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ABSTRACT. We investigate the relationship between finite groups and inci-
dence geometries through their automorphism structures. Building upon clas-
sical results on the realizability of groups as automorphism groups of graphs,
we develop a general framework to represent pairs of finite groups (G, H),
where H < G, as pairs of correlation—automorphism groups of suitable inci-
dence geometries. Specifically, we prove that for every such pair (G, H), there
exists a finite incidence geometry I" satisfying that the pair (Aut(T"), Aut;(T"))
of correlation—automorphism groups of I' is isomorphic to (G, H). Our con-
struction proceeds in two main steps: first, we realize (G, H) as the correlation
and automorphism groups of an incidence system; then, we refine this system
into a genuine incidence geometry preserving the same pair of automorphisms
groups. We also provide explicit examples, including a family of geometries
realizing (Sp, An) for all n > 2.

1. INTRODUCTION

Finite groups are often difficult to understand, and a powerful tool for studying
them is to examine their actions on various structures such as sets, vector spaces,
and graphs. One may also wish to consider more geometric actions, such as those
on Tits buildings [6] or, more generally, on incidence geometries [} 2].

An incident geometry is, in particular, an incidence system, that is, a set of
elements, each with a given type (interpreted as “point”, “line”, “plane”, etc.),
together with an incidence relation between them, subject to the condition that
two elements of the same type cannot be incident. An incidence system I' can be
represented by a simple vertex-colored graph G, called the incidence graph, where
the vertices correspond to the elements, the colors correspond to their types, and
two vertices are adjacent if and only if the corresponding elements are incident. In
fact, the incidence system is totally determined by its incidence graph and many
of its properties can be deduced from those of the associated graph. In this paper,
we will therefore work primarily with incidence graphs.

Then, an incident system I' is an incident geometry if, in the setting of its
incidence graph, every complete subgraph K of the corresponding incidence graph
G containing at most one element of each type is contained in a chamber: a complete
subgraph of G containing exactly one element of each type. More precise definitions
are provided in and in the textbook [2].

On these geometrical structures, two different notions of automorphisms are
usually considered: automorphisms and correlations. Both are permutations of
the elements; however, while automorphisms must preserve both types and inci-
dences, correlations preserve only incidences. These correspond, respectively, to
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color-preserving and non—color-preserving (colorblind) automorphisms of the asso-
ciated incidence graph. In particular, every automorphism is a correlation, and the
group Auty(T") of automorphisms of a incidence system I" defines a normal subgroup
of the group Aut(T") of correlations of T.

In a recent paper [5], Leeman, Stokes, and Tranchida construed incident geome-
tries for some finite groups. More precisely, they are interested in, for a given finite
group G, finding an incident geometry I' such that the automorphism group of G
is isomorphic to the group of correlations of I" so that the inner automorphisms
of G correspond to the automorphisms of I'. The authors hope that the combina-
torial properties of such incident geometries are deeply connected to the algebraic
structure of G and its automorphisms. In [5], they constructed several incident ge-
ometries for classical families of groups and pave the way for the search of incident
geometries for any group.

In this paper, we put this question in a more general framework and study
the realizability of pair of groups as pairs correlations-automorphisms of incident
geometries.

Definition 1.1. A pair of groups is couple (G, H) where G is a group and H is a
normal subgroup of G. We say that two pairs (G, H) and (G’, H') are isomorphic,
denoted (G, H) = (G', H'), if there exists an isomorphism ¢: G — G’ such that
o(H)=H'

The main result of this paper is that every pair of finite groups (G, H) is iso-
morphic to a pair (Aut(I'), Auty(T')) for some incident geometry T'.

Theorem A. Let (G, H) be a pair of finite groups. There exists a finite incidence
geometry T such that (Aut(T), Aut(T)) = (G, H).

Proof. Let (G, H) be a pair of finite groups. If G is trivial, the incidence geometry
with one single element will suffice. Assume now that G is non trivial. By
there exists a finite incidence system T' such that (Aut(T'), Auty(T')) =
(G, H) and such that all elements have degree at least 2, and I" has no flag of rank
3 or more. Then by there exists an incidence geometry I'V such that
(Aut(T), Aut(T7)) = (Aut(T), Auty(T)) = (G, H). O

The proof of is inspired by the realizability of finite groups as groups
of automorphisms of graphs [3]. It is based on the construction given in
rem 3.1} which provides an incidence system with the necessary properties to apply
This latter theorem constructs, from an incident system satisfying
some technical conditions on degrees and flags in the associated incident graph, an
incident geometry with the same pair correlations-automorphisms.

