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The limit distribution of the nonparametric maximum likelihood estima-
tor for interval censored data with more than one observation time per unob-
servable observation, is still unknown in general. For the so-called separated
case, where one has observation times which are at a distance larger than a
fixed € > 0, the limit distribution was derived in [4]. For the non-separated
case there is a conjectured limit distribution, given in [9], Section 5.2 of Part
2. But the findings of the present paper suggest that this conjecture may not
hold.

We prove consistency of a related nonparametric isotonic least squares
estimator and give a sketch of the proof for a result on its limit distribution.
We also provide simulation results to show how the nonparametric MLE and
least squares estimator behave in comparison. Moreover, we discuss a simpler
least squares estimator that can be computed in one step, but is inferior to the
other least squares estimator, since it does not use all information.

For the simplest model of interval censoring, the current status model,
the nonparametric maximum likelihood and least squares estimators are the
same. This equivalence breaks down if there are more observation times per
unobservable observation. The computations for the simulation of the more
complicated interval censoring model were performed by using the iterative
convex minorant algorithm. They are provided in the GitHub repository [6].

1. Introduction. The simplest and most studied interval censoring model is the so-
called interval censoring, case 1, or current status model. This model can be defined in the
following way (see, e.g., Section 2.3 of [7]).

Consider a sample X1, Xo,...,X,, drawn from a distribution with distribution function
Fy. Instead of observing the X;’s, one only observes for each i whether or not X; < T; for
some random 7; (independent of the other 7);’s and all X;’s). More formally, instead of
observing the X;’s, one observes

(1.1) (T3, Ai) = (T;, Lyx,<1})-

One could say that the ¢-th observation represents the current status of item ¢ at time 7;.

We want to estimate the unknown distribution function Fj based on the data given in (1.1).
For this problem the log likelihood function for distribution functions I’ (conditional on the
T;’s) is given by

n
(1.2) UF) = (Ailog F(T;) + (1= Ay)log(1 — F(T})) -
i=1

The (nonparametric) maximum likelihood estimator Fn maximizes £ over the class of all
distribution functions.
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Since distribution functions are by definition nondecreasing, computing the maximum
likelihood estimator poses a shape constrained optimization problem. As can be seen from
(1.2), the value of ¢ only depends on the values that F' takes at the observed time points
T;. Hence one can choose to consider only distribution functions that are constant between
successive observed time points 7;. The lemma below shows that this estimator can be char-
acterized in terms of a greatest convex minorant of a certain diagram of points. The following
result is Lemma 2.7 in [7] (and Proposition 1.2 in [9]).

LEMMA 1. [Characterization of the nonparametric ML estimator in the current status
model] Consider the cumulative sum diagram consisting of the points Py = (0,0) and

)
=1

where the A;’s correspond to the T;’s, which are supposed to be ordered 0 < T} - - - < T, (one
can also allow ties, but we disregard this further complication here). Then the nonparametric
MLE F, (T;) is given by the left derivative of the convex minorant of this diagram of points,
evaluated at the point i. This maximizer is unique.

REMARK 1. The left derivative of the convex minorant at PZ-A determines the value of Fn
at 7; and hence (by right continuity of the distribution function F},) on [T}, T;11), a region to
the right of ;.

Lemma 1 shows that F), is in fact the isotonic regression on the indicators A; = 11x,7,},
that is, it minimizes

(1.3) > {F(T) - A
=1

over all monotone nondecreasing (not necessarily bounded by 0 and 1) functions F', see p.
43 in section 1.1 of part 2 of [9]. It also follows from Theorem 1.2.1 on p. 7 of [10], where
the connection brtween the derivative of the greatest convex minorant and the solution of the
isotonic regression problem is given.

So we have the two characterizations of the nonparametric maximum likelihood estimator,
the characterization as a maximizer of (1.2) and the characterization as a minimizer of (1.3)
(see, e.g., [9]). Note that the weights are equal and constant in the least sauares problem.

If we turn to the (common) situation where there are more observation times per unobserv-
able X, the situation is considerably more complicated, and the limit distribution of the non-
parametric MLE is still unknown generally. We consider here the simplest extension, where
one has two observation times per unobservable X; (interval censoring, case 2). Instead of
observing the X;’s, one observes

def
(1.4) (Ui, Vi, Aio, A1) = (Ui, Vi Lix, <oy i< xi<viy)s
so instead of only observing that X; is larger than or smaller than an observation 7;, we now
have an observation interval (U;, V;), U; < V;, and we know whether our unobservable X is
inside the interval or to the left or right of it. Just as in the current status model, we assume
that X; is distributed independently of (U;, V;). The log likelihood (1.2) changes into

(1.5)  UF)= Z{Aio log F(U;) + Qi log(F (Vi) — F(U)) + Aizlog(1 — F (Vi) },
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where Ajo =1 — Ajp — Ayp. It is not clear that there is an equivalent to the minimization of
(1.3) in this situation. We cannot use Theorem 1.5.1 in [10] because we have the difference
of F(V;) and F(Uj;) in the terms log(F'(V;) — F(U;)) instead of just F'(U;) or F'(V;) by itself
only.

The perhaps most natural least squares approach is to consider minimization of

n
1.6 Y {{FW) = B} +{F(V) = F(U) = Au}* +{1 = F(V)) - A}’ }
i=1
over all distribution functions F', so an isotonic regression on the indicators Ao, A1, Ajo,
1=1,...,n.

