DIMENSION OF FURSTENBERG MEASURES ON CP!

ARIEL RAPAPORT AND HAOJIE REN

ABSTRACT. Let 6 be a finitely supported probability measure on SL(2, C), and
suppose that the semigroup generated by G := supp(6) is strongly irreducible
and proximal. Let p denote the Furstenberg measure on CP' associated to 6.
Assume further that no generalized circle is fixed by all Mébius transformations
corresponding to elements of G, and that G satisfies a mild Diophantine con-
dition. Under these assumptions, we prove that dim p = min {2, hgw/ (2x)},
where hrw and x denote the random walk entropy and Lyapunov exponent
associated to 6, respectively.

Since our result expresses dim p in terms of the random walk entropy rather
than the Furstenberg entropy, and relies only on a mild Diophantine condition
as a separation assumption, we are forced to directly confront difficulties arising
from the ambient space CP' having real dimension 2 rather than 1. Moreover,
our analysis takes place in a projective, contracting-on-average setting. This
combination of features introduces significant challenges and requires genuinely
new ideas.

1. INTRODUCTION AND THE MAIN RESULT

1.1. Setup and background. Set G := SL(2,C), and write Co, := CU {o0} for
the Riemann sphere. Given g € G, let ¢, : Co. = Co denote the corresponding
Mbobius transformation. That is,

az+b
cz+d

909(2) = d

The action of G on C., via Mobius transformations is one of the most classical
examples of a Lie group action on a compact space. In this paper, under mild
assumptions, we compute the dimension of stationary measures on C,, associated
to finitely supported probability measures on G.

Write CP! = {ZC :0#£z€ CQ} for the complex projective line, and define

¥ : CP' — Cy by

for z € C, Whereg:(z b >

21/2’2 1f227£0

. for all (21, 29) = z € C?\ {0}.
00 if 29 =

¥ (2C) =
The group G acts naturally on CP! by ¢ - 2C := ¢2C, and the map v is an isomor-

phism between this action and the Mobius action of G on C.
We equip CP! with the metric given by
det( 1 )‘
Z9 W2

1
depr (2C,wC) := ————
Izl llwll
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for nonzero vectors z = (21,22) and w = (wy,ws) in C2. One readily checks that
dcpr is bi-Lipschitz equivalent to any Riemannian distance function on CP'.

Throughout the paper, let A be a finite nonempty index set, fix a collection
G = {gi};,ca C G, and fix a positive probability vector p = (p;)iea. Write Sg for
the subsemigroup of G generated by G. We shall always assume that Sg is strongly
irreducible and proximal. Strong irreducibility means that the action of Sg on CP*
has no finite trajectory, while proximality means that Sg is unbounded with respect
to the operator norm || - ||op.

For a metric space X, denote by M(X) the collection of compactly supported
Borel probability measures on X. Under the above assumptions, it is well known
that there exists a unique u € M ((CIP’I) satisfying p = >, x pi - gipt, Where gp
denotes the pushforward of u via the map zC — ¢;zC. In other words, u is the
unique element of M ((CIPI) that is stationary with respect to ), pidg, € M(G),
where §,, is the Dirac mass at g;. The measure p is called the Furstenberg measure
associated to G and p. Furstenberg measures play a central role in the study of the
asymptotic behavior of random matrix products (see [3, 4]), and their dimension
theory is an important strand of research in fractal geometry (see, e.g., |5l 16} 21]).

It follows from the recent work of Ledrappier and Lessa [22] that u is exact
dimensional. That is, there exists a number dim u, called the dimension of u, such

that
i o8 # (B(C, 1))
r10 logr
where B(zC,r) is the closed ball with center zC and radius . In Appendix [A] we
deduce from [26] the exact dimensionality of 4, together with a Ledrappier—Young-
type formula for its dimension.

In our main result, we compute dim p in terms of the random walk entropy
and the Lyapunov exponent, which are fundamental dynamical quantities. Write
B := p" for the Bernoulli measure on AN corresponding to p, and denote by x the
Lyapunov exponent associated to G and p. That is,

= dim p for p-a.e. zC,

1
(1.1) nh_{l(;log 108 [|Gusg -G 1 llop = X for p-ae. w € AN,

where we always use 2 as the base of the logarithm. Since Sg is strongly irreducible
and proximal, we have x > 0 (see [3, Corollary 4.32]).

Denote by hrw the random walk entropy associated to G and p. That is,

1 .1

(1.2) hrw = nlggoﬁH(Xl"'X”) = igﬁﬁH(leX")’
where X7, Xo, ... are i.i.d. G-valued random elements with P{X; = ¢g;} = p; for
each i € A, and H (X;...X,,) denotes the Shannon entropy of the discrete random
element X7...X,,. The existence of the limit and the second equality in follow
from subadditivity. Writing H(p) for the entropy of p, note that hgw = H(p) if
and only if G generates a free semigroup.

By [9, Proposition 10.2],

dim g = inf {dimy E : E C CP" is a Borel set with p(E) > 0},

where dimy E denotes the Hausdorff dimension of E. Thus, as CP' has dimension

2 as a real manifold, dimpu < 2. A second, less obvious upper bound for the

dimension of i, of a dynamical nature, arises from the aforementioned Ledrappier—

Young-type formula. Namely, using that formula, it is easy to show (see Lemma
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that dim g < hrw/ (2x). This bound can also be deduced from [22] Theorem
1.2].

Under the additional assumption that G is contained in a discrete subgroup
of G, it follows from the work of Ledrappier [20] from the early 1980s that
dimpy = hrw/ (2x)E| Motivated by this, and by important developments from
the last decade or so in the dimension theory of stationary fractal measures (see,
e.g., |2, 11 [16] 3T]), it is expected that, in the absence of obvious algebraic ob-
structions, the dimension of p should equal its maximal possible value given the
above upper bounds. That is, it is expected that dim g = min {2, hgw/ (2x)}. In
our main result, we establish this equality under mild assumptions, thereby sub-
stantially relaxing the aforementioned discreteness assumption.

When G C SL(2,R), the dimension of p was computed by Hochman and
Solomyak [I6]. To state their result, and ours, we need the following definition.
Let dg denote the Riemannian distance function induced by a left-invariant Rie-
mannian metric on G. Given a word iy...i, = u € A", write g, := gi,.--9i,, -

Definition 1.1. We say that G is Diophantine if there exists ¢ > 0 such that for
every n > 1,

(1.3) de (Guys Guy) = " for all uy,us € A™ with gy, # Gus-

We say that G is weakly Diophantine if there exists ¢ > 0 such that (|1.3) holds for
infinitely many n > 1.

Remark. As pointed out in [I6 Section 2.3], Definition is independent of the
specific choice of left-invariant Riemannian metric from which dg is induced.

Remark. We say that G is defined by algebraic parameters if the entries of g; are
algebraic numbers for each i € A. As shown in [I6] Lemma 6.1, G is Diophantine
whenever it is defined by algebraic parameters.

Remark. The Diophantine condition is substantially milder than the discreteness
assumption from [20]. Indeed, when G is contained in a discrete subgroup of G,
there exists ¢ > 0 such that holds for all n > 1 with ¢ in place of ¢”, which is,
of course, much more restrictive.

The main result of [I6] states that dimp = min{l, hgw/(2x)} whenever
G C SL(2,R), Sg is strongly irreducible and proximal, and G is Diophantine. It
appears that the proof in [I6] still applies if G is assumed to be weakly Diophantine
rather than Diophantine. Moreover, it is straightforward to relax the condition
G C SL(2,R) to the assumption that G can be conjugated into the subgroulﬂ

Stabg (Reo) :=={9 € G : ¢4 (Reo) =R},

where R, := RU {oo}. The purpose of the present paper is to treat the comple-
mentary case, namely when such a conjugation is not possible.

Un [20], a slightly different notion of dimension was used; however, since p is exact dimensional,
it coincides with the usual one.
?Note that Stabg (Roo ) equals the group generated by SL (2, R) and the matrix diag (i, —i) € G.
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1.2. The main result. We continue to use the setup and notation from the pre-
vious subsection. For each i € A, write ¢; := ¢4,. A subset €' C C is called a
generalized circle if either

C={z€C : |z—z]|=r} for some zp € C,r >0,

or
C={z+tz : t € R}U{oo} for some zp,21 € C, 2z #0.

We say that Sg fixes a generalized circle if there exists such a C with ¢;(C) = C
for all i € A. The following theorem is our main result.

Theorem 1.2. Suppose that Sg s strongly irreducible, prorimal, and does not fix
a generalized circle. Assume moreover that G is weakly Diophantine. Then,

. . hrw
(1.4) dim g = min {2, ™ }

Let us make some remarks regarding the assumptions appearing in Theorem [T.2}
First note that Sg is strongly irreducible, proximal, and does not fix a generalized
circle if and only if Sg is dense in G with respect to the Zariski topology generated
by the real polynomial functions (see Section [2.9). We have chosen to formulate the
theorem in terms of these three conditions rather than directly in terms of Zariski
density, as this makes the statement more transparent.

We now discuss the individual assumptions in more detail. The strong irre-
ducibility and proximality assumptions are standard in the theory of random matrix
products. When Sg is nonproximal, its closure is a compact Lie group, and the ele-
ments of M ((CIP’I) that are stationary and ergodic with respect to § := >, pidy,
are Sg-invariant smooth probability measures supported on trajectories of the clo-
sure of Sg.

When Sg is reducible, i.e. when its action on CP' has a common fixed point,
one can, after conjugation, assume that ¢;(c0) = oo for each i € A. Hence, this
case reduces to the study of self-similar measures on R?. The strictly contracting
case was studied by Hochman [I3], while the general contracting-on-average case
was recently addressed by Kittle and Kogler [19].

When Sg is proximal and irreducible but not strongly irreducible, it is not dif-
ficult to see that there exist distinct 2C,wC € CP' such that 1 (0. + due) is the
unique #-stationary measure in M (CPl). In particular, in this case the stationary
measure is atomic, and hence zero-dimensional.

When Sg is strongly irreducible, proximal, and fixes a generalized circle C' C
Coo, the measure  is supported on the closed curve 1 ~1(C), where v is the map
defined at the beginning of Section Consequently, dimp < 1, and fails
whenever hrw/(2x) > 1. On the other hand, in this case G can be conjugated
into Stabg (Rs), and, as noted above, a slight extension of [16] yields dimp =
min {1, hrw/ (2x)}-

Finally, it is expected that Theorem [I.2] should remain valid even without the
weakly Diophantine assumption. Unfortunately, this lies well beyond our current
reach. Indeed, such a statement has not been achieved even in the considerably
simpler setting of self-similar measures on the real line, where its validity is regarded
as one of the major open problems in fractal geometry (see [12] [32]).

On the other hand, the weak Diophantine condition is quite mild. Firstly, as
pointed out above, G is always Diophantine whenever it is defined by algebraic
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parameters. Moreover, as suggested by the work of Solomyak and Takahashi [30]
in the real case, given a well-behaved parametric family of finite subsets of G, it
should be possible to verify the Diophantine property outside a small exceptional
set of parameters. We do not pursue this direction here, however, leaving it open
for further research.

1.3. Additional related results. The dimension of Furstenberg measures on the
real projective plane RP? was recently studied by Li, Pan, and Xu [24] and by Jurga
[17]. In both works, the results were applied to settle a folklore conjecture concern-
ing the dimension of the Rauzy gasket, a well-known fractal arising in dynamical
systems. Let 8 € M (SL (3,R)) be finitely supported, suppose that the semigroup
generated by supp(f) is Zariski dense in SL (3,R), and let 4/ € M (R]P’2) denote
the Furstenberg measure associated to 6.

Assuming supp(f) is Diophantine, the dimension of i’ was computed in [24] in
terms of the Furstenberg entropy (see [24, Eq. (2.81)] for the definition) and the
Lyapunov exponents. In the presence of substantial overlaps between the supports
of the measures {gu' : g € supp(#)}, the Furstenberg entropy is usually difficult
to compute. Moreover, the Furstenberg entropy is always bounded above by the
random walk entropy. Hence, it is advantageous to compute dim p’ in terms of the
latter rather than the former [l

Assuming supp(f) consists of matrices with strictly positive entries and satisfies
the strong open set condition (SOSC), the dimension of y/ was computed in [I7] in
terms of the Shannon entropy of 6 and the Lyapunov exponents. Roughly speaking,
the SOSC requires that the supports of the measures {gu’ : g € supp(6)} be nearly
disjoint.

Both of the above results are obtained by computing the dimension of projections
of p/ onto (typical) one-dimensional projective subspaces, and then applying the
Ledrappier—Young formula from [21] [26]. This approach suffices because Fursten-
berg entropy is used in place of random walk entropy in [24], and because of the
SOSC assumption in [I7]. Consequently, in both proofs most of the analysis is
carried out in a one-dimensional setting, and in this sense the fact that RP? is
two-dimensional, which causes significant difficulties, is not confronted directly.

A measure in M (R?) is called self-affine (resp. self-similar) if it is stationary with
respect to a finitely supported probability measure on the affine (resp. similarity)
group of R%. The dimension of self-affine and self-similar measures was studied in
[13], 14, [19] 27], while directly addressing challenges posed by high dimensionality.
However, in this setting the action is affine rather than projective, which avoids
some of the major difficulties present in the projective case.

In the present work, we compute dim g in terms of the random walk entropy,
while requiring only the weakly Diophantine condition as a separation assumption.
This forces us to confront directly the difficulties arising from the fact that CP*
has real dimension 2 rather than 1. Furthermore, our analysis takes place in a pro-
jective, contracting-on-average setting. As we explain in the next subsection, this
combination of features introduces significant new challenges and requires genuinely
new ideas.

3In the setup studied in the present paper, the dimension of p was computed in terms of the
Furstenberg entropy in [20], while only assuming strong irreducibility and proximality.
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1.4. About the proof. In this subsection we provide a general outline of our
proof of Theorem [I.2 Everything discussed here will be repeated rigorously in
later parts of the paper. In what follows we always assume that Sg is strongly
irreducible, proximal, and does not fix a generalized circle.

As in many other developments in fractal geometry in recent years, the key
ingredient of our proof is a statement ensuring a substantial increase of entropy
under convolution. This approach was initiated by Hochman [I1] in his seminal
work on the dimension of exponentially separated self-similar measures on R.

In what follows we use standard notation for entropy; see Section for the
relevant basic definitions. Given n > 0, write DSPl (resp. DY) for the level-n
dyadic-like partition of CP* (resp. G), defined later in Section We omit the
superscript CP! (resp. G) when it is clear from the context. Given # € M(G) and
EeM ((CIF’l), write 0.£ € M ((C]P’l) for the pushforward of 6 x £ via the action
map (g, 2C) — gzC. For r > 0, denote by B(1lg,r) the closed ball in G with center
1g, the identity element of G, and radius r. The following theorem is our entropy
increase result.

Theorem 1.3. Suppose that dimpu < 2. Then there exists 0 < r < 1 such that
for every € > 0, there exists 6 = §(e) > 0 so that %H(@.N,Dn) > dimp + 6 for all
n>N(e) > 1 and 6 € M (B(1g,r)) with H(6,D,) > e.

Remark. Since p is exact dimensional, %H (1, Dy) = dim p for large n > 1. Hence,
Theorem guarantees that the entropy of the convolution 6.u is substantially
larger than the entropy of p whenever dimp < 2 and 6 € M (B(1g,r)) has non-
negligible entropy.

Remark. Tt is not difficult to deduce a version of Theorem that is valid for any
r > 0 (in such a version § would also depend on 7). However, we do not need this
stronger form, and assuming r is some absolute small constant slightly simplifies
the proof.

The argument for deducing Theorem [I.2] from Theorem [I.3] which we now
briefly describe, is based on an approach developed in [I4] in the self-affine set-
ting. Suppose that G is weakly Diophantine, and assume by contradiction that
dim g < min {2, hgw/ (2x)}. Let L : AN — CP' denote the Furstenberg boundary
map associated to G and p (see Section , and let {B,},can € M(AY) denote
the disintegration of 3 := p with respect to L™ 'Bgpi, where Bep: is the Borel
o-algebra of CP'. Givenn > 1, let IT,, : AN — G be defined by II,, (W) = Gug---Gon, 1
for w € AN,

Using dimp < hrw/ (2x), the Ledrappier—Young formula established in [26],
and the fact that G is weakly Diophantine, it is not difficult to show that there
exist € > 0 and M > 1 such that for infinitely many n > 1,

(1.5) 3 {w : %H(Hnﬁw,DMn) > e} > e,

where 11,8, € M (G) denotes the pushforward of 3, via II,. Moreover, by the
exact dimensionality of u, for large n > 1 we have

. 1
(1.6) dim p ~ mH (14, Diar+2x)n | Daxan) -

With some additional work, one can now use (|1.5) and (1.6]), the decomposition
p= [ (II,Bs) .udB(w), the concavity of conditional entropy, the inequality dim p <
6



2, and Theorem [I.3] to obtain the desired contradiction. Note, however, that the
measures 11,3, are usually supported far from the identity of G, and there is
no reason to expect that diam (supp (I1,3,)) < r, where > 0 is the constant
appearing in Theorem To apply our entropy increase result, we therefore need
to ‘chop’ the measures I, 8, into o, (1) pieces of diameter at most 7, and translate
these pieces into B(1g,r).