However, one may want to work with its own preferred incidence system which
may not satisfy the hypotheses of One may then use to
refine the given incidence system so that it satisfies the desired hypotheses. As an
example we construct, in Example an incident geometry for the pair (S, 4,)
for every n > 2, where S,, and A,, are the symmetric group and alternating group
on n letters. This gives an example of an incident geometry for the automorphism
group of the alternating group of 4,, as desired in [5].

The rest of the paper is divided into four sections. gives the principal

definition on incidence systems, incidence geometries and their automorphisms.

In the first main step of the proof of is paved by giving,
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for every pair (G, H), an incidence system I' with (Aut(T"), Auti(T")) = (G, H).
give the remaining ingredients by explaining how to induce an incidence
geometry from an incident system with the same pair correlations-automorphisms.
Finally gives some examples to illustrate our construction and how one
may compose with them in practice.
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2. INCIDENCE GRAPHS, INCIDENCE GEOMETRIES AND THEIR AUTOMORPHISMS
Incidence systems are usually defined as follows.

Definition 2.1. An incidence system is a tuple I' = (X, *,¢,I) with X a non-
empty set of elements, I a finite set of types, t: X — I a surjective map called type
function and * a symmetric binary relation called incidence relation, such that for
every z,y € X, if ¢ # y and z x y, then ¢(z) # ¢(y). The number of types |I| is
then the rank of the incidence system. Finally for every x € X the degree of x is

Hye X | yxa}.

However, one way to think of an incidence system I' = (X, *,¢,I) is as a simple
proper colored graph G = (V, E, I, t) with set of vertices V' = X, palette of colors
I and such that, for all z,y € V, {z,y} € E if and only if z x y. This graph is
commonly called incidence graph of the incidence system (X, ,¢,I). In this paper,
we will mostly work from the graph point-of-view. We now define the notion of
incidence geometry. Notice also that, since an element cannot be incident to itself,
the degree of an element x € X corresponds to the degree of x seen as a vertex in
the incidence graph.

Definition 2.2. Let (X, *,t,I) be an incidence system. A flag of an incidence
system is a subset F' C X of pairwise incident elements, i.e. such that for every
x,y € F, if © # y then zxy. We define the rank of F as its size, |F|, or equivalently,
as the number of types occurring in the flag. From the incidence graph point-of-
view, a flag corresponds to a clique, and we define the rank of a clique as its size.
We define a chamber as a flag of rank |I| or as a clique of rank |I|. An incidence
system is then an incidence geometry if every flag is contained in a chamber or,
equivalently, if every clique is contained in a chamber.

Let us look at possible automorphisms of these incidence geometries.

Definition 2.3. Let I' = (X, *,¢,I) be an incidence system. A correlation of T is
a permutation f of X such that for all z,y € X,

zry < f(z)« fly) and  i(z) =ty) < t(f(2) = t(f(y))-
We denote by oy € ¥; the permutation of types induced by f, and define an au-
tomorphism of I' as a correlation f with o equal to the identity permutation, i.e.,
such that ¢(f(z)) = t(z) for all z € X. We denote by Aut(T") the group of correla-
tions of I' and by Auty(I") the subgroup of Aut(T") consisting of the automorphisms
of T', and we say that I' is an (Aut(T"), Aut;(I"))-incidence system.
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From the graph point-of-view, a correlation of a incidence system I' is just an
automorphism of the corresponding incidence graph G which is “colored-blind”, i.e.,
such that if two vertices have the same color, then their images have the same color.
Hence, we will call their graph counterpart colorblind automorphisms and we will
write Aute,(G) for the set of these automorphisms of the incident graphs. Also, an
automorphism of I' corresponds to an automorphism of G which preserves the colors.
We call these automorphisms color automorphisms and we write Aut.(G) for the
subgroup consisting of these color automorphisms. So, if I' is an incidence system
with incidence graph G, we have Aut(I') = Aut.p(G) and Aut;(I') = Aut.(G).

