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Abstract

In the present article, we assume that the first approximation of the
scattering operator is given and that it has the logarithmic divergence.
This first approximation allows us to construct the so called deviation
factor. Using the deviation factor, we regularize all terms of the scat-
tering operator’s approximations. The infrared and ultraviolet cases
as well as concrete examples are considered. Thus, for a wide range
of cases, we provide a positive answer to the well-known problem of
J. R. Oppenheimer regarding scattering operators in QED: “Can the
procedure be freed of the expansion in € and carried out rigorously?”

1 Introduction

In the present article, we assume that the first approximation of the scattering
operator is given and it has the logarithmic divergence [1]. The so called
deviation factor was constructed using this first approximation in our papers
[24,26] (see Appendix A for further details). Using the deviation factor, we
regularize all the terms of the scattering operator’s series representation.



Remark 1.1 As was already stated by R. Feynman himself [9] and remained
true afterwards “a strict basis for the rules of convergence is not known”. A
closely related basic question was formulated by J.R. Oppenheimer in the
following form [18]:

“Can the procedure be freed of the expansion in € and carried out rigorously?”
In our article, we give a positive answer to this question.

In particular, a mathematical justification of the Feynman’s theory [1,7] is
presented for the important case of the logarithmic divergence.

We start with the self-adjoint operators A, Ay, A; which are defined in
Hilbert space H and are connected by the relation

A:A0+€A1, (11)

Here, A is a perturbed operator, Ay is an unperturbed operator, and A; is a
perturbation operator. In section 2 on Coulomb type potentials, we consider
concrete examples of A, Ay, A, where deviation factor theory is applied
to the radial Schrodinger equation and to the radial Dirac equation with
Coulomb type potentials, as well as to the Friedrichs model with a discontin-
uous kernel. These examples provide heuristics for our further research. In
the main scheme and the corresponding proofs, these examples are not used.

Section 3 is dedicated to the secondary generalized scattering and per-
turbation operators. (Note that generalized scattering operators used, for
instance, in [22-26] are introduced in appendix A.) At the beginning of
section 3 , we consider the operator function

S(t,7,e) = exp(itAy) exp(—itA) exp(iTA)) exp(—iT Ap), (1.2)

which is closely related to the scattering operator S(A, Ag) (see [21,23]). The
operators A and A, above satisfy (1.1). Hence, it follows from (1.2) that

%S(t,r, g) = —ieV(t)S(t,T,¢), gS(t,T, e) =ieS(t,7,e)V(r), (1.3)
T

where

V(t) = exp(itAg) Ay exp(—itAg), S(t,t,e) =1, (1.4)

and [ is the identity operator. According to (1.4), the self-adjoint operator
function V'(¢) may be considered (at each t) as a special representation of
the perturbation operator A;.



Definition 1.2 The self-adjoint operator function V (t) is called the pertur-
bation operator function.

Further in section 3, we investigate the generalized systems (1.3), that is, we
do not suppose that V' (¢) has the form (1.4). We define the operator function
V (t) using the first approximation of the scattering operator (see (3.25)).

We do not use operators A, A; and Ay. These operators are not given
(and, may be, they do not exist at all). Hence, the presented in this paper
results follow the suggestions of Heisenberg’s S-program [13]. In this way,
our approach to quantum electrodynamics here is similar to the approach to
classical mechanics from our paper [27].

In sections 4 (on ultraviolet divergence) and 5 (on concrete examples),
we apply the results of section 3 to the well-known divergence problems in
quantum electrodynamics.

The last section “Conclusion” is devoted to the interpretation of the re-
sults obtained in this article.

In appendix A we give a definition of the deviation factors when the
operators A, Ay, A; are known. Then, we generalize this notion for the case
where the operators A, Ay, A; are either unknown or do not exist.

In appendix B the concept and an important property of the multiplica-
tive integrals are shortly introduced [5]. The case of the so called “time
infinity” in our theory is considered in Appendix C.

Remark 1.3 The well-known divergence problems in quantum electrodynam-
1cs are old, classical and very important. They have been studied by many
outstanding physicists. These divergencies appear when the small parameter
e expansions are considered. We study the equation (1.3) without expanding
its solution into a power series.

2 Coulomb type potentials: classical cases

1. In this section, we study important cases of the explicit expressions for
the deviation factors Wy(t). The deviation factors as well as the generalized
wave and scattering operators are introduced in appendix A (see Definitions

Al and A.2).
Example 2.1 Let us consider the radial Schrodinger operator

d? <€(€ +1) 2ez
+ -

Af = 3 = . —|—£q(7‘)) f, z=7% (2.1)



with Coulomb type potentials 2cz/r — eq(r), where € is a small parameter,
q(r) satisfies the condition q(r) = q(r) and

1 00
/ |¢%|r?dr < oo, / lg"(r)|dr < oo, (n=1,2). (2.2)
0 1

Here, A acts in H = L*(0,+00). The operators Ay and A; in this example
have the form:

d? 1404
mof ==t + = () s ey

The following statement was proved in [21, section 6]:

Theorem 2.2 Suppose that q(r) satisfies (2.2). Then, the generalized wave
operators Wi(A, Ag) and the generalized scattering operator S(A, Ay) ewist.
The corresponding deviation factor has the form

Wo(t) — |t’isgn(t)azAgl/2‘ (24)

A special case of Theorem 2.2, where ¢(r) = 0, was proved by J.G. Dollard [4].
2. Let us consider the radial Dirac equation.

