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Abstract. Using variational considerations, we establish that there exists a
new symmetric trace-free tensor conformal invariant of hypersurfaces embed-
dings in even dimensional conformal manifolds. This conformal invariant com-
pletes the family of conformal invariants known as conformal fundamental forms.

The object has important links to global problems. In the context of the
even dimensional boundary-value Poincaré–Einstein problem, the image of the
Dirichlet–to–Neumann map is conformally invariant. Recent investigations [15]
established that this image is the pullback of a particular Riemannian invari-
ant to the odd-dimensional boundary. We show here that, in fact, that image
arises as the restriction of the new conformal invariant constructed here. As a
consequence of the proof, we are able to construct several new global conformal
invariants of the boundary. Finally, we use our variational results to establish
that compact Bach-flat manifolds with umbilic boundary must admit a (formal
to all orders) Poincaré–Einstein metric in the conformal class of its interior.

Keywords: Conformal geometry, extrinsic conformal geometry and hypersurface embeddings, Bach
flat equations, Poincaré-Einstein metrics

1. Introduction

This work concerns the geometric study of conformal hypersurfaces, meaning
embedded submanifolds of codimension one in conformal manifolds of dimension
d. Hypersurfaces are especially important, in part because they arise as the bound-
aries of domains and manifolds with boundary and in these settings their geometry
plays a pivotal role in many geometric boundary problems. Turning this around
boundary problems can sometimes be used to help recover the geometry of hy-
persurfaces; this idea has been effectively applied in number of recent settings
[38, 34, 8, 33, 16, 15] and it will also be exploited here.

While describing the local extrinsic geometry of Riemannian submanifolds is a
classical subject [21, 39, 43], the corresponding conformal theory has, apart from
a few basic elements (see for example [24]), been developed far more recently and
is considerably more subtle and rich than its Riemannian counterpart. Even ob-
taining local invariants effectively is not trivial. For a conceptual and practical
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approach it is natural to exploit the conformally invariant Cartan connection [17]
or its associated bundle analogue known as the tractor connection [10], and the
associated calculus. A comprehensive basic conformal submanifold theory is devel-
oped in [20] building on [18, 44] and this can be used to proliferate local invariants.

A distinguished class of extrinsic hypersurface invariants was recently found and
constructed in a rather different way [16, 13]. These higher conformal fundamental
forms

I̊I, I̊I, · · · , k̊ k ⩽

{
d− 1 d even
d+1
3

d odd .

are natural trace-free symmetric tensors, each of which is an extrinsic hypersurface
conformal invariant. Here I̊I is simply the trace-free part of the usual second
fundamental form, while I̊II is the trace-free part of a conformal invariant due
to Fialkow (that also arises naturally in the tractor picture [20, 44, 46]), but the
higher k̊ are new objects that probe higher jets of the embedding. They are central
objects in two ways. First they provide a generating basis of extrinsic invariants
in the sense that any local irreducible natural hypersurface invariant (with not too
high a transverse order—see below for the meaning of this) can be expressed by
partial contraction polynomials which involve only intrinsic hypersurface invariants
and these fundamental forms [14].

The second reason is through their relation to Poincaré-Einstein manifolds. On
a manifold M with boundary Σ := ∂M an interior Riemannian metric g+ is said
to be conformally compact if takes the form g+ = r−2g where g is a metric on
M and r is a defining function for the boundary – meaning Σ = r−1(0) and dr is
nowhere zero along Σ. If g+ is Einstein then its scalar curvature is negative and
|dr|2g is constant (and, by scaling g+, is set to 1) along Σ, then it is said to be a
Poincaré-Einstein (PE) metric. It is well known that g+ being PE also implies
I̊I = 0, and also that the trace-free part of the Fialkow tensor F̊ vanishes [24, 28],
but in fact each of the k̊ must vanish [16]. Thus the higher conformal fundamental
forms provide order-by-order obstructions to the PE condition.

We henceforth restrict to the case of d even. At order k = d (involving the
d − 1-jet of (r, g)) we do not expect local obstructions to the PE condition, as
this is the order at which global data enters the asymptotics [37, 15]. However
this does not exclude the existence of a conformal fundamental form at this order.
Indeed in the work [15] the authors describe a local curvature invariant of PE
manifolds that precisely captures the image of the Dirichlet-Neumann type map
associated with the PE filling problem. A natural question, first posed in [15], is
whether this invariant is the restriction to PE manfolds of a local conformal hy-
persurface invariant (that exists on any even conformal manifold with boundary).
The invariant

I̊Vab := C⊤
n(ab) +HWnabn − ∇̄cW⊤

c(ab)n

of [16] is an invariant of hypersurfaces in conformal manifolds of dimension d = 4
that is exactly of this type: when applied along the boundary of a PE manifold,
it recovers the invariant DN(4) of [15]. Our main result is that a similar result is
available in all even dimensions.
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Theorem 1.1. For a hypersurface embedded in a conformal manifold Σ ↪→ (Md, c)

of even dimension d there is natural conformal extrinsic invariant d̊ ∈ Γ(⊙2
◦T

∗Σ[3−
d]) such that d̊ has transverse order d− 1.

In the above and what follows, the transverse order of an extrinsic invariant
is the integer k such that, when the invariant I[g] is evaluated on a hypersurface
embedding Σ ↪→ (M, g + sℓh) with s a defining function for Σ and for any choices
of metric g and rank-2 tensor h, we find that I[g] = I[g + sℓh] for all ℓ > k,
and I[g] ̸= I[g + skh]. The transverse order of a differential operator is similarly
defined. See [16, 15] for more details.

It is straightforward to verify that the transverse order, weight (as described in
Section 2), and symmetry properties of d̊ above are sufficient to uniquely charac-
terize the leading transverse-order structure of this invariant (see [16]). Moreover
this uniqueness is enough to give the following:

Theorem 1.2. On even-dimensional conformal manifolds (Md, c) with boundary
that admit a Poincaré–Einstein structure, the map

(1.1) (∂M ↪→ (M, c)) 7→ d̊

recovers the Poincaré–Einstein Dirichlet-to-Neumann map of [15].

This Theorem is a key motivation for our work here. Fixing a manifold with
boundary (M,Σ = ∂M), the Poincaré-Einstein filling problem is the PDE problem
of finding a Poincaré-Einstein metric g+ on the interior that is compatible with
a given conformal structure cΣ on Σ. The latter is viewed as the Dirichlet data
for this non-linear problem and the corresponnding Dirichlet-to-Neumann map,
introduced in [37] and studied in, for example [26, 48, 15], is the map that extracts
the key non-locally determined data in the metric asymptotics. Thus the map
carries information about the global structure of (M,Σ, cΣ). It is not obvious that
there should generally be an invariant of conformal hypersurface embeddings Σ ↪→
(M, c) that upon restriction recovers this important quantity, but the Theorem
establishes that this is the case.

In Riemannian geometry the first fundamental form of a hypersurface is the
induced metric thereon. In this sense for a conformal hypersurface Σ we may
think of the induced conformal metric as the first fundamental form, this is not
trace-free but naturally its variations are given by sections of S2

oT
∗Σ[2]. Then d̊

is the dual object in that d̊ has the right symmetries and weight to pair along the
boundary with such variations: For any such hab

(1.2)
ˆ
Σ

hab̊dab dvgΣ

is conformally invariant. Furthermore, the divergence ∇̄ad̊ab is also conformally
invariant, and it appears as an obstruction to a conformal manifold with boundary
admitting a Poincaré–Einstein metric in the conformal class on its interior M+.
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Corollary 1.3. Let Σ ↪→ (M, c) be an even-dimensional conformal manifold with
boundary. The divergence

∇̄ad̊ab ∈ Γ(T ∗Σ[1− d])

is conformally invariant and is an obstruction to c|M+ admitting a Poincaré–
Einstein metric.

This invariant also plays a role in the Bach-flat (see Equation (1.5 for a definition
of the Bach tensor) boundary-value problem in four dimensions. In particular, one
finds that the normal-tangential projection of the Bach tensor along the conformal
boundary depends on ∇̄aI̊Vab.

The observation (1.2) above is part of a more general obervation that weights
of the conformal fundamental forms are such that they yield a family of extrinsic
conformally invariant integrals along the conformal boundary:

Proposition 1.4. Let Σ ↪→ (Md, c) be a conformal hypersurface embedding with
d even. Then, for each k ∈ {2, . . . , d

2
}, the integral

ˆ
Σ

k̊
ab ˚d + 1− kabdVḡ(1.3)

is conformally invariant.

This proposition follows simply from weight considerations and the conformal
invariance of the conformal fundamental forms. The pairings above are linked to
conformally invariant Dirichlet and Neumann data for PDE boundary problems
constructed around the Fefferman-Graham obstruction tensor—and similar natu-
ral tensors. The main results are proved in Section 3. In Section 4, we discuss
variational problems linked to these boundary problems and treat the “grooming”
of the boundary terms to manifest the pairings (1.3). We then examine the con-
ditions that lead to well-posed variational problems on manifolds with boundary.
In this same section, we treat in detail the explicit variation in four dimensions.
In Section 5, we discuss the conditions in which Fefferman–Graham-flat mani-
folds with boundary admit Poincaré–Einstein structures. In dimension 4, the
Fefferman–Graham tensor is the well-known Bach tensor B and the Bach-flat con-
dition, namely B = 0, is a strict weakening of the Einstein condition. Thus, in
particular, PE manifolds are Bach flat. As mentioned above a PE manifold also
necessarily has I̊I = 0 along the the boundary. We prove that this necessary
condition is also sufficient for a Bach-flat 4-manifold with boundary to admit a
Poincaré–Einstein metric on its interior:

Theorem 1.5. Let (M4, c) be a smooth Bach-flat conformal manifold with umbilic
boundary. Then the conformal class of metrics on the interior of M contains a
metric that is, formally to all orders, Poincaré–Einstein.

In fact, in Section 5, we prove a stronger result that manifests how the metric
arises from the conformal class, see Theorem 5.1.
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1.1. Conventions. In this article, Md will refer to a smooth (meaning C∞) man-
ifold with dimension d. When paired with a metric g or an equivalence class
[g] = [Ω2g] for Ω ∈ C∞M , such a manifold is a Riemannian or conformal mani-
fold, respectively. Given a Riemannian manifold (or a representative of a conformal
manifold), the curvature tensor associated with the Levi-Civita connection ∇ is
denoted by R and is defined according to

R(x, y)z = (∇x∇y −∇y∇x)z −∇[x,y]z ,(1.4)

where x, y, z ∈ Γ(TM) are smooth vectors on M and [·, ·] is the Lie bracket of
vector fields.

For notational convenience, we implement Penrose’s abstract index notation,
where a subscript Latin index indicates a section of the cotangent bundle, a super-
script Latin index indicates a section of the tangent bundle, and multiple indices
indicates a section of the corresponding tensor product of the tangent and cotan-
gent bundles, with repeated indices following the Einstein convention. To that
end, we may express Equation (1.4) as

xaybRab
c
dz

d = xayb(∇a∇b −∇b∇a)z
c .

