ESTIMATES OF TRANSPORT DISTANCE
IN THE CENTRAL LIMIT THEOREM

ANDTEI YU. ZAITSEV

1. INTRODUCTION

Sums of independent terms first appeared in probability theory when considering binomial
distributions within the Bernoulli scheme. The law of large numbers and the Moivre-Laplace
central limit theorem were derived. It was observed that binomial distributions are not only
well approximated by the normal law, but also that the tail decay of binomial distributions
is similar to that of normal distributions. As a natural extension of the class of binomial
distributions, we can consider the class of distributions of sums of independent (generally,
non-identically distributed) random variables bounded in absolute value by the same con-
stant. A significant number of works are devoted to estimating the tails of such distributions,
see, for example, [2, 3, 4, 15, 19, 21|, In this paper we will discuss not only the tail decay,
but also the estimation of the approximation accuracy in the one-dimensional central limit
theorem.

Let X, X1,..., X, be d-dimensional independent random vectors bounded with probability
one. For simplicity, we will assume that they have zero mean values:

P{|X,]|<7}=1 EX;=0, j=1,..n (1)

We will be interested in the behavior of the distribution of the sum S = X; +--- + X,
depending on the limiting value 7 > 0.

From the non-uniform Bikelis estimate [7] in the one-dimensional central limit theorem it
follows that in the one-dimensional case

Wi (F,®) <ecr. (2)
with an absolute constant ¢, where W is the Kantorovich-Rubinstein—Wasserstein transport
distance (see review articles [9, 10]), F' = L(S) is the distribution of the sum S, and & = ¢
is the corresponding normal distribution, with the same zero mean and the same variance

as those of the distribution . When proving inequality (2), it should be taken into account
that, according to [33],

Wi(F,®) = / F(z) - ®(z)| dz, 3)

where F(-) and ®(-) are the corresponding distribution functions. In addition, E | X;[> <
TE X2
j
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The main result of the paper is significantly stronger and more precise. It is claimed that

W(F,®) = il;lf/expﬂx —y|/et}dr(x,y) <c, (4)

where the infimum is taken over all two-dimensional probability distributions 7 with marginal
distributions F' and ®. The result is also generalized to distributions with sufficiently slowly
growing cumulants from the class A;(7) introduced in the author’s paper [36]. In special
cases, we obtain some results of Rio [23]. The possibility of generalizing the result to the
multidimensional case is discussed.

Following Rio [23], we define the Wasserstein distance associated with the Orlicz function v:

Wy(G, H) = inf {a >0: igf/wﬂx —yl/a)dn(z,y) < 1}, (5)

where the second infimum is taken over all two-dimensional probability distributions 7 with
marginal distributions G and H.
Inequality (4) can be rewritten as

Wy (F, ®) < cr, (6)

with the Orlicz function ¢(x) = exp{|z|} — 1. Inequality (2) can also be written in the
form (6), but for the Orlicz function ¢ (x) = |z|. Inequality (6) is also valid for the Orlicz
function ¢ (z) = |x|P, p > 1. In this case, the statement is easily deduced from (6) and turns
into the estimate

Wy(F, @) < c(p) T, (7)
where Wp( -, ) is the standard Wasserstein p-distance. We took into account that |z[P <
c(p) exp{|z[}.