Example 2.3 The radial Dirac equation has the form:

(di i E) 7r) = (b m+ = = 2q()glr) = 0, (2.5)
(% — é) g(r) + (A —m+ % —eq(r)) f(r) =0, (2.6)

where A=\, m >0, k =k, € is a small parameter and
2=2Z#0, |k]>c¢lz]. (2.7)

The corresponding Dirac operator A acts in the space L3(0,00) and has the
form

AF = <J1d% + JQ% +mJs + av(r)) F, F(r)= Bg:ﬂ , (2.8)

where v(r) = 2 — q(r), I is the 2 x 2 identity matrix, and

le{_olﬂ, JQZHH, ng{_ol(”. (2.9)
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Here, the unperturbed operator A, and the perturbation operator A; are
given by the formulas:

d k
AoF = (Jla + J2; + +mJ3) F, A F =o(r)F (2.10)

We assume that the following conditions are valid:

/0a|rq(r)|d7’+/oo lg(r)|dr < 00, q(r) = g0r). (2.11)

The following statement is proved in our paper [23]:

Theorem 2.4 Suppose that q(r) satisfies (2.2). Then, the generalized wave
operators Wi(A, Ag) and the generalized scattering operator S(A, Ay) ezist.
The corresponding deviation factor has the form

Wo(t) = [¢[fen®==0(40) (2.12)

where

P(Ag) = Ag(AZ —m?1)~ /2. (2.13)
3. Next, we consider Friedrichs model [10].

Example 2.5 In this model, we have

b
Afzxf(x)+s/ f(s)K(z,s)ds, Aof =af(z), (2.14)

where feL?[a,b] (—oo < a < b < +00) and K (x,s) is an nxn matriz valued
function (matriz function) such that K(x,s) = K*(s,x).

We assume below that the kernel K(x,s) is continuous at all points x # s
and has a discontinuity of the first kind for x = s. Since K(x,s) = K*(s,x),
the matrix function

P(z) =i[K(z,x 4+ 0) — K(z,z — 0)] (2.15)
is self-adjoint. We suppose that

P(z) > 0. (2.16)



Let us introduce the new integral kernels
Ko(z,s) = (i/2) sgn(x — s)PY?(s) PY%(x) (2.17)
and
Ki(x,s) = K(x,s) — Ko(z, s). (2.18)
In [21, section 2], we proved the following statement:

Theorem 2.6 Suppose P and K satisfy Holder conditions

[P(z2) = Px1)|| <Ml — 21|*,  |[Ki(x, 52) — Ka(@, s1)[| <M [s2 — 51|
(2.19)
for some M >0, o > 0 and oy > 1/2. Then, the generalized wave operators
Wi(A, Aoy) exist and the deviation factor has the form

Wo(t)f = [t=F f (2.20)
where fEL2[a,b] (—oo0 < a < b < 400).

4. Finally, consider the differential operator A below (acting in the space
H = L?*(—o00, +0)).

Example 2.7
d> 2ezw
Af === - 2.21
f=—agf+ (xQMQ +aq<fﬂ)> f, (2.21)
where
q(z) =q(x), q(z) € L(—o0,+00), a>0. (2.22)
The corresponding operator Ay has the form
d2
Aof =——=F 2.2
of 12 (2.23)

The following statement is proved in [21, section 4].

Theorem 2.8 Suppose that q(x) satisfies (2.22). Then, the generalized wave
operators Wi(A, Ag) and the generalized scattering operator S(A, Ay) ewist.
The corresponding deviation factor has the form

Wol(t _ +Ooe—iktt%/’“ k)dk 2.24

where f is the Fourier transformation of g :
1 +o00 -
@) = <= / e~ g(Je) (2.25)
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In the coordinate space, relation (2.24) may be rewritten in the form
d

_ iszo_l _
Wo(t)f = [t] fo Bof =i——f. (2.26)

3 Secondary generalized scattering
and perturbation operators,
infrared divergence

1. It is well known that Coulomb type potentials generate infrared diver-
gences (infrared catastrophe) . The problem has a long history starting in
1940 with the fundamental works of R. Feynman. Here, we construct a rig-
orous solution of the corresponding problem for a broad class of cases. Recall
the operator function

S(t,7,e) = exp(itAy) exp(—itA) exp(iTA)) exp(—iT Ap), (3.1)

which was mentioned in Introduction. Recall also that the operators A, Ay, A;
satisfy (1.1). It follows from (3.1) that

2S(t,T, e) = —ieV(t)S(t,T,¢), 2S(t,T, e) =1ieS(t,m,e)V(r), (3.2)

ot or
where t and 7 belong to the real azis R and
V(t) = exp(itAg)As exp(—itAy), S(t,t,e)=1. (3.3)

2. Further in the sections, the operators A, A;, Ay are unknown. Hence,
we do not suppose that the operator V() in (3.2) has the form (3.3). There-
fore, in our further considerations, the operator V (¢) itself is called a pertur-
bation operator. Using the method of successive approximation and relation
(3.2), we obtain our next proposition.

Proposition 3.1 Assume that V(t) is a self-adjoint, continuous and bounded
operator function in the domain 1 < |t| < T. Then, there exists such ep > 0
that the series

WE

S(t,r,e) =Y Sp(t,7)e? (So(t,7)=1) (3.4)

I
o

p

1s convergent in the domains T =1, 1 <t < T andt=—-1,-T <7< —1
for |e| <er.



