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Abstract

We extend several recent results providing
symmetry-based guarantees for variational
inference (VI) with location-scale families.
VI approximates a target density p by the
best match ¢* in a family Q of tractable dis-
tributions that in general does not contain p.
It is known that VI can recover key properties
of p, such as its mean and correlation matrix,
when p and Q exhibit certain symmetries
and ¢* is found by minimizing the reverse
Kullback-Leibler divergence. @~ We extend
these guarantees in two important directions.
First, we provide symmetry-based guaran-
tees for f-divergences, a broad class that
includes the reverse and forward Kullback-
Leibler divergences and the a-divergences.
We highlight properties specific to the reverse
Kullback-Leibler divergence under which we
obtain our strongest guarantees. Second, we
obtain further guarantees for VI when the
target density p exhibits even and elliptical
symmetries in some but not all of its coordi-
nates. These partial symmetries arise natu-
rally in Bayesian hierarchical models, where
the prior induces a challenging geometry but
still possesses axes of symmetry. We illus-
trate these theoretical results in a number of
experimental settings.

1 INTRODUCTION

Variational inference (VI) is a popular methodology
for Bayesian inference and probabilistic machine learn-
ing (Jordan et al., 1999; Wainwright and Jordan, 2008;
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Blei et al., 2017). The modus operandi of VI is to posit
a family of tractable distributions @ and find within
this family the best approximation to a target distribu-
tion p. VI is typically presented as a scalable alterna-
tive to more classical algorithms, such as Markov chain
Monte Carlo (MCMC, Robert and Casella, 2004).
While VI can quickly obtain an approximation within
a constrained family Q, it is often unclear how well this
solution approximates p (e.g., Yao et al., 2018; Gior-
dano et al., 2018; Talts et al., 2018; Huggins et al.,
2020; Dhaka et al., 2021). For this reason it is useful
to understand the conditions under which VI returns
approximations that are provably accurate. This paper
contributes to a growing body of work on this subject
(e.g., Wang and Blei, 2018; Katsevich and Rigollet,
2024; Margossian and Saul, 2025).

Most approaches to VI seek an approximation in Q
by minimizing the reverse Kullback-Leibler (KL) di-
vergence. But VI can be formulated with other di-
vergences, some of which possess attractive proper-
ties, such as the forward KL-divergence (Wainwright
and Jordan, 2008; Naesseth et al., 2020; Vehtari et al.,
2020) and the a-divergences (Li and Turner, 2016; Di-
eng et al., 2017; Daudel et al., 2023). It is known that
different divergences, when minmized, can return dif-
ferent solutions, even when the optimization is carried
over the same family Q. For this reason, it is of in-
terest to understand which positive guarantees for VI
hold across a range of divergences and are not sensitive
to a particular choice of objective function. Here, we
consider this question for f-divergences (Rényi, 1961).

Our work extends recent guarantees when Q is a family
of location-scale distributions and the best variational
approximation is found by minimizing the reverse KL
divergence. Here it is known, under certain conditions,
that VI recovers both the mean and correlation matrix
of p whenever p is, respectively, even and elliptically
symmetric (Margossian and Saul, 2025). We gener-
alize these results in two directions. First, we obtain
similar guarantees for VI with a broader class of diver-
gences. Second, we show that if p exhibits symmetries
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in some but not all of its coordinates, then VI recovers
the partial mean and correlations along these coordi-
nates. Of special note is that such partial symmetries
arise in models with hierarchical priors.

Related work. Much of the literature on VI focuses
on minimizing the reverse KL-divergence. Here, our
work most closely builds on recent guarantees for VI in
the presence of symmetries, despite misspecifications
in the family Q (Margossian and Saul, 2025). Ear-
lier studies have also demonstrated VI’s ability to re-
cover the mean, empirically (e.g., MacKay, 2003; Gior-
dano et al., 2018) and theoretically (e.g., Katsevich
and Rigollet, 2024), and others have obtained posi-
tive results when VI is used to maximize a marginal
likelihood (Jordan et al., 1999; Li and Turner, 2016) or
construct frequentist estimators (Wang and Blei, 2018;
Alquier and Ridgway, 2020; Yang et al., 2020; Zhang
and Gao, 2020). On the other hand, many studies
have proven negative results for VI, particularly when
it is used to quantify uncertainty in p (MacKay, 2003;
Turner and Sahani, 2011; Giordano et al., 2018; Mar-
gossian and Saul, 2023; Margossian et al., 2025). A
complementary line of work examines post-hoc diag-
nostics to assess the quality of VI—for example using
importance sampling (Yao et al., 2018; Vehtari et al.,
2024) or error bounds based on the Wasserstein dis-
tance (Huggins et al., 2020; Biswas and Mackey, 2023).

Previous studies have also explored alternative objec-
tive functions for VI. For example, when the forward
KL-divergence is minimized by VI, it is known that
the optimal Gaussian approximation exactly recovers
the target density’s mean and covariance. (Wainwright
and Jordan, 2008). Studies have also shown that when
different divergences are minimized, the approxima-
tions from VI yield different quantifications of uncer-
tainty and different estimators of the marginal likeli-
hood (Li and Turner, 2016; Daudel et al., 2023; Mar-
gossian et al., 2025). Our results provide a counter-
point of sorts: we show that in the presence of certain
symmetries, variational approximations from different
divergences may all recover the mean and the correla-
tion matrix of p, even when other properties of p are
poorly estimated.

Finally, our study of partial symmetries relates to a
large literature on the geometry of posteriors in hier-
archical models and the interplay of this geometry with
inference algorithms (e.g. Neal, 2001; Papaspiliopoulos
et al., 2007; Betancourt and Girolami, 2015).

2 PRELIMINARIES

In this section, we provide formal definitions and iden-
tify the assumptions behind our theoretical analysis.

2.1 Objective functions for VI

VI minimizes a divergence between a target p(z) and
an approximation ¢(z) over a family Q of parameter-
ized distributions. We focus on the continuous case,
with 2z € R?, and assume p(z) and ¢(z) both admit a
density with respect to a Lebesgue measure.

There are many choices of divergences which can, at
least in theory, be optimized for VI. The most common
choice is the reverse KL divergence,

KL(q(2)lIp(2)) :/(logq(Z)*10gp(2))Q(Z)dZ' (1)

In many applications, it is only possible to evaluate an
unnormalized target density p, however, substituting
p with p in the above equation does not change the
underlying optimization problem. When the integral
in eq. (1) is intractable, it can be approximated via
Monte Carlo using draws from ¢. KL(q(z)||p(2)) is
then minimized by stochastic optimization.

There exist several alternatives to the reverse KL-
divergence. Certain algorithms approximately mini-
mize the forward KL-divergence (Naesseth et al., 2020;
Vehtari et al., 2020). A generalization of the KL-
divergences is provided by the a-divergence (Li and
Turner, 2016; Dieng et al., 2017; Daudel et al., 2023),
which interpolates between the reverse and forward
KL-divergences, respectively, in the limits o — 0 and
a— 1 when the a-divergence is defined as in Cichocki
and Amari (2010). Furthermore, for @ = 1/2, min-
imizing the a-divergence is equivalent to minimizing
the squared Hellinger distance. Another useful mea-
sure of discrepancy between distributions is the total
variation distance, used for MCMC (e.g. Roberts and
Rosenthal, 2004). Many of the here discussed objective
functions are not used for VI because they are too diffi-
cult to compute in high dimensions. Even for idealized
objective functions, however, it remains of theoretical
interest to understand when they yield an approxima-
tion g that recovers statistical properties of p.

