
A curiously slowly mixing Markov chain

Persi Diaconis
Department of Mathematics

Stanford University

Andrew Lin
Department of Mathematics

Stanford University

Arun Ram
Department of Mathematics
University of Melbourne

Abstract

We study a Markov chain with very different mixing rates depending on howmixing is measured.
The chain is the “Burnside process on the hypercube Cn

2 .” Started at the all-zeros state, it mixes in
a bounded number of steps, no matter how large n is, in ℓ1 and in ℓ2. And started at general x, it
mixes in at most log n steps in ℓ1. But, in ℓ2, it takes n

logn steps for most starting x. An interesting
connection to Schur–Weyl duality between sl2(C) and Sn further allows for analysis of the mixing
time from arbitrary starting states.
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1 Introduction

A mainstay of careful analysis on the mixing rates of Markov chains is

“bound ℓ1 by ℓ2 and use eigenvalues.”

While this often works to give sharp rates of convergence in ℓ1, even permitting proof of cutoff (a review
is found in Section 2), it can be off if the mixing rates in ℓ1 and ℓ2 are of different orders. The present
paper studies a natural basic example, the Burnside process on Cn

2 , where we find the mixing rates in ℓ1

and ℓ2 to be exponentially different.
We begin by describing a general version of the Burnside process. Let X be a finite set and G a finite

group acting on X. This group action splits X into orbits

X = O1 ∪ O2 ∪ · · · ∪ OZ ,

where we also write Ox for the orbit containing x. The Burnside process gives a method of choosing an
orbit uniformly at random. Examples reviewed in Section 2 show that this is an extremely efficient way
to generate random integer partitions, Pólya trees, and many other objects of “Pólya theory.” It proceeds
by a Markov chain on X run as follows:

• From x ∈ X, choose s uniformly from the set Gx = {s : xs = x}.

• From s ∈ G, choose y uniformly from the set Xs = {y : ys = y}.
The chance of moving from x to y in one step of the chain is

K(x, y) =
1

|Gx|
∑

s∈Gx∩Gy

1

|Xs|
.

As discussed in Section 2, this is an ergodic, reversible Markov chain on Xwith stationary distribution

π(x) =
1

Z|Ox|
, Z the number of orbits.

Thus, running the chain and simply recording the current orbit gives a Markov chain on orbits with a
uniform stationary distribution.

While experiments show extremely rapid mixing of the Burnside process, this fact has been hard to
prove in most settings. A first example, the focus of the present paper, takes X = Cn

2 , the set of binary
n-tuples, andG = Sn, the symmetric group acting by permuting coordinates. Then letting |x| denote the
number of ones in x ∈ Cn

2 , the orbits can be enumerated as

Oi = {x : |x| = i}, 0 ≤ i ≤ n.

For this example, the two steps of the Burnside process are easy to carry out:
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• Given x ∈ Cn
2 , Gx is the set of permutations which permute the zeros and ones in x among them-

selves. Thus Gx
∼= Si × Sn−i with i = |x|, and it is easy to choose s ∈ Gx uniformly.

• Given s ∈ Sn, Xs is the set of binary n-tuples fixed by the permutation of coordinates. Thus we
maywrite s as a product of disjoint cycles, label each cycle with independent fair 0/1 coin flips, and
install those zeros and ones as the cycles indicate. It is thus easy to choose y ∈ Xs uniformly.

A closed form expression forK(x, y) in the binary case is in Proposition 3.1.
For the binary case, a first analysis by Jerrum [Jer93] showed that order√n steps suffice for ℓ1 mixing.

This was improved by Aldous [AF02], who showed that log n steps suffice. More precisely, for any x ∈
Cn
2 , the total variation distance satisfies

||Kℓ
x − π||TV ≤ n

(
1

2

)ℓ

≤
(
1

2

)c

for ℓ = log2 n+ c. (1.1)

Of course, the starting state can matter. In [DZ21], it is shown that starting at the all-zeros state 0, just a
bounded number of steps suffice:

1

4

(
1

4

)ℓ

≤ ||Kℓ
0 − π||TV ≤ 4

(
1

4

)ℓ

. (1.2)

This result is proved by the “bound ℓ1 by ℓ2” approach. Here, the ℓ2 or chi-square distance after ℓ steps is

χ2
x(ℓ) =

∑
y

(Kℓ(x, y)− π(y))2

π(y)
=

∣∣∣∣∣∣∣∣Kℓ
x

π
− 1

∣∣∣∣∣∣∣∣2
2

.

As illustrated in Eq. (1.2), often the bound

4||Kℓ
x − π||2TV ≤ χ2

x(ℓ)

is fairly sharp (Section 2 provides bounds in the other direction). This requires the ℓ1 and ℓ2 mixing
times to be of the same order.

Our first main result shows that for the binary Burnside process, the ℓ1 and ℓ2 mixing times can have
very different orders. For most starting states, order n

logn steps are required to make χ2
x(ℓ) small, which

is exponentially slower than Eq. (1.1). To state the result, define the average chi-square distance as

χ2
avg(ℓ) =

∑
x

π(x)χ2
x(ℓ).

Theorem 1.1. For the binary Burnside process on Cn
2 , we have the following:

1. χ2
avg(ℓ) =

∑⌊n/2⌋
k=1

(
n
2k

) (
1

24k

(
2k
k

)2)2ℓ.
2. For ℓ ≤ 0.1n

logn , χ
2
avg(ℓ) → ∞ as n → ∞. In particular, if x(n) ∈ Cn

2 is the state with ⌊n2 ⌋ zeros followed by
⌈n2 ⌉ ones, we have χ

2
x(n)(ℓ) → ∞ for such ℓ.

3. For ℓ ≥ 10n
logn , χ

2
avg(ℓ) → 0. In fact, more is true: for such ℓ, we have χ2

x(n)(ℓ) → 0 for all x(n) ∈ Cn
2 .

3



In the process of proving Theorem 1.1, we will also prove the following two refinements of the result:

• Proposition 5.1 shows that order n
logn steps are in fact required for “almost all” starting states x,

with exceptions only occurring if the fraction of either zeros or ones in x approaches 0.

• Theorem 5.2 describes the leading constant at which ℓ2 cutoff occurs: we have for any ε > 0 that{
χ2
avg(ℓ) → ∞

χ2
avg(ℓ) → 0

if
{
ℓ ≤ (1− ε) log 22

n
logn

ℓ ≥ (1 + ε) log 22
n

logn

.

The proofs of these three results rely on an explicit diagonalization, which we describe now:

Theorem 1.2. LetK(x, y) be the transition matrix of the binary Burnside process on Cn
2 . We have the following:

1. The eigenvalues ofK are 0 and

βk =
1

24k

(
2k

k

)2

, 0 ≤ k ≤
⌊n
2

⌋
.

2. The eigenvalue multiplicity of 0 is 2n−1. The eigenvalue multiplicity of βk is
(
n
2k

)
for all 0 ≤ k ≤ ⌊n2 ⌋.

3. For 0 ≤ k ≤ ⌊n2 ⌋, a basis of eigenvectors for the βk-eigenspace is{
fS(x) = (−1)|xS |

(
2k

|xS |

)
: |S| ⊂ [n], |S| = 2k

}
,

where |xS | denotes the number of ones of x ∈ Cn
2 among the coordinate set S.

Remark. Alas, the eigenvectors fS are not orthogonal. We describe formulas in Section 4 for the inner products
⟨fS , fT ⟩ for any subsets S, T , but the usual route of expressing χ2

x(ℓ) requires an orthonormal eigenbasis, meaning
that we would need to find appropriate linear combinations of the fSs. That is exactly what is done in the main
result of Section 6.

We conclude with a summary of the rest of the paper. Section 2 below gives background on some
required analytic tools (Section 2.1), as well as some additional uses for the eigenvectors (Section 2.2). It
also gives a survey of examples where ℓ1 and ℓ2 rates are the same and different (Section 2.3) and a brief
review of the Burnside process (Section 2.4).

Properties of the transition matrix K are developed in Section 3. We point to a curious feature: for
any subset S ⊆ [n], the chain on Cn

2 lumped to S is precisely the Burnside process on C
|S|
2 . Theorem 1.2 is

then proved in Section 4, and Theorem 1.1 and its refinements are proved in Section 5.
The binary Burnside process has all kinds of symmetries. Section 6 shows that because the matrix

K(x, y) commutes with the natural action of sl2(C) on C[Cn
2 ], Schur–Weyl duality provides a decompo-

sition of orthogonal eigenvectors for the function space. Theorem 6.2 explicitly constructs this complete
set of eigenvectors{
fm,ℓ
Q : m ∈ {0, 1, . . . , ⌊n/2⌋}, ℓ ∈ {0, 1, . . . , n− 2m}, Q a standard Young tableau of shape (n−m,m)

}
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using certain linear combinations of the fS eigenvectors above. With these eigenvectors, we are able to
determine sharp rates of convergence for some particular starting states: specifically, Theorem 6.7 shows
that starting from a state x with one coordinate 1 and all other coordinates 0, we have

5

(
1

4

)2s

≤ χ2
x(s) ≤ 270

(
1

4

)2s

,

so that the Markov chain indeed mixes much more quickly (in a constant number of steps) from these
special states.

Finally, Section 7 compares some of the properties of the binary Burnside process, including eigen-
value multiplicities and duality, to other chains in which these properties manifest. It then shows that
some of the magical properties of the binary Burnside chain also hold for the chain on Cn

k for k ≥ 2.
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2 Background

This section contains needed background and a literature review. Section 2.1 reviews the analytic back-
ground for bounding ℓ1 and ℓ2 distances using eigenvalues and eigenvectors, and Section 2.2 provides
some further applications of those eigenvectors specialized to our chain. Section 2.3 gives examples of
Markov chains where both distances are well-understood enough to give useful comparisons. Finally,
Section 2.4 discusses previous literature on the Burnside process.

2.1 Analytic background

An exceptional text for mixing time results is the book by Levin and Peres [LP17]. Chapter 12 of their
book contains the basics for bounding ℓ1 and ℓ2 distances using eigenvalues. The comprehensive text of
Saloff-Coste [SC97] develops analytic tools more deeply.

Let X be a finite set and K(x, y) a Markov transition matrix with state space X and stationary distri-
bution π(x). Throughout this section, assume that (K,π) is ergodic and reversible. For any 0 < p < ∞,
let ℓp(π) = {f : X → R} denote the function space with norm

||f ||pp =
∑
x

|f(x)|pπ(x).

Reversibility implies that Kf(x) =
∑

y K(x, y)f(y) is self-adjoint as a map ℓ2 → ℓ2; that is, for any
functions f, g, we have ⟨Kf, g⟩ = ⟨f,Kg⟩, where ⟨f, g⟩ =

∑
x f(x)g(x)π(x). Thus, the spectral theorem
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shows thatK has an orthonormal set of eigenvectors and corresponding eigenvalues fi, βi withKfi(x) =
βifi(x) for all i. As usual, we reorder so that 1 = β0 > β1 ≥ β2 ≥ · · · ≥ β|X|−1 > −1. Started at a state x,
the ℓ1 or total variation distance

||Kℓ
x − π||TV =

1

2

∑
y

|Kℓ(x, y)− π(y)|

and the ℓ2 or chi-square distance

χ2
x(ℓ) =

∑
y

(Kℓ(x, y)− π(y))2

π(y)
=

∣∣∣∣∣∣∣∣Kℓ
x

π
− 1

∣∣∣∣∣∣∣∣2
2

can be bounded as

4||Kℓ
x − π||2TV ≤ χ2

x(ℓ) =

|X|−1∑
i=1

f2
i (x)β

2ℓ
i ≤ 1

π(x)
β2ℓ
∗ , (2.1)

where β∗ = max(|β1|, |β|X|−1|) is the second absolute eigenvalue.
If f is an eigenfunction forK with eigenvalue β ̸= 1,

|βℓf(x)| =
∣∣∣Kℓf(x)

∣∣∣ = ∣∣∣∣∣∑
y

Kℓ(x, y)f(y)

∣∣∣∣∣
=

∣∣∣∣∣∑
y

Kℓ(x, y)f(y)− π(y)f(y)

∣∣∣∣∣
≤
∑
y

|Kℓ(x, y)− π(y)|f∗,

where f∗ = maxy |f(y)|. Choosing x∗ so that |f(x∗)| = f∗ then yields

|βℓ| ≤
∑
y

|Kℓ(x, y)− π(y)| = 2||Kℓ
x∗ − π||TV.

Combining this with∑|X|−1
i=0 f2

i (x) =
1

π(x) and Eq. (2.1) yields the following:

Proposition 2.1. Let (K,π) be a reversible Markov chain with second absolute eigenvalue β∗, and let f be an
eigenvector for β∗. Suppose x∗ ∈ X satisfies |f(x∗)| = maxx |f(x)|. Then

4||Kℓ
x∗ − π||2TV ≤ χ2

x∗(ℓ) ≤
1

π(x∗)
||K2ℓ

x∗ − π||TV.

This is one of several results showing roughly that if ||Kℓ − π||TV is close to zero in order ℓ∗ steps,
then χ2(ℓ) is close to zero in order ℓ∗ + log π(x∗) steps. (See [LP17, Chapter 12].) Here is an example
application to the binary Burnside process:
Corollary 2.2. For the binary Burnside process on Cn

2 and any x ∈ Cn
2 ,

χ2
x(ℓ) ≤

1

π(x)
||K2ℓ

x − π||TV.
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Proof. By Theorem 1.2, the second absolute eigenvalue is β1 = 1
4 . Furthermore, for each 1 ≤ i < j ≤ n,

we have the corresponding β1-eigenfunction

f{i,j}(x) = (−1)xi+xj

(
2

xi + xj

)
=

{
1 if (xi, xj) = (0, 0) or (1, 1),
−2 if (xi, xj) = (0, 1) or (1, 0). (2.2)

Thus if x is not the all-zeros 0 or all-ones 1 state, there is at least one choice of i, j with |f{i,j}(x)| = 2 and
the result follows. And if x = 0 or 1, then the sum of all (n2) f{i,j}s is a β1-eigenfunction achieving its
maximum magnitude at x = 0 and 1, so again we may apply the previous result.

Example 2.3. Using Eq. (1.1) to bound the right-hand side of the corollary, and noting that for any x,

1

π(x)
= (n+ 1)

(
n

|x|

)
≤ 2n1/22n,

we have that for any starting state,

χ2
x(ℓ) ≤ 2n3/22n

(
1

2

)ℓ

.

This shows that n + c log n steps suffice for ℓ2 mixing for every starting state x, and Theorem 1.1 shows that this
is indeed close to best possible.

On the other hand, the bound is sometimes much tighter. If |x| or n− |x| is of constant size (meaning that all
but a constant number of coordinates in the starting state are all 0s or all 1s), then the corollary states that χ2

x(ℓ) is
at most

(
1
2

)ℓ times a polynomial in n, and therefore just c log n steps will suffice for such states.

Remark. It is of course important to point out that there aremany other approaches for proving rates of convergence.
For example, Aldous’ bound (Eq. (1.1)) is proved by coupling, and strong stationary times have also proved useful;
see [LP17, Chapters 5 and 6] for definitions and references. The direct use of Cauchy-Schwarz to bound ℓ1 by ℓ2 can
also be refined, as is done in [Tey20] and [Nes24] in the analysis of limit profiles of reversible Markov chains. Other
tools include functional inequalities such as the Nash [DSC96b], Harnack [MSC23], and log-Sobolev [DSC96a]
inequalities, as well as the emerging work on spectral independence [SV23].

Despite all of this, “bound ℓ1 by ℓ2 and use eigenvalues” is still basic and useful. In particular, it must be
mentioned that one of the advantages of ℓ2 bounds is the availability of comparison theory [DSC93]. If one has a
rate in ℓ2, then it is often possible to get good rates of closely related chains, such as perturbations of the kernel or
more drastic variations. (For example, the walk on permutations generated by a single transposition and a single
n-cycle gets sharp bounds via comparison with random transpositions.) This kind of robustness does not seem to
be available for other methods of proof.

2.2 Some uses for the eigenvectors

The bounds for χ2
x(ℓ) above show an example calculation where “the eigenvectors can be used for some-

thing.” When studying convergence of a Markov chain, it can also be informative to see how certain key
features of that chain converge. We show now in several examples how the explicit form of our eigen-
vectors fS can be useful for such questions. (And we also note that the algebraic approach of Section 6
relies heavily on the expressions for the fSs as well.)

One natural statistic on binary strings is the number of alternations T (x) (that is, the count of adja-
cent differing coordinates); for example, T (011011) = 3. The celebrated work of Tversky and Kahneman
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Figure 1: Alternation count histograms for 100000 binary strings sampled under πn(x) for n = 200 and
n = 2000. The smooth curve corresponds to the limiting density 1√

1−2x
for a random variable distributed

as 2U(1− U) for U uniform.

[TK74] on misperceptions of chance applies to the way we view the “hot hand” in basketball games
[GVT85], the effect of weather on arthritis pain [RT96], and many other examples. All of these misper-
ceptions happen because most people think that a random sequence should have very many alternations
and no long runs of zeros or ones.

Under a fair coin-tossing model for a uniformly random binary sequence of length n, all alternations
are independent and thus T (x) has mean n−1

2 with standard deviation
√
n−1
2 . In particular, when n is

large, T (x) normalized by this mean and standard deviation has an approximately normal distribution.
If we instead observe a coin-tossing sequence where the probability of heads p is unknown and has
uniform prior on [0, 1], then the resulting sequence is exactly distributed as π(x) for the binary Burnside
process (see the second half of Section 7.1 for some further discussion on a related Gibbs sampler chain).
Alternations at different coordinates are nowno longer independent, and the following discussion shows
that T (x) under π(x) has a completely different behavior to that in the uniform case.

Proposition 2.4. Let Tn be the random variable T (x) under πn on Cn
2 . Then Tn

n−1 converges in distribution to
2U(1− U), where U is uniform on [0, 1].

Ahistogramof sampled alternation counts (alongwith the limiting density) is shown in Fig. 1. Notice
in particular that even though T (x) can be as large as n−1, it typically takes values below n

2 ; the following
proof provides an explanation for this.

Proof. The measure πn on Cn
2 restricted to a subset of m < n coordinates is exactly the measure πm on

Cm
2 ; this can be shown by direct calculation or by interpreting binary strings as draws from Pólya’s urn.

(In fact, more is true: Proposition 3.3 shows that a similar statement also holds for the binary Burnside
process.) Thus, by consistency of finite-dimensional distributions, wemay extend theπns to ameasure on
infinite binary sequences. Recall that each πn is uniform on the number of ones and that the coordinates
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are exchangeable under πn. So by de Finetti’s theorem, this limiting infinite measure can be described as
“pick p uniformly on [0, 1] and flip a p-coin independently for each coordinate.”

Thus if we condition on the tail σ-field and let p be the conditional probability that xi = 1, then the
xis form an iid string of p-coin-tosses. Letting Yi = 1{xi ̸= xi+1} (and still conditioning on the tail), the
Yis are each Bernoulli with parameter 2p(1− p) and form a 1-dependent sequence of random variables;
in particular we have that Tn

n−1 = 1
n−1

∑n−1
i=1 Yi converges in probability to 2p(1 − p) by the weak law of

large numbers, uniformly in p. Thus unconditionally we must have Tn
n−1 converge to 2U(1 − U) for U

uniform, as desired.

In particular, while Tn
n−1 converges in probability to 1

2 under the uniform measure on binary strings,
it instead converges to some nondegenerate random variable with mean 1

3 under π. We now show con-
vergence of E[T (x)] to its average using our β1-eigenfunctions:

Example 2.5. Consider again the binary Burnside process on Cn
2 . We have (using the formula Eq. (2.2)) that

1{xi ̸= xi+1} =
1−f{i,i+1}(x)

3 for any 1 ≤ i ≤ n−1. Therefore summing over all i, the total number of alternations
is

T (x) =
n−1∑
i=1

1{xi ̸= xi+1} =
n− 1

3
− 1

3

n−1∑
i=1

f{i,i+1}(x).