As an example, we analyze the behavior of the nonparametric MLE, maximizing (1.5) and
the least squares estimator minimizing (1.6) in Example 1.
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Fig 1: (a) Nonparametric MLE (blue) of Fj for a sample of size n = 1000, (b) Nonparametric
least squares estimate (blue) minimizing (1.6) of Fy for the same sample. The solid black
curve shows Fj.

EXAMPLE 1. Suppose Xi,...,X, is either a sample from the truncated exponential
distribution on [0, 2], with density

_ exp{—u}
fo(z) = m

or a sample from the Uniform distribution on [0,2], and let the (U;, V;), V; > U;, be the
order statistics of the Uniform distribution on [0, 2]? for a sample of size 2. Note that this
is a prototype of the non-separated case, where we can have arbitrarily small observation
intervals [U;, Vj]

Figure 1 shows the nonparametric MLE and the nonparametric least squares estimate for
a simulated sample of size n = 1000 for these models. In both cases the estimate has to be
computed iteratively, we do not have a one step algorithm as in the current status model.

We computed the variances of the estimates times n2/? for 10,000 samples of size
n =1000 for ¢; =7-0.1,2=1,...,19. A comparison of the simulated variances is shown

1[072] (l’), x € R,
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Fig 2: (a) Simulated variances, times n%/3, of the nonparametric MLE (black solid curve)
and the least squares estimate (red) minimizing (1.6), for ¢; = 0.1,0.2, ..., 1.9, linearly inter-
polated between values at the ¢; for the model of Example 1. The blue dashed curve is the
theoretical limit curve one obtains from Theorem 1 in Section 2 for the LS estimator. The
simulated variances are based on 10,000 simulations of samples of size n = 1000 for the
truncated exponential distribution function Fj on [0, 2] and the order statistics of the uniform
distribution on [0, 2]2 as observation times. (b) The same comparison, but now for Fy uniform
on [0, 2].

in Figure 2. It suggests that overall the least squares estimator is slightly better than the non-
parametric MLE for this sample size in this model.

Inspired by the conjectured faster rate of convergence of the MLE in the non-separated
case (i.e., observation intervals can be arbitrarily small) in Section 5.2 of Part 2 of [9], Lu-
cien Birgé constructed in [2] a histogram estimator which actually achieves rate (n log n)l/ 3
locally (but suffers severely from bias, in contrast with the MLE). The asymptotic (normal)
distribution of the histogram estimator was derived in [8]. At the time that [8] was written, it
was still believed that the nonparametric MLE would also achieve this faster rate. The matter
has still not been settled, but the present paper casts doubts on this conjecture.

It is also possible to define a least squares estimator which can be computed in one step,
using the convex minorant (or “pool adjacent violators™) algorithm. An estimator of this type
was proposed for the uniform deconvolution problem in [11]. This estimator minimizes

n
(1.7) S {HFW) - Al + {F(Vi) - Dio — A} }
i=1
over all distribution functions F', so is also an isotonic regression on the indicators
Ao, A1, Ajo, i =1,...,n. Criterion (1.7) can also be written

n

(1.8) S {{FW:) ~ A} + {1~ F(Vi) - M)}

i=1
We compare the two least squares estimators for sample size n = 10,000 in Figure 3, from
which the superiority of the estimator, based on minimizing (1.6), seems clear.
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Fig 3: (a) Simulated variances, times n2/3, of the simple nonparametric LS estimator, mini-
mizing (1.7) (black solid curve) and the least squares estimator, minimizing (1.6) (red), for
t; =0.1,0.2,...,1.9, linearly interpolated between values at the ¢; for the model of Example
1. The blue dashed curve and purple dotted curves are the theoretical limit curves discussed
in Section 2 for the LS estimators, minimizing (1.7) and (1.6), respectively The simulated
variances are based on 10,000 simulations of samples of size n = 10,000 for the truncated
exponential distribution function Fp on [0, 2] and the order statistics of the uniform distribu-
tion on [0,2]? as observation times. (b) The same comparison, but now for Fy uniform on
0,2].

Our proof of the limit result Theorem 1 is not complete. We still have to show that the
“off-diagonal terms” (5.8) and (5.9) are op(n_Q/ 3), see Section 5.2. In fact, terms of this type
were shown to be Op(n_5/ 6) in a similar problem, analyzed in [5]. In Section 3 we discuss
the theory, needed for the completion of the proof.

2. The least squares estimators. In the characterization of the nonparametric MLE one
can use the fact that the logarithms provide a natural logarithmic boundary, preventing values
of the solution to leave the interval [0, 1]. This is no longer true for the least squares estimate
minimizing (1.6) and for this reason we use Lagrange multipliers in its characterization.

Let, for a distribution function F', the process W,, r be defined by

W (8)
:/N{‘SO_F(“)}dQn(“onﬁl) —/N{(Sl —{F(v) — F(u)}} dQn(u, v, 80,01)
@.1)
+/v<t{51 {F(v) — F(w)}} dQu(u, v, 60,61) +/U<t{50+51 ~ F(0)} dQu(uv, 50, 61),

where Q,, is the empirical probability measure of the (U;, V;, Ao, Aj1).
The least squares estimate of Fy has the following characterization.

