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Abstract—In pliable index coding (PICOD), a number of clients
are connected via a noise-free broadcast channel to a server
which has a list of messages. Each client has a unique subset
of messages at the server as side-information, and requests for
any one message not in the side-information. A PICOD scheme
of length 7 is a set of ¢ encoded transmissions broadcast from
the server such that all clients are satisfied. Finding the optimal
(minimum) length of PICOD and designing PICOD schemes that
have small length are the fundamental questions in PICOD.
In this paper, we present a new lower bound for the optimal
PICOD length using a new structural parameter called the
nesting number, denoted by 7(#) associated with the hypergraph
‘H that represents the PICOD problem. While the nesting number
bound is not stronger than previously known bounds, it can
provide some computational advantages over them. Also, using
the nesting number bound, we obtain novel lower bounds for
some PICOD problems with special structures, which are tight
in some cases.

I. INTRODUCTION

The problem of pliable index coding (PICOD), introduced
in [1] by Brahma and Fragouli, consists of a server with
messages, and a number of clients, connected via a noiseless
broadcast channel. Each client possesses a subset of messages
as side-information and demands for any message from the set
of messages in its request set (those messages not present as its
side-information). A PICOD problem can thus be defined by
the collection of unique side-information sets or request sets
of all the clients. The server then designs (possibly coded)
transmissions and broadcasts them to the clients, which then
decode their desired symbols. This is called as a pliable
index coding scheme, or a PICOD scheme. The number of
transmissions made by the server is termed as the length of the
PICOD scheme, and the goal is to design PICOD schemes with
lengths as small as possible. The PICOD problem is a variant
of the well-studied index coding problem, introduced in [2]
by Birk and Kol. The setting in index coding is different from
PICOD only in the sense that each client demands a specific
message in the request set, rather than any message. Newer
variants of PICOD have also appeared in recent literature, such
as the preferential PICOD (PPICOD) [3]. In this, the clients
have varying preferences among the unknown messages, and
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wish to receive one with a higher preference. Apart from being
a canonical problem in information theory, ideas from pli-
able index coding prove useful for constructing data-shuffling
schemes for distributed computing [4] and private information
retrieval [5].

In [1], it was shown that finding the optimal code length
for PICOD problem is NP-hard.They have also presented
few algorithms in [1].In [6], Song and Fragouli presented a
deterministic algorithm for PICOD termed BinGreedy, which
constructed a PICOD scheme with at most (9(10g2 n) transmis-
sions. An improved greedy cover algorithm titled ImpGrCov,
was presented in [7]. In [8], Krishnan et al. presented a
hypergraph coloring approach to the PICOD problem. Using
several variants of conflict-free colorings [9] of the PICOD
hypergraph, randomized algorithms were presented for PICOD
and PICOD(?) problems. A simple greedy algorithm for PI-
COD, which uses the hypergraph representation of the PICOD
problem was presented in [10]. This gives an achievable
linear scheme with length at most A(#), where A(H) is the
maximum degree of any vertex in the hypergraph H.

Information theoretic converses for various special classes
of PICOD problems were derived in [11], [12]. Specifically,
the work [11] considered a class of problems known as
complete-> PICOD(t), where ¥ C [0 : m — 1] defines the
side-information sets of the clients present in the problem.
Tight converses for complete-> PICOD(¢) for a number of
special choices for ¥ were presented in [11], utilizing the
notion of decoding chains and earlier converse results for
index coding [13]. The work [14] generalized the techniques
in [11], and obtained lower bounds on the optimal PICOD
length for general PICOD problems. This was later improved
in [15]. The bounds in [14], [15] are also based on the idea
of decoding chains. They remain the only known bounds for
general PICOD problems; however, they could be difficult to
compute in general.

In the present work, we consider a slightly different hy-
pergraph model for PICOD that was used in [8] and [10].
The vertex set remain the same in both the models, but the
edges represent side-information sets of clients rather than
representing the request sets. New converse results for PICOD
based on this model are presented here.

The paper is organized as follows. We present the for-
mal PICOD system model and the hypergraph framework in
Section II. We then briefly review the existing converses for
general PICOD problems from [14], [15] (Subsection III-A).
In Subsection III-B, we identify a new structure called a



nested collection of the side-information sets of clients, and
an associated parameter we call the nesting number n(H).
Via the bound from [14], we show that the optimal PICOD
length is lower bounded by 7(#) (Theorem 1). In Subsection
II-C, we provide a polynomial-time algorithm (Algorithm
1) to construct nested collections of clients, each of which
provides a lower bound for n(?). In Subsection III-D, we
show a class of PICOD problems for which 7(#) is a tight
lower bound (Lemma 1). Using Theorem 1, we also prove the
converse bound (Lemma 2) for complete->> PICOD problems
with general X, re-proving the result from prior work [16].
While the () lower bound is not stronger than the bound in
[14], nevertheless we show in Subsection III-D that it recovers
results from [14] involving PICOD problems with various
structural constraints (Lemmas 3, 4, 5). Using our results,
we also obtain an exhaustive characterization of the optimal
PICOD length of all problems upto three clients, along with
the associated lower bounds in each case (Lemmas 6 and 7).
In the process, we see that the converse bounds from Theorem
1 and from [14] can be equally loose. The paper concludes
in Section IV with some directions for further research. Due
to page limitations, all the proofs are omitted here and are
included in the appendices.

Some notation and basic definitions: We set up some nota-
tion and review some basic definitions related to (hyper)graphs
that are useful for this work. For some positive integers m
and n, n > m we denote the set {1,2,...,n} by [n] and
the sequence (m,m + 1,m + 2,...,n) by [m : n]. For sets
A and B, A\B denotes the set of elements in A but not in
B. If B = {v}, then we also denote A\ B as A\ v. The
notation |A| represents the size of set A and () denotes an
empty set. [, denotes the finite field with ¢ elements. We now
present some definitions related to hypergraphs. A hypergraph
H(V, E) consists of a pair of sets: the vertex set denoted by V,
and the edge set denoted by £. The elements of £ are subsets
of the vertex set. We shall also use V(#) and E(H) to refer to
the set of vertices V and set of hyperedges £ of a hypergraph
H(V, E), respectively. Two vertices v; and v; of H are said
to be adjacent to each other if there is at least one hyperedge
which contains both the vertices.