Each f{i,i+1}(x) is an eigenfunction ofK of eigenvalue 1
4 . Thus ifX0 = x,X1, · · · , Xℓ, · · · records the location of

the binary Burnside process started at x, we have

E[T (Xℓ)|X0 = x] = E[KℓT (x)]

=
n− 1

3
− 1

3

n−1∑
i=1

E[Kℓf{i,i+1}(x)]

=
n− 1

3
− 1

3 · 4ℓ
n−1∑
i=1

E[f{i,i+1}(x)]

=
n− 1

3
− 1

4ℓ

(
n− 1

3
− T (x)

)
;

in particular, the expected number of alternations is always close to its mean under π after just log4 n + c steps
from any starting state.

Similar calculations also yield the same type of exponential decay for other “pairwise-coordinate”
statistics, such as the covariance of the number of ones between different coordinate sets of x. Indeed,
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for any sets S, T ⊂ [n] (remembering that |xS | denotes the number of ones in x among the set S),

Cov(|xS |, |xT |) =
∑

i∈S,j∈T
Cov(xi, xj)

=
∑

i∈S,j∈T
E
[(

xi −
1

2

)(
xj −

1

2

)]
=

∑
i∈S,j∈T

1

4
(1{xi = xj} − 1{xi ̸= xj})

=
∑

i∈S,j∈T

1

6

(
f{i,j}(x) +

1

2

)
,

so again the deviation from the mean E[Cov(|xS |, |xT |)] = 1
12 |S||T |will decay exponentially in the num-

ber of steps taken.
Since the number of alternations T (Xℓ) does not concentrate around its mean, it is also informative

to compute its variance. For this, we again expand out in terms of eigenvectors:

Var(T (Xℓ)|X0 = x) = Var
(
1

3

n−1∑
i=1

f{i,i+1}(Xℓ)

∣∣∣∣∣X0 = x

)

=
1

9
Cov

n−1∑
i=1

f{i,i+1}(Xℓ),
n−1∑
j=1

f{j,j+1}(Xℓ)

∣∣∣∣∣∣X0 = x


=

1

9

n−1∑
i,j=1

(
E
[
f{i,i+1}(Xℓ)f{j,j+1}(Xℓ)

∣∣X0 = x
]

− E
[
f{i,i+1}(Xℓ)

∣∣X0 = x
]
E
[
f{j,j+1}(Xℓ)

∣∣X0 = x
])

.

The latter term decays exponentially because each f{i,i+1} is an eigenvector of eigenvalue 1
4 , but for the

former term we need to first rewrite f{i,i+1}f{j,j+1} as a linear combination of eigenvectors, which looks
different for each of the cases i = j, |i− j| = 1, and |i− j| > 1. For distinct indices a, b, c, d, we have

f{a,b}f{c,d} =
18

35
f{a,b,c,d} −

2

7
(f{a,b} + f{c,d}) +

3

14
(f{a,c} + f{a,d} + f{b,c} + f{b,d}) +

1

5
f∅,

f{a,b}f{a,c} =
3

2
f{b,c} −

1

2
(f{a,b} + f{a,c}) +

1

2
f∅,

f2
{a,b} = −f{a,b} + 2f∅.

Plugging in all of these formulas and then using that E [f∅(Xℓ) |X0 = x] = 1,E
[
f{a,b}(Xℓ)

∣∣X0 = x
]
=(

1
4

)ℓ
f{a,b}(x), and E

[
f{a,b,c,d}(Xℓ)

∣∣X0 = x
]
=
(

9
64

)ℓ
f{a,b,c,d}(x) yields an expression for Var(T (Xℓ)|X0 =

x) in terms of only exponential factors in ℓ and eigenfunctions evaluated at x. If we only keep the terms

10



corresponding to f∅ (since all other terms are exponentially decaying), we find the variance of T (x)
under the stationary distribution πn, which for all n ≥ 2 is

Varπn(T (x)) =
1

9

(
(n− 1) · 2 + (2n− 4) · 1

2
+ (n2 − 5n+ 6) · 1

5

)
=

1

45
(n2 + 10n− 14).

In particular, Varπn

(
T (x)
n−1

)
does converge to 1

45 , the variance of 2U(1 − U) for U uniform on [0, 1], as
n → ∞.

Remark. In Theorem 1.2, we claim that fS is an eigenvector of K for any subset S of even size. In fact, the
proof of this result (in Section 4) shows that the formula fS(x) = (−1)|xS |

(
k

|xS |
)
also yields an eigenvector of

eigenvalue 0 for any S of odd size k, and that the collection of all such eigenvectors is a basis for the 0-eigenspace.
Other applications of our eigenvectors (i.e. expanding other functions as linear combinations involving binomial
coefficients) may find this basis useful. For example, letting |Xℓ| be the number of ones after ℓ steps, we find for
any starting x and all ℓ ≥ 1 (using |x| = n−

∑n
i=1 f{i}(x)

2 ) that

E [|Xℓ|] =
n

2
, Var(|Xℓ|) =

n(n+ 2)

12
·
(
1− 1

4ℓ

)
+
(
|x| − n

2

)2
· 1

4ℓ
.

That is, the number of ones has the right mean after just one step, but it takes order log n steps to get the variance
right.

2.3 ℓ1 versus ℓ2 examples

By now, the literature of carefully worked examples is so large that a serious survey would require a
book-length effort; see [SC97] for a start. In general, changing the metric of convergence can result in
drastically different results, and Gibbs–Su [GS02] provides a general survey. We content ourselves with
examples drawn from our own work.

Thefirst examples of sharpmixing time analyses are found inAldous [Ald83] andDiaconis–Shahshahani
[DS81]. Random transpositions on the symmetric group Sn was found to have a cutoff at themixing time
of 1

2n log n+ cn, both in ℓ1 and ℓ2. Similar results were found for simple randomwalk on Cn
2 , simple ran-

domwalk on the n-cycle, and the Bernoulli-Laplace urn. All results were proved by “bound ℓ1 by ℓ2 and
use eigenvalues.”

Mixing occurs at the same order, but with different constants for the cutoff in ℓ1 and ℓ2, for random
walk on certain expanding graphs called Ramanujan graphs; see Lubetzky–Peres [LP15] for precise state-
ments. There are a host of other results where mixing occurs at the same order (up to constants) in ℓ1

and ℓ2; most of the examples that use the previously mentioned “comparison theory” fall into this class.
For example, random walk on the symmetric group Sn based on choosing either the transposition (1, 2)
or the n-cycle (1, 2, · · · , n) with probability 1

2 each (for n odd) mixes in order n3 log n for both ℓ1 and ℓ2.
These classical examples have had considerable development. For example, Olesker-Taylor, Teyssier,

and Thévenin [OTTT25] show that any random walk supported on any conjugacy class in Sn (such as
random 3-cycles or random n-cycles) have comparable ℓ1 and ℓ2 rates of convergence. In a sustained
development, Guralnick, Larsen, Liebeck, Shalev, and Tiep (in various combinations) have shown the
same fact for walks supported on conjugacy classes for finite groups of Lie type. A convenient reference
is [GLT24], detailing a large development.
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A different part of the spectrum concerns finite abelian and nilpotent groups. A series of papers by
Hermon, Olesker-Taylor, and Huang have close to complete results – see [HOT21, HH24].

The above is a pale summary of a rich literature, but this is not the time or place for further details.
There are also more refined “limit profile” results where “bound ℓ1 by ℓ2” does not provide suf-

ficiently refined estimates. For example, the limit shape results for random walk on the hypercube
[DGM90], riffle shuffles [BD92], and random transpositions [Tey20] all require more detailed analysis.

In the other camp, here are some results where ℓ1 and ℓ2 rates are simply different. The easiest ex-
ample is lazy simple random walk on the complete graph on n vertices, which has bounded ℓ1 mixing
time but needs order log n in ℓ2. For a more striking example, Peres and Revelle [PR04] study simple
random walk on the lamplighter group with underlying graph the n-cycle Cn. They show that order n2

steps are necessary and sufficient for ℓ1 convergence, while order n3 steps are necessary and sufficient
for ℓ2 convergence. The present paper offers an even more extreme example where the ℓ1 and ℓ2 bounds
are exponentially different.

Remark. As an additional sidenote, continuous-time analogs of discrete-timeMarkov chains may also have notably
different mixing time behavior. While Chen and Saloff-Coste [CSC13] prove that lazy discrete-time Markov chains
exhibit total variation cutoff if and only if the associated continuous-time Markov processes do, Hermon and Peres
[HP18] show that this is no longer true when using the closely-related metric of separation distance. Turning
to ℓ2 mixing, Saloff-Coste and Zúñiga [SCZ08] show that cutoff times occur at different orders in discrete and
continuous time for some conjugacy-class random walks on the symmetric and alternating group, and they remark
that this occurs due to the effect of a “very large number of very small eigenvalues.” Our calculations in this paper
for the binary Burnside process show that high eigenvalue multiplicity can also manifest in differences between ℓ1

and ℓ2, even when restricted only to discrete time.

2.4 The Burnside process

The Burnside process was introduced by Jerrum [Jer93] and studied by Goldberg and Jerrum [GJ98].
Their originalmotivationwas computational complexity, and they produced exampleswhere theMarkov
chain requires exponentiallymany steps to converge. More practical applications later appeared: Diaconis–
Tung [DT25] and Diaconis–Howes [DH25] use the chain as an extremely effective algorithm for generat-
ing uniform partitions of n (of size roughly 108) and large contingency tables. Diaconis–Zhong [DZ25]
uses the Burnside process to generate random conjugacy classes in the group U(n, q), where for example
for n = 40, q = 2, the orbit space has order roughly 2400. And Bartholdi–Diaconis [BD24] describes an
algorithm for using the chain to generate large uniform unlabeled trees and compare various statistics
with the corresponding labeled trees. In all of these examples, extensive empirical testing indicates that
the chain converges after just 100 steps. However, no explicit rates have been proven for any of these
examples.

The binary Burnside process has been carefully studied as a first example towards proving such rates,
and the papers of Jerrum, Aldous, and Diaconis–Zhong in the introduction have all contributed to this.
The present paper shows that even this simple case has unknown corners. Good results for the Burnside
process on conjugacy classes of CA groups are developed by Rahmani [Rah20], and good results for set
partitions can be found in the work of Paguyo [Pag23]. Most recently, a sharp analysis of mixing time
and limit profile for the Burnside process on certain Sylow double cosets of Sn was obtained by Howes
[How25].
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3 Properties of the chain

This section develops symmetry and lumping properties of the binary Burnside process. Throughout
the rest of the paper, we may writeKn forK for the sake of clarity.

To begin, here is a closed form for the transition matrix:
Proposition 3.1. Let K denote the transition matrix for the binary Burnside process. Fix x, y ∈ Cn

2 , and for
a, b ∈ {0, 1}, let nab be the number of coordinates i where xi = a and yi = b (so n00 + n01 + n10 + n11 = n).
Then

K(x, y) =

(
2n00

n00

)(
2n01

n01

)(
2n10

n10

)(
2n11

n11

)
4n
(
n00+n01

n00

)(
n10+n11

n10

) .

Proof. The permutations that fix x can be described by Gx = Sn00+n01 × Sn10+n11 , in which we permute
the indices where xi = 0 and also the indices where xi = 1. Similarly,Gx∩Gy = Sn00 ×Sn01 ×Sn10 ×Sn11

is the set of all permutations whose cycles are each contained entirely within each type of coordinate,
and for any such permutation σ = σ00 × σ01 × σ10 × σ11 ∈ Gx ∩Gy we have

1

|Xg|
=

(
1

2

)C(σ00)+C(σ01)+C(σ10)+C(σ11)

,

where C(τ) denotes the number of cycles in the permutation τ , since a binary n-tuple is fixed by σ if and
only if it is constant (either all 0 or all 1) on each cycle. Therefore

K(x, y) =
1

(n00 + n01)!(n10 + n11)!

∑
σ00,σ01,σ10,σ11

(
1

2

)C(σ00)+C(σ01)+C(σ10)+C(σ11)

=
1

(n00 + n01)!(n10 + n11)!

∑
σ00

(
1

2

)C(σ00)∑
σ01

(
1

2

)C(σ01)∑
σ10

(
1

2

)C(σ10)∑
σ11

(
1

2

)C(σ11)

.

Now because the generating function for permutation cycle count is given by

Cn(x) =
∑
σ∈Sn

xC(σ) = x(x+ 1) · · · (x+ n− 1)

(for example by induction, since there are (n− 1)ways to insert the number n into an existing cycle and
1 way to add a new cycle with just n), we have that

∑
σ00

(
1

2

)C(σ00)

=
1

2

(
1

2
+ 1

)
· · ·
(
1

2
+ n00 − 1

)
=

(2n00 − 1)!!

2n00
=

(2n00)!

4n00n00!

and similar for the other terms. Plugging this in, we thus have

K(x, y) =
1

(n00 + n01)!(n10 + n11)!

(2n00)!

4n00n00!

(2n01)!

4n01n10!

(2n10)!

4n10n10!

(2n11)!

4n11n11!

=
1

4n
n00!n01!n10!n11!

(n00 + n01)!(n10 + n11)!

(2n00)!

n00!2
(2n01)!

n01!2
(2n10)!

n10!2
(2n11)!

n11!2
,

which rearranges to the desired result.
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Corollary 3.2. The transition matrix K(x, y) satisfies

K(x, y) = K(x, y) = K(x, y) = K(σ(x), σ(y)),

where x is the binary n-tuple obtained from x by flipping all bits and σ ∈ Sn is any permutation.

Proof. All equalities follow from observing that the quantity in Proposition 3.1 is left invariant under
permutation of coordinates or negation of either x or y.

The first two equalities describe an additional symmetry of the chain which will be helpful in obtain-
ing eigenvectors, while the last equality may be viewed as a consequence of the lumping of the binary
Burnside process to its orbits (since |x| = |σ(x)| for all x ∈ Cn

2 ). In particular,K (viewed as an operator)
commutes with the Sn-action and thus maps only within isomorphic irreducible subspaces of permuta-
tion representations on the vector space of functions L(Cn

2 ); this is further discussed in Section 6. Similar
analysis for otherMarkov chains with various symmetries, towards comparing theMetropolis algorithm
to other random walks on graphs, can be found in [BDPX05].

To state the next (crucial) feature of K(x, y), recall that a function of a Markov chain need not be a
Markov chain. For the (general) Burnside process, as in the introduction, [Dia05, Section3] shows that
the chain “lumped to orbits” remains aMarkov chainwith a uniform stationary distribution. Background
on lumping, in particular Dynkin’s criterion, can be found in [KS83] or [Pan18]. Its application to the
binary Burnside process underlies the results for ||Kℓ

0 − π||TV and χ2
0(ℓ) stated in the introduction, using

that 0 is in its own orbit. This next result shows that a very different set of lumpings also remains valid:
Proposition 3.3. The restriction of the Burnside process on (Cn

2 , Sn) to any m ≤ n of its coordinates is also a
Markov chain, and its transition probabilities are exactly given by the Burnside process on (Cm

2 , Sm).

Proof. Given any permutation σ ∈ Sn, we may write it uniquely in cycle notation by cyclically moving
the largest element in each cycle to the beginning and then sorting those largest elements from smallest
to largest. For example, the one-line permutation 26375841 becomes (3)(5)(74)(8126). Observe that if we
remove the parentheses from this expression, then a new cycle begins at every left-to-right record (that
is, every largest number starting from the left), so we can read off the cycle notation simply from the
sequence of numbers.

But now if we remove the numbers 1 through t in our cycle notation, this does not change whether
each of the numbers t+ 1 through n is a record or not. Thus regardless of the order in which 1 through
t appear, we will get the same permutation on t + 1 through n after erasing; in fact, any two elements
of {t + 1, · · · , n} end up in the same cycle if and only if they were in the same cycle before the erasure.
So in particular, if we sample a uniformly random permutation from Sn and then erase the numbers 1
through t in the cycle notation described above, then the result is a uniformly random permutation from
Sn−t (on the remaining numbers).

Now consider what happens in one step of the Burnside process. For clarity, first consider the case
where we restrict to the last m coordinates. If we are at some state x in Cn

2 at the start of a step, then the
coordinate set can be partitioned into the locations of 0s and 1s in x; call these sets L0, L1. The process
specifies that we first pick a uniform group element fixing x, which is a uniform permutation from SL0 ×
SL1 , write this permutation in cycle notation, and then uniformly assign to each cycle either 0 or 1. But if
we erase the numbers 1, · · · , n −m from our cycle notation, by the logic in the previous paragraph, we
get a uniform permutation on SL0∩[n−m+1,n] and on SL1∩[n−m+1,n], hence a uniform permutation among
all choices of SL0∩[n−m+1,n] × SL1∩[n−m+1,n]. Furthermore, each of the remaining cycles is still uniformly
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assigned either 0 or 1 because the “being in the same cycle” property is preserved. Therefore, we see
that Dynkin’s criterion for lumping holds here, since the transition probabilities into each potential orbit
(indexed by the values of the tuple on the lastm indices) are the same regardless of the values of the first
n−m indices, and they are exactly those given by the Burnside process on Cm

2 .
This argument also works if we restrict to any other subset of the indices instead of the last m coor-

dinates; the only modification is that instead of sorting the cycles in purely increasing order, we use an
ordering of [n] such that all elements of the subset are ordered after all other elements. This completes
the proof.

Our strategy for writing down explicit eigenvectors of K will combine these two lumpings by first
lumping down to the binary Burnside process for smaller n and then studying those eigenvectors.

4 Eigenvalues and eigenvectors; proof of Theorem 1.2

The determination of the eigenvalues and eigenvectors of the binary Burnside process on Cn
2 depends

on the explicit diagonalization of the orbit chainK lumped on {0, 1, · · · , n}. To be precise, this is the chain
which follows the dynamics of the binary Burnside process but then only records the orbitOi of the state
(which we identify with the integer i). An explicit form for K lumped(i, j) (which is not needed here) is
found in [Dia05, Eqn.(3.1)-(3.3)]. The diagonalization we require is recorded here:

Proposition 4.1 ([DZ21], Theorem 2). The eigenvectors of the Markov chainK
lumped
n are the discrete Chebyshev

polynomials Tm
n on {0, 1, · · · , n}. The nonzero eigenvalues are βk = 1

24k

(
2k
k

)2 for k = 0, 1, · · · , ⌊n2 ⌋, correspond-
ing to the even-degree Chebyshev polynomials T 2k

n , respectively. All remaining eigenvalues are zero, corresponding
to the odd-degree Chebyshev polynomials Tm

n for oddm ≤ n.

Here, the discrete Chebyshev polynomials are the orthogonal polynomials for the uniform distribu-
tion, whereTm

n is the polynomial of degreem (viewed as a vector by evaluating at the points {0, 1, · · · , n}).
This result is enough to prove ([DZ21], Theorem 1) that for the starting states 0 or 1, a finite number of
steps are necessary and sufficient for convergence. However, if we begin the binary Burnside chain at any
other starting point, the starting distribution is not uniformwithin cycles and thus it may takemore steps
before convergence to stationarity than in the orbit chain. Thus, we would like to find the eigenvectors
and eigenvalues of the Markov chain on the full state space.

Our first step for diagonalizing the full chain is towrite out the highest-degree Chebyshev polynomial
in an explicit form:

Proposition 4.2. The discrete Chebyshev polynomial Tn
n on {0, 1, · · · , n} of degree n satisfies Tn

n (i) = (−1)i
(
n
i

)
for all i ∈ {0, 1, · · · , n}.