LEMMA 2. Let the process W, r be defined by (2.1) and let the Lagrange multipliers
A1,F and \o  be defined by

(22) )\17F = — / de,F(”, v, 503 51)7
(u,v):F(u)=0 or F'(v)=0
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and
23) par= [ AW, (1, 0,50, 81).
(u,w):F(u)=1 or F(v)=1

Then the distribution function E}, minimizes (1.6) over all distribution functions F on R
if and only if the following conditions are satisfied

)

(ii)
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Fig 4: The process W ;. as a function of the 2n ordered observations U; and V; for Example
1 and n = 100. For this example A, 5 =0.003148 and A, ; = 0.014758.

The proof is based on the so-called Fenchel duality condition, as also used in [7] in the
characterization of the nonparametric MLE for interval censoring (apart from the Lagrange
multipliers in the present case) and is therefore omitted. A picture of the process an p, for
n = 100 is given in Figure 4 for Example 1 above. Wm 7, touches zero at points just to the

left of points where the least squares estimator F), has a jump. The iterative convex minorant
algorithm for computing ¥, is based on this characterization.

The algorithm proceeds in the following way. At each step we solve the isotonic regression
problem without the Lagrange multipliers, under the restriction y; < --- < yo,, wWhere y; =
F(T;) represents the value of the distribution function at the ith order statistic of set of U;’s
and V;’s (ties can also be handled, but we disregard this further complication here). Typically,
this will give values y; < 0 and y; > 1. If y; < 0 we put y; = 0 and if y; > 1 we put y; = 1.
For this new value of the y; we compute the (preliminary) Lagrange multipliers A\; and A9,
using (2.2) and (2.3). We repeat this procedure until the conditions (i) and (ii) of Lemma 2
are satisfied up to an accuracy of say 10~8. Convergence of this algorithm is very fast.
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One can also compute the estimate by the interior point method, using a logarithmic bar-
rier function. This algorithm is a kind of opposite of the iterative convex minnorant algorihm,
since it converges to the solution from the interior of the parameter space, whereas the iter-
ative convex minorant algorithm immediately hits the boundary in the first iteration step.
Both algorithms were programmed for the present problem and give exactly the same result,
though.

The least squares estimator minimizing (1.6) is consistent, as the following lemma shows.
LEMMA 3. Let E,, be the isotonic least squares estimator, minimizing (1.6) over distribu-
tion functions F under the conditions of Theorem 1 below. Then F,, converges almost surely

to Fy in the supremum metric.

PROOF. Let the function 1) be defined by
U(F)

= %/ {{F(u) — 50}2 +{F(v) — F(u) — 51}2 +{F(v) — o — (51}2} dQy (u,v,80,81).
Since Fn minimizes (2.4) over I', we must have

lim el [¢((1 — O, +eRy) — ¢(Fn)] > 0.

Note that the limit exists by the convexity of the function 7). This means

/{Fo(u) — Ey(u) Y F(u) — 80} dQp (u, v, 6, 01)
+ /{F()(U) — Fy(u) — Ep(v) 4 Fp(u) Y E, (v) = Fy(u) — 61} dQy (u, v, 80, 61)

+ /{Fo(v) — Fy(w)H{ Fn(v) — 60 — 61} dQp(u, v, 80, 61)
>0.

Proceeding as in Section 4 of Part 2 of [9], using the Helly compactness theorem, we get
from this, for a limit point F' of a subsequence of F,:

[ o) = FHF@ - Fa(w)} b, dudo
+ /{Fo(v) — Fo(u) — Frv) — F(v) + F(u)}
AF(v) — F(u) — Fo(v) + Fo(u)} h(u,v) dudv
+ [{R0) = FO)MP) - Foo)} o) dude

=— /{F(u) — Fo(w)}? h(u,v) dudv — /{F(v) — F(u) — Fy(v) + Fy(u)}? h(u,v) dudv

- /{F(U) — Fo(v)}? h(u,v) dudv

> 0.
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By the assumptions on Fy) and h this means that F' = Fy. This implies that F, converges
uniformly to Fj. O

In order to state the limit result of the least squares estimator, minimizing (1.6), we need
the following notation. Let, for ¢g € (0, M), a;, be defined as the positive square root of

a;, = Fo(to){1 — Fo(to)}{h1(to) + ha(to) }

M
+ /t {Fo(v) — Fo(to)} [1 — {Fo(v) — Fo(to)}] h(to,v)dv

+ [ {h(t0) = o} [ = {Rulto) = Fofw)}] . to) du

M
+2Fy(t) / {R(0) = Falto) (k. 0) o

to
(2.5) +2{1 —Fo(to)} O{Fo(to) — Fo(u)}h(u,to) du,

u=
and let b, be defined by:
(2.6) by, = hi(to) + ha(to),
where h; and ho are the marginals of h. Then we have the following result of which the proof

is sketched in the Appendix.

THEOREM 1. Let Fyy have a continuous positive density fo on [0, M] and let (U, V') be
the order statistics of an absolutely continuous distribution. We assume that (U, V') has a a
positive continuous density h on

S={(u,v):0<u<v<M},

with first and second marginals hy and hs, respectively, with bounded second partial deriva-
tives.We assume that X; is independent of (U;, V;).

Let a;, and by, be defined by (2.5) and (2.6), respectively. Moreover let, for to € (0, M),
o, be defined by

27 o1, = (at, folto) /bi)*, 1o € (0,M).
Then we get at a fixed point to € (0, M) for the LS estimate E,, minimizing

(2.8) Z {{F(Uz) — N2+ {F(V;) — F(U:) — An Y + {F (Vi) — Ao — Ail)}2}

=1

over all distribution functions F':
nt/3 { Bu(to) = Folto) } for, 2> Z,
where Z is the argmin of t — W (t) + 2, and W is standard two-sided Brownian motion.

