed points of the evolution, those states that
remain invariant once reached, correspond to the eigen-
vectors of K. These eigenvectors coincide with those of
the observable O4, denoted by |a;), and defined by

Oalaj) = Ajlaz), A €R, 9)

where j runs from 1 to N, the dimension of the Hilbert
space of the operator Oy4, and A; are its eigenvalues.
To analyze the stability of the process, n successive ap-
plications of the Kraus operator K are considered. The
initial meter state can be expressed in the eigenbasis of
the observable O 4 as

[04) =D lay), (10)

where c(-o)

5 denotes the initial amplitude associated with
the eigenstate |a;).
After n iterations of the weak measurement protocol, cor-
responding to n normalized applications of the Kraus op-
erator K, the probability of finding the meter in the com-

ponent state |a;) evolves as

O 1+ 29t Im(Os.00) A"
S 62 1+ 2gt Im(Os 1) Au™

(n)2 _
|Cj |© =

where ), is the eigenvalue of O 4 associated with |a;), and
Og,y denotes the weak value of the system observable.
The meter state after n applications is therefore

165 =" e [ay), (12)
J



with coefficients c;n)
ized applications of the Kraus operator K, the ampli-
tudes |c§n)| of which are determined by Eq.
Asn — o0, the system approaches a long-time limit char-
acterized by a stable fixed point, which is the state to-
ward which all other states converge, except for those
corresponding to unstable fixed points. This stable state
is the eigenvector of the Kraus operator associated with
the largest value of |[14+a|, assuming that the Kraus op-
erator spectrum is non-degenerate. The remaining eigen-
vectors correspond to unstable fixed points.

Because gt is always positive, the sign of the imaginary
part of the weak value Im (Og ) determines which eigen-
vector becomes stable. Specifically:

resulting from n successive normal-

o If Im(Og ) > 0, the stable state is the eigenvector
with the largest eigenvalue A, .

e If Im(Og ) < 0, the stable state is the eigenvector
with the smallest eigenvalue A_.

Consequently, a discontinuity in the dynamics arises
when the stability of the fixed points changes. This oc-
curs precisely when the imaginary part of the weak value
Im(Og,,) crosses zero, defining a critical post-selected
polar angle ¢..

When the weak value has no imaginary part, Im(Og ) =
0, the situation changes qualitatively. In this case, no
eigenvalue is favored over the others, and the evolution
becomes effectively unitary at first order in gt, leading
only to phase accumulation.

IV. QUBIT-QUBIT EXAMPLE

Consider a concrete example where both the meter and
the system are qubits (two-level systems), following the
same weak measurement setup as before. The initial sys-
tem state lies on the meridian with zero phase, as given
in the equation below.

|5(6)) = cos @ |0) + sind |1) , (13)
whereas the post-selected state is an arbitrary qubit state
[Y¢ (¢, ) = cos ¢ |0) +esing 1) . (14)

The unitary interaction is defined as

U(y) = e"1110:8%2 — cogt (f ® f) —isinvt (6, ® 6;)

(15)
that is valid for all interaction strengths. The Kraus
operator becomes

& = ()] +d(3)5s, (16)
with
c(v) = cosyt (Yyrlhi) (17)
= cos~t (cochosq’) + e " sin @ sin qb)
d(v) = —isinyt (glhi) 02w

= —isin~yt (e_ia sin @ sin ¢ — cos 6 cos ¢) .
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Figure 2. Three distinct discontinuities characterize the
dependence of the expectation value of 6, on the post-selected
angle ¢, emphasizing the nontrivial structure that arises for
different repetition numbers n. In this plot « = Z, 0 = 7 and
~v = 0.001, while the initial meter state is along the z axis.

The corresponding eigenvalues are
Ax = c(y) £d(9). (18)

For a single repetition, the expectation value of the ob-

servable &, for the final meter state displays a smooth os-
cillatory behavior as a function of the post-selected polar
angle (Fig. . As the number of repetitions of the pro-
tocol increases, however, the extrema become sharper,
eventually forming a profile characterized by three dis-
tinct discontinuities. These discontinuities occur at the
values of ¢ where the absolute values of the eigenvalues
coincide, corresponding to the points where the imag-
inary part of the weak value vanishes, namely ¢ = 0,
¢ = 3, and ¢ = m. As predicted analytically, the eigen-
values have equal absolute values whenever the imaginary
part of the weak value vanishes (Fig. [3).
Next, the discussion turns to the dynamics of the quan-
tum state on the Bloch sphere, aiming to clarify how its
trajectory relates to the observed discontinuous behav-
ior. The trajectory of the state on the Bloch sphere can
be expressed as

aryn—1+b+c
a+ (b+¢)rgmn-1
ary n—1+1ir; n—1 (b —c)
a+ (b+¢)rgmn_1
ary -1 — iryp—1(b—c)
a+ (b+¢c)rgn_1

where a = [¢(7) [2+]d (7) 2, b=c(y) d*, c = c* (7) d (7).
Four distinct dynamical regimes emerge from the analy-
sis. When the imaginary part of the weak value vanishes,
the system exhibits purely unitary dynamics, resulting
in periodic motion. In this case, the trajectories on the
Bloch sphere are circular, with the initial parameter 6 set-
ting the starting point of the meter state (Fig. [4]). This

ram = Tr[620%] = (19)

ryn = Tr[oypa] =

Tz = Tr[6.0%] =

)