For the remainder of this subsection we discuss the proof of Theorem [I.3] First,
we need some additional notation. Given an R-linear subspace V' of C, denote by
7y : C = C the orthogonal projection onto V', where C is identified with R2. For
n > 0, let DS be the level-n dyadic partition of C, again identifying C with R2. We
extend this to a partition of Co, by setting DS= := DS U{{oc}}. As before, we omit
the superscripts C and C., when they are clear from the context. For £ € M (C)
and z € Co with £ (D, (2)) > 0, write &, := &p, (»). Here D, (2) is the unique
element of DS~ containing z, and ¢{p, () denotes the conditional measure of £ on
D, (z). The measure &, , is called a level-n component of £. As mentioned in
Section we shall use probabilistic notation introduced in [11Il Section 2.2]. In
particular, we often regard &, ,, as a random measure in a natural way.

The proof of Theorem [1.3| relies on Hochman’s [I3] inverse theorem for entropy
growth under convolutions in RY. An immediate corollary of this result, whose
precise statement is given in Theorem [5.1] below and which we state here somewhat
informally and in less generality, says the following. Let ¢ > 0, m > 1, n >
N(e,m) > 1, and 0,& € M(C), be such that diam(supp(6)), diam(supp(€)) = O(1),
%H (0,D,,) > €, and for most scales 1 < i < n, and most z € C with respect to &,
there does not exist a nonzero R-linear subspace V' C C so that

1 1
(1.7) EH (&2,i, Digm) > EH (my1&24, Digm) +dimg V — €.

Then, under these assumptions,
1 1
n n

where § is a positive number depending only on e and m.

Remark. When V' = C, (1.7) says that %H (&2,i» Ditm) is close to its maximal
possible value, namely 2. When dimg V' =1, (1.7) says that &, ; is saturated, from
an entropy standpoint, along lines parallel to V. For more details, see [I3], Section
2].

Recall the map 1 : CP' — C,, from Section and set v :=Yu € M (Cy). To
apply Theorem in the proof of Theorem we need to verify that fails
for most components v, ; and all nonzero real subspaces V C C. When dim p < 2,
this follows from the following statements.

Proposition 1.4. For every e >0, m > M(e) > 1 and n > N(e,m) > 1,
1
Pi<i<n {‘H(Vz,i7pi+m) - dimu’ < e} >1—e
== m

Remark. In the terminology of [11l Section 5|, Proposition says that v has
uniform entropy dimension dim .

Let RP' denote the set of real lines in C; that is, RP' := {zR : 0 # z € C}.
7



Proposition 1.5. Suppose that dim u < 2. Then there exists v > 0 such that for
everye >0, m> M(e) > 1 andn > 1,

1
IP’{ inf —H (TyrVzns Dngm) > dimpy — 1+ 'y} >1—e
wRERP! M,

The derivation of Theorem [I.3] from Propositions [I.4] and [I.5 and Theorem
(the corollary of Hochman'’s inverse theorem) does not require significant new ideas.
It relies on a linearization argument, which is used to replace the action convolution
0. with convolutions of measures on C. Moreover, in the course of the derivation
we establish that, in a suitable sense to be made precise (see Proposition , if
6 € M(G) has nonnegligible entropy, then a nonnegligible portion of the measures
on C associated to 8 through the linearization argument also inherit nonnegligible
entropy. These ideas have previously appeared in various forms in the literature
(see [2, 13, [16]).

Proposition also does not involve major innovations, and its proof extends
existing methods originating in [II]. On the other hand, Proposition whose
proof constitutes the main novelty of this paper, does introduce significant new
ideas. For the remainder of this subsection we discuss Proposition [I.5] and its
proof.

First, note that by applying Proposition[I.4and using basic properties of entropy,
one can easily establish a version of Proposition[L.5]in which dim — 1+ is replaced
by dim y — 1 — € (where € > 0 is arbitrarily small). However, such a version is of
no use for the derivation of Theorem [I:3} Proposition [I.5] provides exactly what is
needed to rule out for most v, ; and all V € RP' in the proof of the entropy
increase result.

On the other hand, as we next explain, Proposition may be far from being
optimal. Indeed, given a self-similar measure p’ on R?, corresponding to an IFS
containing at least one similarity with an irrational rotational part, it follows from
[10,, [15] that

(1.8) dim 7y g/ = min {1, dim '} for all V € RP'.

Note that min {1, dim ¢’} is always an upper bound for dim 7y u’. Combining
with the recursive structure of p’, one can show that, in a certain sense that can
be made precise, for most components of p’ all their projections have normalized
entropy close to this upper bound. In our case, however, we are unable to establish
an analogous statement for v. That is, we cannot strengthen Proposition by
replacing dim g — 1 + v with min {1,dim } — e. In fact, it is not even completely
clear to us whether such a strengthening should be expected to hold.

Remark. Given a bounded convex open subset Q C R?, a measure ' € M (Q)
is said to be self-conformal if it is stationary with respect to a finitely supported
probability measure on the semigroup of strictly contracting injective conformal
maps from  into itself. Since Mobius transformations are conformal, the setting
of self-conformal measures intersects nontrivially with the setup studied here. In
the paper [6] by Bruce and Jin, it is claimed that holds for all self-conformal
measures 1’ satisfying a mild irrationality assumption. However, as confirmed by
X. Jin (private communication), there appears to be an issue in the proof of this
claim that requires a nontrivial fix.



We now turn to the proof of the proposition. Recall that for i € A we write
Vi 1= @g,, and set @, = @i, o ...0¢; forii..i, =u € A", where A* denotes the
set of finite words over A. We consider RP! as a multiplicative group by setting
2RwR := zwR for zR, wR € RP!. In the following informal discussion, given u € A*
and zR € RP', whenever we refer to the entropy of T,RPwV We mean its dyadic
conditional entropy at appropriate scales (depending on u) that are left unspecified.

Most of the proof of Proposition [1.5] is devoted to showing that entropies of
measures of the form m,rp,v are bounded away from below by dimpu — 1 (see
Proposition . Here u € A* is a word satisfying certain conditions that hold
with high probability. Note that, in contrast to the self-similar setting, 7.g o @, is
typically not an affine map, which creates significant difﬁcultiesﬁ

To deal with these difficulties, we use the recursive structure of v, together with
the concavity of entropy, to bound the entropy of 7m.grp, v from below by an average
of entropies of measures of the form m,r@uy,0,v. Here v1,v9 € A* are chosen at
random with respect to certain natural distributions induced by p, the word v is
typically much longer than vy, and wvyve denotes the concatenation of w,v; and
vy. It is not hard to show that, with high probability, the entropy of m.r@uv, v,V
is at least dimu — 1 up to an arbitrarily small error. Thus, in order to prove the
proposition, it suffices to show that, with nonnegligible probability, the entropy of
TR Puv, v,V 18 bounded away from below by dim u — 1.

To achieve this goal, we first carry out a linearization procedure that allows us to
approximate the entropy of m.r@puv,v,v by the entropy of m.re(u v, vs)¥Pv, v, Wwhere £
is an explicit function of u, v1 and v with values in RP'. Secondly, it is not difficult
to show that, for most words vy, there exists a small interval I,, C RP! such that
the entropy of myr@.,v is at least %dim 1, up to an arbitrarily small error, for all
wR € RP* \ ,,,. Note that since dim y < 2, we have %dim,u >dimp — 1.

Taking these facts into account, and examining the definition of £, it turns out
that in order to achieve our goal it is necessary to study the ergodic-theoretic
properties of the direction cocycle a,, : AN — RP!, defined by

an(w) = <p;|n (YL (0"w)) R for n > 0 and f-a.e. w € AN,

Here w|,, denotes the prefix of w of length n, o : AN — AN is the left-shift map, and
recall that L : AN — CP! is the Furstenberg boundary map. More precisely, what
is needed is to show that for every continuous h : AN — RP! and for S-a.e. w, the
sequence (o, (w)h (0"w)),,~o does not equidistribute to a mass point (in the proof
we actually require a slightly stronger quantitative version of this property).

At this point we encounter another key difficulty, arising from the fact that the
action of G on CP' is only contracting on average. In situations where the action
is strictly contracting (e.g., in the classical self-similar setting), the Furstenberg
boundary map (often called the coding map in that context) is Holder continu-
ous. In the contracting-on-average case, however, the boundary map L is in gen-
eral only Borel measurable. This poses substantial difficulties when studying the
long-term behavior of «,,, and prevents the use of existing results on skew prod-
ucts of shifts with compact groups (see, e.g., Parry [25]). Nevertheless, using an

4Note that in the reversed situation, where the maps (; are all similarities and 7. is replaced
by an arbitrary smooth regular map F' : C — R, the non-affinity of F' o ¢, is less problematic.
Indeed, in [I0, [I5], a version of l) is established for smooth images of self-similar measures.
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ergodic-theoretic argument, we are still able to establish the desired behavior of the
sequences (o, (w)h (0"W)), ~¢-

The key step preceding the ergodic-theoretic argument is to show that the cocycle
ay, is not a coboundary; that is, there does not exist a Borel measurable map
f: AN — RP' such that o) (w) = f(w)~ ' f (ow) for B-a.e. w. To establish this, we
show that if «,, were a coboundary, then it would necessarily follow that v(C) > 0
for some generalized circle C C C,. However, our standing assumptions on Sg rule
out this possibility.

Structure of the paper. The rest of the paper is organized as follows. In Sec-
tion [2] we introduce the necessary notation and definitions, and establish several
auxiliary results used throughout the paper. Section [3| establishes Proposition
showing that v has uniform entropy dimension. In Section [d} we prove Proposi-
tion [I.5] which bounds from below the entropy of projections of components of v;
this section contains the main novelty of our work. Section [5] derives the entropy
increase result, Theorem In Section [f] we complete the proof of our main re-
sult, Theorem Finally, in Appendix |A] we use results from [26] to deduce the
exact dimensionality of pu, together with a Ledrappier—Young-type formula for its
dimension.

2. PRELIMINARIES

2.1. Basic notation and the setup. Throughout this paper, the base of the
logarithm is always 2.

For a metric space X, denote by M(X) the collection of all compactly supported
Borel probability measures on X. Given another metric space Y, a Borel map
f:X =Y, and a measure v € M(X), we write fv :=vo f~! for the pushforward
of v via f. For a Borel set F C X with v(FE) > 0, we denote by vg the conditional
measure of v on E; that is, vg := ﬁym, where v|g is the restriction of v to E.

Given a partition D of a set X, for x € X we denote by D(x) the unique D € D
containing .

Given an integer n > 1, let MV, := {1, ...,n}, and denote the normalized counting
measure on N,, by A,; that is, \,{i} = 1/n for each 1 <i < mn.

Relations between parameters. Given Ri, Ry € R with Ry, Ry > 1, we write R; <
R, to indicate that R, is large with respect to R;. Formally, this means that
Ry > f(R1), where f is an unspecified function from [1, 00) into itself. The values
attained by f are assumed to be sufficiently large, in a manner depending on the
specific context.

Similarly, given 0 < €1, € < 1, we write Ry < €7 ', 51 < Ry, and ;! < &5 to
respectively indicate that €; is small with respect to R, Rs is large with respect
to €, and €5 is small with respect to €.

The relation < is clearly transitive. That is, if Ry < Ry and for R3 > 1 we
have Ry < Rs, then also Ry < Rs3. For instance, the sentence “Let m > 1,
k> K(m)>1and n > N(m,k) > 1 be given” is equivalent to “Let m,k,n > 1 be
with m < k< n”.

The setup. As in Section set G := SL(2,C), let A be a finite nonempty index set,
fix a collection G = {g;}iea C G, and fix a positive probability vector p = (p;)iea-
10



Write Sg for the subsemigroup of G generated by G. For each i € A, set ; 1= g,
where ¢g4, : Coo — C is the M&bius transformation induced by g;.

In what follows, we always assume that Sg is strongly irreducible, proximal, and
does not fix a generalized circle. We assume that G is weakly Diophantine only in
Section where we prove our main result.

As before, write o € M (CP') for the Furstenberg measure associated to G and
p; that is, u is the unique element of M ((CIPl) satisfying p = . cx pi - gipt

2.2. Algebraic notation. Given w € C, let S, : C — C be defined by S,,(z) = wz
for z € C.

We denote by RP! the set of real lines in C; that is, RP' := {zR : 0 # z € C}.
For zR,wR € RP', we set zRwR := zwR, which makes RP' into a multiplicative
group whose identity element is R. Let S,p : RP' — RP* be defined by S.r (wR) =
zwRR.

Given zR € RP!, we denote by m.r : C — C the orthogonal projection onto zR,
where C is identified with R?; that is,

.r(w) = |2|7?Re (wZ) z for w € C.

Let SU(2) denote the special unitary group of degree 2, which is a compact
subgroup of G. Given g € G and setting D := diag (||gllop. lgllopy) € G, where
Il lop is the operator norm, it is well known that there exist U, V' € SU(2) such that
g = UDYV. In this situation, we say that UDV is a singular value decomposition
of g.

Let us define a Borel mapping L : G — CP' as follows. Write {e1,ea} for
the standard basis of C2. Let g € G, and let ¢ = UDV be a singular value
decomposition of g. If ||gllop > 1, then we define L(g) = Ue1C; otherwise, if
llgllop = 1, we define L(g) = e;C. It is easy to see that this definition is independent
of the specific singular value decomposition of g, and hence L is well defined.

Let ¢ : CP* — Cq be defined by

¥ (2C) = {21/22 22 20 forall (21, 20) = = € €2\ {0}.

00 if 29 =
Note that v is G-equivariant, meaning that
(2.1) ¥ (92C) = p, 09 (2C) for all g € G and 2C € CP'.

Writing v := pu, it follows that v is the unique element of M (C.,) satisfying
V=3 ieaPi piV

Given 6 € M(G) and £ € M ((CIPl), we write 0.£ € M ((CIP’l) for the pushforward
of 0 x £ via the action map (g, 2C) — gzC. Similarly, given £ € M(C), we denote
by 6. € M(C) the pushforward of 6 x { via the map (g, z) — ¢4(z). For z € Co,
we write 6. z in place of 0.6,, where ¢, is the Dirac mass at z.

2.3. Metric preliminaries. In what follows, given a metric space (X, d), a point
x € X, and r > 0, we write B(z,r) for the closed ball in X with center z and radius
r. For a nonempty subset F C X, we write diam(FE) for its diameter, and denote
by E( the closed r-neighborhood of E; that is, (") := {x € X : d(z,E) <r}.

Given m € Zsq, we denote by (-,-) and || - || the standard inner product and
norm of C™. We denote by dcm the metric induced by | - ||. In particular, d¢ is
the metric induced by the standard absolute value of C.

11



For (z1,22) = 2, (w1, ws) = w € C?\ {0}, define

L 1 Z1 W1
depr (2C,wC) = e ’det ( >’

z2 W2
As pointed out in [3 Section 13.1], this defines a metric which induces the usual
compact topology on CP'. Note that diam ((CIP’l) = 1. Additionally, for each
U € SU(2), the map zC +— UzC is an isometry of (CIP’l, depr). Moreover, it is easy
to see that dgp: is bi-Lipschitz equivalent to any Riemannian distance function on
CP'.
For z,w € C with |z| = |w| = 1, write

a2

dgpr (2R, wR) := (1 — Re (zw) ) ,

which defines a metric on RP' (see [4, Section III.4]).
Let dg be the Riemannian distance function induced by a left-invariant Rie-
mannian metric on G. Then dg is also left-invariant, meaning that

dG(hgvhgl) = dG(gag/) for all hmgvgl c€G.

It is easy to see that the metric space (G,dg) is complete. Hence, by the Hopf-
Rinow theorem (see [7, Chapter 7]), closed and bounded subsets of G are compact.
In particular, B(1g,r) is a compact subset of G for all r > 0, where 1¢ denotes the
identity element of G.

In what follows, all metric concepts in C™, CP', RP' and G should be understood
with respect to dem, dept, drpt, and dg, respectively. We shall omit the subscripts
when there is no risk of confusion.

The following lemma, whose simple proof is omitted, will be used repeatedly.

Lemma 2.1. Given R > 0,
v {z€C : |2] <R} =CP'\ B (61(C, (1+ R2)*1/2) :
Moreover, for each z,7z € C with |z|,|Z'| < R,

1 L EX U ORI 0 BAERP
Consequently, for each wC,w'C € CP*\ B (e,C,1/R),
d (wC,w'C) < |1 (wC) — ¢ (w'C)| < (1 + R?) d (wC,w'C).
We shall also need the following lemmas concerning metric properties of the
action of G on CP*.

Lemma 2.2. Let g € G be given. Then the map sending zC € CP* to ¢zC is
bi-Lipschitz with bi-Lipschitz constant ||g||(2)p; that is, for all 2C,wC € CP',

91155 d (2C,wC) < d(g2C, guC) < |lgll3,d (2C, wC)
Proof. Let (z1,22) = z,(wy,wy) = w € C?\ {0} be given. Setting D :=

diag (|lgllop, lgll5p ), we have
o (ol fol )|
||g||op 22 ||g||opw2

1

[ Dz[|[| Dw|

< |lgllgpd (2C,wC).
12
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Moreover, as pointed out above,
d(UzC,UwC) = d (2C,wC) for all U € SU(2).

Hence, by considering a singular value decomposition of g, we see that the map
2C +— g2C is ||g||2,-Lipschitz. The lemma now follows by applying this also to the
map zC +— ¢g~!2C and noting that [[g7op = [|9|op- O

Lemma 2.3. Let g € G and 0 < e < 1 be given. Then
d (92C, gwC) < e ?||gl52d (2C,wC) for all z2C,wC € CP'\ B (L(g7"),e€),
and
d(L(g),g2C) < e_1||g||;p2 for all =2C € CP! \ B (L(g_l),e) )

Proof. Set M :=||gl|op- When M = 1 we have g € SU(2), so in this case the lemma
is clear.