Here, for p > 0 we have

Sp+1(t,7) == —Z/ V(tl)sp(tl,T)dtl == —Z/ Sp<t,Tl)V(7'1)d7'1. (35)

In the present article, we consider the operator function V' of the form
1 1
V(t) = ;BJF +u(t) (t>1), V()= ;B_ +u(t) (t<-1), (3.6)

where By are self-adjoint, bounded operators and u(t) is a self-adjoint, con-
tinuous operator function such that

lu(®)]] =O(t|™) (v>1) for |t|] = cc. (3.7)

Relations (3.4)—(3.6) imply that
t
Si(t, 1) = —i (B+ In() +/ u(s)ds) for t>1, (3.8)
1

Sl(—l,r):i<B_ln(|T|)+/T_lu(s)ds) for 7<—1. (39

The following deviation factors were constructed for the perturbation
operators V (t) of the form (3.6) in [26]:

Wo(t,e) =P+ (t>1), Wo(te) = (—t)<F~ (t < 1), (3.10)

Remark 3.2 Physically meaningful values of t and 7 are t > 0 and 7 < 0.
Therefore, we will need the values of V (t) and Wy(t) for |t| < 1 in further
considerations. We set

V(t)=u(t) ([t|<1), Wot)=1 (|t|]<1). (3.11)

Since we are interested in the asymtotics of S(t,T,€) at infinity, relations
(3.11) are less important than (3.6) and (3.10).

Let us introduce the operator function S (regularized S):

SE(t,1,e) = Wy(t,e)S(t, 7,e)Wy (1, ) (3.12)



It follows from (3.2), (3.6) and (3.10)—(3.12) that

%SR(ZS,T, g) = —ieU(t,e)SR(t, 1,e), SE(t,t,e) =1, (3.13)
a%_SR(t,T, e) = ieSt(t,1,e)U(r,e), SE(r,7,¢) =1, (3.14)

where
Ult,e) = Wo(t,e)u(t)Wy ' (t,e) (t € R). (3.15)

Clearly, we have
SH0,0,6) =1 and S%(t,7,¢) = S(t,7,¢), Ul(t,e)=u(t) (3.16)

for t,7 € [-1,1]. The next theorem easily follows from the relations of this
section.

Theorem 3.3 Let the operator function u(t) be bounded and continuous on
R. Then, SE(t,7,€) given by (3.13)~(3.15) admits (fort > 1 and 7 < —1)
the representation

SE(t,1,e) = SR(t,1,6)S%(1, —1,e)S7(~1,7,¢). (3.17)

Proof. Using multiplicative integrals (see appendix B) and (3.13) we obtain

t
2

SE(t,1,e) = /e_i‘gU(S’a)ds (t>7). (3.18)

Hence, for £ > 1 and 7 < —1 we have

-1
a)

eieU(s,s)ds/eiEU(Svs)ds_ (319)

T

LS~ 5~

t
SR(t,T, 8) — /eieU(s,s)ds
1

Formula (3.17) immediately follows from (3.18) and (3.19). O

Formula (3.1) implies that the operators S(t,7,¢) are unitary for the
case, where the self-adjoint operators Ay and A; exist. In our general case,
it follows from (3.6) and (3.10) that Wy(¢) is unitary. Hence, (3.15) implies
that U(t, ) is self-adjoint. Now, relation (3.18) yields the unitarity assertion:
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Proposition 3.4 The operators
SE(t,1,e), SE(t,1,¢), SB(1,—1,¢), ST(—~1,7,¢), (3.20)
wheret > 1 and 7 < —1, are unitary.

In fact, it is easy to see that all the operators S(t, 7, €) are unitary (without
the restriction ¢ > 1 and 7 < —1). However, only the unitarity of the
operators given in (3.20) is used further in the text.

Remark 3.5 Clearly, formula (3.17) (under conditions of Theorem 3.3) may
be rewritten as

SE(t,1,e) = SB(t,1,€)8%(1,0,)5%(0, —1,¢)S%(~1,7,¢), (3.21)

which is sometimes more convenient in the case of a special behaviour at
zero. We also have

SE(t,0,e) = S®(t,1,¢)S%(1,0,¢). (3.22)
All the factors in (3.21) and (3.22) are again unitary.

Next we formulate the main result of this section, which follows from
Theorem 3.3, formula (3.16), Propositions 3.4 and B.1, and Corollary B.2.

Theorem 3.6 Let the conditions of Theorem 3.3 and relation (3.7) hold.
Then, SE(t,7,¢) converges at each € by norm (to the unitary operator
SE(400,—00,€)) when t tends to infinity and T tends to minus infinity.
Moreover, we have

S (400, —00,¢) = ST (+00,1,)5(1, —1,)5F(~1, —o0, ¢), (3.23)
where
+oo -1
SR(+OO, 1,8) _ /eisU(s,s)ds’ SR<_1> —OO,€) _ /eisU(s,a)ds' (324>
1 —00

Remark 3.7 The notion of the generalized scattering operator was intro-
duced in [21] (see also appendiz A) and fruitfully used in [22-26]. In this
section, we introduce a more general notion of the secondary generalized
scattering operator. Namely, we do not require the existence of the operators
A, Ao, A,. Under conditions of Theorem 3.6, the operator ST(+o00, —00,¢)
1s the secondary generalized scattering operator.
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Remark 3.8 Theorem 3.6 gives a positive answer to Oppenheimer’s ques-
tion, which is cited in Remark 1.1.

Our next proposition is important for the theory but easily follows from
Proposition 3.1 and formulas (3.5) (for p = 0), (3.8) and (3.9).

Proposition 3.9 Under conditions of Proposition 3.1 we have

d d

V(t) =i=51(t,1) (t>1), V(r)=—i—Si1(—-1,7) (7 <-1). (3.25)
dt dr

Moreover, the perturbation operator V (t) has the form (3.6) if and only if

the first approzimation Sy has the form (3.7).