Figure 3. The imaginary part of the weak value vanishes when
the absolute value of the two eigenvalues of the Kraus operator
coincide. The plot shows the eigenvalues of the Kraus opera-
tor K, |[A+] and |A—], as functions of the post-selected angle
¢, together with their difference |A|—|A_| and the imaginary

part of the weak value Im(Os,). In this plot a = 7, 0 =

and v = 0.1, while the initial meter state is along the z axis.

s
’ 929
of the operator K coincide.

For values of ¢ such that ¢ < 7, two fixed points
emerge, corresponding to the eigenvectors of ., the op-
erator acting on the meter in Eq. [I5] The fixed point
at x = —1 is stable, while the one at x = 1 is unstable.
Even if the state begins close to x = 1, the dynamics
will eventually drive it toward the stable fixed point at
x = —1 (Fig.[5)). The dynamics will remain at x = 1 only
when the system is initially exactly at that point. Con-
versely, for § < ¢ < 7, the stability of the fixed points
is reversed: x = 1 becomes stable and x = —1 unsta-
ble. After passing ¢ = 7, the stable and unstable fixed
points effectively swap roles. Finally, in the near-unitary
regime, when the dynamics are close to but not exactly
unitary, the trajectories cycle on the Bloch sphere before
eventually collapsing onto the stable fixed point (Fig. @

regime occurs for ¢ = 0 and 7, where the eigenvalues

It should be emphasized that the eigenvectors of the
Kraus operator K remain constant and identical for all
parameter values. Consequently, the point at which the
stability of the fixed points changes cannot be character-
ized as an exceptional point, since the eigenvectors do
not vary at that point.

V. ANALYSIS OF THE DISCONTINUITY

In second-order phase transitions, such as those in the
Ising model [38] or the superconducting transition [39],
the behavior of observables near the critical point is char-
acterized by critical exponents that are universal across
systems belonging to the same universality class. Typ-
ically, near the critical point of a control parameter P,
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Figure 4. The Bloch sphere trajectory under unitary dy-
namics traces cycles at a constant polar angle, highlighting
the periodic nature of the system. The path begins at the
blue point and ends at the red point. System parameters are
0 =75 a=7%~v=01 ¢ = 7, with initial meter state

r = (v05,0,v/05)".
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Figure 5. Although initiated near the unstable fixed point,
the trajectory on the Bloch sphere is repelled toward the other
fixed point, starting at the blue point and ending at the red
point. Parameters: 0 = 7, « = Z, v = 0.1, ¢ = 1, initial

state r = (+/0.99,0,/0.001)7.

for instance, the temperature, the magnetic field, or the
interaction strength in measurement-induced phase tran-
sitions [40], a characteristic physical quantity F' (such as
the heat capacity or the magnetic susceptibility) diverges
following a power law in the vicinity of the critical point:

F(P)x|P—- P, | %, (20)

where P, is the critical value of the control parameter
and « is the associated critical exponent.

In the protocol studied in this article, the post-selected
polar angle ¢ acts as the control parameter, governing a
discontinuity in the expectation value of the Pauli matrix
0, at the critical point ¢.. This discontinuity emerges af-



Figure 6. Starting near the unitary trajectory, the Bloch
sphere path cycles while approaching the stable fixed point at

= (1,0,0)7, beginning at the blue point and ending at the
red point. Parameters: § = 7, a = Z,v=0.1, ¢ = 5 + 0.1,

initial meter state r = (1/0.5,0,/0.5)7.

ter multiple iterations of the protocol. The correspond-
ing relaxation time, defined as the time required for the
system to reach its steady state, diverges at ¢., since at
the critical point the meter dynamics become effectively
unitary and no single eigenstate (fixed point) dominates.
Although the discontinuity observed in Fig. 2] might at
first appear reminiscent of a first-order phase transition,
the absence of a direct jump between two stable fixed
points, and the emergence of unitary dynamics precisely
at the critical point, indicate a resemblance to a second-
order phase transition. The divergence of the relaxation
time [41I], demonstrated below, signifies critical slowing
down, a defining feature of second-order phase transi-
tions. Thus, the relaxation time 7 serves as a key quan-
tity for characterizing the critical behavior and deter-
mining the associated critical exponent, as well as for
probing the universality of the transition. This section
demonstrates that the relaxation time associated with
the proposed protocol universally follows the power-law
behavior expressed in:

7(¢) o< ¢ — |7, (21)

where v is the critical exponent.