Suppose that M > 1, and let ¢ = UDV be a singular value decomposition of g.
Let z,w € C? be unit vectors with 2C,wC ¢ B (L(gfl),e), and let a,b,a’, b’ € C
be such that Vz = (a,b) and Vw = (a’,V’). Note that L(g~!) = V~lesC. Hence,

la| = d (V2C,exC) = d (2C,V~"exC) > €

and similarly |a’| > e. Thus,

(2.2) d(gzC,gwC) =d(DVzC,DVwC)
1 1

/
det( ]\/{a ]\4_@ )‘

~ [(Ma, M=) [(Ma’, M=) M~y MY
d(V2C,VwC) d(2C,wC) < d (2C,wC)
lal|a’'| M2 al|a|M? = eM?

which proves the first part of the lemma.
Setting w := V ~tey, we have d (wC, L(g™')) = 1, Vw = (1,0), and gwC = L(g).
Hence, from (2.2)),

d (2C,wC) < e lp2

d(92C, L(g)) < s

which completes the proof of the lemma. O

2.4. Entropy. Let (X, F) be a measurable space. Given a probability measure 6
on X and a countable partition D C F of X, the entropy of 8 with respect to D is

defined by
Z 0(D)log (D
DeD

If £ C F is another countable partition of X, the conditional entropy given & is
defined by

H(0,D|&) =Y 0(E)-H(0g, D).
Eec&

Throughout the paper, we repeatedly use basic properties of entropy and condi-
tional entropy, often without explicit reference. Readers are advised to consult [IT],
Section 3.1] for details.

13



In particular, we shall often use the fact that entropy and conditional entropy
are concave and almost convex in the measure argument. That is, given prob-
ability measures 61,...,0; on X and a probability vector ¢ = (qi)le such that

9—21 1(]192,W€ have
k
Zq, (6;,D) < H(0,D) SZ H(0;,D) + H(q),

where H(q) := — Zi:l ¢; log ¢; is the entropy of q. These inequalities remain valid
with H(-,D | £) in place of H(-, D).

2.5. Dyadic partitions. For m > 1 and n > 0, denote by ng the level-n dyadic
partition of C™, where C™ is identified with R?™. For a real number ¢t > 0, we
write DF" in place of D‘gj, where |t] denotes the integral part of t. We extend
these partitions to C,, by setting

DE= := D U {{sc}}.

We usually omit the superscripts C™ and C,, when they are clear from the context.
For instance, it is easy to verify that

1
(2.3) EH (&, Dpyr | Dp) < 2 for every £ € M(C),n € Z>g and k € Z.

We also need to introduce dyadic-like partitions for CP' and G. Letting X
denote either CP' or G, it follows from [I8, Remark 2.2] that there exists a sequence
{D;X},,>0 of Borel partitions of X such that:

(1) DY, refines D; for each n > 0; that is, for each D € D;f, there exists
D' € DX with D Cc D';
(2) there exists a constant C' = C(X) > 1 such that for each n > 0 and
D € DX, there exists xp € D with
(2.4) B(zp,C7*27")c D C B(zp,C27™).
As mentioned above, for a real ¢ > 0, we shall write DX in place of Dfi |- When

there is no risk of confusion, we write D,, in place of DX.
Recall that diam ((CIE”l) =1, and note that CP* has dimension 2 as a real mani-
fold. Hence, by Lemma below, there exists a constant C' > 1 such that

(2.5) ‘DSPI‘ < C2?" for all n > 0.

The following lemma, which relates dimension and entropy, follows easily from
[34, Theorem 4.4] and basic properties of entropy.

Lemma 2.4. Let £ € M ((CIP’I) be exact dimensional. Then,

lim L H (¢,D,) = dim¢.

n—oon

For the remainder of this subsection, let X denote either CP*, G, or C™ for some
m > 1. The next lemma will be used several times in what follows.

Lemma 2.5. Let R > 1 be given, and write q for the dimension of X as a real
manifold. Then for every Borel set ) # F C X with diam(F) < R,

#{DeD, : DNF #0} = Ox g (1 +2"diam(F)?) for all n € Zxo.
14



Remark. The parameter R in the statement of the lemma is in fact needed only
when X = G, where it is required because G has exponential volume growth.

Proof. If X = CP', let \ denote the unique SU(2)-invariant member of M(X).
If X = @G, let \ denote the Haar measure on G associated to the left-invariant
Riemannian metric inducing dg. If X = C™ for some m > 1, let A\ denote the
Lebesgue measure on C™. In any case, there exists M = M (X, R) > 1 such that

M~ < X (B(x,r)) < Mr? forall z € X and 0 < r < 3R.
Let ) # F C X be a Borel set with diam(F) < R, let n € Z>(, and write
E={DeD; : DNF #0}.

Let C = C(X) > 1 be a constant as appearing in (2.4), set p := diam(F'), and
suppose first that 27" < J%. For each D € &£ there exists xp € D such that

B (.ID,C_lQ_n) cDhcBhB (l‘D,CQ_n) s

which implies that diam(D) < C217" < p.
Fix some y € F. Given D € &, there exists zp € DN F, and so

Thus, since diam (B (xD, C_12_”)) <p,
B (zp,C7'27™) C B (y,3p) for each D € €.

Hence, since the balls {B (xD, C‘12_”) are disjoint,

Vpee

£ M~1C127m < NN (B (2p, C7127)) < M(B (y,3p)) < M3%7,
Deé
which gives
€] < M?C937 .2 = O (2"9").
Suppose next that 27" > 5%, and let k € Z~( be with 27k < 5= < 21—k Since
k > n, it holds that D;X refines D;. Hence, by the preceding part of the proof,

E|<#{DeDy : DNF #0} = M?C3%-2"p? = Ox (1),
which completes the proof of the lemma. O
The following statement follows directly from (2.4)) and Lemma

Lemma 2.6. There exists a constant C = C(X) > 1 such that for every n > 0
and D € DX,

#{D' €Dy, : D' cD}<C.
In the following lemma, let X’ denote either CP', G, or C™ for some m > 1.
Lemma 2.7. Let § € M(X), f :supp(f) = X', s >0, and C > 1 be such that
C™ls-d (w1, 22) < d(f(x1), f(x2)) < Cs-d(x1,22) for all x1, x5 € supp(6).
Then for each n > log C' with n 4+ logs > log C,
(2.6) |H (f0,D,,) — H (0, Dptiogs)| = Ox,x' (1 +1log C) .
Moreover, holds for all n > max {0, —log s} whenever X = X' = CP'.
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Remark. Tt is not difficult to see that the stronger assumptions n > logC' and
n+logs > log C are in fact needed only when X = G or X’ = G. However, we will
not need this refinement.

Proof. Let n > 0 be given. If X # CP' or X’ # CP', assume that n > log C' and
n +log s > log C. Otherwise, if X = X’ = CP', assume only that n + logs > 0.
For D € DX we have diam(D) = Ox (s7'27"), and so

n+log s
diam (f (D Nsupp(f))) = Ox (C27")

(note that C2~" < 1 when X’ # CP'). Hence, by applying Lemma in X’ with
F = f (D nsupp(f)),

log (#{E € f'DX' : END#0}) = Ox.x' (1+1ogC) for D € DYy,
which implies
H (f0,Dy) — H (0, Dnyrogs) < H (0, f ' Dy | Dntiogs) = Ox,x (1 +10gC).
Set 0" := f0 € M(X') and h := f~1, and note that h : supp (¢') — X satisfies
Cls™h-d (2, 2h) < d(h(x}), h(zy)) < Cs™' - d (2], 7))
for all 27,24 € supp (0'). Hence, by applying the preceding argument with ¢’ in
place of 8, h in place of f, s~! in place of s, and n/ := n + log s in place of n, we
obtain
H (9/, hilpn/) —H (9/,'Dn/+10g571) < Ox,x’ (1+1ogC).
Since
H (¢, hian/) = H (0, Dpiogs) and H (6, Dyyri1ogs-1) = H (f6, D),
this completes the proof of the lemma. O

We shall also need the following statement. Its simple proof is similar to that of
Lemma [2.7] and is therefore omitted.

Lemma 2.8. Let (Z,F,0) be a probability space, and let f,h: Z — X be measur-
able. Let n > 0, and suppose that dx (f(z),h(z)) < 27" for all z € Z. Then,

H (£0,D,,) = H (h,D,) + Ox(1).

2.6. Component measures. In this subsection, let X denote either CP', G, Co,
or C™ for some m > 1. Let § € M(X) be given. For n > 0 and x € X with
0 (Dn(xz)) > 0, we write 6, , in place of the conditional measure 0p, (). The
measure ¢ ,, is said to be a level-n component of 6.

Throughout the rest of the paper, we use the probabilistic notations introduced
in [II, Section 2.2]; readers are encouraged to consult this reference for further
details. In particular, we often consider 6, , as a random measure in a natural way.
Thus, for an event U C M(X),

P(lpncl)=0{xeX :0p,cl}.
Additionally, for integers ny > ny > 0, we write

L i[@(ﬁmeu).

Pnlfifnz (0“'3’1 < u) = m

=n1
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Similarly, given a measurable f : M(X) — [0, c0),

1 2
EmSigm (f (990)2‘)) = m Z /f (Gpi(m)) d@(m).

The proof of the following lemma is similar to that of [I1, Lemma 3.4] and is
therefore omitted.

Lemma 2.9. Let § € M(X), n>m > 1, i € Z>g, and C > 1 be given. Suppose
that diam (supp(#)) < C27%. Then,

Lu (0, Ditn) = Ei<j<itn (1H(9x,japj+m)> +Ox ¢ (T) .
n m n
2.7. Symbolic notation. Let A* denote the set of finite words over A, including
the empty word ). Given a group H, indexed elements {h;};ca C H, and a word
i1...0, = u € A*, we shall write h, := h;,...h;, , where hy denotes the identity
element of H.

Let AN denote the set of one-sided infinite words over A. We equip AN with the
product topology, where each copy of A is equipped with the discrete topology. Let
o : AN — AN denote the left-shift map. That is, 0(w) = (Wnt1)n>0 for (Wn)n>o0 =
w € AN,

For n > 0 and w € AN write w|, for the prefix of w of length n. That is,
Wl 1= wo...wp—1 with wlp := 0. Given a word u € A", denote by [u] the cylinder
set in AN corresponding to u. That is,

[u] == {we A" : wl, =u}.

We denote by P, := {[u] : u € A"} the partition of AN into level-n cylinders. For
a set of words U C A*, we write [U] := Uye[u].

Let 3 := p" denote the Bernoulli measure on AN corresponding to p. That is, 8
is the unique element in M(AY) such that 3([u]) = p, for each u € A*.

Given u,v € A* and w € AN, write uv and uw for the concatenation of u with v
and of u with w, respectively.

For uw € A* and n > 0, write

Yun = CP\ B (L(g; ")) -
As in the proof of Lemma [2.3] it is easy to verify that
(2.7) 9wzl > nllgullopllz|| for 0 # 2 € C? with 2C € Y, ,,.
For uw € A*, set

(%)

Xu = 210g [|gulop-
Note that
(2.8) lim le\" = 2y for p-a.e. w,
n—oon
where recall from Section [I] that x denotes the Lyapunov exponent associated to G
and p.

Given integers I,n > 1 and 0 < j < I, let ¥ (j,l;n) denote the set of words
Up...us € A* such that ug € AJ, u; € Al for 1 < i <s, Xug..ug > My a0d Xyg. s SN
for 0 < i < s. Note that there exists a constant C; > 1, depending only on G and
[, such that

(2.9) 22 < | gullop < C127V2 for all u € W (j,1;n) .
17



Since x > 0, we have 3 ([¥ (j,/;n)]) = 1. From this, and the relation p =), p; -
gilt, it follows easily that

(2.10) = Z Pu * Gult-
weW(4,l;n)

We shall write ¥,, in place of ¥ (0, 1;n).
It will sometimes be useful to choose words from A™ and ¥ (j,/;n) at random.
Let U, and I(j,1;n) denote the random words with

ifueA™
otherwise

w if W (4,1
and P{I(j,l;n) =u} = Py HuE .(] n)
0 otherwise

P{U, =u} = {Ou

We shall write I, in place of I(j,/;n). Lemma in Section {4 shows why ¥,, and
I,, are not sufficient, and why the more general ¥ (j,1;n) and I(j,1;n) are required.

2.8. Results from the theory of random products of matrices. Recall that
Sg is assumed to be strongly irreducible and proximal, which implies that x > 0.
Moreover, by [3, Proposition 4.7|, there exists a Borel map L : AN — CP*, called
the Furstenberg boundary map, such that LS = p and

(2.11) L(w) = nanéOL (gwy,,) for B-ae. w.

Consequently, given [ > 1 and 0 < j < [, the sequences of random directions
{L(9u,)}n>1 and {L (g1(j,1n)) }n>1 converge to p in distribution. As shown in [14]
Lemma 5.11], the boundary map is equivariant in the sense that

(2.12) L(w) = guw, L (ow) for f-a.e. w.

Since Sg is strongly irreducible and proximal, the same holds for the semigroup
generated by {gi},.,, where g/ denotes the transpose of g;. Write uf € M ((C]Pl)
for the Furstenberg measure associated to {g/},., and p. That is, u' is the unique
element in M (CP') such that pf =37, , pi - gl

By [3, Proposition 4.7, it follows easily that for each zC € CP', the sequence
{9t z(C}n>1 converges to u! in distribution, where g% := (g,)* for u € A*. In the

case of real matrices, such a statement is proved in [4, Theorem II1.4.3|, and the
proof applies without change here.

By |3, Lemma 4.6], the measures p and p' are nonatomic; that is, u{2C} =
put {2C} = 0 for each 2C € CP'. The following lemma follows directly from this, by
compactness, and by the aforementioned convergences in distribution.

Lemma 2.10. For each € > 0 there exists n > 0 such that
w(B(2C,2n)), ut (B(2C,2n)) < €¢/2 for all 2C € CP".

Consequently, given wC € CP', there exists N > 1 such that for all n > N and
2C e CP!,

P{L(gu,) € B(zC,n)},P{gt;, wC € B(2C,n)} <e.
Similarly, given 1 > 1 and 0 < j <1, there exists N' > 1 such that

P {L (gI(j,lm)) € B(zC, 77)} <€ foralln> N’ and -C € CP'.
18



2.9. Zariski density of Sg. Write M3 (C) for the vector space of 2 x 2 matrices
with entries in C. By a real polynomial function on Ms(C), we mean a function
from Ms(C) to R which may be expressed as a real polynomial in the real and
imaginary parts of the matrix entries. In what follows, whenever we refer to the
Zariski topology, we mean the Zariski topology generated by the real polynomial
functions. For the definition and basic facts on the Zariski topology, see for instance
[3, Section 6.1].

Lemma 2.11. The semigroup Sg is Zariski dense in G. That is, every real poly-
nomial function on My(C) vanishing on Sg also vanishes on G.

Proof. Write H for the Zariski closure of Sg. By [3, Lemma 6.15] it follows that
H is a Lie subgroup of G. Set g := s1(2,C) C My(C), and write h C g for the Lie
algebra of H. In order to show that H = G and complete the proof, it suffices to
show that h = g.

First, assume by contradiction that b is solvable. By Lie’s theorem, this implies
that there exists a common eigenvector in C? for the elements of h. Moreover, by
[33 Theorem 3|, it follows that H has finitely many connected components with
respect to the standard metric topology of G. The last two facts together imply
that H, and hence Sg, is not strongly irreducible. But this contradicts our standing
assumption, and so h cannot be solvable.

Set b’ := b + ih, and note that b’ is a complex Lie subalgebra of g. If §’ # g,
then dimc b’ < 3, from which it follows that b’ is solvable. But this implies that
b is also solvable. Hence we must have h’ = g, and in particular §’ is semisimple.
From this, and by Cartan’s criterion of semisimplicity, it follows easily that b is
also semisimple.

Since b is a real semisimple subalgebra of g, exactly one of the following holds:
h = g, b is isomorphic to su(2), or h is isomorphic to sl(2,R). If h = su(2), then
H is conjugate to SU(2), which is impossible since Sg is proximal and so H cannot
be compact. If b = s[(2,R), then H is conjugate to SL(2,R) or to its normalizer
Ng (SL(2,R)), which is equal to the group generated by SL(2,R) and the element
diag (i, —i). But, as ¢, (R) = R for all g € Ng (SL(2,R)), this contradicts the
assumption that Sg does not fix a generalized circle. Hence we must have b = g,
which completes the proof. ([l

2.10. The v-measure of generalized circles. Write Circ(Cy,) for the collection
of all generalized circles in C.

Lemma 2.12. There does not exist a finite nonempty subset Q of Circ(Cy) such
that p;(C) € Q for alli € A and C € Q.

Proof. Assume by contradiction that such a @ C Circ(Co,) does exist, which implies
that

(2.13) pg(C) € Qforall g€ Sg and C € Q.

Fix z € C belonging to one of the circles in Q. Given C € Q, there exists a
polynomial pc € R[X,Y], of degree at most 2, such that

{w e C : pc (Re(w),Im(w)) =0} = C\ {o0}.
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Let p.c : Mz (C) — C be defined by p, c(A) = 0 for (a;,;) = A € My (C) with
a1z + a2 = 0, and

po0(A) = |ag1z + azsl* pe (Re <al12+aw) Im <auz+aw)>

a2,12 + az2 a12 + az2
for (a; ;) = A € My (C) with ag;12 4 az2 # 0. It is easy to verify that p. ¢ is a real
polynomial function on My (C), and that for g € G
(2.14) p-.c(g) =0 if and only if p,(2) € C' U {co}.