REMARK 2. The conditions on the observation density h are similar to the conditions
in [3] and used in the smooth functional theory needed in treating so-called “off-diagonal
terms”, see Section 5.2.
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Fig 5: (a) Simulated variances, times n?/3, of the nonparametric MLE (black solid curve)
and the least squares estimate (red), minimizing (1.6), for ¢; = 0.1,0.2,...,1.9, linearly in-
terpolated between values at the ¢; for the model of Example 1. The blue dashed curve is
the theoretical limit curve one obtains from Theorem 1 below. The simulated variances are
based on 10,000 simulations of samples of size n = 10,000 for the truncated exponential
distribution function Fj on [0, 2] and the order statistics of the uniform distribution on [0, 2]?
as observation times. (b) The same comparison, but now for F{ uniform on [0, 2].

As an example, the asymptotic variance of the LS estimator is shown in Figure 5 as the
blue dashed curve for in Example 1. Remarkably, the curve of the variances of the MLE is
even closer to the theoretical asymptotic curve than the curve for the variances of the least
squares estimator for this sampe size of n = 10,000. This should be compared with Figure
2, where the sample size was n = 1000 and the variances for the LS estimator were actually
smaller that those of the nonparametric MLE. The faster decrease of the variances of the
MLE than those of the LS when we increase the sample size from 1000 to 10, 000 might give
a hint of the possibility of a rate of (nlog n)l/ 3 again, but the form of the curve is certainly
not in accordance with the conjecture in [9].

We here make some additional remarks about the proof of Theorem 1, discussed in the
Appendix. Results of this type were proved for the nonparametric MLE in [4] and [5]. One
has to show that the leading asymptotic behavior is provided by replacing the estimator by
the underlying distribution function Fj in the characterization, given in Lemma 2. To this
end, one has to show that certain terms, called the “off-diagonal terms”, are of lower order.
Doing this is rather hard in our experience ([5] needed 53 pages), but presently there seems
to be no other way. We give a sketch of these calculations in Section 3 and in the Appendix.
For similar calculations, see, e.g., Chapter 10 of [7] and [5]. The first result of the type of
Theorem 1 was for the current status model in Theorem 5.5 of Part 2 of [9].

For the least squares estimator, minimizing (1.7) we can define the following process.

= {60 — F(u)} dQy,(u,v,d0,01) + /< {60+ 1 — F(v)} dQp(u,v,00,61), t >0,
v<t
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where Q,, is the empirical probability measre of the (U;, Vi, Ajp, Aj1) and F' a distribution
function. We now get the following characterization the least squares estimator, minimizing
(1.7).

LEMMA 4. Let the process W( ) be defined by (2.9). Then the distribution function F,
minimizes (1.7) over all dlsmbunon functlons F on R ifand only if the following conditions
are satisfied

®

(ii)

7 (2) —
/ Bty W', (1) =0
The proof follows familiar lines and is therefore omitted. Alternatively, one can say that the
esitimator is the left-continuous slope of the greatest convex minorant of the cusum diagram
starting at (0,0) and running through the (2n) points

(Z Loty + ) Yviss ) Dol + ) _(Bio+ Ail)l{ViStQ ,o 120

Since we work with observations from absolutely continuous distributions, we get for the left
coordinates just 1,2,. ...

So, in constructing the cusum diagram, we run through all 2n observation points; if we
meet a point U;, we add d;o to the cusum diagram, if we meet a point V; we add J,9 + §;1 to
the diagram. In the latter case we only record whether the unobservable variable lies to the
left of V; (then §;9 4+ d;1 = 1) or to the right of V; (then d;90 + d;1 = 0).

For the isotonic least squares estimator, minimizing (1.7) we have the following result.

THEOREM 2.  Let the assumptions of Theorem 1 be satisfied and let a and b} be defined
by

(2.10) (a},)? = Fo(to){1 — Fy(to) }{ h1(to) + ha(to) }
and
(2.11) by, = {h1(to) + ha(to)} /4,
where hy and hs are the marginals of h. Moreover let, for to € (0, M), o, be defined by
(2.12) ol = (a) foto)/0,)2, to€ (0, M).
Then we get at a fixed point to € (0, M) for the LS estimate F,,, minimizing
2.13) S {IFW) = Biol +{F (Vi) - Dio — Au)Y}
i=1

over all distribution functions F':
nt/3 { Bu(to) = Folto) } /o, 2> Z,
where Z is the argmin of t — W (t) +t2, and W is standard two-sided Brownian motion.

Both the computation and the proof of Theorem 2 are easier than for the estimator mini-
mizing (2.8), but the performance of the estimator, minimizing (1.7) is clearly inferior to that
of the estimator, minimizing (1.6), see Figure 3.
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3. Smooth functional theory. The smooth functional theory for the nonparametric
MLE in the separated case is discussed in [7] and in [4] and for the non-separated case of
interval censoring in [3]. We give the treatment here for the LS estimator, minimizing (1.6),
but the methods could also be used to simplify the theory given in [7] and [3] for the MLE.