Proof. The discrete Chebyshev polynomials satisfy the recurrence relation (plugging in α = β = 0 into
[Ism05, Eq. (6.2.8)])

T 0
n(x) = 1, T 1

n(x) =
n− 2x

n
, (j + 1)(n− j)T j+1

n (x) = (2j + 1)(n− 2x)T j
n(x)− j(j + n+ 1)T j−1

n (x)

for all 1 ≤ j ≤ n− 1. Since (j + 1)(n− j) = (2j + 1)n− j(j + n+ 1), the constant term of T j
n is 1 for any

j. Also, since the Tm
n s are orthogonal with respect to the uniform distribution on {0, 1, · · · , n}, we have
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∑n
i=0 T

n
n (i)T

m
n (i) = 0 for all m < n and therefore

n∑
i=0

Tn
n (i)f(i) = 0 for all polynomials f of degree at most (n− 1).

But for any such f , the nth finite difference of f started at 0 is exactly (n0)f(0)− (n1)f(1) + (n2)f(2)− · · · ,
and so setting Tn

n (i) = (−1)i
(
n
i

) satisfies orthogonality and also that the constant term is 1. Since Tn
n is

uniquely defined by the recurrence relation (and we can perform Lagrange interpolation through these
(n+ 1) points to get a polynomial of degree at most n), this must be the desired polynomial.

We now use this explicit formula to construct explicit expressions for our eigenvectors.

Proof of Theorem 1.2. Let m = 2k be any even integer less than or equal to n. First, we claim that there is
a (right) eigenvector of eigenvalue βk for the binary Burnside process on Cm

2 of the form

gm(x) = Tm
m (|x|) = (−1)|x|

(
m

|x|

)
(last equality by Proposition 4.2). Indeed, for any x, we have (recall thatKm denotes the transitionmatrix
for the process on Cm

2 )

Kmgm(x) =
∑

y∈Cm
2

gm(y)Km(x, y)

=
m∑
i=0

Tm
m (i)

∑
y:|y|=i

Km(x, y)

=
m∑
i=0

Tm
m (i)K

lumped
m (|x|, i), (4.1)

and by the eigenvalue equation on the lumped chain, this last expression is βkT
m
m (|x|) = βkgm(x), as

desired.
Next, choosing any size-m subset S ∈

(
[n]
m

) of the coordinates, we can lift gm to a function on Cn
2 by

defining
fS(x) = gm(xS) = (−1)|xS |

(
m

|xS |

)
,

where xS is the restriction of x to the coordinate set S. We claim this is a (right) eigenvector of Kn.
Indeed, for any x ∈ Cn

2 , we have

KnfS(x) =
∑
y∈Cn

2

fS(y)Kn(x, y)

=
∑

yS∈Cm
2

∑
yS∈C

n−m
2

(−1)|yS |
(

m

|yS |

)
Kn(x, y)

=
∑

yS∈Cm
2

(−1)|yS |
(

m

|yS |

)
Km(xS , yS)
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since by Proposition 3.3Kn lumps toKm when only restricted to the coordinate set S. And now this last
expression is exactly∑yS

gm(yS)Km(xS , yS), so by the eigenvalue equation it evaluates to βkgm(xS) =
βkfS(x), as desired.

This means that for each of the (nm) subsets S, we get an eigenvector fS forKn of eigenvalue βk. Now
we prove that {fS : S ∈

(
[n]
m

)
} is a linearly independent set for each fixedm via the following steps:

1. Rephrasing the problem. The (nm) eigenvectors fS may be written in a (nm) by 2n matrix M , so that
the rows are indexed by subsets S ∈

(
[n]
m

) and the columns are indexed by states x ∈ Cn
2 . In other

words, define
M = (MS,x)S∈([n]

m),x∈Cn
2
, MS,x = (−1)|xS |

(
m

|xS |

)
,

where |xS | again denotes the number of ones in x among the coordinates S. We then wish to prove
that the rows (eigenvectors) ofM are linearly independent, or equivalently that the matrix has full
column rank.

2. Using symmetry. To prove that the matrix has full column rank, it suffices to show that some linear
combination of the column vectors is 1 in the entry for the subset S = {1, 2, · · · ,m} and 0 in all
others. (Then by permuting the role of 1, 2, · · · , n in the coefficients of those vectors, we can get all
other subsets S as well.) Fixing notation, let vx be the column vector of M corresponding to the
state x ∈ Cn

2 .

3. Constructing nice linear combinations. Let d = min(m,n −m). For all integers 0 ≤ a, b ≤ d, consider
the linear combinations of vectors

va =
∑

states x with a ones in the first
m coordinates and no other ones

vx

and the sets of subsets

Sb =

{
S ∈

(
[n]

m

)
:
∣∣∣S ∩ {m+ 1, · · · , n}

∣∣∣ = b

}
.

We have ([n]m

)
=
⋃d

b=0 Sb. Nowwe claim each va is constant on each Sb and that the value it takes on
any S ∈ Sb is nab =

∑a
r=0(−1)r

(
m
r

)(
m−b
r

)(
b

a−r

). Indeed, among all states x with a ones in the first
m coordinates (and no other ones), there are (m−b

r

)(
b

a−r

) of them with |xS | = r (because m − b of
the numbers {1, · · · ,m} are in each S ∈ Sb), and the value of vx at S for each of them is (−1)r

(
m
r

).
Therefore, each of v0, · · · ,vd is encoded by its (d + 1) values on S0, · · · ,Sd, and we would like to
show that some linear combination of v0, · · · ,vd yields 1 on S0 = {{1, · · · ,m}} and 0 on all other
Sjs. To do this, it suffices to prove that the (d+ 1)× (d+ 1) matrix

N = (nab)
d
a,b=0, nab =

a∑
r=0

(−1)r
(
m

r

)(
m− b

r

)(
b

a− r

)
is invertible.
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4. Making use of the binomial coefficients.We now show that row a of the matrixN is a degree a polyno-
mial; more precisely, there is some degree a polynomial fa such that nab = fa(b) for all b. Indeed,
for any fixed a, (m−b

r

) is a polynomial of degree r in b, and ( b
a−r

) is a polynomial of degree (a − r)
in b, so their product is a polynomial of degree a and thus the whole expression is a polynomial.
Furthermore, summing over all r, the total coefficient of ba in nab is

ca =
a∑

r=0

(−1)r
(
m

r

)
(−1)r

r!

1

(a− r)!
=

1

a!

a∑
r=0

(
m

r

)(
a

a− r

)
=

1

a!

(
m+ a

a

)
;

in particular, it is nonzero, so the polynomial is indeed of degree a. Therefore by row reduction
(subtracting off earlier rows from later ones to remove lower-order terms), the determinant of N
is equal to the determinant of the matrix (cab

a)da,b=0, which is a nonzero constant times a nonzero
Vandermonde determinant, hence nonzero. This proves that we can indeed find a valid linear
combination to get the desired column vector, completing the proof of linear independence.

Thus, we have constructed a (nm)-dimensional eigenspace of eigenvalue βk for any 0 ≤ k ≤ n
2 .

Since eigenvectors of different eigenvalues are orthogonal, the span of these eigenspaces has dimen-
sion∑m even

(
n
m

)
= 2n−1. Furthermore, by construction, notice that any function f in this span satisfies

f(x) = f(x) for all x ∈ Cn
2 , where x flips each coordinate of x from 0 to 1 or vice versa. This means that

all of these eigenvectors are orthogonal to the 2n−1-dimensional space of functions
{h ∈ L(Cn

2 ) : h(x) = −h(x) for all x ∈ Cn
2 } .

Any such h is an eigenvector of K of eigenvalue zero, because using that K(x, y) = K(x, y) for any x, y,
we have

Kh(x) =
∑
y∈Cn

2

h(y)K(x, y) =
∑
y∈Cn

2

h(y)K(x, y) = −
∑
y∈Cn

2

h(y)K(x, y) = −Kh(x) =⇒ Kh(x) = 0.

So the sum of the dimensions of the constructed spaces is 2n−1+2n−1 = 2n, meaningwe have constructed
a basis of Cn

2 of eigenvectors with the stated multiplicities, completing the proof.
Asmentioned in the introduction, if wewould like to obtain exact expressions for chi-square distance

from arbitrary starting points, we would need explicit expressions for an orthonormal basis of eigenvec-
tors. However, the eigenvectors fS in our proof of Theorem 1.2 are not orthogonal, and in fact we can
describe their inner products. First of all, we have ⟨fS , fS′⟩ = 0 for any two sets S and S′ with |S| ≠ |S′|,
but this does not hold if |S| = |S′|. In the latter case, denote |S| = |S′| = m and |S ∩ S′| = ℓ. Under the
inner product ⟨f, g⟩ =∑x f(x)g(x)π(x) with π(x) = 1

n+1
1

( n
|x|)

, we have

⟨fS , fS′⟩ =
∑
x

π(x)fS(x)f
′
S(x)

=

ℓ∑
a=0

m−ℓ∑
b=0

m−ℓ∑
c=0

n−2m+ℓ∑
d=0

(
ℓ

a

)(
m− ℓ

b

)(
m− ℓ

c

)(
n− 2m+ ℓ

d

)
1

n+ 1

1(
n

a+b+c+d

)(−1)b+c

(
m

a+ b

)(
m

a+ c

)
,

(4.2)
where a, b, c, d respectively represent the number of coordinates among the sets S ∩S′, S \S′, S′ \S, and
(S ∪ S′)c where x has a 1.
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Proposition 4.3. For any even integer m, any n ≥ m, and any two subsets S, S′ ⊆
(
[n]
m

)
with |S ∩ S′| = ℓ, let

fS = fS
⟨fS ,fS⟩1/2

and fS′ =
f ′
S

⟨f ′
S ,f

′
S⟩1/2

be the L2(π)-normalized vectors for S and S′. Then

⟨fS , fS′⟩ = 1(
2m+1−ℓ
m+1

) .
Furthermore, for any even integerm ≤ n and for any S ⊆

(
[n]
m

)
, we have the normalizing factor

⟨fS , fS⟩ =
1

m+ 1

(
2m

m

)
.

We defer the proof (due to Laurent Bartholdi and Christoph Koutschan, using “creative telescop-
ing”) to Appendix A. Given the nice form of these inner products, it is natural to hope for closed-form
expressions for linear combinations of the fSs which indeed yield an orthonormal basis. Section 6 de-
scribes a procedure for doing this, and this procedure actually allows us to obtain eigenvector bases for
irreducible subspaces of the permutation representation (as discussed shortly before Proposition 3.3).

The Grammatrix of Proposition 4.3 is so neat that it is natural to try to understand it directly. Richard
Stanley points out that matrices indexed by the size-m subsets of [n]with (S, S′) entry given by g(|S∩S′|)
(for any function g) are elements of the adjacency algebra of the Johnson scheme. Such matrices can be
explicitly diagonalized with dual Hahn polynomial eigenfunctions. A clear, elementary account can be
found in [Bur17]; in particular, Theorem 1.1 in that paper shows that the eigenvalues of our Grammatrix
are the rational numbers

λt =

m∑
ℓ=0

g(ℓ)

t∑
i=0

(−1)t−i

(
m− i

ℓ− i

)(
n−m+ i− t

m− ℓ+ i− t

)(
t

i

)
, 0 ≤ t ≤ m,

where g(ℓ) = 1

(2m+1−ℓ
m+1 )

are our inner products, and where the λt-eigenspace has dimension (nt) − ( n
t−1

).
Thus from here, a different approach to orthonormalization is possible: if {vi} are independent column
vectors with GrammatrixG = (⟨vi, vj⟩)ij , then an orthonormal basis is given by ui =

∑
j(Gji)

−1/2vj . (In
matrix notation, we have U = V G−1/2 where U, V have columns {ui} and {vi}.) However, the presence
of G−1/2 suggests a messy calculation and thus we have not tried to push this further.

5 Proofs of results for chi-square distance

In this section, we compute the average chi-square distance and show that order n
logn steps are required

to be close to stationarity. The argument uses properties of χ2
avg(ℓ), which we recall here.

As mentioned in the introduction, the average chi-square distance to stationarity after ℓ steps is given
by

χ2
avg(ℓ) =

∑
x∈X

π(x)χ2
x(ℓ) =

∑
x,y∈X

∣∣∣∣Kℓ(x, y)

π(y)
− 1

∣∣∣∣2 π(x)π(y).
We made use of eigenvalues and eigenvectors in Section 2.1 to rewrite chi-square distance in terms of
eigenvectors. Again letting f0, · · · , f|X|−1 be an orthonormal basis of eigenvectors for ℓ2(π), with f0 cor-
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responding to the trivial eigenvalue of 1, we have

χ2
avg(ℓ) =

∑
x∈X

π(x)

|X|−1∑
i=1

fi(x)
2β2ℓ

i

=

|X|−1∑
i=1

β2ℓ
i

∑
x∈X

π(x)f(x)2

=

|X|−1∑
i=1

β2ℓ
i . (5.1)

Thus, wemay plug in our known eigenvalues andmultiplicities directly and obtain estimates for various
ℓ. We will use this to first prove all parts of Theorem 1.1 except “slowmixing for the half-zeros, half-ones
state” (which requires a different kind of argument).
Proof of Theorem 1.1, except the latter part of statement (2). For (1), weuse the eigenvaluemultiplicities from
Theorem 1.2, along with Eq. (5.1), to get

χ2
avg(ℓ) =

⌊n/2⌋∑
k=1

(
n

2k

)
β2ℓ
k ,

where βk = 1
24k

(
2k
k

)2 as in Proposition 4.1. We will lower and upper bound this quantity to show that
order n

logn steps are necessary and sufficient.
To prove (2), we establish a lower bound for χ2

avg(ℓ) when ℓ ≤ 0.1n
logn . We will just consider n = 4a

a multiple of 4 for simplicity of notation; the general case can be handled analogously but for instance
using one of the middle two binomial coefficients instead of the central binomial coefficient.

We lower bound by the single term k = n
4 of the sum, yielding

χ2
avg(ℓ) ≥

(
4a

2a

)
β2ℓ
a

=

(
4a

2a

)(
1

24a

(
2a

a

)2
)2ℓ

.

We now use bounds on the central binomial coefficient ([Stă01], Theorem 2.5)
4a√
πa

exp

(
− 1

8a

)
<

(
2a

a

)
<

4a√
πa

(which hold for all a ≥ 1) to get

χ2
avg(ℓ) ≥

(
4a

2a

)(
1

πa
exp

(
− 1

4a

))2ℓ

≥ 24a√
2πa

exp

(
− 1

16a

)(
1

πa
exp

(
− 1

4a

))2ℓ

=
2n√
πn/2

exp

(
− 1

4n

)(
4

πn
exp

(
− 1

n

))2ℓ

.
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In particular, this last quantity is growing exponentially for large n when ℓ = 0.1n
logn , since

(
1
n

)2ℓ
=

e−0.2n has less significant exponential decay than the factor of 2n, and all other terms are of lower order.
Finally, to prove (3), we establish an upper bound on χ2

avg(ℓ). For this, we include all terms in the sum
and use the upper bound on the central binomial coefficient. This time assuming n = 10b for simplicity
of notation, we get

χ2
avg(ℓ) ≤

n/2∑
k=1

(
n

2k

)
(πk)−ℓ

=

b∑
k=1

(
n

2k

)
(πk)−ℓ +

5b∑
k=b+1

(
n

2k

)
(πk)−ℓ

≤
b∑

k=1

(
n

2k

)
(πk)−ℓ + 2n(πb)−ℓ.

Now take ℓ = 10n
logn . The last term 2n(πb)−ℓ decays exponentially in n, so we just need to bound the first

sum. For this, note that the ratio of consecutive terms (using that k ≤ 0.1n) can be bounded as(
n

2(k+1)

)
(π(k + 1))−ℓ(

n
2k

)
(πk)−ℓ

=
(n− 2k)(n− 2k − 1)

(2k + 1)(2k + 2)

(
1 +

1

k

)−ℓ

≤ n2

12

(
1 +

1

0.1n

)−10n/ logn

≤ n2

12

(
1

2

)−n/ logn

for all n ≥ 10, and this quantity is bounded uniformly by 0.5. Thus this first sum is upper bounded by an
infinite geometric series with first term (

n
2

)
(π)−ℓ and common ratio 1

2 , which also decays exponentially
in n. Thus the average chi-square distance is decaying for large n when ℓ = 10n

logn , as desired.
We nowwish to upgrade this result to a uniform bound on χ2

x(ℓ). For this, observe that because both
K and π are invariant under the action of Sn, χ2

x(ℓ) is constant on each orbit Oi, and
∑

x∈Oi
π(x) = 1

n+1
for all orbits. Therefore we may write

χ2
avg(ℓ) =

∑
x

π(x)χ2
x(ℓ) =

1

n+ 1

n∑
i=0

χ2
Oi
(ℓ),

where χ2
Oi
(ℓ) is the chi-square distance after ℓ steps when started from any state in the orbit Oi. So to

prove that χ2
Oi
(ℓ) → 0 for all i, it suffices to prove that (n + 1)χ2

avg(ℓ) → 0. But this is already implied
by the calculation above, which in fact showed exponential decay of χ2

avg(ℓ) in n. This concludes the
proof.

It remains now to show that the “half-zeros, half-ones” state takes a long time to reach stationarity
in ℓ2. For additional context, recall from Example 2.3 that states with all but a constant number of 0s or
1s have ℓ2 mixing in just log n steps, and so it is natural to ask whether we can also exhibit explicit states
with slow ℓ2 mixing. The following argument, using an idea of Lucas Teyssier, shows that states with a
positive fraction of both 0s and 1s do in fact require n

logn steps to converge.
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Proposition 5.1. Let x(n) ∈ Cn
2 be any sequence of states such that cn ≤ |x(n)| ≤ (1 − c)n for some c ∈ (0, 1).

Then χ2
x(n)(ℓ) → ∞ for ℓ = Θc

(
n

logn

)
.

Proof. We may bound the chi-square distance starting at x(n) using just the term for x(n) itself:

χ2
x(n)(ℓ) =

∑
y∈Cn

2

∣∣∣∣∣Kℓ(x(n), y)

π(y)
− 1

∣∣∣∣∣
2

π(y) ≥

∣∣∣∣∣Kℓ(x(n), x(n))

π(x(n))
− 1

∣∣∣∣∣
2

π(x(n))

≥

∣∣∣∣∣K
(
x(n), x(n)

)ℓ
π(x(n))

− 1

∣∣∣∣∣
2

π(x(n)).

To bound the probability K(x(n), x(n)) from below, recall that in the binary Burnside process, we first
pick a uniformly random permutation which fixes x(n) – that is, a permutation among the coordinates
in which x(n) is 1, along with an independent permutation among the coordinates in which x(n) is 0.
The probability that each of those are just a single cycle is 1

|x(n)| ·
1

n−|x(n)| , and the subsequent probability
of labeling the cycles with 1 and 0 respectively (hence returning back to x(n) after one step) is 1

4 . Since
cn ≤ |x(n)| ≤ (1− c)n, we therefore haveK(x(n), x(n)) = Ωc(n

−2).
But 1

π(x(n))
= (n+1)

(
n

|x(n)|
) grows exponentially in n (with constant depending on c), so it takes many

steps forK (x(n), x(n))ℓ to get small enough to be of comparable order to π(x(n)). More precisely, we have
K(x(n), x(n))ℓ > π(x(n))1/3 for ℓ = Θc

(
n

logn

)
, and thus after this many steps χ2

x(n)(ℓ) is still exponentially
growing in n, as desired.