We consider a broad class of divergences that includes
all the divergences (and distances) described above.

Definition 1. (f-divergence (Rényi, 1961)) We refer
to a divergence as an f-divergence if it can be written

Dstolle) = [ £ <ZE§) i, 2)

where f : RT — R is such that (i) f is convez, (ii)
f(1) =0 and (iit) limy o+ f(u) = f(0).

It will be useful to work on the log scale and reason
about the properties of log p(z). To do so, we introduce
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Divergence Notation f(u) o(v)
(Reverse) Kullback-Leibler KL(q||p) —logu —v
a-divergence, a > 0 D.(pllq) a’é:j) ;E:—_ll)
(Forward) Kullback-Leibler — KL(pl|q) ulogu vel
Squared Hellinger distance H(pllg) (Vu-1)? (e%” - 1)2
Total variation distance TV(p,q) lu— 1] lev — 1]

Table 1: Common f-divergences. The f-divergences can be reformulated with the @ function when v = logu.
Our theoretical results requires ¢ to be differentiable, which is verified by all the divergences in the table. We
obtain stronger guarantees when ¢ is conver and decreasing. In this table, these conditions are only verified by
KL(q||p). We further obtain results on partial symmetry for KL(q||p) by exploiting the fact ¢ is linear.

the function ¢ : R — R, defined as,

We then write,

Do) = [ o (1#28) w)de (4)

For ¢ defined as in eq. (3), Dy,(p||q) = D¢(pl|lq). In
this paper, we work with the formulation in eq. (4),
noting that any results that apply to D, (p||g) apply
to the corresponding D¢ (pl|g). Table 1 provides exam-
ples of common f-divergences with the corresponding
f and ¢ functions.

Our theoretical analysis requires that the functions f
is differentiable, an assumption that is tacitly made
when practitioners use stochastic optimization in VI.
An immediate consequence of this assumption is that ¢
is also differentiable. We obtain our strongest results
when ¢ is convex and monotone decreasing. When
these properties hold, we are able to identify settings
where the f-divergence has a unique global minimizer
with respect to the variational parameters of q. These
conditions on ¢ are only verified by KL(g||p) among
the divergences in Table 1. Similarly, one of our re-
sults on partial symmetry requires ¢ to be linear which
is again only verified by KL(g||p). These conditions,
while sufficient, may not be necessary. Finding weaker
conditions that apply more broadly to f-divergences
is an open question.

2.2 Even, elliptical, and partial symmetries
We focus on VI in settings where the target p and the
approximation ¢ exhibit certain symmetries.

Definition 2. (Fven/odd symmetry.) We say a func-
tion f : R? — R is even (odd) symmetric about a point

v € R if, for all { € RY, it satisfies

(even) J(r+¢) = +f(v—0), (5)
(odd) f(v+¢) =

Remark 3. If p(z) has a finite first moment and is
even symmetric about v € R%, then E,(2) = v.

Next we define elliptical symmetry. As shorthand, we
use ||z —v||p—1 to denote the Mahalanobis distance
V=) TM-1(z—v).

Definition 4. (Elliptical symmetry.) We say that
f:RI =R is elliptically symmetric about v € R? if
there exists a positive-definite matriz M € R¥? with
trace(M)=d, such that for any pair z, 2’ €R?, we have

f(2) = f(z") whenever ||z — v||p-1 = |12 — v||pr—1-
(7)
Remark 5. If p(z) is an elliptically symmetric den-
sity, then the matrix M in Definition / is proportional
to its covariance matriz, and p has correlation matrix
Corrylzi, z;] = M;j/\/MiiMj;. In this case we will
refer to M as the normalized covariance matriz of p.

In some cases, p may only be symmetric along some
set of coordinates 0. We formalize this notion below.

Definition 6. (Symmetry along o) Consider a distri-
bution p(z,,z5). We say p is even symmetric along o
if for each z5, p(z4|25) is even symmetric about some
point my(z5). We also say p is elliptically symmetric
along o if, for each z5, p(25|25) is elliptically symmet-
ric with some normalized covariance matric My (25).

We provide an illustrative example of partial symme-
try. The elliptical funnel is the distribution over 7 € R
and 6 € R™ generated by

T~ N(0,1), 0~N(0,e7C), (8)

where C' is a correlation matrix. This is an extension
of the well-known funnel (Neal, 2001), in which C is
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Figure 1: VI Gaussian approximation of an elliptical
funnel, obtained by minimizing KL(q||p). The funnel
is asymmetric along T but symmetric along 6 and so
VI provably recovers the mean and correlations of 6.

diagonal. The geometry of the funnel is typical of hier-
archical priors and prone to frustrate many inference
algorithms. But the funnel also has certain partial
symmetries: the conditional distribution p(6|7) is el-
liptically symmetric with a point of even symmetry
and a normalized covariance matrix (proportional to
() that do not depend on the variable 7. Later we
will show that VI provably recovers the mean and the
correlations along @ when Q is a family of elliptical
distributions—even when VI misestimates the mean
for 7 (Figure 1).

2.3 Location-scale families

To match the symmetries of p, we need a family Q
whose distributions exhibit the same symmetries. One
natural choice for Q is a location-scale family, which
we define now in terms of the natural square-root S1/2
of a positive definite matrix S.

Definition 7. Let qq be a density over R*. A location-
scale family Q is a two-parameter family {q, s} of den-
sities over RY satisfying

Gv,5(2) = qo(S™% (z—v))[S| 2, (9)

for all z,v €R? and positive-definite matrices S € R¥*
We say that qo is the base density of Q and that v
and S are its location and scale parameters.

Definition 8. A location family Q is a one-parameter
subfamily q, of a location-scale family whose densities
share the same scale.

Location-scale families are prominent in statistics and
probabilistic modeling. Examples include the Gaus-
sian, Laplace, Student-t, and Cauchy distributions.
They are also popular choices for VI (e.g., Ranganath
et al., 2014; Kingma and Welling, 2014; Kucukelbir
et al., 2017; Cai et al., 2024b), where Q is often taken
to be the family of Gaussians. Throughout the paper,
we assume that the base distribution qg is spherically
symmetric about the origin (and therefore also even
symmetric about the origin).

2.4 Regularity conditions on p and ¢

Our theoretical analysis is aided by imposing certain
regularity conditions on p and ¢q. First, for all of our re-
sults, we require that p is differentiable, and more gen-
erally, that for each g € Q we can interchange the order
of differentiation and integration when differentiating
D, (pllg). The formal conditions for this assumption
are provided by the dominated convergence theorem
(e.g., Billingsley, 1995). This assumption is needed to
minimize D, (p||q) via stochastic optimization, and in
particular to compute Monte Carlo estimates of gra-
dients with respect to the variational parameters.

Second, for some of our stronger results, we addi-
tionally assume that the density p(z) or p(z,|z5) is
somewhere-strictly log concave, as defined below.

Definition 9. We say f : R — R is somewhere-
strictly log concave if f is log concave on all of R?
and strictly log concave on some open set of R?.