Let ¢ : My(C) — C be the real polynomial function defined by ¢(A) =
[[ccoP-c(A) for A € My (C). From (2.13) and (2.14), and since z € C for

some C € Q, it follows that ¢g(g) = 0 for all ¢ € Sg. Thus, by Lemma

we have ¢(g) = 0 for all ¢ € G. This, together with (2.14)), implies that
9g(2) € {00} UlUgeg C for all g € G. But, since G acts transitively on Co, and Q
is finite, this is clearly impossible, completing the proof of the lemma. ([l

Lemma 2.13. For each generalized circle C C Co we have v(C) = 0.
Proof. Set
s =sup{v(C) : C € Circ(Cx)} and Q :={C € Circ(Cw) : v(C) = s},

and assume by contradiction that s > 0. Since y is nonatomic and v = ¥u, it follows
that v is also nonatomic. Thus, v (C; N Cy) = 0 for all distinct Cy, Cs € Cire(Cy),
from which it follows that Q is nonempty and finite.
Given C € Q,
s=0(C) =Y pi v (97(0)).
i€EA
Hence, since ¢; '(C) € Circ(Cy) for i € A, and by the definitions of s and Q, it
follows that ¢; *(C) € Q for all i € A. But this contradicts Lemma which
completes the proof of the lemma. O

2.11. Exact dimensionality and Ledrappier—Young formula. Given n > 1,
recall that P,, denotes the partition of AN into level-n cylinders. Write Bgp: for the
Borel o-algebra of CP!, and set

A:=H (B,P1| L 'Bepr),

where the right-hand side stands for the entropy of 5 with respect to P; conditioned
on the o-algebra L™ Bepi. Let {Bu},cpn C M(AYN) denote the disintegration of 3
with respect to L= Bgp1 (for details on disintegrations, see e.g. |8, Section 5.3]).

Theorem 2.14. The measure j is exact dimensional with dim p = H(g;_A. More-
over,

lim lH(ﬁmpn) = A for B-a.e. w.

n—oon

The proof of Theorem [2.14] which is given in Appendix [A] relies on the results
of [26]. Note that |26] deals with Furstenberg measures on real projective spaces
under the standard proximality assumption. On the other hand, if one considers
G as a subgroup of GL(4,R) in the natural way, then the corresponding action on
RP? is not proximal. For that reason, the derivation of Theorem from [26] is
somewhat technical and relies on a different representation of G.
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3. UNIFORM ENTROPY DIMENSION

In this section we prove Proposition [[.4] Section [3.I] establishes a necessary
preliminary statement concerning the v-measure of neighborhoods of dyadic cubes,
and Section [3.2| contains the proof of Proposition

3.1. Neighborhoods of dyadic cubes have small v-measure. The purpose of
this subsection is to prove the following proposition. Recall from Section [2.3] that,
for r > 0 and a nonempty subset E of a metric space, the closed r-neighborhood of
E is denoted by E(").

Proposition 3.1. For each € > 0 there exists § > 0 such that,
v (UDGDE (BD)(‘ST”)) <€ foralln>1,
where 0D denotes the boundary of D.

The proof of Proposition [3.I] requires the following statement. Recall the sets of
words ¥,, defined in Section

Lemma 3.2. For each € > 0, there exists § > 0 such that g, pu ((1/)’10) (62_"')) <€
forallmn > 1, uw € U,,, and generalized circle C C C.

Proof. Given € > 0, by Lemma [2.13] and a compactness argument, there exists
6 > 0 such that p ((1/1’10)(6)) < € for every generalized circle C' C C,,. Also note

that ¢4 (C) is a generalized circle for all g € G and generalized circle C' C Co,. The
lemma now follows from these facts together with Lemma (2.9), and (2.1). O

Proof of Proposition[3.1 It clearly suffices to prove the proposition for all n suffi-
ciently large. Let €,1,p,6 € (0,1), M > 1, and n € Z~( be with

<yt < M<p < <.
Fix u € ¥,, such that L(g,) ¢ B(e1C,2n), and set Y :=Y,, ,, where recall that
Yun = CP*\ B(L(gy "), ).

By Lemma we may assume that u(Y) > 1 — ¢/3. By Lemma [2.3] and since
ue W,

(3.1) supp (gutry) € B (L(gu):n™'27") -
Thus, since n~! < n and L(g,) ¢ B(e1C,2n),
(3.2) supp (gupry) N B(erC,n) = 0.

Note that, by Lemma the restriction of 1 to CP' \ B(e;C,7/2) is a bi-
Lipschitz map with bi-Lipschitz constant depending only on 7. Since n~! < M,
we may assume that this bi-Lipschitz constant is at most M.

Let C C Cy be a generalized circle, and set Cy := C'\ {oo}. We have Cy C C,

and so C’é&zi") denotes the closed 62~ "-neighborhood of Cy in C. Given

z € C(()62in) \T,Z) (B(el(can)) )
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there exists w € Cp such that |z — w| < 627", Since 2z ¢ ¥ (B(e1C,n)) and
n~l < 671, we may assume that w ¢ 1 (B(e;C,n/2)). This implies that
d (p~(2), " H(w)) < M62™", showing that

e (N0 Bt € (1710)
Thus, from , since M, p~! <« 67!, and by Lemma
bgupty (Cé”")) < Gulty ((w—lc)(m"’")) <p.

As this holds for every generalized circle C C Cq,

(Ms2™™)

(3.3) bgupy ((3D)<52"‘>) < 4p for all D € DE.

Additionally, from (3.1)) and (3.2]),
diam (supp (dgupy)) < My~'2'7",
Thus, by Lemma 2.5
# {D €Dy, : supp (Ygupy) N (5D)(‘527")} = Oy (1)

Setting F' := Upepe (0D)¥27") it follows from this and 1D that ¥g,uy (F) =
Oy.m(p). Hence, from e ', n™t, M < p~! and pu(Y) > 1 —¢€/3,
(3.4) Yau(F) < 2¢/3 for all u € U,, with L(g,) ¢ B(e1C,2n).

Now, from €' < 7! < n and by Lemma

P{L (g1,) € B(e1C,2n)} < €/3.

Hence, from (3.4) and by the decomposition v = E (¢ g1, 1), we obtain that v(F) <
€, which completes the proof of the proposition. O

3.2. Proof of Proposition The following proposition is the main ingredient
in the proof of Proposition [T.4]

Proposition 3.3. For each e >0, m > M(e) > 1 andn > 1,

1
P <H (Vzn, Dpam) > dimp — €> >1—e
m

The proof of Proposition [3.3| relies on the following lemma. Given u € A*, recall
from Section [2.7] that x,, := 210g ||gulop-

Lemma 3.4. For each ¢ > 0, 0 < n < n(e), and m > M(e,n) > 1 the following
holds. Let u € A* be with ||gu|lop > 1~ and L(g.) ¢ B(e1C,2n). Then,

1 .
EH (d’guNYu,na IDXU-‘,-m) > dim p — e.

Proof. Let e,n € (0,1) and m € Z~q be with e ? < n~! < m. Fix u € A* such that
llgullop = n~" and L(g,) ¢ B(e1C,2n), and set Y :=Y,, . By Lemma we may
assume that p(Y) > 1 —e. Set D := diag (ng”g}}, |gullop), and let U,V € SU(2)
be such that g, = UDV.

By Lemma and since [|gy|lop > 171,

(3.5) supp (gupty) € B (L(gu),n lgullog) € B (L(gu),n) -
22



Thus, since L(g,) ¢ B(e1C,2n),

supp (gupty ) N B(e1C,n) = 0.
From this, by Lemmas and and since zC — UzC is an isometry of CP!,

1 1
(3.6) ‘mH (7/}gu,uY7Dxu+m) - EH (DVUY7DXu+m)‘ <e
Since L(g,) = UesC and by (3.5)),
supp (DVuy) C B(e2C,n) .

Hence, by Lemmas and and since 1 (DzC) = ||gu ;7% (2C) for z € C?\
{61@},
1

1
’mH (DV/J“Y7IDXu+m) - %H (S|gu|o_p21’/}VuY’DXu+m)’ <e
Thus, since x, = 210g ||gullop and 71 < m,
1 1
(3.7) ‘mH (DVhy, Dy,im) = —H (d)V,uy,Dm)’ < 2e.

We have L(g,!) = V~le;C, and so
supp (Vpy) N B(eiC,n/2) = 0.
From this and by Lemmas [2.1] and 2.7]
1 1
. 2H D) — —H (1y.D,,)| < e.
(35) o H (Vi D) = o (i D) <
By Lemma

1
—H (4, D) — dim p1| < €.
m

Hence, by the almost-convexity of entropy (see Section [2.4)),
1 1 1 .
w(Y)—H (py, D) + (V) —H (pye, D) + — > dimp — €,
m m m
where V¢ := CP' \ Y. From this, since (Y °) < ¢, and from (2.5)),
1
EH (tty, D) > dim pr — O(e).
The lemma now follows from the last inequality and from (3.6)), (3.7), and (3.8). O

Proof of Proposition[3.3 Let e,n € (0,1) and k,m,n € Z~q be with e ! < 7! <«

k < m. Let U be the set of all words u € U, such that L(g,) ¢ B (e1C, 2n). For

each v € Uy set Y, := Y, ,. From et <! <k, and by Lemma we have

B ([]) > 1 —e and u(Yy) > 1—¢€/2 for u € Uy, where recall that [U;] := Uyery, [u]-
Let u € Uy be given. By Lemma [2.3] and since u € W, 44,
supp (gubty,) C B (L(gu),n~'27"7F).

Thus, since n~! < k and L(g,) ¢ B(e1C, 2n),
supp (gutty,) N B(erC,n) = 0.
From these facts, by Lemma and since 7! < k, we obtain

(3.9) diam (supp (Y gy iy, )) < n2~" for u € Uj.
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Let Uy be the set of all u € U; for which there exists D € DS such that
supp (Y gupy,) C D. Setting

F:=Upepe (aD)(nzfn)’

it clearly follows from (3.9) that vg,uy, (F) = 1 for u € Uy \ Us. Additionally, by
Proposition [3.1] and since €' < 77!, we have v(F) < e. Thus, by (2.10) and since
w(Yy) >1—¢€/2>1/2 for u € U,

> Yu(F) = 3 putgun(F) > 5 S pu vounv (F) = 28 (Uh \ U]
uEW, u€U1 \Us

Since B ([U41]) > 1 — e, this implies that 5 ([Uz]) > 1 — 3e.
Setting q := Eue% Putt(Ya),

Z pu(Yu) - ¥gupry,, and vp 1= (v—qu1),

uEZ/lz 1 —4

we have v = qu; + (1 — q)vp and ¢ > 1 — 4e. Let € denote the set of all D € DS
such that 2¢'/2v(D) > (1 — q)ve(D). Since ¢ > 1 — 4¢ and by Markov’s inequality,
(1- D
e > Z q 1/2( ) 2261/2.1,(U(DS\5)>’
DeD§ (D)

which implies that v (J&) > 1 — 2¢'/2.
By the definitions of Uy and vy, given D € DS with vy (D) > 0, there exist
U1, ...,u; € Uy and a probability vector (p1, ..., p;) such that

l
()p =D pi - Vutiv,,

i=1

Moreover, from ¢! < ™! < k < m, from (2.9), and by Lemma

1
EH (Ygutty, , Dntm) > dim p — € for u € Us.

Hence, by concavity of entropy,

1
(3.10) —H ((v1) Dy D) > dimp — € for D € DS with v (D) > 0.
Let D € &, and note that
_ qu(D) (1 -qgra(D)
Vp = (D) (vi)p + 7D(D) (v2)p-

From this equality and by the definition of £, we obtain v(D)™*qu; (D) > 1 —2¢'/2.
Thus, by concavity and from (3.10)),

qri(D) 1 '
o(D) o (0D Do) > (1-2672) (dimp = ).

1
—H (vp, Dppm) >
m

As this holds for all D € £, and since v (| JE) > 1 — 2¢!/2, this completes the proof
of the proposition. O

We can now prove Proposition [I.4] which is the following statement.
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Proposition. For every e >0, m > M(e) > 1 and n > N(e,m) > 1,

1
Pi<i<n { —
m

Proof. Let € € (0,1), R > 1, and m,n € Zq be with e ! < R < m < n. Setting
B :={z€C : |z| < R}, it follows from ¢! < R that v(B) > 1 —e.

Since p1 (¥ 1(B)) = v(B) > 0 and p is exact dimensional, f1,,-1(p) is also exact
dimensional with dimension dim u. Hence, by Lemmas and and since
vp = wl’(”/’*l(B) and 6_1, R < n,

1
—H (vg,Dy) — dim,u‘ <e.
n

H (v, Diym) — dimu’ < 6} >1—ce

Thus, by Lemma 2.9 and from R,m < n,
1 .
Elgign <mH (VBaIDi-&-m | 'Dz)) = dlmu + 0(6)

From this, since v(B) > 1 —¢, by concavity and almost-convexity (see Section [2.4)),
and from (2.3)),

1 .
Ei<i<n (mH (VZ,iaDier)) = dim p + O(e).
Additionally, by Proposition |3.3
1
Pi<i<n (H(Vz,iapi+m) > dim p — 6) >1-—e
= =" \m

The proposition now follows directly from the last two formulas (by starting with
a smaller €). O

4. ENTROPY OF PROJECTIONS OF COMPONENTS OF v

In this section we prove Proposition Most of the argument is devoted to
establishing the following statement.

Proposition 4.1. Suppose that dim p < 2. Then there exist v,m9 € (0,1) such that
for every 0 < n < mo, n > N(n) > 1, 2R € RP', and u € A* with ||gullop > 7"
and L(.gu) ¢ B (el(c7 277)}

1
gH (T2r@ul, Dyyin | Dy,) > dimp — 14 7.

The proof of Proposition .1 follows the overview of the argument given in Section
In particular, the proof involves bounding from below entropies of the form,

(4.1) %H(WZRQOuUVa Dyutxo+m | Dxutxo)
with u,v € A*, where u is as in the statement of Proposition .1}

In Section we show that most of the entropies in are bounded from
below by dim g — 1 up to an arbitrarily small error. Section is devoted to the
study of the direction cocycle a,, : AN — RP! (defined in that section). We prove
that it is not a coboundary, and use this to derive an important non-concentration
corollary (Corollary [4.9). In Section [4.3] we use this corollary in order to show that,
when v is chosen randomly according to Ei<;<, (du,), the entropies in are,
with nonnegligible probability, bounded from below by %dim,u — €, where € > 0
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is arbitrarily small. In Section [f.4] we prove a lemma concerning random words,
which implies the same conclusion when the random words I(j,1;¢) are used in place
of U;. Finally, in Section [f.5] we complete the proofs of Propositions [[.5] and [.1]

4.1. The trivial lower bound. The purpose of this subsection is to prove Lemma
stated below. First we need some preliminary statements.

Lemma 4.2. For every e > 0, 0 < n < n(e), and m > M(e,n) > 1 the following
holds. Let uw € A* be with ||gu|lop > n~" and L(g,) ¢ B(e1C,2n), and let zR, wR €
RP' be with d (zR,wR) > 1. Then,

Ly (v =D vV aD dim p1 —

m gu/’L)/u,n77TzR Xutm ﬂ—wR Xu,‘i'm) > 1 fb €.

Remark 4.3. Note that by the assumptions on u, by Lemmas [2.1] and and by
an argument used a number of times in Section (see e.g. the proof of Proposition
[3.1), it follows that ¢g,puy, , € M (C) with

diam (supp (Vguby, ) = O (lgullsy) -

Proof. Let €,n € (0,1) and m € Z~( be such that e} < n~! < m, let u € A* be
with [|gu|lop > 7~ and L(gy) ¢ B(e1C,2n), let 2R, wR € RP' be with d (2R, wR) >
7, and set

&= 7Tz_R1DXu+m \% ﬂ;ﬂépxu_«_m.
From d (2R, wR) > 1 it follows easily that the partitions £ and DS ., are O, (1)-
commensurable. That is, for each E € £ and D € D

Xutm

#{D' €D |, : DNE#D} #{F €& : E'nD #0} = 0,(1).
Hence, by [11, Lemma 3.2] and since e %, n~! < m,

i (Vgutty, ., E) = o (Yguity,., Dyyim)| < =

m m 2
Moreover, by Lemma [3.4]

L (49 D) > dimpi— /2,

which completes the proof. O

Lemma 4.4. For every € > 0, 0 < < n(e), m > M(e,n) > 1, 2R € RP', and
we A* with [gullop > 1" and L(g,) ¢ B(erC.2n),

1
—H (m.rpuV, Dy ym | Dy,) >dimp —1—e
m

Proof. Let e,n € (0,1) and m € Zq be such that e ' < n~! < m, let 2R € RP',
let u € A* be with ||gullop > 77! and L(g,) ¢ B(e1C,2n), and set

1
H := EH (mrPuV, Dy +m | Dy, ) -

Since e~ ! < n~!, we may assume that (Y, ,) > 1 — e. Hence, by concavity of
conditional entropy, from ¢,v = ¥g,u, and from (2.3), we obtain that

1
H Z EH (ﬂ-szgU:u“Yu,n”DXu,"‘m | ’DXU,) - 26'
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Thus, by Remark [4.3]
1 _
H> EH (¥gutty, ., g Dxutm) — 3¢

Let (ZR)L € RP! denote the line perpendicular to zR, and set

1 1
€= TR Dxu—i-m v W(ZR)LDX'u+Wl'

From the last inequality and by the conditional entropy formula,

1 1 _
H > %H (Z/}gu;uqu,T,vg) - EH (¢gUNYu,n76 | 7Tz]R1DXH+m) — 3e.
By Lemma [£.2]
1
EH (¢gu/iyum,5) > dimp — e

Additionally, using e, n~! < m and Remark it is easy to verify that

1 _
EH (Vgupy, € | T Dyuim) < 1+e
All of this completes the proof of the lemma. 0

Lemma 4.5. For every e > 0, 0 < n < n(e), and m > M(e,n) > 1 the following
holds. Let u,v € A* be with ||gullop > 17", L(gu) ¢ B(e1C,21), |lgvllop > 3072,
and L(gy) € Yu.2y. Then for every 2R € RP!,

1 .
EH (m=rPuo?s Dy4x+m | Dxyty,) = dimp —1—c

Proof. Let e, € (0,1) and m € Z~q be such that e7! < n=! < m, let u,v € A*
be such that the conditions in the statement of the lemma are satisfied, and fix
2R € RP!. We may assume that n is sufficiently small so that g (Y, N Yy, ) > 0.
Let w € C? be a unit vector with wC € Yon N Yy . By Lemma

d(L(g0), gowC) <0~ gullgy < 1°/9.
Together with L(g,) € Y, 25, this implies that g,wC € Y,, ,. Thus, from (2.7),
(4.2) ”guv”Op > |lguvw|| > 772ng||0pH9v”0p 2 37771-
By Lemma@ and since wC € Yy, ),
A (L(guv): 9uvwC) < 0| guollog < 1/9.
Similarly, since g,wC € Yy, 4,
d(L(gu): 9uowC) < 17 gulloy < n-

Hence, from L(g,) ¢ B (e1C,2n), we obtain L(g..) ¢ B (e1C, 8n/9).
By Lemma [£.4] it now follows that,

1 .
EH (merPuvVs Dy 4m | Dy,,) > dimp —1 —e.