The class of distributions of sums S = X; + --- + X, satisfying conditions (1) can be
considered as a natural generalization of the class of binomial distributions, which historically
turned out to be the first distributions of sums of independent terms studied in probability
theory. Bernstein [6] found less restrictive conditions (see definition (20) for d = 1), under
which the tails of the distributions of sums admit estimates similar to those for the tails of
binomial distributions. Under the conditions of Bernstein’s inequality, the distributions of the
terms have finite exponential moments, that is, the Cramér conditions are satisfied, under
which the theorems on large deviations of the distributions of sums of independent terms
are valid. As is well known, the coefficients of the so-called Cramér—Petrov series arising in
the formulations are determined from the cumulants of the distributions of the sums, see
[27, Lemma 1.4]. This motivated Statulevicius [31] to a further expansion of the class of
distributions for which the results on large deviations are valid. He introduced classes of
distributions that are no longer necessarily representable as distributions of sums of a large
number of independent terms, but whose cumulants behave similarly to the cumulants of
such sums (see (14)). In this paper, we prove inequality (6) not only for distributions of sums
S =X;+ -+ X, satisfying conditions (1), but also for distributions from the class A;(7),
equivalent to the class of one-dimensional distributions considered by Statulevi¢ius.
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Let Ay(7), 7 > 0, d € N, be the class of d-dimensional distributions introduced in an
author’s paper [36]. The class A4(7) (with a fixed 7 > 0) consists of d-dimensional distri-
butions F', for which the function

() = o(F2) = log [ cEIP(d} (p(0) =0 8
is defined and analytical for ||z||7 < 1, z € C%, and
|dudy o(2)] < Jlullm (D, v), (9)

for all u,v € R% and ||z|| 7 < 1, where D = cov F' is the covariance operator of distribution F
and d,p is the derivative of function ¢ in direction w.

Let’s introduce the necessary notation. Below, the symbols ¢, ¢1, 2, ¢3, ... will be used for
absolute positive constants. Note that ¢ can be different in different (or even in the same)
formulas. We will write A < B if A < ¢B. We will also use the notation A <x Bif A< B
and B < A. If the corresponding constant depends on, say, r, we will write ¢(r), A <, B,
and A <, B. By ﬁ(t) = [e" F{dz}, t € R, we denote the characteristic function of the
univariate distribution F'.

The main result of this paper is contained in the following Theorems 1 and 2. They deal
with the proximity of univariate distributions.

Theorem 1. Let F'= L(&) € Ay(1), 7> 0, E{ = 0. Then there exists an absolute constant
¢y such that

W(F,®) = ir;f/exp{]x —yl/attdr(z,y) < e, (10)

where ® = ®p is the corresponding normal distribution, and the infimum is taken over all
two-dimensional probability distributions © with marginal distributions F' and P.

Theorem 2. Let F = L(&) € Ay(7), 7> 0, E€ = 0. Then there exists an absolute constant
¢y such that

Wo(F.®) < o, (1)
with the Orlicz function ¥(x) = exp{|z|} — 1, where ® = Pp.

Theorems 1 and 2 are equivalent. If ¢; < 2, then Theorem 1 implies that

irﬂlf/exp{]x —y|/ert}dr(x,y) < 2. (12)

If ¢; > 2, then we can choose ¢z so that ¢{* =2, and ¢3 < 1. Then, by Lyapunov’s inequality
for moments,

iI;f/eXp{c?, o~ ylferr} dr(a,y) < inf (/exp{|x —ylferydn(ey)” <=2 (13)

Now inequalities (12), (13) imply the statement of Theorem 2. It is also obvious that Theo-
rem 2 implies the statement of Theorem 1.
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2. PROPERTIES OF CLASSES A;(7)

Let’s consider the elementary properties of classes Ay(7) (see [36, 38, 40, 41, 42]). It is
easy to see that if 7 < 7, then A;(m) C Ay (72). Furthermore, the class A, (7) is closed
under the convolution operation: if Fy, Fy € Ay (1), then FiFy = Fy % Fy € Ay (7). From
here on, products and powers of measures are understood in the sense of convolution.

Let 7>0, F=L(¢) € Ag(1), y € R™, and A : R? — R™ is a linear operator. Then

LAAE+y) € An ([All7), where [JAl= sup [JAz].

zeR, ||z]|<1

In particular, for any a € R
L(a) e Ay(la|T).