This assumption is needed to ensure that D, (p||q) is
strictly convex with respect to the variational param-
eters. With this assumption, we can relate stationary
points of Dy (p||g) to unique minimizers of Dy (pl|q).

3 THEORETICAL GUARANTEES

In this section we provide generalized guarantees for
VI that follow from different types of symmetry.

3.1 Guarantees from even symmetry

First we generalize earlier guarantees for VI with
even symmetries (Margossian and Saul, 2025) to the
broader family of f-divergences.

Theorem 10 (Exact Recovery of the Mean).
Let Q be a location family and let Dy be an f-
divergence. If p is even symmetric about u, then
a stationary point of Ds(pl|lq,) occurs at v=p.
Furthermore, if p(v) = f o exp(v) is convezr and
strictly decreasing, and p somewhere-strictly log
concave over R%, then V=[ 1S @ Unique minimaizer

Of Df(qul/)'

Proof. Let ( = z—v. By definition, ¢,(z) = ¢o(¢).
Using the formulation of the f-divergence in eq. (4),
we have

Dy (pllgy) =/s0 (log %) q(¢)d¢.  (10)

We now differentiate with respect to v and carry the
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gradient through the integral.

V. Dy (pllqy)

- [ (1og P (g

RS

VCp V+< ’ p(V+ C)
/ (mg o )qo@)dc, (1)

where in the final line, we use the symmetry of v and ¢
in the argument of p to rewrite the gradient with re-
spect to ¢ rather than v. If we set v =y, then p(v+() is
even symmetric about the origin and V¢p(r+() is odd
symmetric. All other terms in the integrand are even
symmetric; hence the integral vanishes, indicating that
a stationary point of D, (p||g,) occurs at v=p.

Now suppose that ¢ is convex, strictly monotone de-
creasing and p is somewhere-strictly log concave on
R?. Then we show in Lemma 15 of Appendix A.l
that Dy (pl|g.) is strictly convex in v, and hence the
stationary point at y=v is a unique minimizer. O

Theorem 10 allows for several misspecifications in the
variational approximation. For example, ¢ may be fac-
torized while p is not, or g and p may behave differently
in their tails. Fig. 2 (left) illustrates VI’s ability to re-
cover the mean when p(z) is a 2-dimensional student-t
distribution with 5 degrees of freedom and correlation
p=0.7, and Q is a family of factorized Gaussians. Min-
imizing the f-divergences in Table 1 (via grid search),
we find that they all yield the same, exact estimate
of the mean v. Interestingly, the exact mean is recov-
ered for all five divergences; this is in fact a stronger
result than what the theorem guarantees. Indeed, the
theorem states that the mean-matching solution is a
stationary point. On the other hand, the conditions
required for this stationary point to be a unique mini-
mizer are not verified in this example because p is not
log concave (rather it is quasi concave) and ¢ is not
convex and decreasing for the divergences in Table 1,
except for KL(g||p).

We conclude this section with an illustrative example
of an asymmetric target p. Let

p(z) = skewed-N(0,2% k)
q(z) = Laplace(y, 1), (12)

where kK €R™ controls the skewness of p. Here we chose
Q to be the family of Laplace distributions, so that the
approximation remains misspecified even when k=0
and the target is perfectly even symmetric. For k=0,
all divergences yield a solution that recovers the mean
of p (within some error in the stochastic grid search).

3
N 2 N
i H(p, o)
KL(qIIp)
0 TV

(P,
(P"‘l)

o — Kol
— target

Figure 2: Variational approximation of a multivariate
student-t by a Gaussian. Empirically, for each diver-
gence in Table 1, the mean of the student-t is recovered
by a factorized Gaussian approzimation (left), while
its correlation matriz is recovered by a mon-factorized
Gaussian approzimation (right). However, each diver-
gence returns a different estimate of variance. For the
a-divergence, we use o = 0.5.

As k increases, however, the error in the mean in-
creases for all divergences, though not to the same
extent; see Fig. 3.

3.2 Guarantees from elliptical symmetry

Next, we present guarantees for VI with elliptical
symmetries. Our results are stated in terms of f-
divergences, however the conditions we impose on ¢,
and hence on f, restrict the application of our results
to KL(g||p) in Table 1, and so our results only provide
a nominal generalization of the guarantees derived by
Margossian and Saul (2025). Still, we present the re-
sults for completeness.

To begin, we note that if p is elliptically symmetric,
then it admits a point of even symmetry, p, and a
normalized covariance matrix, M. In this case, there
exists a spherically symmetric density pgy satisfying

p(2) = po (M_% (2

Since pg is spherically symmetric, we can define a func-
tion g : [0, 00) — [0, 00) such that g(]|¢||) = po(t). With
this definition we have the following theorem.

— )| M| "2, (13)

Theorem 11 (Exact Recovery of the Mean and
Correlation Matrix). Let Q be a location-scale
family, and let Dy be an f-divergence with p(v) =
foexp(v) convexr and strictly decreasing. Suppose
p is somewhere-strictly log concave over R and
elliptically symmetric about p with normalized co-
variance matriz M; also, suppose g (as defined
above) is everywhere continuously differentiable
with |¢’(0)] < co. Then D¢(pllq) has a unique
minimizer with respect to the location-scale pa-
rameters (v,S) of Q at v=yp and S =~*M for
some v € R.

A full proof is given in Appendix A.2. The main idea
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Figure 3: VI approzimations to a skewed normal p with a Laplace distribution. (Left) When p has no skew (k=0),
its mean is recovered by VI with all the divergences in Table 1; when p is largely skewed (k=5), the results disagree.
(Right) The plot shows the error in the mean estimate (averaged over 10 stochastic optimizations).

is to rewrite Dy (p||gy,s) as an integral over spheri-
cally symmetric functions in the transformed variable
¢(=5"2(z—v). Then, with some technical machin-
ery, it can be shown that a unique stationary point
of Dy(p||gy,s) occurs at v = p and S = 4?M, thus
recovering the exact mean and correlation matrix.

Fig. 2 (right) illustrates VI's ability to recover these
statistics when p is a student-t distribution and @ is
the family of multivariate Gaussians. Though each
divergence in Table 1 yields a different approximation,
they all recover the mean and correlation of p. As
before, this experiment provides a stronger result than
the theorem predicts, since exact recovery of the mean
and correlation is achieved by all divergences, and the
target p is quasi-concave, rather than log concave.

3.3 Guarantees from partial symmetry

Finally we provide guarantees under which ¢ recovers
the marginal mean and correlation matrix along coor-
dinates of partial symmetry. We use o to denote the
coordinates along which p is symmetric and & to de-
note the remaining coordinates. In this notation, we
decompose the variational parameters of g as

Vs So’o’ SUET
v=()os=( &)

and we use S,|5 to denote the conditional scale matrix
of g. We also decompose the mean p = (gq, 5) and
covariance Y of the target density p in a similar way.

Theorem 12 (Exact Recovery of the Partial
Mean along o). Let Q be a location family. If p
is even symmetric along o with a constant point
of even symmetry, then v, = u, is a Sstation-
ary point of D¢(pllg,) for any fizred vs. Also,
if p(v) = f oexp(v) is strictly decreasing and
p(25)25) is somewhere-strictly log concave over
Rlel, then v, = po at all stationary points of

D, (pllqv)-

A complete proof is given in Appendix A.3, and its
steps closely follow those for the proof of Theorem 10.