Remark 3.10 Recall that in the classical quantum theory the perturbation
operator V (t) is defined by (3.3). In our theory, the operators A, Ay, Ay are
unknown and may not exist. In our case, the operator V(t) is recovered from
the first approximation Sy(t, ) using (3.25).

3. In a number of theoretical and applied problems, the values of S, (p > 1)
are required in addition to the value S of the first approximation (see, e.g., [1,
f-la (47.52)]). Finding S, (p > 1) in a standard way is a complicated task.
Below, we provide a simple solution for a wide range of problems of finding
such S,. Moreover, the expressions for such approximations are written down
in an explicit form.

First, we set

Cio= /1+OO u(s)ds, Qi(t) = — /too u(s)ds (t>1). (3.26)

The following theorem is valid.

Theorem 3.11 Let the relations (3.6), (3.7) and (3.26) be fulfilled. Then,

Spa(t1) = (i (—(
(3.27)

11



where p > 1,t>1 and

Cprie = BiCpp1/k (1 <k <p), (3.28)
Cpi10 = /1 h ([B+/s +u(s)]@Qp(s) + u(s) Z Cp lnk(s)> ds, (3.29)

Qpin(t) = — / °°([B+/s+u<s>]@p<s>+u<s>icp,klnk<s>) ds, (3.30)

Q)] = O(t™) (5, > 0). (3.31)

It follows from (3.8) and (3.26) that (3.27) holds for p = 0. Next, the
proof of Theorem 3.11 using (3.5) and complete mathematical induction is
straightforward. According to the formulas (3.7) and (3.31), the integrals in
Theorem 3.11 are absolutely converging.

Now, we set

Cro = / Cu(s)ds, Qu(r) = — / " u(s)ds (7 < —1). (3.32)

oo — 00

Theorem 3.12 Let the conditions (3.6), (3.7) and (3.32) be fulfilled. Then,

. Bp+1 p
Spir(=1,7) = ()P | =5, (7)) + Y Cppp (7)) + Qpia(7) |,
(p+ 1)t k=0
(3.33)
where p > 1, 7 < —1 and
Cprir = [Cpp—1/K]B- (1 <k <p), (3.34)

CPHO_/_l ( B_/s+ u(s) ZCpkln )) ds, (3.35)
Qp1(T / (Qp B_/s+u(s Z Cp e In*( )) ds, (3.36)

1Qu(T)II = O(l7]%) (6, > 0). (3.37)

It follows from (3.9) and (3.32) that (3.33) holds for p = 0. Next, the
proof of Theorem 3.12 using (3.5) and complete mathematical induction is

12



straightforward. According to the formulas (3.7) and (3.37), the integrals in
Theorem 3.12 are absolutely converging.

It is interesting that Heisenberg understood divergency problems encoun-
tered in the theory of elementary particles and apparently assumed that these
problems could be overcome using his S-program [13].

4 Ultraviolet divergence

1. In physical studies of the ultraviolet case (see [26] and references therein),
a matrix function d(L,q,¢) (L > 0, ¢ € R*) is considered such that

d(L,q,e) =1+¢(ai(L,q)) + o(e). (4.1)

Here, a1(L, q) may be written down as an integral over the four dimensional
sphere with radius L (in spherical coordinates):

L 2 T T
ay(L,q) = —i / / / / F(p, q)r® (sin® ¢1) sin ¢odrdgodsdr, (4.2)
0 0 0 0
where F'(p, ¢) is a rational matrix function, p = [p1, p2, p3, P4}, ¢ = (@1, G2, 43, ¢4

(p,q € R*) and

P1 =T CoS Py, Po = T SiN @1 COS Pa, (4.3)

pP3 = 1 Sin @1 sin @9 oS ¢3, Py = 7 8in ¢y Sin Py sin Ps. (4.4)

In the classical case, it is assumed that the limit of d(L, q,¢) (L — o0) exists:
d(q,e) =limy_, d(L, q,€). We will study the case, where the limit of a;(L, q)
(for L — oo) does not exist. In that case we have ultraviolet divergence. In
particular, formula (4.2) is actively used in section 5.

2. The results of section 3 may be applied in section 4, if we replace the
variable ¢ by L. Thus, the expression ai(L, q) is a version of the expression
S1(t, 7). The equality

V(Lg) = ira(L,g) (45)
is a version of relation (3.25). It follows from (4.2) and (4.5) that

2 s U
V(L,q) = /0 /0 /0 F(P,q)L?(sin® ¢1) sin ¢oddrdgodgs, (4.6)
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where P = [Py, P, P3, P;| and

Py = Lcos¢y, P,= Lsin@;cospy,
P3 = Lsin ¢ sin ¢ cos ¢3, Py = L sin ¢ sin ¢ sin ¢3.

It is known that the ultraviolet divergences may be removed using mass and
charge renormalizations [1]. F.J. Dyson [7] stressed that it is important “to
prove the convergence in the frame of the theory”. For a broad class of
examples, it was done in our paper [26] using deviation factors. The results
of [26] are valid only for the first approximation a;(g). In the present paper,
we show that deviation factors and results of section 3 allow us to solve the
divergence problems (logarithmic divergence case) for all approximations, in
other words for the scattering operator.

Interesting results on the asymptotic behaviour of the Feynman integrals
(4.2) are derived in [6] (see also some other papers and references in [2]).