Furthermore, the metric gab has an inverse gab which may be used to raise and lower
indices in the usual way. Indices may be symmetrized over (with unit normaliza-
tion) using round brackets, e.g. X(ab) =

1
2
(Xab +Xba), and antisymmetrized with

square brackets, e.g. X[ab] =
1
2
(Xab −Xba). The tracefree part of a tensor can be

indicated via the symbol ◦, so that, for example, X(ab)◦ =
1
2
(Xab+Xba− 1

d
gabg

cdXcd).
Occasionally, we will use “dot product” notation to denote contractions using

the appropriate metric; that is, when v, u ∈ Γ(TM), we write u · v := g(u, v).
This notation can generalize to a vector contracted into a tensor, so that if t ∈
Γ(⊗kTM), then we may write (v · t)a2···ak := gabv

atba2···ak .
For conformal geometries, there exists a useful decomposition of the Riemann

curvature tensor into the Weyl curvature tensor and the Schouten tensor, given by

Rabcd = Wabcd + gacPbd − gbcPad − gadPbc + gbdPac ,

where the Schouten tensor is defined according to

Pab :=
1

d−2

(
Ricab −

Sc

2(d− 1)
gab

)
,

with the Ricci curvature convention given by Ricab = Rca
c
b and scalar curvature

Sc = Rica
a. Certain derivatives of the Weyl tensor appear in conformal geometry

quite frequently. The Cotton tensor is defined by

Cabc := ∇aPbc −∇bPac =
1

d−3
∇dWdcab ,

and the Bach tensor is given by

Bab := ∆Pab −∇c∇aPbc + P cdWacbd = ∇cCcab + P cdWacbd .(1.5)

(In the above, ∆ = gab∇a∇b is the negative Laplacian.)
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1.2. Riemannian hypersurface geometry. For later use in this article, we
record conventions and identities for hypersurface embeddings ι : Σ ↪→ (M, g),
which we always assume to be smooth embeddings into compact manifolds. Going
forward, we will identity the manifold Σ with its image under the embedding ι(Σ).

When Σ is the boundary of M , we denote by n ∈ Γ(TM |Σ) the inward pointing
unit normal vector. When Σ is merely an embedded hypersurface, n denotes some
unit normal vector. From this unit normal vector, we may construct the induced
metric on Σ via

ḡab = ι∗g = gab|Σ − nanb .

Then, for any extension of the unit normal vector to TM , the second fundamental
form may be expressed as

IIab = ∇⊤
a nb ,

where ∇⊤
a = ḡba∇b is the projection of the Levi-Civita connection on (M, g) to Σ,

with the mean curvature defined according to

H := 1
d−1

IIaa .

The induced connection on (Σ, ḡ) is related to this projection according to

∇̄av
b Σ
= ∇⊤

a v
b + nbIIacv

c ,

where v ∈ Γ(TΣ) and, on the right hand side is extended arbitrarily into TM .
The Gauss equation relates the induced curvature to the projection of the cur-

vature, so that
R̄abcd = R⊤

abcd + IIacIIbd − IIadIIbc .

Following from this equation, we find the trace-free Fialkow–Gauss equation:

I̊I2(ab)◦ −Wnabn = (d− 3)(P ⊤̊
ab − ˚̄P +H I̊Iab) =: (d− 3)F̊ ab ,(1.6)

where F̊ ab is the trace-free Fialkow tensor. The Codazzi–Mainardi equation, on
the other hand, takes the form

R⊤
abcn = ∇̄aIIbc − ∇̄bIIac ,

with its trace-free part taking the form

W⊤
abcn = ∇̄a I̊Ibc − ∇̄b I̊Iac +

1
d−2

(
ḡbc∇̄ · I̊Ia − ḡac∇̄ · I̊Ib

)
.(1.7)

2. Conformal Geometry and Tractor Calculus

Here a conformal manifold means a smooth manifold M of dimension n ⩾ 3
equipped with an equivalence class c of Riemanian metrics, where gab, ĝab ∈ c
means that ĝab = Ω2gab for some smooth positive function Ω.

On an n-manifold M the top exterior power of the tangent bundle ΛnTM is a
line bundle. Thus its square K := (ΛnTM)⊗2 is canonically oriented and so one
can take oriented roots of it. Given w ∈ R we set

(2.1) E [w] := K
w
2n ,

and refer to this as the bundle of conformal densities. For any vector bundle U ,
we write U [w] to denote U [w] := U ⊗ E [w]. For example, E(ab)[w] denotes the
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symmetric second tensor power of the cotangent bundle tensored with E [w], i.e.
S2T ∗M ⊗ E [w] on M .

On a fixed Riemannian manifold K is canonically trivialised by the square of the
volume form, and so K and its roots are not usually needed explicitly. However if
we wish to change the metric conformally, or work on a conformal structure then
these objects become essential. It is straightforward to show a weight w conformal
density ϕ, that is a section ϕ ∈ Γ(E [w]), can be interpreted as a double equivalence
class ϕ := [g; f ] = [Ω2g; Ωwf ] where f ∈ C∞M and we will use this henceforth
without further mention.

A weight w = 1 conformal density τ will be termed a choice of scale as, at all
points where it is non-zero, it determines a representative of the conformal class
of metrics gτ via the distinguished representative (gτ ; 1) in the equivalence class
τ = [gτ ; 1]. When τ > 0 we refer to it as a true scale. On a conformal manifold
there is evidently a canonical section g of ⊙2T ∗M [2] given by g = [g; g]. This is
called the conformal metric. The metric determined by τ ∈ Γ(E [1]) then arises as
gτ = τ−2g. In this article, when we do explicit computations we will pick a metric
and trivialize density bundles accordingly.

Given a true scale τ one has the corresponding Levi-Civita connection ∇gτ .
Clearly this acts naturally on densities and, in fact, as an operator on Γ(E [w]),
is recovered by the formula ∇τ = τw ◦ d ◦ τ−w. It follows that ∇gτ preserves the
conformal metric g and so we may use that to raise and lower indices without
confusion. It turns out that this simplifies many computations, and so we will do
this.

On a general conformal manifold (M, c), there is no distinguished connection
on TM . But there is an invariant and canonical connection on a closely related
bundle, namely the conformal tractor connection on the standard tractor bundle.
Here we review the basic conformal tractor calculus on Riemannian and conformal
manifolds. See [10, 19, 30] for more details. Unless stated otherwise, calculations
will be done with the use of generic g ∈ c.

Given a metric representative g ∈ c, the standard tractor bundle T M is isomor-
phic to the rank d+ 2 vector bundle

T M
g∼= EM [1]⊕ TM [−1]⊕ EM [−1] .

Sections of this bundle (and tensor products involving this bundle) are denoted
using capital latin letters for abstract indices, so that for example

(2.2) TA g
= (τ+, τa, τ−) .

While the isomorphism holds for any metric representative, the isomorphism trans-
forms non-trivially under conformal rescalings:

(2.3) TA Ω2g
= (τ+, τa +Υaτ+, τ− − τaΥa − 1

2
|Υ|2gτ+) ,

where Υ := d log Ω.
The tractor bundle decomposition determined by a metric g ∈ c, as given in

(2.2), is captured by three bundle maps or injectors : XA ∈ Γ(T M [1]), ZA
a ∈
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Γ(T ∗M ⊗ T M [1]), and Y A ∈ Γ(T M [−1]) characterised by

TA g
= τ+Y A + τaZA

a + τ−XA .

These have conformal transformations determined by (2.3). In particular XA is
independent of the choice of metric representative; we label it the canonical tractor.
The other injectors depend on a the choice of metric representative. Nevertheless
another choice-independent tractor may also be constructed from these injectors:
the tractor metric, expressed in a choice of metric representative g ∈ c:

hAB g
:= gabZA

a Z
B
b + 2X(AY B) ∈ Γ(⊙2T M) .

As it is invertible this identifies T M with its dual T ∗M .
Additionally, one may use these injectors to construct sections of tractor bun-

dles from sections of tensor products of the (co)tangent bundle (or the weighted
equivalent). Doing so invokes differential operators known as splitting operators
(see [45] for a complete characterization). It is sufficient for us to note that these
are operators with left-inverses. One relevant example of a splitting operator takes
the form
(2.4)

qabAB : Γ(⊙2
◦T

∗M [w + 2]) → Γ(⊙2
◦T M [w])

tab 7→ Za
AZ

b
Btab − 2

d+w
X(AZ

a
B)∇btab

+ 1
(d+w)(d+w−1)

XAXB(∇a∇btab + (d+ w)P abtab) .

Note that this operator lives in the kernel of contraction with X.
The tractor connection ∇T is defined, in a choice of scale τ , by

∇T
a T

B g
= (∇τ

aτ
+ − gacτ

c,∇τ
aτ

b + gb
aτ

− + (P gτ )baτ
+,∇τ

aτ
− − (P gτ )abτ

b) .

It is straightforward to check via the tractor transformation identity that ∇T is
indeed a choice-independent connection on conformal manifolds.

From its definition, one observes that, for a choice of metric g ∈ c,

∇T
b X

A =ZA
b

∇bZ
A
a =− (P g)abX

A − gabY
A

∇bY
A =(P g)abZ

A
a .

where on the left hand side we have coupled the tractor connection to the Levi-
connection of gτ . These relations are useful for computations and, in particular,
using these one can verify that the tractor connection preserves the tractor metric

∇τ
ahBC = 0.

It follows that it sensible to use hBC and its inverse to lower and raise indices.
A non-trivial fact is that one may couple the tractor connection and the Levi-

Civita connection in a way to produce a tractor-valued differential operator, called
the Thomas-D operator, that acts on any weighted tractor bundle, and is inde-
pendent of the choice of metric representative. This is defined, in a choice of scale,
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by

DAT
gτ
:= (d+ 2w − 2)wY AT + (d+ 2w − 2)gabZA

a ∇T
b T −XA(∆T + wJgτ )T ,

where T is weight-w section of a tractor bundle.
Closely linked to the tractor connection (see e.g. [10]) is the conformally invariant

differential operator Dab : Γ(E [1]) → ⊙2
oT

∗M [1]) given by

(2.5) Dabτ = ∇a∇bτ + P̊abτ.

This is sometimes called the almost-Einstein operator because non-zero solutions
to Dabτ = 0 are scales such that g = τ−2g is Einstein on the open dense set
(we assume M connected) where τ is non-zero, and such solutions correspond to
parallel standard tractors [29, 28].

Next, for our purposes it is useful to recall from [10] the notion of the normal
tractor. This is a natural section of T |∂M along the boundary ∂M of a conformal
manifold M with boundary. In a choice of metric representative, this is given by

NA g
:= (0, na,−Hg) ∈ Γ(T M |Σ) ,

where n is the inward-pointing unit normal vector to the boundary Σ satisfying
|n|2g = 1 and Hg is its mean curvature for the representative g. Elsewhere, we use
the same symbol n to refer to any extension of n off Σ unless specified. It is easily
checked that the display transforms according to (2.3), and so NA is a conformally
invariant tractor field.

Now, given a conformal hypersurface embedding Σ ↪→ (Md, c), one may always
(formally) solve the singular Yamabe problem to an order determined by the di-
mension of the manifold, see [7], and, for the way we describe it here, [33, Theorem
4.5]:

Proposition 2.1. Let Σ ↪→ (Md, c) be a smooth conformal hypersurface embedding
with σ0 := [g; s] ∈ Γ(EM [1]), where s is any defining function for Σ. Then there
exists a distinguished density σ ∈ Γ(EM [1]) unique modulo terms of order O(σd+1

0 )
satisfying

1
d2
|Dσ|2 = 1 + σdBσ ,

for some smooth density Bσ ∈ Γ(EM [−d]).

We call the density σ, distinguished by the above proposition, the singular
Yamabe density, the metric it determines go := g/s2 the singular Yamabe metric,
and Bσ|Σ ∈ Γ(EΣ[−d]) the obstruction density ; note that the obstruction density
is independent of the choice of σ0 and thus is an invariant of the embedding.

From this result, and the conformal invariance of the almost-Einstein operator
(2.5), it follows immediately that associated to any conformal hypersurface embed-
ding one may construct a canonical almost-Einstein tensor Eab, unique to order
σd−1:

Proposition 2.2. Let Σ ↪→ (Md, c) be a smooth conformal hypersurface embedding
with singular Yamabe density σ := [g; s] ∈ Γ(EM [1]). Then

Eab := Dabσ
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is uniquely determined modulo terms of order O(σd−1).

The above results are local. But from the works of [41, 9, 7] (see the discussion
in the introduction of [35] for more details), there is a stronger, global result:

Proposition 2.3. On a compact conformal manifold with boundary, there exists a
unique solution σ to the singular Yamabe problem. Furthermore, if the obstruction
density vanishes, then that solution is smooth.