Notice that Auty(T"), or equivalently Aut.(G) for G the corresponding incidence
graph, is actually a normal subgroup of Aut(T"), respectively Aut.,(G)), and the
following question naturally arises.

Question 2.4. For every pair (G, H) with G a finite group and H a normal sub-
group of G, is there an incident geometry T' such that the pair (Aut(T"), Auty(T)) is
isomorphic to the pair (G, H)?

Given the pair (G, H), this question is equivalent to the existence of a simple
proper colored graph G such that (Aut.p(G), Aut.(G)) is isomorphic to the pair
(G,H).

3. FINITE GROUPS AND NORMAL SUBGROUPS AS AUTOMORPHISMS OF INCIDENCE
SYSTEMS

Theorem 3.1. Let G be a finite non trivial group and H < G be a normal subgroup,
so they define a pair (G,H). Then there exists a finite incidence system T' such
that

(1) Ewery vertex in the incidence graph has degree at least 2.
(2) All cliques in the incidence graph have rank at most 2.
(3) (Aut(T"), Auty(I")) is isomorphic to the pair (G, H).

Proof. In this proof, we follow the ideas in [3, Section 2]. We first introduce some
notation:
Let g := |G|, and {g1,...,0g} be the list of elements of G, assuming g1 € G

is the identity element while {g1,..., 9.} are representatives of the left cosets
G/H, so

[G:H]

j=1

Let E be the Cayley directed (and edge colored) graph as constructed in [4]
Chapter VIII, §5] (see [3} Schritt 1), pp. 242-243]), so

E(G)={(P,P)) + i # j}
and the edge (P, P;j) is labeled (colored) with the number k for g := g;g; ' (or

equivalently, g; = grg;). So G is a symmetric complete directed graph on g vertices

whose edges have been labeled with g colors. The group of transformations of
(preserving both direction and color of edges) is isomorphic to G, where for any
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g € G, g gives rise to a colored automorphism of 6 given by g(P;) = P where
9k = Gig-

We are now applying an arrow replacement to a in order to obtain an undirected
graph G while maintaining the group of automorphisms. So, if the edge (P;, P;) in
a is labeled (colored) with the number k € {2,3,...,g}, we proceed as follows:

(1) We remove the edge (P;, P;).
(2) We replace it with the following undirected graph

P;

Notice the arrow replacement we are applying here is different from the one
described in [3, Schritt 2), pp. 243-244] since we want to avoid leaves.

Once all the oriented edges of 6 has been replaced as above, we obtain a non-
oriented simple graph G in which every vertex has degree at least 2, and all cliques
have rank at most 2.

We now claim that Aut(G) = G. Indeed, notice that in G,

— vertices P; have degree 4(g — 1),
— vertices S ;0 and S j k12, for gy := gjgfl, have degree 3, and
— all other vertices have degree 2.

Therefore, given any f € Aut(G), there must exists a permutation p € Xg such that
J(P;) = P, for every i.

Moreover, for any j # i, T; ; is the only vertex of degree 2 in the neighborhood
of P; such that it is at distance 2 of P;, thus f(7; ;) must be the only vertex of
degree 2 in the neighborhood of P,;) such that it is at distance 2 of P, ), that is
(T 5) = Tpta),p0)-

Now, for any j # 4, the only vertex degree 3 in the neighborhood of T; ; is S; ; k2,
where g = gjgfl. Therefore f(Sijr+2) = Spei),p(j),k/+2, Where gps = gp(j)g;é).
Moreover, S; ;o is the only vertex degree 3 which is connected to S; j x+2 by a path
of vertices of degree 2, and this path has length k+2. Hence f(S;j0) = Su(i),p(5).05

and k' = k. In other words, the colors of the edges (P, Pj) and (P, Py(;)) in

are equal. Therefore p induces and automorphism of 8 preserving both direction
and color of edges, that is p can be identified with an element of G (indeed, p =
(g — g;p(1))). This shows that Aut(G) < G.

Finally, every transformation of a preserving both direction and color of edges
gives rise to an automorphism of G since the arrow replacement described above
codifies the direction and colors of edges. Indeed, given g € G, then g: G — G is
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given by:
g9(P;) = Py, where g := g;9,
(1) 9(Ti;) = Ti1 where gy, == g;g, and g; == gjg,
9(Sijr) = Sk, where g == g;g, and g; := g;g.