Additionally, from [|guullop < l|gullopllgollop and (4.2),

Xuv < Xu + Xo < Xuo + Oy(1).
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Thus, since e, n~ ! < m,

1
EH (TR PuY,s Dyutxotm | Dxu+xv)

1 1
> EH (TR PuvVs Dxyytm | Dy) — %H (mRPuoV, Dytxw | Pxa)
>dimp — 1 — 2e,
which completes the proof of the lemma. ([l

4.2. The direction cocycle. Let o : AN — RP! be such that
o) = {%0 (WL (ow) R if L (ow) ¢ {00, 951 (00)}

R otherwise

for w € AN,

Define a cocycle, which we call the direction cocycle, by setting
n—1
ap(w) == H a(o'w) for n >0 and w € A",
i=0
where recall from Section that RP! is considered as a multiplicative group.
Note that, since L3 = p and g is nonatomic, ¥ L (ow) ¢ {oo,go;ol (oo)} for B-a.e.
w. Thus, by and the chain rule, for each n > 0 we have

(4.3) an(w) = ¢y, (YL (0"w)) R for f-ae. w.

Our goal in this subsection is to show that, in a certain quantitative sense,
sequences of the form (a,(w)h ("w)), <o, With h : AN — RP' continuous, do not
equidistribute to a mass point. The following statement is the first step toward
this.

Proposition 4.6. There does not exist a Borel measurable map f : AN — RP*
such that a(w) = f(w)~1f (ow) for B-a.e. w.

Remark. In the terminology of measurable cohomology (see [29]), Proposition
asserts that the cocycle a,, is not a coboundary.

Proof. Assume by contradiction that there exists a Borel measurable f : AN — RP*
such that a(w) = f(w)~!f (ow) for B-a.e. w. Then by (4.3)),

P, (WL (0"w))R = f@) ™ f (0"w) for all n >0 and B-a.e. w,
which implies that

(4.4) ol (WL (W) Rf(uw) = f(w) for all w € A* and S-a.e. w.
By Lemma [2.10] there exist € > 0 and N > 1 such that
(4.5) P{g{; e2C € B(2C,e)} <1/2forall n > N and =2C € CP',

where, as always, e» denotes the second vector of the standard basis of C2.

By Lusin’s theorem, there exists a compact subset K of AN such that 3(K) > 4/5
and f|f is continuous. Let k& > 1 be given. Since K is compact, there exists N’ > 1
such that d(f(w), f(w")) < 1/k for all w,w’ € K with w|y: = &'|y/. By the
martingale theorem,

lim fp,),1(K) =1 for f-a.e. we K.

n—00
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Hence, there exist n > N’ and a Borel set K’ C K such that 8(K’) > 3/4 and
Bl (K) >1—2717F for w € K’. Since n > N’ and by the choice of N/,

(4.6) Bl i € AN 1 d(f(w), f(w) <1/k} >1—2""Fforallw e K.

Let f: A" — RP' be defined as follows. Given u € A™ with [u] N K’ # ), choose
some w € [u]NK" and set f(u) = f(w). For u € A™ with [u] "K' =0, set f(u) =R.
From (4.6) and since 8(K') > 3/4,

IE”{B {w e AN d(f(Un) ,f(Unw)) < l/k} >1- 2-1—’f} > 3/4.

From the last inequality and from (4.4) and (4.5)), it follows that for each k& > 1
there exist ng > 1, ug,1,ur 2 € A™ with

d (gik’leg(c,gzmeg((j) > e,

and 2y 1,22 € C with |z 1| = |22 = 1, so that (Ex) > 1—27%, where E}, is the
set of all w € AN such that
(4.7)
d (2 R, flup w)) <1/k and ¢, (YL (w))Rf (up, w) = f(w) for j=1,2.
By compactness, and by moving to a subsequence without changing the notation,
we may assume that there exist wi, ws € C? and t1,t2 € R such that
t
(4.8) lim s

=w; and lim 2 ; = e’ for j =1,2.

t
guk,je2

We clearly have d (w;C, wyC) > €, which implies that w; and wy are linearly inde-
pendent over C.
Let B : C% x C% — C denote the symmetric bilinear form defined by

B ((a1,a2), (b1,b2)) = aiby + agby for (ay,as), (by,by) € C?,
and set
E:={weA" : B(w;,(¢L(w),1)) #0 for j = 1,2} N (Up>1 Nksm E).
Since v = ¢ Lf is nonatomic, and by the Borel-Cantelli lemma, 5(E) = 1.

(“ Z)zgeGandze(C\{cpgl(oo)},

c

For

Gy(2) =~ = B (ges, (2, 1))

(cz+d)?2
Thus, by (4.7) and (4.8),
(4.9) flw) =B (w;, (L (w),1)) >R for w € E and j = 1,2.

Write A for the matrix whose rows are w; and ws. Since wy and ws are linearly
independent, A € GL(2,C). By (4.9), for each w € E

ei(tl—tg)R — B (w17 (wL (w) ) 1))2R —
2
B (w2, (YL (w), 1))
where 4 is the Mobius transformation induced by A. Hence, since v = ¥ L and

B(E) =1,
y (%;1 (ei(tl—tg)/2R) U %21 (ei(tl—t2+7r)/2R)> -1

But this contradicts Lemma[2.13] which completes the proof of the proposition. [0
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We can now establish the desired non-concentration property of the sequences
(ap(w)h (0"w)), ¢, for which we need the following definition.

Definition 4.7. Given § > 0, we say that § € M (RPl) is d-concentrated if there
exists zR € RP' such that 6 (B (zR,8)) > 1 —4.

Proposition 4.8. There exists § > 0 such that for every continuous h : AN — RP*
and for B-a.e. w, the sequence (ap(w)h (a"w))nzo 18 equidistributed with respect to

some 6 € M (RPl) that is not d-concentrated.
Proof. Set X := AN x RP!, and let T : X — X and 7 : X — AN be defined by
Tz = (ow,a(w)zR) and 7z =w for (w,zR) =2 € X.

Writing mgp: for the normalized Haar measure of RP', it holds that ¢ := 3 X mgp
is T-invariant. Thus, from 7 o T = o o7 and w{ = 3, since § is o-invariant and
ergodic, and by considering the ergodic decomposition of (, it follows that there
exists a T-invariant and ergodic A € M(X) such that 7\ = 3. Write {ds, X &, },cpn
for the disintegration of A over AN. That is, £, € M (R]P’l) for w € AN, and

A= /5w x &, dB(w).

Given 6 > 0, write Ej for the set of w € AN for which &, is d-concentrated.
Assuming by contradiction that 3(Es) = 1 for all 6 > 0, it follows that &, is a mass
point for S-a.e. w, which implies that there exists a Borel measurable f : AN — RP*
such that A = [ O(w, f(w)) AB(w). Since A is T-invariant,

A=T\= /5T(w,f(w)) dB(w) = /5(m,a(w)f(w)) dB(w).

Moreover, since 3 is o-invariant,

)\ = /§(aw,f(aw)) dﬂ(w).

The last two formulas clearly imply that a(w) = f(w)~!f(ow) for f-a.e. w. But
this contradicts Proposition and so it must hold that 5(Es) < 1 — 4§ for some
6 > 0, which we fix.

By the ergodic theorem, and since A = 3, for S-a.e. w there exists z € X such
that 72 = w and (T"z),,-, is equidistributed with respect to A. Fix such w and z,

and let 2R € RP! be with z = (w, 2R). Let h: AN — RP' be continuous, and set
0= [ Susmnonr 4B,

where recall that S,r (w'R) := ww'R for wR, w'R € RP!. Note that, since B(Es) <
1 — 6, the probability measure 6 is not 52—cqncentrated.
Let ¢ : RP* — R be continuous, and let ¢ : X — R be defined by

o(w', wR) = ¢ (2~ wRA(W')) for (w',wR) € X.
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Since ¢ is continuous and (T"a:)nzo is equidistributed with respect to A,
1 n—1 1 n—1
lim— (w)h (07w)) =lim=Y ¢ (T7z) = | ¢dA
- ;wagw (o7)) = lim= gw 0= [

//qbw wR) df, (wR) df(w /qﬁd@

This shows that the sequence (o, (w)h (6"w)),,~( is equidistributed with respect to
6. Since 6 is not 62-concentrated, this completes the proof of the proposition. [

The following corollary is an immediate consequence of Proposition 1.8 Recall
that A, denotes the uniform probability measure on N, := {1, ...,n}.

Corollary 4.9. There exists 0 < 6 < 1 such that for every continuous h : AN —
RP' and for B-a.e. w, there exists Ny, > 1 so that for every n > Np, .,

M {i €Nyt d(ai(w)h (0'w) , 2R) > 6} > § for all zR € RP".

4.3. The nontrivial lower bound. The purpose of this subsection is to prove
the following proposition.

Proposition 4.10. There exists 0 < 6 < 1 such that for every e > 0, 0 < n < n(e),
m > M(e,n) > 1, n > N(e,n,m) > 1, 2R € RP', and u € A* with ||gu|jop > 1~
and L(gy,) ¢ B (e1C,2n),

1 1.,
Plgign {mH (ﬂ-zR@uUi v, DXu+XU,3+m | DXu"FXUi) > 5 dlm:u - 6} > 0.
The proof of the proposition relies on Corollary [I.9] a technical linearization

argument, and the following simple lemma.

Lemma 4.11. For every e >0, 0 < n < n(e), and m > M(e,n) > 1 the following
holds. Let uw € A* be with ||gullop > n~" and L(gy) ¢ B(e1C,2n). Then there exists
2R € RP' such that,

1 1
—H (TR Y Gutty, s Dyutm) > 5 dimp— e for all wR € RP!\ B (zR, 7).

Proof. Let €,n € (0,1) and m € Z~q be with e 7! < 77! < m, and let u € A* be
such that ||gy|lop > n~" and L(g,) ¢ B(e1C, 2n). For each wR € RP' set

1
H (wR) := EH (TwrYGutty, > Dyutm) »

and let zR € RP! be such that

H(:R) < inf H(wR)+e.
wRERP!

From Lemma[£.2] by the conditional entropy formula, and by the last inequality, it
follows that for each wR € RP'\ B (2R, n)

dimp —e < H (2R) + H (wR) < 2H (wR) + €
which proves the lemma. ([l

The linearization argument mentioned above is contained in the proof of the
following lemma.
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Lemma 4.12. For every e > 0, 0 < n < n(e), m > M(e,n) > 1, and k >
K(e,n,m) > 1 the following holds. Let uw € A* be with ||gullop > n~" and L(g.) ¢
B (e1C,2n). Additionally, let i € Z~g and w € AN be such that

||gw|,-H0p > 7771a ||9(aiw)\k||0p > 2kX/2a
(410) L(gu|,) € Yuzn \ B(e1C,2n), L(0'w) € Y, 2, \ B(e1C,2n),
. L (a”kw) € Yioiw)|w.m a(w) = SOL/IJli (VL (aiw)) R,

9o, L (0'w) = L(w),  g(oiw) L (6w) = L (0'w).
Then for each zR € RP!,
1
EH (WZRQOUMH;CV’ Dx1‘,+xw|i+k+m | Dxu-l-Xw\iJrk) +e
1
> E‘H (th;(wL(w))_lz]Rai(w)*lwg(aiw)\k/ly(aiw)‘km7Dx(giu)‘ker) .

The proof of the lemma requires the following first-order Taylor remainder esti-
mate, which follows directly from [I], p. 126].

Lemma 4.13. Let Q be an open subset of C, let f : Q@ — C be holomor-
phic, and let zo € Q and r > 0 be such that B(zo,2r) C Q. Then, setting
M :=max {|f(z)] : z € 0B(z9,2r)},

lf(2) = f(20) = f'(20)(z — 20)| < %Mr_2|z — ZO|2 for all z € B(zp,T).

Proof of Lemma[/.13. Let 0 < ¢,n < 1 and m,k € Z=o be with ¢! <« 77! «
m < k, let u € A* be with ||gullop > 17" and L(g,) ¢ B (e1C,2n), let i € Z~o and
w € AN be such that the conditions in (4.10) are all satisfied, and fix zR € RP'.

Set
1
H:= EH (WZR@uw\i+kV’ Dxu+Xw\i+k+m | DX“+X““+’€> ’

and write v; = w|; and vy = (0'w)|. Since e} < 17!, we may assume that
I (Yv2ﬂ7) >1-e
From v = ¢u and by (2.1)),
1
H= EH (WzR@uvl wgv2l”l“’DXu+Xv1u2 +m | DX1L+X1/11)2) .

Hence, by concavity, since 1 (Y3,,,) > 1 — €, and from (2.3,

1
(4.11) H > EH (FzR(Puvl'@bgvz/ing,wDxu+xv1y2+m | Dxu+xv1v2) — 2e.

By Lemma from L (o'**w) €Y, ,, and since [|gy, [Jop > 28¥/? and n~! < k,
it follows that for each wC €Y., ,

4(L (0') ,90,0C) = d (gus L (0740) , g0y0C) < w22 < 1.
Thus, since L (0'w) € Yy, 2y \ B (e1C, 21),
(4.12) Yoz (szﬂl) cB (L (in) 777_2“9112”;102) C Yoy \ B(eiC,n).
By Lemma and since L(gy,) € Yy.2, \ B (e1C,2n) and ||gu, lop > 771,

(4.13) Gor (Yorn) € B (L(g0,) 17 90, 157) € Yuun \ B (e1C,m) -
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Similarly, by Lemma [2.3] and since L(g.) ¢ B (e1C,2n) and ||gulop > 171,
(4.14) 9u Yu) © B (L(9a) 1 gulloy) € CP'\ B (e1C, ).
For j =1,2 set
Qj = 1/’ (le,jﬁ \ B (el(ca.]n)) 3

and let 0 < p < 1 be such that B(w,2p) C € for all w € Q. Since n~! < k, we
may assume that p~! < k. Setting wq := 1 (L (Jiw)), we have wy € Q9. Moreover,

from (4.12)), by Lemma [2.1} from ||gy, |[op > 2*X/2, and since n~1, p~! < £,
(4.15) supp (V9u,1v,,.,) C B (w0, 20 *||gus llon) € B (wo, p) -

Additionally, from (2.1)), since wg € Q9, from (4.13) and (4.14), and by Lemmas
and it follows that for each w € Q; \ {wo}

1y -2 —2 _ P, (W) = Puw, (wo)]
(416) 577 ng”op ||g’U1H0p < - ‘w — U}0|1

By (4.15)) and (4.16]), and since B(wyg,2p) C Q1
diam (Supp (WzRﬁaum UG, ,LLng,n)) = On (ng”;pzngmw ngz) .
Thus, from (4.11) and e, np~! < m,

<207 gulloZ 9o llog -

(4.17) H>
By (4.16)),

“Puvl (w) — Puvy (w0)| < 4p77_6||guHo_p2||gv1 ||0_})2 for w € 0B (wOa 2/)) .

From this and (4.15)), by applying Lemma with f 1= @uu, — Yuw, (Wo), since
B(wo,2p) C Q, from [|gy,|lop > 25X/2, and since n~, p~1,m < Fk, it follows that

for each w € supp (wgv2 uva)

1
EH (WZRSOUUlqﬁgUQ:LLYUz,n’DXu+lev2+m) - 36'

|Puws () = Puvy (W0) = Pr, (wo) (W = wo)| < 207070 gull o | gun llog w0 — wol®
< 8p 'l gullollge 1o 19w 1o
< 27 gullo Nl gos vz llop -
Hence, from (4.17) and by Lemma
1
(418)  H = H (TS, V90, 0 Dauytm ) — 4.