We define, for the LS estimate F,,

0 (u,v,80,01) = {60 — Fu(u) }op (u) + {01 — Fn(v) + Fn(w) }{ép (v) — ¢p (u)}
3.1) — {02 = (1= Fu(v)}op (v).

where ¢, is either an integrated score function

n

(3.2) ¢, (z) = / a(y) dE3(y).
y€[0,7]
or a function belonging to the closure (in an Ly-sense) of the space of such functions (the

latter will actually be the case for the functions ¢ , found below for the LS estimator)
Note that, if ¢ is a right-continuous piecewise constant function, constant on the same

intervals as F},, and satisfying ¢p (t)=0if E,(t) =0 or Fy,(t) = 1, we have:

/Qﬁn/(u,U,50,51)d(@nu,v,50,51)
:/ [60 = Fulw) = {61 = Fu(v) + Fu(w)}] 65, (u) dQn(us 0,50, 61)

+ / (81— Fu(w) + Fulw) — 62+ (1~ Bu0)}] 65, (v) dQuu, 0,50, 61)

3.3) =0.

We have, using Fubini’s theorem,

[ 5, 4

_ / [Fo(w) — () b, () b 0) du + / [Fo(v) — Fa(0)} b () ha(v) d
+ /{Fo(v) — Fo(u) — Fn(v) + Fn(u)}{qﬁFn (v) — ngn (u)} h(u,v) dudv
-/ [ b, (1) [ () + ha(u))
z€[0,M] LJz<u

+/< {05,0) = 65, @} h(u,v) dudo | d(Fo ~ F) (o)

If we want to estimate a smooth functional of the type [ kg, (x) dFy(z), we approximately
want to have for the inner part between brackets of this integral:

/ | Or (W {k(w) +ha(u)} du+ / {65 (v) = ¢5 ()} h(u,v) dud

u<r<v
(3.4) =kp,(2),

because we then get

/and(Fn—Fo) z/eﬁn onz/eﬁnd(Qo—@n),
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that is, we can represent the functional in the hidden space by an integral in the observation
space which is \/n convergent and asymptotically normal.
Differentiating equation (3.4) w.r.t. z, we get

_¢p7l($){h1($)+h2(x)}—/< {65 (x) — b (w) }h(u,z)du

+ /> {¢Fn(v) - ¢Fn($)}h(x,v) dv

= ﬁ};ﬂ ().
Defining, as in [3], ¢ by

b5 (1) = / o B

instead of ¢, (z) = ny[O 2] a(y) dE},(y), and also allowing functions ¢ . on the boundary
of the space, we get the equation

b5 () {h(x) + ha(x)} + / {4,(0) ~ 65, () phlu.2) du

N /> {05, (V) = ¢p, () ph(z,v) dv

= K:,Fo ().

This leads to the matrix equation

vi § Dilh) + Ailha) + > Aju(h) + > Aij(h)

j<i j>i
3.5 :Hpo(ti+1)—/iFO(ti)—i-ZAji(h)yj—FZAij(h)yj, i1=1,....m—1,
7j<t 7>t

where the #; are the points of jump of F}, and y; = ¢p (i) dp (t) =0is zero if En(t)=0
or F, (t) = 1. This is analogous to (iii) of Theorem 3.1 on p. 646 of [3]. Here A;(h;) and
A;j(h) are defined by

t1+1
(3.6) Ai(hj):/ hj(t)dt,i:L...,m—l, j=12,
t;
and
tivi pli+
(3.7) Aij(h) = / / h(u,v) dudv, 1<i<j<m-—1
12 t;

A prototype of a smooth functional is the functional for the mean

Tp:ﬂ:»—>x—/de(y).

For this case we get the equation

— ¢ (2){hi(z) + ho(2)} — /< {04 (x) = dp (u) }h(u,z) du
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+ N {qﬁﬁn(v)—(bﬁn(x)}h(:c,v)dv

=1.

As an example, for the situation that Fy is the uniform distribution function on [0, 1] and
(U, V) is uniformly distributed on the upper triangle of the unit square with vertices (0,0),
(0,1) and (1,1) and, moreover, r f, is the mean functional, this gives the solution ¢, =1/2.
Note that this ¢ does not have an interpretation as an integrated score function.

This yields as asymptotic variance for m(F},) = i xdF,(z), if F, is the LS estimator,
minimizing (1.6):

nvar (m(ﬁ’n)> — /9F0 (u,v,d, (51)2 dQo(u,v,dp,d1), n — 0o,
where

0r, (u,v,80,61)% dQo(u,v, 8, 1)

—

[60 — Fo(u) — 02 4 (1 — Fy(v))]? dQo(u, v, 8o, 61)

1
Fo(u)(1 — Fy(u) thy (u) du + }L/o Fo(v)(1 — Fy(v) }ha(v) dv

+;/FO(U){I—Fo(’v)}h(u,v)dudv

1 1
:%/ u(l—u)(l—u)du—l—%/ U(l—v)vdv+/ u(1 —v)dudv
0 0 O<u<v<l1

1
=-=0.125.
8

So in this case we get the following result for the LS estimator:

\/ﬁ{m(ﬁn) _ m(FO)} L. N0, 0?),

where

Other smooth functionals can be treated in a similar way, also giving the \/n behavior
and asymptotic normality of these functionals of the LS estimator, which means that we can
follow the analysis in [5] to show that the “off-diagonal” terms in Section 5.2