Remark 2.4. For convenience, we will refer to a singular Yamabe metric as smooth
when the singular Yamabe density it arises from is smooth.

As a corollary, when the obstruction density vanishes, the almost Einstein tensor
E above is determined uniquely by the conformal embedding.

Corollary 2.5. Let (Md, c) be a compact conformal manifold with smooth bound-
ary embedding Σ ↪→ (Md, c) and vanishing obstruction density. Then, E ∈
Γ(⊙2

◦T
∗M [1]) is smooth up to the boundary and is uniquely determined by the

boundary embedding and the conformal structure (M, c).

Proof. From Proposition 2.3, we have that there exists a unique smooth singular
Yamabe density σ. But E is defined by a conformally invariant differential operator
on σ, and hence as σ only depends on the boundary embedding and the conformal
structure, so does E. Furthermore, as σ is smooth up to the boundary (and the
underlying conformal structure is also), so is E.

□

3. Fefferman–Graham Obstruction Tensors and the Main Results

In [22, 23], it is shown that on each even-dimensional conformal manifold (Md, c),
the so-called Fefferman–Graham obstruction tensor O(d) arises as a distinguished,
divergence-free section of ⊙2

◦T
∗M [2 − d]. These tensors get their name from the

fact that they appear as the smoothness obstruction to a formal solution of the
Poincaré–Einstein equation on a (d + 1) dimensional manifold. More specifically,
given a conformal manifold embedded as the boundary of a smooth manifold
(Σ, c̄) ↪→ Md (with d odd), the existence of a formal extension c of c̄ to M
containing a Poincaré–Einstein metric as a reprensentative is obstructed by the
Fefferman–Graham obstruction tensor of (Σ, c̄). These tensors are of special in-
terest as, aside from the Weyl tensor, they are the only conformally-invariant
curvature tensors that are linear in the curvature at leading order [22]. For our
purposes, this fact is critical.

The Fefferman–Graham obstruction tensor also arises variationally from a con-
formally invariant energy functionalˆ

Md

Qd dV(3.1)

where Qd is Branson’s Q-curvature in d dimensions [36]. While Q-curvatures are
not conformally-invariant themselves, they transform invariantly with weight −d
modulo a divergence—hence, on a closed manifold, Display (3.1) is an integrated
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conformal invariant. However, for our purposes, we require an integral whose
integrand is pointwise conformally-invariant and whose variation is the Fefferman–
Graham obstruction tensor. That such a pointwise-invariant exists is captured in
the following two propositions.

Proposition 3.1. Let (Md, c) be an even-dimensional conformal manifold. Then,
the ambient scalar invariant Ld := |∇̃ d−4

2 R̃|2 ∈ Γ(EM [−d]) is the unique (mod-
ulo terms cubic or higher order in curvature) natural conformal invariant that is
quadratic in curvature at this weight.

Proof. From the construction provided by Fefferman and Graham [23, Proposition
9.1], the ambient invariant Ld := |∇̃ d−4

2 R̃|2 is a scalar conformal invariant. Fur-
thermore, it is straightforward to check that it is quadratic at leading order. It
thus remains to show that this conformal invariant is unique.

To do so, we note from the construction provided by Fefferman and Graham,
that, for a fixed d, there exists a dimension-parametrized family of formulas for
conformal invariants {Ld′

d }d′ where for each even d′ > d, the formula is given by

Ld′

d := |∇̃
d−4
2 R̃|2 .

Now, because the ambient curvature has vanishing Laplacian and divergence in
sufficiently high dimension and a vanishing Ricci curvature to sufficiently high
order, it follows that the ambient tensor ∇̃ d−4

2 R̃ is trace-free modulo lower-order
curvature terms. Furthermore, from the Bianchi identity and the Ricci identity, it
follows that we may not antisymmetrize over more than two indices without this
expression being expressible in terms of lower-order invariants. It follows from
straightforward representation theory that Ld′

d is a formula for a unique (modulo
terms cubic or higher order in the curvature) scalar conformal invariant for all
d′ > d.

Now for contradiction suppose that there are two distinct invariants (at qua-
dratic order in curvature) of the same form when d′ = d. Then, those two invariants
would be realized as formulas that produce two distinct families of conformal in-
variants all even dimensions d′ > d. However, from the uniquness argument above
in d′ > d, these families of invariants must agree at quadratic order in curvature.
This then implies that there exist at least one family of curvature identities that
hold in all dimensions d′ > d that does not hold in d dimensions. But no such
curvature identities exist—a contradiction. This establishes that the invariant
Ld ∈ Γ(EM [−d]) is the unique conformal invariant (of this weight that is qua-
dratic at leading order) constructible from the ambient metric. However, from [23,
Theorem 9.4], all natural conformal invariants at this weight are constructible from
the ambient metric. So uniqueness follows. □

Low-lying invariants of this form are known explicitly. In four dimensions, we
have the (clearly) invariant density L4 := |W |2 ∈ Γ(EM [−4]). In six dimensions,
Fefferman and Graham presented another invariant,

L6 := |V |2 + 16W abcd(∇aCdcb − P e
aWebcd) + 16CabcC

abc ,

where Vabcde has leading term ∇aWbcde and subleading terms that are pure trace.
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Now we show that it is precisely this family of pointwise conformal invariants
whose integrals vary into the Fefferman-Graham obstruction tensors.

Proposition 3.2. Let (Md, g) with d even be a manifold without boundary. Then,
there exists at least one pointwise conformal invariant Ld ∈ Γ(EM [−d]) that is
quadratic in curvature at leading order such that

δ

ˆ
M

LddV =

ˆ
M

(δg)abO(d)
ab dVg ,

where O(d) is the Fefferman–Graham obstruction tensor in d dimensions. Fur-
thermore, all such pointwise conformal invariants are proportional to Ld modulo
terms of cubic or higher order in curvature, and their functional L2-gradient are
the Fefferman–Graham obstruction tensor modulo terms quadratic in curvature.

Proof. From [36], there exists a natural scalar invariant called the Branson Q-
curvature sastisfying

δ

ˆ
M

QgdVg =

ˆ
M

habO(d)
ab dVg .

Furthermore,
´
M
QgdVg is a global conformal invariant. Now from [3] it thus fol-

lows that the Q-curvature is decomposable as a sum of a Pfaffian, a pointwise
conformal invariant, and a divergence. As the Pfaffian term is topological, it can-
not contribute to the metric variation. Furthermore, divergences can be omitted
because the manifold is closed. Thus, there exists a pointwise conformal invariant
that varies into the Fefferman–Graham obstruction tensor. By fiat, we identify an
arbitrary such pointwise conformal invariant with Ld.

Now, at leading order it is known that O(d) ∝ ∆
d−4
2 B. But because O(d) is linear

at leading order in curvature, it can only arise variationally from curvature invari-
ants that are at most quadratic (at leading order) in curvature. However, because
the only conformal invariants that are linear in curvature are the Weyl curvature
and the obstruction tensor [22], there are no conformally-invariant scalars that are
linear in curvature. Hence, it follows that O(d) arises variationally from a conformal
invariant that is quadratic in curvature at leading order. Thus Ld is as required
by the proposition. Furthermore, by the uniqueness provided in Proposition 3.1,
all possible choices of Ld must be proportional to Ld modulo terms that are at
least cubic in curvature. □

That such pointwise conformal-invariants exist will be instrumental in construct-
ing d̊. However, before we may proceed with the proof of Theorem 1.1, we first need
to provide some technical results regarding the existence of certain conformally-
invariant normal derivative operators.

To construct the required normal derivative operators, we reproduce the follow-
ing propositions.

Proposition 3.3 (Proposition 5.8 of [31]). Let k ∈ Z+ be given. Then there exists
a family of conformally invariant operators δK : Γ(T ΦM [w]) → Γ(T Φ[w −K])|Σ
defined by

δK := NA2 · · ·NAkδRDA2 · · ·DAk
,
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with transverse order K so long as

w ̸∈
{

2K−1−d
2

, 2K−2−d
2

, · · · , K+1−d
2

}
.

Here, δR : Γ(T ΦM [w]) → Γ(T ΦM [w − 1])|Σ and is defined by δR := ∇n − wH.

Proposition 3.4 (Theorem 3.4 of [13]). Let J, k ∈ Z+ such that 0 < J , 0 <
k < d/2 and let d be even. Then, there exists a family of conformally invariant
differential operators δJ,k : Γ(T ΦM [w]) → Γ(T ΦM [w − k − J ])|Σ determined as
follows. For k ⩽ J ,

δJ,k = NA1 · · ·NAkδJPA1···Ak
,

where PA1···Ak
is a tractor-valued operator with leading derivative term equal to

DA1 · · ·DAk
, and all subleading terms depend at least linearly on the W -tractor.

For k > J , then δJ,k is determined by the equation

(d+ 2w − 2k)δJ,k = NA1 · · ·NAkδJPA1···Ak
.

When w = k − d/2, δJ,k has transverse order J + k.

Notably, these results are concerned with conformally-invariant normal deriva-
tive operators on tensor products of (weighted) tractor bundles. For our purposes,
we require the existence of the same on tensor products of (weighted) (co)tangent
bundles—in particular, we require transverse derivatives on conformal metric vari-
ations δg := h ∈ Γ(⊙2T ∗M [2]). That the required operators exist up to order d−3
is proved in the following proposition.

Proposition 3.5. Let Σ ↪→ (Md, c) be a conformally-embedded hypersurface with
d even. Then, for each 2 ⩽ k ⩽ d− 3, there exists a family of operators

δ
(k)

⊤̊ :Γ(⊙2
◦T

∗M [2]) → Γ(⊙2
◦T

∗Σ[2− k])

δ(k)n :Γ(⊙2
◦T

∗M [2]) → Γ(T ∗Σ[1− k])

δ(k)nn :Γ(⊙2
◦T

∗M [2]) → Γ(EΣ[−k]) ,

with leading transverse terms ⊤̊ ◦ ∇k
n, ⊤ ◦ (n · ∇k

n), and (n⊗ n) · ∇k
n, respectively.

Furthermore, there exist conformally-invariant operators

δ
(1)

⊤̊ :Γ(⊙2
◦T

∗M [2]) → Γ(⊙2
◦T

∗Σ[1])

δ(1)nn :Γ(⊙2
◦T

∗M [2]) → Γ(EΣ[−1]) ,

with leading transverse terms ⊤̊∇n and (n⊗ n) · ∇n respectively.

Proof. To prove the proposition, we construct the operators acting on h ∈ Γ(⊙2
◦T

∗M [2])
according to the following formulae and then verify that they have the correct lead-
ing transverse order term:

δ
(k)

⊤̊ h :=− 2
d−2

(Q̄∗
2 ◦ ⊤̊δkD[Aq

bc
B]C)(hbc)

δ(k)n h :=− 2
d−2

(Q̄∗
1 ◦ ⊤NBδkD[Aq

bc
B]C)(hbc)

δ(k)nnh :=− 2
d−2

(XANBNCδkD[Aq
bc
B]C)(hbc) ,
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where 1 ⩽ k ⩽ d− 3 for the first and third operators,2 ⩽ k ⩽ d− 3 for the second
operator, and qabAB is defined as in Equation (2.4). In the above, for 1 ⩽ k ⩽ d

2
− 1,

we define δk := δk and for d
2
⩽ k ⩽ d − 3, we define δk := δk−d/2+1,d/2−1, both

of which are transverse-order k normal derivative operators. Further, Q̄∗
1 and Q̄∗

2

are defined below (by construction). For brevity in this proof, we define HAB :=
qabAB(hab) and HABC := − 2

d−2
D[AHB]C .

Using the formula for qabAB in Section 2, H is well-defined when d ̸= 0, 1. Next,
a short calculation yields

XAZB
b Z

C
c HABC = − 1

d−2
XAZB

b Z
C
c DBHAC

= −XAZC
c ∇bHAC

= hbc .

Furthermore, it is easy to check that XAZB
b X

CHABC = 0. It follows that the
conformally-invariant part of HABC is proportional to Y[AZB]ZC .