II. SYSTEM MODEL FOR PICOD AND HYPERGRAPH
REPRESENTATION

The system model of pliable index coding (PICOD) problem
consists of a server with m messages from a finite field,
denoted as b; : ¢ € [m], and n clients connected to the
server by a noise-free broadcast link. The set of indices
of the side-information messages at client 7 is given by
S; C [m]. The collection of side-information sets is denoted
as S = {S; : ¢ € [1 : n]}. Request set of client i is then
denoted asR; = [m]\ S;.

The client ¢ then requires one message from the set of
messages not in their side-information sets {b; : j ¢ S;}.
Note that we assume |S;| # m,Vi. A pliable index code (or
a PICOD scheme) for this PICOD problem consists of (a) an
encoding scheme at the server which encodes the messages

bj : j € [m] into ¢ symbols from F, which the server
then broadcasts, and (b) decoding functions at the clients
which enable each of them to decode one message from its
request set, using the encoded symbols received and its side-
information. Here, the quantity ¢ is called as the PICOD
length. For some encoding scheme, a client is said to be
satisfied if it is able to decode one message from its request
set, else it is said to be unsatisfied. The goal of pliable index
coding is to design PICOD schemes that have length ¢ as
small as possible, while satisfying all clients. Observe that we
can identify client ¢ with its side-information set S;, as any
two clients with the same side-information set are essentially
identical from the PICOD perspective.

We now briefly describe the hypergraph model for PICOD.
A given PICOD problem can be completely represented by
a hypergraph H with the vertex set ¥V = [m] and edge set
E = {S; C [m] : i € [n]}. Naturally, every hypergraph also
defines a corresponding PICOD problem. We, thus, do not
distinguish between hypergraphs and PICOD problems in this
work. We denote by 5,(#) the smallest length of any PICOD
scheme for H over F,. Also, let 3(H) £ min, 3,(H) denote
the optimal length of any PICOD scheme for H over any finite
field.

III. A NEW LOWER BOUND ON f3() BASED ON NESTED
SIDE-INFORMATION SETS

In this section, we derive a new lower bound on optimal
length 5(H) based on a new parameter of the hypergraph
called the nesting number, n(H). First, we recall the ‘ab-
sent clients’-based converse bounds for the minimum PICOD
length of general PICOD problems, available in [14] (and
later improved in [15]). Subsequently, we prove a new lower
bound on the optimal length of PICOD based on subsets of
side-information sets with some special structure. We obtain
its relationship to the existing converses, and provide new
proofs for some existing results based on our lower bound.
We also show a class of problems for which our lower bound
is tight and derive new results for a general class of complete-
3. PICOD problems [11]. We further characterize the optimal
length of PICOD for upto three clients.

A. The converses from [14], [15]

We now briefly recount essential ideas regarding the con-
verse bounds for general PICOD problems from prior works
[14], [15]. These converse bounds were essentially based on
the earlier converse for index coding from [13].

Let D denote a decoding choice function for the PICOD
problem specified by H, where D(S;) € R; : i € [n] denotes
the decoding choice of client i. The converse bounds in both
the works [14], [15] involve constructing a total ordering of the
m message indices, for each decoding choice function D. Let
this totally ordered set be denoted by C'p, where the set of first
k elements of Cp is denoted by Cp j, where Cp , = Cp. We
recall some terminology from [14]. A subset S C [1 : m] is
said to be an absent client of ‘H,, if it is not the side-information
set of any client in H. In contrast, a present client refers to



a side-information set of a client in 7. In the work [14], the
ordered set C'p is constructed one message at a time, according
to the following rules.

e Rule A: If Cp i, is a present client, then the (k+1)"" message
index added to the ordered set is D(Cp ), i.e., Cp 1 =
{D(Cp )} UCp k. Such a client Cp j, is said to be ‘hit’ by
Cp.

e Rule B: Otherwise, if Cp j is an absent client, the (k+ 1)"
message index added to the ordered set is any message index
not already in Cp ;. Such message indices are said to be
‘skipped’ by Cp.

Let 7(Cp) represent the number of messages added to Cp
according to Rule A, i.e., 7(Cp) is the number of clients
hit by Cp or the number of non-skipped message-indices in
Cp. Then, the converse bound in [14, Lemma 5] says that
B(H) > H}:i)n max 7(Cp), where the minimization is over all

possible decodirfg choice functions for the given problem, and
the maximization is over all possible ordered sets C'p chosen
for a given D, according to the rules above.

In [15], the above rules for constructing C'p are refined
further to obtain a improved converse bound. While Rule A
is kept as is, Rule B is replaced with two options. That is, if
Cp,, is an absent client, then we execute one of the following
options as per [15, Algorithm 1].

e Option B’: If there exists some present client S € S such
that D(S) ¢ Cp and S C Cp g, then we may add D(S)
to the ordered set, i.e., Cp xy1 = {D(S)} UCp k.

o Option C’: Alternatively, let the (k + 1)*" message index
added to the ordered set be any message index not already in
Cp k.

Let 7/(Cp) denote the number of messages added according
to Rule A or Option B’, i.e. the number of non-skipped
message-indices of C'p. The converse bound in [15, Lemma
11 is B(H) > HgnnéaXT’(CD), which is in general an
improvement over the bgund from [14]. This is clear, as we
observe that the action in Option C’ is identical to Rule
B. Thus, executing only Option C’ (and never Option B’)
whenever Cp j, is an absent client, results in the rules for
forming Cp as per [14]. Thus, we have

B(H) > m(H) & HlDiIlIIé%XT/(CD) > 7 (H) & mDinné%xv'(CD

(D

From the results of [15], the inequality 7o(H) > 71(#) can
be strict.