/ {Fo(v) — Fy(v)} dH (u,v).
u€lto,to+n—1/3t],v>u
and
/ {Fo(u) — Fo(u)} dH (u,v).
vE[to,to+n—1/3¢t],u<v

are of order O, (n~/%).
On the other hand, the analysis of the behavior of the smooth functionals for the nonpara-
metric MLE starts by defining

do ¢AF" (U) +

3.8 0 80,01) = ; ;
(3.8) Fn(u,v, 0,01) F(u) E,(v) — Ep(u) (1

¢ ()
—F,(v)’
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where ¢ is defined by (3.2), but now for the nonparametric MLE E,. By Proposition 3.1
on p. 644 ‘of [3] we have:

(3.9) / Oy, dQ, =0,

(compare with (3.3)). Moreover, using Fubini’s theorem again, we get

/épn dQo

:/Fo(u)ng(fj)) hi(u) du — /{1 — Fg(v)}w ha(v) dv

X 1= E0)
+ / {Fo(v) — Fo(u))} ¢;ﬂ§2; - fj:(:’;) dH (u,v)
= [0 - £ e i duct [ (Fu(0) - o) 22 bt
+ / {Fo(v) — Fo(u) — En(v) + Fn(u)} qb;ngz; - ?:(s;) h(u, v) dudv

:/[ N q;f:(%) hl(u)du—k/xgv%hz(v)dv

61, (0) = 03, () p
+/u<w<v Fn(v)—Fn(u) h(u,v) dudv d(FO Fn)(gj)

So this time we want to solve (approximately) the equation

R R B e e

Fy(u) 1—Fu(u F,(v) — Fy(u)
=kp,(T).
Differentiating w.r.t. z, we get the equation
B (bﬁ’n (ZC) d)F ¢F )
o) hi(x) — - / ) h(u,z)du
i (v) - ¢pn (x)
" / o) By () 0

= K, ().

As before, we can switch again to the representation ¢(x) = fy (e M] a(y) dE},(y) of inte-

grated score functions a and use f e @Y YdF,(y) = — ny[O 2 ) dF,(y). This yields

the preceding equation with minus and plus signs reversed on the left side. Now we get in-
stead of the equations (3.5) the equations:

) Ai(h) Ai(h) Aji(h) Aij(h)
& { Fat) T Faw) 2 B Bty 2= Folt) an)}

(3.10)

= KRy (tin) = RE () + ) =
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As noted in [3], p. 669, this is an equation of type Ay = b, where A is a symmetrix, strictly
diagonally dominant M -matrix (also called a Stieltjes matrix), which means that the equa-
tion has a unique solution, see [1]. This implies that the right-continuous piecewise constant
function ¢ , constant on the same intervals as E,, is uniquely determined. Of course the
same considerations hold for the equations (3.5).

In contrast with the situation for the LS estimator, the function ¢ now has an interpre-
tation as an integrated score function, but we do not have an explicit expression for it (see
below). For the example, discussed above for the LS estimator, we computed ¢, for a sample

of size n = 1000, using the matrix equation (3.10), where this time F), is the nonparametric
MLE.

0.15 4

0.10 —

0.05 +

0.00 —

0.0 0.2 0.4 0.6 0.8 1.0

Fig 6: The function ¢ , solving equation (3.10) for the nonparametric MLE, for a sample of
size n = 1000, where Fj is the uniform distribution function on [0, 1] and (U, V') is uniformly
distributed on the upper triangle of the unit square. The red curve gives the solution of the
corresponding integral equation for the underlying model.

We simulated the mean for the nonparametric MLE and the least squares estimators, min-
imizing (1.6) and (1.7), respectively, using the representation
1 m
m(F)= [ (1= P@)do =300~ F(t) (b1 = ),
i=0
where t; < --- < t,,, are the points of jump of F', and ¢ty = 0 and ¢,,+1 = 1. For this sit-
uation the information lower bound of the asymptotic variance was numerically computed
to be approximately 0.1198987, see Section 4.2 of [3]. There is no explicit expression for
it since it depends on the solution of an integral equation, for which there is no explicit
form either. Based on 10,000 simulations for sample size 1000, we got as estimates of the
asymptotic values of nvar(m(F},)) the value 0.1237086 for the nonparametric MLE, and the
values 0.1240233 and 0.1271471 for the least squares estimators, minimizing (1.6) and (1.7),
respectively.
All estimates give values reasonably close to the information lower bound and the least
squares estimates also give /n-consistent estimates of the smooth functionals. The boxplots
for the three estimates are shown in Figure 7, based on 10,000 samples of size n = 1000.
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(a) (b) (©

Fig 7: (a) Mean estimates of MLE (b) Mean estimates of LS estimates, based on (1.6) (c)
Mean estimates of LS estimates, based on (1.7). All boxplots are based on 10,000 samples
of size n = 1000.

It is clear that the differences of the three estimators are rather small in estimating the first
moment. It should be noted, though, that the finer distinctions in the pointwise behavior of
the estimators are “washed away” in the estimation of the smooth functionals.

4. Conclusion. We stated a limit result for the least squares estimator minimizing (1.6)
for interval censoring, case 2, in the “non-separated case” (‘“‘observation intervals can be
arbitrariy small”), in which situation the limit behavior of the nonparametric MLE is still
unknown. This is Theorem 1 in section 2. For the separated case the limit distribution of the
nonparametric MLE was derived in [4]. One could say (as has been done) that the separated
case is the more important case (“there will always be a positive time interval between ex-
amination times of the doctor’), but the situation where one does not have the limit for the
non-separated case is rather unsatisfactory. After all, allowing arbitrarily small intervals is
mostly a matter of type of scaling one allows.