We must now show that δk maps the Y ∧ Z ⊗ Z slot to k normal derivatives of
h to leading order in the same slot. First, by the definition given, when k ⩽ d

2
− 1,

it follows from Proposition 3.3 that δk = ∇k
n + lower order terms. Similarly, from

Proposition 3.4, when d
2
⩽ k ⩽ d − 3, δk = ∇k

n + lower order terms. This is
necessary to show that δkH may contain a term of the form Y[AZ

a
B]Z

b
C∇k

nhab. To
check that δkH indeed does contain such a term, it suffices to verify that other
terms do not cause a cancellation of its coefficient.

Now, by explicitly computing commutators, we have the following identities for
k ⩾ 3,

[∇k
n, XA] = kZAn∇k−1

n − 1
2
k(k − 1)YA∇k−2

n +O(∇k−3
n )

[∇k
n, YA] = O(∇k−2

n )

[∇k
n, Z

a
A] = −knaYA∇k−1

n +O(∇k−2
n ) ,

Note these identities also hold for k = 2, except

[∇2
n, XA] = 2ZAn∇n − YA .

In the above, we have dropped any terms that involve curvatures or derivatives of
n (as by weight considerations they cannot be of sufficiently high transverse order
to contribute to the leading order structures in the desired operators). Using these,
we have that for k ⩾ 2,
(3.2)
XAZB

b Z
C
c ∇k

nHABC =− (k−1)(2d−k−4)
2(d−2)2

∇k
nhbc +

k(k−1)(2d−k−4)
2d(d−2)2

ncn
a∇k

nhba

+ k(2d2−dk−5d+4)
2d(d−2)2

nbn
a∇k

nhca − k(2d2−dk−5d+4)
2d(d−1)(d−2)2

gabn
cnd∇k

nhcd

− k(k−1)(2d−k−4)
2d(d−1)(d−2)

nanbn
cnd∇k

nhcd

+ lower order terms.

The first, second, and fifth terms in this expression only vanish when k = 2d− 4,
which for k ⩽ d − 3 and d ⩾ 4 is never satisfied. Similarly, the third and fourth
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terms only vanish for k ⩾ 2 when k = 4 and d = 4, which is disallowed because
k ⩽ d − 3. We have thus established that δkH contains a term proportional to
a non-zero constant times ∇k

nh. It remains to check that the remainder of the
compositions necessary to construct the operators δ(k), δ(k)n , and δ

(k)
nn do not ruin

this feature.
Now, because we are interested in irreducible projections to the boundary of

these normal derivative operators, we can contract with the normal tractor N and
take the relevant traces. So, again keeping only leading normal derivative terms,
we find that

⊤̊XAZB
b Z

C
c ∇k

nHABC
Σ
= − (k−1)(2d−k−4)

2(d−2)2
⊤̊∇k

nhbc .

Similarly, by multiplying Equation (3.2) by nb and nbnc respectively, we obtain

⊤XANBZC
c ∇k

nHABC
Σ
= d−k

d(d−2)
naḡbc∇k

nhab ,

and
XANBNC∇k

nHABC
Σ
= (d−k)(2d2−2dk+k2−6d+3k+4)

2d(d−1)(d−2)2
nbnc∇k

nhbc .

Note that all of these have nonzero leading terms for the allowed values of k.
The final step is to show that we may extract these leading terms from the

tractor construction via operators labelled Q̄∗. Note that this is only required for
the two operators taking values in tensor-valued densities—for the operators that
map h to a scalar, we are already done. Now, for those operators δ

(k)

⊤̊ and δ
(k)
n ,

we extract the appropriate normal derivative operators by contracting the tractor
with X and then applying the formal adjoint q̄∗ of the relevant insertion operator
q̄. On a symmetric trace-free rank-2 tractor WAB ∈ Γ(⊙2

◦T Σ[w]), this formal
adjoint operator takes the form [45]

q̄∗2(W
AB) =

(
w(w + 1)Z̄

(a
A Z̄

b)◦
B − 2(w + 1)∇̄(aZ̄

b)◦
A XB

+ ∇̄(a∇̄b)◦XAXB − wP̄ (ab)◦XAXB

)
WAB .

Similarly, for a tractor vector V A ∈ Γ(T Σ[w]),

q̄∗1(V
A) =

(
−(w + 1)Z̄a

A + ∇̄aXA

)
V A .

Observe that when XAXBW
AB = 0, the extraction operator q̄∗2 may further be

defined when w = −1 by weight continuation.
Now we define

Q̄∗
2(TABC) := q̄∗2 ◦ ⊤̊(XATA(BC)◦)

Q̄∗
1(TABC) := q̄∗1 ◦ ⊤(XBNCTABC)

for tractor sections of ⊗3T M [−k− 1]. Observe that for values of k ⩾ 2, the above
operators containing q̄∗1 and q̄∗2 are well-defined and extract the desired tensor.
It follows that δ

(k)

⊤̊ and δ
(k)
n exist. On the other hand, for k = 1, observe that

XAXBδ1HABC = 0 from the symmetry of H, and so Q̄∗
2(δ

1HABC) is well-defined
as well. This ensures that δ

(1)

⊤̊ exists. This completes the proof.
□
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We are now ready to prove the main result.

Proof of Theorem 1.1. As noted in Proposition 3.2, on a manifold without bound-
ary,
´
M
LddV varies into the obstruction tensor. Note that because Ld is quadratic

in curvature at leading order, integration by parts occurs at least twice in order
to obtain the leading structure of the obstruction

´
hab(∆

d−4
2 Bab + subleading).

Now such a term can only arise (up to identities) at leading order via integration
by parts from an integral of the form

−
ˆ (

α∇c∆
d−6
2 Bab + (1− α)∆

d−4
2 Ccab

)
∇chab ,

for some constant α, which follows because Bab = ∇cCcab + lower order. Indeed,
after integrating by parts, we are left with (modulo subleading terms),ˆ [

hab∆
d−4
2 Bab −∇c

(
αhab∇c∆

d−6
2 Bab + (1− α)hab∆

d−4
2 Ccab

)]
,

as required.
Now for a manifold without boundary, the divergence term vanishes—however,

when the manifold has a boundary, the boundary term (again, modulo subleading
terms) takes the formˆ

Σ

nchab
(
α∇c∆

d−6
2 Bab + (1− α)∆

d−4
2 Ccab

)
=

ˆ
Σ

nchab
(
α∇c∆

d−6
2 ∇dCdab + (1− α)∆

d−4
2 Ccab

)
+ subleading

=

ˆ
Σ

αndhab∇2
n∆

d−6
2 Cdab + (1− α)nchab∆

d−4
2 Ccab + subleading

=

ˆ
Σ

habnd∆
d−4
2 Cdab + subleading ,

where n is an inward pointing unit normal vector. In particular, this term has a
non-vanishing coefficient. Our goal now is to show that this leading transverse-
order integrand on the boundary combines with lower order terms to produce a
pointwise conformal invariant with leading structure nd∆

d−4
2 Cd(ab) contracted into

the metric variation along the boundary.
By construction, the variation of the integral in question is conformally invariant

as is the bulk integral itself (which can be established by examining the variation
of the integral on a manifold without boundary). It follows that the boundary
integral arising from the variation is separately conformally invariant.

To show pointwise invariance of the integrand along the boundary, we now must
decompose the integral along Σ.

In general, the integrand of the boundary integral can be expressed in terms of
bulk curvatures, the normal vector, the metric variation, and their derivatives. Fur-
thermore, those derivatives can be decomposed into intrinsic hypersurface deriva-
tives and transverse derivatives. Moreover because the boundary has no boundary,
we may integrate by parts to remove intrinsic hypersurface derivatives from the
metric variation, leaving only transverse derivatives on metric variations contracted
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into curvatures (whether intrinsic or extrinsic) and copies of the normal vector.
Then we perform a tangential decomposition of those transverse derivatives on
metric variations into four independent components:

⊤̊∇k
nh̊ab ⊤nb∇k

nh̊ab nanb∇k
nh̊ab ∇k

nh
a
a .

Observe that the first integration by parts to remove derivatives from h may
leave up to d−3 derivatives on h, as schematically terms of the form (∇mW ) · (∇ℓ+2h)
with m+ ℓ = d− 4 can appear in Ld. So we can then the boundary integral as

ˆ
Σ

dVḡ

d−3∑
i=0

(
Ō(i)∇i

nh
a
a + P̄(i)n

anb∇i
nh̊ab + Q̄a

(i)⊤(nb∇i
nh̊ab) + R̄ab

(i)⊤̊∇i
nh̊ab

)
where Ō(i), P̄(i) ∈ C∞Σ, Q̄a

(i) ∈ Γ(TΣ), and R̄ab
(i) ∈ Γ(⊙2

◦TΣ) are composed of
intrinsic and extrinsic curvatures and their derivatives for each i ∈ {0, . . . , d− 3}.

To simplify this integral, we may first consider just those variations h = fg,
i.e. those that are pure trace. However, note that such a variation amounts to a
family of metrics (gt)ab = (1 + ft)gab. But then gt is in the same conformal class
as g, and hence any such variation must vanish from the conformal invariance of
the integral. Hence, Ō(i) vanishes for each i; indeed, going forward any coefficient
of a pure-trace term must vanish.

Now, from Proposition 3.5, we may express the various projections of normal
derivatives on the weight 2 tensor h in terms of conformally-invariant operators
on h̊. In particular, starting at i = d− 3, we may express

nanb∇d−3
n h̊ab = (δ(d−3)

nn h̊) + lower order terms

⊤nb∇d−3
n h̊ab = (δ(d−3)

n h̊)a + lower order terms

⊤̊∇d−3
n h̊ab = (δ

(d−3)

⊤̊ h̊)ab + lower order terms .

Thus, we can replace the i = d− 3 terms in the above integral with conformally-
invariant expressions plus lower order terms that depend on at most d−4 transverse
derivatives of h. In doing so, it is possible that there may be intrinsic hypersurface
derivatives on those lower order terms. To handle those, we can integrate-by-parts,
leaving us with a new (but equivalent) integral. Then, by induction we can apply
this same procedure to the case where i = d− 4, replacing each normal derivative
with the conformally-invariant equivalent. Descending down to i = 2 for δ

(i)
n and

i = 1 for the other operators, we come to an the integral of the form

(3.3)
ˆ
Σ

dVḡ

d−3∑
i=1

(
P̃(i)(δ

(i)
nnh̊) + R̃ab

(i)(δ
(i)

⊤̊ h̊)ab

)
+

ˆ
Σ

dVḡ

d−3∑
i=2

Q̃a
(i)(δ

(i)
n h̊)a

+

ˆ
Σ

dVḡ

(
P̂(0)̊hnn + Q̂a

(0)h̊
⊤
na + Q̂a

(1)⊤(nb∇n̊hab) + R̂ab
(0)⊤̊h̊ab

)
.

As the whole integral is conformally invariant and each term in the decom-
position of the transverse jets of the variation is independent and via arbitrary
variations maps surjectively onto its range, it follows from Proposition (3.5 that
each of the tensors P̃(i) and R̃ab

(i) for 1 ⩽ i ⩽ d− 3 is conformally-invariant and for
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each 2 ⩽ i ⩽ d − 3, Q̃a
(i) is conformally invariant. So each term in the first two

integrals has been decomposed into pointwise conformal invariants, and the third
integral in Display (3.3) is independently conformally invariant.