B. A lower bound for PICOD via nested collections of H

We now give the definition of a nested collection of clients
of the PICOD problem 7, based on its collection S of side-
information sets.

Definition 1. Consider a PICOD problem given by H. An
ordered list of L subsets of the side-information sets of H
given by S; C S : i € [L] is said to be a nested collection of
H if it satisfies the following property:

e For each i € [L — 1], each S € S;, and each j ¢ S, there
exists some S' € S;41 such that SU{j} C 5.

We refer to the set S; as the level-i side-information sets (or
equivalently, level-i clients) of the nested collection. We call
the number of levels L in such a collection as its nesting
length. We define the maximum nesting length of any nested
collection in ‘'H as the nesting number of ‘H, and denote it by

n(H).

Remark 1. In a previous version of this work [10], we defined
the quantity n(H) differently, based on the request sets of H.
However, on reflection, we found the definition in [10] too
restrictive. OQur attempts to generalize the earlier idea resulted
in Definition 1.

Our main result here is the following lower bound for the
optimal PICOD length (proof available in the Appendix A).

Theorem 1. Let H be a PICOD hypergraph. Then, 5(H) >
T2(H) = 11 (H) = n(H).

The following Example 1 illustrates the quantity n(#) as
well as the lower bound in Theorem 1.

Example 1. Consider a PICOD problem H with four
messages indexed by {1,2,3,4}, and 11 clients S
{S1,...,S511} with their side-information sets being S1 = ),
Sy = {1,2}, Ss = {3}, Sy = {1,4}, S5 = {1,2,3},
Se = {1,2,4}, S; = {1,3,4}, Ss = {2}, So = {2,4},
S10 = {2,3} and S11 = {1,3}. Consider the ordered list
of subsets of side-information sets given by S; = {51},
Sy = {SQ,Sg, S4}, and 83 = {55756,57}. It is not difficult
to verify this is a nested collection. For instance, consider the
client So = {1,2} € Sa. For this client, for every j ¢ Sa, we
see that there exists a client in S’ € Sz such that S’ C S U j.

We also observe that there cannot be a nested collection of
size 4 for this problem (this actually requires all clients with
side-information sets of sizes {0,1,2,3} to be present in H).
Thus, by the definition of n(H), we have the nesting number
n(H) = 3.

We now demonstrate a linear PICOD scheme with three
transmissions. Consider the collection of transmissions b,
ba + by and by + by + bs. The first transmission satisfies

)'the clients S1, S3, Ss, Sg and Syo, as message by lies in

their request sets. The second transmission satisfies the clients
So, S4, S5, and S, as each of them have precisely one
of by or by in their side-information set. Finally, the last
transmission satisfies the remaining clients Sg and S11. Thus
n(H) = B(H) = 3, for this problem. [ ]

C. An algorithm for finding nested collections

Though the n(#H) bound is not stronger than the 7 (H)
bound, in terms of computability, the nested-collections-based
bound 7(#) may have advantages in some scenarios. Algo-
rithm 1 gives a method to construct a nested collection rooted
at a particular client (i.e., at the level-1 of the collection).
By running Algorithm 1 with each client as the root, we
get several nested collections, some of which can potentially



have lengths close to the nesting number. We show that
this can be done in time that is polynomial in the system
parameters. However, the time-complexity of the algorithms
in [14], [15] which enable computation of the lower bounds in
(1) are not explicitly specified. These algorithms likely have a
larger complexity than our computations of nested collections
via Algorithm 1, as they entail running through all possible
choices for the demands D, and all valid totally ordered sets
Cp as per the rules given in Subsection III-A.

Algorithm 1: Computing a nested collection rooted in
a given client (side-information set)

Input: PICOD problem H with client side-information sets

S ={51,...,5n}, and a specific client-index
a€ll:n].
Output: A nested collection rooted at S, and its nesting
length .
1 Initialize: S; < {S.}, A < 1, MaxDepthReached < 0,
1+ 1.
2 do
3 Stemp < 0, Sit1 + 0.
4 for S € S; do
5 for j ¢ S do
6 Sjs+—{5" €S :SU{j}cS"}.
7 if Sj.5 # 0 then
8

S’ « arg min |S”|.
S//GSVY

9 Siemp < Stemp U {S'}.

10 else

1 MaxDepthReached < 1, A «+ 4.
12 break

13 end

14 end

15 if MaxDepthReached = 1 then
16 | break

17 end

18 end

19 if MaxDepthReached = 0 then

20 Si+1 — Stemp

21 14— 1+ 1

22 end

23 while MaxDepthReached = 0
24 Return S; : 4 € [1: A] and A.

Algorithm 1 is mostly self-explanatory; we add only a few
statements for exposition. Line 6 of the algorithm defines a
search-space for the ‘successor’ side-information sets of the
presently considered side-information set .S (in level-i of the
nested collection being formed), and a candidate requested
message j. If this set is non-empty, then one among the
smallest successors will be added to the next level (lines 8-
9), else a flag variable MaxDepthReached is set to 1 (line
11), indicating that the maximal length (denoted by \) has
been reached in this case. This results in the exit out of the
loops in the algorithm, at which point the nested collection
and its length A is returned. The following example illustrates
the working of Algorithm 1.

Example 2. Consider a PICOD problem H in Example I,
with four messages indexed by {1,2,3,4}, and 11 clients S =
{S1,...,811} with their side-information sets being S1 = 0,

Sy = {1,2}, S5 = {3}, Sy = {1,4}, S5 = {1,2,3}, Ss =
{1,2,4}, S7 ={1,3,4}, Ss = {2}, So = {2,4}, S10 = {2,3}
and S11 = {1,3}. We now run through the Algorithm 1 on
this problem with root node as Sy = {S1 = 0} to obtain one
possible nested collection.

o The following initializations are made at line-2 of the
algorithm. S; = {S1}, A=1,i=1

o The do-while loop iterates as long as we collect a nested
collection of maximum depth.

o Iteration-1 of the do-while loop:

— At line-4, Siemp and Sa are initialized to (), where Siemyp
is the temporary set used to collect the clients at level-2
of nested collection. Once the collection is complete, it is
copied into S.