As a corollary, we obtain the final part of our main result by being more careful with the constants in
the argument above:

Proof of Theorem 1.1, latter part of (2). Recall that we are considering the state x(n) ∈ Cn
2 with ⌊n2 ⌋ zeros

followed by ⌈n2 ⌉ ones. Following the proof of Proposition 5.1 above, we again have

χ2
x(n)(ℓ) ≥

∣∣∣∣∣K
(
x(n), x(n)

)ℓ
π(x(n))

− 1

∣∣∣∣∣
2

π(x(n))

but this timewith the explicit boundsK(x(n), x(n)) ≥ 1
4 ·

1
⌊n
2
⌋ ·

1
⌈n
2
⌉ ≥ 1

n2 and π(x(n)) = 1
(n+1)( n

⌊n/2⌋)
< n

2n for

all positive integers n. So if ℓ ≤ 0.1n
logn , we have K (x(n), x(n))ℓ ≥ e−0.2n ≥ 0.8n. Plugging in these bounds

(and also using that π(x(n)) ≥ 1
(n+1)2n ),

χ2
x(n)(ℓ) ≥

∣∣∣∣2n · 0.8n

n
− 1

∣∣∣∣2 · 1

(n+ 1)2n
,

and this right-hand side indeed goes to infinity as n → ∞.

The results above can be supplemented with asymptotics. The following shows that the binary Burn-
side process has a cutoff in ℓ2 at ℓ = log 2

2
n

log(π
2
n)
:
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Theorem 5.2. For the binary Burnside process on Cn
2 , we have the following for all ε > 0 as n → ∞:

1. If ℓ ≤ (1− ε) log 22
n

logn , then χ2
avg(ℓ) → ∞.

2. If ℓ ≥ (1 + ε) log 22
n

logn , then χ2
avg(ℓ) → 0.

The proof uses standard asymptotics for the symmetric binomial distribution, as above and in [Fel68,
Chapter VII]; we postpone the proof to Appendix B. We also point out that (using the same reasoning as
in the end of the proof of Theorem 1.1) this implies that some starting state x has χ2

x(ℓ) → ∞ even after
(1− ε) log 22

n
logn steps, while all starting states have χ2

x(ℓ) → 0 after just (1+ ε) log 22
n

logn steps. In particular,
this is a better lower bound than what we obtain for the half-zeros, half-ones state in Proposition 5.1,
which only works in its current form up until log 2

4
n

logn steps.

6 An orthonormal eigenvector basis via Schur–Weyl duality

We now describe further the representation theory features mentioned after Corollary 3.2. For relevant
references, see [Dia88] (particularly Section 7 for material on the symmetric group) or [Jam78]. The
key idea is that the relation Kn(x, y) = Kn(σ(x), σ(y)) implies that Kn, as an operator on the space of
functions on Cn

2 , maps only within isomorphic irreducible subspaces of the permutation representation,
and Schur–Weyl duality allows us to upgrade this to describe an orthonormal basis of eigenvectors.

The key results of this section are as follows. Theorem 6.2 describes a complete set of eigenvectors
{fm,ℓ

Q } indexed by integersm, ℓ (which dictate the eigenvalue) and Young tableauxQ of shape (n−m,m).
These fm,ℓ

Q are orthogonal – we provide an explicit closed-form formula for their norms in Corollary 6.5
– and they may be thought of as particular linear combinations of the fS eigenvectors from Theorem 1.2.
In particular, we obtain Corollary 6.6, which refines Theorem 1.2 by describing the eigenvalue multiplic-
ities when restricting Kn to copies of each irreducible representation. Finally, Theorem 6.7 provides a
probabilistic application of this basis, showing that a bounded number of steps also suffices from the
“all-but-one zeros” state by evaluating the fm,ℓ

Q s at this state (and in fact finding that almost all of them
are zero, in stark contrast with our original basis {fS}).

Note that in this section only, we make some significant notational changes to make the formulas and
proofs easier to parse. In particular, we will view our function space L(Cn

2 ) as a tensor product V ⊗n over
the n coordinates, and we write all functions as linear combinations of the basis vectors vS .

6.1 Construction of orthonormal eigenvectors

In this subsection, we describe how to construct orthogonal subspaces indexed by Young tableaux and
obtain explicit formulas for the vectors that lie in those subspaces. In particular, the orthogonal decom-
position here does not depend on our operatorK, so it may be useful for other Markov chains on binary
n-tuples that are Sn-invariant (see Section 7).

Asmentioned above, we first establish new notation. Let V = C-span{v0, v1}, so that the tensor space
V ⊗n has basis {vi1 ⊗ · · · ⊗ vin | i1, . . . , in ∈ {0, 1}}.

For each subset S ⊆ {1, . . . , n}, we write

vS = vi1 ⊗ · · · ⊗ vin , where iℓ =
{
1 if ℓ ∈ S,

0 if ℓ ̸∈ S.
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Define the subspaces corresponding to the orbits Oℓ = {x ∈ Cn
2 : |x| = ℓ}

V (ℓ) = C-span {vS | |S| = ℓ} , so that V ⊗n =

n⊕
ℓ=0

V (ℓ).

Our inner product on V ⊗n can then be written in the form

⟨vS , vT ⟩π =
1

n+ 1

1(
n
|S|
)δST , where in particular V (j) ⊥ V (ℓ) if j ̸= ℓ. (6.1)

In addition to the orthogonal subspaces V (ℓ), we may also define a set of different orthogonal sub-
spaces indexed by standard Young tableaux. For this, recall that Sn acts by permutation on the coordi-
nates, and so the group algebra of the symmetric group C[Sn] acts on V ⊗n by

wvS = vwS for w ∈ Sn and S ⊆ {1, . . . , n}.

For r ∈ {2, . . . , n}, the Jucys-Murphy elements in the group algebra of the symmetric group (see [Ram95,
Eq. (3.5)], or the report [DG89], or Murphy’s original paper [Mur81]) are the mutually commuting
operators

Mr =

r−1∑
i=1

sir, where sir is the transposition that switches i and r. (6.2)

Let Ŝ(n−m,m)
n denote the set of standard Young tableaux of shape (n−m,m). For Q ∈ Ŝ

(n−m,m)
n , let Q(r)

denote the box containing r in Q. Define the content of the box via

ct(Q(r)) = y − x if Q(r) is in row x and column y,

and also define the subspace of simultaneous eigenvectors

VQ = {m ∈ V ⊗n |Mrm = ct(Q(r))m for all r ∈ {2, . . . , n}}.

These subspaces are mutually orthogonal for the following reason. For any transposition w ∈ Sn, we
have

⟨wvS , wvT ⟩π = ⟨vS , vT ⟩π =⇒ ⟨wvS , vT ⟩π = ⟨vS , wvT ⟩π
because w2 = 1. Thus any linear combination of transpositions in C[Sn] is self-adjoint, meaning in par-
ticular that all Mj are self-adjoint. Now let P ̸= Q be any standard tableaux with n boxes; there must
exist some i ∈ {1, . . . , n} such that ct(P (i)) ̸= ct(Q(i)). Then we have for any p ∈ VP and q ∈ VQ that

ct(P (i))⟨p, q⟩π = ⟨Mip, q⟩π = ⟨p,Miq⟩π = ct(Q(i))⟨p, q⟩π,

meaning that ⟨p, q⟩π = 0. This means that for any Young tableaux P,Q,

if P ̸= Q, then VP ⊥ VQ. (6.3)

We thus obtain a refineddecomposition of V ⊗n by defining, for all ℓ ∈ {0, 1, . . . , n−m} andQ ∈ Ŝ
(n−m,m)
n ,

the subspace
V

(ℓ)
Q = VQ ∩ V (ℓ).
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Combining Eq. (6.1) and Eq. (6.3) gives

V
(j)
P ⊥ V

(ℓ)
Q unless P = Q and j = ℓ. (6.4)

By Schur-Weyl duality, as well as the representation theory of sl2 and of the symmetric group Sn (see
[FH91, Ex. 6.30 and (11.6)] and [Ram95, (3.5), (3.11), and Thm. 3.14]), we have

dim(V
(ℓ)
Q ) = 1 and V ⊗n =

⌊n/2⌋⊕
m=0

⊕
Q∈Ŝ(n−m,m)

n

n−m⊕
ℓ=0

V
(ℓ)
Q . (6.5)

Furthermore, it is a consequence of Schur-Weyl duality that

each VQ =

n−m⊕
ℓ=0

V
(ℓ)
Q is an irreducible sl2-invariant subspace of V ⊗n, and

each V
(ℓ)
(n−m,m) =

⊕
Q∈Ŝ(n−m,m)

n

V
(ℓ)
Q is an irreducible Sn-invariant subspace of V ⊗n. (6.6)

We will elaborate more on this decomposition in Section 6.2.
We now describe each of the one-dimensional subspaces V (ℓ)

Q explicitly. First, we show a useful cal-
culation:
Lemma 6.1. Viewing all elements of C[Sn] as operators on V ⊗n, define

τj = sj +
1

Mj −Mj+1
for j ∈ {1, . . . , n− 1}. (6.7)

(Here 1
Mj−Mj+1

denotes the inverse of the operatorMj −Mj+1, which indeed exists becauseMj ,Mj+1 are simul-
taneously diagonalizable with distinct nonzero eigenvalues.) Then we have the relations

τjMj = Mj+1τj , Mjτj = τjMj+1, and τ2j =
(Mj −Mj+1 + 1)(Mj −Mj+1 − 1)

(Mj −Mj+1)2
. (6.8)

Proof. We have Mj+1 = sjMjsj + sj for all j, so that Mj+1sj = sjMj + 1. Therefore, using that Mj and
Mj+1 commute,

Mj+1τj = Mj+1

(
sj +

1

Mj −Mj+1

)
= Mj+1sj +

Mj+1

Mj −Mj+1

= sjMj + 1 +
Mj+1

Mj −Mj+1

= sjMj +
Mj

Mj −Mj+1

=

(
sj +

1

Mj −Mj+1

)
Mj = τjMj ,
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proving the first equality. The second equality follows by an identical argument except with all multipli-
cations in the reverse order. Putting those two facts together yields

(Mj+1 −Mj)τj = τjMj −Mjτj = τj(Mj −Mj+1).

Therefore we have τj( 1
Mj−Mj+1

) = ( 1
Mj+1−Mj

)τj , which shows that

τ2j = τj

(
sj +

1

Mj −Mj+1

)
= τjsj +

1

Mj+1 −Mj
τj

=
(
sj +

1

Mj −Mj+1

)
sj +

1

Mj+1 −Mj

(
sj +

1

Mj −Mj+1

)
= 1− 1

(Mj −Mj+1)2

=
(Mj −Mj+1)

2 − 1

(Mj −Mj+1)2

=
(Mj −Mj+1 + 1)(Mj −Mj+1 − 1)

(Mj −Mj+1)2
,

completing the proof.
Now if j and j+1 are not in the same row or same column of the tableauxQ, then τ2j acts as a nonzero

constant because ct(Q(j))− ct(Q(j + 1)) /∈ {−1, 0, 1} (note that 0 is not possible by monotonicity of the
rows and columns of Q, meaning that j + 1 cannot be on the same diagonal as j). Thus Lemma 6.1
implies that

τj : V
(ℓ)
Q → V

(ℓ)
sjQ

is a vector space isomorphism if j, j + 1 are not in the same row or column of Q.

(6.9)
Definition of eigenvectors: With this, we are now ready to define the eigenvectors fm,ℓ

Q corresponding to
the various one-dimensional subspaces. Let m ∈ {0, 1, . . . , ⌊n/2⌋}. Define the column reading tableau of
shape (n−m,m) to be the Young tableau

T =
1 3 5 · · · 2m− 1 2m+ 1 2m+ 2 · · · n− 1 n

2 4 6 · · · 2m
.

Let i, ℓ ∈ {0, 1, . . . , n− 2m}, and let S(n− 2m)ℓ be the set of subsets of {1, . . . , n− 2m} with cardinality
ℓ. Define the scalars

T (ℓ)
m,n(i) =

∑
S∈S(n−2m)ℓ

(−1)m+|S∩{1,...,i}|
(

2m+ ℓ

m+ |S ∩ {1, . . . , i}|

)
. (6.10)

(These numbers turn out to be the values of certain orthogonal polynomials – see Proposition 6.4 in
Section 6.2 – but we will not need that fact for this first proof.) Using these scalars, we first define the
following vectors associated to the column reading tableaux T :

gm,i
T = (v01 − v10)

⊗m ⊗
( ∑

S∈S(n−2m)i

vS

)
and fm,ℓ

T =
n−2m∑
i=0

T (ℓ)
m,n(i)g

m,i
T . (6.11)
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Here the subscript of v01 stands for the subset {2} of {1, 2}, and the tensor product notation stands for
concatenation of the subsets (so that, for example, v01 ⊗ v01 = v0101 = v{2,4}). In words, gm,i

T is a linear
combination of particular vSs with |S| = m + i, and fm,ℓ

T takes a certain linear combination of these
vectors over the various “levels” i with coefficients coming from orthogonal polynomial scalars. These
fm,ℓ
T are the beginning of our orthogonal eigenvector basis.

We now explain how to define the vectors associated to any other tableau Q of shape (n −m,m). If
Q is the standard Young tableau of shape (n−m,m)with a1 a2 · · · am in the second row, then
ar ≥ 2r for all 1 ≤ r ≤ m. Therefore, we can apply a sequence of adjacent transpositions of the boxes of
T to get to Q:

Q = c
(1)
Q · · · c(m)

Q T, where c
(r)
Q =

{
sar−1 · · · s2r+1s2r if ar > 2r,
1 if ar = 2r.

Thanks to Eq. (6.9), the corresponding map τQ : V
(m+i)
T → V

(m+i)
Q defined by

τQ = τ
(1)
Q · · · τ (m)

Q , where τ
(r)
Q =

{
τar−1 · · · τ2r+1τ2r if ar > 2r,
1 if ar = 2r, (6.12)

is a vector space isomorphism. In particular, if ar > 2r, then τ
(r)
Q =

(
sar−1− 1

ar−2r+1

)
· · · (s2r+1−1

3)(s2r−
1
2)

is an expression for τ (r)Q in terms of the simple reflections in Sn. We then define the following vectors
associated to the tableau Q (of shape (n−m,m)), for any m ∈ {0, 1, . . . , ⌊n/2⌋} and ℓ, i ∈ {0, 1, . . . , n−
2m}:

gm,i
Q = τQg

m,i
T and fm,ℓ

Q = τQf
m,ℓ
T . (6.13)

These vectors fm,ℓ
Q will form the (unnormalized) orthogonal basis of eigenvectors in Theorem 6.2. Before

we state that result, we define some constants that appear crucially in the norms. For the Young tableau
Q notated above, define the scalar

γQ = γ
(1)
Q · · · γ(m)

Q , where γ
(r)
Q =

{
((ar−2r+1)2−1)

(ar−2r+1)2
· · · (3

2−1)
32

· (22−1)
22

if ar > 2r,
1 if ar = 2r.

(6.14)

Theorem 6.2. Using notation as in Eq. (6.13) and Eq. (6.14), with respect to the inner product ⟨·, ·⟩π, the set{
fm,ℓ
Q : m ∈ {0, 1, . . . , ⌊n/2⌋}, Q ∈ Ŝ(n−m,m)

n , ℓ ∈ {0, 1, . . . , n− 2m}
}

is an orthogonal basis of V ⊗n. With the notation for eigenvalues βk as in Theorem 1.2,

fm,ℓ
Q is an eigenvector of Kn of eigenvalue

{
β(m+ℓ)/2 if m+ ℓ is even,
0 otherwise,

and

⟨fm,ℓ
Q , fm,ℓ

Q ⟩π = γQ⟨fm,ℓ
T , fm,ℓ

T ⟩π

= γQ
2m

n+ 1

n−2m∑
i=0

(
T (ℓ)
m,n(i)

)2 (n−2m
i

)(
n

m+i

) . (6.15)

We also express this sum is closed form in Corollary 6.5.
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m ℓ Q 000 001 010 011 100 101 110 111

0 0 1 2 3 1 0 0 0 0 0 0 0

0 1 1 2 3 0 1 1 0 1 0 0 0

1 0
1 2

3
0 1 −0.5 0 −0.5 0 0 0

1 0
1 3

2
0 0 1 0 −1 0 0 0

0 2 1 2 3 0 0 0 1 0 1 1 0

1 1
1 2

3
0 0 0 0.5 0 0.5 −1 0

1 1
1 3

2
0 0 0 1 0 −1 0 0

0 3 1 2 3 0 0 0 0 0 0 0 1

Figure 2: The eight vectors gm,ℓ
Q for n = 3. Observe that we have gm,ℓ

Q ∈ V (m+ℓ) in all cases; that is, the
vectors are only supported on the states S where |S| = m+ ℓ.

To illustrate a concrete example, we write out the list of g and f vectors in the case n = 3. In Fig. 2,
the first three columns indicate the values of m, ℓ, and the tableau Q, and the last eight columns are
the entries of the vector gm,ℓ

Q evaluated at each state. (For example, the column for 011 corresponds to
v{2,3} = v0 ⊗ v1 ⊗ v1.) The analogous table for the fm,ℓ

Q vectors appears in Fig. 3, along with an extra
column for displaying the normalizing factors ⟨fm,ℓ

Q , fm,ℓ
Q ⟩.

In words, it turns out (as will be shown in the proof) that the relation between the f and g vectors
is that f are linear combinations of the fS vectors from Theorem 1.2, with coefficients given by g. For
instance, g0,2

1 2 3
has a 1 in each of the entries 011, 101, and 110, so f0,2

1 2 3
= 1f{1,2} + 1f{1,3} +

1f{2,3}.
The remainder of this subsection is dedicated to proving Theorem 6.2. We first prove a crucial lemma,

which is the first step of the observation in the above paragraph. To adapt notation, note that the formula
for the eigenvectors fS from Theorem 1.2 can be written

fS =
∑

T⊆{1,...,n}

(−1)|S∩T |
(

|S|
|S ∩ T |

)
vT . (6.16)

Lemma 6.3. Let T be the column reading tableau of shape (n − m,m) and let fm,ℓ
T and gm,ℓ

T be as defined in
Eq. (6.11). Define the vector space isomorphism Φ : V ⊗n → V ⊗n by setting Φ(vS) = fS and extending by
linearity. Then

fm,ℓ
T = Φ(gm,ℓ

T ).

Proof. We begin by constructing careful linear combinations of our original eigenvectors fS . For any
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m ℓ Q 000 001 010 011 100 101 110 111 ⟨fm,ℓ
Q , fm,ℓ

Q ⟩
0 0 1 2 3 1 1 1 1 1 1 1 1 1

0 1 1 2 3 3 1 1 −1 1 −1 −1 −3 5

1 0
1 2

3
0 −2 1 −1 1 −1 2 0 1

1 0
1 3

2
0 0 −2 −2 2 2 0 0 4

3

0 2 1 2 3 3 −3 −3 −3 −3 −3 −3 3 9

1 1
1 2

3
0 −3 1.5 1.5 1.5 1.5 −3 0 9

4

1 1
1 3

2
0 0 −3 3 3 −3 0 0 3

0 3 1 2 3 1 −3 −3 3 −3 3 3 −1 5

Figure 3: The eight vectors fm,ℓ
Q for n = 3. Observe that the vector withm+ ℓ = 0 is an eigenvector ofK3

with eigenvalue β0 = 1, the three vectors with m + ℓ = 2 are eigenvectors with eigenvalue β1 = 1
4 , and

all other vectors are eigenvectors with eigenvalue 0.

subset S ⊆ {3, 4, . . . , n}, we have (here the notation f01S is shorthand for f{2}∪S)

f01S =
∑

T⊆{3,...,n}

(−1)|S∩T |
(
1 + |S|
|S ∩ T |

)
v00T + (−1)|S∩T |

(
1 + |S|
|S ∩ T |

)
v10T

+ (−1)1+|S∩T |
(

1 + |S|
1 + |S ∩ T |

)
v01T + (−1)1+|S∩T |

(
1 + |S|

1 + |S ∩ T |

)
v11T ,

f10S =
∑

T⊆{3,...,n}

(−1)|S∩T |
(
1 + |S|
|S ∩ T |

)
v00T + (−1)1+|S∩T |

(
1 + |S|

1 + |S ∩ T |

)
v10T

+ (−1)|S∩T |
(
1 + |S|
|S ∩ T |

)
v01T + (−1)1+|S∩T |

(
1 + |S|

1 + |S ∩ T |

)
v11T ,

so subtracting these equations yields

f(01−10)S = f01S − f10S =
∑

T⊆{3,...,n}

(−1)|S∩T |
((

1 + |S|
|S ∩ T |

)
+

(
1 + |S|

1 + |S ∩ T |

))
v10T

− (−1)|S∩T |
((

1 + |S|
1 + |S ∩ T |

)
+

(
1 + |S|
|S ∩ T |

))
v01T

= (v01 − v10)⊗

 ∑
T⊆{3,...,n}

(−1)1+|S∩T |
(

2 + |S|
1 + |S ∩ T |

)
vT

 .