We now provide guarantees for VI when p is ellipti-
cally symmetric along o. For these guarantees, we
must make a number of additional assumptions. First,
we require ¢ to be linear, an assumption which is
only verified by KL(qg||p) in Table 1. Second, we take
Q to be the family of mulitvariate Gaussians (as op-
posed to any location-scale family). Third, we assume
that the conditional mean and normalized covariance
matrix of p(z4|25) do not depend on z5. (The util-
ity of these assumptions is made clear in the proof
of the next theorem.) Despite these restrictions, the
theorem still has a fairly broad scope: it covers the
most common setting of black box VI (e.g. Kucukel-
bir et al., 2017), where KL(¢||p) is minimized to find
the best multivariate Gaussian approximation ¢, and
it also covers non-trivial target densities such as the
Rosenbrock distribution (Roberts et al., 1997) and the
funnel of eq. (8) and some extensions we explore in Ap-
pendix A.5. The latter often characterizes hierarchical
priors in Bayesian models.

To state the theorem, we introduce (as before) a spher-
ically symmetric distribution pg, this time constructed
from the conditional distribution

“He-w)[BTE (15)

We also define the function g:[0,00) — [0,00) given
by g(||t||) = po(t). Then we have the following:

P(20]25) = po (2

Theorem 13 (Exact Recovery of the Partial Cor-
relations along o). Let Q be the family of multi-
variate Gaussians. Suppose p is elliptically sym-
metric along o about a constant point of even
symmetry and with a constant normalized covari-
ance matriz, and suppose g is continuously differ-
entiable and |g' (0)| <oo. Also suppose p(zy|25) is
somewhere-strictly log concave over RI°l.  Then
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any manimizer of KL(q||p) satisfies vy = s and
Soe =7>Tge for some unique v € R.

Proof. The variational approximation is found by min-
imizing KL(q||p). We can decompose KL(q||p) as

KL(gllp) = KL(gs| | ps) + / KL(go(s || pots) a(zs) dzs-

0 (16)
Note that the reverse KL divergence, for which ¢(u) is
linear in Table 1, is the only f-divergence that permits
such a decomposition. The keystone of the proof is to
find values for (v, Sys,Sy5) that uniformly minimize
the integrand of eq. (16) for all values of z5, and then
to note that this minimum is realized for any values of
(Vs,S55) that fix ¢(z5) and hence KL(gs || p5) in the
remaining term.

We now show how to find these values. Per Theo-
rem 11, the KL divergence in the integrand of eq. (16)
is minimized if ¢(z,|25) matches the mean and nor-
malized covariance matrix of p(z,|z5), or equivalently
if Eq20|25) =Ep|20|25] and Covy[zs|25]) x Covplzs|25).
From the properties of conditional Gaussians, we then
require that

EP[ZO-|Z,§-} = Vs + SO‘E'S;;(Z& - V5)7 (17)
Covylzs|25] X (Soo — So5S54 Sso)- (18)

Since p has a constant point of even symmetry, the
right side of eq. (17) cannot depend on z5, and so we
set So5 = 0. Then eq. (17) is solved by v, =Ep[2|25]
and eq. (18) by S, ox Covplzs|25]. Finally, we show
in Lemma 17 of Appendix A.4 that p, =E,[2,|25] and
Yoo X Covylzs|25] if p is elliptically symmetric along
o with a constant point of even symmetry and a con-
stant normalized covariance matrix. This completes
the proof. O

Some of the conditions for this proof can be relaxed.
In Appendix A.4, we consider the case where E, [z, |25]
is a linear function of z; and show that Gaussian VI
provably recovers the conditional mean and correla-
tions. In Appendix A.5, we apply these theoretical
results to the funnel of eq. (8) and variations thereof.

4 NUMERICAL EXPERIMENTS

We investigate the performance of VI on a diverse
set of target densities (Table 2). The first three are
synthetic—a multivariate student-t, an elliptical fun-
nel, and a crescent distribution—and the others are
derived from Bayesian hierarchical models, including
a model of education data (Gelman et al., 2013), a
sparse kernel interaction model of gene microarray

data (Agrawal et al., 2019), and a Gaussian pro-
cess model of mortality counts with a Poisson likeli-
hood (Vanhatalo et al., 2010). The full definition of
each model is provided in Appendix B.1.

4.1 Are Bayesian posteriors symmetric?

We now discuss how approximate symmetries may
arise in a Bayesian analysis. Given a latent variable z
and observation x, the posterior is given by 7(z|x)
7w(z)w(x|z), and the likelihood often factors as
n(z|z) =]]; 7(z;]z). In general this product may not
have an even or elliptical symmetry even when one is
found in each of its terms. However, if the product is
dominated by a symmetric prior (for sparse data) or
the likelihood (for rich data), then the posterior tends
to be approximately symmetric (Margossian and Saul,
2025). In the latter regime, the Bernstein-von Mises
theorem (van der Vaart, 1998) is often invoked to ar-
gue the posterior is approximately Gaussian.

One expects less symmetry in hierarchical models with
asymmetric priors, as in eq. (8). Further complexity
arises when the prior mean and the correlation C for
0 depend on additional hyperparameters u, p € R,

0 ~ N(p,e*C(p)), (19)

as in Gaussian processes and, for example, the
disease and SKIM targets in Table 2. But there
are also strategies to mitigate these sources of asym-
metry, without changing the generative model. One
strategy is to use a non-centered parameterization
(Papaspiliopoulos et al., 2007). Let L denote the
Cholesky decomposition of the prior covariance ma-
trix in eq. (19), such that LLT =exp(27)C(p). This
strategy introduces an auxiliary variable e~N(0,1)
and recomputes the likelihood (equivalently) as
m(xle) = m(x|@=Le + pu). A Bayesian inference algo-
rithm then approximates the posterior 7(e, u, 7, p|z),
where the funnels in the prior have been removed due
to the independence of € and 7. A caveat is that this
non-centered parameterization can complicate the like-
lihood, especially in rich data regimes, leading to a
challenging posterior geometry.

A second strategy is to marginalize out 6 and perform
inference over the collapsed posterior,

WW%M@“ﬂMﬂMAW@mMﬁmM-(%)

Here the marginalization serves to remove the funnel
over f and 7 in the prior. Inference on 6 is performed
post-hoc by approximating 7 (0|u, 7, p, z). If the likeli-
hood is normal, then the marginalization is tractable;
otherwise it must be approximated—for example, via
an integrated Laplace approximation (e.g., Rasmussen
and Williams, 2006; Rue et al., 2009).
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Call name d Description ago  Qgo (nc)  ago (marg)
student 2 Elliptical target with heavy tails. 0
funnel 4 Elliptical funnel with partial symmetry (eq. 8). 0.061
crescent 3 Elliptical Rosenbrock distribution. 29.36
schools 10 Bayesian hierarchical model for education data. 287.79 1.74 1.03
disease 102  Gaussian process model for epidemiology data. 231,836 137.80 0.75
SKIM 305 Sparse kernel interaction model for genetic data. 220,485 138.29 NA

Table 2: Target distributions for experiments and estimated asymmetry agg; see eq. (21). The hierarchical models
(schools, disease, SKIM) were implemented using (i) a standard centered parameterization, (ii) a non-centered
parameterization with less asymmetry, (1) an approzimate marginalization of the latent variables, yielding a
collapsed (and even less asymmetric) posterior; see the discussion in section 4.1.