— The only client in Sy is S1, so the for loop at line-5 iterates
only once. At line-6 for every j ¢ Sy ie, j = {1,2,3,4}
we repeat the procedure from lines-7 to 15.

x For j = 1, S1,5, is collection of all clients S” € S
such that Sy U {1} = {1} C S". Thus, S1.5, =
{82, S4, 55,56, 57,511}. Now, since S1.5, # 0, at line-9
we assign a smallest sized client to S'. Thus, S’ = S5. At
line-10 Siermy is updated as Siemp = 0 U {S2} = {S2}.

* For j = 2, Sa.5, = {S52,55,56,S5s, 59,510} and since
Sas, # 0, at line-9 we assigns S’ = Ss which is
the smallest sized among Si g,. At line-10 we update
Stemp = {S2} U {Ss} = {Ss, Ss}. Similarly for j = 3,
Cli’ldj = 4, 83,51 = {53,5’5,57,510,511} and 84’51 =
{S4,8S6,57,59}. 8" = S3 and S = Sy respectively
for 3 = 3 and j = 4. Thus, after this, we have
Stemp = {527 587 SS; 54}

— Since MaxDepthReached = 0, at line-21, So gets updated
as Sy = Siemp = {52, Ss, 53, S4} which are the clients at
level-2 in the nested collection. At line-22, i is incremented
to 2.

o Iteration-2 of the do-while loop:

— Line-4 initializes Siemp = S3 = (.

— There are four clients in Sa, so the for loop at line-5 iterates
four times. At the end of these, successors for each client
at level-2 are found.

A valid resulting Siemyp is

Stemp = {557 567 SQ) 597 Sllu SlOa 57}

— Since MaxDepthReached = 0, at line-21, Ss is updated
to {Ss,Se, Sa2,S9, 511, S10, 57}, which are the clients at
level-2 in the nested collection. At line-22, i increments to
3.

o Iteration-3 of the do-while loop:

— Line-4, initializes Siemp = Sa = 0.

— There are seven clients in Ss, so the for loop at line-5
has to iterate for seven times. But, S5 € S3, j = 4 and
Ss U{4} ={1,2,3,4} ¢ S, thus Sy.s, = 0 which makes
line-12 of the algorithm assign MaxDepthReached = 1
and A = 3. This makes the algorithm to come out of the
Jor loop at line-13.



— Further, MaxDepthReached = 1, at line-16 breaks and
comes out of the do-while loop.

o Line-25 returns the nested collection as S, = {0}, Sz =
{52, 88,83, 81}, S3 = {55, 56, 52,99, S11, S10, 57} as
level-1, level-2 and level-3 clients respectively. It also re-
turns the depth of nested collection as A\ = 3.

We now calculate the complexity of Algorithm 1. The
crucial step is line 6, which computes successor successor
side-information sets in O(m?n) time. The loops themselves
execute at most mn times. Thus, overall the algorithm executes
in O(m3n?) time.

Note that Algorithm 1 does not guarantee finding an optimal
nested collection (i.e., one of maximum length) rooted at the
given client, for the PICOD problem given, due to the arbitrary
choice of a successor set made in line 8. Executing Algorithm
1 with each client as the root thus enables construction of n
nested collections, the largest length of which serves as a lower
bound for the nesting number. Clearly, this can be performed
in O(m3n?) time.

D. Using Theorem 1: Existing and Novel Results

In this subsection, we use our nested-collections-based
lower bound to obtain results for PICOD scenarios with special
structural constraints. Firstly, we show a class of problems for
which the lower bound in Theorem 1 is tight. Further, we
obtain a novel converse bound for the class of complete-X
PICOD problems, for any ¥ C [0 : m — 1] representing the
sizes of the side-information sets in the problem. This recovers
and further generalizes results from [11].

As part of this subsection, we utilize Theorem 1 to recover
results from [14] for classes of PICOD problems with struc-
tural constraints. Though these results are not novel, coupled
with Algorithm 1, they indicate that nested collections can
be used for computing first-order lower bounds for PICOD
problems.

Also, the absent-clients-based bounds from [14], [15] enable
characterizations of PICOD problems with few absent clients
(thus, for many ‘present’ clients). Specifically, the complete
characterization for PICOD solutions for upto four absent
clients is given in [15]. Theorem 1 can enable the characteri-
zation of problems with few present clients. As an illustration,
we obtain the complete characterization of PICOD problems
with upto three present clients, using the lower bound Theorem
1 as part of the arguments. In the process, we also show a sub-
class of problems for which the bounds 7(*) and 71 () can
be equally loose, while 7 (#) is tight.

1) A class of problems for which n(H) is a tight lower
bound for (H): The following corollary is obvious from
[10, Theorem 1] and Theorem 1.

Corollary 1. Let H be a PICOD hypergraph with n(H) =
A(H). Then, By(H) = A(H) for every prime power q, and
hence S(H) = A(H).

As an application of Corollary 1, we have the following result.
The proof of Lemma 1 is available in the Appendix B.

u 2) For each i € [1 :

Lemma 1. Ler A C [1 : m]. Consider the PICOD problem
H with its request sets such that they can be arranged as an
ordered list of L subsets denoted by R; C R :i € [1: L],
with the below structure.

1) The collection R; forms a partition of A, for eachi € [1 : L.
L — 1], for each R € R;, there exists
a collection of request sets denoted by Riyi1 g, such that
Rit1,R € Riy1 and the subsets in R;11, r form a non-
trivial partition of R.

Then B(H) = A(H) =n(H) = L.