Now observe that one may choose h such that nb∇n̊hab|Σ ̸= 0 but h̊|Σ = 0. Then,
nb∇n̊hab|Σ is itself conformally invariant, as its failure to be conformally invariant
vanishes when h̊|Σ vanishes. As the coefficient nb∇n̊hab|Σ is arbitrary, this ensures
that Q̂a

(1) must be pointwise conformally invariant and is a section of TΣ[1− d].
Now, by explicit computation we find that under a conformal rescaling g 7→ Ω2g,

⊤(nb∇n̊hab) 7→ ⊤(nb∇n̊hab)− Ῡåhnn +⊤(Ῡc̊hac) ,

where Ῡ = ∇⊤ log Ω|Σ. Thus, by conformally varying each term in the third inte-
gral of Display (3.3) and recalling that said integral is itself conformally invariant,
it is clear that

P̂(0) 7→Ω̄1−d(P̂(0) + ῩaQ̂
a
(1))

R̂ab
(0) 7→Ω̄−1−d(R̂ab

(0) − Ῡ(aQ̂
b)◦
(1)) ,

where Ω̄ := Ω|Σ.
Observe that ∇̄aQ̂

a
(1) is conformally invariant and

∇̄(aQ̂
b)◦
(1) 7→ Ω̄−1−d(∇̄(aQ̂

b)◦
(1) − (d− 1)Ῡ(aQ̂

b)◦
(1)) .

So, defining

Q̃a
(0) :=Q̂a

(0)

R̃ab
(0) :=R̂ab

(0) − 1
d−1

∇̄(aQ̂
b)◦
(1) ,

each of Q̃a
(0) and R̃ab

(0) are pointwise conformally invariant. Furthermore, the third
integral in Display (3.3) becomesˆ

Σ

dVḡ

(
Q̃a

(0)h̊
⊤
na + R̃ab

(0)⊤̊h̊ab

)
+

ˆ
Σ

dVḡ

(
P̂(0)̊hnn + Q̂a

(1)⊤(nb∇n̊hab) +
1

d−1
(∇̄(aQ̂

b)◦
(1))⊤̊h̊ab

)
.

Finally we note that the leading transverse-order term in each of Q̄(i) and R̄(i)

is unchanged as it is replaced by Q̃(i) and R̃(i) respectively. This follows because
the leading transverse order term of any coefficient with index (i) is greater than
the leading transverse order term of any coefficient with index (j) when i < j. So,
R̃ab

(0) ∈ Γ(T ∗Σ[3− d]) and it has leading transverse order term ⊤̊
(
nd∆

d−4
2 Cd(ab)

)
,

which has transverse order d− 1. Thus the theorem holds. □

Remark 3.6. For notational brevity going forward, we will define δ
(1)
n ≡ 0, the zero

operator, Q̃a
(1) ≡ 0, the zero section of TΣ[1− d], and P̃(0) ≡ 0, the zero section of

EΣ[1− d]. Further, we will denote by I the conformally-invariant integral

I :=

ˆ
Σ

dVḡ

(
P̂(0)̊hnn + Q̂a

(1)n
b∇n̊hab +

1
d−1

(∇̄(aQ̂
b)◦
(1))⊤̊h̊ab

)
,
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so we can write the variation δS as

δS =

ˆ
M

O(d)
ab h

abdVg + I +

ˆ
Σ

dVḡ

d−3∑
i=0

(
P̃(i)(δ

(i)
nnh̊) + Q̃a

(i)(δ
(i)
n h̊)a + R̃ab

(i)(δ
(i)

⊤̊ h̊)ab

)
.

(3.4)

In the above, each R̃(i) is an example of a ˚d− i, and we suspect that P̃(i) are closely
related to the scalar conformal fundamental forms of [27]. It appears that each
Q̃a

(i) is a novel vector-valued conformal hypersurface invariant.

Theorem 1.2 arises as a corollary of Theorem 1.1:

Proof of Theorem 1.2. In Theorem 1.1 we have established, among other things,
that there exists a natural conformal hypersurface invariant d̊ ∈ Γ(⊙2

◦T
∗Σ[3 −

d]) with transverse order d − 1 and leading term ⊤̊
(
nd∆

d−4
2 Cd(ab)

)
. From [14,

Corollary 3.3], it follows that this section has unique leading transverse order term.
In general, such an invariant is not unique as it may be adjusted (at subleading
order) by adding conformally-invariant terms of the appropriate weight and tensor
type of lower transverse order like ( I̊Id−1)(ab)◦ . However, when Σ ↪→ (M, c) is
the conformal manifold associated with a Poincaré–Einstein manifold, it follows
from [16, Theorem 1.8] and [14, Theorem 1.1] that all subleading conformally-
invariant terms vanish, with the possible exception of conformal invariants intrinsic
to the hypersurface (Σ, c̄). However, there are no such conformal invariants of
weight 3 − d, as 3 − d is odd and all natural intrinsic conformal invariants have
even weight. So the uniqueness of the leading order structure and the vanishing of
subleading conformal invariants implies that this invariant is uniquely determined
by the Poincaré–Einstein structure (up to multiplication by a constant). But then
it must agree with the image of the Dirichlet-to-Neumann map DN(d) as described
in [15]. □

3.1. Conserved Currents. Having constructed d̊, we now may use it to fur-
ther glean information about the way the boundary of a conformal manifold is
embedded. Indeed, we may straightforwardly prove Corollary 1.3.

Proof of Corollary 1.3. First, observe that by a straightforward computation, one
may show that for any section tab ∈ ⊙2

◦T
∗Σ[3 − d], it follows that ∇̄atab is itself

conformally invariant and a section of T ∗Σ[1− d].
Next, from Theorem 1.2, it follows that d̊ is the image of the Dirichlet-to-

Neumann map for the Poincaré–Einstein problem. But then its divergence van-
ishes, see [15, Remark 3.10]. □

In light of Corollary 1.3, we may improve the definition found in [16] for an
asymptotically Poincaré–Einstein manifold. To do so we first requires a standard
definition:

Definition 3.7. Let (M, c) be a conformal manifold with boundary. Recall go ∈
c|M+ is conformally compact if gs = s2go extends smoothly as a metric to the
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boundary, for s ∈ C∞M some boundary (equivalently any) defining function. In
this case the scalar curvature Scg

o extends smoothly to the boundary, and we use
Scg

o to denote that extension. Let go ∈ c|M+ be a conformally compact metric
such that

Scg
o

= −d(d+ 1) +O(s) .

We call such a metric representative an asymptotically hyperbolic metric. ∗
Similarly, from the conformal invariance of the almost-Einstein operator (2.5) it

follows that, on a conformally compact manifold (M, go), the quantity sP̊ go (with s
as above) also extends smoothly to the boundary. As the vanishing of this quantity
is equivalent to the Einstein condition, we are now able to define a special kind of
asymptotically hyperbolic metric:

Definition 3.8. Let (M, c) be a conformal manifold with boundary and let go

be an asymptotically hyperbolic metric on its interior. Then go is said to be
asymptotically Poincaré–Einstein if

sP̊ go = O(sd−2),

where s ∈ C∞M that is a defining function for the boundary, and the boundary
embedding ∂M ↪→ (M, c) satisfies ∇̄ · d̊ = 0. ∗
Observe that the first condition for a metric go to be asymptotically Poincaré–
Einstein is directly inspired. However the second condition can not be easily read
off from the Einstein condition alone, but is rather suggested by the result in
Corollary 1.3.

In view of Definition 3.8 and Propositions 2.1 and 2.3, it is evident that when
there exists an asymptotically Poincaré–Einstein metric in the conformal class of
the interior of a conformal manifold with boundary, the singular Yamabe metric is
one such metric. In fact it is the canonical such metric, up to the given order, as a
consequence of the uniqueness of the singular Yamabe solution. (The point here is
that any PE metric is, in particular, a singular Yamabe solution, so if a PE metric
exists, the uniqueness of the singular Yamabe metric implies the PE metric is also
unique.) For brevity, we will say that a conformal manifold with boundary admits
an asymptotically Poincaré–Einstein metric when there exists such a metric in the
conformal class of the interior of the manifold.

As a consequence of the main theorem of [16] and the Definition 3.8 given above,
we are thus able to state the simple corollary:

Corollary 3.9. Let (M, c) be an even-dimensional conformal manifold with bound-
ary. Then (M, c) admits an asymptotically Poincaré–Einstein metric if and only
if k̊ = 0 for all k ∈ {2, 3, . . . , d− 1} and ∇̄ · d̊ = 0.

On the other hand, when ∇̄ · d̊ ̸= 0, this 1-form is a distinguished 1-form on the
boundary of the conformal d-manifold.
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4. Conformally-Invariant Variational Problems on Manifolds with
Boundary

As a consequence of the construction used in Section 3, we find applications in,
among other things, variational approaches to the Fefferman–Graham flat problem,
meaning the boundary problem associated to the PDE O(d) = 0. To see this,
consider the classical case of the Einstein–Hilbert action on a 4-manifold:

SEH = 1
16π

ˆ
M

Sc dVg ,

where Sc is the scalar curvature. On a manifold with boundary, it is known
that [11]

16πδSEH = −
ˆ
M

Gabh
abdVg +

ˆ
∂M

(2Hḡab − I̊Iab)h⊤
abdVḡ − 6

ˆ
∂M

δ(HdVḡ) .(4.1)

On a manifold without boundary, solving the problem δSEH = 0 is equivalent to
solving the Einstein field equations Gab = 0 in a vacuum. Furthermore, it is known
that the partial differential equation given by Gab = 0, for metrics with Euclidean
signature, is, after gauge-fixing, elliptic [12]. Now because δH depends on the
1-jet of h along Σ, and we may choose h arbitrarily, it is clear that all three of the
integrals must vanish independently to ensure that δSEH = 0. But enforcing this
then amounts to specifying both g|∂M and its first (normal) derivative. (Note that
one may alternatively fix the coefficient of h⊤ in the second integral to vanish—this
does not change the claim here.) In contrast, strictly fewer boundary conditions are
required to make the gauge-fixed Einstein problem an elliptic boundary problem
(of Fredholm index 0) [5]. So, we find that that, as written, the variational version
of the boundary-value problem is overdetermined.

To resolve this problem, Gibbons, Hawking, and York modified the Einstein–
Hilbert action. Consider the energy functional

S = 1
16π

ˆ
M

Sc dVg +
3
8π

ˆ
∂M

HdVḡ ,

Varying this functional, we have that

16πδS = −
ˆ
M

√
gGabδg

abdVg +

ˆ
∂M

(2Hḡab − I̊Iab)δḡ
abdVḡ ,

Comparing with [5], it is now clear that solving the variational system is at least
not overdetermined (in fact, it is underdetermined as gauge-fixing is not required
to solve the variational problem). Alternatively, one may instead prescribe that
II = 0 and find the same. That is, the (no longer overdetermined) variational
problem requires that either II = 0 or that we fix ḡ.

Note that this procedure picks out an important ordered pair of extrinsic tensors
for the Einstein equation on a manifold with boundary: the induced metric ḡ and
a trace-corrected form of the second fundamental form II, (ḡ, II− 3Hḡ). Note that
this is not the trace-free part of II.
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For later comparison, it is helpful to record the variation of the Einstein–Hilbert
action in terms of another set of variables. Unpacking Equation (4.1), we find that

16πδSEH = −
ˆ
M

Gabδg
abdVg

+

ˆ
∂M

[
(−δg)⊤ab( I̊I

ab +Hḡab) + 3(δg)nnH − (∇nδgab)ḡ
ab
]
dVḡ .

Observe that in this form, the overdetermined nature of the system is more man-
ifest: without the imposition of extrinsic constraints, one would need both δg|∂M
and ∇nδg|∂M to vanish as they are independent. In this form, the natural ordered
pair of the Dirichlet data ḡ and the Neumann data II− 3Hḡ is less evident. How-
ever, one can still infer that, if δg|∂M is to be free, then the second fundamental
form must vanish.