The precise definition of the relaxation time depends on
the type of dynamics. Here, the dynamics proceed in
discrete time steps, so 7 can be defined in terms of the
spectrum of the operator driving the dynamics, specifi-
cally the Kraus operator. This analysis determines the
critical exponent from the relaxation dynamics, in anal-
ogy with dynamic Markovian processes [42], 3], where
the key quantity is the ratio between the two leading
eigenvalues of the Kraus operator. To quantify the con-
vergence rate of the iterated Kraus map toward its fixed
point, the relaxation time is defined in terms of the map’s
spectral properties. Consider the unnormalized meter

state after n applications of the Kraus operator:

pit) = K" po K = ZA”A*"d” 6:) (0, (22)

where \; and |¢;) are the eigenvalues and eigenvectors of
K, and d0 are the coeflicients of the initial meter density
operator po
Denoting by |A1| and |A\z| the eigenvalues of the Kraus op-
erator K with the largest moduli, such that |A;| > |Aaf,
the dominant diagonal term scales as |A1|?", while the
next-to-leading term scales as |Aa|?".
Consequently, the ratio between subdominant and dom-
inant contributions decays as (|\2|/|A1])?"
Matching this discrete decay to an effective exponential
relaxation e /7 defines the relaxation time 7:
( | A2 |? )" 1 1
|A1]? log(l)‘lr) |log R|’
(23)
where R = | % :z, and log denotes the natural logarithm.
Near each discontinuity, when both moduli of the eigen-
values are equal, the relaxation time exhibits a divergence
typical of dynamic critical phenomena. The study inves-
tigates whether this divergence follows a power-law be-
havior, as expressed in Eq. considering the behavior
both analytically, for any system governed by the pro-
tocol outlined in this article, and numerically, for the
two-level system discussed in section [[V]
For any system evolving under the dynamics dictated by
the weak measurement protocol, the eigenvalues of the
Kraus operator are given by Eq. [l We assume that the
meter operator O 4 is non-degenerate. In this case, let us
denote the largest eigenvalue in modulus by A; and the
second-largest by Az, corresponding to the eigenvalues
01 and oy of the operator O 4, respectively. The squared
moduli of these eigenvalues can then be expressed, to first
order in gt, as

IAr2l® = | (Vrlhs) I? (14 2gtor 2Im (05,w)) . (24)

Consequently, the function R takes the form

=e T = 7=

(14 2gto1Im (05.4))

R~ .
(1+ 2gt05Tm (05.00))

(25)

To calculate the critical exponent near the point where
the imaginary part of the weak value vanishes, one
can expand R in a Taylor series, assuming that
2gtos Im (0g.4,) and 2gtor Im (0g,.4,) are small, and keep-
ing terms to first order in gt as

R

Q

(14 2gtorTm (05,.,)) (1 — 2gtoyTm (05,.,)) (26)
1+ 2¢tIm (0g,) (01 — 02) .

Q

With this, the natural logarithm of R can be further
expanded in a Taylor series as

log (R) = 2¢tIm (0g.4,) (01 — 02), (27)



and, consequently, the relaxation time is given, to first
order in gt, by
1
TR .
2gtIm (05,w) (01 — 02) |

(28)

At ¢ = ¢., the imaginary part of the weak value
Im (0g,4,), vanishes exactly. However, in typical cases of
weak measurements, the weak value varies smoothly with
the post-selected angle, so it is reasonable to assume that
near ¢@., the imaginary part of the weak value depends
linearly on ¢ as

Im (05,.4) =~ Alp — ¢cl, (29)

where A is a real constant. In this case, the relaxation
time depends on ¢ according to

1 1
T 2gtA(6—6e) (01 —02) | 16— e’

which has the form of a power law, and by comparison
with Eq. 21} one can deduce that the critical exponent
is v = 1, independent of the meter dimension and other
system parameters, provided the assumptions made in
this section are satisfied.

To conclude this section, the qubit—qubit example of sec-
tion [[V] serves to illustrate this behavior. Three diver-
gences appear in the relaxation time 7 as a function of the
polar post-selection angle ¢ (Fig. . They correspond to
the points where Im(Og ) = 0 in the two-level system
studied in section[[V] At these points, the imaginary part
of the weak value vanishes and the meter evolution be-
comes effectively unitary at first order in gt¢, coinciding
with the discontinuities observed in the system’s expec-
tation values.