2) A New Proof for a Lower Bound from [16] for Complete-
> PICOD: The work [11] obtained tight converse bounds for a
number of classes of PICOD problems with special structure
on the side-information sets. These problems fall under the
broader class called complete-> PICOD problems. A com-
plete -3 PICOD problem, defined by the set X C [0: m — 1],
is the PICOD problem consisting of the clients with - _ . (")
side-information sets, given by S = {S C [1 : m] : |S| € ¥}
For a variety of choices of X, such as a set of consecutive
integers or its complement, the work [11] characterizes the
optimal PICOD(¢) lengths, for every ¢t. For PICOD problems
with general choices of X, including those containing non-
consecutive integers, it was shown in [16] that the optimal
PICOD length is at least |X|. We now provide a new (arguably,
simpler) proof, using Theorem 1, for this existing lower bound
known from [16].

Lemma 2. [16, Proposition 1] For any ¥ C [0 : m — 1], the
optimal PICOD length (B of the complete-¥ PICOD problem
is lower bounded as > |X|.

Remark 2. Lemma 2 subsumes the converse [11, Theorem 1]
for complement-consecutive complete->. PICOD(1) problems,
in which X = [0 : m — 1]\ [Smin : Smax] for some 0 < $pin <
Smax < m — 1. However, it is a loose bound for consecutive
complete-Y PICOD(1) problems, in which ¥ = [Smin ¢ Smax]
for 0 < Smin < Smax < m — 1. For such problems, the tight
bound in [11, Theorem 2] is min(Smax+ 1, M — Smin ), whereas
Lemma 2 suggests Smax — Smin + 1. These two bounds coincide
only when Smin = 0 or when Smax = m — 1, otherwise Lemma
2 gives a strictly loose bound.

3) Recovering Absent-Clients-based Converse Results from
[14]: We now obtain new proofs for all results from [14] for
PICOD problems with special structure, using Theorem 1.

Note that, in any PICOD problem, the set [1 : m] is
never present (as no client exists with all messages as side-
information), nor is considered to be an absent client (by
definition). A sequence S; C Sz € ... C Sr of L absent
clients is said to be an L-length nested chain of absent clients.
We give an alternative proof for the following lemma, the proof
of which is available in the Appendix D.

Lemma 3. [/4, Lemma 7] For any given PICOD problem H
on m messages, let L be the maximum length of any nested
chain of absent clients in H. Then B(H) > m — L.



We remark that Lemma 3 is the basis for another earlier 5) If the following conditions hold: (i) U3_;S; = |[1

result [14, Theorem 4], and thus we obtain the same. We now
focus on other results from [14].

Lemma 4. [14, Theorem 1, converse part] Let H be a
PICOD problem with side-information sets S such that
U S #][1:m]. Then, B(H)>m — 1.
SC[1l:m]:
S¢S
We complete this part of the present subsection with the
following proof for another result from [14].

Lemma 5. [I4, Theorem 3] Suppose that the given PICOD
problem has a collection of absent clients denoted by Sgps,
satisfying one of the following conditions: (a) no pair of clients
in Sqps forms a nested chain of absent clients, or (b) among
Saps, exactly one pair of absent clients forms a nested chain.

Then, B(H) > m — 1.

The proofs of Lemma 4 and Lemma 5 are available in
Appendix E and Appendix F respectively.

4) PICOD problems containing upto 3 clients: We now turn
our attention to the characterization of the optimal PICOD
lengths for problems with upto three clients. Note that, in
[10] it was argued that optimal solutions of all problems with
degree A < 3 are characterizable, based on the achievable
scheme we presented in [10] and prior results from index
coding literature. This includes the scenario of upto three
clients as well. However, the arguments there depended on
enlisting finding suitable demand choices, which satisfy some
criteria, across all clients. This may incur high computational
complexity. Here, we focus on the PICOD problems upto three
clients and characterize their optimal PICOD lengths as well
as the associated lower bounds completely, based only on
the relationships between the side-information sets. We first
consider the case of upto two clients (Lemma 6, proof in
Appendix G ) and n = 3 case (Lemma 7 , proof in Appendix
H).

Lemma 6. S(H) = o(H) =

number of clients n < 2.

n(H) = 1, if the

Lemma 7. Let S; 1 = 1,2,3 be the side-information
sets of a PICOD problem H containing three clients. Then,
the following statements are true, and provide an exhaustive
characterization of the parameters B(H), mo(H), 71 (H) and

n(H).

1) If U_1S; # [1:m)], then B(H) = no(H) = n(H) =
n(M) =1
2)If U, S; = [1: m] then B(H) = 2(H) = 11(H) =

1n(H) = 1 under either of the following scenarios.
a) There exist distinct i, j, k, such that the sets S; \ (S;USk)
and (S; N Sk) \ S; are non-empty.
b) For each choice of distinct i, j, k, the set (S; N.S;) \ Sk
is non-empty.
3) There exists a nested collection of length 2 in H, only if
S; € S; and S; C Sy, for some distinct 1, j, k.

4) If there exists a nested collection of length 2, then B(H) =
ma(H) =n(H) =n(H) =2

:mj,
(i9) there exists no nested collection of length 2, and
(#i1) neither of the conditions in (2a) and (2b) hold, then
B(H) = 12(H) = 2, while 1 (H) =n(H) = 1.

IV. CONCLUSION

In this work, we have presented new converse results for
PICOD based on its structure. Our converse bound based
on the nested collections enables us to prove some novel
results for PICOD problems with special structure. Further,
inspite of this bound not being stronger than those in earlier
work, we show advantages in its computability and also obtain
new proofs for a number of existing results using this new
bound. Future work would include tuning the present method
to obtained tighter lower bounds than those in [15], [15].
Extending this method to PICOD(t) problems can be an
interesting future direction.
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APPENDIX A
PROOF OF THEOREM 1

In this subsection, we prove Theorem 1 by utilizing the
existing converse from [14]. Since it is already known from
the results in [15] that 8(H) > 72(H) > 71(H), it is enough
to show that 74 (H) > n(H).