We have, '
@, (wo)R = @L\i (wL (alw)) R = a;(w).
Additionally, from and g,),L (o'w) = L(w),
Puq (w0) = (pw|i¢L (giw) = d)L(w)
Hence,

TR 0 Spr,, (wo) = Sel, (wo) © T, (wo)~12R

= S, (w0) © Tl (PL(w)) " Ras(w) 1
Together with (4.18)), this gives

1
(4.19) H > EH (Sg:,'wl(wo)%;(wL(w))*lzRai(w)fl71’9@2#%2,",Dxu+xvlv2+m> —4e.
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By (2.7) and (4.12)),
Gv1vsllop > 772H9v1||0p‘|9v2”0p'
Moreover, from (4.16]),
1 _ _
|l (w0)| > 5772||9u||op2|\9m||opz-
Thus, from (4.19) and since e~ 1,77t < m,

1
H > EH (%;(u(w))—lzn@ai(wrl1/J9v2NYUQ,nvDmﬁm) — J¢,
which completes the proof of the lemma. (Il

Proof of Proposition[{.10 Let 0 < § < 1 be as obtained in Corollary let 0 <
e,n<landm,k,n € Zsgbewithd ! < e ' <! <«m< k< n, fix 2R € RP*,
and fix u € A* with ||gyulop > 77" and L(gy) ¢ B (e1C,2n). Set

1
H(v) := EH (TR PuvV Dy +xo+m | Dyutx,) for v e A,
and let
1
P .= Plgign {H (Ul) > 5 dlmu — 6} .

Recalling that A, denotes the uniform probability measure on N,, := {1,...,n},
1
P = /ﬁ {w c H (w];) > idimu— e} dA, ()

1
= /)\n {z EN, : H(w|;) > idimu - e} dB(w).
Hence, from e 1, k < n,
1
(4.20) P> /)\n {z EN, : H(witg) > 3 dim p — e} df(w) —e.

Let F denote the set of all (i,w) € N, x AY such that [|giw)llop = 171,
L (9(oiw)) & B(e1C,2n), and the conditions in are all satisfied. Note that
B is o-invariant, and that for each i > 1, the maps w +— w|; and w + o'w are
B-independent. Hence, by the results of Section from and , and since
el < n7! < k,n, we may assume that A\, x 8(F) > 1 —e.

By Lemma [£.12] for each (i,w) € F we have
(4.21)

Dx(giu)‘k+m) — 6/2

Let V denote the set of all v € A¥ such that ||g,|lop > 771 and L (g,) ¢ B (e1C, 2n).
By Lemma for each v € V there exists w,R € RP! such that

1
H (@lisr) 2 T H (%;wL(w))-lzRai(w)*lW(aiw)\k/~‘Y<

otw)lm’

1 1
(4.22) EH (Twrgotty, s Dxy4m) > 3 dim p—e/2 for all wR € RP'\ B (w,R, 7).

Let h: AN — RP! be defined by

R if
h(w) = { ek i < YV for w e AY,
R otherwise
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Note that, since e ', 7!, m, k < n, we may assume that n is large with respect to
h. From (4.21)) and (4.22), it follows that H (w|i4x) > 5 dimp — € for all (i,k) € F

with ) .
pu (PL(w)) " 2Rai(w) ™" ¢ B (h(o'w),n) -
Hence, by (4.20) and since \,, x B(F) > 1 —,

P> /)\n {z eN, :d ((,0; (WL(w)) " 2R, ai(w)h(oiw)) > n} df(w) — 2e.

From this, by Corollary since n is large with respect to h, and since 61 <«
e~1,n~1, it follows that P > §/2, which completes the proof of the proposition. [

44. A lemma concerning random words. Recall the random words I(j,[; k)
from Section [2.7] We shall need the following lemma in order to obtain the conclu-
sion of Proposition with I(4,1; k) in place of U;.

Lemma 4.14. For every € > 0 and | > L(e) > 1 there exists M = M(e,l) € Zxg
such that for every 0 < j <1 and n > N(e,1) > 1, there exists V C Uj<p<n, AIHF
satisfying

(4.23) Plgkgn {Uj+lk; S V} >1—c¢
and
(4.24) Ei<hen (L1u,,nevy0u, ) < Bick<nnr (S1.:5)) 5

with Radon—Nikodym derivative bounded by M.

Proof. Let 0 < €,6 < 1 and [,j,n € Z>o be such that e ! <« 6! < I < n and
0<j <l Givenl <k <n,let V), denote the set of words ug...ur = v € AT such
that ug € A7, u; € Al for 1 <@ <k, and [|g,12, > 2[|gug...u, |2, for all 0 < i < k.
Set

Vi=Up_ Vi, R:= max ||gi||§p, and M := [2llog R] .

Given 1 <k <nand v € A% we have ||g,||2, < 2"™. This clearly implies that
YV C UMW (4,1; k), which gives with Radon—Nikodym derivative bounded
by M. Thus, in order to complete the proof of the lemma it remains to establish
(423).

Let U denote the set of words u € A! with [|g,[|2, < 239 By and since
7! <« I, we may assume that 3 ([U]) > 1 — §/2, where recall that [] := Uy,ey[u].
Let W denote the set of words ug...u, = w € A7t such that vy € A7, ui, € A! for
1<k<mn,llgull?, > 2n(2x=9) "and

1
g#{lgkgn ug €U >1 -4

By 7 by the ergodicity of (AN, ', 8), from B ([U]) > 1—6/2, and since 61,1 <
n, we may assume that 3 (W]) > 1 — 4.

Given ug...u, = w € W, let K,, denote the set of integers 1 < k < n such that
ug...ug, € V. Let us show that |K,| < en/2. Suppose that K,, # 0, set m := | K|,
and let 1 < k1 < ... < k,;, < n be an enumeration of K,,. Note that for each
1 < a < m there exists 0 < i, < k, such that

(4.25) 190, I3p < 2o, op-
Let us construct by induction strictly decreasing sequences {by};_1 C {ia}5y
and {cg}o—1 C {ka}yt; as follows. Set by := iy, and c; := ky,. Let ¢ > 1 and
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suppose that {b;}{_; and {c;}{_, have already been chosen. If b, < ki, then set
s := ¢ and terminate the construction. Otherwise, if by > k1, let 1 < a < m be such
that by > kg and bg < kq41, and set byt := 44 and cqy1 := kq. This completes the
inductive construction.

Note that the intervals (b, c1], ..., (bs, cs] are disjoint. Using this and , it
is easy to show by induction that for each 1 < ¢ <'s,

q
(4.26) lgwllop < 270 Guo...un, llop <H 1 Guucy 1. un, |§p> 19uey 11t lop-
t=2

Let Ji denote the set of 1 < k < n such that k ¢ U;_;(by, c;] and up € U, and let
Jo denote the set of 0 < k < n such that uy ¢ U. By applying (4.26]) with ¢ = s,

(4.27) lgwllz, < 2° (H ||9uk||§p> (H Iguk||§p> :

keJy keJs

By the construction of the sequences {b,};_; and {c,};_, it follows that K., C
—1(bg, ¢q, which implies |J1| < n —m. Moreover, by the definitions of J; and U,
we have 1gur |2, < 213X+ for each k € J1. Hence,

H ||guk||2 < 2l (2x+6)(n— m)
keJy

From w € W, we get |Jo| < 6n+1. Additionally, note that ||gy, [|2, < R’ for k € J5.
Thus,

T lgucllz, < R
keJs

Since w € W, we also have [|g,||Z, > 2!"(3x=%)_ By combining these inequalities
together with (4.27)), and then taking the logarithm of both sides,

In(2x —9) < s+1(2x +6)(n —m) + 2lénlog R.
Together with s < m, this gives
2x+d)m <46 (1 +1logR)n

From ¢! « 67!, and since ¥ and R are positive global constants, we obtain
| K| =m < en/2 for w € W, as desired.
Now we can establish (4.23)). Indeed,

1 n
Pick<n {Ujp €V} = EZ/l{ijkevk}dﬁ(w)
k=1

Y

1 n
/ 1{w|_7'+zn€W}E Z 1iu);pneviydB(w)

k=1
= /1{w|j+ln€W}% (n - ‘Kw\ﬁm‘) df(w)
> B(WV]) (1 —e/2).

Since S ([W]) > 1—4, this gives (4.23)), which completes the proof of the lemma. O
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4.5. Proof of Propositions and First we prove Proposition [4.1] which
is the following statement.

Proposition. Suppose that dim pu < 2. Then there exist v,no € (0,1) such that for
every 0 < < my, n > N(n) > 1, 2R € RP', and u € A* with ||gullop > n~" and
L(gu) ¢ B (61C72n)7

1
EH (T2r@ul, Dyyin | Dy,) > dimp — 14 7.

Proof. Let 0 < § < 1 be as obtained in Proposition and let e, € (0,1) and
I,m,n € Zso be with 0 ' <l <el<nt<m<n Let M =M(5/4,1) € Zwg
be as obtained in Lemma[£.14] Since §=!,1 < ¢!, we may assume that M < e '
Fix 2R € RP' and u € A* with ||gy|lop > 7" and L(g,) ¢ B (e;C,2n), and set

1
H = EH (m2r@ul, Dyy4n | Dy) -

Set n' := |n/M |, and let U; denote the set of v € A* such that

1 1.
EH (mrPuvVs Dyytxutm | Dyxutns) > 5 dim p — €.

By Proposition and since 51, e 1,1, M < n,
Plgign’lJrlfl {Ul S Z/{l} > (5/2
Hence, there exists 0 < j < [ such that
(4.28) Plgign’ {Uj-',-li S Ul} > (5/2.
Given U C A*, set
r (L{) = Plgign {I (j, l,Z) S U} .
By Lemma there exists V C Uj<j<ns A7 such that
Pi<icn {Ujru €V} 2 1-6/4
and
Ei<i<n' (L{u,evi0u; ) < Eicicwar (1) »
with Radon—Nikodym derivative bounded by M. From this, by (4.28)), and since

M, 5~ ! < n, we obtain T' (U1) > SLM.

Let Uy denote the set of all v € A* such that ||g,|lop > 3772 and L(gy) € Yu 2,
Since ¢! < 7! < n, and by Lemma we have ' (Us) > 1 — e. Additionally,

by Lemma
1
(4.29) EH (TR Puo?; Dy +xo+m | Dyutxo) = dimp — 1 — € for v € Us.

Since €7, m < n, and by applying Lemma to the measures (m,rpy V) p with
D € DXuv

1
H Z Elgign (’ITLH (WZR@UV7 DXquier | Dxu+i)> — €.

By ii we have p,v = E(apul(jw)z/) for each ¢ > 1. Hence, from the last
formula, by the concavity of conditional entropy, from (2.9)), and since I, ¢! < m,

1
H > Ei<i<n <mH (WzR‘PuI(j,l;i)V’ Dxu,-&-xuj,z;i)-&-m | D)m-&-xw,z-,n)) —2e.
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From the last inequality, by the definition of ¢4y, by (4.29)), and since I' (U1) > 537
and ' (Us) > 1 — ¢,

1
H>T (U) <2dim,u— 6) +T U2 \Up) (dimp—1 —€) — 2
> di 1+ i 1 L di 4
> dim S 5 dim €.
Since dim p < 2 and 6!, M < €~ !, this completes the proof of the proposition. [

We can now prove Proposition which is the following statement.
Proposition. Suppose that dim pu < 2. Then there exists v > 0 so that for every
e>0,m>M()>1andn>1,

1
IP’{ inf —H (TyRV2ns Dngm) > dimpy — 1+ ’y} >1—e
wRERP! 1M,

Proof. Let 0 < «y,mp < 1 be as obtained in Proposition and let €, € (0,1) and
k,m,n € Z~qy be with 771,77071 < el <« n ! < k< m. Let U be the set of all
words v € W,y such that L(g,) ¢ B (e1C,2n). For each u € U; set Y, : =Y, ,,.
Since ¢! < 7! < k, and by Lemma we may assume that 8 ([U]) > 1 —€
and pu(Yy) > 1 — ¢ for u € U.

Exactly as in the proof of Proposition [3.3] we have

(4.30) diam (supp (Y gupty,)) < n2~" for all u € U;.

Let w € U; and zR € RP' be given. Since n~! < kand u € ¥, , we may
assume that ||gy|lop > 77! Thus, by Proposition

1 .
—H (mrPuV, Dy, tm | Dy,) = dimp — 1+ 7.

From this, from ¢, v = g, 1, by the almost-convexity of entropy (see Section ,
since p(Yy,) > 1 — ¢, and from (2.3),

1 .
—H (mr¥gupy,, Dxy+m | Dy,) 2 dimp —1+7 = 3e.
Hence, from u € ¥, 4, (2.9), and e~ 1, k < m,
1
(4.31) —H (m.z¥gupty,, Dngm) > dim p — 1 4+~ — 4e for u € Uy and 2R € RP*.
m

Let Uy be the set of all u € U; for which there exists D € DS such that
supp (Ygupy,) C D. Exactly as in the proof of Proposition using S ([th]) >
1 —¢, (4:30), and Proposition it can be shown that 5 ([Ua]) > 1 — 3e.

Setting q := >,y Putt(Yu),

1
vy = 6 Z puﬂ(Yu) 'wguMYua and vy =

1
— (l/ - qyl) ’
uEUsz q

1
we have v = qu; + (1 —q)vo and ¢ > 1 —4e. Let £ denote the set of all D € DE such
that 2¢!/20(D) > (1 — q)vo(D). As in the proof of Proposition from g > 1 —4e
and by Markov’s inequality, it follows that v (|J&) > 1 — 2¢'/2.
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By the definitions of Uy and vy, given D € DS with (D) > 0, there exist
U1, ...,u; € Uy and a probability vector (p1, ..., p;) such that

l
(1) =Y pi - Gusliy,, -

i=1

Hence, by (4.31)) and the concavity of entropy, for all zR € RP! and D € DE with
V1 (D) > 07

1
(4.32) %H (m&(1)D, Dntm) > dimp — 14+ v — 4e.

Let D € &, and note that

Lo _an(D) (1= gua(D)
v(D) v(D)

From this equality and by the definition of £, we obtain v(D)~!qu; (D) > 1—2¢'/2.
Thus, by concavity, from (4.32)), and since v~ < =1, for each 2R € RP! we have

(vi)p + (v2)p-

1 qu1(D) 1
EH (ﬂ-zRVDaanrm) Z I/(D)) EH<7TZR<V1)D7DTL+M)

> (1—261/2) (dimp— 1+ — 4€) > dim p — 1 + /2.

As this holds for all D € &, and since v (| JE) > 1 — 2¢!/2, this completes the proof
of the proposition. O

5. PROOF OF THE ENTROPY INCREASE RESULT

In this section we establish Theorem Section concerns entropy growth
under convolution in C. In Section [5.2] we show that, in a suitable sense, nonneg-
ligible entropy on G translates to nonnegligible entropy on C. Section [5.3] concerns
the linearization part of the argument, and the proof of Theorem is carried out
in Section 5.4l

5.1. Entropy growth under convolution in C. The following theorem is a
direct corollary of Hochman’s [I3] inverse theorem for entropy growth under con-
volutions in R?. We include the derivation for the reader’s convenience.

Theorem 5.1. For every 0 < e < 1, m > 1 and 0 < 5 < n(e), there exists
0 = d(e,m,n) > 0, such that for allm > N(e,m,n) > 1 the following holds. Let
i € Zso and 6,6 € M (C) be such that

diam(supp(6)), diam(supp(€)) < e 1277,

1
(5.1) Pi<j<itn {mH (§2,5:Djrm) <2 — 6} >1-mn,
(5.2)
. 1 1
Pi<j<itn {legﬂgplmH (Twréz,5, Djtm) > EH (625, Djrm) — 1+ 6} >1-—mn,
and

1
—H (Q,Dﬁ.n) > €.
n
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Then,
1 1
(5.3) ~H (0% & Ditn) > EH(@DHn) + 0.

Proof. Given an R-linear subspace V of C, we write 7y : C — C for its orthogonal
projection, and V1 for its orthogonal complement, where C is identified with R2.
Given ¢ € M (C) and p > 0, we say that ¢ is (V, p)-concentrated if ¢ (z + V(p)) >
1 — p for some z € C, where recall that V(*) denotes the closed p-neighborhood of
V in C.

Let €,1,6 € (0,1) and m,n € Z=q be such that e~ ! < n~! and m,n~! < 67! <«
n, let i € Zso and 6,£ € M (C) be such that the conditions of the theorem are
satisfied, and assume by contradiction that does not hold. By [I3] Theorem
2.8], there exist R-linear subspaces V;, ..., Vi1, C C such that

Pici<itn %H (&5 Dijm) = %H (W‘/J‘ng’j’Djer) +dimg V; =7 >1-—n.
== and Sy; 0, ; is (V;,n)-concentrated

Hence, since Properties (5.1) and (5.2)) are satisfied,
(5.4) Pi<j<itn {S2i 0w, ; is ({0}, n)-concentrated} > 1 — 3n.
On the other hand, since +H (6, D;;,) > ¢, by Lemma and since e ! <«

n

n~! < n, it is easy to see that ((5.4) cannot hold. This contradiction completes the
proof of the theorem. O

5.2. Entropy on G translates to entropy on C. The purpose of this subsection
is to prove the following proposition. Recall that 1 denotes the identity element
of G. Given §# € M (G) and z € C, recall also that 6.z denotes the pushforward
of 0 via the map g — ¢,4(2).