Hence Aut(G) = G.

We are now giving a coloring on the vertices of G to obtain the desired incidence
system T' with associated incidence graph G. Solet I :={0,1,...,[G : H]+2}, and
t: V(G) — I be given by

t(P;) :=j, for g; € g;H,
t(n j) =0,

)

t(Si 1) = (G : H]+1, iflis even,
WU\ [GH) 42, if s odd.

The map t gives rise to a proper coloring of G since every edge in this graph is
of one of the following types:

— Type{P;, Ty}, where a # band i € {a,b}. Then t(T, ;) = 0 and t(F;) > 0.

— Type {P;, Sap0}, where a # b and ¢ € {a,b}. Then t(S,0) =[G : H)+1
and t(P;) < [G : H].

— Type {T; ;, Si jk+2} where i # j and gy := gjgi_l. Then t(S; jk+2) > 0
and t(TiJ’) =0.

— Type {Si 1, Sijis1} wherei # jand ! =0,..., k41 for g := g;g; *. Then
[ and I + 1 have different parity and therefore t(.S; ;1) # t(Si j,1+1)-

It remains to check that, if I is the incidence system with associated incidence
graph G and type function ¢, then (Aut(T'), Aut;(T")) = (Autcp(G), Aut.(G)) is iso-
morphic to the pair (G, H).

Observe that Aute,(G) < Aut(G) = G, so we just need to show that G <
Aute,(G). Now, given g € G, Equation shows that g maps T’s to T’s (both
having color 0) and S; ;» to Sk.r (both having the same color depending on the
parity of ), so we just need to check how ¢ acts on the P’s and their colors: If
t(P;) = t(Py) = ¢, then g;, gr € g.H, and since H is normal, for b € {1,...,[G : H|}
defined by g.g € gpH, we have that g;,q1 € gl for g; :== g;g and g; = gig.
Therefore

b=t(P;) = t(R) = t(g(Py)) = t{g(P;).
Thus, g is a colorblind automorphism of G and Aut.,(G) = Aut(G) = G.

Finally, the discussion above shows that, in order to compute Aut.(G), we just
need to determine the elements of g that preserve the color given to vertices of type
P. But t(P;) =t(g(FP;)) = ¢, for every i = 1,...,g and g; € g.H, holds if and only
if g;g € g.H, that is, if g € H. Thus Aut.(G) = H. |

4. FROM INCIDENCE SYSTEMS TO INCIDENCE GEOMETRIES

Below, we construct, for a given incidence system realizing a pair of finite groups,
an incidence geometry realizing the same pair. Then main underlying idea is to
replace every edge by a chamber.

Theorem 4.1. Let T' = (X, x,t,I) be a finite incidence system such that all el-
ements have degree at least two and all flags have rank at most two, then there
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exists a finite incidence geometry IV = (X', «' ¢/, I) with (Aut(I”), Aut(T")) =
(Aut(T"), Aut(T)).

Proof. Denote by G = (V, E,I,t) the incidence graph corresponding to I'. As
commented before, the idea is to replace every edge by a chamber. More precisely,
for every edge {v,w} and each color i € I'\ {t(v),t(w)}, we add a vertex wu, ,} ; and
we set its color to ¢. In addition, we connect all these vertices among themselves as
well as to v and w, so that we get a chamber that contains v and w. In this way,
we construct an incidence graph G’ = (V' E’, I, ') with

Vi =Vu |_| {ufvwyi | i€ I\ {t(v),t(w)}}, and
{v,w}eE

E'=BU | |[{{ueirue;} | i,5 € 1i # 4},
ecel

where, in the equation above, we have identified, for every e = {v,w} € E,

(2) v = u{v,w},t(v) and w = u{v,w},t(w)~

Finally, we define t': V! — I by t/(v) = t(v) for all v € V and by t'(u. ;) = i for all
e € F and i € I. The construction for I ={1,2,3,4,5}, e = {v,w} € E, and v and
w of colors 1 and 2 respectively, is depicted in the next figure,

Ue,4

v = u&l

W = Ue,2

In the remainder of the proof, for e € E, we denote by C(e) the subset {u.; |
i € I}. Since |C(e)| = I, this subset is a chamber. Since there was no flag of rank
larger than two in T, the only cliques of rank larger than two in G’ are contained
in one C(e) for some e € E. In particular, the C(e)’s are the only chambers and
every clique is contained in a chamber. Thus, the incident system IV = (X', ', ¢/, I)
associated to G’ is an incidence geometry.