Consider a nested collection of length L of H, denoted
by S; : i € [1 : L], where S; denotes the set of side-
information sets at level-z of the nested collection. To complete
the proof of Theorem 1, we first prove that 71(H) > L.
Invoking the definition of the nesting number, the proof will
then be complete. To show 71 () > L, we first trim the given
collection to find one that suits our purpose, in a sequential
manner, as follows.

o Consider S; € &;. Trim S as §; = {S1}.
e Foreachi e [1:L—1],

1) For each S; € S; and j ¢ S;, let S;+1(S;, ) denote a
side-information set in S;11 such that the following are
true: (a) S; U {j} € S;+1(S;, ), and (b) there exists
no H' € S;41 such that both (a) is true and |H'| >
|Si+1(Si, ).

2) Trim S;41 as follows.

SZ'+1 = {Sz+1(57,,]) V] ¢ Sz,VSZ S SZ}

Essentially, the trimmed collection includes only the largest
successors at level-(i+1) of the hyperedges at level-i. Further,
the new trimmed collection continues to be a nested collection
of length L, as the requirements of Definition 1 continue to
hold as is. Let H’ denote a new PICOD problem consisting
only the clients whose side-information sets are in the trimmed
nested collection. Since any solution for H is a solution for
H' as well, we must have 7 (#H) > 71(H’'). Thus, showing
71(H'") > L completes the proof of Theorem 1 as well.

We now show 71(H') > L, for which we shall use its
definition in (1). Let D’ be some decoding choice function
for H’. We construct a ordered set Cp, based on an ordering
of the messages [1 : m], and show that the number of clients
hit by Cp/ (denoted by 7(Cp)) is at least L.

Recall that Sy is the only client at level-1. Let S; = Sj.
Recursively, for i € [1 : L' — 1], let Sj,; be the smallest
client in H’, such that Sj ; contains S; U {D’(S;)}. Here
L’ is the largest value of (¢ + 1) such that such a pair of
clients (S57,5; ;) exists. Note that all the L’ clients in this
sequence are distinct, by definition. Further, we also observe
that, by the property that all clients of ' are part of the
nested collection, each S/ has a successor in its next higher
level. Such a successor serves as a candidate for S;_ ;. By this
observation, we see that L' > L. However, it is not necessary
for i, to be in level-(i + 1); instead, S;, ; could be present
at a level prior to level-(i + 1).

Now, let Cps be any ordering of message indices [1 : m)],
with the following condition.

e For each i € [1 : L'], we have CD’JS;I = S! (i.e., the first
|5;| elements of Cps form 57), and Cpr is;, |\ Cpr |51 =
D'(S)).

We note that there is at least one such ordering, by definition

of S/ :4 € [1: L']. Further, we also note that this is a valid

sequence that follows Rule A and Rule B. This is because, (a)

Rule A is followed in the transition from Cpr |s/| to CD/,|S£+1|

for each i € [1 : L], and (b) Rule B is followed at every

other point in the sequence. Here (b) is true, since (i) for each

i € [1 : L' — 1], there exists no client in H’' with a side-

information set of size strictly smaller than |S;, | that also

includes S; U D(S}), by construction of the trimmed nested
collection, and because (ii) there is no client in H’ which

includes S7, U D(S},) as a proper subset, by definition of L.
Thus, we observe that there are L' > L clients hit by

this ordered set Cp/. Thus, 7(Cp:/) > L' > L. By invoking

the definition of 71 (') given in (1), and since D’ is chosen
arbitrarily, we have that 71 (H’) > L. This completes the proof
of Theorem 1, as B(H) > mo(H) > 71 (H) > 71 (H') and since
we can choose our initial nested collection to be the one with
the largest length n(H).

APPENDIX B
PROOF OF LEMMA 1

Firstly, we observe that A(H) = L. This is true, because
each message appears in exactly L unique request sets, one in
each of the collections R; : ¢ € [1 : L], by the given structure.

Further, the given structure is in fact represents a L-length
nested collection. This is because, for each R € R;, for each
j € R, we have some request set R’ in R;;1 which is a
subset of R\ {j}, as per given condition 2). When expressed
in terms of side-information sets, this is the criterion required
in Definition 1, in terms of the request sets. Thus, n(H) = L.
Using Corollary 1, we have the claim.

APPENDIX C
PROOF OF LEMMA 2

Let ¥ = {s1,...,5n}, where 5; < s;41, for all 4 € [1 :
|2| — 1]. Consider the ordered list of subsets S; = {S C [1:
m] : |S| € s;}, for i € [1:|X]]. It is easy to see that this is
a nested collection in the given problem, whose length is |X].
The lemma thus follows by applying Theorem 1.

APPENDIX D
PROOF OF LEMMA 3

Let D be some demand function for all clients in H.
Consider any m-length sequence of subsets of [1 : m] given
as 5o CS1C ... C Sm_a C Sp_1, where |S;| =4,Vi € [0:
m—1], such that S;11\S; = D(S;) € [1 : m] (i.e., the demand
of client \S;), if S; is present in . Due to the given statement,
there are at least m — L present clients within this sequence.
Let these, in sequence, be S;;, € 5, € ... C S, .-

Consider the execution of Algorithm 1, with the root client
being S;,. Observe that, in this execution, we have by the



above observations, the following sets (as defined in line 7 of
Algorithm 1) are non-empty:

SD(Slk)’Slk ck e [1 m—L — 1]

Since this is true for each choice of the demand function
D, we thus see that the nested collection, rooted in S5j,,
obtained according to Algorithm 1, has length m— L. Applying
Theorem 1 then completes the proof.