Iterating this process on subsequent pairs of coordinates, we see that for any subset S ⊆ {2k+1, . . . , n},
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we have

f(01−10)mS = (v01 − v10)
⊗m ⊗

 ∑
T⊆{2m+1,...,n}

(−1)m+|S∩T |
(

2m+ |S|
m+ |S ∩ T |

)
vT


= (v01 − v10)

⊗m ⊗

 ∑
T⊆{1,...,n−2m}

(−1)m+|S∩T |
(

2m+ |S|
m+ |S ∩ T |

)
vT

 , (6.17)

where this last line is only a change in notation (notating a tensor product by starting both sets of coor-
dinates from 1). As before, let S(n− 2m) denote the set of all subsets of {1, . . . , n− 2m} and S(n− 2k)i
the set of such subsets of cardinality i. Letting T denote the column reading tableau of shape (n−m,m),
and defining

g
(i)
1···(n−2m) =

∑
S∈S(n−2m)i

vS

(note that this is not a vector of the form gm,ℓ
T ), we have that

fm,ℓ
T =

n−2m∑
i=0

T (ℓ)
m,n(i)g

m,i
T

=

n−2m∑
i=0

T (ℓ)
m,n(i)

(
(v01 − v10)

⊗m ⊗ g
(i)
1···(n−2m)

)
= (v01 − v10)

⊗m ⊗

(
n−2m∑
i=0

g
(i)
1···(n−2m)T

(ℓ)
m,n(i)

)

= (v01 − v10)
⊗m ⊗

n−2m∑
i=0

g
(i)
1···(n−2m)

∑
S∈S(n−2m)ℓ

(−1)m+|S∩{1,...,i}|
(

2m+ ℓ

m+ |S ∩ {1, . . . , i}|

) ,

where in the last line we plugged in the definition of our scalars T (ℓ)
m,n(i). Therefore expanding out and

then swapping the order of summation yields

fm,ℓ
T = (v01 − v10)

⊗m ⊗

n−2m∑
i=0

∑
T∈S(n−2m)i

vT
∑

S∈S(n−2m)ℓ

(−1)m+|S∩{1,...,i}|
(

2m+ ℓ

m+ |S ∩ {1, . . . , i}|

)
=

∑
S⊆{2m+1,··· ,n}

|S|=ℓ

(v01 − v10)
⊗m ⊗

∑
T∈S(n−2m)

(−1)m+|S∩T |
(

2m+ |S|
m+ |S ∩ T |

)
vT


=

∑
S∈S(n−2m)ℓ

f(10−01)mS ,

where before swapping summation in the middle step we use that the innermost sum over S is always
preserved if we replace {1, · · · , i} with the i-element subset T , and where the last equality follows from
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Eq. (6.17). Now because f(10−01)mS is just shorthand for a particular linear combination of the fSs, we
have Φ(v(10−01)mS) = f(10−01)mS . Thus

fm,ℓ
T =

∑
S∈S(n−2m)ℓ

f(10−01)mS =
∑

S∈S(n−2m)ℓ

Φ(v(10−01)mS) = Φ(gm,ℓ
T ),

completing the proof.

We are now ready to prove the main result of this subsection. Rephrasing the previous lemma, we
have just shown that fm,ℓ

T is a linear combination of eigenvectors fS each with |S| = m + ℓ, and so our
proof will show that many of the nice properties relating fT and gT are still preserved when we apply
transpositions to the boxes of the Young tableaux.

Proof of Theorem 6.2. Fix m ∈ {0, 1, . . . , ⌊n/2⌋}, and let T be the column reading tableau of shape (n −
m,m). Also fix i ∈ {0, 1, . . . , n − 2m}. We first claim that for all 2 ≤ r ≤ n, we have (recall that str
denotes the transposition switching t and r)

Mrg
m,i
T =

r−1∑
t=1

str (v01 − v10)
⊗m ⊗

 ∑
S∈S(n−2m)i

vS


= ct(T (r))gm,i

T .

Indeed for r ≤ 2m, the only nonzero contributions to this sum are if t < r are of the same parity (yielding
gm,i
T ) or if r is even and t = r − 1 (yielding −gm,i

T ). And for r > 2m, the nonzero contributions are from
2m + 1 ≤ t < r (yielding gm,i

T ) and also from of the pairs t ∈ {1, 2}, {3, 4}, · · · , {2m − 1, 2m} (each of
which yield gm,i

T when added together). In all cases, the total coefficient of gm,i
T is indeed the column

number of the box r minus the row number. Therefore gm,i
T ∈ V

(m+i)
T by definition.

Now suppose Q is a standard tableau of shape (n−m,m) with a1 a2 · · · am in the second
row. Let τQ : V

(m+i)
T → V

(m+i)
Q be the vector space isomorphism defined in Eq. (6.12). Since gm,i

Q =

τQg
m,i
T , this implies that

gm,i
Q ∈ V

(m+i)
Q and gm,i

Q ̸= 0.

Thus, by Eq. (6.4) and Eq. (6.5), we have that{
gm,i
Q

∣∣∣m ∈ {0, . . . , ⌊n/2⌋}, Q ∈ Ŝ(n−m,m)
n , i ∈ {0, . . . n− 2m}

}
is an orthogonal basis of V ⊗n with respect to the inner product ⟨·, ·⟩π.

Wewill now use this orthogonality to also prove orthogonality of the fm,ℓ
Q s. Recall thatΦ is the vector

space isomorphism mapping vS to fS for all S. For any w ∈ Sn, we have

wΦ(vS) = wfS = fwS = Φ(vwS) = Φ(wvS),

so Φ is an Sn-module isomorphism. Therefore Lemma 6.3 tells us that

fm,ℓ
Q = τQf

m,ℓ
T = τQΦ(g

m,ℓ
T ) = Φ(τQg

m,ℓ
T ) = Φ(gm,ℓ

Q )
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for all tableaux Q. Since
{
gm,ℓ
Q

∣∣∣m ∈ {0, . . . , ⌊n/2⌋}, Q ∈ Ŝ
(n−m,m)
n , ℓ ∈ {0, . . . , n− 2m}

}
is a basis of

V ⊗n, we must have that{
fm,ℓ
Q

∣∣∣m ∈ {0, . . . , ⌊n/2⌋}, Q ∈ Ŝ(n−m,m)
n , ℓ ∈ {0, . . . , n− 2m}

}
is a basis of V ⊗n.

Recall that by Theorem 1.2, {fS | S ∈ S(n)} is a basis of V ⊗n where

fS is an eigenvector ofKn of eigenvalue
{
β|S|/2 if |S| is even,
0 otherwise. (6.18)

So since gm,ℓ
T is a linear combination of vSs with |S| = m + ℓ and wvS = vwS for all w ∈ Sn, gm,ℓ

Q must
also be a linear combination of vS with |S| = m + ℓ. Thus fm,ℓ

Q = Φ(gm,ℓ
Q ) is a linear combination of fSs

all with |S| = k + ℓ, meaning that Eq. (6.18) implies

fm,ℓ
Q is an eigenvector ofKn with eigenvalue

{
β(m+ℓ)/2 ifm+ ℓ is even,
0 otherwise.

We now prove that these eigenvectors are all orthogonal. Because Φ is an Sn-module isomorphism, we
have for any r that

Mrf
m,ℓ
Q = MrΦ(g

m,ℓ
Q ) = Φ(Mrg

m,ℓ
Q ) = Φ(ct(Q(r))gm,ℓ

Q ) = ct(Q(r))Φ(gm,ℓ
Q ) = ct(Q(r))fm,ℓ

Q .

So in fact fm,ℓ
Q ∈ VQ, so it follows from Eq. (6.3) that

P ̸= Q =⇒ ⟨fm1,ℓ1
P , fm2,ℓ2

Q ⟩π = 0.

Therefore, it just remains to show orthogonality among eigenvectors of the same tableau Q. Remember-
ing that m is determined by the shape of Q, it thus remains to show that ⟨fm,ℓ1

Q , fm,ℓ2
Q ⟩π = 0 for all ℓ1, ℓ2.

BecauseKn is self-adjoint with respect to ⟨·, ·⟩π, eigenvectors ofKn of different eigenvalues are automat-
ically orthogonal, but this does not account for the case where both vectors are zero eigenfunctions.

For this, we claim first that for the column reading tableau T of shape (n−m,m), we have

⟨fm,ℓ1
T , fm,ℓ2

T ⟩π = 0

for any ℓ1 ̸= ℓ2. We defer the proof of this fact (which reduces to a “WZ-pair” binomial coefficient
calculation done with computer assistance) to LemmaA.2. Then recalling that all transpositions are self-
adjoint, each τj = sj +

1
Mj−Mj+1

is also self adjoint. Therefore, for any tableau Q and any transposition
si, we have

⟨fm,ℓ1
siQ

, fm,ℓ2
siQ

⟩π = ⟨τifm,ℓ1
Q , τif

m,ℓ2
Q ⟩π

= ⟨fm,ℓ1
Q , τ2i f

m,ℓ2
Q ⟩π

=
(ct(Q(i))− ct(Q(i+ 1)) + 1)(ct(Q(i))− ct(Q(i+ 1))− 1)

(ct(Q(i))− ct(Q(i+ 1)))2
⟨fm,ℓ1

Q , fm,ℓ2
Q ⟩π,
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where the last equality follows from Lemma 6.1 and the fact that fm,ℓ
Q ∈ VQ. Since we obtain any tableau

Q from T via a sequence of such transpositions, we find inductively that ⟨fm,ℓ1
Q , fm,ℓ2

Q ⟩π = 0 for all Q of
shape (n−m,m), completing the verification of orthogonality.

Finally, we compute the norms of our eigenvectors fm,ℓ
Q . Again, let T be the column reading tableau

of shape (n−m,m) and let i ∈ {0, 1, . . . , n− 2m}. We can compute explicitly the norm of gT , since

⟨gm,i
T , gm,i

T ⟩π =

〈
(v01 − v10)

⊗m ⊗
( ∑

S∈S(n−2m)i

vS

)
, (v01 − v10)

⊗m ⊗
( ∑

S∈S(n−2m)i

vS

)〉
π

=
1

n+ 1

∑
S∈S(n−2m)i

1(
n

m+i

)2m
=

2m

n+ 1

(
n−2m

i

)(
n

m+i

) , (6.19)

where the middle step uses that gm,i
T ∈ V (m+i) and so the inner product weight π(x) is in fact constant.

But then because the gm,i
T s are orthogonal, our definition of fm,ℓ

T as a linear combination yields

fm,ℓ
T =

n−2m∑
i=0

T (ℓ)
m,n(i)g

m,i
T =⇒ ⟨fm,ℓ

T , fm,ℓ
T ⟩π =

2m

n+ 1

n−2m∑
i=0

(
T (ℓ)
m,n(i)

)2 (n−2m
i

)(
n

m+i

) .

And now we again apply the logic for transferring inner products from T to Q: for any tableau Q and
any transposition si, we again have

⟨fm,ℓ
siQ

, fm,ℓ
siQ

⟩π = ⟨τifm,ℓ
Q , τif

m,ℓ
Q ⟩π

= ⟨fm,ℓ
Q , τ2i f

m,ℓ
Q ⟩π

=
(ct(Q(i))− ct(Q(i+ 1)) + 1)(ct(Q(i))− ct(Q(i+ 1))− 1)

(ct(Q(i))− ct(Q(i+ 1)))2
⟨fm,ℓ

Q , fm,ℓ
Q ⟩π,

and this time we extract the constants from Eq. (6.12). For each τ
(r)
Q = τar−1 · · · τ2r performed from right-

to-left, note that ct(Q(i))−ct(Q(i+1))will successively take on the values 2, 3, 4, · · · , ar−2r+1. Indeed,
before we perform these transpositions, box 2r + 1will always be one row above and one column to the
right of box 2r, and then boxes 2r+2, 2r+3, · · · will be immediately to the right of box 2r+1. Therefore
the product of all factors is exactly γ

(r)
Q , and multiplying all contributions together indeed yields

⟨fm,ℓ
Q , fm,ℓ

Q ⟩π = γQ⟨fm,ℓ
T , fm,ℓ

T ⟩π,

completing the proof.

6.2 More on orthogonal polynomials and eigenvalue multiplicities

This subsection outlines some useful consequences and observations related to Theorem 6.2. We first
describe a connection between the scalars T ℓ

m,n(i) defined in Eq. (6.10) and the discrete Chebyshev poly-
nomials used in Section 4. Recall that the former were the coefficients used in Eq. (6.11) to obtain our
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eigenvectors fm,ℓ
T , and the latter were used (via Proposition 4.2) to get explicit binomial-coefficient for-

mulas for the eigenvectors fS . Now that we have proven that the eigenvectors fm,ℓ
T are orthogonal, we

can obtain a vast generalization of Proposition 4.2 and write out formulas for all degrees and a wider
class of underlying weights.

For more on orthogonal polynomial theory, see [Chi78] for a very readable exposition or [KS96] for a
detailed compendium (wewill follow the notational conventions of the latter). Define the rising factorial

(a)0 = 1, (a)j = a(a+ 1) · · · (a+ j − 1).

The (α, β)-Hahn polynomials (see [KS96, Section 1.5] for a definition in terms of the hypergeometric
3F2 function)

Qℓ
n;α,β(x) =

n∑
k=0

1

k!

(−ℓ)k(ℓ+ α+ β + 1)k(−x)k
(α+ 1)k(−n)k

are the orthogonal polynomials on {0, 1, · · · , n} with respect to the beta-binomial distribution m(i) =(
n
i

) (α+1)i(β+1)n−i

(α+β+2)n
, normalized so that Qℓ

n;α,β(0) = 1. (Note that this is a different convention from the
one used in [DZ21, Section 2.3].) In particular, the (0, 0)-Hahn polynomials are exactly the discrete
Chebyshev polynomials, since the corresponding beta-binomial distribution is uniform on {0, · · · , n}.
Proposition 6.4. The scalars T (ℓ)

m,n(i) are related to the (m,m)-Hahn polynomials on {0, · · · , n−2m} as follows:

Qℓ
n−2m;m,m(i) =

(−1)m(
n−2m

ℓ

)(
2m+ℓ
m

)T (ℓ)
m,n(i).

In particular, recall that T ℓ
n(x) denotes the discrete Chebyshev polynomial on {0, 1, · · · , n} of degree ℓ. Then the

m = 0 case says that for all 0 ≤ j ≤ n,

T ℓ
n(j) =

1(
n
ℓ

)T (ℓ)
0,n(j) =

1(
n
ℓ

) ∑
S∈S(n)ℓ

(−1)|S∩{1,··· ,j}|
(

ℓ

|S ∩ {1, · · · , j}|

)
.

Proof. First, write out Eq. (6.10) by casework on the value of |S ∩ {1, . . . i}| to find

T (ℓ)
m,n(i) =

∑
S∈S(n−2m)ℓ

(−1)m+|S∩{1,...,i}|
(

2m+ ℓ

m+ |S ∩ {1, . . . , i}|

)

=
i∑

j=0

(−1)m+j

(
2m+ ℓ

m+ j

)
·
(
i

j

)(
n− 2m− i

ℓ− j

)
. (6.20)

Now fix n and m. For each ℓ ∈ {0, · · · , n − 2m}, observe that this last expression is a polynomial in i of
degree ℓ, since each term in the sum is of degree ℓ and as the same sign as (−1)m+j(−1)ℓ−j = (−1)m+ℓ,
which is constant for all terms. Moreover, because of the orthogonality guaranteed by Theorem 6.2, we
have that for any ℓ1 ̸= ℓ2 that

0 = ⟨fm,ℓ1
T , fm,ℓ2

T ⟩

=
n−2m∑
i,j=0

T (ℓ1)
m,n(i)T

(ℓ2)
m,n(j)⟨g

m,i
T , gm,j

T ⟩

=

n−2m∑
i=0

T (ℓ1)
m,n(i)T

(ℓ2)
m,n(i)

2m

n+ 1

(
n−2m

i

)(
n

m+i

)
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where we have used Eq. (6.11) and Eq. (6.19) (along with the fact that the gm,i
T s are orthogonal over i).

And now (
n−2m

i

)(
n

m+i

) =
(n− 2m)!(m+ i)!(n−m− i)!

i!(n− 2m− i)!n!

=
m!2

n!

(
n− 2m

i

)
(m+ i)!

m!

(n−m− i)!

m!

=
m!2

n!

(
n− 2m

i

)
(m+ 1)i(m+ 1)n−2m−i

is proportional in i to the beta-binomial distribution on {0, · · · , n−2m}with parameters (α, β) = (m,m),
so in fact our calculation above shows that T (ℓ1)

m,n and T
(ℓ2)
m,n(i) are orthogonal with respect to this distribu-

tion. Thus up to a constant, T (ℓ)
m,n is exactly the degree-ℓ (m,m)-Hahn polynomial, and we can evaluate

the constant by evaluating at i = 0. We know that Q(ℓ)
n−2m;m,m(0) = 1, and plugging in i = 0 into

Eq. (6.20) leaves only the j = 0 term, which is (−1)m
(
2m+ℓ
m

)(
n−2m

ℓ

). Thus dividing by this constant yields
the result.

This connection to orthogonal polynomials lets us write the sum appearing in Eq. (6.15) in closed
form, since orthogonality relations for such polynomials are readily available. Indeed, in our notation,
the orthogonality equation [KS96, (1.5.2)] reads, for any α, β > −1,

n∑
i=0

(
α+ i

i

)(
n+ β − i

n− i

)
Qℓ

n;α,β(i)Q
ℓ′
n;α,β(i) = δℓℓ′

(−1)ℓℓ!(β + 1)ℓ(ℓ+ α+ β + 1)n+1

n!(2ℓ+ α+ β + 1)(−n)ℓ(α+ 1)ℓ
. (6.21)

Corollary 6.5. Using the notation in Theorem 6.2, we have that

⟨fm,ℓ
Q , fm,ℓ

Q ⟩π = γQ
2m

n+ 1
· (2m+ ℓ)!

(2m+ 2ℓ+ 1)(m+ ℓ)!2ℓ!
· (n− 2m)!

n!
· (n+ ℓ+ 1)!

(n− 2m− ℓ)!
.

Itmay be easier to parse this formula by treatingm and ℓ as constants and considering the dependence
on n. In particular, for the column reading tableau T (so that γT = 1), setting m = 0 yields

⟨f0,ℓ
T , f0,ℓ

T ⟩π =
1

n+ 1
· ℓ!

(2ℓ+ 1)ℓ!3
(n+ ℓ+ 1)!

(n− ℓ)!

=
1

(2ℓ+ 1)ℓ!2
· 1

n+ 1

ℓ+1∏
i=−ℓ+1

(n+ i) (6.22)

and similarly settingm = 1 yields

⟨f1,ℓ
T , f1,ℓ

T ⟩π =
2

n+ 1
· (ℓ+ 2)!

(2ℓ+ 3)(ℓ+ 1)!2ℓ!
· 1

n(n− 1)
· (n+ ℓ+ 1)!