We implement each hierarchical model in three ways,
via a standard (centered) parameterization, a non-
centered parameterization, and a marginalized target
(where the marginalization is performed exactly for
schools and approximately for dissease and SKIM).
Empirically, we find the latter strategies to produce
less asymmetric targets; see Table 2.

4.2 VI algorithm

We use automatic differentiation VI (ADVI, Kucukel-
bir et al., 2017), as implemented in STAN (Car-
penter et al., 2017; Stan Development Team, 2025).
ADVI employs a Gaussian approximation and min-
imizes KL(q||p) via stochastic optimization. Details
on the implementation of ADVI are described in Ap-
pendix B.2. While our theorems consider more gen-
eral f-divergences, we do not have a reliable way to
minimize these divergences, and so we only give re-
sults for KL(g||p). For models with a collapsed poste-
rior, we use STAN’s prototype integrated Laplace ap-
proximation (Margossian et al., 2020). As a bench-
mark, we approximate 7 (z|z) with exact sampling of
the synthetic targets and long runs (20000 iterations)
of STAN’s Hamiltonian Monte Carlo sampler (Hoff-
man and Gelman, 2014; Betancourt, 2018) with a non-
centered parameterization for the hierarchical models.

4.3 Results

Our first results investigate the ability of VI to recover
the mean in the presence (or absence) of even symme-
try. For each target density in Table 2, we stochasti-
cally measure its asymmetry. Given a sample z from
p(z), we compute a reflected sample 2’ = [i—z, where i
is the benchmark estimate of the mean of p. Then we
measure the asymmetry of the target by computing

a(z) = |logm(z,x) —logm(z, x)|. (21)
If m(x,z) is even-symmetric about fi, then a(z) =0

for all z. We evaluate a(z) for 20,000 samples, and
report its 90*" quantile in Table 2. This procedure

disease_c i -
skim_c o
schools_c =k : L
skim_nc
disease_nc ; -
crescent + '
schools_nc 28
skim_laplace + L ==
schools_marge y
disease_laplace =e =
funnel
student

1e-03 le-01 le+01

Scaled error in mean

Figure 4: Absolute error in VI’s mean estimate scaled
by the target’s standard deviation. The targets are or-
dered, bottom to top, from most to least symmetric.
The dotted line is the standard error obtained with 100
independent draws. As a trend, VI returns better es-
timates of the mean for more symmetric targets. The
mean is also better estimated in the funnel, crescent,
and disease along the coordinates o whose priors ex-
hibit a partial symmetry.

works for all of the models except SKIM (where there
are numerical instabilities in the reflected density due
to the integrated Laplace approximation).

From the above procedure, we know which targets are
more or less (approximately) even symmetric. Next
we report the absolute error in the means that are es-
timated by VI across all coordinates; see Fig. 4. Over-
all, we find that for more symmetric targets, VI yields
better estimates of the mean. We also plot the errors
separately along coordinates which are (a priori) even-
symmetric versus those which are not. In the funnel,
crescent and disease models, the mean is better es-
timated along the former, but in other models, the
errors are comparable.

We find a similar trend for estimates of correlations;
generally VI yields better estimates in models with
more symmetry. This trend is clear for the synthetic
targets, less so for the hierarchical models, perhaps
because the latter have many nearly zero correlations.
We provide these results in Appendix B.3.
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5 Discussion

In this paper we provide some extension of
symmetry-based guarantees for VI when minimizing
f-divergences, although our stronger results still only
apply to KL(q||p). We also provide guarantees in cases
where p exhibits partial symmetries. Our results pro-
vide not only theoretical insight, but also prescriptions
for practitioners using VI to approximate the posteri-
ors of Bayesian hierarchical models. They suggest, in
particular, that VI can be improved by implement-
ing these models in certain ways. These prescriptions
are reminiscent of those known to improve the perfor-
mance of MCMC samplers on challenging posteriors
(e.g., Betancourt and Girolami, 2015; Gdémez-Rubio
and Rue, 2018; Margossian et al., 2020)

The above considerations suggest one way to improve
VI in Bayesian hierarchical models. But a more
common approach is simply to choose a richer vari-
ational family Q—for example, one allowing skewed
approximations (Tan and Chen, 2024), or even semi-
parametric or non-parametric approximations (e.g.,
Agrawal et al., 2020; Xu et al., 2023; Cai et al., 2024a;
Xu and Campbell, 2025). While this approach requires
less bespoke manipulations of p, its computational ex-
pense grows quickly with the complexity of Q. It is
therefore of interest to understand how well simpler
variational families can perform. Moving forward, we
advocate a workflow in which VI proceeds first with a
restricted family Q (e.g., factorized or location-scale),
the accuracy of the inference is checked (here, it would
be interesting to develop a symmetry-based check),
slight corrections are applied (e.g., Yao et al., 2018;
Giordano et al., 2018) and Q is progressively complex-
ified as necessary.
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Appendix

A SUPPORTING PROOFS

In this appendix we provide additional Lemmas which support the proofs in the main body, as well as an
extension of Theorem 13.

A.1 Strict convexity of Dy(p||q,) for ¢ convex and decreasing

In this section, we show that if p is somewhere-strictly log concave and ¢(v) = foexp(v) is convex and monotone
decreasing, then Dy(p||g,) is strictly convex in v. We begin with a weaker result.

Lemma 14. Let q, be a location distribution with location parameter v € R% and base distribution qo.
Suppose p is log concave over R? and ¢ : R — R is monotone decreasing and conver. Then p(logp(z) —
log ¢, (2)) is convez in v for all z.

If in addition, (i)  is strictly monotone decreasing and p is strictly log concave, OR (ii) ¢ is strictly convet,
then (log p(z) — log g, (2)) is strictly conver in v.

Proof. Let ( =z — v. Then

p(2) p(C+v)

= log =:g¢(v),
4 (2) () )
where the function g¢(v) is introduced for notational convenience. By assumption p(z) is log concave and
therefore p(z 4+ v) is log concave in v. Explicitly, for A € (0,1) and vp,v1 € R,

log (22)

9¢((1=Mro + Avn) = (1= N)ge(vo) + Age(v1)- (23)

Then, from the decreasing monotonicity and convexity of ¢,

p(C+ (1= Ny + Avy)
7 (log o) >

@(g9¢((1 = Mo + Avr))

e((1 = Nge(vo) + Agc(vl)) (24)
(1= XNe(ge (v )) + /\90(94 (25)

g¢
(1= N\ <log ) (log g; ”1)> . (26)

IAIA

Thus, ¢(logp(z) —logq,(z)) is convex in v.

Furthermore:

(i) The inequality in eq. (24) is strict if ¢ is strictly monotone decreasing and p is strictly log concave in z.

(ii) The inequality in eq. (25) is strict if ¢ is strictly convex.
In either case, the inequality in eq. (26) becomes strict. O

Building on Lemma 14, we obtain a result about the strict convexity of D(p||q).
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Lemma 15. Assume the reqularity conditions on p and q described in Section 2.4, and in particular that p
is log concave over R. Consider the f-divergence Dy (p||q) and suppose one of the following:

(i) p is somewhere-strictly log concave and ¢ is strictly monotone decreasing, OR

(ii) p(v) = f oexp(v) is monotone decreasing and strictly convez.