Example 4.1 Let us consider the case where ai(L,q) is a scalar function
and

ar(L,q) = —i <¢(q) InL + /1 " u(s, q)ds) . (4.7)

Here, ¢(q) and u(L, q) are bounded, self-adjoint operators (of multiplication
by the functions of ¢) and

[u(L, )l =O(L™) (v>1, L=1). (4.8)

In the spirit of R. Feynman’s “space-time approach” [9] and according to
(4.5) and (4.7), we have

Vi) =2 puLg, (B0 =s@i).  (49)

Using V(L, ¢), we introduce the differential equation for the ultraviolet case
in the form

%S(L,q,a) = —ieV(L,q)S(L,q,¢) (S(l,q,&t) =1, L>1), (4.10)

where V (L, q) is given by (4.9). The solution of (4.10) may be presented as
a series:

L
S(L,q,e)=1-— ig/ V(s,q)ds + ...
1

14



The corresponding deviation factor Wy(L, ¢, ¢) has the form
Wo(L,q,¢) = L@, (4.11)
A regularized operator function S is introduced by the formula
SE(L,q,¢) = Wy(L,q,€)S(L, q,¢) (4.12)
It follows from (4.10)—(4.12) that

%SR(L,%&) = —ieU(L,q,¢)S*(L,q,¢), S%(1,q,€) =1, (4.13)

where

U(L,q,e) = Wo(L, q,e)u(L,q)W; ' (L,q.¢), L >1. (4.14)
Using multiplicative integrals (see Appendix B) and relation (4.13) we have

L
a

SH(L,q,¢) = / e EUsaeds 1>, (4.15)

1

Next, we formulate the main result in this section.

Theorem 4.2 Let conditions (4.7) and (4.8) be fulfilled. Then,
SE(L,q,e)=5"(+00,q,e) for L— + oo, (4.16)

where the symbol => denotes convergence by norm and

—+00
a

SE(+00,q,¢) = / e~ieU(sa.)ds (4.17)

1
Here, we call SE(4o00, ¢, €) the secondary generalized scattering operator.

Remark 4.3 In a similar way, Theorem 4.2 may be formulated and proved
in the case of the matrixz function a;.
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5 The simplest concrete examples,
Feynman’s integrals

Integrals of the form (4.2) are studied and their physical interpretation is
given in the famous paper [9] by R.P. Feynman. In the present section, we
will illustrate our approach to the divergence problems (see sections 3 and
4) by concrete physical examples of the form (4.2) from [1]. Let us introduce
the Pauli matrices o, and «y:

ozk:( 0 %’“) k=1,2,3, (5.1)

Ok

(0 e (V) e (D 0)e G

The matrices 3, v, and p are defined by the relations

where

4
I, 0 . .
B: ( 02 _]2 )7 P)/j:ﬂOéja (]:17273)7 74:ﬁ7 p:Zpuﬁ)/'u
pn=1
(5.3)
where [ is the k x k identity matrix. Similar to p, we have § = Zizl Qu Yy
Example 5.1 Let the first approzimation ai(L,q, p) have the form (4.2),
where F(p,q, p) is a 4 X 4 matriz function:
1 y i(g—p) —mI4ﬁy
(2m)ip? ¥ (g —p)2 +m2 "

p = [p1, P2, p3, pal, P* = P + p3 + P2 + p3, and m is a constant (usually it is
a mass). Here, J,(L,q) == a1(L,q, ) are the so called Feynman’s integrals.

F(p,q,pn) = (5.4)

We note that the integrals J,(L,q) play an important role in electron
collision problems [1]. In [26], we derived the equalities

Ju(L,q) = (2 ) (zmﬁ (2InL —1)I, — 7;2%@% - imwz(ln(B(q))]4>
L,q) forp=1,23; (5.5)

Ju(L,q) (zmw (2InL—1)I,+ ;’}/4(]’)/4 imwQ(ln(B(q))L;)
L,q), (5.6)
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where B and R, satisfy relations

(B@) = [ 0 (tp.0) = #F)do, tpo) = 0P s G)
Llirfw R,(L,q)=0 (p=1,2,34). (5.8)

It follows from (3.25) that

V(L) =i-ar(Lg. ) (5.9)

Hence, taking into account (5.5)—(5.7) we obtain:

B
V(L,q,p) = f +u(L,q, 1), (5.10)
where J
m
B, = L L A1
+ 2(27’()27 U( aQ7l’[’) dLR ( q) (5 )

In the case of Example 5.1, dLR (L,q) is rational with respect to L and
admits Laurent series representation at L. = oo. Hence, taking into ac-
count (5.8) one can see that R,(L,q) admits Laurent series representation
> is1 Cr(q)/LF. In this way, one obtains

ddLR (L,q) = (= kCi(q))/L*.

k>1

Now, in view of (5.11), it is easy to show that condition (4.8) is fulfilled with
v=2.
Finally, let us rewrite formula (4.2) in the form

(L) = — i / /% | P (sin® 1) sin ondondondn
— i, (q)

where

1 2w . T
_ / / / / F(p, g, p)r®(sin® ¢, ) sin ¢odpy dpodepsdr.
0 0 0 0
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The deviation factor Wy(L, ¢, ¢, ) is defined by the formula
m
8m2’

Using formulas (4.12)—(4.15), we can show that Theorem 4.2 and Remark 4.3
are valid in the case of Example 5.1.