Consider now the variational form of the Fefferman–Graham flat problem, as
discussed in Proposition 3.2, except we now wish to treat a manifold with bound-
ary. From Equation (3.4), it is clear that the boundary terms would depend
non-trivially on both the variation of g along the boundary as well as normal
derivatives of that variation. On the other hand the equation O(d) = 0 is elliptic of
order d, up to the need for gauge fixing due to diffeomorphism invariance and con-
formal invariance [1]. Thus one should not need to specify more than d/2 sections
of ⊙2T ∗∂M . Interestingly, when d = 4, for the Fefferman–Graham flat problem
(i.e. the Bach flat problem), we see that indeed only two sections of ⊙2T ∗∂M
must be fixed to force the boundary terms to vanish. On the other hand, for all
even d ⩾ 6, the system appears to become “overdetermined”. This suggests that
one should modify the energy functional by a boundary term in the spirit of the
Gibbons–Hawking–York boundary term. To see how this happens, we first prove
the following technical lemma:

Lemma 4.1. Let Σ ↪→ (M, g) be a smooth hypersurface embedding. Then, with
respect to metric variations, the trace-free second fundamental form of Σ varies
according to

δ I̊Iab =
1
2
δRh̊ab + 2n(a I̊I

c
b)h

⊤
nc − 1

2
I̊Iabhnn + I̊Ic(ah

⊤
b)c .

Proof. To compute the variation of the trace-free fundamental form, we use the
identity

IIab
Σ
= ḡcaḡ

d
b∇c

nd√
|n|2g

.

Note that for a given metric g0, we may always choose for Σ a defining function
s such that n = ds, with |n|2g = 1 (see e.g. [47]). It is important to note that,
in the variations that follow, we treat s as fixed (such that ds has unit length in
the reference metric), but δ(g−1(ds, ds)) ̸Σ= 0 in general, as we allow the metric to
change.
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Now, we must find the variations of ḡca, ∇, and 1√
|n|2g

(viewed as quantities along

Σ) with respect to g. As
√

g−1
0 (n, n) = 1, we have that

δ

(
1√
|n|2g

)
Σ
= −1

2
(δg−1)(n, n)

Σ
= 1

2
hnn .

Next, note that

δḡba = δgba − δ( 1
|n|2g

nag
bcnc)

= −hnnnan
b + nah

b
n .

Finally, we use variation of the connection, which is a standard result:

(δ∇)avb = −Cc
abvc ,

where

Ca
bc =

1
2
gad(∇bhdc +∇chbc −∇dhbc) .(4.2)

Putting all this together and using that |n|2g0 = 1, we have that

δIIab
Σ
=(−hnnnan

c + nah
c
n)ḡ

d
b∇cnd + ḡca(−hnnnbn

d + nbh
d
n)∇cnd

− 1
2
ḡcaḡ

d
bn

e(∇chde +∇bhde −∇ehdc) +
1
2
ḡcaḡ

d
b∇c(hnnnd)

Σ
=nah

c
nIIcb + nbh

c
nIIca − 1

2
ḡcaḡ

d
bn

e(∇chde +∇dhce −∇ehcd) +
1
2
IIabhnn

Σ
=2n(aII

c
b)h

⊤
nc − ḡd(a∇⊤

b)(h
⊤
dn + ndhnn) + IIc(ah

⊤
b)c +

1
2
ḡcaḡ

d
b∇nhcd +

1
2
IIabhnn

Σ
=2n(aII

c
b)h

⊤
nc − ḡd(a∇⊤

b)h
⊤
dn − 1

2
IIabhnn + IIc(ah

⊤
b)c +

1
2
ḡcaḡ

d
b∇nhcd

Σ
=2n(aII

c
b)h

⊤
nc − ∇̄(ah

⊤
b)n − 1

2
IIabhnn + IIc(ah

⊤
b)c +

1
2
ḡcaḡ

d
b∇nhcd

Σ
=2n(a I̊I

c
b)h

⊤
nc − 1

2
I̊Iabhnn + I̊Ic(ah

⊤
b)c − ∇̄(ah

⊤
b)n +

1
2
ḡcaḡ

d
b∇n̊hcd

+ 2Hn(ah
⊤
b)n − 1

2
Hḡabhnn +Hh⊤

ab +
1
2d
ḡab∇nh

c
c .

In the second equality, we have used the fact that ∇n = II and that n·II = 0. In the
third equality, we have expressed covariant derivatives in terms of the tangential
and normal parts, i.e. ∇ = ∇⊤ + n∇n, and then expressed hna in terms of its
projections along Σ. In the fourth equality, we have combined terms and simplified,
using that ∇n = II as before. In the fifth equality, we have used the Gauss formula,
namely that for any v ∈ Γ(T ∗Σ), we have that ∇⊤

a vb = ∇̄avb−nbII
c
avc, where ∇⊤

a vb
is defined using any extension of v to T ∗M . In the final equality, we have expressed
∇nh in terms of ∇n̊h and all instances of II in terms of I̊I.

Now, to compute the variation of the trace-free second fundamental form, recall
that

I̊Iab = IIab − 1
d−1

ḡabḡ
cdIIcd .

To compute its variation, note that ḡ = g − 1
|n|2g

n⊗ n, so

δḡab = hab + δ(|n|2g)nanb = hab − nanbhnn .
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Because ḡabḡbc = ḡac , we also have that δḡab = −ḡacḡbdhcd. Putting these together,
we have that

δ I̊Iab
Σ
=δIIab − 1

d−1

[
(d− 1)(hab − nanbhnn)H − ḡabII

cdhcd + ḡabḡ
cdδIIcd

]
Σ
=(δII)(ab)◦ − (hab − nanbhnn)H + 1

d−1
ḡabII

cdhcd .

We can now finish the computation:

δ I̊Iab
Σ
=2n(a I̊I

c
b)h

⊤
nc − 1

2
I̊Iabhnn + I̊Ic(ah

⊤
b)c − 1

d−1
ḡab I̊I

cdhcd − ∇̄(ah
⊤
b)◦n +

1
2
⊤̊∇n̊hcd

+ 2Hn(ah
⊤
b)n +Hh⊤

ab − 1
d−1

Hḡabḡ
cdhcd −Hhab + nanbHhnn +

1
d−1

ḡabII
cdhcd

Σ
=2n(a I̊I

c
b)h

⊤
nc − 1

2
I̊Iabhnn + I̊Ic(ah

⊤
b)c − ∇̄(ah

⊤
b)◦n +

1
2
⊤̊∇n̊hcd

Σ
=2n(a I̊I

c
b)h

⊤
nc − 1

2
I̊Iabhnn + I̊Ic(ah

⊤
b)c +

1
2
δ
(1)

⊤̊ h̊cd .

In the third equality above, we have used Equation (4.4). So the lemma follows. □

Now, for the sake of illustrating the behavior of the boundary integrals, consider
the action on a 4-manifold with boundary that varies in the Bach tensor in the
interior. We apply the variation algorithm outlined in the proof of Theorem 1.1
to this case.

Proposition 4.2. Let (M4, g) be a compact manifold with boundary ∂M . Then,
the functional variation of S = 1

4

´
M
|W |2 dV with respect to metric variations is

given by

δS =−
ˆ
M

BabhabdVg

+

ˆ
∂M

[
4
3
Wn

bc
n I̊Ibc̊hnn − (I̊Vab + I̊I(ac Wn

b)◦c
n)̊h

⊤̊
ab −Wn

bc
nδ

(1)

⊤̊ h̊bc

]
dVḡ .

where δg = h.

Proof. In order to use more standard variation formulas, we first translate the
action into an integral of Riemann tensors and its traces:

S =

ˆ
M

(
1
4
RabcdR

abcd − 1
2
RicabRicab + 1

12
Sc2

)
dV .

Now, defining h = δg and using the (standard result for the) variation of the
covariant derivative (δ∇)avb = −γc

abvc, where γ is defined according to

γa
bc =

1
2
gad(∇bhdc +∇chbd −∇dhbc) ,(4.3)
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we may compute the variation of the Riemann tensor (see [47, Section 7.5]). To
do so, let v ∈ Γ(T ∗M).

(δRabc
d)vd =δ(∇a∇bvc −∇b∇avc)

=(δ∇a)∇bvc +∇a(δ∇b)vc − (δ∇b)∇avc −∇b(δ∇a)vc

=− γd
ab∇dvc − γd

ac∇bvd −∇a(γ
d
bcvd) + γd

ba∇dvc + γd
bc∇avd +∇b(γ

d
acvd)

=− γd
ac∇bvd −∇a(γ

d
bcvd) + γd

bc∇avd +∇b(γ
d
acvd)

=
[
(∇bγ

d
ac)− (∇aγ

d
bc)

]
vd

=1
2
gde [∇b(∇ahce +∇chae −∇ehac)−∇a(∇bhce +∇chbe −∇ehbc)] vd

=1
2
gde(∇b∇chae −∇b∇ehac −∇a∇chbe +∇a∇ehbc)vd

+ 1
2
gde(Rbac

fhfe +Rbae
fhcf )vd .

So, it follows that

δRabcd =
1
2
(∇b∇chad −∇b∇dhac −∇a∇chbd +∇a∇dhbc) +

1
2
Rabc

ehed − 1
2
Rabd

ehce .

Using this formula and its traces, we come to the variation formula

δS =

ˆ
M

(
W cabd∇a∇bhcd − 1

2
W acdeW b

cdehab +
1
8
|W |2ha

a −W abcdPbdhac

)
dVg .

Integrating by parts to isolate hcd and applying the divergence theorem (noting
that n is inward pointing), we have that

δS = −
ˆ
M

BabhabdVg + B ,

where

B := −
ˆ
∂M

(
ncCcabh

ab − naW
abcd∇chbd

)
dVḡ .

Note that the integrand of B is pointwise conformally-invariant.
We can now handle the boundary integral B. First, rewrite ∇chbd = (∇⊤

c +
nc∇n)hbd and then express

hab
Σ
= h⊤

ab + nah
⊤
nb + nbh

⊤
na + nanbhnn ,

yielding

B =

ˆ
∂M

[
−ncCcabh

ab + naW
abcd∇⊤

c (h
⊤
bd + 2n(bh

⊤
d)n + nbndhnn) + naW

abcdnc∇nhbd

]
dVḡ .

Using the fact that ∇⊤n = II, we can write

B =

ˆ
∂M

[
− ncCcabh

ab + naW
abcd∇⊤

c h
⊤
bd + 2naW

abcdIIc(bh
⊤
d)n

+ nandW
abcd∇⊤

c h
⊤
bn + nandW

abcdIIbchnn + naWabcdnc∇nhbd

]
dVḡ .

Now using the Gauss formula

∇⊤
a vb = ∇̄avb − nbII

c
avc ,
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where v ∈ Γ(T ∗Σ) and ∇⊤v is defined using any extension of v to T ∗M , we have
that we have that

B =

ˆ
∂M

[
− ncCcabh

ab + naW
abcd(∇̄ch

⊤
bd − ndII

e
ch

⊤
be) + 2naW

abcdIIc(bh
⊤
d)n

+Wn
bc
n∇̄bh

⊤
cn +Wn

bc
n I̊Ibchnn −Wn

bc
n∇nhbc

]
dVḡ .

Now, using the known expression [16] for

δ
(1)

⊤̊ uab := ⊤̊[∇nuab − 2∇̄(au
⊤
nb)◦ ] ,(4.4)

where u ∈ Γ(⊙2
◦T

∗M [2]), we may write

B =

ˆ
∂M

[
− ncCcabh

ab + naW
abcd(∇̄ch

⊤
bd − ndII

e
ch

⊤
be) + 2naW

abcdIIc(bh
⊤
d)n

−Wn
bc
n∇̄bh

⊤
cn +Wn

bc
n I̊Ibchnn −Wn

bc
nδ

(1)

⊤̊ h̊bc

]
dVḡ .

Now integrating by parts along ∂M , we have that

B =

ˆ
∂M

[
− ncCcabh

ab + (∇̄cW
cdb⊤

n )h
⊤
bd −Wn

bc
nII

e
ch

⊤
be + 2naW

abcdIIc(bh
⊤
d)n

+ (∇̄bWn
bc
n)h

⊤
cn +Wn

bc
n I̊Ibchnn −Wn

bc
nδ

(1)

⊤̊ h̊bc

]
dVḡ .