The classes A4(7) are closely related to other naturally defined classes of multivariate
distributions. From the definition of A4(7) it follows that if £(§) € Aq4(7), then the vector &
has finite exponential moments Ee8 < oo, for h € R? ||h||7 < 1. This leads to an
exponential decay of the distribution tails.

The condition L£(£) € A;(7) is equivalent to the condition of Statulevicius [31], see also
[13, 26, 27], on the growth rate of the cumulants ~,, of a random variable &:

1
[Ym| < ém!rm‘%, m=34,.... (14)

This equivalence means that if one of these conditions is satisfied with the parameter T,
then the second is valid with the parameter c7, where c is some positive absolute constant.
Note, however, that the condition £(§) € Ay4(7) differs significantly from other multivariate
analogues of the Statulevi¢ius condition considered by Rudzkis [24] and Saulis [25]. The
review article [27] and the monograph [26] contain a large number of examples of distributions
satisfying conditions (14) and which are not distributions of sums of a large number of
independent terms. Note also that Statulevicius considered more general conditions under
which exponential moments are not necessarily finite.

Another class of distributions, denoted by A4(7), 7 > 0, was mentioned in the paper [42].
It is defined similarly to A,4(7) with replacing (9) with

| d2p(2)| < 2(Dv,v) (15)

for all v € R? and ||z|| 7 < 1. That the classes Ay(7) and Aq(7) are also equivalent is easily
verified using Cauchy inequalities. The definition of the classes ./Zd(T) in some sense looks
even more natural than the definition of the classes A4(7). The constant 2 in (15) can be
replaced by any other constant €', 1 < C' < 0o, bounded away from 1 and from infinity. The
result will also be equivalent classes.

Clearly, the class A, (0) coincides with the class of all d-dimensional Gaussian distributions.
The following inequality (16) was proved in the author’s paper [36] and can be considered as
an estimate of the stability of this characterization:

if F'e Ay(r), then 7 (F, ®p) < cd?r log*(77Y), (16)
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where 7(-, -) is the Prokhorov distance, defined in [22], and ®r denotes the Gaussian dis-
tribution whose mean and covariance operator are the same as those of F. Here log"b =
max {1,logb} for b > 0, and log is used to denote the natural logarithm. Note that Theo-
rems 1 and 2 of this paper can also be viewed as stability estimates for the above-mentioned
characterization of Gaussian distributions in transport metrics, and so far in the one-dimen-
sional case.

The Prokhorov distance between distributions F, G can be determined by the formula

7(F,G) =inf{\: 7(F,G,\) < \},

where

m(F,G,\) = supmax { F{Y} — G{Y*},G{Y} — F{Y*}}, x>0,

and Y* = {y € R? : 1161§f/Hx—yH < A} is the A-neighborhood of a Borel set Y

(see [11, 12]).
In the author’s paper [36] it was also established that

A
cd?t

What is important here is that inequality (17) is proved for all 7 > 0 and for an arbitrary
covariance operator cov F.

By the Strassen-Dudley theorem (see Dudley [14]) and according to inequality (17), for
any distribution F' € Ay(7) and any A > 0, one can construct random vectors ¢ and 7 on
the same probability space with £(§) = F' and L(n) = ®p, so that

it F e Ag(7), then n(F, &5, \) < cd? exp{ _ } A> 0. (17)

P (¢ —nll > A} = 7(F.#p.X) < cexp{ - ). (18)
cd?*t

We emphasize that the Strassen—Dudley theorem guarantees the existence of a construction
with equality in (18) only for a fixed A\. An example showing impossibility of a construction
with equality in (18) for all A simultaneously can be found in the survey [11]. The Strassen—
Dudley theorem enables us to automatically derive statements of the type (18) from estimates
for m(F, G, \). Strassen’s original proof [32] was non-constructive. Dudley [14] gave a compli-
cated constructive proof based on combinatorial ideas. Finally, Schay [30] found a short proof
relying on the duality theorem.