Then Dy (pllg,) is strictly convex in v.

Proof. We will start by assuming condition (i).

Let vg, 1 € R? and let A € (0,1). As a shorthand, we write vy = (1 — )y + Avy. By assumption, there exists a
set €2 over which p is strictly log concave. Let

Oy = {CeRYvy +C €} (27)

Consider the function g; : R? — R, with g¢(v) = logp(¢ + v) — log go(¢). We will now derive an inequality on
g¢, using Proposition 11 of Margossian and Saul (2025). The latter only applies to functions with a univariate
input and so we introduce h¢ : R — R, a function whose domain R is the line that goes through vy and v;. For
v ER, he(v) = gc(v). Then, for ( € 2y and applying Proposition 11 in Margossian and Saul (2025), we have

he(va) > (1= Nhe(vo) + Ahe(v1). (28)

Then,
gc(wa) > (1 = A)ge(vo) + Age(v)- (29)

By assumption (condition (i)), ¢ is strictly monotone decreasing and so,

P(gc(ra)) < (1= Ap(ge () + Ap(ge (1)) (30)

Next, denote Q the complement of Q. Then

Dy (pll,) = / (90 (O)dC + / (9c())a0(C)dC.

Qx Qx

From eq. (30), we have

/Q ©(9¢(2))q0(€)d¢ < /Q [(1 = AN)e(ge(v0)) + Ap(ge (¥1))]g0(C)dC. (31)
Next, p is log concave and ¢ monotone decreasing by assumption. Then, by Lemma 14,
/Q ©(g¢(a))g0(¢)d¢ < /Q [(1 = Ne(ge(v0)) + Ap(gc(¥1))]go(C)dC. (32)

Combining these two inequalities, we obtain that D (p||q) is strictly convex.

We now consider assumption (ii). In that case, we apply Lemma 14 and obtain from the strict convexity of ¢
that ¢(g¢(v)) is strictly convex, that is,

o(ge(va)) < (1 =A)p(g¢(v0)) + Ap(ge(vr))- (33)

The wanted result follows. O

A.2 Proof for Guarantees in the Presence of Elliptical Symmetry

In this appendix, we provide a proof for Theorem 11.
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Proof. The proof proceeds in two steps. First, we show that D (p||gy,s) is strictly convex in S 1/2 and therefore
admits a unique minimizer S. Second, we derive a stationary point which has the desired form S/2 = yM1/2
for some ~y > 0.

Let ¢ = S~2(z — v). Then ¢(z) = qo(¢)|S|~ % and the objective function becomes

Dy(plla) = /@ (log Z)g;) q(z)dz

_ o PS2CH D)
- /go(l qums;)qo(o@lc (34)

p(z) = po(M7E(z—p) M|
= po(M3(S3C+v —p)|M| 2. (35)

Next,

Since p and ¢ are elliptically symmetric, they are also even-symmetric, and we can apply Theorem 10 to show
that v = p is a unique minimizer of Dy (p||¢q). Then

po(M~253¢)|M]| "
/w(log o >qo<<>d<

= [ ¢ (logmlar5H0) ~ logan(¢) + log] | ~ log 3131) (36)

Dy (pllq)

By assumption on p, p is log somewhere-strictly log concave in S'/2. Furthermore, since S'/2 is positive-definite,
log|S v 2| is concave in S /2 By definition of the p-divergence, ¢ is convex and, by further assumption, ¢ is
strictly decreasing. Applying the same reasoning as in the proof of Lemma 15, we have that D, (p||q) is strictly
convex in S'/2. This completes the first part of the proof.

We now find a stationary point of D, (p||q). Let J = M ~253%. Since M~1/2 is fixed and invertible, the uniqueness
of a solution for S1/2 implies there is a unique solution for J. To complete the proof, we must show that J = ~I—
with I the identity matrix—is a stationary point for some v € R. Since gy is spherically symmetric, we can
define k£ : RT™ — R such that

k(K = ao(Q)- (37)
Then, recalling that g(||J{||) = po(J¢), we have

Dotolla) = [ (1owm(I6) + g logl] - togan(©) ) m(€)ac
= [ (tosatllaclh ~ g (Icl) + 5 10g171) el (39)
Differentiating with respect to J,
eI Tt 1 ] ( a(117¢I) ;)
8JD*’“’””‘/[guucm e 37| (s iy 1? ) RlciDac, (39)
We now plug into this expression J = vI to obtain
Cealidh et sl 1) 4
210 (pll) = | { g1 Tien T2 } (log kel ! ) Flliclhde (40)

It remains to show that there exists v such that

9 OIED ST (100 SONEID s Ly [ (e 900D
S [Senaian) # (st ) soivac = =507 [ (w8004 ) ticnac.— can
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The R.H.S of eq. (41) is a scalar product of the identity matrix. We now check that L.H.S of eq. (41) is also
a scalar multiple of the identity. We obtain the (4,7)*" component of the L.H.S by noting that (C¢M)ij = G-
Note that all other components in the integrand are spherically symmetric in . Then, the integrand is an even
function if ¢ = j, else it is an odd function. Therefore, all the non-diagonal components vanish when integrating.
Finally, we note that for each coordinate (i,%), the integral is the same and so the L.H.S is indeed a scalar product
of the identity matrix.

Since both sides of eq. (41) are scalar multiples of the identity matrix, we can solve this equation by equating
the traces on each side. For convenience, we first define

il = (106 S ) ki, (12)

Then, taking the trace on both sides of eq. (41), we have,

#0licl) o
[ E0UD i cipac = g [ neiac ”

Equivalently,

PAelltaD) 1 i
[ (Seg e 57 ) e lichac = o "

By assumption, ¢ is monotone decreasing and so ¢'(¢t) < 0. Also g(|[¢]]) > 0 and so h(y,][¢]]) < 0. Next, it
follows from the assumption of log-concavity and symmetry that py is maximized at the origin. From this, we
deduce that g is monotone decreasing and ¢'(7]|¢]|) < 0. We now examine the R.H.S of eq. (44) in the limits
where 7 — 0 and v — oo:

e v —0: In this limit dy~!/2 — co. By assumption, |¢’(0)| < co and so the term in parenthesis must be
positive. Since h(7,|[¢|]) < 0, the integral is negative.

e v — o0 In this limit, dy~'/2 — 0, while ¢’(v]|¢||) = —oo by concavity of f. We still have h(~,]|[¢]]) <0
and so the integral is positive.

To complete the proof, we show that the R.H.S of eq. (44) is continuous in 7. This follows from the assumption
that ¢’ and ¢’ are continuous. Therefore, there exists at least one value of v > 0 such that eq. (44) is verified.
But since D, (p||g) has a unique minimizer with respect to J, v must be unique. Moreover, J = I and so
S/2 = yMY2, with vy > 0. O

A.3 Proof for Guarantees in the Presence of Partial Even Symmetry

In this appendix, we prove Theorem 12.

Proof. Let ¢ = z — v. We differentiate D, (p||g,) and proceeding as in the proof for Theorem 10, we have,

Vv, Dy (pllav)

/ VCUVJrC (log p(;;é)()) q0(¢)d¢

Setting v, = u,, we obtain that p(u +¢ ) is even symmetric in (, about the origin, for any value of (5. Therefore
Ve, p(v +¢) is odd symmetric in {, and the inner integral vanishes.