There is a conjecture that the nonparametric MLE has a faster rate of convergence in
section 5.2 of part 2 of [9] and there also has been the construction of a histogram-type
estimator with a faster local rate in [2], but the result for the least squares estimator and
simulations suggest that this conjecture may not hold for the MLE. See, in particular, Figure
5 for sample size n = 10,000 in the present paper. But it is conceivable that the (nlog n)l/ 3.
rate starts showing up for astronomical sample sizes. It is true that for sample size n = 10,000
its variance has become smaller than that of the LS estimate, reversing the relation between
these variances for n = 1000.

For the least squares estimator minimizing (1.6) one can extend the result to cover the
whole range of situations from separated to non-separated. The least squares estimator min-
imizing (1.6) seems generally to have a smaller (pointwise) variance than the nonparametric
MLE for moderate sample sizes (like n = 1000).

We also discussed a simpler least squares estimatior, minimizing (1.7) which does not
have to be calculated by an iterative procedure and also does not need Lagrange multipliers
to keep the values of the estimator inside the interval [0, 1]. But this estimator is clearly
inferior to the least squares estimator minimizing (1.6) in the pointwise estimation problem.
In estimating smooth functionals, like the first moment, the estimators seem to have a rather
similar behavior, as shown in Section 3

Algorithms for computing the least squares estimator were discussed and in Section 3 we
provide smooth functional theory needed to show that the so-called “off-diagonal terms” in
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the derivation of the asymptotic distribution are negligible. For the well-known case of cur-
rent status data (the simplest case of interval censoring) the least squares approach coincides
with the aproach based on analyzing the likelihood, since in that case the least square estimate
and the nonparametric MLE are the same.

C++ routines with makefiles to check the algorithms and simulations are given in [6]. They
use the iterative convex minorant algorithm.

5. Appendix.

5.1. Variance and drift of the relevant limit process for Theorem 1. Let, for a distribution
function £, the functions v r and v r defined by

(5.1 1/}17F(u,v,50,(51) =g — F(u) — {51 — F(U) + F(u)}
and
(5.2) Yo, r(u,v,00,01) =01 — {F(v) = F(u)} + {0 + 61 — F'(v)}.

Then we have, for fixed ¢9 € (0, M), and W, . is defined by (2.1)

Wn £, (to + ’rl_l/gt) — Wn o3 (to) = / de Fn(S)

Se[to,t0+n71/3t]

-/ g, (00,00,80) 0 + by . (10,60,81) dQ.
u€ltoto+n-1/3¢) " vE[to,to+n-1/3¢] "

Furthermore,

/ g, (0,0.80,61) dQu + [ by . (,0,50,61) dQ,
u€lto,to+n-1/3t]

vElto,to+n—1/3t] "

:/ {1/)171&71(%%50,51) - ¢1,F0('U«77);50751)} dQn,
Ue[to,to+n71/3t]

+/ {%,ﬁn(uwﬁo,(ﬁ) - ¢2,F0(U7’0750;51)} dQp
Ue[to,to+n71/3t]

(5.3) + X, (1),

/ 1k, (u, v, 00, 01) dQp, + / o, 1y (U, v, 60,01) dQp,
Ue[to,to+n71/3t}

Ue[to,to+n71/3t}

/ 1.1 (10,0, 61) d(Qn — Qo)
uE[to,to+n*1/3t}

+ / o (1,0, 80, 61) d(Qn — Qo)
Ue[to,t0+n_1/3t}

where (g is the underlying probability measure for the (U;, V;, Ajo, Ai1). We also define
X, (t) for t < 0 by changing the interval [to, to +n~1/3t] to [to +n~'/3t,o]. For this process,
we have the following lemma.
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LEMMA 5. Let the conditions of Theorem 1 be satisfied and let F}, be the least squares
estimate, minimizing (2.8). Then n%/3 X,, converges in distribution, in the Skorohod topology,
to the process

t o, W(t), teR,
where W' is standard two-sided Brownian motion and oy, is defined by (2.7).

REMARK 3. Note the similarity with Lemma 9.4 in [5], but note that we now take Fj
instead of F}, in the definition of X,,.

PROOF. Note that we can also write:

X,(t)y=n"1 Z {Ajo — Fo(Uj)}

jltoSUJ‘ §t0+n—1/3t

Y A —{R) - RO)H

j:tOSUj §t0+n*1/3t

+n—1 Z {A]’l _{FO(V]) _FO(Uj))}}

Jito<V;<to+n—1/3t

(5.4) +nt > {Ajo+ Aji — Fo(V))}}
jitog‘/}gto+n71/3t

We have:
n*/3var (Xn(t))
~ tFy(to){1 — Fo(to) }{ hi(to) + ha(to)}
M
+t/t {FQ(U) — Fo(to)} [1 — {Fo(’()) — Fo(to)}] h(to,v) d’U
+1t tOO{FO(tO) — Fo(u)} [1 = {Fo(to) — Fo(u)}] h(u,to) du
B M
+2R(t0) [ {Ra(w) = Folta)} to.o) do
to
(55) —|—2t{1 — F(](to)} _O{F(](t()) —Fo(u)}h(u,t(]) du,

where hi and ho are the marginal densities of h.
This is seen as follows. Conditionally on (Uj;, V), the triple (Ajo, Aji,Aj2) has a trino-
mial distribution, with parameters

p=FoUj;), q=F(V;)—-FU;), 1-p—q=1-F(j).