Wo(L,q,e, 1) = L¥¢e¥n@ ¢ = (5.12)

Example 5.2 Let the first approximation ay(L,q) have the form (4.2) with

- DPoDr 2
F(p,q) = =200 + 1)) (Ulq) > ), (5.13)

where o and T are fized positive integers (1 < o,7 < 4) and pq = Zi:l Pr-

The following expression for ay(L, q) was obtained in [1, (47.10)]:

i L? 3\ , 7 Qoqr
Lqg =—0r | In —— — = ————+1iR(L,q), 14

“llag) = (nf(q)—q2 2)+ 2 f(q)—QQHR( 7. (14
where d,, is the Kronecker-delta and

lim R(L,q)=0  (R(L,q) €R). (5.15)

L—+o00

Using (5.9) and (5.15) we get

B
V(L.q) ==~ +u(Lq), (5.16)
where
d w2

Here, in a way similar to Example 5.1 one may show that condition (4.8) is
fulfilled for v = 2. Similar to Example 5.1, we rewrite (4.2) in the form

L 21 s T
ar(L,q) = —i/l /0 /0 /0 F(p, q)r?’(sin2 gbl) sin goddr dpodpsdr — z(qi(ci;

where

1 2 s s
b(q) = /0 /0 /0 /0 F(p, q)r® (sin? 61) sin dodenddodiudr.  (5.19)
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In view of (4.1), (5.17) and (5.18), the deviation factor Wy(L, g, ) is defined
by the formula o
Wo(L, q,e) = L@, (5.20)

where 1 and ¢ are given by (5.13), (5.19) and (5.17), respectively. Using
again formulas (4.12)—(4.15), we can show that Theorem 4.2 is valid in the
case of Example 5.2.

Example 5.3 Let the first approximation ai(L,q) have the form (4.2) where

_ Do 2
F(p,q) = 7= 2pq T 10 (U(g) > q°). (5.21)

The following expression for ai(L, q) was obtained in [1, (47.12)]:

L? 3

L,q) =ir’¢y (In —— — = R(L,q). 5.22
) =ire (g D) viRLe. G22)

where
lim R(L,q) =0 (R(L,q) € R). (5.23)

L—+4o00
Hence, we obtain
B

V(Lq) == +u(l,q), (5:24)

where
B, =21%q, = ¢. (5.25)

In view of (4.1), (5.18) and (5.25), the deviation factor Wy(L, ¢, ) is defined
by the formula o
Wo(L, q,e) = L=V, (5.26)

where 1 and ¢ are given by (5.19), (5.21) and (5.25), respectively.
In the case of Example 5.3 condition (4.7) is fulfilled and Theorem 4.2 is
again valid. Some other concrete examples are contained in the article [26].

6 Conclusion

Feynman’s theory assumes that some information about the scattering op-
erator (namely, its first approximation) is given, and does not assume the
existence of the perturbed operator A, unperturbed operator Ag and pertur-
bation operator A;. According to [8], “in a scattering problem this over-all
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view of the complete scattering process is similar to the S-matrix view-point
of Heisenberg”.

In the present article, we use the well-known equation (1.3). In the classi-
cal case (see, e.g., [1]), the operator function V'(¢) in (1.3) is defined via (1.4)
using the operators A, Ay and A;. Here, we define the operator function V' (t)
in (3.25) using the first approximation of the scattering operator. Similar to
the Feynman’s theory, we do not use the operators A and A; and Ay. Those
operators are not given, and, may be, do not exist. Let us discuss some of
the useful developments in this paper.

1. The first approximation of the scattering operator may tend to infinity
when one of the parameters tends to infinity, and Feynman’s theory gives
a numerically precise method for discarding terms tending to infinity. A
rigorous justification of this method has long been an open problem.

In the present article, we give a rigorous approach to the divergence
problems in QED for logarithmic divergences.

2. In our paper [26], a rigorous procedure for regularizing the first ap-
proximation of the scattering operator is given for varoius concrete examples
and so called deviation factors are used for this purpose (see Appendix A).
In the present article, the deviation factors are used for the general case of
logarithmic divergences. Moreover, not only the first but all approximations
are derived in the explicit form (see(3.27)).

Thus, the presented article proposes a new and fruitful approach to the
realization of the Heisenberg’s S-program. In the framework of this approach,
we solve the problem of the rigorous treatment of the divergencies. Moreover,
the divergences genmerate the physically meaningful deviation factors, and so
the diwvergencies are physically meaningful as well. In addition to the exam-
ples considered here, the self-energy examples with logarithmic divergence
from the seminal paper [9] (see also [3]) will be considered in our next paper.
We also assume that the ideas, which are presented here, are suitable for
other types of divergences (e.g., for the cases of divergencies appearing in
Example 4.9 and section 5 of our paper [26]).
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A Generalized wave operators and
deviation factors

Wave operators play an essential role in many problems of mathematical
physics. However, the wave operators do not exist, when the initial and/or
final states of the system may not be regarded as free. In these cases, one
has to consider the generalized wave operators (see, e.g., [4,21,22,24-26]).

Let A and Ag be linear self-adjoint (not necessary bounded) operators
acting in some Hilbert space H. Denote the absolutely continuous subspace of
the operator A (i.e., the subspace corresponding to the absolutely continuous
spectrum of A) by G and the absolutely continuous subspace of Ay by Go.
Below, the notions of the generalized wave operators W, (A, Ag) mapping Gy
into G and of the unitary deviation factor (operator function) Wy(t) acting
in Gy are introduced [21,22, 26].

Definition A.1 Operator functions Wi (A, Ag) and Wy(t) are called the gen-
eralized wave operators and a deviation factor, respectively, if the following
conditions are fulfilled:

1. The limits

Wi(A, Ag) = 5 — lim [ e oW1 (1)] (A.1)

t—+o0

exist in the sense of strong convergence.
2. The operators Wy(t) and W, (t) acting in Gy are unitary for all t and

tliin Wo(t + )Wl (t) =1Ig, forall =7, (A.2)
—zo0

where Ig, s the identity operator in Gy.
3. The following commutation relations hold for the arbitrary values of t
and T:

Wo(t)Ao = AoW()(t), Wo(t)Wo(t + ’7') = Wo(t + T)Wo(t) (A3>
If Wy(t) = Ig,, then the operators Wi (A, Ay) are usual wave operators.