If equality (18) were proven for all A > 0 simultaneously on the same probability space,
then the assertion of Theorem 1 would automatically follow from it, for any dimension d,
1 < d < oo. Therefore, inequality (17) gives grounds to expect a possibility to generalize
Theorems 1 and 2 to the multidimensional case.

If F is an infinitely divisible distribution with spectral measure concentrated on the ball
{z € R?:||z|| < 7}, then F € Aqy(cT), where c is some positive absolute constant. In the
paper [36], one can find less restrictive conditions on spectral measure, ensuring that an
infinitely divisible distribution belongs to Ay(c7).
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In particular, for the Poisson distribution II, with parameter A > 0, the inclusion II, €
Aj(c) holds. It follows from Theorem 2 that

sup Wy (I, @1, ) < ¢, for ¢(x) = exp{|z|} — 1. (19)
A

This is the statement of Corollary 2.2 of Rio [23]. But Theorem 2 contains a more general
assertion. In (19) we can replace the set of Poisson distributions by the set of all infin-
itely divisible distributions with the Lévy—Khinchin spectral measures concentrated on the
interval [—1,1].

Distributions from the classes A4(7) are directly used in the formulations of the author’s
results [40]-[42] on estimating the accuracy of strong Gaussian approximations for sums of
independent random vectors in the most important case, when the summands have finite
exponential moments (see also the review article [43]). Multivariate analogues of the one-
dimensional results of Sakhanenko [28], who generalized and significantly refined the results
of Komlés, Major, and Tusnéddy [18], for the case of non-identically distributed random vari-
ables, were obtained. Sakhanenko considered the following classes of univariate distributions:

Si(r) ={L(€): E¢=0, E[¢Pexp{l¢|/r} <TEIE}, 7>0.

In the author’s preprint [35] it was noted that the classes S;(7) are equivalent to the classes of
distributions B (7) satisfying the conditions of the Bernstein inequality (see definition (20)),
in the sense that if one of the conditions for membership in a class is satisfied with a parame-
ter 7, then the second is true with parameter cr, where ¢ is some positive absolute constant.
Sakhanenko’s results [28] were formulated as estimates of exponential moments of maximal
deviation of sums of independent random variables with distributions in &;(7), constructed
on a probability space, from corresponding sums of independent normally distributed terms.
The form of Sakhanenko’s estimates is almost the same as in (10), so that they imply an
analogue of inequality (10) with right-hand side replaced by ¢(1 4 o/7) for the distributions
of sums of independent random variables with distributions from S;(7). Here, o2 denotes
the variance of the sum under consideration. For convolutions of distributions from S;(7),
some estimates of moments of exponential type in the central limit theorem are contained in
Sakhanenko [29].

In the author’s papers [35] and [37], inequalities (16) and (17) (with d? replaced by d°/?)
were proved for convolutions of distributions from the class B;(7), where 7 > 0 and

Bi(r) = {F=r(©):E¢=0, [E(0) (€™ (20)
< %mh’m_2 ul|" " E (€,v)* for all u,v € RY, m =3,4,... },

satisfying multidimensional analogues of the Bernstein inequality conditions. Sakhanenko’s
condition L£(§) € &8i(r) is equivalent to the condition L£(§) € Bj(r). Note that
if F{{z eR*: ||z|| <7}} =1, E{ =0, then F € By(r).

Let us formulate relations between classes Aq(7) and By(7). Let 0% denote the maximal
eigenvalue of the covariance operator of distribution F'. Then
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a) If F = L(£) € By(r), then 6% <1272 E{ =0 and F € Ay(cr).
b) If F'=L(§) € Ay(7), 0% < 7% and E£ = 0, then F € By(cr).

In particular, the distribution of the sum S = X; + --- + X,, under conditions (1) belongs
to the class Ag(cr).