(30)
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Figure 7. The relaxation time 7 exhibits three divergences as
a function of the polar post-selection angle ¢ at the critical
points. The parameters used are o = 7 /7, 0 = 7 /4, v = 0.01.

The relaxation time 7 near the three previously identi-
fied discontinuity points for the two-level system exhibits
the expected power-law scaling, with linear fits giving a
critical exponent of v =1 (Fig. .
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Figure 8. The relaxation time 7 exhibits power-law scaling
with exponent v = 1 near the three discontinuities, as shown
in this log-log plot with linear regression fits. Parameters:
a=7/7,0=m/4,v=0.01.

VI. CONCLUSION

Complex weak values are essential for the emergence of
such dynamical discontinuities, whereas purely real weak
values suppress them. The relaxation time diverges at
the critical point and exhibits a scaling law that appears
to be universal, independent of the protocol parameters,
with a critical exponent of 1. This behavior is remi-
niscent of second order phase transitions, as has been
demonstrated analytically for systems of any dimension
and confirmed numerically.

A nonzero imaginary part of the weak value modifies the
system’s evolution from a process that is unitary at first
order in gt, where the Kraus operator has real eigenvalues
of equal modulus at first order in gt, to a non-unitary dy-
namics featuring NV fixed points, with NV denoting the di-
mension of the system’s Hilbert space. Among these, one
fixed point is stable, provided that the Kraus operator is
non-degenerate. In this case, the dynamics drives the sys-
tem toward the stable fixed point, which corresponds to
the eigenvector associated with the largest eigenvalue of
the Kraus operator, unless the meter is initially prepared
in exactly one of the other eigenvectors corresponding to
unstable fixed points. This eigenvector coincides with the
largest eigenvalue of the meter operator if the imaginary
part of the weak value is positive, and with the smallest
eigenvalue if the imaginary part of the weak value is neg-
ative.

Extending the detailed analysis to larger meter dimen-
sions could reveal connections to genuine many-body
phase transitions in the thermodynamic limit.



ACKNOWLEDGMENTS

I thank Alexandre Matzkin for fruitful discussions
that enriched this work. I am grateful to Sébastien R.
Mouchet for a careful reading of the manuscript and
providing valuable suggestions. This research was sup-
ported by the EUTOPIA Science and Innovation Fel-
lowship Programme and funded by the European Union
Horizon 2020 programme under the Marie Sktodowska-
Curie grant agreement No 945380.

Appendix A: Discontinuities from eigenvalue
exchange

Discontinuities in the long-time meter state occur pre-
cisely when the eigenvalue of K (¢) with the largest mod-
ulus ceases to be dominant and another eigenvalue takes
its place.

Let K(¢) denote a family of linear operators on the finite-
dimensional Hilbert space of the meter, representing the
Kraus operators determined by the parameters of the
protocol. This family depends continuously on the real
parameter ¢, the post-selected polar angle. The unnor-
malized map is

Pam (6) = K(9)"paoK (9)'™, (A1)
for an arbitrary initial meter state p4 9. The normalized
state after n iterations is

)

DAn = A2
Pt = L o) "

Assume that, for each ¢, the operator K (¢) is diago-
nalizable with eigenvalues {\;(¢)} and orthogonal eigen-

vectors |A; (¢)), satisfying (X;(¢)|A;(¢)) = d;;. This as-
sumption holds in the protocol, as the Kraus operators
involve only the identity and an observable of the meter.
This study focuses on non-degenerate observables.
Consider that, for ¢ < ¢, the eigenvalue of K(¢) with
the largest modulus is unique and given by A;(¢), while
for ¢ > ¢ it is Aa(¢), with

A1(¢e)] = [Aa(de)]-

Let the corresponding normalized projectors be

i P@) (@) i 2(0)Ae ()] _
o—or (A1(9)[A1(0)) b—bd </\2(¢)|)\2(¢>2

and assume (\; ()0l (@) 0.
Since K (¢) is diagonalizable,

K(¢)" = Z Aj (@)™ 1A () (Ns(9)],

(A3)

Pt = #

)
A4)

(A5)

and hence

P 0) = 3 M) N (0) e (NN (@), (46)
with ci5(6) = () a0l (0))

For ¢ < ¢, the term with |\;(¢)| dominates as n — oo,
leading to

X _ (@) M(9)]
Paee(®) = B BN @)

and, similarly for ¢ > ¢., the dominant contribution
comes from Ay (o).

Because the limiting projectors on either side of ¢, dif-
fer, the long-time meter state exhibits a discontinuity at
¢¢, which directly transfers to the expectation values of
observables.

(A7)
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