APPENDIX E
PROOF OF LEMMA 4

By the given condition, we see that there exists at least
one index ¢ € [1 : m] such that the set {a} is a present
client. Now, consider the collection defined as follows: for
each i € [1: m — 1], let S; be the set of all i-sized subsets
of [1 : m] which contain index a. All these clients are clearly
present, by the given condition. Further, it is easy to see that
S; i€ [1:m—1]is a nested collection, which has length
m — 1. Invoking Theorem 1 completes the proof.

APPENDIX F
PROOF OF LEMMA 5

If the condition (a) holds, then the claim follows directly
from Lemma 3, as the length of the longest nested chain of
absent clients is at most 1, in this case.

Now consider the case when (b) holds. Let A and B be the
absent clients such that A C B. Suppose ) is an absent client.
Then, by the given condition, it is clear that A = (). Note that
[1:m]\ B is guaranteed to be non-empty. For any a € [1 :
m] \ B, consider the collection S; : ¢ € [1 : m — 1] where
S; consists of all i-sized subsets of [1 : m] which contain a.
Note that all clients in this collection are present and further,
this is a nested collection of length m — 1. Invoking Theorem
1 completes the proof in this case.

Now, consider the case when (b) holds and () is a present
client. We will assume that A = {m — |A| +1,...,m} and
B={m—|B|+1,...,m}, without loss of generality (since
we can always achieve this by applying a suitable permutation
on the indices [1 : m]). Note that 1 ¢ B, as |[B] < m — 1
(true for any side-information set). Consider a problem #’
modified from #, with the only difference from H being that
the set B is a present client in H’. Thus, in H’, the length
of the longest nested chain of absent clients is 1. Consider
the nested collection of #H’, generated by a slightly modified
version of Algorithm 1, rooted at the client (). The modification
we introduce is as follows. Instead of executing line 9 of
Algorithm 1 as is (to pick the successor of client S), we
execute

/ .
S’ + arg S/?elg;s <S§/ s) . )
That is, we choose S’ as that present client whose element-
wise sum is minimum among all those that contain S U {j}.
Note that this condition makes the choice of S’ unique. Also,
the arguments in the proof of Lemma 3 continue to hold
for this modified algorithm as well. Hence, by the proof of

Lemma 3, this nested collection of H’ has m — 1 levels.
We seek to show that, removing B from all its occurrences
in this collection, does not change its property as a nested
collection with m — 1 levels. To do this, we first show that
|B| is present only at level-(|B| + 1) of the nested collection
(only if |B| + 1 < m), otherwise it is not present at all.

Firstly, note that, for all orderings of the elements of B
such that the subset with the first |A|-elements is not equal
to A, each subset of B comprising of the first k£ elements in
that order (corresponding to k € [1 : |B| — 1]) is present,
since no two distinct nested pairs of clients are absent. Thus,
every proper subset B’ C B such that |B’| # A is present in
level-(|B’| + 1) of the nested collection. In particular, the set
B\ {b}, for any b € B such that B\ {b} # A, is present in
the nested collection at level-| B|. As the successor of any such
set, B is included in the nested collection at level-(|B| + 1),
only if |[B| < m — 1. Note that if |B| = (m — 1), then this
cannot happen, as the nested collection itself terminates at
level-(m — 1).

Now, if at all B occurs in the nested collection, we show
that B does not occur in in any other level apart from level-
(|B|+1). By the construction of any nested collection rooted
at (), note that a set of size |B| can only occur in the collection
at level-i, for some ¢ < |B|+ 1. Now, if B has to occur at a
level-i where ¢ < |B|+ 1, then there has to be a proper subset
of B (say Bj) for which a successor By (as per (2)) exists,
such that both of the following conditions hold (i) Bs C B,
and (ii) |Bz| — |B1]| > 1. We now show that no such By, B
exists.

For any Bj such that either (a) |By| € [0 : |4] — 2] U
[JA| : |B| — 2], or (b) |B1| =|A| —1 and B; \ A # () with
|B| = |A| — 1, we have already verified that the successor Ba
as per (2) satisfies |Bg| — |B1| = 1. Thus, we need to check
only the case when By = A\ {a} for some a € A. Note that
the set A\ {a}, is present and included in the level-|A| of the
nested collection by the given condition.

Consider the set AU{1}. This is a super-set of A. Hence, by
the given condition that no two distinct nested pairs of clients
are absent, the set A U {1} must be present. Thus, for each
a € A, the set A being absent, the modified execution (2)
implies that the chosen successor of A\ {a} with respect to
a at level-(JA| + 1) will be the client AU {1}, thus satisfying
condition (ii). However, note that A U {1} is not a subset of
B, thus it does not satisfy condition (i). Hence, there is no
B1, Bs that satisfy both conditions required. Hence B occurs
only at the level-(|B|+1) in the nested collection, and further
only if |B| <m — 1.

Finally, we argue that removing B does not affect the
nested-collection property. To see this, we should show that
any set B\ b (apart from A, if |[A| = |B|—1) in level-| B| has
another successor in level-(|B| + 1), apart from B. We now
argue this is the case.

By prior arguments and because of the given condition, all
sets containing AU {1} must also be present. In particular, the
set B U {1} will be present at level-(|B| + 1). This serves as
a successor to B\ {b} at level-|B|. Thus, the set B can be



removed from the collection, while retaining its identity as a
nested collection. Note that this new nested collection without
B is a valid nested collection in our original problem . This
completes the proof.

APPENDIX G
PROOF OF LEMMA 6

Trivially, one transmission is always sufficient when the
number of clients n = 1. We now consider the n = 2 case. It
is enough to show () = 1, as for any problem, it is easy
to see that each converse bound is at least 1.

Suppose the side-information sets are such that the sets 57\
Sy and S5\ Sp are non-empty. Then, the transmitter can choose
a message b € S \ S3 and another b’ € Sy \ S, and transmits
the sum b + b'. This satisfies both the clients. Otherwise, if
S; € S, for some 1, j, then since |S;| < m—1, the transmitter
can transmit some b € [1 : m]\ S, which satisfies both clients.