Assume now that ¢ is strictly decreasing and that p(z,|z5) is somewhere-strictly log concave over RIel. Since

p(2) = p(20,25) = P(20|25)P(25 ), (46)

we have that p(z) is somewhere-strictly log concave in z, over R!°! and applying Lemma, 15 from Appendix A.1, we
have that D, (p||q,) is strictly convex in v,. Hence, any stationary point v* of D, (p||q,) must verify v} = p,. O
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A.4 Proofs for Guarantees in the Presence of Partial Elliptical Symmetry

In this appendix, we provide supporting lemmas for the proof of Theorem 13 and an extension of this theorem.

We begin by rederiving a somewhat standard result of probability, which states that the covariance between two
variables can be rewritten as a covariance between a variable and an expectation value.

Lemma 16.
Cov(zz,25) = Cov(z5,Elzs]25]). (47)

Proof. We begin by applying Tower’s law to the definition of the covariance,
Cov(zs,25) = El(zo — El[25])(25 — E[25])]
= E[E[(z0 — E[2])(25 — E[25])|25]]-

Notice that the second term in parenthesis does not depend on z,, and so it can be pulled out of the inner
conditional expectation. Then,

Cov(zs,25) = E[(z5 — E[25])E[(26 — E[2,])|25]]
E(zs — Ez5)(E[20]25] — E[25]))
= Cov(E(zs, E[zs]25])-
O

We now derive a Lemma which characterizes the marginal and conditional mean and covariances of p, when p is
elliptically symmetric.

Lemma 17. Suppose p is elliptically symmetric along o with a constant point of even symmetry m and a
constant normalized covariance matriz M. Then iy = lg|5, Yoo X Lgjz and Y5 = 0.

Proof. We show that p(z,) and p(z,|25) have matching elliptical symmetry. This follows from

peo) = [ ploalzo)atea)dzs, (48)

and the fact the elliptical symmetry of the integrand along o is constant with respect to zz. Since the point
of even symmetry is found at the mean, we therefore have jio = ps|5. Similarly, from the matching elliptical
symmetry, we have ¥,, o< X5

Combining Lemma 16 and the fact v, = 4|5, we obtain that
Cov(zs,25) = Cov(E[z,], 25) = Cov(vy, 25) = 0, (49)
since v, does not depend on z;. Therefore ¥,5 = 0, which completes the proof. O

Remark 18. Lemma 17 does not establish equality between the marginal covariance ¥,, and the conditional
covariance ¥,5, rather it establishes a relationship of proportionality. Neal’s funnel (eq. 8) illustrates this point:
there, the covariance of p(8]7) is exp (27)C and depends on T, and so it cannot be equal to the marginal covariance
of p(0). Still, Lemma 17 teaches us the two covariances are equal up to a multiplicative scalar. We do not have
an explicit expression for the covariance of p(0), however, we note that T merely acts as a scalar multiplier on
the conditional covariance.

We end this appendix with an extension of Theorem 13, for the case where the point of even symmetry varies
linearly with z5.

Theorem 19. Let Q be the family of Gaussians. Suppose p is elliptically symmetric along o about a point
of even symmetry, which is linear in z5, and with a constant normalized covariance matrix, and suppose g is
continuously differentiable and |g'(0)| < oco. In addition, suppose p(zs|z5) is somewhere-strictly log concave
over Rll.
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Then any minimizer of KL(q|[p) must verify vy|s = pio|z and Sy|5 = 7220‘5, for some unique v € R.

Proof. The proof follows the same argument as the proof of Theorem 13. Once again, minimizing the conditional
divergence, KL(q(25|25)||p(25]25)) is achieved by solving eqs. (17-18), restated here for convenience,

Polg = Vo + Sac?Sz;ﬁl(fo —Vs),
EU\& = ’72(500' - SUESET;S&O'),

where 7 is uniquely defined (non-constructively) in the proof of Theorem 11. Now, the key difference with
Theorem 13 is that i,z depends linearly on z5, specifically for some a € Rlel and A e RleIxlol]

Hols = @+ Azs. (50)
Matching the coefficients, we require,
Sa—o- == ASa-a- (51)
Vg = ﬂg|5 + SU(T;S‘;;VF; (52)
SO’O’ = 7220\6’ + Sa(’TSg&lS&J- (53)

We sequentially solve egs. (51-53) to complete the proof.

A.5 Analysis of the Elliptical Funnel

We now apply our theoretical results to the elliptical funnel and variations thereof. We begin with eq. (8),
restated here for convenience,

7~ N(0,1); 6 ~N(0,e*7C).

The joint distribution, p(r,0) = p(7)p(f|7) is elliptically symmetric along 6 with a constant point of even
symmetry at 0 and a constant normalized covariance matrix. It may seem surprising that the normalized
covariance matrix is constant, since the covariance of 6 in p(f|7) depends on 7. However, 7 only controls
the scale of the covariances and does not alter the elliptical symmetry itself. In particular, the conditional
correlation matrix is C for any value of 7. One can further show that 7 and 6 are uncorrelated, and that the
marginal correlation matrix of 4 is still C, per Lemma 16. Moreover, we have from Theorem 12 that VI provably
recovers the mean of . We also have from Theorem 13 that VI recovers the marginal correlation matrix of 6,
under certain regularity conditions.

Consider now the elliptical funnel with a varying mean p € R,
p~ N(0,1); 7~ N(0,1); 0~ N(p, e 0). (54)

p(u, 7,0) remains even symmetric along 8, however the point of even symmetry is now given by p and is no longer
constant. Since the point of even symmetry depends linearly on p, we obtain from Theorem 19 that VI recovers
the conditional mean and correlation for . We can make a stronger statement, by recognizing that p(u, 0|7)
is Gaussian and therefore p is elliptically symmetric along (u,8) with a constant point of even symmetry at 0.
Then, applying Theorem 12, we have that VI recovers the marginal mean along (u, ). However, the normalized
covariance matrix of p(u, 6|7) is not constant. This can be seen by examining the correlation between p and 6,
which depends on 7 (and goes to 1 as 7 — —o0). We can therefore not apply our theoretical results and do not
have guarantees on how well VI estimates the correlation matrix of (u, 6).

Finally, we consider the more general funnel from eq. (19), where C is allowed to vary with a hyperparameter
pER,
p~N(0,1); 7~ N(0,1); p~plp); 0~ N(p,e*C(p)).

In this setting, we still have that p(u, 7, p,0) is elliptically symmetric in (g, #) with a constant point of even
symmetry, and so VI provably recovers the mean of i and p per Theorem 12. On the other hand, the normalized
covariance matrix is no longer constant along 6, let alone (u, ), and therefore, we do not have guarantees for
VT’s ability to recover the conditional or marginal correlations of 6.



VI in the presence of Symmetry

B EXPERIMENTAL DETAILS

In this appendix, we provide additional details for the numerical experiments in Section 4.

The code to reproduce all experimental results and figures in the paper is provided in the Supplemental Material.
We use R as a scripting language and STAN (Carpenter et al., 2017; Stan Development Team, 2025) as a
probabilistic programming language to specify models and run VI and MCMC. Our work with STAN is greatly
facilitated by the packages BRIDGESTAN (Roualdes et al., 2023). All experiments are run on CPU using a 2.8
GHz Quad Core Intel Core i7 processor.