Definition A.2 The generalized scattering operator S(A, Ag) is defined by
the formula:

S(Av AO) = Wi(Av AO)W— (Av AO)v (A4)

where Wi (A, Ag) are generalized wave operators.
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Here, the operator W7 is adjoint to W... The operator S(A, Ag) is a unitary
mapping of G onto itself and

AoS(A, Ag) = S(A, Ag)Ap. (A.5)

In our theory, the operators A, A; and Ay do not exist. Hence, the
generalised wave operators do not exist too. In this case, we define the
deviation factor with the help of the first approximation of S (see section 3).

Remark A.3 If we generalize Wy(t) for the case where A, Ay and Ay do
not exist, the following properties of the deviation factor from Definition A.1
seem the most important:

1. The operators Wy(t) and Wy ' (t) are unitary for all t and the limits

s—lmWo(t + W' (0) =1 (7 =7). (A.6)

exist in the sense of strong convergence.
2. The commutation relation

Wg(t)Wo(t‘l‘T) = Wo(t+T)W0(t) (A7)

holds for arbitrary values of t and 7.
In particular, the condition 1. s fulfilled for the generalized deviation
factor in the case of the logarithmic divergence (see the present work and our

paper [26]).

Generalized wave operators were also used in [15]. Interesting papers on
the infrared case [12,14] are closely related to the Faddeev-Kulish construc-
tion [15].

B Multiplicative integrals

In our article, multiplicative integrals (see, e.g., [5,11,19]) are actively used.
In this appendix, we present the corresponding basic definitions and some
assertions, which we need in the main text. The right and left multiplicative
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b b

integrals [ef'M4 and [ef®d are defined, respectively, by the formulas

b
O — i [eF(t1)A16F(t2)A2 o eF(tn)An] (B.1)
max A;—0 ’
b
FWdt _ i [eF(tn)AneF(tn_1)An_1 o eF(tl)Al}. (B.2)
max A;—0

Here —oco < a =ty < ... <t, =b< oo, A;j =t;—t;_; and F(t)is a
continuous operator function. When a — —oo or b — 400 and the corre-
sponding limits exist we obtain improper multiplicative integrals. For the
right multiplicative integrals we have

b b b 00
N N

~ %

a a

where the symbol = denotes convergence by norm. Similar notations are
used for the left improper multiplicative integrals.

Proposition B.1 If the operator function F(t) is continuous and

[ irwha < s, (B4

then the corresponding left multiplicative integrals converge by norm for b
tending to infinity

b )
/ POt __y / eF'Wdt (b o0). (B.5)

a a

Relation (B.5) easily follows from the inequality

t
H/eF(t)dt

t
< exp (/ | E(t)]] dt) ,  where 7T <t. (B.6)
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However, in spite of being easy to derive, Proposition B.1 proves quite useful
in this work.

Corollary B.2 If the operator function F(t) is continuous and
b
| 1@< o,

then the corresponding left and right multiplicative integrals converge by norm
fora — —o0:

b b b
a a ~

b
/GF(t :>/ Ft)ydt. /BF(t)dt:>/eF(t>dt (a - —0). (B.7)

C Time infinity

1. Recall that the generalized wave operators have been discussed in Ap-
pendix A. In the simplest classical case, we assume that the self-adjoint
operators A and Ag exist, G = Gy = H, Wy(t) = Iy and the wave operators
Wi(A, Ag) and Wi (Ao, A) given by (A.1) (where Wy(t) = Iy) exist as well.
It follows from (C.2) that

Wa(Ag, A) = Wi (A, Ag) = Wi(A, Ap). (C.1)

For some initial vector ¢y € H, we set
Vi = Wi(Ao, A)tho, ¢ = W_(Ag, A)bo. (C.2)

According to (C.1) and (C.2), we have
Vi = Wi(Ag, A)W_(A, Ag)tp- = WE(A, Ag)W_(A, Aoy (C.3)

or
¢+ = S(Av AO)¢—7 (C4>

where S(A, Ap) is the scattering operator.
2. Next we assume that G = Gy = H and the generalized wave operators
Wi(A, Ag) and Wi (Ao, A) given by (A.1) (where Wy(t) is not necessarily
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the identity operator) exist. Similar to [20, Ch. XI, Sect. 3| (and under the
corresponding conditions), one may show that

W (Ao, A) = Wi (A, Ag) = WE(A, Ay). (C.5)

We set
¢+ = W+<A07 A)¢07 ¢— = W—(AOa A)¢O (C6>
Similar to (C.3), it follows from (C.5) and (C.6) that

¢+ - W+(A0, A)W, (A, A(])gé, - Wj(A, A())W,(A, A0)¢,. (C7>
Thus, taking into account (A.4) we obtain
¢y = S(A, Ag)o-, (C.8)

where S(A, Ap) is the generalized scattering operator. For ¢ — +oo and
T — —oo (according to (A.1) and (C.8)), we have

D (e W (B)" (e TN (7)) (C.9)
where the relation F(t,7) ~ G(t,7) means that
s—lim (F(t,7) = G(t, 7)) =0  (t— + 0o, T— — 00). (C.10)
Setting
i) = W), ¥-(1) = Wyl (n)¢-, (C.11)

and recalling that the operators Wy(¢) are unitary, we derive from (C.9) that
Py ()~ (e 0N (ei4Te 0T ) (1) for t— + 00, 7— —o00.  (C.12)