Recall that for hypersurfaces in four-manifolds, I̊Vab := C⊤
n(ab) + HWnabn −

∇̄cW⊤
c(ab)n. We also have II = I̊I +Hḡ. So,

B =

ˆ
∂M

[
− I̊Vabh

ab + Ca
nnh

⊤
na −Wn

bc
n I̊I

e
ch

⊤
be + naW

abcd I̊Icbh
⊤
dn

+ (∇̄bWn
bc
n)h

⊤
cn +Wn

bc
n I̊Ibchnn −Wn

bc
nδ

(1)

⊤̊ h̊bc

]
dVḡ .

Using the definition of the Cotton tensor (in terms of the Weyl tensor) and the
typical hypersurface identities, one may derive that, in any dimension d ⩾ 4,

Cann
Σ
= 1

d−3
nbnc∇dWdcab

Σ
= 1

d−3
nbnc∇⊤ dWdcab

Σ
=− 1

d−3
∇⊤ dWnadn +

1
d−3

I̊IbdWndab

Σ
=− 1

d−3
∇̄dWnadn +

1
d−3

na I̊I
deWnedn +

1
d−3

I̊IbdWndab

Σ
=− 1

d−3
∇̄dWnadn +

1
d−3

I̊IbdW⊤
ndab .

So, we have that

B =

ˆ
∂M

[
− (I̊Vab + I̊IacWn

bc
n)h

⊤
ab +Wn

bc
n I̊Ibchnn −Wn

bc
nδ

(1)

⊤̊ h̊bc

]
dVḡ .(4.5)

Finally, noting that hnn = nanbhab = h̊nn +
1
4
trh and that

h⊤
ab = h̊⊤̊

ab + (1
4
trh− 1

3
h̊nn)ḡab ,
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where h̊⊤̊ is understood to mean ⊤̊(̊h), we may simplify to

B =

ˆ
∂M

[
− (I̊Vab + I̊I(ac Wn

b)◦c
n)̊h

⊤̊
ab +

4
3
Wn

bc
n I̊Ibc̊hnn −Wn

bc
nδ

(1)

⊤̊ h̊bc

]
dVḡ .

This completes the proof. □

Remark 4.3. Observe that a natural variant of the fourth conformal fundamental
form in d = 4, as suggested by the variational problem in Proposition 4.2, is

I̊Vab + I̊Ic(aWnb)◦cn = C⊤
n(ab) +HWnabn − ∇̄cW⊤

c(ab)n + I̊Ic(aW|n|b)◦cn .

Now as a consequence of Lemma 4.1 and Proposition 4.2 (in particular Equa-
tion 4.5), we may re-express the variation of the energy functional 1

4

´
M
|W |2dV

on a 4-manifold with boundary as

δS = −
ˆ
M

BabhabdVg +

ˆ
∂M

(
− [I̊Vab − I̊I(ac Wn

b)c
n]hab − 2Wn

ab
nδ I̊Iab

)
dVḡ .

In this form, two natural ordered pairs arise from the Bach flat problem:

(ḡab,−I̊Vab + I̊Ic(aW|n|b)cn) and ( I̊Iab,−2Wnabn) .

More generally than Lemma 4.1, it is easy to see (from the fact that, in coordi-
nates adapted to the hypersurface embedding, kth conformal fundamental forms
have leading term ⊤̊∂k−1

s g) that, at leading order,

δ k̊ab ∝ δ
(k−1)

⊤̊ h̊ab + lower order terms.

Such a relation allows for two observations. First, it implies a canonical pairing of
sections of ⊙2T ∗Σ between those with transverse order m and d−m− 1, express-
ible in terms of conformal fundamental forms and the induced metric of the form
˚m+ 1 · δ( ˚d−m). Second, in d ⩾ 6, we may express the boundary contribution to

the variation of the Fefferman–Graham action exhibited in Equation (3.4) in terms
of conformal fundamental forms, their variations, and I. As such, it is straight-
forward to add conformally-invariant integrals of the form found in Display (1.3)
to the Fefferman–Graham action to remove the problem of overdeterminedness,
when necessary. Such integrals play the same role as the Gibbons-Hawking-York
boundary term does.

When such terms are added, the variational problems become (at least) not
overdetermined. In that case, we may view the pairings as between Dirichlet data
and Neumann data. Because Fefferman–Graham flat problems are elliptic after
gauge-fixing, it is sufficient to specify just the Dirichlet data to solve the problem
globally (or alternatively, one may specify just the Neumann data). At least in
the case of the Bach-flat problem where the splitting of the boundary data is clear
from the variational problem, when there exists a unique solution the Bach-flat
problem on a given 4-manifold with boundary, there exists a well-defined Dirichlet-
to-Neumann map, sending

(ḡab, I̊Iab) 7→ (−2Wnabn,−I̊Vab + I̊Ic(aW|n|b)cn) .(4.6)
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When such a map exists, it is interesting to consider its specializations. This is
discussed in Section 5.

5. Fefferman–Graham Flat Obstructions to Poincaré–Einstein

The uniqueness of Bach-flat manifolds with a given set of boundary data is not
fully understood. It is straightforward to show, and well known, that all self-dual,
anti-self-dual and Einstein manifolds are Bach-flat. We are interested here in the
link to Poincaré-Einstein metrics. Maldacena showed [42] that at the level of
small perturbations, when I̊I = 0, solutions to the linearized Bach-flat boundary
problem are also solutions to the linearized Poincaré–Einstein equation. In [2],
the fully non-linear equations were considered; they found that an asymptotically
hyperbolic metric satisfies I̊I = I̊II = 0 = ∇̄ · I̊V (exactly in agreement with
Corollary 3.9), has a vanishing obstruction density, is a formal solution to the
Bach-flat boundary-value problem, and satisfies a fourth constraint not relevant
for our discussion if and only if that asymptotically hyperbolic metric is a formal
solution to the Poincaré–Einstein equation.

Inspired by these results, we prove the stronger result that a Bach-flat mani-
fold with umbilic boundary is sufficient to guarantee that the manifold’s singular
Yamabe metric is a formal solution to the Poincaré–Einstein equation.

Theorem 5.1. Let (M4, c) be a smooth compact Bach-flat conformal manifold
with umbilic boundary. Then the singular Yamabe metric of Proposition 2.3 is
smooth and, formally to all orders, Poincaré–Einstein.

Proof. Let (Md, c) be a Bach-flat conformal manifold with an umbilic boundary.
To prove the theorem, we begin by proving that (Md, c) contains an asymptotically
Poincaré–Einstein metric in the conformal class of its interior. To do this, we rely
on Corollary 3.9: that the existence of an asymptotically Poincaré–Einstein metric
in the conformal class of the interior is equivalent to the conditions that F̊ = 0
and that ∇̄·I̊V = 0.

We begin by considering the Weyl-squared action, S = 1
4

´
M
|W |2dVg. From dif-

feomorphism invariance, the variation of this action δS with respect to a variation
of the form δgab = 2∇(akb) vanishes. Recall from Proposition 4.2 that we have an
identity for the variation of this action:

δS =−
ˆ
M

BabhabdVg

+

ˆ
∂M

[
4
3
Wn

bc
n I̊Ibc̊hnn − (I̊Vab + I̊I(ac Wn

b)◦c
n)̊h

⊤̊
ab −Wn

bc
nδ

(1)

⊤̊ h̊bc

]
dVḡ .

We now specialize to the case where our original manifold is Bach-flat, the bound-
ary is umbilic, and the variation arises from the pullback of an infinitesimal dif-
feomorphism. Then,ˆ

∂M

[
− I̊Vab(∇(akb)◦)

⊤̊ −Wn
ab

nδ
(1)

⊤̊ (∇(akb)◦)
]
dVḡ = 0 .



Conformal hypersurface invariants 29

Now observe that

δR(∇(akb)◦) =⊤̊[∇n∇(akb)◦ − 2∇̄(a(ḡ
c
b)n

d∇(ckd))]

=⊤̊[∇⊤
(a(∇nkb)◦)

⊤ +Rn(ab)◦dk
d − ḡc(aH∇|c|kb)◦ − 2∇̄(a(ḡ

c
b)n

d∇(ckd))]

=⊤̊[∇⊤
(a(∇nkb)◦)

⊤ +Rn(ab)◦dk
d −H∇⊤

(akb)◦ − 2∇̄(a(ḡ
c
b)n

d∇⊤
(ckd))

− 2∇̄(a(ḡ
c
b)n

dn(c∇nkd))]

=⊤̊[∇⊤
(a(∇nkb)◦)

⊤ +Rn(ab)◦dk
d −H∇̄(ak

⊤
b)◦ − ∇̄(a(n

d∇⊤
b)kd)− ∇̄(a(ḡ

c
b)∇nkc)]

=⊤̊[Rn(ab)◦dk
d −H∇̄(ak

⊤
b)◦ − ∇̄(a(n

d∇⊤
b)kd)]

=⊤̊[Rn(ab)◦dk
d −H∇̄(ak

⊤
b)◦ − ∇̄(a∇̄b)kn + ∇̄(aHk⊤

b)]

=⊤̊[Wn(ab)nkn − (˚̄Pab + F̊ ab)kn − ∇̄a∇̄bkn] .

In the last line above, we used the trace-free part of the Gauss–Fialkow Equa-
tion (1.6) and the trace-free part of the Codazzi–Mainardi Equation (1.7). Fur-
thermore, when I̊I = 0 and d = 4, from the trace-free part of the Gauss–Fialkow
Equation (1.6) we have that Wnabn = −F̊ ab, so we can integrate by parts to obtainˆ

∂M

[
(∇̄·I̊Vb)k⊤

b − 2|F̊ |2kn − ˚̄P · F̊ kn − (∇̄·∇̄·F̊ )kn
]
dVḡ = 0 .

When I̊I = 0, we can compute:

Bnn
Σ
=nbnc∇⊤ aCabc + |F̊ |2 + P̄ · F̊
Σ
=− nb∇⊤ aCnab + |F̊ |2 + P̄ · F̊
Σ
=− nb∇⊤ aC⊤

nab +∇⊤ aCann + |F̊ |2 + P̄ · F̊
Σ
=∇̄ · ∇̄ · F̊ + |F̊ |2 + P̄ · F̊ ,

where the first equality follows from the fact that Bab = ∇cCcab + P cdWadbc and
the last equality follows from the identity

Cann
Σ
= − 1

d−2
I̊Iab∇̄· I̊Ib + ∇̄·F̊ a − 1

2(d−1)
∇̄a| I̊I|2 .

Then, we have that

Bnn − |F̊ |2 − ˚̄P ·F̊ − ∇̄·∇̄·F̊ Σ
= 0 ,

and so in the Bach-flat case, the integral identity in question reduces toˆ
∂M

[
(∇̄·I̊Vb)k⊤

b − |F̊ |2kn
]
dVḡ = 0 .(5.1)

Recall that the above identity holds for any k ∈ Γ(TM), and so in particular
we may choose k|Σ = n; this implies thatˆ

∂M

|F̊ |2dVḡ = 0 .



30 S. Blitz & A. R. Gover

So it follows that F̊ = 0. Alternatively, we may choose k|Σ ∈ Γ(TΣ) arbitrarily in
Equation (5.1), finding that ∇̄· I̊V = 0. This establishes that the conformal class
metric admits an asymptotically Poincaré–Einstein metric in the interior.

Observe that because I̊I = I̊II = 0, one may easily establish (according to [25])
that the obstruction density Bσ of Proposition 2.1 vanishes, and hence the singular
Yamabe density is smooth, following from Proposition 2.3, and hence so is the
singular Yamabe metric. Thus, from Corollary 2.5, we have that there exists a
unique almost Einstein tensor Eab determined by the boundary embedding and the
conformal structure. Note that the transverse jets of E on Σ capture the higher
conformal fundamental forms [16].