Thus, roughly speaking, By(7) forms a subclass of distributions F' = L({ — E&) such
that L£(¢) € Ag(er), and 0% < 1272 Inequalities (16) and (17) in this case indicate only
that both distributions being compared are close to degenerate law F concentrated at the
origin. If ' = L(£) € Ay(7) and 0% is significantly greater than 72, then £(£/or) € Ag(T/0F)
and inequalities (16) and (17) reflect the proximity of distribution F' to the corresponding
Gaussian law.

Let 7 >0, F =L(¢) € Ag(r), |hllr < 1, h € R%.  We define the distribution
F = F(h) by relation

_ -1
F{dz} = (E e<h’f>> e FP{dx}.

We denote by & = £(h) a random vector with distribution £(£(h)) = F(h). Distributions
F(h) are sometimes called Cramér transforms (or Esscher transforms, see [8]). In the proofs in
[36], [37], [40]-[42], distributions F(h) are used to estimate probabilities of large deviations,
corresponding to the conditional densities. Another important property of classes A4(T)
is that F(h) € Aq(27) for ||h]|7 < 1/2, see item b) of Lemma 1. This makes it possible
to systematically apply the results obtained for the original distributions to their Cramér
transforms and thereby refine the estimates.

Kolmogorov [16] posed the problem of estimating the accuracy of infinitely divisible approxi-
mation of distributions of sums of independent random variables whose distributions are
concentrated on short intervals of small length 7 < 1/2 up to a small probability p. In the
particular case when p = 0, we are talking about approximating the distributions of sums
S =X+ -+ X, for d =1 and under conditions (1). In this case, Kolmogorov [16, 17]
obtained the estimate

L(F,®p) < 71/%1log"/*(1/7), (21)

where L( -, -) is the Lévy distance. From the above it follows that F' € A;(c7) and inequali-
ties (16) and (17) can be viewed as generalizations, and refinements of inequality (21). Note
that the formulations in [16, 17] differ from (21). To deduce this inequality from them, an
elementary additional analysis is required.

Let X, X4,..., X, be independent identically distributed random variables such that

EX =0 and E exp{t|X|} <oo forsome ¢>0. (22)

Then it is easy to verify that there exists ¢(F) such that F = L£(X) € Ai(c(F)), and
distribution of the normalized sum F, = L((X; + -+ + X,,)/y/n) belongs to A (c(F)//n).
Applying Theorem 2, we obtain that

Wy(F,, ®r,) <r 1/v/n, (23)
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with Orlicz function ¥ (z) = exp{|z|} — 1. This is the statement of Theorem 2.1 of Rio [23].
We emphasize once again that in the main results of this article we consider univariate
distributions that satisfy condition (9) on the Laplace transforms and, generally speaking,
cannot be represented as convolutions of a large number of identical distributions. In this
case, condition (9) turns into

| " (2)| < T0* for |27 < 1. (24)

From the above it follows that the assertions of Theorems 1 and 2 are also valid for
convolutions of univariate distributions concentrated on the interval [—7, 7] or satisfying the
conditions of Bernstein’s inequality, as well as for infinitely divisible distributions with their
Lévy—Khinchin spectral measures concentrated on the same interval, and for distributions
satisfying the Statulevi¢ius conditions (14). In terms of content and methods of proof, they
can be viewed as simply and clearly formulated statements from large deviation theory.

3. PROOF OF THEOREM 1

We will need the following Lemma 1 about the properties of the Cramér transform (it is
contained in [36, Lemmas 2.1, 3.1]).