Clearly, relations (C.11) and (C.12) are also valid in the classical case, where

3. Finally, let us consider the secondary generalized case. For this pur-
pose, we use the relations (3.4)—(3.12). For some initial vector ¢y € H, we
set

¢ =s—lim S™(t,0,e)th, ¢ =s—1lim (S7(0,7,¢)) o (C.13)

for t— + 00 and 7— — oco. It follows from the considerations of section 3 that
ST is a unitary operator. Hence, using (C.13) we derive

¢ = s —lim (87(¢,0,)57(0,7,¢))p_ (t—+00, 7= —00). (C.14)
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Taking into account (3.13)—(3.15), we obtain

(S%(t,0,¢))" = S7(0,t,¢), S%(t,0,6)8%(0,7,¢) = S¥(t,7,e).  (C.15)

It follows from (C.14) and (C.15) that

Yy(t) ~S(t,7)Y_(1) for t— 400, T— — 00, (C.16)

where

Ui (t) =Wyl (t)os,  ¥-(7) =Wy (T)o-. (C.17)

Remark C.1 [t would be very interesting to check relations (C.16), (C.17)
experimentally.

References

1]

2]

A. 1. Akhiezer, V. B. Berestetskii, Quantum electrodynamics. Inter-
science Publishers, New York, 1965.

L. Alvarez-Consul et al (eds), Feynman amplitudes, periods and motives.
Contemporary Mathematics 648, Amer. Math. Soc., Providence, RI,
2015.

H. Chapagain, Feynman’s relativistic cut-off for quantum electrodynam-
ics, arXiv:2411.11920 [quant-ph], 2024.

J. D. Dollard, Asymptotic convergence and Coulomb interaction.
J. Math. Phys. 5:6 (1964), 729-738.

J. D. Dollard, C. N. Friedman, Product integration with applications to
differential equations. Addison-Wesley, Reading, MA, 1979.

C. Duhr, Scattering amplitudes, Feynman integrals and multiple poly-
logarithms. Contemp. Math. 648 (2015), 109-133.

F. J. Dyson, The S matrix in quantum electrodynamics. Phys. Rev. (2)
75 (1949), 1736-1755.

R. P. Feynman, The Theory of Positrons. Phys. Rev. (2) 76 (1949),
749-759.

26



[9]

[10]

[11]

[12]

[19]

[20]

[21]

R. P. Feynman, Space-time approach to quantum electrodynamics.
Phys. Rev. (2) 76 (1949), 769-789.

K. O. Friedrichs, On the perturbation of continuous spectra. Communi-
cations on Appl. Math. 1 (1948), 361-406.

F. R. Gantmacher, The theory of matrices. Vol. 2. Chelsea Publishing
Co., New York, 1959.

C. Gomez, R. Letschka, Memory and the infrared. J. High Energy Phys.
no. 10 (2017), Paper No. 010.

W. Heisenberg, The “observable quantities” in the theory of elementary
particles. Zeitschrift fiir Physik (German) 120 (1943), 513-538.

D. Kapec, M. Perry, A.-M. Raclariu, A. Strominger, Infrared divergences
in QED revisited. Phys. Rev. D 96 (2017), Paper No. 085002.

P. P. Kulish, L. D. Faddeev, Asymptotic conditions and infrared di-
vergences in quantum electrodynamics. In: Fifty Years of Mathematical
Physics, in: World Sci. Ser. 21st Century Math., vol. 2, World Sci. Publ.,
Hackensack, NJ, 2016, pp. 144-156.

L. D. Landau, On analytic properties of vertex parts in quantum field
theory. Nuclear Phys. 13 (1959), 181-192.

M. Levy, Wave equations in momentum space. Proc. Roy. Soc. London
Ser. A 204 (1950), 145-169.

J. R. Oppenheimer, Electron theory. Report to the Solvay Conference
for Physics at Brussels, Belgium, September 27 to October 2, 1948.
Reprinted in: Selected Papers on Quantum Electrodynamics, Dover
Publications, New York, pp. 145-155, 2012.

V. P. Potapov, The multiplicative structure of .J-contractive matrix
functions. Amer. Mat. Soc. Transl. 15 , pp. 125-236, 1960.

M. Reed, B. Simon, Methods of modern mathematical physics. I1I. Scat-
tering theory. Academic Press, New York-London, 1979.

L. A. Sakhnovich, Generalized wave operators. Math. USSR Sb. 10:2
(1970), 197-216.

27



[22] L.A. Sakhnovich, Generalized wave operators and regularization of per-
turbation series, Theor. Math. Phys. 2:1 (1970), 60-65.

[23] L. A. Sakhnovich, The invariance principle for generalized wave opera-
tors. Funct. Anal. Appl. 5:1 (1971), 49-55.

[24] L. A. Sakhnovich, Generalized wave operators, dynamical and stationary
cases and divergence problem, arXiv:1602.07087, 2016.

[25] L. A. Sakhnovich, Stationary and dynamical scattering problems and
ergodic-type theorems. Phys. Lett. A 381 (2017), 3021-3027.

[26] L. A. Sakhnovich,The deviation factor and divergences in quantum elec-
trodynamics, concrete examples. Phys. Lett. A 383 (2019), 2846-2853.

[27] L.A.Sakhnovich, Poincare type results on a k-dimensional torus. Com-
plex Anal. Oper. Theory 19:4 (2025), Paper No. 69.

28