Proposition 5.2. Let £ € M(C) be nonatomic, set @ := supp(§), and let0 <r <1
be such that —g ¢ B(lg,r) and p4(2) # oo for all g € B(lg,r) and z € Q. Then,
for every e > 0, there exists €9 = €o(&,7,€) > 0 such that for all k > K(&,r,e) > 1,
n>N(rek)>1, and 0 € M (B(lg,r)) with LH(0,D,) > ¢, we have

(5.5) /Pﬁgign {;H (0g,i-2,Ditp) > 60} d§(z) > eo.

The proof of Proposition requires the following lemma. Given (z1, 22, 23) =
z€C2, let F, : G — C2_ be defined by

F.(g) := (pg(21), pg(22), p4(23)) for g € G.

Lemma 5.3. Let Q be a compact subset of C, and let r > 0 be such that —g ¢
B(lg,r) and pg4(z) # oo for all g € B(lg,r) and z € Q. Then, for every e > 0,
there exists C = C(Q,r,€) > 1 such that for all (z1, 22, 23) = 2 € Q3 with |z; —z;| >
€ for1 <i < j <3, we have

(5.6)  C'd(g1,92) < |Fo(g1) — Fo(g2)|| < Cd(g1,92) for all g1,92 € B(1lg,7),

where || - || denotes the standard norm on C3.

Proof. Let v > r be such that —g ¢ B(1g, ') and ¢4(z) # oo for all g € B(1lg,r’)

and z € @, and write U for the open ball in G with center 1¢ and radius r’. For

g € G and z € C2_ write g.z := F.(g), which defines a smooth action of G on C3_.
40



Let (z1,22,23) = z € C? be such that z; # z; for 1 < i < j < 3. Since
F.(hg) = h.F.(g) for h,g € G, it follows that the smooth map F, : G — C3_ is of
constant rank (see [23, Theorem 7.25]). Additionally, since —g ¢ U for g € U and
21, 22, 23 are distinct, it follows that F.|y is injectiveﬂ Hence, by the global rank
theorem (see [23, Theorem 4.14]), F, is an immersion. Since the manifolds G and
C3, are of the same dimension, it follows that d(F,), is invertible for each g € G,
where d(F), is the differential of F, at g.

Let € > 0, and write E for the set of (21, 22, 23) = 2z € Q3 such that |z; — z;| > €
for 1 <7 < j < 3. In what follows, we equip G with the left-invariant Riemannian
metric that induces dg, and equip C? with its standard Riemannian metric. By
compactness, and by the preceding paragraph, it follows that there exists C; > 1
such that

1d(F: )]l

(d(F.),) || <Ciforall ze E and g € B(1g, ).

By compactness, and since F.|p(1 ) is injective for z € E, it also follows easily
that there exists § > 0 such that B(F,(g),0) C F.(U) for each z € E and g €
B(1lg,r). Combining these facts, we obtain that there exists C' > 1 such that (5.6)
holds for all z € E. d

)
op op

Proof of Proposition[5.4 Since £ is nonatomic, there exists 0 < § < 1 such that
£(B(z,0))<1/4forall ze C. Let 0 <e <1, C >1, and k,n € Z~ be with

shel<C<k<n,
suppose that C' is also large with respect to @ and r, and let § € M (B(1g,r)) be
with LH(0,D,,) > e.
By Lemma and since e 1,k < n,

1 1
Elfiﬁn <I€H (9971,D1’+k)) Z EH(Q’Dn) — 6/2 Z 6/2.

Moreover, by Lemma [2.6]
1
ZH (00, Diyy) < Cforalli>0and D e DE with §(D) > 0.
Hence,
1 € €

. Pi<; —-H i» D; > -5 > —.
(5 7) 1<i<n {k (eg,zv 'L-‘rk) = 4} = 4C

Write X3 € M ((C3) for the 3-fold product of ¢ with itself. Let E be the set
of (21,22,23) = z € Q3 such that |z; — 2;] > d forall 1 < i < j < 3. Since
€(B(z,6)) < 1/4 for all z € C, and by a Fubini-type argument, £*3(F) > 1/4.

Let i > 0 and D € Df be with 6(D) > 0 and 1 H (0p,Diyx) > $. By Lemmas
2.7/ and [5.3] and since 6!, ¢! < C < k, for each 2z € E

1 1 € €
CH(F.0p,Disy) > ~H (0p, Divg) — = > <.
o H (Fx0p,Diyr) 2 - H (0p, Divr) — o 2 ¢
Together with £*3(E) > 1/4, this gives
1
(5.8) /EH(erD,DHk) dex3(z) > 27 0.

5Here we use the fact that a Mé&bius transformation is uniquely determined by its values on
any three distinct points.
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For 1 < j <3, let m; : C* — C be the projection onto the jth coordinate of C3.
Given (21, 29,23) =z € C3, note that m;F,0p = 0p.z; for 1 < j < 3. Hence, by the
conditional entropy formula,

3 3

H (F.0p,Dix) <> H(m;F.0p,Diyr) = > H(0p.2, Diyk) .-

Jj=1 Jj=1

Together with (5.8)), this gives
3
1 1
2_56 S Z/EH (QD.ZJ‘,DH_k) dfxs(zl,ZQ,Zg) = 3/ %H (OD.Z,DH_]C) df(z)
j=1

We have thus shown that for all i > 0 and D € D with (D) > 0 and
%H (0D7Di+k) > iv .
/EH(GDZ,'DZJHC) df(z) 2 2_76.
Together with (5.7)), this implies

1
(59) /Elgign (kH((Qg,Z) .Z,'Di+k)> dﬁ(z) Z 2_90_162.
Given i > 0, D € DY with (D) > 0, and 2z € Q, we have
diam (supp ((6p) .2)) = Og, (27°) .

Hence, since k is large with respect to @@ and r, we may assume that

1

EH ((QD) .Z,'Di_;,_k) S 3.
Setting € := 2712C €2, together with (5.9)) this gives (5.5, which completes the
proof of the proposition. O

5.3. Linearization.

Lemma 5.4. Let Q be a compact subset of C, let v > 0 be such that pg4(z) # 0o
for all g € B(1g,r) and z € Q, and let 0 € M (B(1g,r)) and £ € M(Q) be given.
Then for all1 <k <n,

k1

1 1
—H(0.£,D,) >Ei<i<n | =H (0,;.£,.4,D; - ol T 7).
- (0.6, Dn) > Ei<ic (k; (0g,i-€z, +k)) Oq, (n + kz)

Proof. By the smoothness of the action map (g, z) — ¢4(2), by the compactness
of B(lg,r) x @, and since ¢y(z) # oo for all g € B(1g,r) and z € Q, there exists
C > 1 such that for all g,h € B(1g,r) and z,w € Q

g (2) — pn(w)| < C(d(g, k) + |z —w]).
Using this fact, the lemma follows by an argument similar to that in the proof of

[14, Lemma 6.9]. O

Lemma 5.5. Let Q) be a compact subset of C, and let v > 0 be such that @4(z) # 0o
for all ¢ € B(lg,r) and z € Q. Then for every e > 0, k > K(e) > 1, and
0<d<6(Q,r € k) the following holds. Let g € B(1lg,r), 2 € Q, 8 € M (B(lg,r))
and £ € M(Q) be such that d(g,h) < § for all h € supp(0) and |z — w| < § for all
w € supp(&). Then,

H (0.£, Dk 10g5) — %H ((9~Z) * <S<p;(z)§) ,Dk—log5>
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Proof. Let V and U be open subsets of GL(2,C) and C, respectively, such that
B(lg,r) CV,Q CU,and p4(z) #ocoforallge Vand ze U. Let f: V xU — C
be defined by f(g,2) = @4(z) for (g,2) € V. xU. Given z € U, let f, : V — C be
defined by f.(g) = ¢4(2) for g € V. It is easy to verify that the differential of f at
a point (g,2) € V x U is given by

df(g,2)(h,w) = d(f2)g(h) + ¢, (2)w for (h,w) € My(C) x C,

where d(f.)y is the differential of f, at g, and My(C) denotes the vector space of
2 x 2 complex matrices. Using this fact, the lemma follows by an argument similar
to that in the proof of |2, Lemma 4.2]. O

5.4. Proof of Theorem We can now prove Theorem [I.3] which is the fol-
lowing statement.

Theorem. Suppose that dimpu < 2. Then there exists 0 < r < 1 such that for
every € > 0, there exists 6 = 6(e) > 0 so that 2H(., D) > dimp + & for all
n>N(e)>1and 0 € M (B(1g,r)) with %H(F),Dn) > e.
Proof. Since v{oco} = 0, there exists b € Z~¢ such that for
S:={2¢€C : Re(z),Im(z) € [-b,b)}

we have v(S) > 1/2. Let 0 < r < 1 be such that —g ¢ B(1g,r), ¢4(z) # oo, and
1/2 < |@,(2)] <2 for all g € B(lg,r) and z € S.

Let 0 < v < 1 be as obtained in Proposition let €,€9,m,8,p € (0,1) and

m, k,n € Z~o be such that

Ty lhel<eglgnlsmg it plgk<n,

suppose that €, ' is also large with respect to S and r, and let 6 € M (B(1g,r)) be
with LH(0,D,) > e

Setting ¢ := vg, by Lemma we have
1

1
—H (0.£,Dy) > Ei<icn | —
n ( f? )— 1<i< <k

H(eg,i-fz,hpmk)) - p.
Hence, by Lemma [5.5)
1 1
gH(avan) > Ei<i<n (kH ((99,i~2) * (Swg(z)gz,i) 7Di+k)> — 2p.

Thus, since 1/2 < |¢} ()| <2 for all g € B(lg,r) and z € S,

1 1 _
(5.10) ﬁH (0.£,Dy) +3p > Eici<n (kH (S%l(z) (0g.i-2) * §z,z‘>Di+k)> :

Recall the notation N, and A, from Section write I' :== A\, x £ x 6, and let
E; be the set of all (i,z,9) € N}, x S x B(1lg,r) such that

1 .

7 H (&0 Divy) = dimp — p.
By Proposition we may assume that T'(E;) > 1 — p. Also, by [I1, Corollary
1.10],

1
(5.11) ZH (S;;(z) (0,.0.2) * gz,i,DHk) > dimp — 2p for (i, 2,9) € Ei.
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Let E5 be the set of all (i, z,g) € E; such that
1 1 .
PiSjSH—k {mH <(£Zvi)w,j ,Dj+m) < 1 + 5 dlmu} > 1-— 7,

2k (7 (&0 D)

) >1—-mn,
> EH ((gz,i)wd' aDj-i-m) -1+ ’7/2

Picj<itk

and

1 (o
CH (871 (04::2) D) > 0.

By Propositions and from [I3} Lemma 2.7], and since dim x4 < 2 and
1/2 < ‘4,0;(2)| < 2for all g € B(lg,r) and z € S, we may assume that I'(E) > €.
Given (1, z,g) € E», note that
diam (S;,gl(z) (eg,i.z)) diam (£.;) = Os, (27).
Hence, by Theorem [5.1]
1 _
EH (S[P;l(z) (0971'.2) * gz,ia,Di-He) >

Thus, since Fs C E1,

H (&4, Digr) + 6.

| =

(5.12) %H (S(;/gl(z) (04,5.2) * fzﬂ-,DHk) >dimp—p+46 for (i,2,9) € Es.
Now, from , and ,
%H (0.6, Dn) +3p 2T (E1 \ E2) (dim p — 2p) + ' (E2) (dimp — p+0) .
Hence, recalling that £ := vg and since I'(Ey) > 1 — p and T'(E3) > €q,
(5.13) %H (0.vs,Dyp) > dim p + €96 — O(p).

Setting
K :={py4(z) : g€ B(lg,r) and z € S},
it holds that K is a compact subset of C. Hence, by Lemma [2.I] the restriction
of ¥~ ! to K is a bi-Lipschitz map with bi-Lipschitz constant depending only on
S and r. Since ¢ ! is large with respect to S and r, we may assume that this
bi-Lipschitz constant is at most e, L. Note also that supp (f.vs) C K, and that
v O.vs) = 0.ptyp-1(sy- Thus, from , by Lemma and since egl,p < n,

1
(514) ﬁH (H.qu(s),Dn) > dim p + €gd — O(p)

Assuming v (C\ S) > 0, the exact dimensionality of x implies that p,-1(c\s) is
also exact dimensional with dimension dim p. Hence, by Lemma [2.4] and since n is
large with respect to S and p,

1 .
EH (qu(c\s),Dn) > dimp — p.

Since B(1lg,r) is compact, we may assume that the map sending 2C € CP* to
g2C is bi-Lipschitz, with bi-Lipschitz constant at most ¢;*, for all g € B(1g,r).
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From this, by concavity of entropy, by Lemma since €, ! p < n, and by the
last inequality,

%H (0-1y—1(c\5)> D) > /%H (914-1(c\s)> D) dB(g) > dim p1 — 2p.
Thus, by concavity, from , and since v(S) > 1/2,
%H (0.1, Dy) > dim p + %eoé —O(p).
Since 6617 6! < p~!, this completes the proof of the theorem. O

6. PROOF OF THE MAIN RESULT

In this section we establish Theorem Section contains preparations for
the proof, which is carried out in Section [6.2}

6.1. Preparations for the proof. We begin by establishing the natural upper
bound. Recall the definition of hgw from (1.2).

Lemma 6.1. It always holds that dim g < min {2, }?;V }
Proof. Since dim CP' = 2 as a real manifold, we clearly have dim p < 2.

Given n > 1, write G,, := {g, : u € A"}, and denote by Sg,_ the subsemigroup of
G generated by G,,. Since Sg is strongly irreducible and proximal, it is easy to see
that the same holds for Sg, . Additionally, by Lemma it follows easily that
Sg,, does not fix a generalized circle.

For g € G,,, set
Gn,g ‘= Z Pu,

u€A™, gu=g
and note that p equals the Furstenberg measure associated to G,, and the probability
vector ¢, := (q"»g)gegn' Moreover, the Lyapunov exponent associated to G, and
qn equals ny. Hence, by Theorem [2.14] and since A > 0,
H
dim p < (2n) for all n > 1.
2nx

On the other hand, by the definition of hrw,
1
hRVV = lim —H (qn)
n—oomn
Thus, dim ¢ < hrw/ (2x), which completes the proof of the lemma. a

From (2.11)) it follows that the sequence {w — L (g, converges in prob-
‘" n>1

ability to w — L(w). The following lemma provides a quantitative rate for this
convergence. It could be deduced from Ruelle’s proof of the multiplicative ergodic
theorem (see [28, Lemma I.4]), but we include a complete proof for the reader’s
convenience.

Lemma 6.2. For everyn >0 andn > N(n) > 1,

Blwe A" d(Lw) L(g,)) <27 > 120,
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Proof. Let 0,6 € (0,1) and n € Z~¢ be with n7! < 67! < n, and let E be the set
of all w € AN such that

L) = 9o, L(0"w), d(L (g5 ) L(0"w)) > 6, and g, llop = 27074,

w‘n
By Lemma and ! < 571,
1 (B (2C,8)) < n/2 for all 2C € CP*.

Thus, since the maps w +— L (g;‘l) and w — L (0c"w) are B-independent, since

w s L (0™w) is distributed according to u, from (1.1)) and (2.12)), and since n~! <
n, we may assume that §(E) > 1 —n.
Additionally, from Lemma and since 71,671 < n, it follows that for w € E

d (L (w) 3 L (gw|n)) =d (gw|nL (Unw) >L (gw\n)) < 6_1||gw|n ”(ij < 2—71(2X—7]).
Since S(F) > 1 — 1, this completes the proof of the lemma. (I
The proof of Theoremrequires partitioning subsets of CP! and G into smaller

pieces, while controlling the cardinality of the partition. This is the content of the
following lemma.

Lemma 6.3. Let X denote CP* or G, and let R > 1 be given. Then for every
0 < e <1 and Borel set ) # F C X with ¢ < diam(F) < R, there exists a Borel
partition £ of F' such that

log |€] = Ox. g (1 + log (diam(F)/e))
and diam(E) < € for each E € £.

Proof. Let 0 < e < 1, and let § # F C X be a Borel set with ¢ < diam(F') < R.
Let C = C(X) > 1 be the constant appearing in (2.4)), let n € Zsy be with
27 < % <277 and set

E={DNF :DeD) and DNF #0}.

Lemma [2.5{ and since 55 < 2t

log |€] = Ox g (1 + log (diam(F)/e))

By (2.4), for each D € DX we have diam(D) < 202™" < e. Additionally, by

which completes the proof of the lemma. ([l

The following lemma provides a uniform upper bound on the diameter of certain
subsets of G. This will be needed when applying Lemma [6.3 with X = G.

Lemma 6.4. There exists R > 1 such that d(g1,g92) < R for all g1, g2 € G with

A
27 lgzllop
Proof. Let g1, g2 € G be such that (6.1) holds. If ||g1]jop = 1 or ||g2]lop = 1, then ¢;
and g2 both belong to the compact set {g € G : ||g]lop < 2}. Hence, we may assume

that ||g1lop, llg2llop > 1. For ¢ = 1,2, let U; D;V; be a singular value decomposition
of g; (see Section [2.2)).