Now, to show that (Md, c) admits a (formal to all orders) Poincaré–Einstein
metric in the conformal class of its interior, it is sufficient to show that the almost
Einstein tensor Eab above vanishes to all orders [28]—that is, that ∇k

nEab|Σ = 0 for
every k ∈ Z⩾0. As the formal vanishing of Eab is a conformally-invariant condition,
it is sufficient to check that ∇k

nEab|Σ = 0 in some choice of metric representative
g ∈ c. To fix the metric g, we pick any metric ḡ ∈ c̄ and then extend it to g ∈ c in
such a way (according to [31, Proposition 7.15]) that each T -curvature vanishes—
that is, the mean curvature Hg vanishes, and all higher transverse order analogs
also vanish.

Having established already that I̊I = I̊II = 0, we already have that ∇k
nE

Σ
= 0

for k = 0, 1. By explicit calculation (see [16, Proof of Corollary 4.9]), we see
that ⊤̊∇2

nEab|Σ only involves at most one normal derivative of the metric, and
similarly na∇2

nEab
Σ
= 0, as may be seen from [16, Proof of Lemma 4.11]. As the

T -curvatures vanish, it follows from the classification result of [14] (namely, that
Riemannian invariants are expressible in terms of intrinsic curvatures, conformal
fundamental forms, and T -curvatures) that ∇2

nE|Σ is expressible in terms of (in-
trinsic) curvatures of (Σ, ḡ). However, ∇2

nE|Σ has weight −1, and there exist no
non-vanishing sections expressible in terms of curvatures of (Σ, ḡ) with odd weight.
Thus, ∇2

nE|Σ = 0.

Next, consider the case where k = 3. Because σ solves the singular Yamabe
problem exactly, we may apply the Thomas-D operator to the equation 1

d2
|Dσ|2 =

1 to obtain (via the Leibniz failure lemma of [33])

1
d2
(DBσ)(DADBσ) = XA|E|2 .

Evaluating the X slot of the above equation and noting that we have already
established that E = O(σ3), we therefore have that

σ(∇ · ∇ · E + (d− 1)P · E) = O(σ6) ,

or

σ∇ · ∇ · E = −(d− 1)σP · E +O(σ6) = O(σ4) .

Hence,

∇ · ∇ · E = O(σ3) .
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As ∇ ·∇ ·E = nanb∇2
nEab + ltots, and the lower transverse order terms vanish to

higher order in σ, it follows that

nanb∇3
nEab

Σ
= 0 .

Next, we consider the irreducible component ⊤̊∇3
nE. Observe from [16, Lemma

4.7], the operator δ
(3)
4,1 : Γ(⊙2

◦T
∗M [1]) → Γ(⊙2

◦T
∗Σ[−2]) is well-defined and has

leading (transverse) symbol ⊤̊∇3
n. Thus, from the classification offered in [14], it

follows that

δ
(3)
4,1E

Σ
= V̊ + curvatures invariants of (Σ, ḡ) + terms dependent on I̊V .

But note that V̊ vanishes on 4-dimensional Bach-flat manifolds, and there are no
non-vanishing sections expressible in terms of curvatures of (Σ, ḡ) of ⊙2

◦T
∗Σ[−2]

on a 3-manifold. Finally, as I̊V has weight −1, there are no (non-vanishing) sec-
tions of ⊙2

◦T
∗Σ[−2] that are constructible from I̊V and solely intrinsic geometric

quantities—so this term may not contribute. But then it follows that

0
Σ
= ⊤̊∇3

nE + ltots(E) ,

where ltots are lower transverse order differential operators, which vanish by the
above computations, hence ⊤̊∇3

nE = 0.
Finally we consider the component (na∇3

nEab)
⊤. Again from the classification

result of [14], the tensor in question must be expressible in terms of curvatures
intrinsic to (Σ, ḡ) and I̊V (as all other quantities appearing in the classification
result vanish). It is easy to establish that the only natural sections of T ∗Σ[−3]

that depend on I̊V are ∇̄ · I̊V and naI̊Vab. However, both of these invariants
vanish—the former by the above proof of the manifold admitting an asymptoti-
cally Poincaré–Einstein metric in its interior and the latter by definition. Thus,
(na∇3

nEab)
⊤ cannot depend on I̊V, and hence is expressible entirely in terms of

curvature invariants of (Σ, ḡ). But no such non-vanishing Riemannian invariants
exist, and so it follows that (na∇3

nEab)
⊤ = 0.

From the considerations above, we have thus established that, in the metric
representative where T! = T2 = T3 = T4 = 0, we have that ∇3

nE
Σ
= 0.

It now remains to show that ∇k
nE

Σ
= 0 for every k ⩾ 4. We do so via induction

using k = 3 as the base case. Suppose that ∇ℓ
nE

Σ
= 0 for all ℓ < k. We would

now like to examine ∇k
nE|Σ. From [16, Proof of Lemma 4.11], we have that since

k ̸= d− 1 = 3,

na∇k
nEab

Σ
= 0 .

Thus we must only examine ⊤̊∇k
nE|Σ. In what follows, we will implicitly set to

zero those terms that must vanish by the induction, and IA := 1
d
DAσ, where σ

is the unique singular Yamabe density determined above. For a choice of metric
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representative g ∈ c such that σ = [g; s], we have that

⊤̊∇k
nE

Σ
=⊤̊∇k

nZ
C
(a∇b)◦IC

Σ
=⊤̊∇k−1

n

[
(∇nZ

C
(a)∇b)◦IC + ZC

(a∇n∇b)◦IC
]

Σ
=⊤̊∇k−1

n

[
ZC

(a∇b)◦∇nIC + ZC
(aΩnb)◦C

DID
]

Σ
=⊤̊∇k−1

n

[
∇(a∇n∇b)◦s+ ZC

(aΩnb)◦C
DID

]
Σ
=⊤̊∇k−1

n

[
−2∇(a∇b)◦sρ+ ZC

(aΩnb)◦C
DID

]
Σ
=− ⊤̊∇k−1

n

[
ZC

(aΩb)◦nC
DID

]
Σ
=− ⊤̊∇k−2

n ∇d
[
ZC

(aΩb)◦dC
DID

]
Σ
=⊤̊∇k−2

n Ωd(a|C
D∇dZC

b)◦ID
Σ
=0 .

The first identity follows from the fact that ZC
(a∇b)◦IC = Eab [33]. The third

identity follows by noting that ZC∇nIC has lower transverse order than k+1 and
thus vanishes by the induction hypothesis. The fourth identity follows covariant
derivatives of Z and the induction hypothesis, and the fifth identity also follows
from the induction hypothesis and the observation [33] that ∇ns = 1− 2sρ, where
ρ = −1

d
(∆s+ Js). The sixth identity then follows from observing that s must be

differentiated, yielding lower order terms which vanish by the induction hypothesis.
The seventh identity follows from the identity n∇n

Σ
= ∇ − ∇⊤, and the eigth

identity follows from a critical result which holds on a 4-dimensional Bach-flat
manifold [32]: that ∇ · Ω = 0. It thus follows that ∇k

nE
Σ
= 0 for all k, completing

the proof.
□

Remark 5.2. Observe that, in the above proof, we could have terminated our
efforts once we had established that the singular Yamabe metric is asymptotically
Poincaré–Einstein and instead invoked the result of [2]. To do so would have
required establishing their higher-order constraint alluded to above.

Remark 5.3. Note that Theorem 5.1 is equivalent to the statement that, when
there exists a unique solution to the boundary-value Bach-flat problem on a given
4-manifold with umbilic boundary, its Dirichlet-to-Neumann map in Display (4.6)
becomes

(ḡab, 0) 7→ (0,−DN(4)) ,

where DN(4) is the image of the Dirichlet-to-Neumann map for the Poincaré–
Einstein problem described in [15].

As a corollary, additional hypotheses ensure that the formal Poincaré–Einstein
structure fixed by the above theorem is in fact a genuine Poincaré–Einstein struc-
ture in a collar neighborhood of the boundary.
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Corollary 5.4. Let (M4, c) be an analytic compact Bach-flat conformal manifold
with umbilic boundary Σ. Then there exists a Poincaré–Einstein metric in the
conformal class of the interior of a collar neighborhood of Σ.

Proof. As (M4, c) has an umbilic boundary Σ and is Bach-flat, it follows from
Theorem 5.1 that the almost Einstein tensor vanishes formally to all orders, i.e.
E = O(σ∞). As the conformal manifold is analytic, it follows that the induced
conformal class of metrics on the boundary is also analytic, as is any extrinsic
data (including the fourth fundamental form I̊V). From [6], it follows that when
the boundary data (the induced metric and the image of the Dirichlet-to-Neumann
map g(3)) is analytic, there exists a unique Poincaré–Einstein metric in the interior
of a collar neighborhood of the boundary. But the image of the Dirichlet-to-
Neumann map DN(4) is −I̊V, which is analytic. The corollary follows.

□

It is well-known and easily verified (see e.g. [22]) that on an Einstein 4-manifold,
the Bach tensor vanishes everywhere. However, a simple counting shows that for
most Bach-flat conformal 4-manifolds manifolds with boundary, these manifolds
are not Poincaré–Einstein. Having established Theorem 5.1, we now understand
why that is the case: a Bach-flat manifold with boundary need only have an
umbilic boundary to ensure that it is (at least asymptotically) Poincaré–Einstein.
While this is still quite a strong condition, it is far weaker than might have been
observed naively, namely that I̊I = I̊II = 0 [16] and that ∇̄ · I̊V = 0. Nonetheless,
we can provide a method of constructing many such manifolds.

Corollary 5.5. Let (M4, g) be a closed Einstein manifold and let ι : Σ ↪→ M be
an embedded separating hypersurface such that M = M+ ⊔ Σ ⊔M−. Then, there
exists a unique metric g+ in the conformal class of g|M+ such that (M+, g

+) is
asymptotically hyperbolic, has constant (negative) scalar curvature, and is Bach-
flat. Furthermore, I̊I = 0 if and only if g+ is, formally to all orders, Poincaré–
Einstein.

Proof. First, observe that for any separating hypersurface embedding, one may
always find a unique asymptotically hyperbolic metric g+ in the conformal class of
g|M+ such that (M+, g

+) has constant scalar curvature (see Proposition 2.3); this is
the singular Yamabe solution (M+, g

+). Now, because g is Einstein, it follows that
g is also Bach-flat. And so, as g+ is in the conformal class of g|M+ and the Bach
tensor is a conformal invariant in four dimensions, it follows that g+ is Bach-flat
as well.

Next, suppose that I̊I ̸= 0. Then the conformal class of metrics [g|M+ ] does not
contain any asymptotically hyperbolic Poincaré–Einstein metrics [28, 40]. Finally,
we have from Theorem 5.1 that when I̊I = 0, there exists a unique (formally to
all orders) Poincaré–Einstein metric g+ in (M+, [g|M+ ]). But as g+ is (formally)
Poincaré–Einstein, it is also asymptotically hyperbolic with (asymptotically) con-
stant negative scalar curvature. But by the uniqueness of g+ it follows that g+
must agree with g+. Thus, g+ is (formally to all orders) Poincaré–Einstein. □
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Umbilic hypersurfaces are generically quite rare. This explains the observation
above that most Bach-flat conformal manifolds with boundary do not admit a
Poincaré–Einstein metric in its conformal class.

Theorem 5.1 can be extended to the general Fefferman–Graham flat problem
in a natural way, by demanding that I̊I = I̊II = · · · = ˚

d/2 = 0. Asymptotics of
the d = 6 case has been examined by [4]. This leads naturally to the following
conjecture:

Conjecture 5.6. Let (Md, c) with d even be a Fefferman–Graham-flat conformal
manifold whose boundary satisfies I̊I = I̊II = · · · = ˚

d/2 = 0. Then there exists a
(formally to all orders) Poincaré–Einstein metric representative in (M+, c).

Proving such a conjecture in general is significantly more challenging than for
Theorem 5.1, as that theorem relied on an explicit identity for the Bach tensor—
we suspect that similar identities hold for higher-dimensional Fefferman–Graham
obstruction tensors, but a general result is currently out of reach.
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