This yields the first three terms on the right of (5.5), since the conditional variances are of the
form p(1 —p), ¢(1 — ¢) and (p+ ¢)(1 — p — q). The last two terms on the right of (5.5) are
due to the covariance of Ajo and —A; in the first two terms and Aj;; and —A 5 in the last
two term on the right-hand side of (5.4), respectively. Other covariances are of lower order,
since these involve values of U; and V/ in the shrinking interval [¢g, o + n~1/3t]. So we get

D
n2/3Xn — o, W, n — 00.

from tightness and the central limit theorem. O
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We can now write
W, g (to + n*1/3t) — Wmﬁn (to) = Xn(t) + Yo (t),
where Y, is defined by

Youl(t) = /u i {Fo(u) - Fn(u)} dH,, (1, 0)

(5.6) +/ {Fo(v)— n(v)} dH,, (),
vE[to,to+n—1/3¢]

and where H,, is the empirical distribution function of the (U;, V).
Let the process G, be defined by

Gn(t) :/ dH,, (u,v) —l—/ dH,, (u,v), t>0.
uel0,1] ve(0,1]

Then £, is the left-continuous slope of the (“self-induced”) cusum diagram, consisting of the
points (0,0) and

(Gn(t),/e[o ) Fp(w) dG(w) +Wn’ﬁn(t)> . t>0,

truncated at O and 1 (if the slope at ¢ is < 0, we put Fn(t) = 0 and similarly, if the slope at ¢
is > 1, we put F,,(t) = 1).
We have:

/ Fro(w) dG(w) + Ya(t)
ue[to,t0+n_1/3t]

= 2/ Fo(u) dH,, (u,v) + 2/ Fo(u) dH,, (u,v)
u€[to,to+n=t/5¢] vE[to,to+n—1/3]

- / {Fg(v) - Fn(v)} dH,, (11, 0)
ue[to,t0+n71/3t]

(5.7) - / {Fg(u) - Fn(u)} dH,, (u,v).
Ue[to,to+n71/3t]
The last two terms are smooth functionals of the model and can be shown to be of order

Op(n_5/ 6). We shall discuss this matter below in sections 5.2 and Section 3.
The conclusion is that

/ Fou(w) dG(w) + W, . (t0+ 138 — W & (to)
w€lto,to+n—1/31] o o

= 2/ Fo(u) dH, (u,v) + 2/ Fo(v) dH,, (u,v)
u€lto,to+n=1/3¢] vE[to,to+n—1/3t]

+ X (t) + Oy (n=2/5).
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This means that n'/3{E,,(to) — Fy(to)} behaves asymptotically as the slope of the greatest
convex minorant of the process

2n2/3/ [to,to+n—1/ t]{FO(u) — Fo(to)} dHy, (u, v)
u€lto,to+n=-1/3

4 on2/3 / y /t]{Fo(u)—Fo(to)}dHn(u,u)+n2/3xn(t)+op(n—1/6).
vE[to,to+n—1/3

in the time scale
nY3{Gn(to+n"Y3) — Gn(to)} ~ t{h1(t) + ha(t)}.

Since

2n2/3/ " /t]{FO(u)—FO(tO)}dHn(u,v)
ue 0,L0 n—1/3

12023 / sy 0000 = Folto) i (.0)
vE[to,totn=1/3

~ fo(to){hi(to) + ha(to) }t?,

the result now follows from Brownian scaling. using a similar computation on the interval
[to + n_1/3t, to] for ¢t < 0.

5.2. Negligibility of the “off-diagonal terms”. In (5.7) we met two terms which we call
“off-diagonal terms”, because, for example in the interior point method for solving the min-
imization problem, they correspond to non-zero off-diagonal terms of the Hessian. This is a
difficulty we do not have to deal with in the current status model. They are the terms

5.8) / (Fo(v) — Ea(v)} dH, (u,v)
W€ [to,to+n—1/3t]

and

(5.9) / {Fo(u) — Fp(u)} dH, (u,v).
vE[to,to+n—1/3]

In (5.8) the variable v roughly varies between tg and M, since we have v > u. Likewise, in
in (5.9) the variable u roughly varies between 0 and ¢.
We now take a closer look at (5.8). First of all, we can write

/ {Fo(v) = Fo(0) } dHi (u,0)

u€lto,to+n=1/3t]

_ / {Fo(v) = Ey(v)} d(H, — H)(u,v)
u€lto,to+n—1/3t]

+/ {Fo(v) — Fy(v)} dH (u,v).
UG[to,to+n71/3t]

For the first term on the right we have:

/ A{F(v) — Fu(v) } d(H, — H) (u,v)
u€lto,to+n=1/3]

_/ Fo(v) d(H, — H)(u,0) - / Fy(0) d(HL, — H)(u,v),
W€ [to,to+n—1/3¢]

Ue[to,to+n_1/3t]
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where both terms are of order Op(n_5/ 6). This is obvious for the first term, and for the second
term if follows from the entropy with bracketing for bounded monotone functions.
So we turn to the term

/ (Fo(v) — En(v)} dH (u, v).
u€[to,to+n—1/3t]

This term is also expected to be of order Op(n_5/ 6). The key to this is the fact that integrals
of the form

b
/ {Fo(z) — Fp(x)} d

for b > a are of order Op(n_l/ 2). This follows from smooth functional theory, discussed in

Section 3. We cannot work with simple upper bounds for the distance between F, and F,,
since these will only give us order O, (n~%/3) instead of order O, (n~/%).
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