(n− 2− ℓ)!

=
2(ℓ+ 2)

(ℓ+ 1)(2ℓ+ 3)ℓ!2
· 1

(n− 1)n(n+ 1)

ℓ+1∏
i=−ℓ−1

(n+ i). (6.23)

The key interpretation is that these expressions are always rational functions of nwhich nicely factor into
terms of the form (n+ i). (We will use these later on to bound the complicated expression for chi-square
distance in Eq. (6.31).)
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Proof. Plugging in α = β = m, ℓ = ℓ′, and replacing n with n− 2m in Eq. (6.21) yields
n−2m∑
i=0

(
m+ i

i

)(
n−m− i

n− 2m− i

)
Qℓ

n−2m;m,m(i)2 =
(−1)ℓℓ!(ℓ+ 2m+ 1)n−2m+1

(n− 2m)!(2ℓ+ 2m+ 1)(−(n− 2m))ℓ

=
ℓ+ 2m+ 1

2ℓ+ 2m+ 1

(
ℓ+n+1
n−2m

)(
n−2m

ℓ

) .
Thus the sum in Eq. (6.15) can be written as
n−2m∑
i=0

(
T (ℓ)
m,n(i)

)2 (n−2m
i

)(
n

m+i

) =

(
n− 2m

ℓ

)2(2m+ ℓ

m

)
·
n−2m∑
i=0

(
Q

(ℓ)
n−m;m,m(i)

)2 (n−2m
i

)(
n

m+i

)
=

(
n− 2m

ℓ

)2(2m+ ℓ

m

)2

·
n−2m∑
i=0

(
Q

(ℓ)
n−m;m,m(i)

)2 (n− 2m)!(m+ i)!(n−m− i)!

i!(n− 2m− i)!n!

=

(
n− 2m

ℓ

)2(2m+ ℓ

m

)2

· (n− 2m)!m!2

n!

n−2m∑
i=0

(
Q

(ℓ)
n−m;m,m(i)

)2(m+ i

i

)(
n−m− i

n− 2m− i

)

=

(
n− 2m

ℓ

)2(2m+ ℓ

m

)2 (n− 2m)!m!2

n!

ℓ+ 2m+ 1

2m+ 2ℓ+ 1

(
ℓ+n+1
n−2m

)(
n−2m

ℓ

)
=

(n− 2m)!m!2

n!

ℓ+ 2m+ 1

2m+ 2ℓ+ 1

(
2m+ ℓ

m

)2(n− 2m

ℓ

)(
ℓ+ n+ 1

n− 2m

)
=

(2m+ ℓ)!

(2m+ 2ℓ+ 1)(m+ ℓ)!2ℓ!
· (n− 2m)!

n!
· (n+ ℓ+ 1)!

(n− 2m− ℓ)!
,

and plugging this back into the remaining expression of Eq. (6.15) yields the result.

We’ll nowelaborate onhow this eigenvector decomposition sheds light on the structure of the eigenspaces
for the binary Burnside process. We claimed in Eq. (6.6) that the subspaces that our fm,ℓ

Q s span are ex-
actly invariant subspaces under certain actions, and we elaborate now. On each “orbit level” subspace
V (i) for i ≤ n

2 , the action of Sn permutes the locations of the v1s (equivalently, the coordinates of the ones
in the n-tuple), so that V (i) is isomorphic to the permutation representationM (n−i,i) = IndSn

Si×Sn−i
(1) on

size-i subsets. (Similarly for i > n
2 , the action permutes the locations of the zeros and thus is isomorphic

to M (i,n−i). These permutation representations decompose into irreducible representations as

M (n−i,i) = S(n) ⊕ S(n−1,1) ⊕ · · · ⊕ S(n−i,i), (6.24)

where for any partition λ of n, Sλ is the irreducible Specht module associated to that partition. (The above
equation is a special case of Young’s rule, or more generally the Littlewood–Richardson rule [Jam78,
Sections 14-17].) In particular, this means V ⊗n has (n + 1) copies of S(n), (n − 1) copies of S(n−1,1),
(n − 3) copies of S(n−2,2), and so on. The fact that the binary Burnside transition matrix Kn commutes
with the action of Sn implies (by Schur’s lemma) that as a map from any Sλ to any Sµ,Kn must act as a
constant multiple of the identity, and that constant is only nonzero if λ = µ. This alone already implies
that eigenvalues will appear with high multiplicity, since restrictingKn to the copies of S(n−i,i) yields an
operator whose eigenvalues repeat with multiplicity dim(S(n−i,i)) =

(
n
i

)
−
(

n
i−1

).
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However, the eigenvalues further degenerate beyond those irreducible subspaces in the binary Burn-
side process, and this is how Eq. (6.6) makes its appearance. The Lie algebra sl2 acts on the two-
dimensional vector space spanned by {v0, v1} via matrix multiplication

e =

[
0 1
0 0

]
, f =

[
0 0
1 0

]
, h =

[
1 0
0 −1

]
,

and so therefore sl2 also acts on V ⊗n by

g(v1 ⊗ · · · ⊗ vn) =
n∑

i=1

v1 ⊗ · · · ⊗ vi−1 ⊗ gvi ⊗ vi+1 ⊗ · · · ⊗ vn.

The statement of Schur–Weyl duality is that this action and the Sn action commute, and each is the full
centralizer of the other, leading to the decomposition

L(Cn
2 ) =

⊕
λ

Sλ ⊗ Lλ (6.25)

where the Lλs are irreducible representations of sl2. SinceKn commutes with Sn, this implies that in fact
Kn is in the universal enveloping algebra of sl2; slightly imprecisely, it may be written as a polynomial
in the es, fs, and hs which acts on the Lλ component of the decomposition. This is discussed further in
Conjecture 6.10 below.

Since Theorem 6.2 consists of eigenvalues that lie in irreducible sl2-invariant and Sn-invariant sub-
spaces, it thus implies the following description (and thus how the eigenvalue multiplicities manifest
across the different irreducible subspaces):

Corollary 6.6. Let Kλ
n be the binary Burnside operator Kn restricted to the copies of Sλ. By Schur’s lemma,

we know that Kλ
n acts as K̃λ

n ⊗ Idim(Sλ) for some operator K̃λ
n (which is typically not a Markov chain). Let

βk = 1
24k

(
2k
k

)2 be as in Theorem 1.2. Then for any k ≤ n
2 , βk is an eigenvalue of K̃λ

n of multiplicity 1 (meaning it
is an eigenvalue of Kλ

n of multiplicity dim(Sλ)) for λ = (n −m,m) when m ≤ min(2k, n − 2k), and there are
no other nonzero eigenvalues.

The decompositions for n = 4 and n = 5 are shown below for illustration. Note that dim(S(n−m,m))
is exactly the number of standard Young tableaux of shape (n − m,m), so that each value in the array
corresponds to a particular eigenvector. The rows with an even value ofm+ ℓ correspond to eigenspaces
for the nonzero eigenvalues.

m+ ℓ
1 2
3 4

1 3
2 4

1 2 3
4

1 2 4
3

1 3 4
2

1 2 3 4

0 1
1 0 0 0 0
2 1

4
1
4

1
4

1
4

1
4

1
4

3 0 0 0 0
4 9

64
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m+ ℓ
1 2 3
4 5

1 2 4
3 5

1 3 4
2 5

1 3 5
2 4

1 2 5
3 4

1 2 3 4
5

1 2 3 5
4

1 2 4 5
3

1 3 4 5
2

1 2 3 4 5

0 1
1 0 0 0 0 0
2 1

4
1
4

1
4

1
4

1
4

1
4

1
4

1
4

1
4

1
4

3 0 0 0 0 0 0 0 0 0 0
4 9

64
9
64

9
64

9
64

9
64

5 0

Proof. Theorem6.2 exhibits a full basis of eigenvectors {fm,ℓ
Q }, such that restricted to the copies ofS(n−m,m),

the eigenvectors are indexed by the dim(S(n−m,m)) Young tableauxQ of shape (n−m,m) and by the pa-
rameter ℓ, and the eigenvalues depend only on m + ℓ. Since ℓ ∈ {0, 1, · · · , n − 2m}, eigenvectors with
m+ ℓ ∈ {m,m+ 1, · · · , n−m} appear, and in particular this means that βk appears as an eigenvector in
Sn−m,m if and only ifm ≤ 2k ≤ n−m, or equivalentlym ≤ min(2k, n− 2k), as desired.

Remark. For any representation ρ of a groupG on a vector space V and any irreducible character χ ofG of degree
d, the projection of ρ onto the copies of χ that appear is given by

P =
d

|G|
∑
g∈G

χ∗(g)ρ(g).

(This formula is the “canonical decomposition” described in [Ser77, Section 2.6].) In particular, if χ corresponds
to the trivial representation, P is exactly averaging over the entire orbit, soKn restricted to the (n+1) copies of the
trivial representation is exactlyK lumped; this is consistent with the fact that all eigenvalues β0, β1, · · · , β⌊n/2⌋ each
appear exactly once in the lumped chain. The fact that Hahn polynomials appear in the eigenvectors corresponding
to the other irreducible representations indicates that there may be nice interpretations for the other projections as
well, even if they are not Markov operators.

6.3 Mixing time analysis from the one-ones state

In this subsection, we will take the orthogonal basis of eigenfunctions {fm,ℓ
Q } and apply it to the identity

χ2
x(ℓ) =

∑|X|−1
i=1 f2

i (x)β
2ℓ
i from Eq. (2.1). Rewriting this in our new notation, we have that the chi-square

distance to stationarity started from x after s steps is

χ2
x(s) =

∑
m∈{0,··· ,⌊n/2⌋}
Q∈Ŝ(n−m,m)

n
ℓ∈{0,··· ,n−2m}

m+ℓ even
(m,ℓ)̸=(0,0)

(
fm,ℓ
Q (x)

)2 (
β(m+ℓ)/2

)2s
, (6.26)

where fm,ℓ
Q (x) is the L2(π)-normalized multiple of fm,ℓ

Q (whose squared norm is given by Eq. (6.15)). Of
course, this can be a very complicated sum in general, but wewill now demonstrate that the specific form
of our orthonormal basis {fm,ℓ

Q } can be very convenient for computations. To do this, we will compute
the chi-square distance to stationarity started from the “one-ones” state en = (0, · · · , 0, 1); in particular,
we will need to compute the value of each fm,ℓ

Q at this state.
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Remark. By symmetry of the originalMarkov chain under permutation of coordinates, we know that the chi-square
distance to stationarity is identical for any of the “one-ones” states. However, the individual values of fm,ℓ

Q (x) are
different for those different states x, which will become clear in our computation.

The result we will prove is the following:

Theorem 6.7. For the binary Burnside process started from the state en = (0, 0, · · · , 1) (or any other state with a
single 1), a constant number of steps is necessary and sufficient in ℓ2 (and therefore also in ℓ1). More precisely, for
all n, s ≥ 3, the chi-square distance to stationarity after s steps satisfies

5

(
1

4

)2s

≤ χ2
en(s) ≤ 270

(
1

4

)2s

.

Proof. First, let S = {n}, so that vS = v
⊗(n−1)
0 ⊗ v1. We note that by definition, for any v ∈ V ⊗n we have

that

v(en) = the coefficient of vS in v

= (n+ 1)n⟨v, vS⟩π,

since our stationary distribution assigns mass 1
(n+1)(n1)

to the state en. Thus, we may alternatively think
of evaluating our vectors at en as computing the inner products n(n+ 1)⟨fm,ℓ

Q , vS⟩π, though we will not
take this perspective here.

Since fm,ℓ
Q is a linear combination of gm,i

Q terms, itwill be simplest to compute using those latter vectors
first. As usual, we begin with T , the column reading tableau of shape (n −m,m). By inspection of the
definition of gm,i

T , we have that

gm,i
T (ej) =


1 if (m, i) = (0, 1),

−1 if (m, i) = (1, 0) and j = 1,

1 if (m, i) = (1, 0) and j = 2,

0 otherwise.

(6.27)

The key property used here is that for m ≥ 2, the (v01 − v10)
⊗m term means that all nonzero terms have

at least two coordinates with v1s and so the coefficient of vS (as well as all other singleton sets) must
be zero. Since fm,ℓ

T is a linear combination of gm,i
T s, this then also implies that fm,ℓ

T (ej) = 0. Further
recalling Eq. (6.13), since each gm,i

Q (resp. fm,ℓ
Q ) is a linear combination of permuted gm,i

T s (resp. fm,ℓ
T s),

this immediately implies that for all 1 ≤ j ≤ n (and in particular j = n),

fm,ℓ
Q (ej) = 0 for allm ≥ 2 (and all ℓ ∈ {0, · · · , n− 2m} and Q ∈ Ŝ(n−m,m)

n ). (6.28)

Thus we need only compute fm,ℓ
Q (en) for m = 0, 1. The case m = 0 is simpler, since the only tableau of
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this shape is the standard tableau. We thus have, for any 0 ≤ ℓ ≤ n and 1 ≤ j ≤ n, that

f0,ℓ
T (ej) =

n∑
i=0

T ℓ
0,n(i)g

0,i
T (e1)

= T ℓ
0,n(1)g

0,1
T (e1)

=
∑

S∈S(n)ℓ

(−1)|S|∩{1}
(

ℓ

|S ∩ {1}|

)

=

(
n− 1

ℓ

)
− ℓ

(
n− 1

ℓ− 1

)
. (6.29)

Now for the casem = 1, we begin with a similar calculation for the column reading tableau and say that

f1,ℓ
T (e1) =

n−2∑
i=0

T ℓ
1,n(i)g

1,i
T (e1)

= T ℓ
1,n(0)g

1,0
T (e1)

= −
∑

S∈S(n−2)ℓ

(−1)1+0

(
2 + ℓ

1 + 0

)

= (2 + ℓ)

(
n− 2

ℓ

)
,

and by the exact same calculation

f1,ℓ
T (e2) = −(2 + ℓ)

(
n− 2

ℓ

)
, f1,ℓ

T (ej) = 0 for j ≥ 3.

Now a general tableau Q of shape (n− 1, 1) has a single entry a1 ≥ 2 in the second row, and so we have
by the definition in Eq. (6.12) that

f1,ℓ
Q = τa1−1 · · · τ2f1,ℓ

T

=

(
sa1−1 −

1

a1 − 1

)
· · ·
(
s2 −

1

2

)
f1,ℓ
T .

We can now see why picking a particular state ej can simplify calculations; we will demonstrate this by
evaluating our vectors at e1 and at en. First of all, the transpositions s2, · · · , sa1−1 do not alter the value
of the vectors at e1, and so in fact we have

f1,ℓ
Q (e1) =

(
1− 1

a1 − 1

)
· · ·
(
1− 1

2

)
f1,ℓ
T (e1)

=
1

a1 − 1
f1,ℓ
T (e1)

=
1

a1 − 1
(2 + ℓ)

(
n− 2

ℓ

)
.
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Thus any tableauQ of this shape (n−1, 1) contributes to the final sum. On the other hand, take any n ≥ 3.
If we instead choose to evaluate f1,ℓ

Q at en, then the only nonzero contribution comes from applying the
sequence of transpositions s2, s3, · · · , sn−1 (so that the nonzero entry beginning in e2 is now in en). In
other words, we have

f1,ℓ
Q (en) =

{
−(2 + ℓ)

(
n−2
ℓ

) if a1 = n,

0 otherwise. (6.30)

Thus evaluating our eigenvectors at en results in the smallest number of terms required, and we can now
plug into Eq. (6.26) to get, for any n ≥ 3,

χ2
en(s) =

∑
m∈{0,··· ,⌊n/2⌋}
Q∈Ŝ(n−m,m)

n
ℓ∈{0,··· ,n−2m}

m+ℓ even
(m,ℓ)̸=(0,0)

(
fm,ℓ
Q (en)

)2 (
β(m+ℓ)/2

)2s

=
∑

ℓ∈{1,··· ,n} even

f0,ℓ
Q(0)

(en)
2

⟨f0,ℓ
Q(0)

, f0,ℓ
Q(0)

⟩π
(βℓ/2)

2s +
∑

ℓ∈{0,··· ,n} odd

f1,ℓ
Q(1)

(en)
2

⟨f1,ℓ
Q(1)

, f1,ℓ
Q(1)

⟩π
(β(1+ℓ)/2)

2s, (6.31)

where the two sums are the contributions from m = 0, 1 respectively, Q(0) is the only tableau of shape
(n), andQ(1) is the tableau of shape (n− 1, 1)with n in the second row. We have just computed all of the
values in the numerators of the fractions, and we can use Corollary 6.5 to compute the denominators. By
Eq. (6.22) we have

⟨f0,ℓ
Q(0)

, f0,ℓ
Q(0)

⟩π = ⟨f0,ℓ
T , f0,ℓ

T ⟩π =
1

(2ℓ+ 1)ℓ!2
· 1

n+ 1

ℓ+1∏
i=−ℓ+1

(n+ i). (6.32)

Similarly by Eq. (6.23), and using that γQ(1)
=
(
1− 1

(n−1)2

)
· · ·
(
1− 1

22

)
= n

2(n−1) by a telescoping sum,

⟨f1,ℓ
Q(1)

, f1,ℓ
Q(1)

⟩π =
n

2(n− 1)
⟨f1,ℓ

T , f1,ℓ
T ⟩π =

(ℓ+ 2)

(ℓ+ 1)(2ℓ+ 3)ℓ!2
· 1

(n− 1)2(n+ 1)

ℓ+1∏
i=−ℓ−1

(n+ i). (6.33)

We will now compute a lower bound by taking only the term ℓ = 2 from the first sum and ℓ = 1
from the second sum in Eq. (6.31). (Indeed, (m, ℓ) = (0, 2) and (1, 1) are the only terms corresponding
to the largest nontrivial eigenvalue β1.) The numerators here are the squares of f0,2

Q(0)
(en) = (n−1)(n−6)

2

and f1,1
Q(1)

(en) = −3(n− 2), and the denominators simplify to

⟨f0,2
Q(0)

, f0,2
Q(0)

⟩π =
1

20
· 1

n+ 1

3∏
i=−1

(n+ i) =
1

20
(n− 1)n(n+ 2)(n+ 3)

and
⟨f1,1

Q(1)
, f1,1

Q(1)
⟩π =

3

10
· 1

(n− 1)2(n+ 1)

2∏
i=−2

(n+ i) =
3

10

(n− 2)n(n+ 2)

n− 1
.
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The most important feature to notice is that the numerator and denominator of these fractions are poly-
nomials of the same order. Thus, the lower bound

χ2
en(s) ≥


(
(n−1)(n−6)

2

)2
1
20(n− 1)n(n+ 2)(n+ 3)

+
(−3(n− 2))2

3
10

(n−2)n(n+2)
n−1

(1

4

)2s

is asymptotically 35 ·
(
1
4

)2s, and in particular it is at least 5 · (14)2s for all n ≥ 3.
Finally, for the upper bound, we include all terms and upper bound each one independently of n.