B.1 Targets

Here, we provide details on the targets in Table 2. We specify the coordinates o along which the target is even
symmetric for the synthetic targets (student-t, funnel, and crescent) and a priori even symmetric for the
Bayesian models (schools, disease, SKIM). Symmetry in the prior can manifest as approzimate symmetry in
the posterior.

student-t (d = 2). A multivariate student-t distribution with correlation 0.5. The target is elliptically sym-

metric and o = (21, 22).

funnel (d =4). The elliptical funnel with varying mean, specified by eq. (54). The correlation matrix C in
(0], 7) has off-diagonal element Cy5 = 0.5. Here o = (, 0).

crescent (d =3). The elliptical Rosenbrock distribution is comprised of a two-dimensional Gaussian and a
third coordinate whose depends quadratically on the first two components. When plotted, the joint density
between the third component and any of the first two components has the shape of a crescent. In details, for
z € R? and y € R,

z~ N(0,3); y ~ N(a(|lz]|s—1 —b),¢?). (55)

In this experiment, we set

05 1

This distribution is even and elliptically symmetric along its first two coordinates, o = x. This is an extension
of the two-dimensional Rosenbrock distribution by Roberts et al. (1997). The two-dimensional Rosenbrock
distribution is even-symmetric along its first coordinate. We add an additional dimension in order to obtain a
non-trivial partial elliptical symmetry.

¥ =102 ( ! 0'5) , a=0.03, b=100, ¢ =0.02. (56)

schools (d =10). A Bayesian hierarchical model of the effects of a preparation program for a standardized
test across N = 8 schools (Rubin, 1981; Gelman et al., 2013). We observe y;, the average change in test scores,
and 7);, the empirical standard deviation across students, for each school. The model is then

p~ N(5,3%); 7~ NT(0,5%); 0; ~ N (1, 72); yi ~ N (03,n7). (57)

The prior p(u,,0) is even symmetric along o = (p,60). We can implement this model either using the stan-
dard (centered) parameterization (eq. 57), the non-centered parameterization described in Section 4.1, or by
marginalizing out §—here he exploit the fact the prior p(|u, 7) and likelihood p(y;|6;) are Gaussians, and so,

yi/m; + 1T 1
g +1/m2 7 1 2 +1/72 )"

Pyl ) = N(0,07 +72); p(Bilys, j7) = N( (58)

disease (d = 102). A model for the mortality counts across counties in Finland, due to alcoholism (Vanhatalo

et al., 2010). For each county, we observe the mortality count, y;, the standardized expected number of deaths,
Ye,i, and the two-dimensional location of the country, ;. The original model considers 911 counties, however we
consider a random subset of 100 counties to reduce the computational cost of the experiment. The model uses a
Gaussian process prior with a squared exponential kernel. Specifically, the prior covariance matrix K is defined
by,

. rl2
K = a? exp <—||£z p2$3|| ) , (59)
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and the full model is,

p ~ inv-Gamma(2.42,14.81); « ~ inv-Gamma(10, 10);
6 ~ N0, K(a,p,x)); y; ~ Poisson(ye,; exp(6;)). (60)

The prior is even symmetric along ¢ = 6. As before, this model can be implemented using a centered or
non-centered parameterization. Exact marginalization is not possible, but can be achieved using an integrated
Laplace approximation.

SKIM (d = 305). A sparse kernel interaction model (SKIM) (Agrawal et al., 2019). This model is a regularized

regression model that accounts for interaction effect between covariates. Covariates are probabilistically selected
using a horseshoe prior (Piironen and Vehtari, 2017). As in Margossian et al. (2020), we apply the model to
a genetic microarray classification data set on prostate cancer. We observe N = 102 patients with p = 200
pre-selected genetic covariates (out of a total of 5966 covariates) and denote X € RV*P the design matrix. We
observe for each patient y;, a binary variable that indicates whether the patient has cancer.

To specify the Bayesian model, we first set the following hyperparameters:

Do = 5; Sglobal = Po ;
- b) obal — 7/ — ">
¢ VN(p — po)

Then, a standard parameterization of the model is,

Viocal = 1; Vglobal = 1; Sglab = 2 sqr = 100 ¢ = 5. (61)

Ai ~ Studenty (Yocal, 0,1); 7 ~ Student, (Vgiobal; 0, Sglobal); Caux ~ InvGamma(sqs/2, sar/2);

~ 02)\2
X ~ InverseGamma(sas/2, 8a/2); ¢ = v/CauxSslab; )\? = m; Ny = 7'2x/02
Bo ~ N(0,¢3); Bi ~ N(0,72X2); Bij ~ N(0,m3A7A3); y ~ Bernoulli(logit ™" (B + X 3)). (62)

Following Agrawal et al. (2019), we marginalize out ; and ;; using a Gaussian process reparameterization. To
define the Gaussian process’ covariance matrix K, we first introduce the matrices:

K, = X diag(\?) X7
Ky = [XoX]diag(\?) [XoX]T, (63)

where “o0” denotes the element-wise Hadamard product. Finally,
1 1 1
K = ing(Kl +1)o(K1+1)— 577§K2 — (T? =) K1 + ¢ — 5773 (64)
Then, the the Gaussian process prior and the likelihood are
f ~N(0,K); y ~ Bernoulli(logit ™" (f)). (65)

Once again, this model admits three implementations: a centered parameterization, a non-centered parameteri-
zation, and an implementation where f is approximately marginalized out with an integrated Laplace approxi-
mation.

B.2 VI algorithm

For the experiment in Section 4, we specify targets in STAN and fit them with ADVI (Kucukelbir et al., 2017).
ADVI employs a Gaussian approximation over the unconstrained scale. Constrained variables are automatically
transformed to an unconstrained scale by STAN. For example, a variable z € RY is replaced by log z € R. In our
experiments, we report estimates of the mean on the unconstrained scale, since our theoretical analysis applies
to variables defined over R. This choice allows us to test how predictive/illustrative our theory is, however
practitioners may be more interested in estimates of the mean over the original scale.

ADVI minimizes KL(g||p) via stochastic optimization. We warm-start VI using a factorized (mean-field) approx-
imation, then switch to a Gaussian with a full covariance matrix. We use a large batch size (B >50) to better
estimate the ELBO and its gradient, and improve our chances of finding an optimal solution. All other tuning
parameters use the default options in STAN.
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Figure 5: Error in VI estimates of the correlation. We split the targets into four groups: synthetic targets and
implementations of schools, disease, and SKIM. Within each panel, the models are ordered bottom to top from
most symmetric to least symmetric according to eq. (21). For the synthetic targets, we obtain better estimates of
the correlation for more symmetric targets. There is no clear pattern for other targets.

B.3 Additional results on correlation

Figure 5 plots the error in estimates of the correlations across the models in Table 2. As before, the models are
ordered according to their even asymmetry (eq. 21). In the synthetic examples, we find that more symmetric
targets yield better estimates of the correlation. Furthermore, better estimates of the correlations are obtained
along symmetric coordinates, when the target is partially symmetric.

These patterns are not clear in the non-synthetic targets. In particular, for disease and SKIM, we see no difference
in the quality of correlation estimates between implementations with varying degrees of symmetry, and between
a priori symmetric and asymmetric coordinates. We suspect this is because the correlation matrices for these
models are sparse. Overall, the error in estimates of the correlations tends to be small.
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