Lemma 1. Let 7 >0, F = L(§) € Ay(r), E€ =0, h € R, |t <1, D = covF,
D(h) = covF(h). Denote by o* the minimal eigenvalue of D. Then
a) for any u,v € R4 the following relations hold:

(D(h)u, u) = (Du, u)(1+0||h||7), (25)
. 1 1
ih,g) — _ Z
logE e - (Db, h>(1 +3 e||h||7), (26)
1 1
(h,g) — — Z
logE e > (Dh, ) (1 +3 9HhHT> (27)

(here and below 0 symbolizes various quantities not exceeding one in absolute value: |0] < 1);
b) If ||h||7 <1/2, then F(h) € Aq(27);
¢) Forz el ={z € R*: 48707 |D~'2z| < 1} there exists a parameter h = h(z) € R
such that

EE(h) =2,
Rl < 1/2,
o 1] < [DV2h]| < 2.4 D V22|,

2
)

|DY2h — D2z < 2886707 ||D7 %

B exp {{(h,€) — {h2)} = exp { — = [D2|[" + 10.086r0 D2} (32
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Below .
=) = er/Q/ eV dy, x>0, (33)
is the Mills ratio. We will need the following lemma (see [1, Lemma 1.2 of Chapter VIJ).

Lemma 2. Let x.¢ > 0. Then

0<E(e) ~E(w+e) < 5, (34)
=(z) = i( - %) (35)
Let ®, be the univariate Gaussian distribution with zero mean and variance o*. Then
1—¢4m+@5%1—@4@)wp{—2%g;f} (36)
Hence, for x > ¢
L= 0,(0) < (- @yo—2)) exp{ - 225 (37)

Let p(F,®) = Supx|F (x) — CD(:L‘)‘ be the Kolmogorov distance, uniform distance between
distribution functions.

Lemma 3. Under the conditions of Theorem 1,
p(F,®) < 7/0, (38)
where 0% = Var £ is the common variance of distributions F and ®.

Proof. Using inequality

21

e[}, (39)

valid for 21, 2z € C, and applying inequality (26), we obtain that for |t|7 < 1

‘e —622} < }21 —22| max{‘ezl

\ﬂw—&mggﬁm%m{—%ﬂﬂ. (40)

Therefore, using the standard smoothing inequality (see [1, Theorem 1.2 of Chapter III]),
we find that for T'=1/7

F(t) — d(t)

1 T
dt + — <« —. 41
" - < - (41)

T
F &
p(F, )<</0 e

The following lemma contains an analogue of Bernstein’s inequality for distributions from
the class A; (7).

Lemma 4. Let, under the conditions of Theorem 1, Var& = o®.  Then
2

P{f > 9:} < max{exp{—4x—(72}, exp{—%}}, z > 0. (42)
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The proof of this lemma almost literally repeats the proof of Bernstein’s inequality. Let
0 < hr < 1. By (27),
E ™ < exp{h?c?}
and
P{¢ > 2} < e "™ Ee" < exp{h?o? — ha}.

Let’s choose the parameter h depending on x. If 0 < z < "72, we take h = 575 and obtain the
bound

22
P(S>zx) < - . 43
520 <en{-1) (13)
And if x > "72, take h = % and get
o x T
P(S}x}éexp{rﬂ—g}éexp{—z}. (44)

Now the inequality (42) follows from (43) and (44).

Proof of Theorem 1. Without loss of generality, we assume that the distribution function
F' is infinitely differentiable and strictly increasing. To justify this, it suffices to consider,
instead of the distribution F', the convolution of this distribution with a Gaussian distribution
having zero mean and positive variance tending to zero, and also to use the standard tool for
proving theorems on strong approximation, Lemma A from Berkes and Philipp [5]; see, for
example, the proof of Theorem 3.1 in Rio [23]. Thus, under these assumptions, the strictly
increasing inverse function F~!(-) is well defined.

Let a random variable 1) have the distribution £(n) = ®. Write £ = F~(®(n)). It is
clear that £(¢) = F and n = ® '(®(n)). This means that the random variables ¢ and
n are defined as the Smirnov transforms of a random variable ®(n) uniformly distributed
on the interval [0,1]. This is exactly how random variables with given distributions are
constructed in the proof of equality (3) in [33]. Then if the random variable £ takes some
specific value z € R, the random variable 7 will take the value @~ (F(z)).

Further reasoning is carried out under the assumption that £ = x and 7 < c40, where
0? = Var &, and the choice of ¢4 will be refined during the proof.