Plugging in Eq. (6.29) and Eq. (6.32), we have

f0,ℓ
Q(0)

(en)
2

⟨f0,ℓ
Q(0)

, f0,ℓ
Q(0)

⟩π
= (n+ 1)(2ℓ+ 1)ℓ!2

((
n−1
ℓ

)
− ℓ
(
n−1
ℓ−1

))2
∏ℓ+1

i=−ℓ+1(n+ i)

≤ (2ℓ+ 1)
(n+ 1)

∏ℓ
i=1(n− i)2∏ℓ+1

i=−ℓ+1(n+ i)
+ (2ℓ+ 1)ℓ4

(n+ 1)
∏ℓ−1

i=1(n− i)2∏ℓ+1
i=−ℓ+1(n+ i)

using that (a− b)2 ≤ a2+ b2 for a, b > 0. But nowwe can pair up each linear factor in n in the numerators
with a larger factor in the denominator, meaning that this is simply upper bounded by (2ℓ+1)+ (2ℓ+1)ℓ4

n2 ≤
(2ℓ+ 1) + (2ℓ+ 1)ℓ2 = 2ℓ3 + ℓ2 + 2ℓ+ 1. Similarly, plugging in Eq. (6.30) and Eq. (6.33),

f1,ℓ
Q(1)

(en)
2

⟨f1,ℓ
Q(1)

, f1,ℓ
Q(1)

⟩π
=

(ℓ+ 1)(2ℓ+ 3)ℓ!2

(ℓ+ 2)
·
(n− 1)2(n+ 1)(2 + ℓ)2

(
n−2
ℓ

)2∏ℓ+1
i=−ℓ−1(n+ i)

= (ℓ+ 1)(ℓ+ 2)(2ℓ+ 3)
(n− 1)2(n+ 1)

∏ℓ
i=1(n− 1− i)2∏ℓ+1

i=−ℓ−1(n+ i)

≤ (ℓ+ 1)(ℓ+ 2)(2ℓ+ 3)

= 2ℓ3 + 9ℓ2 + 13ℓ+ 6.

Our upper bound of Eq. (6.31) therefore reads

χ2
en(s) ≤

∑
ℓ∈{1,··· ,n} even

(2ℓ3 + ℓ2 + 2ℓ+ 1)(βℓ/2)
2s +

∑
ℓ∈{0,··· ,n} odd

(2ℓ3 + 9ℓ2 + 13ℓ+ 6)(β(1+ℓ)/2)
2s

≤
∑
ℓ∈2N

(2ℓ3 + ℓ2 + 2ℓ+ 1)(βℓ/2)
2s +

∑
ℓ∈2N−1

(2ℓ3 + 9ℓ2 + 13ℓ+ 6)(β(1+ℓ)/2)
2s

≤
∑
k∈N

(32k3 + 16k2 + 6k + 1)(βk)
2s.

But remembering that as in the proof of Theorem 1.1, we have βk < 1
πk for all k, we can use the crude

bound
β2s
k ≤

(
1

4

)2(s−3)

β6
k <

46

π6

(
1

4

)2s

· 1

k6
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for all s ≥ 3 so that the series converges. This yields

χ2
en(s) ≤

46

π6

∑
k∈N

32k3 + 16k2 + 6k + 1

k6

(
1

4

)2s

≤ 270

(
1

4

)2s

,

completing the proof.

A similar analysismay be carried out fromother starting states aswell, though therewill be evenmore
nonzero terms in the expression for χ2

x(s) for general states x. We leave these calculations as potential
future work, though we believe that a similar strategy as what we have described here may be fruitful
and that the asymptotics will be relatively well-behaved due to the nice form of the norms ⟨fm,ℓ

Q , fm,ℓ
Q ⟩π.

6.4 Miscellaneous remarks

In this final subsection, we collect some additional facts about our matrix Kn in this more algebraic
framework. Recall the closed-form expressionKn(x, y) from Proposition 3.1. We first write out a version
of Proposition 3.3, showing that “lumping over the final coordinate still yields the Burnside process on
the remaining coordinates:”

Proposition 6.8. Let I denote the identity 2× 2 matrix. We have

Kn(I
⊗(n−1) ⊗K1) = Kn−1 ⊗K1.

Proof. Recall the closed-form expression

Kn(x, y) =

(
2n00

n00

)(
2n01

n01

)(
2n10

n10

)(
2n11

n11

)
4n
(
n00+n01

n00

)(
n10+n11

n10

)
from Proposition 3.1. We have(

2(n00+1)
n00+1

)(
n00+n01+1

n00+1

) =

(2n00+1)(2n00+2)
(n00+1)(n00+1)

(n00+n01+1)
(n00+1)

(
2n00

n00

)(
n00+n01

n00

) =
2(2n00 + 1)

(n00 + n01 + 1)

(
2n00

n00

)(
n00+n01

n00

) ,
aswell as the same identitywithn00 andn01 switched. Thus for anyx, y ∈ Cn−1

2 (anddefiningn00, n01, n10, n11

relative to x, y),

Kn(x0, y0) +Kn(x0, y1) =

(
2(2n00 + 1)

n00 + n01 + 1
+

2(2n01 + 1)

n00 + n00 + 1

)
·
(
2n00

n00

)(
2n01

n01

)(
2n10

n10

)(
2n11

n11

)
4n
(
n00+n01

n00

)(
n10+n11

n10

)
=

(
2n00

n00

)(
2n01

n01

)(
2n10

n10

)(
2n11

n11

)
4n−1

(
n00+n01

n00

)(
n10+n11

n10

)
= Kn−1(x, y),
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where we have used that n00 increments from (x, y) to (x0, y0) and n01 increments from (x, y) to (x0, y1),
but all other values stay the same. Using the same strategy, we also have thatKn(x1, y0) +Kn(x1, y1) =

Kn−1(x, y) for all x, y. Putting this together and using thatK1 =

[
1/2 1/2
1/2 1/2

]
, we arrive at the desired

Kn(I
⊗(n−1) ⊗K1) = Kn−1 ⊗K1

(in words, this says that we can either average over the last coordinate before or after applying the binary
Burnside matrix).

Next, we show (analogously to the proof of Theorem 1.2) an algebraic proof that the “lifted vectors”
fS =

∑
T⊆{1,...,n}(−1)|S∩T |( |S|

|S∩T |
)
vT are indeed eigenvectors of our Burnside matrix:

Proposition 6.9. Let S ⊆ {1, . . . , n} and let ℓ = |S|. Then fS is an eigenvector of Kn of eigenvalue βℓ/2 if ℓ is
even and 0 otherwise.

Proof. First, assume that S = {1, · · · , ℓ} (meaning vS = v⊗ℓ
1 ⊗ v

⊗(n−ℓ)
0 ). Write

I =

[
1 0
0 1

]
and K1 =

1

2

[
1 1
1 1

]
.

ApplyingK1 to each of the last (n− ℓ) coordinates yields

K
⊗(n−ℓ)
1 v0(n−ℓ) =

1

2n−ℓ
(v0 + v1)

⊗(n−ℓ) =
1

2n−ℓ

∑
T⊆{1,...,n−ℓ}

vT .

Therefore, we can write

fS = f{1,··· ,ℓ} = 2n−ℓ(I⊗ℓ ⊗K
⊗(n−ℓ)
1 )(f{1,··· ,ℓ} ⊗ v

⊗(n−ℓ)
0 ).

Hence letting β denote the corresponding eigenvalue (either βℓ/2 if ℓ is even or 0 otherwise), we have

Knf{1,··· ,ℓ} = 2n−ℓKn(I
⊗ℓ ⊗K

⊗(n−ℓ)
1 )(f{1,··· ,ℓ} ⊗ v

⊗(n−ℓ)
0 )

= 2n−ℓ(Kℓ ⊗K
⊗(n−ℓ)
1 )(f{1,··· ,ℓ} ⊗ v

⊗(n−ℓ)
0 )

= 2n−ℓβ(I⊗ℓ ⊗K
⊗(n−ℓ)
1 )(f{1,··· ,ℓ} ⊗ v

⊗(n−ℓ)
0 )

= βf{1,··· ,ℓ},

where we used Proposition 6.8 in the second line and that f{1,··· ,ℓ} is an eigenfunction of Kℓ in the third
line. This proves that f{1,··· ,ℓ} is indeed an eigenvector of the correct eigenvalue.

Finally, for the general case, for any S ⊆ {1, . . . , n} of size ℓ, then there exists σ ∈ Sn such that
fS = σf{1,··· ,ℓ}. Therefore

KnfS = Knσf{1,··· ,ℓ} = σKnf{1,··· ,ℓ} = βσf{1,··· ,ℓ} = βfS ,

as desired.
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Lastly, we describe one more curious property of the matrices Kn. As previously discussed, Kn

commuting with the action of Sn implies that it may be viewed as an element of the universal enveloping
algebra U(sl2). Thus, Kn may be rewritten as some polynomial expression in the basis elements e, f, h.
In particular, the fact that the nonzero eigenvalues obtained in Theorem 1.2 do not depend on n suggests
that theremay be a single element ofU(sl2)which agrees withKn as an operator on V ⊗n, or alternatively
that there is some recursive relation among the Kns which explains Proposition 3.3 algebraically. The
following conjecture (which has been checked up to n = 10) is one direction in which this idea could be
further explored (though we do not do so here):

Conjecture 6.10. Define the 2× 2 matrices

p+ =
1

2
(1+e+f) =

[
1/2 1/2
1/2 1/2

]
, p− =

1

2
(1−e−f) =

[
1/2 −1/2
−1/2 1/2

]
, p+h =

1

2
(1+e+f)h =

[
1/2 −1/2
1/2 −1/2

]
.

Let f(x, y, z) be the sum over all ways (orders) of taking the matrix tensor product of x copies of p+, y copies of
p−, and z copies of p+h. Then

Kn =
∑

x+y+z=n

cy,zf(x, y, z), cy,z =


(

y!z!

( y
2 )!(

z
2)!(

y+z
2 )!2y+z

)2

if y, z are nonnegative even integeres,

0 otherwise.

For example, the expressions for n = 4 and n = 6 read

K4 = f(4, 0, 0) +
1

4
(f(2, 2, 0) + f(2, 0, 2)) +

9

64
(f(0, 4, 0) + f(0, 0, 4)) +

1

64
f(0, 2, 2),

K6 = f(6, 0, 0) +
1

4
(f(4, 2, 0) + f(4, 0, 2)) +

9

64
(f(2, 4, 0) + f(2, 0, 4)) +

1

64
f(2, 2, 2)

+
25

256
(f(0, 6, 0) + f(0, 0, 6)) +

1

256
(f(0, 2, 4) + f(0, 4, 2)).

Also note that the constants ck,k are exactly the eigenvalues βk of ourMarkov chain. It may be interesting
to write out more explicit expressions for the various terms f(x, y, z), or to find probabilistic interpreta-
tions for the off-diagonal constants cy,z ; note in particular that f(n, 0, 0) is always 1

2n times the all-ones
matrix, while all other terms have all row sums equal to zero.

7 Related chains

7.1 Other Markov chains with similar properties

The Burnside process in this paper is a Markov chain on the hypercube which lumps to the orbits Oi.
Here, wemention some other chains that share this property and highlight some differences in their rates
of convergence.

First of all, consider the nearest-neighbor random walk on the hypercube. The lumped chain in that set-
ting is the Ehrenfest urn, in which there are two urns and a uniform ball is moved from one urn to
the other at each step. While both chains can be lumped to the same orbits Oi and also both satisfy
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K(x, y) = K(σ(x), σ(y)), this lumped chain behaves quite differently from the lumped binary Burn-
side process. Specifically (see [Dia96] for more details and references to proofs, as well as [KZ09] for
some generalizations), 1

4n log n+ cn steps are necessary and sufficient for convergence in both ℓ1 and ℓ2

when started from 0, while only cn steps are necessary and sufficient when started from n
2 . In contrast,

explicit computations using the discrete Chebyshev polynomials show that for the lumped binary Burn-
side chain, a constant number of steps are necessary and sufficient both when started from 0 and from
n
2 , with no cutoff occurring in either case.

Continuing this comparison, we may also compare behavior of the two unlumped chains on Cn
2 .

Started fromanyvertex, nearest-neighbor randomwalkwith holding converges to stationarity in 1
4n log n+

cn steps (the exact profile is computed in [DGM90]), and the choice of starting state does notmatter since
we have a random walk on a group. In contrast, our main results show that the starting state drastically
affects rates of convergence: Theorem 1.1 shows that some states take order n

logn steps to converge (and
in fact Proposition 5.1 shows that most of them do), while Eq. (1.2) and Theorem 6.7 prove that the
all-zeros state 0, as well as any one-ones state, take just a constant number of steps.

For a second example, consider the uniform-prior beta-binomial chain, first studied in [DKSC08] as an
example of a two-component Gibbs sampler. Briefly, this chain may be described as follows. Consider
(j, θ) sampled from the joint distribution f(j, θ)dθ =

(
n
j

)
θj(1 − θ)n−jdθ, where j ∈ {0, 1, · · · , n} and dθ

is Lebesgue measure on [0, 1]. (This is indeed a probability measure, since summing over j yields 1 for
all θ and then integrating over θ yields 1 overall.) We may form a Markov chain on the j-state space
{0, 1, · · · , n} as follows:

• From j, sample θ from the distribution conditioned on j (which is Beta with parameters (j+1, n−
j + 1)).

• From θ, sample j′ from the distribution conditioned on θ (which is binomial with parameters
(n, θ)).

Much like one step of the binary Burnside chain consists of performing the steps x 7→ s 7→ y, one step
of this chain consists of performing the steps j 7→ θ 7→ j′. The resulting chain has a uniform stationary
distribution, and [DKSC08, Proposition 1.1] shows that it also has the discrete Chebyshev polynomials
as eigenvectors (just like our lumped chain, as shown in Proposition 4.1). However, the eigenvalues in
the beta-binomial chain do have an explicit dependence on n (unlike in our problem), and the chain
requires order n steps to converge in chi-square distance when started from either 0 or n.

We may unlump this chain to get a Markov chain on Cn
2 in a straightforward way:

• From x ∈ Cn
2 , sample θ from the Beta distribution with parameters (|x|+ 1, n− |x|+ 1).

• From θ, sample x′ as a sequence of n Bernoulli(θ) random variables, viewed as a binary n-tuple.

This chain thus also has the same constant-on-orbits stationary distribution π(x) = 1
(n+1)( n

|x|)
as our

binary Burnside process. But in this case, “unlumping” the chain does not lead to higher eigenvalue
multiplicities or longer mixing times. Indeed, since θ depends only on the orbit of x, we have (letting
K̃ lumped and K̃unlumped denote the transition matrices of the lumped and unlumped chains, respectively)

K̃
unlumped
n (x, x′) =

1(
n
|x′|
)K̃ lumped

n (|x|, |x′|),

46



which implies that the nonzero eigenvalues and multiplicities of the unlumped chain are identical to
those of the lumped chain – all additional eigenvalues are zero. Additionally, the symmetry of the bi-
nary Burnside chain described in Proposition 3.3 does not hold for the unlumped beta-binomial chain.
Together, these facts mean that the same set of eigenvectors {fm,ℓ

Q } as in Theorem 6.2 are in fact also an
orthogonal basis of eigenvectors for the unlumped beta-binomial chain, but the only nonzero eigenvalues
come from the eigenvectors with m = 0. In summary, despite the identical stationary distributions and
eigenvectors coming from orthogonal polynomials, these two Markov chains behave quite differently.

7.2 Generalizing beyond the binary case

This paper discusses the binary Burnside process, which is a Markov chain on the hypercube Cn
2 . An

analogous definition can also be made for a Burnside process on (Cn
k , Sn) for k ≥ 2, and we discuss how

some symmetries of the binary case still persist and propose some ideas for extending our results.
In one step of this more general Burnside process, we begin with an n-tuple x ∈ Cn

k , uniformly pick
a permutation permuting the coordinates within each value, write it as a product of disjoint cycles, and
label each cycle uniformly with one of the k values in the alphabet. Proposition 3.3 generalizes directly
in this setting, with the only modification to the proof being that we partition the coordinate set into k
sets of locations rather than just the locations of zeros and ones:

Proposition 7.1. The restriction of the Burnside process on (Cn
k , Sn) to any m ≤ n of its coordinates is also a

Markov chain, and its transition probabilities are exactly given by the Burnside process on (Cm
k , Sm).

In place of the decomposition in Eq. (6.24), we must now consider permutation representations Mλ

for partitions λ of n of up to k parts, and we now have

Mλ =
⊕
µ

KµλS
µ

whereKµλ are theKostka numbers (which are positive if and only if µ dominates λ). Towards understand-
ing how these (many) copies of Sµ are arranged in the function space, the Schur–Weyl decomposition of
Eq. (6.25) now reads

L(Cn
k ) =

⊕
λ partition of n

with at most k parts

Sλ ⊗ Lλ,

where the Sλs are again Specht modules and the Lλs are now irreducible representations of slk. One
question is whether there is an explicit expression for the transition matrix as an element of the universal
enveloping algebraU(slk) in the sameway as Conjecture 6.10, andwhether that expression can bewritten
in a way that demonstrates howKns of different n relate to each other.

This representation theory connection may be of particular interest because the methods used to
prove Theorem 1.2 in the k = 2 case run into significant challenges for k > 2. Instead of considering
a lumped chain on {0, 1, · · · , n}, we must now consider the Bose-Einstein orbit chain of [Dia05] men-
tioned in Section 3. This Markov chain generally has irrational eigenvalues (even for small values like
k = 3, n = 6), making explicit descriptions of the eigenvectors (as we had with the discrete Chebyshev
polynomials) difficult. Additionally, the unlumped Burnside chain now exhibits eigenvalues not present
in the lumped chain, meaning we cannot just “lift” lumped eigenvectors to unlumped ones and expect a
full eigendecomposition.
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Conjecture 7.2. Fix k, and let λ be any nonzero eigenvalue of the Burnside chain on (Cn
k , Sn) for any n. Then λ

occurs with multiplicity aλ
(
n
bλ

)
for some integers aλ, bλ.

For the k = 2 case, Theorem 1.2 shows that for the eigenvalue λ = βi, we have aλ = 1 and bλ = 2i, and
no other eigenvalues appear. In contrast, consider the eigenvalue 1

18 for k = 3. This eigenvalue does not
appear in the orbit Bose-Einstein chain for any n ≤ 8, but it occurs with multiplicity 2, 10, 30, 70 for n =
4, 5, 6, 7, suggesting that aλ = 2 and bλ = 4. It is possible that this conjecture may be resolved by proving
some appropriate generalization of Corollary 6.6; however, the expressions for dim(Sλ) (and thus the
contributions to the total eigenvaluemultiplicities) are in general the number of standard Young tableaux
of shape λ, which may be more cumbersome to work with than the simpler expressions dim(S(n−i,i)) =(
n
i

)
−
(

n
i−1

).
Even without eigenvalues and eigenvectors, some information about mixing time can still be proved.

Aldous showed (as a generalization of Eq. (1.1)) that

||Kℓ
x − π||TV ≤ n

(
1− 1

k

)ℓ

,

meaning that k(log n + c) steps are sufficient for ℓ1 mixing from any starting state. The argument ℓ2
mixing Proposition 5.1 also generalizes to prove an analogous bound:
Proposition 7.3. Let x(n) ∈ Cn

k be any sequence of states such that x(n) contains at least cn coordinates of each of
the k values. Then for the Burnside process on (Cn

k , Sn), we have χ2
x(n)(ℓ) → ∞ for ℓ = Θc,k(

n
logn).

Proof. As in the proof of Proposition 5.1, we again bound χ2
x(n)(ℓ) using only the term y = x(n). We now

haveK(x(n), x(n)) = Ωc

(
1

(nk)k

)
(because there is a probability Θc

(
1
nk

) for the permutation fixing x(n) to
just be k full cycles, and then a probability 1

kk
of each cycle to be labeled with its original value), while

1
π(x(n))

still grows exponentially in n (with constant depending on c and k). Thus Θc,k

(
n

logn

)
steps are

required until K (x(n), x(n))ℓ < π(x(n))1/3, and so χ2
x(n)(ℓ) is still exponentially growing as n → ∞ for

this value of ℓ.

So even in this more general case, n
logn steps are necessary for ℓ2 mixing from most starting states.

However, without eigenvalues and eigenvectors, neither the eigenvalue bound of Theorem 1.1 nor the
“ℓ2 by ℓ1 upper bound” of Corollary 2.2 is admissible for proving that this is also sufficient. Thus, it
would be interesting to prove Conjecture 7.2 (through the Schur–Weyl duality connection or otherwise)
and providematching upper bounds formixing time. Along those lines, we concludewith a final unified
conjecture for the Burnside process:
Conjecture 7.4. For any fixed k ≥ 2, letKn denote the Burnside process on (Cn

k , Sn). ThenKn has cutoff in both
ℓ1 and ℓ2 when started from states with a positive limiting proportion of at least two different values in Ck.