Consider now a colorblind automorphism f of G’. Thus, f sends cliques to cliques
and chambers to chambers. Note also that, for all v € V| since the degree of v in
G is at least two, the degree of v in G’ is at least 2|I|. However, for v € V' \ V|
since v is connected only to all vertices in a chamber, it has degree |I|. Therefore
f(V) =V, f induces a colorblind automorphism f|y, € Aute,(G), and we have a
group homomorphism

U Auwter () —  Aute,(9)
f = flv-
Let f € Ker(¥), so that f|y is the identity. In particular, f fixes the colors in G,
which are the same as the colors in G'. Also, since f|y is the identity, for every

e € E, f(C(e)) = C(e), as the uc;’s are the only vertices from V' \ V that are
connected to v and w. As we have exactly one vertex of each color in a chamber
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and f fixes the colors, f is also the identity on C(e) for every e € E. Hence, f is
the identity and W is injective. B

Now, for f € Aute,(G), we define f: V' — V' by

ftei) = upie),opi)

fore € E'and i € I, where o¢ € Xy is the permutation on I induced by f, and where
we have employed again the identification . Note that, by construction, for all
e€ E, f(C(e)) = C(f(e)) and, in particular, f is a colorblind automorphism of G'.
Finally, for all v € V, since the degree of v is at least 2, we have v = uyy, 1} 4(v) for
some w € V', and hence

F(0) = f(ugo,whtw) = Up@), fw)}hor b)) = U{f@),f)}t(fw) = ).

Therefore ¥(f) = f and we conclude that ¥ is an isomorphism. Moreover, it is
clear by construction that, for f € Aute,(G'), oy = oy(y). It follows then that
U(Aut.(G")) = Aut.(G) and we are done. O

onstructs a finite incidence geometry from a finite incidence sys-
tem that shares the same pair correlations-automorphisms, provided the original
geometry contains only flags of rank at most two and elements of degree at least
two. The next result provides a method to refine any incidence system so that

can be applied.
Theorem 4.2. For any finite incidence system I', there exists a finite incidence

system TV with (Aut(T”), Aut (7)) = (Aut(T), Aut(T')) and such that all flags of
IV have rank at most two and all elements of T have degree at least two.

Proof. Let G = (V, E,I,t) be the incidence graph corresponding to I'. Starting
from G, we will construct an incidence graph G’ such that, if T is the incidence
system associated to G’, then I" satisfies the conclusions of the statement.

Define V; as the subset of vertices of V' of degree 7, set V51 = Vo UV, and
consider the map t: V' — I and the following natural number,

M = max |t~} ({i})],

i.e., for every color i € I, there is at most M vertices of that same color.
Next, we define a colored graph G’ = (V', E', I’ t') as follows,

Vi=vu |_| {Ue,05 -+, Ue2nrya}t U |_| {Uw,05 -+ s Uw 20144},

ecE weVo,1
E' = |_| {{Uaue,O},{ue,va}a{u&ovu&l}a{uﬁalaue,Z}w~-
e={v,w}eE

ceey {Ue,2M+37 ue,2M+4}7 {Ue,2M+47 Ue,2M71}, {ue,2M+3; Ue,2M}}
u |_| {{w, uw,O}a {uw,Oy Uw,l}y {Uw,la uw,Q}a CIEa
weVp,1
ce {Uw,2M+37 uw,2M+4}7 {Uw,2M+47 uw,QMfl}, {Uw,2M+3, Uw,2M}}7

u |_| {{w,uwg}},

weVy
I' = TU {ig, i1},
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where the elements u. ; and u, ; are all different and do not belong to V, ig,i1 ¢ I,
t'(v) = t(v) for v € V, and

o if j = 2
Vo) = ) = {10 107 =0 o)
’ ’ i1 ifj=1 (mod 2).