First we consider the case when |z| < 20. Let

o(u) = \/%a exp(—zu—;) (45)

be the density of distribution ®. Recall that according to Lemma 3
p(F,®) < c5. (46)
o

Let |u| < 20, |y| < 30. It is obvious that then

e u—y|  colu—vyl e~
= Cp =

V2o o ’ 0 \/27'("

|®(u) — (y)| > |u—y|$(30) =
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Glu—yl o, 7 (48)
ag g

|F(u) = Fy)| >

Lemma 5. There exist absolute positive constants cy, ¢y such that for T < cyo, |x| < 20 the
following inequalities hold:

O(x+cqm) > F(x), F(x+cr) > P(). (49)
Indeed, according to (46)—(48), for |z| < 20

O(x+ ) — F(x) > F(o + 7)) — F(x) — 051 > Ce C7T
o

~ 35 >0, (50)
g

if we choose ¢; = 3c5/cg and if © + ¢;7 < 30. The last inequality becomes obvious if ¢;7 < 0.
For this, it is sufficient to choose ¢; < c;'. The second inequality in (49) is verified similarly.
Thus, according to Lemma 5,

[E=nl<cr, if [¢] <20 (51)

Let 20 < x < 0?/57, and the parameter h = h(z) € R be chosen in accordance with
item c) of the one-dimensional version of Lemma 1_(Wh£se condition = € II is satisfied) and
it is such that E{(h) =z, ||h||7 < 1/2, L({(h)) = F = F(h),

loh —x/0| < 2.88 70 ta?o 2. (52)
According to relation (25) of Lemma 1,
o®(h) = Var{(h) = o*(1+ 6| |h||7). (53)

_ Introduce the distribution H = ®z. Then, in accordance with item b) of Lemma 1,
F(h) € Ay(27) and, by Lemma 3 taking into account (53),
T

p(H,F) < ) < g (54)

Integrating by parts, we obtain

| = F(z) = B / T M dy) = B e ( / T he () dy — e F(x)), (55)

x x

/ e H{dy} = / he ™H(y)dy — e H(x). (56)
On the other hand, it is easy to verify that
> 1
e "WH{dy} = ——e " E(ho(h)). 57
| etany = <= =no(n) 57
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From (54)—(57) it follows that

/00 e_hyf{dy} — \/12_7r

/ " he M(F(y) — H(y) dy — o (F(x) — H(x)

<2e M p(HF) < el (58)
g

e~he E(ha(h))‘

<

Applying inequality (34) of Lemma 2, we obtain

ho(h) —al _

h20?

E(ho(h)) — E(ho)| < (59)

If x > 20, then ho < x/o and E(ho) > =Z(z/0) > o/x. Applying inequality (34) again,
as well as (52), we obtain

\ho —z/o|c? T

2(ho) — E(x/0)| < - < (60)

X

Hence,

/00 e"WE{dy} — \/12_7Te_hx =E(z/o)

.

< —e (61)
o

Applying the above inequalities, we obtain that

1 - F(z)=E¢"* (\/%e_hx E(x/o) + /00 e {dy} — \/12_7Te_’“” E(x/a))

x

ot =(afo) (14 002 )
e (x/a)( +oe——

3

1
= \/—2_7TE
= (1= o) esp {pes - 55}

1 202 - T
:Ee 2/22:(x/0)exp{008;g}. (62)

Lemma 6. There exist absolute positive constants cg, ..., c11 such that
1—®(x+p(x) <1—Fx) <1—d(x— p(x)) (63)
for 7)o < cy, 20 < x < 2= 1902 /T, where

B(x) = eyt 2’02 (64)
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We set c17 = 4cg. Then, by choosing a sufficiently small ¢y, we ensure that the inequality
B(x) < x is satisfied. Now applying inequalities (36) and (37) with ¢ = §(x), we obtain