(6.1)

<2 and d(L(g1), L(g2)) < 91ll-
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Set z := Uy 'Ujey, and let 21, 20 € C be with z = (21, 22). By the definition of
dcpt, and since then map wC — UpwC is an isometry of CP*,

|z2| =

2

0
=d(L(g1), L(g2)) < llg1llo-

< loilos < o
— —_ )

From this and since
llgzllop

1
2

lgz "1 Vi el = D3 U Ui Daen || = Nlgallop | D3 ']

1/2

Hgl ||2

_ <|92”gp|21|2 ol P ) < s
op

Set w = Uy *Uyey, and let wy, ws € C be with w = (w1, ws). Since % < Hg;”zz <2,
lgz g1V tea|l = | D3 U5 UL Dieal| = [lg1llop 1D oo
_ _ 1/2
= llg1llon (lgzllo fws | + llg2ll3, |wal?) "~ < 5/,

Since {Vflel, Vfleg} is an orthonormal basis of C?, the inequalities above imply
that gy 1 g1 belongs to the compact set

{s€G : lglop <572 82,

from which it follows that d (gglgl, 1¢) = O(1). Thus, by the left invariance of dg,
we obtain d (g1, ¢92) = O(1), which completes the proof. O

The following lemma will be useful for applying Theorem in situations where
the measure 6§ € M (G) is supported far from the identity.

Lemma 6.5. For every 0 < n <1 and n > N(n) > 1 the following holds. Let
g € G be with |+ 1og ||gllop — x‘ < n. Then for every § € M (B (1g,1)) and M >0,

H (900, Diaraoyn) — - H (00, Dage)| = Oly(1 + M)

Proof. Let 1,8 € (0,1) and n € Z~( be such that n7! < 671 < n, let g € G be
with |2 log||gllop — x| < m, and let § € M (B (1g,1)) and M > 0 be given. Set
¢:=0pandY :=CP'\B(L(g7"),9).

Since B (1g, 1) is a compact subset of G, and by Lemmas and we may
assume that ¢’u(Y) > 1 —n for all ¢’ € B (1g,1). Since & = [ ¢’ df(g’), this gives
&(Y) > 1—mn. From this, from , and by concavity and almost-convexity (see
Section , we obtain

6.2) ‘iH (6, Dasn) — - H (€, Dasa)| = O (n(1 + M)
and
1 1
(6.3) ‘nH (9&v s D(m+2x)n) — HH (9€, D(pr42x)n) | = O (n(1 + M)).
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Since n71,07! < n, we may assume that 62 < 2", From this, from

|%10g||g||op fx| < n, and by Lemmas and it follows that for every
2C,wC ey

272m9=2nX (»C, wC) < d (g2C, gwC) < 23"1272"X{ (2C, wC).
Hence, by applying Lemmawith 5=272"X and C = 23",

1 1
5H (9¢v, Dirrgaxyn) — ﬁH(gY;IDI\/In) =0(n).
This, together with (6.2)) and (6.3)), completes the proof of the lemma. |

6.2. Proof of Theorem [1.2l We can now prove our main result. For the reader’s
convenience, we recall the statement of Theorem before its proof.

Theorem. Suppose that Sg is strongly irreducible, proximal, and does not fiz a
generalized circle. Assume moreover that G is weakly Diophantine. Then,

h
dim g = min {2, RW}.
2x

Proof. By Lemma we only need to show that dim y > min {27 ’?J} Assume
X

by contradiction that dim pu < min {2, }g*—xw} From this and by Theorem |2.14} it
follows that there exists 0 < € < 1 such that
(64) H(p) — hrw < A — €,
where A is defined in Section 2111

Since G is weakly Diophantine, there exists ¢ > 0 such that for infinitely many
integers n > 1,

(6.5) d (Guy s Guy) = €™ for all ug, ug € A™ with gy, # Gus,-
By ([2.4), there exists M = M(c) > 1 such that
(6.6) DS, (9) # DS, (¢') foralln > 1 and g,¢' € G with d(g,¢') > ™.

Let 0 < < 1and n € Zwq be such that e}, M < 7! < n, and (6.5 holds.
Given £ € M (@P’l), set

~ 1
H(§) = 2 (& Dar+axyn | Dayn) -
By Lemma [2.4] and since p is exact dimensional, we may assume that
(6.7) dim e > H(p) — 1.

Let IT,, : AY — G be defined by II,,(w) = g, for w € AY, and recall from Section
that {8, },cn denotes the disintegration of 8 with respect to L™ Bepi. From
= eaPi- gift and B = [ B, dB(w), we obtain

p= Y v gu = (03) i = [ (105 g d5 ().

uEA™
Hence, by (6.7)) and the concavity of conditional entropy,
(68) dimp > [ H((L,5,).) d5) =

To prove the theorem, we shall derive a contradiction with .
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Set
N 1
Eo:=w e A |l logllg, Jlo = x| <

and let E; be the set of all w € AN such that 3, (Ep) > 1 —n. By (L.1), 7! < n,
and 3 = [ B, dB(w), we may assume that 8 (Ey) > 1—n.

Write &, := {H;l{g} g€ G} for the partition of AN into level sets of II,,, and
recall that P,, denotes the partition of AN into level-n cylinders. By ,

e < T H (I1,6) = - H (5,0)

where H (II,,8) denotes the Shannon entropy of the discrete probability measure
IT,,3. By the last formula, from (6.4), and since H(p) = L H (8,P,),

1 1 1
A—e> *H(ﬁapn) - *H(/Bagn) = 7H(ﬂafpn | 571)'
n n n
Thus, by the concavity of conditional entropy,
1
(6.9) A—e> /EH(BMPn | €n) dB(w).
By Theorem and since e 7! < n,
1
[ 3 H (B P d8(w) > A= 2.

Hence, by ,
/%H(Hnﬁw) dB(w) > €/2.

From this and since

(6.10) lH (I1,€) < log|A| for each & € M (AM),
n
we obtain
1 €
. N = > > .
(6.11) Ié; {w cA nH (I,,8,,) > 6/4} = Tog A

Let E5 be the set of all w € E such that %H (I1,8,) > €/4 and
Bo{w €AY 1 d(L(w),L(gu,)) <270 > 1,

Note that, by the definition of {8, },can, for f-a.e. w we have L (w') = L (w) for

B.-a.e. w'. From this, by Lemmal6.2] since 8 (E;) > 1 —n, from (6.11)), and since
e <7t < n, it follows that 3 (E2) > grsray-

Fix w € Ey, and let I be the set of all w’ € Fy such that
d (L (w),L (gw/‘n)) < 2 n(x=m),

Since w € Ey C Ey, we have 5,(F) > 1 — 2n. Thus, from %H (I1,.8,) > €/4, by
almost-convexity of entropy, from , and since e ! < 7! < n, we obtain
LH (T, () ) > /8.
By Lemma there exists a Borel partition Q of B (L (w), 2_"(2X_")) such
that log|Q| = O (yn) and diam (Q) < 27"3X+21) for all Q € Q. Hence, by the
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definition of F, there exist m € Z~( and a Borel partition {Z1, ..., Z,,} of F such
that logm = O (nn), and for all 1 < j < m and ’,w” € Zj,

L 190071, lop
2 ”gw”ln”ox)

Let 1 < j < 'm, and note that from Z; C Ey and (6.12)),
d (L (gwlln) 7I/ (gwuln)) S ||gw,|n||(:p2 for all w/,wﬂ S Z_]
Hence, by Lemma [6.4]
(6.13) diam (II,, (Z;)) < R for every 1 < j < 'm,

(6.12) <2and d (L (gur), ), L (gur),)) < 2773xH20),

where R > 1 is the global constant obtained in Lemma [6.4]

Let 0 < r < 1 be the constant obtained in Theorem and suppose that
R,r~! < n~'. By (6.13) and Lemma for each 1 < j < m there exist [; €
Z~o and a Borel partition {Zj,l,...,Zj,lj of Z; such that logl; = Og(1) and
diam (II,, (Z;;)) <r for all 1 < ¢ <l;. Setting

ZZ:{ZJ‘J‘ : 1§j§mand1§z§lj},
it holds that Z is a Borel partition of F with log|Z| = Og, (nn) and
(6.14) diam (IL,,(Z)) < r for Z € Z.

From LH (I, (B.,)z) > €/8 and log |Z| = Og,, (nn), by the almost-convexity of
entropy (see Section , and since R,r~!, e < n7l,

Bu(Z) 1 €
.1 —H (1L, (B, > —.
(6.15) S H ML (.),) > £
ZezZ
Let Z; be the set of all Z € Z such that 3,,(Z) > 0 and L H (II,, (8.) ) > 55. From
li and l) we obtain that (8,) (UZ1) > m. Thus, since B, (F) >

1 — 2n, we have 3, (JZ1) > 52(110;;'7}\)‘.

Let Z € Z; be given, set 6 := II, (fu),, and fix some g € supp(d). From
1) it follows that supp (9’19) C B(lg,r). Moreover, since g € II,,(Z) C
IL,(F) C M, (Eo), we have |Llog||gllop — x| < n. Hence, by Lemma and since

O.n=9g((97'0) 1),

(6.16) B0 > ﬁH ((9716) -1t Daga | Do) — O ().
Note that by and since 7! < n,
(6.17) MinH (€, Do) < 7 for all € € M (CP').
Let 6 = 0 (5557) € (0,1) be as obtained in Theorem Since e 1, M <« 7!,

we may assume that 61 < 7!, From and since dg is left invariant, it follows

that d (g1,92) > " for all distinct g1, g2 € supp (¢g7'6). Thus, from and since

LH (g7'0) = LH (0) > 55, we obtain ﬁH (g_lﬁ,DMﬁz 3537+ From this, from

supp (¢7'0) C B (1g,r), since dim p < 2, by Theorem and since €', M < n,
1

Tl ((97'0) .1, Dary) > dimpu + 6.
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Combining this with (6.16) and (6.17)), and using §~! < n~!, we have thus shown
that

(6.18) H (I, (B) ;1) > dim p 4 6/2 for all Z € Z,.

Next, we derive a lower bound for the left-hand side of (6.18)), which is valid for
all Z € Z. Let g € I1,, (Ep) be given. By applying Lemma 6.5 with 6 = d;,

-~ 1
H > —H (u, Dy | Do) — O .
(91) = 37~ H (1, Dara | Do) = O (n)
Hence, by Lemma from (6.17)), and since n~! < n,
(6.19) H (gp) > dimp — O (n) for all g € I, (Ey).
Consequently, by the concavity of conditional entropy and since F' C Fy,
(6.20) H (I, (By) ;1) > dimpu — O (n) for all Z € Z with 8,(Z) > 0.
From 1' and 1) from B,(F) >1—2n and 8, (U Z1) > ;2(111;g2|7/]\)\’ and by
concavity,
H(Bop) > Y fulZ)- H (L, (By) 7 -)
Zez
> . (Uz) @imp+8/2)+ 6, (FAU2) (dimp -0 ()

€d
64log|[A] O,

which holds for all w € Es. Additionally, from (6.19) and by concavity, for each
we kb

> dimp+

H (I Bu-pt) > B (Eo) H (Hn (ﬂ‘“)Eo -ﬂ) >dimp —0O(n).
From the last two formulas, by , and since 8(E1) > 1 —n and S (E2) >
810;\A|’

dimp > /E ) g s+ [ () ) d5() =

E,

> BB\ E) (im0 ) + 5(E) (dimp+ grio =0 )~
€

€
> di . _
m 8log |A| 64log|A|

O(n).

Since e 71,67 <« n7!, the last formula leads to a contradiction, which completes
the proof of the theorem. O

APPENDIX A. EXACT DIMENSIONALITY AND LEDRAPPIER—Y OUNG FORMULA

The purpose of this appendix is to derive Theorem from the results of [26].
Recall that Bep: denotes the Borel o-algebra of CP', that we set

A:=H (6)731 | L_lg([:]P’l) )

and that {f,},cn denotes the disintegration of 5 with respect to L™ Bgpi. For
the reader’s convenience, we repeat the statement of Theorem [2.14]
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H(p)—-A

Theorem. The measure p is exact dimensional with dim p = o Moreover,
1
(A1) lim —H (B, Pn) = A for f-a.e. w.
n—oomn

Remark. The derivation of Theorem from [26] is somewhat technical. An
explanation of why this is necessary is given in the paragraph at the end of Section

21T

Proof. Let T : C*> — R* denote the natural identification between C? and R*; that
is,

T(x1 + xot, w3 + x41) = (x1, T2, x3,24) for 1,20, 23,24 € R.

Let A’R* denote the real vector space of alternating 2-forms on the dual of R*, and
let p: G — GL (A’R*) be such that

p(g)(zAy) = (Tnglx) A (Tngly) for all g € G and z,y € R%.

It is easy to verify that the Lie group representation p descends to an embedding
of PSL (2,C) := G/{+1¢} into GL (A’R?).

Let X denote the set of vectors in A2R* of the form x A T (iT‘lw) for some
0 # = € R*, and write V for the subspace of A2R* spanned by X. It is easy to
verify that X, and hence also V| is p(G)-invariant.

Let {f;}}_, denote the standard basis of R*, and set

G=firfa G@:=[fsNf1, G:=fiNfa—foAfsand (= f1 A fz+ fa A fa

It is easy to verify that {(; }?:1 forms a basis of V. Using this, it is not difficult
to show that p(G) acts proximally and irreducibly on V. Since G is connected, it
follows that p(G) acts strongly irreducibly on V.

Write P(V) for the projective space of V. Since p(G) acts strongly irreducibly
and proximally on V, it follows from Lemma and [3] Lemma 6.23] that p(Sg)
also acts strongly irreducibly and proximally on V. Hence, setting

0= Zpi‘sp(gi) € M (GL (/\2R4)) )
ieA
there exists a unique u’ € M (P(V)) which is #-stationary. By [26] Theorem 1.1],
the measure p' is exact dimensional. From the p(G)-invariance of X, it follows
that the compact set P(X) := {¢R : ¢ € X} is also p(G)-invariant. Thus, by the
uniqueness of p, it follows that ' is supported on P(X).

Let F : CP' — P(X) be such that F (2C) = T'(z) A T(iz)R for 2C € CP'. Tt is
easy to verify that F is well defined, and that it is a diffeomorphism of CP' onto
P(X). Moreover, F (g2C) = p(g) (F (2C)) for each g € G and 2C € CP'. Thus, F
is an isomorphism between the action of PSL (2,C) on CP' and the action of p(G)
on P(X). In particular, 4/ = Fpu, and so, since p’ is exact dimensional, we obtain
that p is also exact dimensional with dim g = dim p'.

The standard Euclidean inner product on R* induces an inner product on A2R*
in a natural way (see [4, Section II1.5]), which restricts to an inner product on V.
Given a line ¢ € P(V), write ¢+ for the orthogonal complement of £ in V, and let
7oL : V= V denote the orthogonal projection onto £+.

Since p(Sg) acts strongly irreducibly and proximally on V, there exists a unique
A € M(P(V)) which is stationary with respect to Y ) pidy(g,)-1- Additionally,
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let L' : AN — P(V) denote the Furstenberg boundary map associated to 6 (see [3|
Proposition 4.7]), write Bp(y) for the Borel o-algebra of P(V), and set

H, = /H(B,Pl | L', ' Be(vy) dA(¢) and Hy := H (B,P1 | L' 'Bpv)) -

Given ¢ € P(V), note that ;1 o L defines a Borel map on AN outside a set of zero
[-measure, and so H; is well defined.
Given an orthonormal basis {2z, w} of C2, it is easy to verify that

{ T(2) AT(iz), J5 (T(2) AT (iw) = T(iz) A T(w)), }

T (w) AT (iw), % (T(2) AT (w) + T(iz) A T(iw))

forms an orthonormal basis of V. Using this, and since the Lyapunov exponents
corresponding to ).\ pidy, are x and —y, it is not difficult to show that the
Lyapunov exponents corresponding to 6 are 2x,0,0, —2y. Hence, by [26], Theorem
1.3],
H(p) —H1 n H1 —H2

2x dx
Let us next show that in fact Hy = Ha. Given £ € P(V), write {11 7} zep(v)

for the disintegration of p’ with respect to ﬂé_pr(V). By [26l, Theorem 1.3], it
follows that for A-a.e. £ and p'-a.e. Z the measure pj , is exact dimensional with

(A.2) dimpy' =

dimension & (H; — Hy). Thus, in order to show that Hy = Ha, it suffices to prove
that dim i , = 0 for A x p'-a.e. (¢, 7).
Recall the basis {(; }jzl defined above. Fix £ € P(V), set

W = (o + span{(1, (3, (4},
and let,
Si={(@*+y*)a + G+ 2 +yl - z,y €R}.
For z,y € R,

F((z+yi,1)C) = ((2* + y*)(1 + G + 25 + y&a) R.

Thus, setting N := F'((1,0)C), each line Z € P(X) \ {IV} intersects S at precisely
one point.

Given Q € P (KL) = {E’ ePWV) : ¥ C fl}, the set 771;1(@) is a 2-dimensional
linear subspace of V. Since 0 ¢ W, it follows that ﬂ'g_f (Q) N W is either an affine
line or the empty set. Moreover, it is easy to see that an affine line can intersect
the translated paraboloid S C W in at most 2 points. We have thus shown that,

#{ZeP(X)\{N} : mu(Z)=Q} <2forall Q e P (¢+).

Since 4’ is supported on P(X), this clearly implies that dim y; , = 0 for p'-a.e. Z,
which gives H; = Hs.
Since F' is an isomorphism between actions,

(A.3) L'(w) = F o L(w) for B-a.e. w,
which implies H, = A. From this, H; = Hy, and (A.2), we get
H(p)— A
dim p = dim p’ = L
2x
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Moreover, from it also follows that the disintegration of 8 with respect to
L~ 'Bgpr, which we have denoted by {3, } weAn, équals almost surely the disintegra-
tion of 8 with respect to L’_IBP(V). From this, H, = A, and [26, Lemma 4.4], we
obtain , which completes the proof of the theorem. O
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