Thus, we have replaced every edge e = {v,w} of E by its barycentric subdivision
together with a ray of 2M vertices emanating from its midpoint, and with a figure
eight involving 6 vertices at the tail, and we have added to each vertex w € Vj
a similar ray with and figure eight, plus an edge from w to w2 if w € V. For
instance, for M = 3, we have,

v Ue,6 Ue, T

w Ue,10 Ue,9

and

Uw,6 Uw,7

----@ @ @ L 4 L 4 L 4 Uw,8

w Uw,0 Uw,1 U ,2 Uw,3 U, 4 U,

Uw,10  Uw,9

where the dashed edge is present if and only if w € V4 and the dotted edge is present
if and only if w € V. Note also that

|t_1(i)| <M ifi#io,il,
(3) @) = (Bl + [Voa)(M +3) it i =i,

(IEl+ Vo D(M +2) if i =iy,
Moreover, as an incidence system has a non-empty set of elements by definition,
we have |E| + |[Vo1| > 0, 1 < M < [t7(io)], [t~ (i1)|, and |¢'7 (io)| # [t/ (i1)]-
We also note that G’ = (V', E',I',t') is a simple proper colored graph and that,
by construction, G’ has no clique of rank larger than two and has all elements of
degree at least 2.

Consider now a colorblind automorphism f of G’. Notice that, by , the colors

ip and i; are fixed. Thus, f(V/\ V) =V'\V and f(V) = V. Hence f induces a
colorblinded automorphism f|y of G and we have a group homomorphism

® : Aute,(G) —  Auten(G)
f — flv
Let f € Ker®. Since f|y is the identity and f fixes the color iy then, for
every e € E, we must have f(ueo) = ueo and, for every w € Vp 1, we must have

f(tw,0) = tw,o. As f also fixes the color 4; and the graph consisting of each ray
and its corresponding figure eight has no non-trivial color automorphism, we also
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must have f(ue ;) = te,j and f(uy,j) = wy,; for all j € {0,1,...,2M + 4}. Hence
f is the identity and we conclude that @ is injective.

Now let f € Aute,(G) and consider f: V' = V' defined, for all v € V, by
f(v) = f(v), and for all e € E, w € Vo1, and j € {0,1,...,2M + 4}, by f(ue’j) =
Ug(e),; and f(uw,j) = Uf(w),j- Then, by construction, f is a graph automorphism.
Moreover, if 0y € 31 is the permutation of the colors I induced by f, then finduces
the permutation of colors 07 € ¥/ that extends oy by i; — 4; for j = 0,1. Hence

f € Aute,(G') and, by construction, ®(f) = f. So @ is an isomorphism.

Finally, note that, for f € Aut,(G’), we have that og(y) is the restriction to 7
of oy and that oy(i;) =4, for j = 0,1. Hence, o is the identity permutation on
I' if and only if og(s) is the identity permutation on I. Therefore ®(Aut.(I")) =
Aut.(T).

]

5. EXAMPLES

In this section we ilustrate some of the construction an arguments given in the
previous section.

The following example shows that in general, it is not possible to obtain an
incidence geometry by just adding vertices to the existing flags (so they became part
of a chamber) while keeping fixed the group of correlations. Therefore, hypotheses

and arguments given in are the best possible.

Ezample 5.1. Let T be the (S5, As)-incidence system described by the vertices
connected by solid lines in If we add black vertices and edges (the dashed
lines) to the rank 2 maximal flags so these flags become part of a chamber, we
obtain a (Dj2,C3)-geometry. Notice that the new black vertices give rise to a new
correlation given by a rotational symmetry of order 6, so increasing the group of
correlations.

FIGURE 1. (S5, Az)-incidence system and (D;2, C3)-geometry

The following example demonstrates that, for certain pairs of finite groups
(G, H), ad-hoc constructions can yield incidence systems that are strictly smaller
than those produced by thereby offering a more efficient realization
in specific cases.

Ezample 5.2. We use an inductive argument to construct an (S, A, )-incidence
system '), = (X,,, %, t,,, I,,) for n > 2 such that

(1) Every vertex in the incidence graph associated to I',, has degree at least 2.
(2) All cliques in the incidence graph associated to I',, have rank at most 2.
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3) I, ={0,1,...,n} and

n ifi=n
[t ()] = . N
" 24(;1!1)! if 0 <i<mn,
where (—1)! = 0! = 1. In particular, [t;*(n —1)| = (5).
(4) Aut(T',) acts on t,;'(n), it does so as the usual permutation action on a set
of n elements, and this action fully determines the action on I',, i.e., the
induced map Aut(T,,) — Bijections(t,,1(n)) is injective.