1—F(z) = (1 - ®(z))exp {908 - x_z}

(2o —p@)BE) | 7

202 o o3

< (1- 0z - Bx))exp{ -

1—F(z)=(1—-®(z))exp {968 g j—Z}
(2o 2 DUNOE) _ (T2 51— e+ b)), (66)

202 o o3

> (1- @+ B(x))) exp {

completing the proof of the lemma.
Applying Lemma 6, we obtain that

1€ —n| < enté?/o?, if 20 <¢<z=cyo?/r, T/0<cy. (67)

To prove Theorem 1 it suffices to prove that the absolute constant c¢i4 can be chosen so
large that E exp {|£ —n|/cut} < 1.
First, we will assume that 7/0 < ¢g. It is clear that

exp {|& —n|/cat} <exp {|& —n|/cur} 1{|¢] < 20}
+exp {|€ —nl/eur} 1{20 < [¢]| < 2}
+oxp{|n|/cuar +|€|/crar} 1{|] > 2}. (68)

According to (51), for ¢4 > ¢7

E exp{|§—77|/cl47'} 1{|£| < 20} <e.

By Lemma 4,

2 2

P{& >’} =P{|¢{| >z} <2 max{exp{—%ﬂ}, exp{—4cfo 02}} (69)

for 0 <ax<z=cpo?/T. Set

W = C11£2/0'2.
Using (69), we obtain that there exists ¢;3 such that

P{W >u} < P{}£|20\/u/011}

< 2 GXP{ —U/013}
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for 0 <u <~v=c12%/0?% Set ¢35 = 213, v = 1/c1o. Integrating by parts, we obtain

-
Eexp{vW}l{]é]ﬁz} < 1+/ ve”“P{qu}du
0

9 [
< 14+ — et/ 12 exp{—u/clg} du
C12 Jo
2 OO —u/c
< 14+ — e M duy < 1,

C12 Jo
By (67), for c14 > ¢12

exp {|§— n |/014T} 1{20 <€)< z} < exp {01152/61202} 1{20 <€)< z}.
Therefore,
Eexp{|{—n|/cut}1{20 < || <z} <Eexp{vW}1{|{| <2} < 1.
By the Cauchy-Bunyakovsky—-Schwartz inequality, for ¢ € R, z > 0 we have

1/2
E exp {t] €|+t |n 1} 1{16] > 2} < (B exp {20 [¢1}1{I¢] > 2} Bexp {210} 1{l¢] > })
(70)
and also 12
Bexp {20 €[} 1{lg] > =) < (Besp {at]c]} - P{lel>=}) (71)
It is clear that
exp {4t | €|} <exp{4t&} +exp{ —4t&}. (72)
Applying Lemma 4, we obtain that for z = ¢ 0?/7
P{j€] > 2} <2 exp{—co?/7)} (73)
Let 0 < |h|T < 5. By (27),
E " < exp{h?c?}. (74)

Applying (71)—(74) with h = 4t = +4/c147, z = c190%/7 and choosing a sufficiently large
constant ¢4, we obtain

1/2
Eexp{2t|£|}1{|¢| > 2} < (E(exp{4t5} texp{ —4te})-P{l¢ > z}) < V2. (75)
It is similarly verified that

E exp {2t|n|} 1{|¢| > 2z} < V2. (76)
Hence,
E exp {|n|/cam + | €|/crar} 1{|€] > cr00?/7} < 2V2. (77)
Let now 7 > c9o. Then
E exp {| E—n |/614T} < <E exp {2 |n |/014T} -E exp {2 | € |/014T}>1/2. (78)

E exp {2]¢|/cut} <Eexp{2¢/cut} + Eexp{ —2¢/cuut}. (79)
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Applying (74) with h = £2/c¢147, and choosing a sufficiently large constant ¢4, we obtain
that

E exp {|&—n|/cut} <1, (80)

completing the proof of the theorem.
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