APPENDIX H
PROOF OF LEMMA 7

Observe that, from [11, Proposition 8], 3(H) = 1 if and
only if the demand choices for the three clients form an
independent set of H, i.e., no two of the demand choices can
be simultaneously present in the request set of any one of the
three clients. Consider such demand choices for each client,
denoted by by, , ba,, ba,, where d; € [1:m]. If dy = dy = ds,
then this means d; ¢ U;.5;, as otherwise at least one client will
not be satisfied by this choice. This gives part (/) of the claim.
If d; = dy # ds, then it should be the case that d; ¢ S7 U Sy
and d3 ¢ S3. By Lemma ??, d3 € S; NS, and also d; € Ss.
This gives part (2a) of the claim. Finally, if d;, ds, ds are all
distinct, then d; must be in (S; N Sy) \ S;, for all distinct
1,7, k, again by Lemma ??. This concludes the proof of part
(2b). Also, we note that in all cases when S(H) = 1, the
lower bounds 72(#), 71 (H) and n(#H) too must be exactly 1
(as each of them is at least 1 for any problem).

Now, suppose that a nested collection of length 2 exists
in H. Consider a subset S; in level-1. Then, it must have
successor-clients (super-sets of S;) in level-2, which are of
size at most m — 1. Thus, S; itself must be of size at most
m — 2, and therefore must have at least two successors in
level-2 (corresponding all messages not in S;). Thus, it must
be the case that in any nested collection of length 2, level-1
has one client and level-2 has two. This proves (3). Note that
this also shows that the nesting number is 2.

For a nested collection of length 2, let the level-1 client be
S; and the level-2 be S;, Sy for distinct 4, j, k. The clients
S;, Sk can both be satisfied with one transmission as per
Lemma 6. To satisfy S; one additional transmission (any
message not in S;) is needed. This scheme, along with (1),
completes the proof of (4).

Finally, we prove (5). By the conditions (i) and (iii), we see
that 3(H) > 1 in this case. Thus, by arguments similar to (4),
B(H) = 2. We now show mo(H) = 2.

Firstly, we observe that under the conditions in case (5) there
exists no distinct ¢, 7 such that S; C S;. Indeed, suppose this

was true, then we see that the problem reduces to satisfying

only two clients, S; and Sy (kK # ¢,7), which means one

of the conditions under cases (/) and (2) must hold, by
prior arguments. However, we have explicitly excluded these
conditions in case (5). Thus, S; C S; is not true for any

distinct 4, j.

Case (5a): In this sub-case, suppose that (S; N.S;) \ Sk is
empty for all distinct 4, j, k.

Now, suppose S; C S; U Sy, for distinct 4, j, k. Then, any
x € S; \ Sk (such an element exists as .S; \ Sy is non-empty)
also lies in S;. Thus, z € S; NS, \ Sk, giving a contradiction
to (5a). Thus, S;\ (S;USy) # 0, for any distinct 7, j, k in this
case.

To prove m2(H) = 2, we will show that for every choice of
demands D, we can get an ordered set Cp of [1 : m] according
to the rules in [15] (summarized in Subsection III-A) such that
the number 7/(Cp) of non-skipped messages in C'p (following
either Rule A or Option B’) is 2.

Now, by condition (i), for any demand choices D, for each ¢,
we must have D(S;) = d; € Si/\ S;, for some ¢’ # 4. Further,
by (5a), for each i, we must have that D(S;) € S;\ (S;USk),
where j, k,i are all distinct. Because of this, it must be the
case that there exist distinct 4, j, k such that D(S;) = d; €
Sj \ (SZ U Sk) and D(Sj) = dj €S \ (Sj U SZ)

Now, we construct a Cp as follows.

o Let S; be the first client that is hit by Cp, i.e., Cp s, = S;.
Note that we can always skip enough indices such that this
is true. Then, we will have Cp 5,141 = Si U {d;}. Thus,
d; € S;\ (S;USy) is a non-skipped message index.

« Subsequently, let S; be the next client that is encountered,
ie., Ups,us;) = Si U S;. Note that we can always skip
indices such that this is true. Then, we will again have to add
the non-skipped message index D(S;) = d; € Si\(S;US;),
to obtain, OD,‘S»,:USJ“JFI =5,US5;U {dj}

« Finally, we skip other messages not added so far, until we
encounter Si, at which point we will still skip D(Sg), as
D(S) € (S; U S;) for sure.

Thus, we observe that, for any demand choice function D, we

must have some choice for Cp such that 7/(Cp) = 2. Now,

from (1), we see that To(H) = 2.

We now argue that 71 (#) = 1. To see this, note that S; \ S;
is non-empty for all distinct ¢, j. Thus, if we hit any client \S;
while constructing C'p as per Rule A and Rule B, we cannot hit
another client S;, j # i. Thus, 7 (#) = 1. Finally, n(H#) =1
as there is a trivial nested collection consisting of any one
client. This completes the proof of 5a).

Case (5b): In this sub-case, consider that there exists distinct
1,7, k such that (S; N Sk) \ S; is non-empty, but for any such
case S;\ (S;USk) is empty. Without loss of generality, assume
that S; C (S3 U S3) whenever (S2 N S3) \ Sp is non-empty.

In this case, let us fix the demand choices D such that
D(Sl) =d; € (52 n 53) \ S1, D(SQ) =dy € 57 \ S5 and
D(S3) = ds € S1\ S35 (note that both of these sets must be
non-empty, as we have argued). As S; C (52 U S3), we must
thus have dy € S3 and ds € S3. Thus, we see that S1 NS5\ So
and S5 N S5\ Sy are non-empty as well. This implies that the



condition in case (2b) holds, which is a contradiction as we
assumed in condition (iii) of case (5).

Note that there are no further cases to be considered under
case (5). The fact that this provides an exhaustive charac-
terization of the parameters B(H),72(H), 71 (H) and n(H)
follows from the conditions in the statements, which provide
an exhaustive categorization of all problems with three clients.
This concludes the proof of the claim.