A Proofs of binomial coefficient identities

The formulas for ⟨fS , fS′⟩ and ⟨fS , fS⟩, as well as the more complicated ⟨fm,ℓ1
T , fm,ℓ2

T ⟩, can all be rewritten
as binomial coefficient summation identities. Thus the “creative telescoping” method can be used to
verify many of these formulas with computer assistance. The key ideas of this algorithm come fromWilf
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and Zeilberger’s WZmethod – an overview can be found in [NPWZ97] – and subsequent work has been
done to speed up the algorithm with various heuristics and a careful ansatz [Kou10]. The Mathematica
package HolonomicFunctions that we used, along with further literature references, may be found at
the following link.

We first show how to compute the simplest case, which is the normalizing factor ⟨fS , fS⟩, without
needing this machinery. (This illustrates the concept of “showing that a certain quantity is independent
of one of its parameters.”) To do this, we first note down a useful binomial coefficient computation:
Lemma A.1. For any c1, c2, c3 ∈ Z≥0 with c1 ≥ c2, we have the identity

1

c3 + c1 + 1

c3∑
i=0

(
c3
i

)(
c3+c1
i+c2

) =
1

c1 + 1

1(
c1
c2

) .
Proof. We have

c3∑
i=0

(
c3
i

)(
c1
c2

)(
c3+c1
i+c2

) =

c3∑
i=0

c3!c1!

(c3 + c1)!
· (i+ c2)!

i!c2!
· (c3 − i+ c1 − c2)!

(c3 − i)!(c1 − c2)!

=
1(

c1+c3
c1

) c3∑
i=0

(
c2 + i

c2

)(
c3 + c1 − (c2 + i)

c1 − c2

)
=

1(
c1+c3
c1

) · (c3 + c1 + 1

c1 + 1

)
=

c3 + c1 + 1

c1 + 1
,

where between the second and third lines we use the identity∑a
i=0

(
a−i
b

)(
c+i
d

)
=
(
a+c+1
b+d+1

). Now rearrang-
ing the equality between the first and last expression yields the result.
Proof of formula for ⟨fS , fS⟩ in Proposition 4.3. We are considering the case ℓ = m of Eq. (4.2), so that our
computation simplifies to

⟨fS , fS⟩ =
m∑
a=0

n−m∑
d=0

(
m

a

)(
n−m

d

)
1

n+ 1

1(
n

a+d

)(m
a

)2

=
m∑
a=0

(
m

a

)3

· 1

n+ 1

n−m∑
d=0

(
n−m
d

)(
n

a+d

) .
Plugging in c3 = n−m, c1 = m, and c2 = a into Lemma A.1, we thus have

⟨fS , fS⟩ =
m∑
a=0

(
m

a

)3 1

m+ 1
· 1(

m
a

)
=

1

m+ 1

m∑
a=0

(
m

a

)2

=
1

m+ 1

(
2m

m

)
,

as desired.
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We now turn to the formula for ⟨fS , fS′⟩. While plugging in Lemma A.1 into Eq. (4.2) does prove
that ⟨fS , fS′⟩ is independent of n (since it allows us to perform the sum over the index d), computing the
remaining sum by hand is amuch harder task. Instead, the following argument due to Laurent Bartholdi
(using Christoph Koutschan’s HolonomicFunctions package) may be employed:

Proof of formula for ⟨fS , fS′⟩ in Proposition 4.3. Since the quadruple sum in Eq. (4.2) is independent of n
by Lemma A.1, we select n = 2m− ℓ and rewrite ℓ = m− s. Rearranging, we thus have that(

2m+ 1− ℓ

m+ 1

)
⟨fS , f ′

S⟩

=

m−s∑
a=0

s∑
b=0

s∑
c=0

(
m− s

a

)(
s

b

)(
s

c

)
(−1)b+c

(
m

a+ b

)(
m

a+ c

)
(a+ b+ c)!(m+ s− a− b− c)!m!

s!(2m)!
,

andwewish to prove that this quantity is identically 1 for allm and s. Write the summand asH(m, s, a, b, c);
our goal is to prove that H(m, s) =

∑
a,b,cH(m, s, a, b, c) = 1.

When m = s = 0, we can compute directly that H(0, 0) = 1. With the assistance of the Mathematica
program HolonomicFunctions by Christoph Koutschan (which may be found at the following link), we
can produce rational expressions Fa, Fb, Fc, Ga, Gb, Gc so that

H(m+ 1)−H(m) = Fa(a+ 1)− Fa(a) + Fb(b+ 1)− Fb(b) + Fc(c+ 1)− Fc(c),

H(s+ 1)−H(s) = Ga(a+ 1)−Ga(a) +Gb(b+ 1)−Gb(b) +Gc(c+ 1)−Gc(c),

where in both of these expressions all functions implicitly depend on the remaining parameters. But
this means that the sum∑

a,b,cH(m+1)−H(m) telescopes (and in fact evaluates to zero, since Fa(0) =

limx→∞ Fa(x) = 0 and similar for Fb, Fc), meaning that in factH(m, s) is independent ofm. Similarly the
sum∑

a,b,cH(s+ 1)−H(s) telescopes and thus H(m, s) is independent of s, meaning that H(m, s) = 1
for all m, s as desired.

We list the “certificates” Fa, Fb, Fc, Ga, Gb, Gc below. In all cases,H = H(m, s, a, b, c) is the summand
defined above.

Fa

H
=

2abc− 2a2bc+ 4abcm− 2a2bcm+ 2abcm2 + a2s− a3s− 2abs+ a2bs− 2acs+ a2cs− 2abcs+ 2a2ms− a3ms− 4abms+ a2bms− 4acms+ a2cms− 2abcms+ a2m2s− 2abm2s− 2acm2s+ 3as2 − 2a2s2 + abs2 + acs2 + 6ams2 − 2a2ms2 + abms2 + acms2 + 3am2s2 − as3 − ams3

2(−1 + a+ b−m)(−1 + a+ c−m)(1 + 2m)s(−1 + a−m+ s)
,

Fb

H
=

−2ab+ 2a2b+ 2ab2 + 2abc+ 2bm− 8abm+ 4a2bm− 2b2m+ 4ab2m− 2bcm+ 4abcm+ 2b2cm+ 4bm2 − 6abm2 − 2b2m2 − 2bcm2 + 2bm3 − bs− abs+ b2s+ bcs− 2bms− abms+ b2ms+ bcms− bm2s− bs2 − bms2

2(−1 + a+ b−m)(−1 + a+ c−m)(1 + 2m)s
,

Fc

H
=

2abc− 2bcm+ 4abcm+ 2bc2m− 2bcm2 + cs− 3acs+ bcs− c2s+ 4cms− 5acms+ bcms− 3c2ms+ 3cm2s− cs2 − cms2

2(1 + a+ b)(−1 + a+ c−m)(1 + 2m)s
,

Ga

H
=

a

m− s
,

Gb

H
=

ab− a2b− ab2 − abc− bm+ 2abm+ b2m+ bcm− bm2 + bs− b2s− bcs+ bs2

(−1 + b− s)(1− c+ s)(−m+ s)
,

Gc

H
=

a2c+ abc− 2acm− bcm+ cm2 + acs+ bcs− cms

(1 + a+ b)(m− s)(1− c+ s)
.

Finally, we verify onemore formulawhich is used in proving the orthogonality of certain eigenvectors
in Theorem 6.2.
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Lemma A.2. Using the notation in Section 6, in particular Eq. (6.1), Eq. (6.10) and Eq. (6.11), we have
⟨fm,ℓ1

T , fm,ℓ2
T ⟩ = 0

for any integerm ∈ {0, 1, · · · , ⌊n/2⌋} and ℓ1 ̸= ℓ2 ∈ {0, 1, · · · , n− 2m}, where T is the column reading tableau
of shape (n−m,m).
Proof. First, we unpack the definitions to write the left-hand side as an explicit sum. We have

⟨fm,ℓ1
T , fm,ℓ2

T ⟩ =
n−2m∑
i,j=0

T (ℓ1)
m,n(i)T

(ℓ2)
m,n(j)⟨g

m,i
T , gm,j

T ⟩

=
2m

n+ 1

n−2m∑
i=0

T (ℓ1)
m,n(i)T

(ℓ2)
m,n(i)

(
n−2m

i

)(
n

m+i

)
by the orthogonality of the gm,i

T s and the computationEq. (6.19). Writing out theT (ℓ)
m,n(i)s usingEq. (6.20),

we wish to prove whether we have the triple sum
n−2m∑
i=0

i∑
j1=0

i∑
j2=0

(−1)j1+j2

(
2m+ ℓ1
m+ j1

)(
2m+ ℓ2
m+ j2

)(
i

j1

)(
i

j2

)(
n− 2m− i

ℓ1 − j1

)(
n− 2m− i

ℓ2 − j2

)(n−2m
i

)(
n

m+i

) ?
= 0

whenever ℓ1 ̸= ℓ2. Multiplying by a factor of (ℓ2−ℓ1) and also noting that (
n−2m

i )
( n
m+i)

= 1

( n
n−2m,m,m)

(
m+i
i

)(
n−m−i

m

),
it suffices to prove that for all nonnegative integers n,m, ℓ1, ℓ2 with n ≥ 2m and ℓ1, ℓ2 ∈ {0, 1, · · · , n−2m},
we have
n−2m∑
i=0

i∑
j1=0

i∑
j2=0

(−1)j1+j2

(
2m+ ℓ1
m+ j1

)(
2m+ ℓ2
m+ j2

)(
i

j1

)(
i

j2

)(
n− 2m− i

ℓ1 − j1

)(
n− 2m− i

ℓ2 − j2

)(
m+ i

i

)(
n−m− i

m

)
(ℓ1 − ℓ2)

?
= 0.

However, we can produce rational expressions Qi, Qj1 , Qj2 such that (letting the summand be P =
P (n,m, ℓ1, ℓ2, i, j1, j2)

P (n+ 1)− P (n) = Qi(i+ 1)−Qi(i) +Qj1(j1 + 1)−Qj1(j1) +Qj2(j2 + 1)−Qj2(j2).

All of these rational expressions arewell-definedwithin our range of valid n,m, ℓ1, ℓ2 (that is, the denom-
inators are nonzero), and a similar telescoping argument shows that∑i,j1,j2

P (n+1)−P (n) is therefore
zero. (There is one additional detail here, which is thatQi(0) is not identically zero but is antisymmetric
in j1, j2, so the total sum is again zero.) Thus the sum is independent of n whenever ℓ1 ̸= ℓ2. So in
particular we can plug in n = 2m, so that the only allowed term in the summation is i = 0, j1 = 0, j2 = 0.
Then the (n−2m−i

ℓ1−j1

) and (n−2m−i
ℓ2−j2

) factors show that the only nonzero contribution can come if ℓ1 = ℓ2 = 0
(and in fact that term is also zero because of the (ℓ1 − ℓ2) factor in the summand). Thus we’ve proven
our desired identity, concluding the proof.

We conclude by listing out the certificatesQi, Qj1 , Qj2 , where P is the full summand described above.
Qi

P
=

−j1 + 2ij1 − i2j1 + j2 − 2ij2 + i2j2 + 3j1m− 3ij1m− 3j2m+ 3ij2m− 2j1m
2 + 2j2m

2 − 2j1n+ 2ij1n+ 2j2n− 2ij2n+ 3j1mn− 3j2mn− j1n
2 + j2n

2

(ℓ1 − ℓ2)(−1 + i− j1 + ℓ1 + 2m− n)(−1 + i− j2 + ℓ2 + 2m− n)
,

Qj1

P
=

−j21 − j1m

(1 + i− j1)(ℓ1 − ℓ2)
,

Qj2

P
=

j22 + j2m

(1 + i− j2)(ℓ1 − ℓ2)
.
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B Proof of ℓ2 cutoff of the binary Burnside process

In this last section, we show the calculations for ℓ2 cutoff of the average mixing time for the binary Burn-
side process. This involves some careful bounds with binomial coefficients, similarly to those used in the
proof of Theorem 1.1 but with more refined estimates.
Proof of Theorem 5.2. From Theorem 1.1, we have the expression

χ2
avg(ℓ) =

⌊n/2⌋∑
k=1

(
n

2k

)((2k
k

)2
24k

)2ℓ

.

As in the previous proof, we have the bounds on the central binomial coefficient

1

πk
exp

(
− 1

4k

)
<

(
2k
k

)2
24k

<
1

πk
.

In particular, since exp (− 1
4k

)2ℓ is bounded by a constant for the values ℓ ∼ n
logn that we are considering,

it suffices to prove the result with χ2
avg(ℓ) replaced by

χ2
avg(ℓ) =

⌊n/2⌋∑
k=1

(
n

2k

)
1

(πk)2ℓ
.

Like before, for simplicity of notation, take n to be amultiple of 4 and use analogous boundswith slightly
offset indices otherwise. First we do the simpler proof of (1); that is, for ℓ = (1 − ε) log 22

n
logn , we have

χ2
avg(ℓ) → ∞. Indeed, the middle term (k = n

4 ) of the summation has asymptotics(
n

n/2

)
1

(π2n)
2ℓ

∼ 2n√
πn/2

exp

(
−(1− ε) log 2

n

log n
log
(π
2
n
))

=
2εn2

(ε−1) log π
2

n
logn√

πn/2
,

and this expression indeed diverges to +∞ as n → ∞.
Now for the proof of (2), we will choose 2ℓ =

(
1 + c

logn

)
n log 2
log(π

4
n) , where c = cn is of order 1 and is

determined in Eq. (B.2). (The result then follows if we show that the sum tends to zero for this choice of
ℓ.) If we parametrize k = n

4 + j, meaning that 2k = n
2 + 2j (and −n

4 < j < n
4 ), then we have

1

(πk)2ℓ
= e−2ℓ log(πk)

= exp

(
−
(
1 +

c

log n

)
n log 2

log
(
π
4n
) log (π (n

4
+ j
)))

= exp

(
−
(
1 +

c

log n

)
n log 2

log
(
π
4n
) (log (π

4
n
)
+ log

(
1 +

4j

n

)))

= exp

(
−

[
n log 2 +

n log 2

log
(
π
4n
) log(1 + 4j

n

)
+

c

log n
n log 2 +

c

log n

n log 2

log
(
π
4n
) log(1 + 4j

n

)])
.

(B.1)
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This last expression in Eq. (B.1) must be multiplied by ( n
n
2
+2j

) and then summed over −n
4 < j < n

4 ,
and we must show that the sum tends to zero. This is shown in zones:

• Zone 1: 0 ≤ j < n
4 . For these cases, we can bound the binomial coefficient crudely by 2n (which

cancels out the first term in the exponent of Eq. (B.1)). Using that x
1+x < log(1 + x) < x for all

x > 0 and plugging in x = 4j
n yields that − log

(
1 + 4j

n

)
< − 4j/n

1+4j/n < −2j
n . Thus, the second and

fourth terms in the exponent of Eq. (B.1) may be bounded via

− n log 2

log
(
π
4n
) log(1 + 4j

n

)
< −(2 log 2)j

log
(
π
4n
) ,

− c

log n

n log 2

log
(
π
4n
) log(1 + 4j

n

)
< − c

log n

(2 log 2)j

log
(
π
4n
) .

Further observe that for any A > 0, we have
∞∑
j=0

e−Aj/ logn =
1

1− e−A/ logn
∼ log n

A
,

so that combining bounds together, the total contribution toχ2
avg(ℓ) over 0 ≤ j < n

4 is asymptotically
bounded from above by

log n

2 log 2
exp

(
−cn log 2

log n

)
,

and (with the choice of c below in Eq. (B.2)) this indeed goes to zero as n → ∞.

• Zone 2: −n
6 < j < 0. Write j′ = −j for clarity. Because − log(1− y) < y

1−y for 0 < y < 1, we have

− log

(
1− 4j′

n

)
<

4j′/n

1− 4j′/n
<

12j′

n

for all j′ < n
6 . If we write n log 2

log(π
4
n)

12j′

n = αj′ (so α = 12 log 2

log(π
4
n)
), then

n
6
−1∑

j′=0

eαj
′
=

eαn/6 − 1

eα − 1
∼ 1

α
eαn/6 =

log
(
π
4n
)

12 log 2
exp

(
2n log 2

log
(
π
4n
)) .

In this zone, we still bound all binomial coefficients crudely by ( n2k) < 2n. Since the expression
Eq. (B.1) has third term − cn log 2

logn in the exponent, it follows that if

c = 2 +
log n

n log 2

(
log log

(π
4
n
)
+ θ
)
, (B.2)

then the total contribution to χ2
avg(ℓ) over −n

6 < j < 0 is bounded above by a constant times e−θ,
which tends to zero by choosing θ = θn increasing (but increasing slowly enough so that cn stays
bounded).
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• Zone 3: −n
4 + n0.9 < j ≤ −n

6 . For this zone, it is important to bound the binomial coefficient. We
have (

n

a

)
=

n(n− 1) · · · (n− a+ 1)

a!
=

na

a!

(
1− 1

n

)
· · ·
(
1− a− 1

n

)

≤ na exp

− 1

n

a−1∑
j=1

j


≤ nae−(

a
2)/n

a!
.

Thus for a = θn for 0 < θ < 1
2 , we have by the above bound and Stirling’s formula that(

n

a

)
≤ exp

(
a log n− 1

2n
a2 − a log a+ a− 1

2
log a+O(1)

)
= exp

(
−θn log θ − θ2

2
n+ θn− 1

2
log(θn) +O(1)

)
= exp

(
n

(
θ − θ2

2
− θ log θ

)
− 1

2
log n+O(1)

)
.

In our expression for χ2
avg(ℓ), this factor is beingmultiplied by 1

(πa
2 )

2ℓ = exp
(
−2ℓ log

(
π
2 θn

)), so that
if 2ℓ = (1 + ε) n log 2

log(π
4
n)
, this factor is of the form

exp

(
−(1 + ε)

n log 2

log
(
π
4n
) log (π

2
θn
))

= exp

(
−(1 + ε)n log 2

(
1 +

log(2θ)

log
(
π
4n
))) .

Multiplying these exponentials together, the contribution to χ2
avg(ℓ) has lead term in the exponent

n
(
θ − θ2

2 − θ log θ − (1 + ε) log 2
)
, and for θ < 1

6 this is bounded from above by −0.2n. Further-

more, the remaining positive factor in the exponential exp
(
−(1 + ε)n log 2 log(2θ)

log(π
4
n)

)
is asymptoti-

cally bounded from above by e0.15n as long as θ ≳ n−0.1 and ε < 1. Thus in this zone each term is
exponentially small and so the sum is also exponentially small.

• Zone 4: −n
4 < j ≤ −n

4 + n0.9 (that is, 1 ≤ 2k ≤ 2n0.9). Here we can just bound 1
πk ≤ 1

π , so that in
this zone we have (

n

2k

)
1

(πk)2ℓ
≤ n2k 1

π2ℓ

= exp (2k log n− 2ℓ log π)

≤ exp

(
2n0.9 log n− n log 2

log
(
π
4n
) log π) .

Since n0.9 times this quantity goes to zero as n → ∞, the contribution to χ2
avg(ℓ) in this zone also

goes to zero.
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Combining the bounds across the different zones yields the result of (2), completing the proof.
Remark. The delicate choice of c for zone 2 was developed as part of an argument to prove a limiting “shape
theorem” for χ2

avg(ℓ). Directly using 2ℓ = (1+ ε) log 2 n
logn , perhaps the calculations for zones may be merged. We

leave the argument in its current form in case a reader wants to work more and prove a shape theorem.
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