For n = 2, we define our pre-induction object I'y as the (S2, As)-incidence system
associated with the colored graph in where the label inside the vertex
indicates the color. Observe that there are just two vertices with color/type 2.

O——O——O0——=0B

FIGURE 2. The (S, Ag)-incidence system Iy

Assume that, for n > 3, the (S,,_1, A,,—1)-incidence system
anl = (anlv *, tnfla Infl)
satisfies the properties|(1)] and [(4)]above. We define I';, = (X,,, , {5, I,) as

the incidence system associated to the colored graph constructed as follows: First,
we consider the complete graph whose vertices are the left cosets A,,/A,_1. More
precisely, we choose representatives g; € A,, such that

(4) A, =U7,9;A,_1 and g,, equals the identity element,

and then define v as the coset g;A,_1, so that A, /A,_1 = {v},...,v'}. We note
that this set of vertices is an A,,-(left) set and we assign color n to all these vertices
and define I,, = I,,_; U {n} = {0,1,...,n}.

Second, we add new vertices v;; = v, for i # j,, thus splitting every original
edge {vf',v}'} into two new edges {v*,v;’;} and {v7;, v} }. We assign color (n — 1)
to all these vertices v;’;.

Third, we add a copy I'}_,of I';,_1 by identifying the vertex v;%l € X, —1 (which
has assigned color (n — 1)) with the vertex vf’,,.

Finally, we add (n — 1) more copies of I',,_; by propagating this construction
to the remaining vertices v}, 1 < j < n, via the action of A,,. More precisely, for
such an index j, let g € A, satisfy that g(v;,) = v}'. Then we add a copy F{l71 of
I';,—1 in the neighborhood of the vertex v;? by identifying the vertex v;l_l € X,_1
with the vertex vy, . for g(vl) = vg;)- Note that the names of the vertices of
such a copy of I';,_1; may depend on the chosen elements g’s but, on the contrary,
their types do not depend by Equation and the induction hypothesis that the
automorphism group of I',,_1 is A, _1.

By construction, it is clear that I',, satisfies points and Moreover, T';,
has n vertices of type “n”, so that |t 1(n)| = n, we have added n copies of I',,_; in
which we identify pairs of vertices of type “n — 17, hence |t,;!(n — 1)| = (3), and
we clearly have |t ()] = n - |t,",(i)| for 0 < i < n — 2. Thus, ', also satisfies
point Finally, Aut(T,,) acts on ¢, !(n) by examination of Figure [3|if n = 3,
or by comparing the sizes described in point (3) if n > 4. Moreover, this action
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clearly determines the action of Aut(I';,) on the (
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n

h) vertices of type n — 1. Then,

by the induction hypothesis that point holds for T',,_1, the action of Aut(T,)
on t,;1(n) also determines the action of Aut(T',,) on the n copies of I',,_; that build
up I'y,. Thus, point also holds for I';, and, in particular,

Aut(T,) < Aut(T,) < S,

FIGURE 3. The (S3, As)-incidence system I's. Observe that the
inner triangle contains 3 copies of I's.

It is left to show that T',, is indeed a (S, 4, )-incidence system and we do so
next. The case n = 2 is a straightforward calculation and, for n > 2, we observe
that:

(a)

By Equation and because the automorphism group of I';,_1 is A,,_1, the
group of automorphisms of this incidence system acts transitively on the
set of vertices of type “n” and contains the group A,, acting in the standard
way, thus the group of correlations does so. Therefore

Ap < Autp(Ty) < Aut(Ty,) < S,,.

Given a transposition ¢ = (i,j) € S,, o induces a non-automorphic cor-
relation in the copies I'¥_; with k # 4, as, on those copies, o induces a
transposition on the the vertices of type n—1of I* _,. (Note that, asn > 3,
there is such a copy I'®_,.) In particular, o induces a non-automorphic cor-

relation in 'y, i.e.,

A, < Auty(T,,) < Aut(T,) = S,.
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